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ABSTRACT

A new algorithm for quantitative assessment of similarity between two atoms in
molecules is presented. Both the atomic similarity index and its derivatives with
respect to the three Euler angles that describe the mutual orientation of the
atoms under comparison are computed efficiently by taking advantage of the
recently developed analytical representations for atomic zero-flux surfaces. The
use of such representations makes it possible to substantially enhance the
accuracy of the computed similarity indices without increasing the cost of their
evaluation. Numerical tests involving oxygen atoms in several carbonyl
compounds demonstrate the ability of the new algorithm to discern small
changes in atomic similarity that are brought about by second-neighbor effects.
Comparisons among hydrogen atoms in the acrolein molecule reveal the
usefulness of the similarity index in detection and quantification of the effects of

steric interactions on atomic shapes.

Introduction

T he concepts of transferable atoms and func-
tional groups are the primary tools with
which most of the progress in our understanding
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of the chemical properties of matter has been
achieved. The ubiquitous use of these intuitive
concepts allowed researchers to systematize chem-
ical reactions involving millions of diverse
molecules long before the immense predictive
power of quantum mechanics became available. In
contrast, a rigorous quantum-mechanical theory of
atoms in molecules has emerged only very re-
cently thanks to the pioneering research of Bader.!
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The addition of a single postulate to the original
formulation of quantum mechanics provides the
means for discerning atoms within molecules. At-
tractor basins, i.e., regions in Cartesian space bor-
dered by surfaces of zero flux in the field of the
electron density gradient, possess all the properties
of separate quantum-mechanical systems. Each of
these regions is spanned by gradient paths [lines
of the steepest ascent in the electron density p(r)]
terminating at a single point called an attractor.
When an attractor coincides with one of the nuclei
present in the molecule in question X, the union
of this nucleus and its attractor (or atomic) basin
Q, defines an atom A in X.! The atomic zero-flux
surface that delineates {}, may consist of one or
more zero-flux surface sheets. These sheets, also
known as interatomic surfaces, determine the
shape of an atom within a molecule. Most atoms in
molecules are seminfinite (i.e., they extend to infin-
ity in at least one radial direction), whereas all
atoms in crystals possess limited extents.

Like their intuitively defined counterparts,
atoms in molecules can be combined into highly
transferable functional groups. The transferability
of such groups, which has been empirically
demonstrated for the —CH,— fragment,> holds
the promise of affording a route to a new class of
electronic structure methods in which large sys-
tems (such as proteins) are constructed by docking
fragments taken from small molecules.** Quanti-
tative taxonomy of atoms in molecules and the
assessment of their transferability constitute the
first steps in the development of such methods.
These tasks call for an extensive use of atomic
shape analysis.

Shapes of any objects, including those of atoms
in molecules, can be characterized with descriptors
based solely on geometrical considerations.” How-
ever, shape descriptors that involve the electron
density are clearly preferable because of their sen-
sitivity to not only the geometries of the atomic
zero-flux surfaces but also the details of the atomic
charge distributions. A descriptor that measures
the degree of similarity between two atoms A and
B present in molecules X and Y, respectively, is
obtained by maximizing the quantity®

S . fﬂ.AB pX(r) dr fQHA Py(r) dr 1)
A(X), B(Y) fQA px(r) dr fQH py(l') dr

where ;= Qz, = Q, N Qy is the intersection
(in the set-theoretical sense) of the atomic basins
Q, and ;. The maximization, during which the
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nuclei of A and B are kept in coalescence, is
carried out with respect to the three Euler angles
(64, 6,, 6,) that parametrize the mutual orientation
(given by the rotation matrix T,;) of Q, and Q.
The so-defined atomic similarity index is always
positive and equals 1 only if Q, is identical with
Qp.

In the past, practical applications of the above
index have been hampered by the limited numeri-
cal accuracy of the atomic zero-flux surfaces and
the substantial computational cost involved in the
evaluation of integrals over atomic basins. How-
ever, the recent advent of the variational approach
to the determination of zero-flux surface sheets”*
and the introduction of the semianalytical integra-
tion algorithm’ have made fast and accurate anal-
ysis of atomic shapes feasible. In this paper we
report on a new algorithm for the evaluation and
maximization of the atomic similarity index, eq.
(1), that takes advantage of these new develop-
ments.

The Algorithm

In the course of its optimization, the index
Sacx), By) 18 repeatedly calculated together with its
gradient and Hessian with respect to the Euler
angles (6,, 6,, 6;). Most of the computational effort
associated with these calculations is spent on the
evaluation of the integrals

Lyxy = fn px (r) dr

AB

Loy, = fﬂ py (0) dr (2)

The integrals over atomic basins (1, and Qp,
which have to be computed only once, are approx-
imated by sums that arise from numerical angular
quadratures. For example,

Nyx) = /Q px (1) dr

px(ry + Ru, ,)R*dR (3)

=L wanf
m (R

A,m

where the sum runs over rays m that emanate
from the nucleus of A located at r,.° The sets of
intervals {R, ,} that enter eq. (3) are defined by
the property

Re{R, ,}=r1r,+Ru, €0, (4)
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These sets, together with the quadrature weights
w, , and the ray directions expressed as the unit
vectors u, ,, are precomputed for a given atom
with an algorithm described previously.? The
radial integrals over the sets of intervals {R, ,,} are
evaluated analytically.’

In principle, one could compute the integrals
over the intersections of atomic basins, eq. (2), in
an analogous way, i.e.,

px(t, + Ru, ,)R*dR

5

IA(X) = Z wA/mf
m {RAﬂB,m}

where
Re{Ryngmt =14 +tRu, €0,y (6)
However, since most of the sets {R A\B, m},

Re (Ry 5 ) = (24 + Ruy , € Q)
Ny + Ruy , € Q) (D)

are empty for pairs of atoms that are not too
dissimilar, the computation of the integrals is sub-
stantially faster when the expressions

IA(X) = NA(X) - IA(X)/
fA(X) =) wA,m/ px(ry + Ru, ,)R*dR
m

Ravs, m

(8

are used instead. Additional gains in performance
result from the fact that the smallness of I, y,
allows for an efficient thresholding of primitive
pairs in the radial integrations.”

In light of the above considerations, it is clear
that the most efficient way of computing the atomic
similarity index is to maximize S,y gy, €X-
pressed as [compare egs. (3) and (8)]

Sacx), By) = (1 - IA(X)/NA(X))(l - IB(Y)/NB(Y))
)

The adaptive numerical quadratures® employed in
the evaluation of I, y,, Njcx) Igcvy and Ny, are
capable of producing highly accurate values of
Sacxy, siry Thesets {R . p )} and {Ry, , .} needed
in the calculations of I,x, and Iy, respectively,
are furnished by a collation algorithm. For each
ray m, {R,\ .} (or {Rg\ 4 ,}) is constructed from
the corresponding set {R, ,} (or {R; ,.}) and the
intersections (if any) of the ray with the atomic

zero-flux surface of B (or A). These intersections
can be easily determined thanks to the analytical
representation of the zero-flux surface sheets.”®
The Jth surface sheet of the atom B is given by the
equation

TIB,]=F3,}(§;¢) am

where Fp ; is an analytical function and

§=¢& ,(0, ¢= ¢B,/(1'), n= ”IB,[(I') an

are suitable curvilinear coordinates (note that r in
the above set of equations refers to the coordinate
system of the molecule Y that contains the atom
B). The radial coordinate Q, ;,, of the kth inter-
section of the mth ray of A with the Jth surface
sheet of B is equal to the kth root of the function

PA,]m(R) = nB,](r) - FB,][ 53‘/(1'), ¢B,[(r)]

ry + RT,puy (12)

If

where T,, = T, ;(6,, 6,, 6,) is the rotation matrix
that describes the mutual orientation of A with
respect to B. Similarly, Qy ., is computed from
the function

PB, [m(R) = nA/](r) - FA,][ §A,](I'), d)A,](I‘)]

= I‘A + RfBAuB,]m (13)

where T,, = T5} = T7,. Equations (12) and (13)
are solved with a high performance unidimen-
sional search procedure that has been described
previously.®

An important advantage of the afore-described
algorithm is that it allows for a straightforward
evaluation of the derivatives of S, yx, gy, with
respect to the Euler angles (8, 6,, 6,). Inspection
of egs. (8) and (9) leads to the conclusion that,
provided the gradients of Q, ;,, and Qg ;,, are
available, these derivatives can be computed
very cheaply without invoking the expensive
radial integrations. The gradient components
Q4 jmr/90; (i=1,2,3) are readily calculated
from the equation

(0Q4 ]mk/agi)(STfABuA, ]m)

+ QA,Imk[sT(aTAAB/aei)uA,]m] =0 (14)
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where

w
|

= Vg, (1) — 9F; [ & (D), ¢y (D] /€ Vi (D)
— dFg ;[ & ;(0), ¢y ; (D] /3¢ Ve, (1)

r=rp+ QA,]mkaBuA,]m (15)

which is produced by differentiation of eq. (12). A
second differentiation furnishes the Hessian ele-
ments in an analogous way.

In the actual maximization runs, the gradient of
Sacx), sy, With respect to (8, 9,, 8,) is computed
analytically at each optimization step, whereas the
Hessian is computed only at the first step, in-
verted, and then updated with the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) formula' in each
Newton—Raphson iteration. The signs and magni-
tudes of the Hessian eigenvalues are controlled,
and the step size is halved when an iteration fails
to increase the value of S, ) py). Such a strategy
furnishes a robust maximization procedure that is
largely unaffected by the numerical noise associ-
ated with the use of a finite grid in angular
quadratures over regions in Cartesian space bor-
dered by complicated surfaces with cusps and
seams. This noise, which has an insignificant effect
on the similarity index itself and is only mildly
detrimental to the accuracy of the similarity gradi-
ent, produces error flare-ups in the similarity Hes-
sian evaluated at certain combinations of Euler
angles.

Multiple maxima in S,x, gy, are encountered
in comparisons involving low-symmetry atoms
with multiple surface sheets. In such cases, the
above algorithm converges to the maximum that is
closest to the starting point. A judicious choice of
the initial vector (6,, 0,, 6,) motivated by “‘chem-
ical intuition” is usually sufficient to assure con-
vergence to the global maximum.

Numerical Examples

All the calculations described below were car-
ried out with MP2/6-311G** electron densities
computed for molecular geometries optimized at
the same level of theory. The atomic basins were
determined with methods described previously.”®
The accuracy of 2 X 107* a.u. was requested for all
atomic properties, resulting in angular quadra-
tures with 2600-3900 grid points for hydrogens,
6300-7800 points for oxygens, and 7000-45,400
points for carbons.

SIMILARITIES AMONG ATOMS IN MOLECULES

In order to assess the performance of the pre-
sent algorithm, the previously published compari-
sons® between the hydrogen and carbon atoms in
CH, and C,H, were reexamined. The values of
85.41 and 98.25% were obtained for Sc(cq,) cc,n,)
and Sy cu,) n(c,H,. respectively, in good agree-
ment with those of 85.7 and 98.5% produced by
the old, less accurate method. The similarity calcu-
lations confirmed the expectations of a relatively
small fraction of the grid points being used by the
angular integrations over the {,\ Q; and Qg \
1, regions. For example, in the C(CH,) versus
C(C,H,) run, the integrations over £, and
involved 26,275 and 18,073 grid points, respec-
tively, of which only ca. 10,500 and 9000 points
were active in the evaluations of I cx) and fmw
As a result, despite a tenfold increase in accuracy,
calculations employing the present algorithm were
found to be as fast as those using the old method.

Shapes of atoms in molecules are affected not
only by their direct connectivities, but also by the
number and nature of the second neighbors. This
phenomenon is particularly pronounced for atoms
with low electron densities (such as hydrogens)
that are located in the proximity of “heavy’’ atoms.
For example, the hydrogens in CH, and CHF, are
only 95.1% similar.® On the other hand, variations
in shapes of atoms with large electron densities are
much less discernible, necessitating the use of the
present, more accurate atomic similarity algorithm
[an improvement in accuracy being also necessi-
tated by the fact that the similarity indices com-
puted for heavy atoms tend to have a smaller
deviation from the value of 1 because of contribu-
tions from core electrons dominating the integrals
that enter eq. (1)]. Taking into account the compli-
cated character of intramolecular interactions, the
shape of a given type of atom is expected to
correlate poorly with its properties such as charge
or the kinetic energy.

The recent work on the transferability of the
oxygen atom in carbonyl compounds! provides a
good illustration of the above point. In the series
consisting of the formaldehyde, acetaldehyde, ace-
tone, acrolein, formamide, and carbon dioxide
molecules, the kinetic energy of the oxygen atom
varies by as much as 0.035 a.u. (or 22 kcal/mol),
whereas the variation in charge amounts to 0.0979
(Table 1). However, these differences in atomic
properties are not fully reflected in the computed
atomic surfaces. For example, the surfaces of the
carbonyl group oxygens in acetaldehyde and
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TABLE I
Properties of Oxygen Atoms in Selected Carbonyl!
Compounds.

Kinetic Dipole
Molecule Charge Energy?® Moment?® ®
HCHO —1.0324  75.7031 0.4929
CH5;CHO —1.0608 75.7146 0.4834
CH,;COCH;, -1.0813  75.7206 0.4662
CH,CHCHO —1.0488  75.7001 0.4703
NH,CHO —-1.1303  75.7348 0.4629
CO, —1.0641 75.7342 0.6044

2 In atomic units.
® Along the C =0 bond.

acrolein are found to be remarkably similar by
visual inspection, the dissimilarities present mostly
in the surface portions far from the oxygen nuclei,
despite the fact that their kinetic energies differ by
0.015 a.u. (or 9 kcal/mol). Thus, the variability in
atomic properties appears to originate from differ-
ences in electron distributions in proximity to the
attractor that barely affect the atomic shapes.

The computed values of the similarity index
(Table ID support this interpretation. With the CO,
molecule excluded, the similarities between the
oxygen atoms exceed 99.5% in all instances. In
other words, the shapes of these atoms approach
the unattainable limit of perfect transferability'>'?
quite closely. Still, the present calculations are suf-
ficiently accurate to reveal interesting subtle trends
in atomic similarities. These trends are in accor-
dance with the expectations based on “‘chemical
intuition.” For example, the similarity to the oxy-
gen atom in HCHO is found to decrease among
the carbonyl group oxygens in the order

CH,CHO > CH,CHCHO > NH,CHO
> CH,COCH,.

When one denotes by the symbols "B 254" a
molecular pair such that the molecule B possesses
the oxygen atom most similar (as measured by the
value of the atomic similarity index S) to thatin a
given molecule A, the following graph emerges
for the five compounds under study:

99.87

testifying to the strong resemblance among the
carbonyl group oxygens in aldehydes. One should
note that these trends in atomic similarities cannot
be inferred directly from the atomic properties
listed in Table L

Multiple maxima in S, x, gy, are encountered
in calculations involving oxygen atoms with suffi-
ciently low symmetries. The global maxima are
attained at mutual orientations of atoms that pro-
duce the best matching of their second neighbors.
Thus, for example, the best orientation in the O
(acetaldehyde) versus O (acrolein) comparison cor-
responds to the matching of the “carbon sides” of
each atom, whereas the secondary maximum en-
sues when the “carbon side” of one oxygen over-
laps with the ““hydrogen side” of the other. Inter-
estingly, when a good match is impossible on both
sides, the side with the better match prevails,
producing a tilt in the respective direction. For
instance, similarity between the oxygen atoms in
HCHO and CH,CHO is maximized when one of
the atoms is rotated enough to furnish optimal
matching between its ““hydrogen side”” and that of
the other atom.

The case of hydrogen atoms in the acrolein
molecule illustrates the application of the atomic
similarity index to the detection and quantification
of steric overcrowding in molecules. Among the
four hydrogens, two (H, and H;; Fig. 1) are sub-
ject to substantial steric congestion. The four zero-
flux surface sheets (the interatomic surfaces that
arise from the bonds H,—C,, C,—C,, C;—C,,
and C,—H,) that pass through the narrow open-
ing between those two atoms undergo severe dis-
tortions in order to avoid mutual crossing (see ref.
8 for a display of selected zero-flux surface sheets
in the acrolein molecule). These distortions
markedly reduce the values of the atomic similar-
ity index for the hydrogens in question. Thus,
whereas the congestion-free Hy and Hy atoms are
99.33% similar, the atomic similarities for the
H,—H; and H,—H; pairs amount to only 95.25
and 95.47%, respectively (Table III). The hydrogen
H, appears to be less affected by steric interac-
tions, as indicated by its 98.31% similarity to Hj
and 98.86% similarity to Hg. The different degrees

99 .80 9891

HcHO &Y. cH,cHO <%, CcH,CHCHO 2%, NH,CHO =% CO,

99.80

CH,COCH,

(16)
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TABLE 1I.
Similarities (%) between Oxygen Atoms in Selected Carbonyl Compounds.?
HCHO CH5ZCHO CH,COCH, CH,CHCHO NH,CHO
CH,CHO 99.87
CH,COCH, 99.69 99.80
CH,CHCHO 99.82 99.89 (99.74) 99.76
NH,CHO 99.74 99.74 (99.63) 99.57 99.80 (99.65)
CO, 98.80 98.71 98.56 98.73 98.91

 The data pertinent to the secondary maxima are listed in parentheses.

H,
\
H; C; 0,
N/
Cq Cs
\
Hg Hs

FIGURE 1. Atom numbering in the acrolein molecule.
The planar geometry (C) of the trans isomer
corresponds to the global energy minimum at the
MP2/6-311G** level of theory.

of distortion in the atomic surfaces of H, and H,
are reflected in the computed 96.42% similarity
between these two atoms.

The congestion-induced distortions influence the
atomic properties, such as charge and the kinetic
energy, of the hydrogens H, and H, (Table IID.
However, in general, atomic properties are af-
fected by multiple factors, such as charge transfer
and conjugation. For this reason, their usefulness

TABLE lIl.

as indicators of steric interactions is quite limited.
On the other hand, shapes of atoms in molecules
reflect mostly atomic connectivities and steric
repulsions.

Conclusions

The introduction of analytical representations
for the zero-flux surface sheets has opened an
avenue to highly accurate, yet computationally
efficient, calculations of diverse properties of atoms
in molecules. The use of these representations in
atomic shape analysis substantially improves the
accuracy of the computed similarity indices with-
out increasing the cost of their evaluation. The
availability of inexpensive analytical gradients
greatly facilitates the maximization of the similar-
ity index with respect to the mutual orientation of
the atoms under comparison.

The increased accuracy of atomic similarity cal-
culations enhances their usefulness in diverse as-
pects of chemical research. The ability to discern
and quantify the subtle alterations of atomic shapes
that accompany small changes in molecular envi-
ronment makes quantitative taxonomy of atoms in
molecules possible. The unique alignments of

Properties of Hydrogen Atoms in the Acrolein Molecule.

Kinetic Similarity (%) to the Atom®P
Atom? Charge Energy (a.u.) H, Hg H,
H, —0.0011 0.6203
Hs 0.0538 0.5964 95.25 (94.93)
H, 0.0362 0.6030 96.42 (95.33) 98.31 (98.19)
Hg 0.0466 0.6003 95.47 (95.35) 99.33 (98.94) 08.86 (98.22)

#See Fig. 1 for atom numbering.

® The data pertinent to the secondary maxima are listed in parentheses.
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atoms in molecules, produced by the maximiza-
tion of the similarity index, are bound to find
several applications in the construction of additive
schemes for the estimation of multipole moments
and (hyper)polarizabilities of large molecules.
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