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Abstract—In this study, we examine if engineered topological
features can distinguish time series sampled from different
stochastic processes with different noise characteristics, in both
balanced and unbalanced sampling schemes. We compare our
classification results against the results of the same classification
tasks built on statistical and raw features. We conclude that in
classification tasks of time series, different machine learning mod-
els built on engineered topological features perform consistently
better than those built on standard statistical and raw features.

Index Terms—persistent homology, stochastic process, machine
learning, feature engineering

I. INTRODUCTION

Topological Data Analysis (TDA) is a new field of data
science that uses topological and geometric tools to infer
relevant features from potentially complex data. TDA has de-
veloped procedures that are not based on traditional statistical
or machine learning algorithms, and its methods are now used
in a variety of fields from finance [24] to medicine [27].

We concentrate on engineered topological features using
persistent homology. The information that persistent homology
yields on the change of topological features of a given point
cloud can be presented in various different ways such as
barcodes [14], persistence diagrams [10], landscapes [4], im-
ages [[1]], terraces [26]], entropy [25] and curves [9]. Persistent
homology has become increasingly important for the analysis
of noisy signals and time series in a variety of domains. It has
been used to solve problems in signal processing and systems
engineering, to quantify periodicity in the literature [30], for
clustering tasks [34]], for classifying tasks [39]], or to detect
early signals for critical transitions [[15} |16].

The most commonly encountered problem in TDA applica-
tions is that persistent homology is computationally expensive.
Most popular libraries used for TDA calculations often resort
to parallel computing [32] and/or off-loading heavy computa-
tions to GPUs [43] to alleviate the problem.

In this study, we investigate whether one can observe any
topological differences between time series samples from
different stochastic processes such as Wiener and Cauchy.
First, in Section [lIl we introduce our framework we based on
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persistent homology. Next, we introduce the topological and
statistical features we are going to use in Section Finally,
in Section [[V|we apply various machine learning classification
algorithms on the features we engineered.

II. BACKGROUND

In this Section, we briefly introduce the necessary back-
ground for the later Sections.

A. Stochastic Processes

Stochastic processes have been used to model systems that
evolve probabilistically through time in a variety of fields such
as finance [21]], physics [17], and image-signal processing [42],
etc.

Levy process family is a vast family of stochastic pro-
cesses with applications in insurance risk modelling [22} 23],
finance [33, 37], and economics [13]. A Levy process is a
continuous-time stochastic process that has stationary indepen-
dent increments with three main components: the deterministic
component, the Brownian motion component, and a measure
quantifying the rate at which discrete jumps occur.

Here, we give two process from the family of Levy pro-
cesses as follows:

1) Wiener Process: A standard Wiener process (often called
Brownian motion) is a random variable X; that depends
continuously on ¢ € [0, 7] and satisfies the following:

e For0<s<t<T,
X — Xs ~Vt—5sN(0,1),

where N(0,1) is the normal distribution with zero mean
and unit variance with Xy = 0.
e ForO0<s<t<u<v<T, X;—X,and X, — X, are
independent.
2) Cauchy Process: The Cauchy process X = (Xy,t > 0)
is a process with state space R and the stationary independent
increments such that X;,s — X has the Cauchy probability

density function
1t

T2 a2

Actually, the Wiener process is a simple case of Levy
process. It has the independent and identically distributed
Gaussian increments with variance equal to increment length.

pi(z) =



The Cauchy process, on the other hand, is a Brownian motion
with a Levy subordinator using the location parameter 0 and
the scale parameter %, over the maximum time interval t.
We refer readers to Sec. 1.3 of [3]] for details about the Levy
process and its subordinators. So, the difference between the
Brownian motion and Cauchy process is that taken the Levy
subordinator. We will try to examine this difference whether

any statistically or topologically differences explain.

B. Takens’ Delay Embedding for Time Series

Time series do not naturally have point cloud representa-
tions. We are going to use Takens’ Embedding Theorem [35]]
to convert a time series to a point cloud before we can
begin applying TDA methods. Given a times series x; for
t=1,2,...,7T, we convert this time series into a point cloud
with points v; = (T, Tigr, ... ,$i+(d—1)T)T, where T denotes
a delay parameter, and d is the dimension of the space the
point cloud embedded into.

Takens’s embedding depends on two parameters d and T,
and must be determined in practice. Pereira and de Mello [31]
used the first minimum of the mutual information between
the signal and its time delayed version to determine the time
deal 7. Many studies [38] 20] used the false nearest neighbor
method [18]] to determine the embedding dimension d. So, we
will use the same methods to determine the parameters 7 and
d on our experiments.

The delay embedding guarantees the preservation of topo-
logical features of a time series but not its geometrical prop-
erties. Even if it causes the loss of some geometric properties,
it still has an important role. For instance, in industrial sensor
data applications, sometimes one has just one variable to
synthesize the whole system. For this purpose, the delay
embedding allows one to reconstruct attractors of an unknown
system. For example, the attractor of the Rossler system [41]],
is shown in Figure [I]
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Fig. 1. The delay embedding of time series as x variable of Rossler system.
The delay parameter 7 = 25 is choosen by utilize the mutual information
while the embedding dimension d is selected 2 because of visualization.

C. Topological Data Analysis

One of the main goals of algebraic topology is to classify
topological spaces based on their features. In data science,
on the other hand, extracting important features from large
datasets to classify or cluster these extracted features appears
as a recurrent problem. TDA aims to bridge topology and data
science from this perspective.

1) Persistent Homology: One important tool that TDA
employs in the process is called persistent homology. Persis-
tent homology of a point cloud gives us engineered features
depending on a fixed natural number n. For instance, the
results obtained for n = 0,1 and 2 indicate the number of
connected components, loops and 2-dimensional voids in a
given data set.

To get persistent homology from point clouds, one needs
a filtered simplicial complex such as the Alpha complex, the
Cech complex, or the Vietoris-Rips complex. We refer inter-
ested readers to [6] for an introduction to persistent homology,
and more mathematical details on building topological spaces
from point clouds.

2) Barcodes: Persistent homology of a point cloud is
typically represented by a barcodes or a persistence diagram.

(See Figure )
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Fig. 2. The barcodes and persistence diagram.

Each bar in the barcodes corresponds to a homology class of
the parameterized family of topological spaces obtained from
the point cloud. The left end point of each bar corresponds
to the parameter value at which the topological feature first
appears, also referred to as the birth time b;, and the right
end point corresponds to the parameter value at which the
topological feature disappears, referred to as the death time
d;. Thus, the bars in a barcode diagram can be represented as
a collection of pairs (b;, d;).

3) Persistence Diagrams: Given a barcode {(b;,d;) | i €
I} as pairs of birth and death times, when we plot these pairs
(b;,d;) in R? we get the corresponding persistence diagram.
Note, b; < d; for all ¢ so all points in a persistence diagram
lie on or above the diagonal y = .

4) The Wasserstein and The Bottleneck Distances: Given
two persistence diagrams D and D», and , we have bijections
(perfect matching) of the form ¢ : D; — Dy as seen in
Figure E} The Wasserstein distance [19] of D; and Do is
defined to be

1/p
Wy (D1, D2) = inf ( >l - w(@l&) :

reDq

We also satisfy the points on the diagonals A = {(s, s)|s € R}
of D; and D, to ensure a perfect matching always exists.
Because of the diagonal A, the diagrams do not have to
have same the number of points to calculate the Wasserstein
distance.



The Wasserstein distance is called the bottleneck distance
if we let p — oo,

dp(D1,Ds) = igf sup ||z — é(z)|]oo-
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Fig. 3. The best matching on given two persistent diagram and the bottleneck
distance of given two diagrams D1 and Do.

5) Persistence Landscapes: Given a persistence diagram
{(bi, d;) | i € I}, after [5], one can construct the correspond-
ing persistence landscape as a sequence of piece-wise linear
functions, A1, Ao, ... : R — R with slopes 0, 1, or -1.

Here we let

)\k(t> = kmax {f(bidi)(t)}iel ,
where kmax is the k-th largest element and
f(a,p)(t) = max(0, min(a +¢,b —t)).

For example, we suppose the point cloud sampled from the
two intertwined circles shape in Figure ] To investigate the
topological features of that point cloud, one can consider the
number of local maxima of the persistence landscapes or the
area of under that curve. As seen in Figure [ there are two
local maxima of the first persistence landscapes of a given
point cloud.
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Fig. 4. The persistence diagram and corresponding first two persistence
landscapes for 1 dimensional homology classes for the intertwined two circles.

6) Betti Curves: Let D = {(b;,d;) | i € I} be a persistence
diagram. The Betti curve of diagram D is the function Bp :
R — N whose value on s € R is the number of points (b;, d;)
in D such that b; < s < d;. More formally, it can be given as

Bp(s) : #{(b;,d;) € D | b; < s < d;}.

An example of the calculating Betti curves from a given per-
sistence diagram is shown in Figure [5] Shaded gray region is
the persistence diagram region containing pairs to contributing
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Fig. 5. From the persistence diagram to the corresponding Betti curve. For
example, there are three orange pairs in the shaded region on the persistent
diagram at s3 while two orange pairs are at s4.

IIT1. FEATURE ENGINEERING

Feature engineering plays an important role on classification
and clustering tasks in many machine learning models. In this
section, we outline the details of the engineered featured our
analyses are based on.

A. Statistical Features

Many time series classification tasks require a number of
preprocessing steps. One of the most straightforward prepro-
cessing steps on time series is to create descriptive statistical
features such as the mean, the variance, and the entropy. For
this study, we chose the following list of descriptive statistical
features as follows:

1) Mean 6) Hurst 10) Unitroot
2) Variance 7) Std 1st-der KPSS

3) Entropy 8) Linearity 11) Histogram
4) Lumpiness 9) Binarize mode

5) Stability mean

B. Topological Features

There are three popular indirect methods to use persistence
diagrams with machine learning algorithms. Firstly, one may
consider kernel methods in conjunction with the distance met-
rics on persistence diagrams. Secondly, one may extract some
descriptive statistical features from persistent diagram such
as Adcock-Carlsson coordinates, the lifetime, the persistence
entropy, etc. Lastly, one may transform persistence diagrams
space to a Hilbert space using persistence landscapes, or Betti
curves. We refer the reader 28| [7] for more details about the
road map on the topological tools to use on machine learning
task.

Let D = {(b;,d;) | i € I} be the persistence diagram of a
point cloud coming from Taken’s Embedding of a time series
with the optimal parameters time delay 7 and dimension d as
in Section [[I-B] Then the topological features can obtained as
follows:

1) Wasserstein and bottleneck distances: We can obtain two
new topological features by using Wasserstein and bottleneck
distances between given diagram D and the diagonal diagram
A. In the case of the diagonal diagram we get

Wl(D,A):Zdi_bi

iel

and dg(D,A) = sup(di —bi
el 2

).



2) Adcock-Carlsson Coordinates: Let d,,., be the maxi-
mum death time over all pairs, and let ¢; = d; — b; be the
life time of topological features. In [2], the authors used the
following summaries of persistence diagrams.

(@ fi (D) = Zie[ bil;

(b) f2(D) = ZieI(dmaw - di)gi
(o) f3(D) = Zie[ b?g?

@ fo(D) = Xie;(dmas — di)*¢}

Using these features we obtain four new features from persis-
tence diagrams of persistent homology in degree 1.

3) Persistence Entropy: The persistence entropy of the
persistence diagram D is defined by

PD) =~ 3 7 es (7).

D

where Lp = >
analyses.

4) L1 Norms: Let Bp be the corresponding Betti curve, and
let A1 be the corresponding persistence landscpae. Since the
Betti curve and the persistence landscape are an integer-valued
and a real-valued functions, respectively, we can calculate their
L, norms. In practice, we simply use p = 1 for the features
of a given persistence diagram and on top of the statistical
features we will have two new features using the norms ||8p||1
and [|A1]l1

Therefore, we have summarized with 9 topological features
and 11 statistical features to use in classification methods for
a time series.

el ¢;. This adds one more feature for our

IV. EXPERIMENTAL CONTRIBUTIONS

All implementations are done via three libraries of the
python programming language [40]. For sampling the stochas-
tic processes, we used the stochastic package [12]. We
obtained the topological features and persistence diagrams
from point cloud using the giotto and the giotto-ph
libraries [36} 32]. We extracted the statistical features from
time series using the Kats library [11]).

A. Results with Balanced Sampling

1) Simulations: We generated 1000 time series with the
same length of 500 time steps for both Cauchy and Wiener
processes on the time interval [0, 2]. So, in total we have 2000
time series and their corresponding labels as ‘Cauchy’ and
‘Wiener.” We then generated statistical features for each time
series as described in Section [[II-A] Next, we obtained the
topological features for each of the time series as described
in Section [[II-B] For the topological features, we focus on
only degree 1 persistence diagram since these can capture any
periodicity behavior that may appear in the time series. For
the persistence diagram corresponding to each time series, we
obtain persistence entropy, bottleneck distance, Wasserstein
distance, the four Adcock-Carlsson coordinates, and the [,
norms of Betti curve and first persistence landscape. (See

Figure [[V-AT])
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Fig. 6. An example of the persistence diagram, Betti curve and persistence
landscapes which obtained from Wiener and Cauchy process.

2) Correlations and distances between features: For both
the statistical and the topological features, we display the
correlation coefficients in Figure[/| as a heatmap. Whereas the
statistical features appear uncorrelated, the topological features
are mostly correlated since they all come from persistence
diagrams.
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Fig. 7. The correlation within themselves for the statistical (left) and

topological (right) features.

To distinguish the features, the pairwise distances of the two
classes of time series in all features are given in Figure [§] also
as a heatmap.
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Fig. 8. The pairwise distances between the two classes of time series using
topological and statistical features. Balanced sampling results.



One can see that the Wasserstein distance, the Adcock-
Carlsson coordinates 1 and 2 can distinguish between each
group in Figure [8] The distance matrices indicate that the
individual clusters show small intra-cluster distances with
larger inter-cluster distances on the topological features.

3) Classification: After simulation and featurization, we
can now apply machine learning models to our datasets that
consists of raw, statistical and topological features with labels.
We used Logistic Regression (LGR), Decision Tree (DCT),
k-Nearest Neighbor (KNN), Random Forest (RFT), Support
Vector Classifier (SVC), Multi Layer Perceptron (MLP), Lin-
ear Discriminant Analysis (LDA) and XGBoost (XGB). We
used python library sklearn [29]] and xgboost [8]] with default
parameters. Before we start building models, we split our
synthetic dataset into the train and the test datasets with
sizes 80% and 20%, respectively. We also did 5-fold cross
validations for each model over the whole dataset.
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Fig. 9. The cross validation results for machine learning classification models
based on topological, statistical features, and raw features for the balanced
dataset.
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Fig. 10. The confusion matrices from the raw features, the statistical

features and the topological features for the unbalanced dataset from the KNN
algorithm.

As one can see in Figure [9] the result shows that models
built on topological features consistently show better accu-
racies than the models built on statistical and raw features.
The results of 5-fold cross-validation indicate that the most
performant representative features, in order, are topological,
statistical and raw features, respectively. One can conclude

from these results that the feature engineering plays a critical
role since the results on engineered features are better than the
results on the raw datasets.

When we restrict to statistical and raw features the SVC,
LDA and LGR models are relatively less performant compared
to other models while the XGB model is the most performant
on all features. On the other hand, it appears that DCT model
over-fit on the raw and statistical features for the train set. The
confusion matrix for the k-nearest neighbor (KNN) model for
the balanced dataset, which is the worst performing model for
all features, is shown in Figure [I0}

We use the Receiver Operating Characteristic (ROC) curve
to analyze classifier performances. The ROC curve depicts the
trade-off between the true positive rate and the false positive
rate, or sensitivity vs specificity, for different thresholds of the
classifier output. Figures [TT] show the ROC curve for different
features with the KNN algorithm. The area under the ROC
curve (AUC) indicate the models based on topological features
alone show better performance that the models based on the
statistical and the raw features alone.
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Fig. 11. The ROC curve from the statistical features (left) and the topological
features (right) for the balanced dataset, from the KNN algorithm.

B. Results with Unbalanced Sampling

Most supervised machine learning models require a bal-
anced dataset for the training phase of model building, and
perform rather poorly if the dataset is unbalanced in favor of
one class. In order to test the performance of our topologically
engineered features, we repeated the same processes with an
unbalanced sampling of the stochastic processes we are inter-
ested in. To show that our proposed approach performs well
with unbalanced datasets, we generated 50 samples from a
Cauchy process and 1000 observations from a Wiener process.
To weigh the importance of the topological features, we look
at the distance matrix between engineered topological features
by following the same procedure as in balanced dataset case
displayed in Figure [T2] We again observe that the Wasserstein,
Betti and Adcock-Carlsson coordinates again distinguish two
classes from each other. After applying the same validation
steps (single train/test and 5-fold cross validation schemes),
we still observe that the topological features consistently
show better accuracies on unbalanced datasets. The results are
shown in Figure [T3]

For the unbalanced dataset, the confusion matrix of the
KNN algorithm on both features is shown in Figure [T4]
We chose the KNN algorithm because for balanced and
unbalanced sampling experiments it gave us the worst accuracy
results.
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dataset.

In the unbalanced scheme, we sampled the stochastic pro-
cesses with varying distributions of classes where the minority
class varied between 1% to 20% of the majority class. In all
experiments, the majority class has a sample size of 1000
observations.

Before we present our analyses, we must note that even
though the confusion matrices we present in Figure [T4] may
be as helpful in assessing which models and which engineered
features are preferment in the unbalanced sampling scheme as
in the unbalanced scheme, the areas under the ROC curves
we present in Figure [T3] are better metrics than the accuracy
scores we present in Figure [T3] for the sake of completeness.

Both the confusion matrices, and the area under the ROC
curves for the worst performing KNN model in the unbalanced
scheme collectively indicate that the models based on the
proposed topological features still perform better than the
models based on the statistical and raw features.

C. Computation Details

Engineering topological features requires working with per-
sistence diagrams, and constructing a persistence diagram from
a point cloud is computationally expensive due to high compu-
tational cost of persistent homology. To make the calculations,
we used the Turkish National Center for High Performance
Computing (UHeM) at Istanbul Technical University. We used
the giotto—ph library to compute the topological features
in parallel. All the computations are performed on a Centos

Raw Statistical Topological 1000

g Cauchy 5 45 7 43 50 0 750
©

. 500
2

F wiener{ 10 1 0 250

< < S < 0
& oé‘* &€ & &
% & % N 1o N

Predicted label Predicted label Predicted label

Fig. 14. The confusion matrices from the raw features, the statistical features
and the topological features for the unbalanced dataset, from the KNN
algorithm.
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Fig. 15. The area under the ROC curve from the raw, statistical and the
topological features for the different unbalanced dataset with the rate from
1% to 20%, from the KNN algorithm .

7 Linux UHeM cluster with 128 GB RAM, Intel(R) Xeon(R)
E5-2680 CPU 2.40GHz with 28 cores.

TABLE I
Features Mean | Std
. Parallel | 459 s | 321 ms

Topological

Serial 111s 1900 ms

. Parallel | 1.12's | 40.3 ms

Statistical

Serial 2.10s | 3.16 ms

To compute computational cost of our approaches, we
sampled 50 time series from a Cauchy process with randomly
varying lengths between 500 and 1500. For each time series,
we individually calculated the topological and statistical fea-
tures using both serial and parallel computation. We ran 7
experiments and recorded of how long it took to compute
topological and statistical features for all of the 50 time series.
The results are presented in Table [I}

The results indicate that parallel computing dramatically
reduces computation time, and that the topological features are
computationally more expensive than the statistical features.
In calculating the topological features, most time is spent on
getting a persistence diagram from a point cloud. For this
task, used giotto—ph python library as it automatically par-
allelize the calculations. Despite the time complexity issues,
one must recall that the topological features consistently yield
more accurate results in both the balanced and unbalanced
schemes.



V. CONCLUSION

We used the raw, statistical and the topological features
to classify time series sampled from different stochastic pro-
cesses. In our simulation experiments we sampled times series
from Wiener and Cauchy processes in both balanced and
unbalanced sampling schemes. We then compared machine
learning classification models built on topological features and
statistical features we engineered on the sampled time series.
The results show that the engineered topological features
perform consistently better than statistical or raw features in
building machine learning classification models even when a
given dataset is unbalanced. Our experimental result show that
the topologically engineered features alone can distinguish
between different stochastic processes, even when statistical
or raw features do not. This means the topological feature
engineering can play a critical role for time series classification
tasks. Even though the result indicates that topological ap-
proach has the best accuracy, the computational cost appears as
a formidable obstacle, but parallelition of calculations appears
to be useful.

A. Future work

The main difference between the stochastic processes we
used in this study, is a difference in their Levy subordinators.
The experimental study we perform shows that the differences
in Levy subordinators can be explained by topological fea-
tures. This research question is beyond the scope of this paper,
and will be an interesting direction for future work.

In classification of time series obtained from Wiener and
Cauchy processes, our experiments indicate that topological
features perform consistently better than standard statistical
features for building machine learning models even when
classes are not balanced. One may investigate the role that
topological features play in distinguishing different Levy sub-
ordinators theoretically. One may also repeat our experiments
on real world time series datasets. One must also compare
our methods with other methods such as the Discrete Wavelet
Transforms (DWT), the Discrete Fourier Transforms (DFT)
and the Power Spectral Densities (PSD). One may also focus
on topological distances between time series to apply cluster-
ing algorithms such as hierarchical clustering.
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