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Abstract

We consider the binomial random graph G/, , and determine a sharp threshold function
for the edge-Ramsey property

Gn,p - (Cgl yetey Oer)

for all £1, . ..,¢,, where C* denotes the cycle of length ¢. As deterministic consequences
of our results, we prove the existence of sparse graphs having the above Ramsey
property as well as the existence of infinitely many critical graphs with respect to the
property above.
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1 Introduction and Results

Ramsey properties of random graphs have been investigated only recently. The aim of
these investigations has been to find sharp thresholds for various Ramsey properties that
a random graph may satisfy. Let us concentrate here on the binomial model of random
graphs, the so-called G, p- or G,-model. Thus, our random graph G, = Gy, , has n vertices
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and its edges are present independently with probability p. See Bollobés [1] for details
concerning random graphs and Graham, Rothschild, and Spencer [2] for Ramsey theory.

The thresholds for vertex-Ramsey properties, i.e., the case in which the vertices of the
random graph are coloured, were established by Luczak, Ruciriski, and Voigt [12]. The
case in which edges are coloured turned out to be rather more involved, but Rodl and
Ruciniski [13, 14, 15] succeeded in settling this case quite recently as well. Now, the results
in [12, 13, 14, 15] cover the case of symmetric Ramsey properties, that is, the case in which
we seek a monochromatic copy of one given graph. Here we shall consider the asymmetric
case, namely, when we have one target graph for each colour. The threshold functions for
asymmetric Ramsey properties with respect to vertex colourings are determined in [10].
In this note we consider edge-Ramsey properties of GG, when the target graphs are cycles.

We need some definitions before we may proceed. For an integer n, we write [n]
for {1,...,n}. All logarithms in this note are with respect to base e. For a graph G, we
denote by V(G) and E(G) the sets of vertices and edges of G. The sizes of these sets
will be abbreviated by |G| = |[V(G)| and e(G) = |E(G)|. The maximum 2-density of a
graph G is

mo(G) = max{e‘(j‘)_;: J C G with |J| > 3}.

We now recall the arrow notation for Ramsey properties. For two graphs F and H
and an integer r > 2, we write F' — (H), to mean that in any colouring of the edges
of F' with r colours there is a subgraph of F' isomorphic to H whose edges are all coloured
by the same colour. Given r graphs Hy,..., H,, we may generalize this definition by
letting F' — (Hj, ..., H,) stand for the fact that, for any colouring of the edges of F' with
colours 1,...,r, there is a colour ¢ for which there is a copy of H; in F' whose edges are
all coloured with colour 3.

Using this notation, the results of Rodl and Rucinski read as follows, where P* denotes
the path on four vertices.

Theorem 1 Let H be a graph containing a cycle or a P*. Let 3 =1/mo(H) and let r > 2
be an integer. Then there exist constants b and B > 0 such that

(a) forp=p(n) < bn=" we have

PG, — (H),] = o(1),

(b) for p=p(n) > Bn=" we have

PG, — (H),] = 1-o(1).



Now consider the problem of determining the threshold for the property G, — (Hi, H2).
For graphs Hy and Hs with mo(H;) < mo(Hs), put

‘J’ -2 + 1/m2(H1)
e(J)

8= B(H, Hy) — min{ . J C Hy with e(J) > 1} . (1)
Observe that 3 is not symmetric in H; and Hs but depends to a larger extent on the denser
of the two graphs. The following theorem contains the so-called 1-statement corresponding

to the case in which H; is the cycle C¢ and Hy is an arbitrary 2-balanced graph H
with ma(H) > ma(C?) = (£ —1)/(¢ — 2).

Theorem 2 Let £ > 3 be a fixed integer, and let H be a 2-balanced graph with mqo(H) =
(e(H) —1)/(|H| —2) > ma(C*) = (¢ —1)/(£ —2). Then there is a constant B such that,
setting p = p(n) = Bn™% where

_H[-2+41/my(CY) _ |H|-1-1/((~1)

_ 4
5= 0(C*, H) o e )

we have

P [Gp . (cf,H)] =1-o(1). (3)

In the result above, the condition that H should be 2-balanced and that mo(H) >
ma(C*) may be replaced by the condition that H should be strictly 2-balanced (i.e., the
maximum in the definition of my(H) should be attained by H only) and that mo(H) >
ma(C*). The main lemma in the proof of Theorem 2, Lemma 17, concerns the number
of C’-free graphs on n vertices fulfilling some additional properties. This lemma is a
generalization of Lemma 11 from [8], which deals with the case ¢ = 3. Furthermore,
Lemma 17 may be used to unify the proofs of the results in [3] and [4]. However, the main
result from [7], which is similar in spirit, does not follow from Lemma 17.

The next theorem says that the exponent § in Theorem 2 is involved in the correspond-
ing O-statement, thus establishing a sharp threshold for the property G, — (C*, C*).

Theorem 3 Let 3 < k < /£ be integers, and let

B (k-1 -1)—-1 l
B=BC" = — =~

Then there exists a constant b > 0 such that, for p = p(n) = bn=?, we have
P |G, — (C',CY)] = o(1).

We shall also sketch the proof of the following generalized version of Theorem 2.



Theorem 4 Let3 < ly < --- < /L, (r > 2) be integers, and suppose H is a 2-balanced graph
with ma(H) > ma(C*). Let f = B3(C*, H). Then there are constants B and r > 0 such
that, for p =p(n) = Bn=8, almost every G, satisfies the property that any subgraph G' C
Gy of G, with e(G') > e(Gyp) — kn' T/ =1 /(og n)H1 is such that

G — (H,C"™,...,C").

Similarly to the case of Theorem 2, the result above also holds if H is strictly 2-
balanced and mao(H) = mz(C*). We further remark that the log-factor in the number of
edges that one is allowed to delete from G, can be got rid of.

The following result is an immediate corollary to Theorems 3 and 4.

Corollary 5 Let 3 < {1 < --- < £, (r > 2) be integers, and let 3 = B(C*,C*). Then
there exist constants b and B > 0 such that

(a) forp=p(n) < bn="? we have

P [Gp —(ch, ... ,cfr)] = ol),

(b) for p=p(n) > Bn=P we have

P [Gp = (Cfl,...,cfr)} = 1-o(1).

It would be interesting to determine the threshold functions for the properties G, —
(Hy, Hs) for arbitrary graphs H; and Ha, or more generally for the analogous problem
when more than two graphs are involved. We formulate the following conjecture.

Conjecture 6 Let Hy, Hy be graphs with ma(Hy) < mo(Hs) and let § = B(Hy, Ha) be as
defined in (1). Then p = p(n) = n=" is a sharp threshold for the property G, — (Hy, Ha).

Unfortunately, the techniques used in this note are by far not sufficient to yield a proof of
this more general case.

We now single out two deterministic consequences of our methods. Let integers t,
¢> > 3 and a graph H be given. Let V, f; be the class of graphs F' with at most ¢ vertices
satisfying |F| — 3(C*, H)e(F) < 14 1/(fz — 1).

Corollary 7 For any fized integers 3 < lo < --- < L, (r > 2) andt > 1 and any 2-balanced
graph H with ma(H) > ma(C*?), there is a graph G that satisfies G — (H,C%, ..., C)
and contains no member of Vi, -



An immediate consequence of the corollary above is that, for any 3 < ¢; < --- < £,
there are graphs G of girth ¢; satisfying G — (C“1,...,C%).

Our second deterministic result states that the r-tuple (Cgl, ..., C%) is Ramsey-infinite
for any #1,...,4, > 3. A graph G is called Ramsey-critical, or simply critical, for an r-
tuple of graphs (H;)1<i<r (r > 2) if G — (H;)1<i<, but, for any proper subgraph G’ C G
of G, the relation G’ — (H;)1<i<, fails. The r-tuple (H;)1<i<, is called Ramsey-finite if the
class of all graphs that are critical for (H;)i<i<, is finite and Ramsey-infinite otherwise.
If (H;)1<i<r is Ramsey-finite then there clearly is a polynomial time algorithm that, given
a graph G, decides whether or not G — (H;)1<i<, holds.

Corollary 2 of [15] implies that the pair (H, H) is Ramsey-infinite for any graph H
containing a cycle, and Luczak [11] showed that the pair (F, H) is Ramsey-infinite if F' is
a forest and H contains a cycle. Our result is as follows.

Theorem 8 For any3 < ¢y <--- </, (r >2), the r-tuple (C’gi)lgigr is Ramsey-infinite.

The organisation of this note is as follows. In Section 2 we give the proof of Theorem 2
and sketch the proof of Theorem 4. Theorem 3 is proved in Section 3. The deterministic
consequences are proved in Section 4.

2 The proofs of Theorems 2 and 4

We shall need a fair amount of preparation to prove Theorems 2 and 4. In Sections 2.1
and 2.2, we set out some well known lemmas and some preliminary results that we shall
need. In Section 2.3, we prove our crucial lemma, Lemma 17.

2.1 Basic tools
2.1.1 Janson’s inequality

Let F be a finite set. Let (J.)ecr be a family of independent random indicator variables
indexed by E such that E(J.) = p for all e € E. Suppose (Eqy)ac4 is a family of subsets
of E. Let 1o = [leep, Je; and S = > c 4 lo- Thus, the random variable S counts how
many of the sets E, (« € A) have all its elements e € E, such that J. = 1. Let
A= ZE(IaIﬁ)a (4)
a76

where the sum extends over all ordered pairs (o, §) with o # 3 but E,NEg # (). Janson’s
inequality [5] is then the following.

Lemma 9 For all 0 <e <1, writing p = E(S), we have

P[S < (1—¢e)u] <exp {_2(1‘1'1A/M)€2M} : (5)



2.1.2 Szemerédi’s lemma

The following notions will be needed in what follows. Let a graph J be fixed. In the
sequel we let V' = V/(J). Suppose 0 < <1, D >1,and 0 < p < 1. We say that J is
(n, D, p)-upper-uniform if for all U, W C V with U NW = 0 and |U|, |[W| > nn, we have
es(U, W) < Dp|U||W|. In the sequel, for any two disjoint non-empty sets U, W C V| let
the p-density of J between U and W be

dyp(U,W) = e;(U,W)/plU||W].

Now suppose 0 < € < 1 is a real number, and U, W C V are two non-empty disjoint
sets of vertices of J. We say that the pair (U, W) is (g, J,p)-regular if for all U’ C U,
W' C W with |U'| > e|U| and |W'| > e|W| we have

|djp(U' W) —djp(UW)| <e.

We say that a partition P = (V;)k_ of V = V(J) is (¢, k)-equitable if |Vp| < en, and |V;| =
... = |Vi|. Also, we say that Vj is the exceptional class of P. When the value of ¢ is not
relevant, we refer to an (g, k)-equitable partition as a k-equitable partition. Similarly, P is
an equitable partition of V' if it is a k-equitable partition for some k. Finally, we say that an
(¢, k)-equitable partition P = (V;)k_, of V is (e, J, p)-regular if at most 5(’5) pairs (V;,V;)
with 1 <14 < j < k are not (e, J, p)-regular. We may now state an extension of Szemerédi’s
lemma [16] to subgraphs of (1, D, p)-upper-uniform graphs, observed independently by
R6dl and Kohayakawa [6].

Lemma 10 For any givene > 0, kg > 1, and D > 1, there are constants n = n(e, ko, D) >
0 and Ko = Ko(e, ko, D) > ko that depend only on €, ko, and D such that any (n, D, p)-
upper-uniform graph J admits an (g, J, p)-reqular (g, k)-equitable partition of its vertex set
with kg < k < Kj.

2.1.3 Nearly regular subgraphs

Let us introduce a piece of notation. Let a positive integer ¢ be given. If Uy, ..., Uy C V(J)
are pairwise disjoint sets of vertices of a given graph J, we write J[Uy,...,U;] for the t-
partite subgraph of J naturally defined by the U; (1 < i < t). Thus, J[Uy,...,U;] has
vertex set Ji_; U; and two of its vertices are adjacent in J[Uy,...,U;] if and only if they
are adjacent in J and, moreover, they belong to distinct U;.

Now suppose we have real numbers 0 < p < 1, 0 < e < 1,and 0 < 79 < 1. Let
also m; = |U;| (1 < i <'t), and write 7;; for the p-density d;,(U;,U;) for all distinct 4
and j. Suppose the pair (U;,U;11) is (g, J, p)-regular and 7; ;41 > 7o for any 1 <1i < t.

We may now state our next lemma. In what follows, we write O;(x) for any term y
satisfying |y| < x. We write I" j(x) for the J-neighbourhood of a vertex = € V(J).



Lemma 11 Let J and the sets U; (1 < i < t) be as above. Suppose 0 < ¢ < 1/5 and
put A =4+ 1/v9. Then there are sets U; C U; with |UE| > (1—4e)m; for all1 <i <t
such that, for all i, j € [t] with |i — j| =1 and any x € U;, we have

d”(l') =Ty(z)N UJ| =1+ Ol(AE))’}/ijpmj.
Lemma 11 above is very similar to Lemma 2 from [8] and Lemma 5 from [9], and hence
its proof is omitted.
2.1.4 Ramsey’s theorem

Here we give the following easy consequence of Ramsey’s theorem.

Lemma 12 Let graphs Hi,...,H, (r > 1) be given. Then there exist positive con-
stants ¢ = c¢(Hy,...,H;) > 0 and ko = ko(Hu,...,H,) for which the following holds.
If k > ko and K* is given an arbitrary r-edge-colouring, then we necessarily have, for
some 1 <i <r, at least ck!™il monochromatic copies of H; of colour .

Proof. Let kg = q and ¢ = (1/r)q~ ™ [l where
q=R(Hi,...,H;) =min{n: K" — (Hy,...,Hy)},

the Ramsey number for (Hi, ..., H,). Now let K* with & > ko be given an arbitrary -
edge-colouring. Then, each g-subset of the vertex set of K* gives, for some 7, a monochro-

matic copy of H; of colour i. For some i, at least (1 /T)(S) of these g-subsets gives a
monochromatic H; of colour i. Each such copy is counted at most (’;:J?;) times. The
number of such copies is, therefore, at least

r<q> /(q_|Hi> () 27 (q> 2 kT

as required. O

2.2 Preliminary lemmas

Throughout this section we fix an integer £ > 3 and a graph H as in the statement of
Theorem 2. Moreover, here we shall always suppose that p = p(n) = Bn™?, where 3 is as
defined in (2) and B > 0 is some constant. We also sometimes write h for the order of our
graph H. For the sake of definiteness, we shall assume that V(G,) = [n].

If Hy is a copy of H in G}, we say that H; is isolated if it does not intersect any other
copy of H present in G, on an edge. In other words, if we have E(H;) N E(H3) = () for
any other copy Hs of H in G).



2.2.1 Isolated copies of H in G,

Let us write T = T'(G,) for the number of isolated copies of H in G,. Let h = |H|.
Using the fact that H is 2-balanced and that ma(C*) < ma(H), it is easy to see that
almost all copies of H in G, are isolated but we shall not need this here. Let us write pg
for the expected number of (not necessarily isolated) copies of H in (), that contain
some fixed edge e € ([TZL}). Clearly, the expected number ppg of copies of H in G,
is |Aut(H)|~'(n),p*™), where Aut(H) denotes the automorphism group of H. A mo-
ment’s thought then shows that

(n)ne(H)

e(H)
— _\WRCAIL) e(H) _ e(H)B —141/(6—1)
po = wp™ = (2+0(1)) n : (6)
[Aut(H)|(3) |Aut(H)
We now consider the following construction we shall use later. Let H = {Hi,...,Hr}

be the set of isolated copies of H in G,. We shall always write H=H (G)) for the spanning
subgraph of G}, whose edge set is the union of the edge sets of the H; (1 <i < T). Clearly,
we have e(H) = Te(H).

If we denote by p the probability that a given edge e € ([g]) is contained in H then D=
(14 o(1))po as almost all copies of H are isolated. In the sequel we shall only use py,
which may be considered to be the edge probability of H.

Next we show that the edges of H satisfy some negative correlation properties. For F& C
([724), write E C F (ITI )if B C E(ﬁ[ ) and all edges from FE belong to different isolated copies

of H in Gy,
Lemma 13 For any set E C ([g]),
P[E C E(H)] < po'Pl.

Proof. Suppose E = {e1,...,e,} where a = |E|. Let I be the set of all a-tuples (H1, ..., H,)
of H-subgraphs of K™ with e; € E(H;) for all 1 < i < a. Also, let J be the set of such
a-tuples (Hy,...,H,) € I with the H; (1 < i < a) pairwise edge-disjoint. Finally, let H;
be set of H-subgraphs of K™ that contain the edge e; (1 < i < a). Thus, in particular,
I =H; x---xH,. Then

P[EC E(H) < S PHICGy,...,H, C Gy

(I{l7 ..,HG)EJ

= > P[H C Gyl ---P[H, C G,
(I{l7 ..,HQ)EJ

< Z P[H, C Gp|---P[H, C Gy
(Hy,...,Hg)€EI



= Emeg@m~§meg@]
HyeHq Ho€H,

as required. O

2.2.2 Upper-uniformity results for H

In this section we show that the edges of H are fairly well distributed in the sense that H is,
almost surely, locally sparse. Our first lemma implies that almost every H is (1, 3e(H ), po)-
upper-uniform for any fixed 0 < n < 1.

Lemma 14 Let w = w(n) — oo as n — oo. Then, for almost every G, the graph H =
H(G)) is such that the following holds. Suppose U, W C V(H) with UNW =0 are such
that |U||W| > wn?~ /=1 Then we have

e (U, W) < 3e(H)po|U||W|. (7)

Proof. If a fixed pair (U, W) with v = |U| and w = |W| does not satisfy (7) then there is
aset ECU x W with E C E(H) and |E| = [3e(H)pouw]. This implies the existence of
aset B CU x W of size |E'| = [3ppuw] such that all edges from E’ belong to different
isolated copies of H in G),. The probability of this event is by Lemma 13 at most

3pouw
uw [3pou] (e>
((:m)uww)p(’ “\3)

As there are at most 22" choices for the sets U and W, the lemma follows from the fact
that 3pouw/n — 0o as n — oo (cf. (6)). O

Our next lemma concerns the number of H -edges between sets U and W smaller than
the ones considered in Lemma 14, and hence may be thought of as a more local condition
on the sparseness of H. To state our lemma concisely, we introduce a definition. Let J
be a graph on n vertices and suppose C' > 1 and ¢ > 1 are given. We say that J is locally
(po, C, £)-upper-uniform if for all pairs (U, W) of disjoint sets of vertices U, W C V(J)
satisfying

U| < [W| < do|U| < do"2, (8)

where dg = pon, we have
es(U,W) < ClW|. (9)

Lemma 15 Almost every G, is such that H = H(G)) is locally (po,2¢e(H),?)-upper
uniform.



Proof. The probability that a fixed pair (U, W) of disjoint sets of vertices with u = |U]
and w = |W| does not satisfy (9) can be bounded similarly as in the proof of Lemma 14

by
20w
uw mww<<eu )
([%w})po =\2e)

Observe that, for pairs (U, W) as in (8), we have u < (pon)t=3 < An(=3)/=1) for
some constant A = A(H,B) > 0. Moreover, we have u < w = o(n) as n — oo, and
hence () (') < (3)2 Therefore, the expected number of pairs (U, W) satisfying (8) but

not (9) is at most

[n/2] 2 2w [n/2] 141/¢ 20w
n eu e _ _
) w<w> (5im) =X w (nw A npO) — (1)

w=1 w=1

(cf. (6)) and the lemma follows from Markov’s inequality. 0

2.2.3 The distribution of isolated copies of H in G,

In this section we prove a simple lemma concerning the existence of a large number of
isolated copies of H in G, when p is as given in Theorem 2. In fact, for technical reasons,
we shall need to look at the existence of such copies of H with each of their vertices taken
from specified subsets of vertices of G.

Label the vertices of H by vy, ...,v, where h = |H|. Suppose W1, ..., W}, are pairwise
disjoint subsets of vertices of G,. Put W = (W;)" ;. Here we are interested in the
number Z = Zw (G)) of injections ¢: V(H) — V(G,) taking v; into W; for all 1 <i < h,
and such that ¢(v;)c(vj) € E(Gp) whenever v;v; € E(H). We shall refer to such maps ¢
as W-embeddings of H in G),. Moreover, we say that the subgraph of G, with vertex
set 1(V(H)) and edge set {¢(v;)e(vj):v;u; € E(H)} is the image im ¢ of ¢.

Finally, let us define Y = Yy (G)) to be the number of W-embeddings ¢ of H in G,
with im ¢ an isolated H-subgraph of G,,.

Lemma 16 Suppose B > 0 is a constant and 3 is as defined in (2). Then, for p = Bn=P,
almost every Gy, has the following property. For any vector W = (Wi)?zl of pairwise
disjoint sets W; C [n] (1 < i < h), each of cardinality at least n/logn, we have Y =
Y (Gy) = (1/2)E(Zw).

Proof. Define U to be the set of all graphs that can be written as a union of two copies

of H intersecting in at least one edge, not including H itself. Let then X = X(G,) count
the number of graphs from U present in G,. We first aim at bounding X. From m»(C?) <

10



ma(H) it is easy to see that § > 1/mo(H). Let § = 3—1/mgo(H) > 0. As H is 2-balanced
we have that for any proper subgraph J of H containing at least one edge
H -] _ 1
e(H) —e(J) ~ ma(H)

Therefore, writing > g2 jo g for the sum over all proper subgraphs J C H containing at
least one edge, we have

E(X) = 27(”)\U| p)

2 TAut(U)

_ 0( S IR (J))
K2CJCcH

_ o( 3 nZIHI—J—ﬁ(%(H)—e(J)))
K2CJCH

— O (nlI=BeD =3 (1)
— OV D=s(e(H)—e())y)

Next we use Janson’s inequality (5) to show that Zw is with high probability not too
small. So fix W = (W;)"; and let (H,:a € A) be the family of all graphs which are
isomorphic to H and whose vertex set can be written as {v1,...,v} with v; € W; for
all 1 <i < h. Thus |A| = [Wy|...|Wp| > (n/logn)", and the random variable S defined
in Section 2.1.1 coincides with Zw. We have that

H
E(Zw) > ( n )l ‘Be(H)nfﬂe(H) _ Be(H)n1+1/(Efl)f|H|loglogn/logn.
logn

By Markov’s inequality we have that X = o(E(Zw)) almost surely and therefore also A <
2X = o(E(Zw)) where A is as defined in (4). Then Janson’s inequality implies that
3 1 1+1/¢
P ZW S ZE(ZW) S exp _ﬁE(ZW) S exp(—n ),

if n is large enough. On the other hand, there are at most 2" choices for W. Thus
for almost every G), we have Zw > (3/4)E(Zw) for every W. Furthermore we almost
surely have that X < E(Zw)/8 and therefore also Yw (G)p) > Zw — 2X > E(Zw)/2 for
every W, almost surely, as required. O

11



2.3 The key counting lemma

Throughout this section, ¢ > 3 is a fixed integer and V = (V4,...,V}) is a fixed vector of

pairwise disjoint sets V7,...,V}, all of the same cardinality, say m.
In this section we shall be interested in counting certain graphs F' whose vertex set
is V(F) = Ule Vi and all whose edges join vertices in consecutive classes V;. More

precisely, if e is an edge of F', then its two endpoints will belong to V;_1 and Vj;, respectively,
for some 1 < ¢ < /. Here and below, the indices of the sets V; will be taken modulo £. For
conciseness, given V = (V;){_,, let us say that a graph F as described above is a V-graph.
To define the precise subclass of V-graphs F' that we shall be interested in, however, we
need to introduce some more parameters and definitions.

Let 0<e<1,B>0,0<v <1, C>1,and D > 1 be real numbers and let T be a
positive integer. We shall write

fm(&B,%aC?D;VaT)
for the set of V-graphs F' satisfying conditions (i)—-(iv) given below.

(i) The graph F has T edges.
(ii) The graph F' is such that all the pairs (V;—1,V;) (1 < i < /¢) are (e, F, p)-regular,
where § = p(m) = Bm 11/,
(74) The p-density v;—1,; = dpp(Vi—1, Vi) of F between the sets V;_; and Vj; is such that,
for all 1 <7 < ¢, we have
Y < Vi1 < D. (10)

(iv) Foral U CV;_y and W CV; (2 < i < ¥) with
Ul < W] <dlU| <d?, (11)

where d = pm, we have
er(U,W) < CIW. (12)

Let us now define the class
f,r/n(E,B,’}/(),C,D;V,T) g fM(EaBa70707D;V>T)

as the class of graphs F € F,,(¢, B,70,C,D;V,T) that do not contain a copy of C* as
a subgraph. Our aim in this section is to estimate the cardinality fl.(e,B,70,C,D;T)
of F). (g, B,v,C,D;V,T) from above.

Lemma 17 Let an integer £ > 3 be fized, and let constants 0 < o < 1, 0 < vy < 1,
C >1, and D > 1 be given. Then there are constants 0 < ¢ < 1, By > 0, and mg that
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depend only on £, o, Y9, C, and D such that, for all integers m > mg and T > 1 and real
numbers B > By, we have

f';n({':?B?’YOvC?DﬂT) < aT<(€ +7—%)m2> (13)

The proof of Lemma 17 is based on a technical lemma, Lemma 18, that we now
describe. Let a constant 0 < 6 <1be given, and suppose we have real numbers 0 < e <1,
0<v<1,B,C,D>1, and an integer T' > 1. Let

F € Fuule,B,7,C,D;V,T)
be fixed. Lemma 18 will concern the (¢ — 1)-partite subgraph F' = F[Vi,...,V;_1] of F

induced by the vertex classes Vi,...,V,_;. Suppose yi,...,yj—1 € V; are j — 1 given
vertices of Vi, where 1 < j < dm/2. Let
Ur=Vi\{y1, -, yj-1} (14)
and
s 0—2)
U1 =Ver \ JTE 2wy, (15)
q=1

where fg_2) denotes the (¢ — 2)-fold iteration of I'p = I'. Suppose |Up—1| > dm. Our

technical lemma tells us that then, provided ¢ is small enough, most vertices in U; are
‘good’; in the sense that their (¢ — 2)nd F-neighbourhood within U,_; is large.

Lemma 18 Let 0 < § < 1, 0 < 9 < 1, B > 0, (_Z' > 1, and D > 1 be given.
Then if 0 < e < min{d/4,70/(87 + 2)}, and m and T are integers, any graph I €
Fm(e, B,v,C,D; V., T) is such that at least (1 — 0)|Uy| vertices y € Uy satisfy

0—2
[P () 1 U | 2 27402 20 5d 2, (16)
where d = pm.

Proof of Lemma 17. Let £, a, 79, C, and D as in the statement of our lemma be given.
Let us define the constants

§ = min{1/2, (a'P275P)8/0},
e = min{d/4,7v/(8v + 2)},
s N\ 1/(-1)
B o [ N
2—6—&-2%‘;—15
3 _\E=D/(-2)
me = (21)30) .
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Our aim is to show that e, By and mg given above will do in Lemma 17. Thus, let
integers m > mg and T and a real B > By be given. We have to show that (13) holds.
We estimate f! (e, B,~0,C, D;T) from above by estimating the number of ways we may
‘generate’ an element from F/ (e, B, 7o, C, D; V,T).

In order to generate a graph F from F! (e, B,~o,C, D;V,T), we first choose T} =
er(V1,Vy) and Ty_y = ep(Vy_1,Vy). Later on we shall sum over all possible values of T}
and T;_1. Observe that for i € {1,/} we have

,yOBm1+1/(€71) < er — dF,ﬁ(V;,‘/é)ﬁm2 < DBmlJrl/(Zfl)‘ (17)
Put Ty = T — T, — Ty—y. Next we fix F' = F[Vi,..., V4], for which we have not more
2
than ((Z_%m ) possibilities. By Lemma 11 for ¢ = 3, we know that for any choice of the
edges of F' incident to V; there have to be sets V; CV; (i € {1,£—1,¢}) such that for
any € Vy and any i € {1,/ — 1} we have

4(@) = Tr(@) NV = (1 4+ 01 (A= plVi| = (14 0,(Ae) 2, (18)

_\VEHV!
where A = 4 + 1/vp. Call the F-edges in V; x V; (i € {1,¢ — 1}) regqular edges and the

remaining F-edges between V; and V; irregular edges. For i € {1,/ — 1}, denote by Ti(irj)
the number of irregular edges incident to V;. Summing up we have that, for given Ty

?—2)m? m? m?

ways of choosing the set of edges of F', except for the regular edges incident to V.

Now we have to bound the number of choices for the regular edges. Let us first
choose the degree sequences (d;())zey, of the vertices in Vp, where d;(z) = |Tp(z) N Vj]
for i € {1,£ —1}. For a vertex x € V;, we may assume by (17), (18) and the definition of
my that

and Ti(irr), there are at most

1 _
Amin 1= §VOBm1/(Z_1) < di(x) <m. (20)

Let us now fix a vertex z in V, and let us say that aset Y C Vj of size dpyin < d' = |Y]| <m
is good if |f§f_2)(Y) NVi—1| > (1 — d)m. The idea is that if we choose a good set Y to be
the neighbourhood of x within V7, then the number of vertices in V;_; that are allowed to
be adjacent to x in F' is very small, namely, at most dm, since we are supposed to generate
a C'-free graph F. Now, if a d’-set Y C V; as above is not good then, for any ordering
Y1,Y2, - .., Yyq of the vertices of Y, there are at least d'/2 indices i with

i—1

P )\ U T () (1d’/52) <27t g% 35dﬁ_2
q=1
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where the last inequality follows from the definition of By and (20). For these indices i,
by Lemma 18, there are only dm choices for y; once y1, ..., y;—1 are chosen. Therefore the
number of bad sets Y of size dmin < d < m is at most

d' d’/2md, d sdmin/2,d" [ TV
- < min .
([d’/ﬂ)é gr ST

If the neighbourhood I'p(x) NV} of the vertex z € V; in V; is good then, since C* ¢ F,
there are only (dgf:rzx)) < §de-1(®) (4,7 () choices for the neighbourhood I'p(z) N Vi1 of x
within V;_1. On the other hand, if I'p(z) NV} happens to be bad, then trivially there are

at most ( déjb(x)) choices for this neighbourhood. Therefore there are at most

M\ cdp_y(z) [ ™ dmin/293d1(z) [ T m
<d1<x>>5 (dg_m))” 2 <d1<x>) (dg_lcc))

< 5dmin/223d1 (z)+1 m m
- di(z) ) \dp—1(z)

ways of choosing the regular edges incident to our vertex x € V.
Let us write Z/T for the sum over all partitions Ty + 17 + Ty_1 = T of T', and sim-

ilarly ZlTl and Z/TH for the sums over all partitions Tl(m) +di+...+dyp =T, of T}
and Tg? +dy+...+d, = Tyq of Ty_1. Let us also write >y, for the sum over all

possible choices of V. Then, recalling the bound (19), we see that f’ (e, B,~0,C, D;T) is
at most

/ / / (f — 2)m2 m2 m?
ZT ZTl ZT@A Z\’/e To Tlirr) T(irr)

/-1

Veldmin/2 TT [ o3d,41 (™) (™
< U (2 ] (da') (d’))
7=1 J

- T - T ’

where we agply Vandermonde’s identity and the fact that, trivially, tyere are at most 2™
choices for V; to deduce the first inequality and we use (17), (20), that T' < £DBm!*1/(¢=1)
and the definition of § to deduce the second inequality. O

Proof of Lemma 18. Let e, B, o, g’, D, and T be as in the statement of our lemma. Fix
a graph F' € Fp, (¢, B,7,C,D;V,T) and let us consider F' = F[Vi,...,V;_1]. Recall (14)
and (15) and put U; = V; for all 2 < ¢ < ¢ — 2. The first step is to apply Lemma 11
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with t = £ — 1 to get rid of vertices of small degree. We obtain sets U; C U; (1 < i < )
with

Uil = (1 = 4e)|Ui] = (1 - 9)|Ui] (21)
for all 1 < i < ¢, and such that, for all 2 < i < ¢ and all z € U;_1, we have
di—1:(x) = [Tp(x)NU
(- () Yo
> (v0/2)p|Uil. (22)

In the case ¢ = 3 we are already finished if we let ¢ = 2 in (22). If £ > 3 we use property (iv)
of F' to prove the following assertion by induction on 4.

Claim 1 For anyy € Uy and any 2 < i < { — 2, we have
(1) 1% gie1
i— 5 —i Ti—
‘PF (y) N Ui‘ >27F Wdl :

The claim for i = 2 is just (22). For 2 <i < (-2, let U C f‘%_Q) (y)NU;_1 be a set of size
[277F 24 72C 30 2]. Assume that W = T'p(U) N U; has less than 277 Ag= ! C—2gi 7!
elements. Because |U| < d*~3, we may apply (12) to yield

“od
2
Because d = p|U;| for i < £ — 2 this is a contradiction to (22), and hence the claim is

proven.
Finally, using the fact that p|Uy_1| > pém = dd, the same expansion argument implies
that for any y € U; we have

er(U,W) < CIW| < 2o,

0—2
052 ) N U] > 2*”2%5%2. (23)

We have thus shown that any y € Uj is such that (16) holds. Since by (21) we have |U;| >
(1 —0)|Uy]|, the proof of the lemma is finished. O

2.4 Proof of Theorem 2

Proof of Theorem 2. Let £ and H be as in the statement of the theorem. We shall start
by defining some constants. Let first ky and ¢ be the constants from Lemma 12 applied
to the triple (C*, H, K?). Set C = 2le(H), D = 3e(H),

v = min{l,c27""1/e(H)}, (24)
o = min{l,0/(C+2)}, (25)
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where h = |H| as usual. Apply Lemma 17 to the set of constants ¢, «, 9, C and D
to obtain the constants e, By, and mgy whose existence is guaranteed by that lemma.
Clearly, we may and shall assume that ¢ < min{1/2,2c}. Finally, let Ky = Ky(e, ko, D)
and n = n(e, ko, D) be the constants from Lemma 10 and set

B = B&H =B= |Aut(H)’K0§0 (26)

In the remaining of the proof, we shall show that this choice of B = By i will do. Recall
that we consider p = p(n) = Bn~?, where 3 is as given by (2). In the sequel we shall also
use po and (6).

As before, let H = H(G) be the spanning subgraph of G with edge set E(H) =
Ui<ij<7 E(H;), where Hy, ..., Hr are the isolated copies of H in G. Let us now define G =
G™ to be the family of graphs G of order n satisfying properties (a)—(c) below.

(a) H(G) is (1, D, po)-upper-uniform.

(b) If W = (W;), is a vector of pairwise disjoint subsets of vertices of G’ with |WW;| >
n/logn for all 1 < i < h, then Yy = Yw(G) > (1/2)|Wy] ... |Wy|p*H), where Yy
is as defined in Section 2.2.3.

(c) For any vector V = (V;){_, of pairwise disjoint m-subsets of vertices of G, where

n/2Ky < m < n/kg, if a V-graph F' (cf. Section 2.3) with E(F) C E(H(G))
is such that all pairs (V;_1,V;) with 1 < ¢ < /¢ are (e, F,po)-regular and sat-
isfy dpp,(Vi—1, Vi) > 70, then F contains a copy of ct.

The proof of Theorem 2 will be finished if we establish the following two claims.
Claim 2 Almost every G, belongs to G.
Claim 3 Every member G of G satisfies G — (C*, H) provided n is large enough.

Proof of Claim 2. Lemma 14 implies that almost every G = G, satisfies condition (a)
above, whereas Lemma 16 implies that almost every G = Gy, satisfies (b). To prove that (c)
is almost surely true for G = G, we first want to argue that any F' as in the statement
of (¢) is an element of F,, (e, B,v,C,D;V,T), where T = e(F) and B = B,,, > 0 is
such that pg = Bm 1TV (=1 Note that by the choices of our constants we have B =
porn! =V > o(H)BEU) /(| Aut(H)|Ko) > By (cf. (26)). Conditions (i) and (i) in the
definition of F are clearly satisfied. Condition (i) follows from the upper uniformity of H
(cf. (a)) and from the assumption on the density of the pairs (V;_1,V;). Finally, condi-
tion (7v) in the definition of F follows from Lemma 15. Now if any such F' does not contain
a copy of C? then this implies that H contains an element of F! (e,B,%,C,D;V,T) for
some choice of m, T, and V. The probability of this event is by Lemmas 13 and 17 at
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most

P = & [ (€ +2)m? 7
|-7:7,n(5aBa’YOvC,D;V,T)|p0T S OZT<( T) >pOT

T —
e(f + 2)m? e\7
S A < - . 27
(O‘ Yolpom? ¥ 0) = (£> 27
Summing (27) over all possible choices of m, T, and V gives us an additional factor of at

most n32/". Using the fact that T is superlinear in n, we deduce by Markov’s inequality
that (c¢) holds for almost every G). This finishes the proof of Claim 2.

Proof of Claim 3. Let G € G be fixed, and suppose G is given a blue-red edge-colouring
that contains no red H. Our aim is to show that then there is a blue copy of C* in our
graph GG. Recall that G contains T isolated copies Hy, ..., Hp of H. Clearly, we may pick
one blue edge e; € E(H;) for each 1 < i < T. We shall prove that, however we choose
these T blue edges e;, we shall necessarily select the edges of a C* C G.

We start by letting J be the spanning subgraph of G with edge set E(J) = {e;: 1 <i <
T}. From property (a) above, we know that H is (n, D, pp)-upper-uniform, and hence so
is J. We may thus apply Lemma 10 to J and obtain an (g, k)-equitable (g, J, pp)-regular
partition IT = (Vi) of V(J) with kg < k < Ky. Write m for the cardinality of the V;
(1 <i<k).

We now consider a complete graph K* on the vertex set [k], and consider the 3-edge-
colouring defined as follows: colour the edge ij with colour 3 if the pair (V;,V}) is not
(e, J, po)-regular; otherwise, colour the edge ij colour 1 if v;; = djp,(Vi,V;) > 70, and
colour 2 if v;; < 79. We then apply Lemma 12 for the triple (C* H,K?) to the 3-edge-
coloured complete graph K*. For later convenience, for all i # j (i, j € [k]), let us
colour the edges of G that join the classes V; and V; with the colour used to colour the
edge ij € E(K*). Note that we now have two colours associated to each edge of G.

Suppose first that there is a monochromatic copy of C* of colour 1 in our K*. Let V =
(V1,...,V;) be the £ vertex classes corresponding to this copy of C* and let F be the
V-graph on Ule Vi containing the J-edges between consecutive classes. By property (c)
we have that F' contains a C*, and we are home.

We now observe that our K* must contain fewer than s(g) < 20(5) < ck? edges coloured
with colour 3, since the partition Il is (g, J, pp)-regular. Therefore, we know by Lemma 12
that we may find at least ck” monochromatic copies of H of colour 2 in our K*. We shall
see in the sequel that this leads us to a contradiction, and the proof of Claim 3 will be
finished.

Observe first that m > n/2k > n/logn if n is large enough. In what follows, we may
and shall assume that m > n/logn. Therefore we may deduce from property (b) above
that each H-subgraph of K* of colour 2 determines at least mbhpetH) /2 isolated copies
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of H in G. Clearly, distinct copies of H in K* determine distinct isolated copies of H
in G. We may thus conclude that G contains at least

h
%ckhmhpe(H) > %Ckh (;’;) pe(H) > ¢9—h=1 ge(H)1+1/(¢=1)

isolated copies of H, all edges of which are coloured with colour 2. Hence the number 7"
of edges of J that are coloured 2 satisfies

T/ Z CQ*h*lBe(H)n1+1/(ffl). (28)

However, we also have an upper bound for 7", coming from the fact that this quantity
counts only edges of G that are coloured 2. Let us write z,?j for the sum over all edges ij
of K* that are coloured 2. Then, by the definition of the colouring of K*, by (6), and
using that m < n/k, we may conclude that

2 k -
T <> dapo (Vi Vi)pom® < <2> Yopom® < yoe(H)BHn!H/ =1,

which, together with the definition of vy given in (24), contradicts (28).
This finishes the proof of Claim 3, and hence the proof of Theorem 2 is complete. O

2.5 Sketch of the proof of Theorem 4

In this section we describe the alterations in the proof of Theorem 2 that yield a proof of
Theorem 4. We start by defining a new class G’ of graphs to replace G from the proof of
Theorem 2. In what follows, (a), (b), and (¢) refer to conditions (a), (b), and (¢) in the
definition of the class G.

Let us write (b') for the statement we obtain from (b) by replacing the constant 1/2
in (b) by 1/3. Moreover, to stress the length of the cycle that is involved in statement (c¢),
let us write (¢,) for that condition.

The n-vertex graphs that we put in the new class G’ are the ones that satisfy (a), ()
and (cg,) A+ -+ A (cg,.). We now consider the following two claims.

Claim 4 There is a constant k > 0 such that almost every G, has the property that,
however we delete < kn't1/(2=1) /(log n)H| edges from Gp, we obtain a subgraph G' of G,
that belongs to G'.

Claim 5 Every member G' of G' satisfies G' — (H,C*,...,C%) provided n is large
enough.
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Proof of Claim 4. (Sketch) Condition (a) holds for any subgraph of G, almost surely.
Condition (&) may be made to hold almost surely by choosing x > 0 sufficiently small.
We now consider condition (cg,) A -+ A (¢g,.). Let ¢ > £o be be a fixed integer. We argue
that (cq) holds for every subgraph G’ of G), as in the statement of our claim almost surely.
Let p/ = p'(n) = Byn~P1, where B, = B,y is as given in (26) and 3, = 3(C4, H). We
already know that (cq) holds for almost every G,s. Notice that, since we are now talking
about a random graph of different edge-probability, the value of pg in (¢;) is different from
the value of pg in (cg).

Suppose for a contradiction that (¢,) does not hold almost surely for every subgraph G’
of G, as specified. We may generate the random graph G, by first generating G, and
then randomly deleting edges from G, with probability 1 — p//p. It is then easy to check
that our hypothesis on (¢,) failing for G, implies that (c,) does not hold almost surely
for Gy, which is a contradiction. The interested reader may find the missing details in
the proof of a closely related statement proved in [9] (see Lemma 19 in [9]). O

Proof of Claim 5. (Sketch) Following the proof of Claim 3, we define graphs J; (2 <1i <)
in a similar way: each isolated copy of H in G}, contains an edge of colour 7 for some 2 <
i < r. Use these edges to define the graphs J;. Now apply Lemma 10 simultaneously to
all the J; to obtain a partition (Vj)fzo of V(G)) that is e-regular with respect to all the J;
2<i<r).

We now encode the regularity /non-regularity and density of the pairs (V;, V) with
respect to J; in an edge-coloured complete graph K*. If a pair (Va, V) is not e-regular
with respect to some J;, we colour the edge ab of K* colour r + 1 right away. Otherwise,
if (V, V) is a ‘dense’ pair with respect to J;, for some 2 < i < r, we colour ab € E(K¥)
colour ¢. The remaining edges we colour with colour 1. We then apply Lemma 12 to the
(1 + 1)-tuple of graphs (H,C%,...,C% K?).

As in the proof of Theorem 2, if we find in our edge-coloured K* a monochromatic
cycle C% of colour i, for some 2 < i < r, then we are done by invoking statement (cy,).
The possibility that we shall find many edges of K* coloured with colour r + 1 is ruled by
the e-regularity of our partition (Vj)f:o (here we need that e is small enough). Finally,
the possibility that we shall find many monochromatic copies of H of colour 1 may be
ruled out as in the proof of Claim 3 (here we need that 7y should be small enough). We
omit the details. O

Theorem 4 is immediate from Claims 4 and 5.
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3 Proof of the 0-statement

Proof of Theorem 3. Since the case ¢ = k is contained in Theorem 1, we assume in the
sequel that ¢ > k. Similarly to [10] and [13], given a graph G, we define a hypergraph G =
G(G) whose hyperedges correspond to the ¢- and k-cycles of G. Let

&1 =& (G) ={E(C):C is an f-cycle in G},
& =&(G) ={E(C):C is a k-cycle in G}.

We put G = G(G) = & U E. We refer to the hyperedges in &; as hyperedges of type i
(1 € {1,2}).

If H is a subhypergraph of G = G(G), that is, if H C G, then we define the underlying
graph G(H) of H to be the subgraph of G spanned by |JH. In other words, G(H) =
G[UH]. Moreover, if E € G, then we write V(FE) for V(G(E)), the set of vertices of G
incident to the edges in F. We now notice that G — (C*, C¥) simply means that

(*) for every colouring of the hypervertices of G with two colours, blue and red, say,
there is either a blue hyperedge of type 1 or a red hyperedge of type 2.

A subhypergraph Gy C G of G is said to be critical with respect to property (*) if G
fulfils (*) but if we remove any hyperedge of any type from Gy then the resulting hypergraph
fails to have (*). The following very simple but useful claim is similar to Claim 1 in the
proof of Theorem 2(a) in [10].

Claim 6 If Gy is critical with respect to (*) then for any hyperedge E of type i (i € {1,2})
and any hypervertex e € E there exists a hyperedge F' of type 3 —i such that ENF = {e}.

We now need to define some constants. Set

k—1¢
=k—-2-Bk—1)= . 2
o Blk—1) = 1o (29)
Observe that
-l1<a<0. (30)
Furthermore, let
. 1
5—m1n{—a,H,1—ﬁ}, (31)

and notice that then 0 < § < 1+ «. Indeed, the first inequality follows from the definition
of # and (30), and the second follows from 1 — 3 <1+ a.

Now assume that G is a graph and that Gp C G(G) is critical with respect to (*). As
in [10], we will use Claim 6 in order to look for a subhypergraph H of Gy whose underlying
graph G(H) is dense.
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We shall give a procedure, Procedure HYPERTREE, that will build a subhypergraph
of Gy that may contain some hypercycles, but will generally have a ‘hypertree structure’.
Any hypergraph that may be produced by this procedure will be said to be an alter-
nating hypertree. The key observation concerning hypertrees is that the number of those
alternating hypertrees whose underlying graph is not dense is small.

Let us now describe Procedure HYPERTREE.

Procedure HYPERTREE

Input: a hypergraph Gy = €1 U & critical with respect to (*)

Output: a triple (m, Hm, I,) where Hy, = {Eo, ..., En} € Go
and I, C [m] x {1,2}

(main body)

Thus, the input to Procedure HYPERTREE is a subhypergraph Gy of G(G), for some
graph G, with Gy critical with respect to (*). Its output is a triple (m, Hum, I,), where m
is an integer, H,, = {Eo, ..., Eny} is a subhypergraph of Gy, and I,, C [m] x {1,2} is a
certain set indicating the degeneracies present in H,,. Loosely speaking, the set I, says
how far H,, is from being a ‘genuine’ hypertree.

Below we shall show that (T) either the set I, is large and hence the underlying graph
of Hm is dense, or else I, is small and the number of alternating hypertrees with such
a small set of degeneracies is small. As an illustration, we mention that if H,, has no
degeneracies at all, then H,, is uniquely determined up to isomorphism, as is the underlying
graph G(H,,,) of H,,, regardless of the input hypergraph Gy. Assertion (f) above will imply
that G, with p = p(n) = bn~" and sufficiently small b, almost surely does not contain a
copy of the underlying graph of any alternating hypertree. This assertion will establish
Theorem 3.

The main body of Procedure HYPERTREE is given in Figure 1.

(main body) = begin i := 0; pick Ey € & arbitrarily; Ho = {Eo};
(1) rank and direct the edges in Ey;
Iy := @; AQ = @;
repeat (extend current hypertree)
until |G(H;)| — fe(G(H;)) < —1/500 ori > logn
end

Figure 1: Main body of Procedure HYPERTREE

Thus, Procedure HYPERTREE starts by setting up a hypergraph Hy = {Ey} containing
a single hyperedge that corresponds to a k-cycle of G, and then goes into an iterative
process. Before we go on to detail this iterative procedure, we need to explain what is
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meant in line (1) in (main body). The hypervertices of the hypertree will be ranked with
ranks starting from 1. Every time we add a new hypervertex to our hypertree, it gets a
rank that is by one larger than that of its predecessor. As the hyperedges correspond to
cycles in GG, we can first direct the edges of a new hyperedge in a cyclic order and then
rank the edges following the same order. For simplicity, we shall not make this directing
and ranking procedure explict.

We now turn to the iterative procedure. This process will create sequences Hg C H; C

-and Iy C I; C --- that will eventually produce the desired output (m,H,, ;). For

all 0 < i < m, we shall have H; = {Ey, ..., E;} and I; C [i] x{1,2}. In the ith iteration we
add the hyperedge E; to H;—1 and we may add one of the pairs (i,1) or (4,2) to I;_;. The
latter addition to the set of degeneracies happens if E; intersects H;_1 ‘substantially’. The
procedure will also need to construct a sequence Ag, A1, ... of sets of edges, with A; C |JH;
for all 0 < ¢ < m. The edges in A; are said to be the assets of H;.

The general iterative step is as follows.

(extend current hypertree) =
if there is F' € & such that F £ \JH; and |V(F) NV (G(H;))| > 2
then (add F to H;)
else (look for and add a type 1 hyperedge to H;)

When we try to extend our current hypertree H;, if it so happens that there is a
type 2 hyperedge F' ‘for free’ (that is, as specified in the if condition of (extend current
hypertree)), then we take it and add it to H;. The idea here is that this addition will
increase the density of the underlying graph of the current hypertree.

(add F to H;) =i:=i+1; E;:= F; H; := H;—1 U{E;};
rank and direct the edges in E; \ |JH;—1;
I =11 U{(i,1)}; A =0

If such a ‘free’ type 2 hyperedge F' does not exist, then we have to do some more work,
which we describe in two stages:

(look for and add a type 1 hyperedge to H;) = (stage I); (stage II)

In (stage I) we look for and add a type 1 hyperedge to our current hypertree H,.
This will, unfortunately, decrease the density of the current underlying graph. Therefore,
in (stage II'), we try to add as many type 2 hyperedges to our hypertree as possible;
these hyperedges all ‘hang’ on hypervertices that were added to the hypertree by the
addition of the type 1 hyperedge. These hypervertices are the ‘assets’ that we acquired
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with the addition of the type 1 hyperedge. One may think of the process of adding type 2
hyperedges in (stage II) as a process of turning these assets into ‘cash’ (i.e., density). See
Figures 2 and 3.

(stage I) = let f be the edge of smallest rank in |JH;
for which there is a hyperedge E € & with E € |J H,;
{NB. The existence of the edge f above is proved in Claim 10.}
1:=1+1;
pick E; € & with E; £ JH; and f € E;;
H; :=H;—1 U {EZ},
rank the edges in E; \\UH;_1 following the cyclic order of E; = C*
given by the orientation of f, starting from the successor of f;
suppose these edges are, in increasing order of rank, gi, ..., ga;
if |V(EZ) N V(G(Hz_l)” = 2 then Iz = Ii—l else Iz = Ii—l @] {(Z, 2 };
(1) Az = {gl, NN ,ga}; {NB |Ai_1| =0and a = |A2| =/¢—1if (2, 2) ¢ Iz}

Figure 2: Adding a type 1 hyperedge

(stage Iy = F := E;;  {NB. This is the ¢-cycle we have just added}
for j:=1to a do
if g; € A; then begin

i:=1+1; pick E; € & with E; N F = {g;};

H; :=H;_ 1 U {E,},

rank and direct the edges in F; \ |JH;—1 following
the cyclic order of E; = C* given by the orientation of 9j,
starting from the successor of gj;

if [V(E;) NV(G(Hi-1))| =2
then begin [; ;== I;_1; A; := A;—1 \ {g;} end
else begin [; :=I;_1 U{(3,2)}; (compute A;) end

end

Figure 3: Adding as many type 2 hyperedges as possible

In (stage II), the computation of A; requires a little care. Roughly speaking, if a
k-cycle E; we add in (stage II) contains a vertex w added to the underlying graph of the
current hypertree by the addition of the ¢-cycle in (stage I), then we have to consider an
asset g € A;_1 incident to w no longer an asset. In this case we say that g was spoiled
by E;. See Figure 4.

The integer m = |H,,| — 1 < logn returned by Procedure HYPERTREE is the length
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(compute A;) = A, == A1\ {g;};
forp:=j+1toado
if the head w, of g, belongs to V(E;) then A} := A/ \ {gp};
{NB. In this case we say that E; spoiled g,}

Figure 4: Computing A;

of H,,. Our alternating hypertree H,, is said to be degenerate at level i if (i,1) or (7,2) €
Ip,.

Let f(i) = |G(H;)| — Be(G(H;)) = |G(H;)| — B UH;|. Then, for p = p(n) = n=?, the
expected number of copies of G(H;) in G, is O(n/®). In the series of claims given below,
we investigate the effect of the degeneracies on the behaviour of the function f.

For brevity, let a; = |A;| (0 < i < m). In the sequel, it will be important that H;
may have a non-zero number of assets only from the point in which we have just added a
type 1 hyperedge up to the point in which we have cashed all available assets in the for
loop in (stage II'). In other words, a; > 0 can only occur between line (1) in (stage I) and
the end of (stage II'). In particular, ay = a,, = 0.

Claim 7 For all1 <i<m, if (i,1), (,2) € I; then f(i) + aa; = f(i — 1) + @a;_1.

Proof. Consider first the case in which E; is of type 1. Then a;_1 = 0 and moreover a; =
¢ —1, since (i,2) ¢ I; (cf. the remark in line (1) of (stage I)). Therefore E; contributes
exactly £ — 2 new vertices and exaclty £ — 1 new edges to H;_1. Hence,

f@)+aoa;, = fi—1)+0—-2-pl-1)+(k—-2-0Fk—-1))({—-1)
= fl—-1)+k-1)(l—-1)—1-pk(l—-1)
= f(i—1)+0éai_1.

If E; is of type 2 then a; = a;—1 — 1 and

fl)+aa; = fli—1)+(k—-2)=B(k—-1)+a(ai1—1)
= f(i—l)—{—ozai,l,

as required.

Claim 8 For all1 <i<m, if (i,1) € I; then f(i) + aa; < f(i — 1) + aa;—1 — 9.
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Proof. Let H C C* be the graph with vertex set V(FE;) NV (G(H;_1)) and edge set F; N
U™Hi—1, that is, H is the intersection of (V(E;), E;) and G(H;—1). Clearly, H is a disjoint
union of paths. Moreover, G(H;) has k — |H| new vertices and k — e(H) new edges.
Therefore, by |H| > e(H) + 1, |[H| > 2, and # < 1, and by the definitions of a and §
(cf. (29) and (31)), we have

f(@)

f=1) +k—[H|] = B(k - e(H))
Fl—1)+k—2—B(k—1)
fli—=1) =09,

<
<
which implies the claim, since a;_1 = a; = 0.

Claim 9 For all 1 <i<m, if (i,2) € I; then f(i) + aa; < f(i — 1) + aa;—1 — 0.

Proof. Consider first the case in which Ej is of type 1. Let H C Cf be the intersection of
the two graphs (V(E;), E;) and G(H;—1). Then a; = ¢ — e(H) and

fl)+aa; = fli—1)+L—[H[=B(l—e(H))+all —e(H))
= fl=1)+{—e(H))(k—1—-kB)+e(H)— |H]|

— f(¢_1)+w

o e(H) — |H]. (32)

If e(H) > 2 then we conclude from |H| > e(H)+1 that ({ —e(H))/({—1)+e(H)—|H| <
—1/(¢ —1) < —=§ (cf. (31)). If e(H) = 1 then |H| > 3 and thus (¢ —e(H))/(¢{ — 1) +
e(H) — |H| < —0. Because of a;—1 = 0 we have that (32) is in both cases at most
f(’L — 1) + aa;—1 — 9.

Let now E; be of type 2 and let H C C* be the intersection of the two graphs (V (E;), E;)
and G(H;—1). We first deduce from the fact that g; is an asset before we add E;, that is,
g; € A1, that H # C*. Indeed, let Ey be the hyperedge of type 1 that E; is attached
to; i.e., E; N Ey = {g;}. Because of the if condition in (extend current hypertree), the
hyperedge E; is disjoint from JH—1. Let w be the head of g;. Then if F; C |JH;—1, the
vertex w must be incident to some edge in [JH;—1 \ UH». This means that g; was spoiled
before, i.e., g; ¢ A;_1, which is a contradiction. Hence H # C*k.

Let b be such that a; = a;_1 — b. Observe that b > 1. If E; spoils an edge g5 then
the head wy, of gp is isolated in H. Indeed, E; contains no edge from |JHy_1, no edge
from F; incident to wy, and, since gp has not been spoiled before, wy, is incident to no
edge in JH;—1 \ UHy. Therefore, there does not exist any edge in E; N |JH;—1 incident
to wy,. Hence wy, is indeed isolated in H. Setting J := H \ {wy: gy is spoiled by E;} we get
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that |H| = |J| + b — 1. Moreover,

f@) + aa;
= fl-1D)+k—|J—=0-1)-p(k—e(J]))+a(ai-1 —b)
f—1)+aai_1—b-1)(a+1)+k—|J] - Bk—e])) —a

< fGi—1)+aai1—O—D(a+1)+(e(J)=|J|+1)+ (e(J) = 1)(B3—1).

The three last terms are non-positive. If & > 2 then the first term is smaller than —§
because of § < 1+ a. If b =1 then J is a proper subgraph of E; = C* with J # K? and
therefore either e(J) > 1 or |J| > e(J) + 1 = 2 implying that one of the two last terms is
smaller or equal than —d, and the claim is proven.

Claim 10 The edge f as specified in (stage I) always exists.

Proof. Assume that Procedure HYPERTREE gets stuck at the beginning of (stage I) at
iteration 7 because the edge f as specified does not exist. Our aim is to reach a contra-
diction.

Let G; = G(H;) be the underlying graph of H;, so that G; is spanned by its edge
set E(G;) = UH;. We start with the following assertion.

(**) For both q € {1,2}, ife € E C E(G;) and E € &, then there exists a hyperedge F' €
E3_q such that e € F' C E(G;) and moreover EN F = {e}.

Let us prove assertion (**). Suppose first that ¢ = 1. Then Claim 6 gives a hyperedge F' €
& with ENF = {e}. The if condition in (extend current hypertree) implies that F C
UH; = E(G;), as required. If ¢ = 2, then Claim 6 gives F' € & with EN F = {e}. Since
we did not find an edge f as specified on the first line of (stage I), we must have F' C
UH; = E(G;). Assertion (**) is proved.

An immediate corollary to (**) is the following assertion.

(1) Every edge e of G; is contained in an ¢-cycle Cy and in a k-cycle Cy with E(Cy) € &,
(g € {1,2}) and E(C1) N E(Cs) = {e}.

In particular, we have the following observation.
(i) The minimal degree of G; is at least 3.

Let us now consider the simpler case in which k£ > 4. Because of £ > k, it is easily seen
that 3(C*, C*) > 3(C®,C*) = 11/16. On the other hand, by (i), we have e(G;) > (3/2)|G;]
and therefore in this case we have

3 11 1
1) = |G - Be(Gi) < |Gl (1_2 16) < -
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We have thus reached a contradiction, since this implies that Procedure HYPERTREE
should have stopped with m = 1.

We now turn to the case £ = 3. We shall have to argue more carefully here. We
introduce some notation in order to avoid repetition. Suppose x1, x2, and x3 are three
vertices of G;. We shall write T'(x1,x2,z3) when these vertices induce a triangle in G;
and moreover {zix9,xox3,x123} € . Similarly, if x1,...,2, define, in this order, an
(-cycle C* of G; and furthermore E(C?) € &£, then we shall write C(z1, ..., x).

Let A(xyzo,T(x1,x2,23)) stand for the application of (**) to the edge zjze and
the type 2 hyperedge corresponding to {z1,x2,23}. Thus A(zyxe,T(x1,x2,23)) gives
us the existence of vertices ys,...,ys € V(G;) \ {x1,22} with ys # x3 # y; and such
that C(x1,x2,y3,...,y7). Similarly, let A(xjz9,C(z1,...,x)) stand for the correspond-
ing statement guaranteeing the existence of a vertex ys € V(G;) \ {x1,z2,x3,2¢} with
T(z1,22,y3). Now we prove in a couple of steps that G; has large density.

(ii) A vertex of degree 3 in G; is only adjacent to vertices of degree at least 4.

To prove the assertion above, assume that there are two vertices of degree 3, say, x and
y, that are adjacent in G;. By (), we have a vertex z such that T'(z,y, z). We now argue
as follows.

(a) A(zy,T(z,y,z)) gives 2 distinct vertices v and w ¢ {z,y, z} with C(v,z,y,w,...).
(b) A(yz,T(x,y, %)) gives C(w,y, z,...), since d(y) = 3.
(¢) A(wy,C(w,y,z,...)) gives T(w,y, ), since d(z) = d(y) = 3.

However, T'(w, y, ) implies that v = w, which is a contradiction. Assertion (iz) is proved.

(i) Every vertex of G; has a neighbour of degree at least 4.
Indeed, let x be a vertex of G;, and let y be a neighbour of z. Then, by (f), there exists
a vertex z with T'(z,y, z). By (ii), either y or z has degree at least 4, and (#i4) is proven.

Consider first the case ¢ > 5. Denote by a and b the number of vertices of de-
gree exactly 3 and at least 4 in Gj, respectively. Assertions (i) and (#4) imply that
> d(w)>4d(v) = 3a +b. Therefore

QC(Gi)
|Gl

3a+4b 6a+b
a+b’ a+b

> max{ 5

} > minmax{4 —z,1 + bz} = Z
x>0
Using 3(C*, C?3) > B(C®,C3) = 7/12 we have that
77 1
N | )< ) - ) < -
1) = 16l - 0e(G) < 1Gil (1= 15 % 1) < i

In the sequel we assume that ¢ = 4.
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(i) Every vertex of degree 3 in G; has a neighbour of degree at least 5.

Assume to the contrary that there is a vertex v € V(G;) of degree 3 with neighbours z,
y, and z all having degree 4. Recalling (I), we may assume without loss of generality
that T'(v,z,y) and T'(v,y, z). Now we argue as follows.

(a) Since d(v) = 3, we have that A(vy,T(v,y, 2)) gives a vertex w € V(G;) \ {v,z,y, z}
such that C(w, z,v,y).

(b) A(vy,T(v,x,y)) similarly gives a vertex w’ € V(G;)\{v, x,y, z} such that C(w’, z, v, y).
However, d(y) = 4, and hence w = w’.

(¢) Since d(v) = 3, we have that A(vz, C(w,y,v, 2)) gives that T'(v, z, x).

(d) A(yz,T(v,y, z)) gives either C(y, z,z,w) or else C(y, z,w, ).

We reach a contradiction analysing the two possibilities in (d) separately. If C(y, z, x, w),
consider A(zw, C(y, z,z,w)) to get T'(x, w,v). But then vw € E(G;), contradicting d(v)=3.
On the other hand, if C(y, z, w, z), consider A(zw, C(z,y, z,w)) to deduce T'(z, w, v) again.
Therefore assertion (iv) is proved.

We now estimate the density of G; from below. Let a and b denote the number of
vertices of degree 3 and 4 in G}, respectively, and let ¢ be the number of vertices of degree
at least 5. By (7i) and (1) we have that 37;.,y>4 d(v) > 3a + b+ c. Assertions (ii) and
(év) imply that 3 ;,)>5 d(v) > a + c. Therefore we have

2e(Gh) > m {3a+4b+5c 6a +b+c 4a—|—4b+c}
X .
|G| - at+b+c a+b+c’ atb+te
Setting = a/(a+ b+ c¢) and y = ¢/(a+ b+ ¢), this implies

26(G1) > 83

|Gl = ;}llllzrl()max{4—x+y,1+5x,4—3y} =

as one may easily check. Furthermore 3(C*, C3) = 5/9. Thus

83 5 1
£) = 16i1 - 8e(G) < 16il(1- 56 % 5 ) <~z

and Claim 10 is proven.

Claim 11 Let (m,Hum, I;n) be the output of Procedure HYPERTREE. Then the following
assertions hold:

(a) flm) < f(0)=1+1/(£—1)<3/2, m <logn+{, and

£(0) + 1/500} L

I,| < M =
Il < + 1O

(33)
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(b) Fither (i) m >logn or else (ii) f(m) < —1/500.

Proof. (a) The inequality for f(m) follows easily from Claims 7, 8, and 9, and the fact
that ap = a,, = 0. Suppose now that m > logn. Then, letting ¢ be the largest integer
strictly smaller than logn, we see that m < i+ ¢ < logn + ¢, as required. To see (33),
suppose for a contradiction that |I,,,| > M + 1. This time let ¢ be the maximal integer not
greater than m for which a; = 0. Then m < i+ ¢, and hence |I;| = |I, N ([i] x {1,2})| >
M+1—¢>[(f(0)+1/500)/0]. Observing that ap = a,, = 0, we have, applying Claims 7,
8, and 9, that 0 /
. £(0) +1/500 1
o < go-s| AR <

However, this shows that Procedure HYPERTREE should have stopped after the ith itera-
tion (see Figure 1), which is a contradiction.

Assertion (b) follows trivially from the until condition in (main body). This finishes
the proof of Claim 11.

The heart of the proof of Theorem 3 is Claim 13 below. Loosely speaking, the idea
is as follows. If G, — (C% C*), then G(G,) contains a subhypergraph Gy critical with
respect to (*). We may then feed this hypergraph Gy into Procedure HYPERTREE, and
obtain a hypertree H,, C Gg satisfying the conditions given in Claim 11. Using these
conditions, we show in Claim 13 that a.e. G}, does not contain the underlying graph G(H,,)
of Hy, if p=p(n) = bn~P and b is small enough. However, this is a contradiction, since
clearly G(Hy,) C Gp. We shall have thus proved Theorem 3.

To detail the argument sketched above, we need to introduce some definitions. Fix a
graph G on n vertices such that G — (C*, C*). Consider all possible choices for Gy € G(G),
the (*)-critical subhypergraph of G(G). Recall that Procedure HYPERTREE is a non-
deterministic procedure, and, for each Gy as above, consider all sequences Hyg C H; C - --
that may be generated by Procedure HYPERTREE. Now, for each i > 0, let F(i) be the
set of all hypergraphs H; that may be obtained in the process described above, letting the
graph G vary over all graphs G’ with vertex set [n] and satisfying G’ — (C¢, C*).

For each ¢ > 0, let G(i) be the family of all graphs, up to isomorphism, that are
underlying graphs of the hypergraphs H; in F(i). Now recall that each H; € F(i) has an
associated set of degeneracies I; = I;(H;) C [i] x {1,2}. For all 0 < j <14, let G(7,7) be
the collection of all graphs G € G(i) that are underlying graphs of hypergraphs H; € F(7)
with j degeneracies, that is, with |I;(H;)| = j. Finally, let G<(m,d) = JG(i,j), where
the union is taken over all 0 <7< m and 0 < j <d.

The crucial lemma in the proof of Claim 13 is as follows.

Claim 12 (i) For all 0 < j < i, we have |G(i,7)| </ (if)7*.

(i4) For allm >1 and 0 < d < m, we have |G<(m,d)| < (m 4+ 1)m®1(me)*d+1),
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Proof. (i) For a hypergraph H; in F (i), let J;(H;) C [i] be the set of integers j for which H;
is degenerate at level j. In other words, j € J;(H;) if and only if one of (4, 1), (j,2) belongs
to I;(H;). For a set J C [i], let G(i,J) be the set of all graphs G € G(i,|J|) that are
underlying graphs of H; € F(i) with J;(H;) = J. For simplicity, put g(i,j) = |G(3, j)|
and g(i,J) = |G(7, J)|.

Let us first fix J C [i] and estimate g(¢,.J). We claim that

{g(i—l,J) ifigJ
gli — 1, I\ {iV)(i0),  ifieJ,

where, as usual, (a), = a(a —1)---(a — b+ 1). Let us first suppose that i ¢ J. Let G €
G(i,J), and suppose that G = G(H;) with J;(H;) = J. Since ¢ ¢ J, the ranks of the
elements of the ith hyperedge FE; of H; are uniquely determined once H;,—1 = H; \ {E;}
is given. At this point it is crucial that in Procedure HYPERTREE, when adding a non-
degenerate hyperedge to our current hypertree, we choose the hypervertex with lowest
rank to ‘hang’ our new hyperedge on. A moment’s thought now shows that we have thus
implicitly defined an injection G(i,.JJ) — G(i—1, J), since here we are dealing with graphs
up to isomorphism.

Suppose now that i € J. Let G, H;, and E; be as before. Then the number of ways we
can choose the cycle C of GG that corresponds to the hyperedge E; can be bounded very
generously by (if)y. Indeed, the underlying graph G(H;—1) of Hi—1 = Hi—1 \ {E;} has at
most ¢ vertices, and to define C' it suffices to select its vertices from V(G(H;—1)). This
completes the proof of (34).

By induction, we may deduce from (34) that g(i,.JJ) < {(i€)¢}!!, since g(i,0) < 1 for
any ¢ > 0. Therefore

g9(i,J) < (34)

9(i.9) = 1G5 = | U G| < <;>{(i€)e}j < (i),

JCIi]

completing the proof of (7). Assertion (i) follows easily from (i), since

m d m d m
IG<(m,d)] <33 " g(i,5) <303 (i) < S {i(i0) 3 < (m+ Dm T (me) D,
=0 j=0 =0 j=0 i=0

as required.

In the sequel, we apply Claim 12(ii) for m = O(logn) and d = O(1). Our claim tells
us that, in this case, G<(m, d) has polylogarithmic size only.

Before stating our last claim, we need to introduce a piece of notation. Below, we shall
write ég(m, d) for the family of graphs G € G<(m,d) that are isomorphic to underlying
graphs G(H,,) of outputs H,, of Procedure HYPERTREE.
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Claim 13 Put p = p(n) = e *n=%, m/ = logn + ], and let M be as in (33). Then the
expected number of subgraphs of G, that are isomorphic to members of G<(m’, M) is o(1).

Proof. An element G of ég(m’ , M) corresponds to an output H,, of Procedure Hy-
PERTREE, and hence the assertions in Claim 11 hold for H,,. In particular, we may
write G<(m/, M) = Gg)(m’,M) U G(Su)(m’,M), where the elements G in Gg)(m’,M)
correspond to H,, satisfying Claim 11()(7), and similarly to é(gu) (m/, M).

We now claim that the expected number of subgraphs of G, that are isomorphic to
members of ég)(m’,M) is o(1). Fix G € (N}g)(m’,M). Writing #{G C G,} for the
number of subgraphs of ), isomorphic to G, we have
e(@)

logn
nIGI-Be() < (;) O < 12,

E(#(6 S G < ()

Our claim then follows as |ég) (m/, M)| is, by Claim 12, only polylogarithmic in n.
Similarly, we claim that the expected number of subgraphs of G, that are isomorphic
to members of égl)(m’, M) is o(1). Indeed, for any G € (N}(S”) (m’, M), we have

E(#{G C G,}) < nlCl=0eG) < p=1/500,
but again |é(§”) (m!, M)| is only polylogarithmic in n. This finishes the proof of Claim 13.

To finish the proof of Theorem 3, it suffices to recall that, by Claim 11, the event G}, —
(C*,C*) implies that G, contains a subgraph isomorphic to an element of G<(m’, M),
where m’ and M are as in Claim 13. O

4 Deterministic consequences

Proof of Corollary 7. Let 3 = 3(C*, H). Let B and k be the constants from Theorem 4
for £y,..., 0. and H. Let

e=min{l+1/(ly — 1) — |F| +ﬂ(C€2,H)e(F)},

where the minimum is taken over all graphs F' € Vy, ;. Then € > 0 and the expected
number of copies of graphs from Vy, g in G,, where p = Bn=P, is (’)(nlﬂ/(‘z?*l)*s).
Therefore, by Markov’s inequality, the number of copies of graphs from V, p; is almost
surely at most kn'+1/(2=1) /(log n)Il. Tf G, is a random graph having this property and
fulfilling the statement of Theorem 4 then we define a graph G by removing one edge from
every copy of a graph of Vg, p; in G),. The graph G has the required properties. O
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Proof of Theorem 8. We show that for any ¢ there exists a graph on more than ¢ ver-
tices which is critical for (C*)1<;<,. Let B and 8 = B(C*,C") be the constants from
Corollary 5. Let 7 = {F:|F| < t and |F| — Be(F) < —1/500}. For p = Bn~?, almost
all graphs G, do not contain any graphs from 7. Furthermore G, — (C%,...,C*) al-
most surely by Corollary 5. Therefore there exists a graph H on n > t vertices with
H — (C%,...,C%) and not containing any graph from 7 as a subgraph. Assume that
there exists a subgraph K of H on t vertices such that K — (C,...,C%). Hence in
particular K — (C%,C%). Let K be the hypergraph with hyperedges being the ¢1-and -
cycles of K. Let Ky be a critical subgraph of K with respect to property (*) from Section 3.
We now run Procedure HYPERTREE on the input Ky but where we exit the repeat-loop
in (main body) only if |G(H;)| — Be(G(H;)) < —1/500 thus possibly creating hypertrees
that are of length more than logt. It follows easily from the proof of the 0-statement
(cf., e.g., Claim 11) that the output H,, is such that its underlying graph G(H,,) is in 7,
contradicting the fact that H is 7-free. It follows that some subgraph of H containing
more than ¢ vertices is critical for (Cgi)lgigr‘ O
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