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Abstract—With the rise of cheap small-cells in wireless cellular density or to improve coverage to under-served areas in
networks, there are new opportunities for third party providersto  developing regions. A common RAN sharing arrangement is
service local regions via sharing arrangements with tradional  |j55ed on companies that only offer base stations to operator

operators. In fact, such arrangements are highly desirablefor . .
large facilities—such as stadiums, universities, and miree—as (known as tower companies), which are now a large part of the

they already need to cover property costs, and often have fier Wireless industry; particularly in India and the United t8t&a
backhaul and efficient power infrastructure. In this paper, we In other regions, established operators have heavily fades
propose a new network sharing arrangement between large in infrastructure and negotiated BS sharing arrangemettits w
facilities and tradltl_onal operators. Our famhty networ k sharing new entrants to the market, such as in Sweden. Ultimately,
arrangement consists of two aspects: leasing of core networ . )

access and spectrum from traditional operators; and servie these approaches can be viewed as fthe first steps tpvyards
agreements with users. Importantly, our incorporation of auser the dynamic market-based “networks without borders” visio
service agreement into the arrangement means that resource where resources including spectrum, RANs and core networks
allocation must account for financial as well as physical resurce  are pooled, with contributors ranging from individuals to
constraints. This introduces a new non-trivial dimension nto traditional operatorg [2].

wireless network resource allocation, which requires a new | llel with the adonti f network shari lhcel
evaluation framework—the data rate is no longer the only n parallel wi € adoption of network sharing, smalli:ce

main performance metric. Moreover, despite clear economic technology (also known as femto, micro, pico, or metroscell
incentives to adopt network sharing for facilities, a busiress depending on the provider and transmitting capabilities) i
case is lacking. As such, we develop a general socio-tectalic revolutionizing the wireless industry with cheap, low-mow
evaluation framework based on ruin-theory, where the key meic 556 stationg [3]. By exploiting small-cells, wirelesswiaks
for the sharing arrangement is the probability that the facility . . . .
has less than zero revenue surplus. We then use our framewotk can offer h'gh_ data rates with a small footprint via dense
evaluate our facility network sharing arrangement, which dfers ~placement, which reduces the distance between the sntill-ce
guidance for leasing and service agreement negotiationssavell and the user—the most effective means of increasing network
as design of the wireless network architecture, taking int@ccount  capacity [4].
network revenue streams. Despite the success of current network sharing arrangsment
Index Terms— and small-cells, there remain complex issues to be resolved
In particular, property must be leased to anchor smalbkgell
and backhaul must be installed in order to implement network
MIMO (including CoMP) as well as inter-cell interference
coordination (elCIC) [[6]—key techniques for the effective
In traditional wireless networks, expensive infrastruetu operation of small-cell networks. Moreover, operational e
and the rapid adoption of new radio technologies resultgeénditures (OpEx)—largely due to small-cell maintenance—
in small numbers of new market entrants. More recentlgre growing with the increasing number of small-cells in the
sharing of the radio access network (RAN) has been adoptestwork. This increase in OpEx will continue until effeetiv
to reduce capital expenditures (including infrastructofeew self-organizing network (SON) technologiés [6] are susees
operators, while still offering wide coverage and high dégyal fully implemented.
of service (QoS). This trend has encouraged new operator@\ particularly challenging scenario for operators is large
to enter the market and sophisticated arrangements betwésailities with high data rate demands, even when standard
infrastructure owners and operators are being considered. network sharing arrangements are employed. Common exam-
There are many possible network sharing arrangemeptss of these facilities are universities, stadiums, catiga
for wireless cellular network infrastructure, includingast centers, utilities, mines, and high density urban residenc
sharing, full RAN sharing, roaming, or core-network shgrin The challenge arises due to the high cost in leasing smill-ce
At present, the most common sharing arrangements hdweations, cost of leasing high bandwidth backhaul (despit
involved only the RAN [[1], which allows operators to poothe fact that the backhaul is often available within these
resources and can increase the capacity available fortoperafacilities via fibre links), the often unusual charactecistof
to service regions that already have high base station (B&er demands—such as high upload rates in stadiums [7]—

network sharing, facilities, ruin theory
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and large variations in data rate demand over time. Moreovexploited at no additional cost to provide high rates thtoug
large facilities may desire to only charge low rates to ugers advanced elCIC; (3) competition will be increased between
order to improve the operation of the facility; in stark aast traditional operators in the region through core networteas
with standard wireless service arrangements. This canroccosts (in contrast with RAN discrimination); (4) users will
either because the users are employees and the mobileesefv& charged only at the facility’s incremental costs as the
is paid for by the facility, or a cheap mobile service is used #acility is either covering the costs itself (e.g., in mines

an attraction to the facility; similar to how WiFi is currént utilities) or the service is offered as an attraction (em. i
offered free of charge to users in many convention centats gmtels or convention centers); (5) facilities can offer eor

hotels. efficient power sources as they also must power the facility
_ _ _ (e.g., through large-scale solar cell sources); and (6) SON
A. A New Socio-Technical Network Sharing Approach innovation is promoted as the facilities chase a reducedxOpE

There is strong motivation for large facilities to offer eipe An incremental approach to SON is also possible since the
mobile services and to develop their own capability to do stacilities will have a relatively small number of small-tsl
namely, the low cost of small-cells, and the availabilityhagh ~Which means that there are fewer complexities compared with
bandwidth backhaul. As such, there is a genuine need for % large-scale RANs of traditional operators.
alternative network sharing arrangement that can exphait t These benefits clearly suggest that there is a significant
unique characteristics of large facilities. potential for network sharing arrangements involvinglfaes.

In this paper, we propose a new network sharing arrangBe- ) - _
ment for facilities. Our facility network sharing arrangemy - Evaluation of Facility Network Sharing Arrangements
is based on a network consisting of small-cells operated byAlthough there are clear economic incentives for the adop-
and within the facility, which contrasts with tower compesi tion of facility network sharing arrangements, a businessec
that own multiple small-cells and BSs, which are leased tmsed on a quantitative framework is lacking. We address
operators. this issue by evaluating facility network sharing using ane

There are two key aspects to our facility network sharingamework, which incorporates both the wireless communica
arrangement: the core network leasing agreement betwdiens network, as well as the service and leasing agreements
traditional operators and the facility; and the serviceeagient between users, the facility, and traditional wireless ajms
between the facility and users. The purpose of the core mktweohat own the core networks. In contrast with standard aivallyt
leasing agreement is to provide the facility with data toseer frameworks in the wireless communications literature, our
users that are subscribed to traditional operators as vgell feamework models the facility associo-technical systerihis
spectrum localized to the facility. This agreement invelee means that the conclusions arising from our framework lie
fee that the facility pays to the traditional operator, icleange close to those used directly in real-world practice. Moe¥ov
for core network access and spectrum. On the other handy framework is general, which means that it can be adapted
the service agreement is the mechanism by which the facility a range of wireless settings, where resource sharingeis us
obtains revenue. In particular, the facility charges uders and financial sustainability is a key design criterion.
its services; depending on the resources required to ensurrofit-based approaches for resource allocation in cellula
reliable transmission, and also pricing parameters dedigm networks have been considered [0 [9]4[14]. Early work on
compensate for the leasing fee for core network access. capacity pricing adapted a real options framework to cope

In concept, our facility network sharing arrangement beavdth uncertainties[[14]. In[[9],[[13], cognitive cellularet
similarities to the “local network operated by an indeparideworks and small-cell networks, respectively, were modeled
actor” classification for indoor cellular networks propdsa via Stackelberg games. The approachlinl [13] employed sub-
[8]. More specifically, the approach inl[8] introduced theidies to incentivize closed access small-cell accesstpbin
notion of third party operators to service users insidedarghare allocated spectrum. The approaches in [11], [12] also
buildings, which negotiate with traditional operators ftata exclusively focused on spectrum allocation. In][10] the BS
access. Our facility network sharing arrangement diffietsvio  density and spectrum usage were optimized to maximize the
key aspects: (i) we are not limited to indoor operation, \Whicnet profit; however, this analysis was based solely on long-
is achieved using a general stochastic geometry model dimat term average rates. The drawback of such an approach is
in principle be extended to include small-cell cooperatiam that it does not consider any assessment of the feasibility o
elCIC techniques; and (ii) we propose a specific agreemé¢he business model nor optimal solutions obtained from the
structure between operators, users, and facilities. Itiquéarr, perspective of a financial risk management analysis. As,such
core network access is provided via a new leasing arrangemismot easy to assess the long-term profitability of the dpera
that can in principle be formulated as a contractual ohiligat This is important as network design that takes profitability
which we detail in SectionTlI. into account will differ from standard designs under purely

While facilities have currently not been considered withitechnical constraints and generally lead to improved dpera
a network sharing arrangement, there are six key econoruagevity. Key parameters such as compounded interes, rate
incentives, subject to the presence of appropriate astitrinitial capital, expenditures, and future investment® alan-
regulation: (1) the facility already owns or leases the prop not be incorporated into the standard approaches. Morgover
which means that there is zero sunk cost for positioning lsmabrevious work does not account for the effect of fluctuations
cells; (2) the facility’s high bandwidth fibre network can bén the number of users and their cellular data demands.



Jointly addressing a number of the key financial and3) We evaluate facility network sharing based on numerical
technical factors that arise in real-world cellular netkgor evaluation of the probability of ruin via our framework.
(including features such as channel gains, power control, First, we demonstrate that facility network sharing can
path loss and the duration of user connections), is cruoial t be profitable. Second, we provide insights to guide the
reliably predicting and optimizing the financial sustaiitigb design of wireless networks to account for revenue and
of network sharing arrangements. However, this requires a expenditures, in addition to ensuring reliable transmis-
more sophisticated socio-technical framework. In thisguap sion.
we propose a new quantitative framework to evaluate fgcilit
network sharing arrangements based on a reformulatiorirf ru II. WIRELESSNETWORK MODEL
theory [15] to facilitate a study of business models, where the |n this section, we detail the wireless networking aspetts o
key performance metric is the probability that the owner @fur model for the facility (financial aspects will be disceds
the facility has a negative revenue surplus within a peribd in Section[Ill). The key aspects that we consider are the
n months—leading to financial insolvency. We emphasize thalacement of the small-cells, which small-cell a given user
the probability of these events, termed ruin, is dependant @ill connect to, and the physical layer transmission model.
both economic and technical factors, which include: theahi \We note that our modeling assumptions are based on previous
capital of the facility; the compound interest rate (compaded approaches to wireless cellular networks (see €.gl, [1%]) a
monthly); link parameters, such as channel gains, poweg only significant difference is that the scale of facktiare
control and path loss; duration of user connections; and tygically smaller than those considered for standard netsvo
number of users in the network. Our assumptions for small-cell placement and the user
selection protocol are as follows:

Al: The facility’s small-cells are arranged according to a
homogeneous spatial Poisson point process (PPP) with
intensity 5. This means that in each realization there is
a different number of small-cells, which provides insight
into the behavior of the network irrespective of how the

C. Key Contributions

We summarize our three key contributions as follows.

1) We propose a new network sharing arrangement between
traditional operators, facilities, and users. The arrange
ments accounts for both the expenditures and revenue for I
the facility, which arise due to the cost of leasing access Small-cells are positioned.

to traditional operators’ core networks (expendituresy, aA2: All users serviced by the facility:

the income from servicing users normally subscribed to (i) connect to the nearest facility small-cell;

traditional operators (revenue). Importantly, the sesvic (ii) are arranged according to an independent stationary
charges incurred by each user depend on the physical  point process, not necessarily Poisson.

resources required to ensure reliable transmission. ARe key consequence of assumptioAd) and @A2) is that
such, the service charges are strongly coupled to ttiee distribution of the distancE of a small-cell and any user
capabilities of the RAN. it services is given by [19, Section IlI-A]
We develop a quantitative ruin theory-based framework to  _fna?
evaluate facility network sharing. The evaluation is based Pr(Z<z)=e 2mzp. @)

on the probability of ruin; that is, the probability that We now detail our assumptions for the physical layer
there is a negative revenue surplus within a periodh of transmission model.

months (a standard metric for financial risk analysis [15]A3: The facility’s small-cell network operates in discrete ¢éim
In order to obtain the probability of ruin, we: with block fading. Each time slot (also corresponding to

2)

a) Derive the moments of the revenue from user service
charges, based on a practical wireless heterogeneous
network model. In particular, we exploit stochasti®\4:

a fading block), has a duration (coherence time)7bf
seconds.
Each small-cell interferes with the others. Due to the

geometry techniques [16] to model the placement of
base stations and users.

Use the moments of the revenue time-varying stochas-
tic process to compute the probability distribution
of the net profit derived by the facility operator by
incorporating revenue from the service of each user.
Compute the probability of ruin via the probability dis-
tribution of the net profit and efficient recursions (based
on linear difference equations), which are motivated
by results in insurance theory [17], [18]. Importantly,
we extend the applicability of the standard recursions
account for idiosyncratic (from the perspective of in-
surance) aspects of wireless communication networks.

Poisson interference assumptigklj, the interference is
M/M shot noise[[19]. As such, the received signal in
the [-th time slot { = 1,2,...) of a user’s connection is

given by
yr = hiy/ " Poxy + ny + 2, 2

whereh; ~ CN(0,1) are the independent fading coeffi-
cients for time slotd, andry is the distance between
the user and its small-cell (the closest one, BR)],
distributed according td {1)P, is the power level the
small-cell transmits at; not necessarily constants the
path loss exponent; ~ CA/(0,1) is the (Gaussian) data
symbol, andn; ~ CN(0,0?) is additive white Gaussian
noise (AWGN), with noise variance?. z; is the M /M
shot noise.

b)

<)

IHistorically, ruin theory originally arose in the study aflgency require-
ments for insurance [15].



Based on assumptionAd), the instantaneous signal-to-A. Leasing and Service Agreements
interference and noise ratio (SINR) in tlig¢h time slot of

a given user's connection is given by A leasing agreement between the facility and a traditional

operator allows the facility to access the data requireddeysi
_ [ha|*ry™ Po 3) it seeks to service. In the leasing agreement, the facitijys@a
o2 +1 fee to the traditional operator in return for access to there
where I, is the interference power in thith time slot of Network and spectrum localized to the facility. A key featur
the connection. In our analysis, we focus on the interfezen@f OUr leasing agreement is that the facility pays a fee
limited scenario where2 — 0. connection This means that the facility only pays for access
The achievable data rate in each time slot under Gaussiafctually requires, which is consistent with the broadeion

signaling for a user in theth slot of her connection is given ©f dynamic wireless network sharing proposediin [2].
by We assume that the fee is only determined by the traditional

operator that is providing the service; that is, it is indegent
R™* = Blogy(1 4+ m), (4)  of other factors such as the duration of the connection. As
users are typically subscribed to a single operator, thianse
that the fee for each user may be different. Our leasing
agreement is summarized as follows.

whereB is the bandwidth (a constant) angdis given by [3).

IIl. PROPOSEDNETWORK SHARING ARRANGEMENT

In this section, we introduce our network sharing arrange-
ment between the facility, users, and traditional opesatar
(which have their own core networks). It is important to
consider traditional operators as their core networks deya
source of data for the facility’s small-cell network as well by
as spectrum. Although it is also possible to obtain data frgm O(1ij, ki j) = O (ki ;), (5)
the internet (although not necessarily calls), when theeeaa _ ) )
significant number of users this can consume a large amoun of/hereC” (k; ;) is the connection fee for users subscribed
bandwidth and may also require special agreements with ISpJC Operatork; ;.
As such, we focus on the scenario where traditional opesater

provide data via their core networks. _ Observe that the leasing agreement does not depend on the
Our network sharing arrangement consists of to COMPQyration of each connection. As each core network typically
nents: a leasing agreement with traditional operators; @nq,,5 3 large number of connections at any given time, it is
service agreement with users, which is illustrated in Elg. fiyely that the distribution of the number and duration of
The agreements determine financial exchanges (contracygly connection is known to the corresponding traditional
obligations) between the facility, users, and the traddio ,herator. Moreover, the infrastructure required to suppor
operators. Moreover, these exchanges induce revenue gifln connection is also known due to the stability of the
expenditure processes that are stochastic due to und&ainireq links (as opposed to the wireless scenario). In thica
in the resources required to provide the service (due to i@ gnerator can obtain good estimates of equilibrium price
stochastic nature of the wireless channel) and the randegy ired to ensure that profit targets are met, which means
duration of the users’ connections. To this end, we formealigh ot the duration of each connection does not play a key role.
these processes which forms the basis of our evaluatig,yever, when there is a scarcity of access to the core networ
framework in Sectiof V. then it is necessary to consider connection durations ifee
Facility Micronetwork Traditional which may be achieved via a market mechanism such as an
| Operator auction.
| Core Networks We now consider the service agreement between the facility
l and each user. The basis of the service agreement is that ther
' is a cost to the facility to provide users with the wireless
O ' = service. The cost depends on four key factors: (i) the fiauht
%L : wireless operator that the user has a subscription; (i) the
| — duration of the users connection to the facility; (iii) theadjty
| | of the wireless service requested (i.e., the rate at whieh th
| L | user requests to be serviced); and (iv) the SINR of the link
| ]
| |

Our proposedore network leasing agreemengtween
traditional operators and the facility consists of the can-
nection fee for the-th user. The connection fee is givep

Users

between the user and the facility small-cell that it is sezdi

by. Importantly, all of these factors are random quantities.

O ! " The service agreement corresponds to the revenue the
Service Leasing - . . .. .
Agreement Agreement facility receives in exchange for servicing each user, Wwhic
can be obtained from two sources. The first source is directly
Fig. 1. Network sharing arrangement diagram. from the users; that is, the users pay the facility for the use

of the service. In this case, the users pay the facility fargv




connection they require. The second source is the fadifiglfi

In this case, the facility subsidizes the users and the atgat
corresponds to the funds the facility allocates to coverctist
of servicing each user, which is applicable when the facist
providing the service for its employees or when the sensgce
an attraction (e.g., for hotels or stadiums). Again, thiensa
per connection basis, which means that users (or the fgcili
only pay for the connections that they actually use.

We assume that the service provider off¢ygproducts of
varying QoS. In practice, the user selects an applicatiahith
seeks to use—such as voice, video, or data—and the ser
provider offers a QoS product that can support the apptinati

Remark 1 (User indexing notation)In a given time slot,
multiple users are likely to conclude their connection. &ter
to a given user, we index it by the pafi,j), wherei is

A5: Let 7; ; be the duration (in integer time slots) of the
connection of thej-th user to end its connection in
the i-th time slot; i.e usen, j). Each durationr; ; is
independent and identically distributed. The duratigns
has CDFF,, . with support{1,2,...,i}.

Ti,j

We now detail our proposed service agreement.
t

Our proposedservice agreemertonsists of the charge
to the j-th user to end its connection in tlig¢h time slot
iC(yser(z’,j)), which is given by
Ti,’j

(i, €ig) = Z cijal'p,
=1

(8)

wherec; ; = [¢ij.1,- .. ,ciyj_,l.yj]T is the vector of scaling

the time slot that the user concludes its connection argl | factors (each element corresponding to a different time
the index of the user in the set of users that conclude theirs'ot) to satisfy [(B) andy is the‘ premium rate; that is
connection in time slot For example, when a user is theth | the income received from uséf, j) by the facility per
user that terminates its connection in time siothen the user | ime slot with a unit scaling factor. We assume that the

premium ratep is constant, irrespective of the operat
that user(i, j) is subscribed to.

D

=

is indexed ag5,4).

In order to provide increasing levels of QoS over the
wireless link, the facility is required to employ an increas
ing number of physical resources; for instance, additional .
bandwidth, power, or infrastructure (e.g. relays or distréd B. Summary of the Proposed Network Sharing Arrangement
antennas). It is important to note that a different number of From the perspective of the facility, the leasing agreement
physical resources are usually required in each time slot dorresponds to an expenditure process and the service-agree
account for channel fading. As such, the facility varies th@ent corresponds to an income process. As such, our network
SINR in each time slot by a scaling factar;; (corresponding sharing arrangement can be formalized as a revenue surplus
to thel-th time slot of the connection for the, j)-th user) to process, which is defined in terms of the expenditure and

achieve income processes.
(@ _ o An important feature of the revenue surplus process is that
R j = Blog(1+%iju¢i1), (©) interest is compounded. This means that the total revenue
WhereREq.) corresponds to the rate required to support Qosyrplus is dependent on not only the current surplus, rexenu

product € {1,2,...,Q} for user(i, j) ande; ;, encapsulates and costs, but also the interest rate. Moreover, the tinegviat

the additional physical resources required to support Q&§tween interest compounding is typically different to the
productq. Observe that{6) follows directly fronfl(4) with, dura_\tlon of a time sIot_. The nu_mber of_ users w_|th connections
replaced withy; ;,;, which clarifies the particular user that is2nding in compound interest interval is given in (AG).
serviced. While it might seem more natural to directly scal6: The number of userd/,, that have their connection end
the rate (i.e. defineR(® = B¢/ log(1 + 7 ;,)), it is in in compound interest intervdh — 1,n) of durationxT

fact simpler to use our formulation. We will show this in (x € N) is geometrically distributed as

Sectior 1V, where we develop our evaluation framework based
on ruin theory. It is also worthwhile to note that the two

formulations are identical with the appropriate definitioh
/

Pr(N;, =u) = (1 —wn)“wy. 9

We first formalize the facility expenditure process, which

Cijle _ . . e is based on the core network leasing agreement with the
In practice, the facility’s physical resources are limités ., jitional operators.

such, the scaling factar; ;; is upper bounded by a constant.

We also introduce a lower bound @p;; so that the facility Definition 1 (Facility Expenditure Process)Consider the
is guaranteed a minimum income, even when the chaniélj)-th user associated with thieth wireless operator, which
is good. This means that facility can ensure that it can p&gs:

the core network leasing fee, detailed [d (8). Taking thesgi) a random connection duration; ; time intervals, dis-
considerations into account, we defing ; as tributed according tor; ; ~ F;, . (detailed in @6));

(a)
R;:/B _ 1

Vi, gl

Tiyj
. 2
¢i,j,0 = Max  min , Cmax ¢ 5 Cmin ¢ - (7

Itis also necessary to account for the duration of eachsisd(ili) and required resources; ; = [c; ;.1, -

connection. In particular, we make the following assummio

(i) a requested rate produch(qj) with ¢ € {1,2,...,Q},
distributed according toquj ~ FRg,; for any discrete
distribution on{1,2,...,Q};

.. ,Ciyj_’q-iyj]T, which

are i.i.d random variables defined inl(7).



Then the total expenditure of the facility in the compound V. EVALUATION FRAMEWORK: A RUIN THEORY

interest intervalln — 1, n) is given by APPROACH
Np In this section, we detail our framework to evaluate our
E, = Z C(Tmj km.j), (10) facility network sharing arrangement, which will be evakd

in Section(Y. Our framework is based on ruin theory![15],

T < m < nxT are the time slots that end where the key performance metric is the probability that the
facility has a negative revenue surplus withimonths, known
as the probability of ruin. This is an important metric as the
facility can only operate while it has the resources to do so.

Next, we formalize the facility income process, which isn fact, knowing whether these financial resources areylikel
based on the service agreement with the users. to be available is important in the decision of whether or not
to invest in the facility, how to structure products, and how
much to charge for services.

where (n — 1)k
in interval [n — 1,n), and N,, is geometrically distributed (as
detailed in A6)) and C(7,, ;, kn ;) is defined in[(B).

Definition 2 (Facility Income Process)Consider the(i, j)-th
user associated with thie-th wireless operator, which satisfies U fortunately. it | ¢ straightf d to directl -
the hypotheses in Definitidd 1. Then, the proposed charge. o niortunately, it I not straightforward to diréctly contpu

the (i, j)-th user (corresponding to the facility income) forthe probabc;hty of rgl? The main reazo? fo(; th|sS|s that ItI?eB
connecting to the facility for a duratiom; ; is given by the income and expenditure processes (defined in SeCfionl )
compound random sum involve a number of random variables, which result in random

sums without closed-form distributions. Due to these diffic
ties, we instead focus on obtaining an accurate approxamati
v(7i5, €i,j) ch,lTP (11)  of the probability of ruin.
Fortunately, we are able to leverage techniques from ruin
The total income generated in the peripd— 1,7) is given theory to compute an accurate approximation for the proba-
by bility of facility ruin. However, it is important to note tha

N, modifications to the standard theory are required, due to

Z V(T i (12) th_e fact. that the parameters of facilities yield non-stadda

— 3+ Cm.3) distributions.

B In this section, there are four subsections: (A) the dediniti
where (n — 1)sT < m < nxT are the time slots that end and overview of the key steps to compute the facility ruin
ininterval [n — 1,n), and N,, is geometrically distributed, as probability; (B) the first step: the approximation of the dnee
detailed in &7). distribution, which is based on an orthogonal polynomial
representation; (C) the second step: the recursion for ¢e n
ﬁ)éoflt distribution; and (D) The third step: the recursion fo
He probability of ruin.

Ti,j

Finally, the revenue surplus process for the facility isroedi
as follows. This can be viewed as the accumulation of t
initial capital and the difference between the income arl
expenditure processes, taking into account compoundeitter

Definition 3. The revenue surplus is the current micro-networR- Ruin Probability Definition and Overview
profit in the I-th time slot generated by serving users, after Intuitively, the probability of ruin is the probability thahe
accounting for interest and the cost of accessing the opesat revenue surplus is negative before a period tifne periods

core networks. This is given by (e.g., months). First, we define the stopping time known as
. N, the time of ruin, followed by the ruin probability.
Si(u) = u(l+ )"+ (1 4+ [0(Tm, jr Cmeg) Definition 4 (Ruin Time) The time of ruin is the first time
i=1 j=1 that the revenue surplus is negative, i.e.
Lg =inf{l: S;(u) < 0}, (15)

whereixT < m; < (i+1)xT, u is the facility’s initial capital . o .
andr is the compound interest rate (compounded at intervaldiere u is the initial capital. Note that we allow for the

of k7). We also define possibility thatu < 0.

N; Definition 5 (Probability of Ruin) The probability of ruin

Snet (1) = Z [0(Tm,jsCm,j) — C(Tmj, km,j)], (14) before a period of time periods is then
j=1
= Pr(Lg <1), 16
as the net profit in compound interval whereixT < m < i) r(lr <) (16)
(i + 1)KT. and the probability of survival is
It is important to note that there is potentially a signifitan ¢1(u) =1 = i(u). (17)

difference in the time scales at which users are priced (orde
of minutes) and that the revenue surplus is calculated (ordeln order to compute the ruin probability; the steps are
of months). detailed in Algorithr{L.



Algorithm 1 Ruin Probability Computation m-th Jacobi poynomial with parametetsb, a,,, is given by
1. Derive the orthogonal polynomial basis expansion for the _ _
income PDF in Sectiop TV-B. an = B(a,b)(2n +Fa +b ;)F(n 2— atb=ln!
2. Evaluate the distribution for the net profit in time slot L (n+a)l(n+0)
in Section[IV-C. This is achieved by first discretizing the % / Fwv () PL) (2)dae
income PDF from Sectidn IVAB, then using a recursion from R "
actuarial science to compute the compound distribution. 1 (ab)
3. Evaluate the probability of ruin via another recursion in = bn/l fw, (@) Py (x)d, (21)
Section IV-D (different to the recursion in Stage 2), which B

circumvents the difficulty of directly computing the proba@nd («) is given by

bility of ruin. (14 2)27 11 —2)b~!
K(z) = Bla b1 (22)
where
B. Orthogonal Polynomial Representation of the Income PDF B(z,y) = T(@)T'(y)/T(z + y). (23)

The first stage of computing the probability of ruin is taye note that the coefficients, minimize the mean square

compute the PDF of the income from a user with connecti@f}ror between the approximation arfig:, (z) asd — cc.

ending in time sloti, which from Definition[2 is given by ) ) )
Remark 3. From extensive numerical experiments, we have

i found that the choice = b = 1 (corresponding to Legendre
Vi = v(7i,¢i5) = ZCZ'JJT”’ (18) polynomials) yields the most accurate approximations for a
=1 range of moments (corresponding to different network sgtup

(a,b) . . .
which is a random sum due tg ; andc; ;, (given in [7)). As P, is a polynomial, we can write,, as

1 n n
Remark 2. In general, the distribution of;; ; depends on ¢, = bn/ fw, (iC)ZQn,S:ES = anCn,s]E[Wf], (24)
1. For short compounding intervals this is to ensure that the -1 s=0 s=0

connection duration is not longer than the time the system h@hereén,s corresponds to the coefficient of teeth order term

been running. In other cases, the distribution may vary dyg P This means that the approximation is completely
to seasonal usage trends and events, such as holidays. TSracterized by the raw moments Bf;. Observe that the
has the important consequence that the moments and heRfnents ofi¥; are related to the moments bf via
distribution of V; depend on the time slatthat user(i, j)'s R
connection ends. E[W?] = E [(M _ 1) } 7 (25)

Vi, max + Vi, min

It is clear from the fact thatl; S a_ran_dom sum and which can be readily evaluated (given the moment¥divia
the form of¢; ;; (see [¥)) that the distribution df; is not . . .
I the binomial expansion.

readily obtained in closed-form. As such, we instead adopt a

principled approach to approximatirfig, which is based on Remark 4. To obtain the moments &f (and hence the mo-
an Askey-orthogonal polynomial expansion. In particuwee, ments oflit;), we compute and then differentiate the moment
use the Jacobi polynomials since the support of the incorgenerating function, which allows us to use the probability
V; is bounded o—v; min, vi.max)- This follows from the fact generating functional of the PPP; surpassing the need to ex-
that bothr; ; andc; ;,; are bounded. plicitly derive the distribution of the interference. Thements

It is important to note that the Jacobi polynomials are ongnd details of the derivations are given in Apperidix A.

orthogonal on[—1,1]. Hence, we need to transforii SO The gistribution ofV/; is then obtained from the distribution
that it has also has suppdrt1, 1]. This is achieved via the ¢ W, via the transformation

transformation

2 2(x + Vi, min
S o) = (2] ) (o)
WZ — 3 7,Mmin _ 1’ (19) l,ﬂ:ldx . 7,IN11n 7, max z,m-ln
Vi, max T Vi,min where fy, (x) is given by [20). We summarize the procedure

in Algorithm 2.
wherev; min = —Cmin'p @andv; max = icmax1 p, from (18).
The distribution ofl¥; via the Jacobi polynomial represen_ Recursion for the Net Profit PDFE

tation is then given by [20] The second stage is to compute the PDF of the net profit.

d Recall from Definition B, that the net profit for time slois

fw, (@) = K(@) Y am P (@), (20) 9venby
m=0 N;

Snet(i) =Y [(7ij,¢iy) = Clrij ki) (27)
whered is the order of the approximatiod?,&"’b) (z) is the j=1



Algorithm 2 Orthogonal Polynomial Basis Expansion of thgeemark 5. We emphasize that the support$f.. (i) is over

Net Profit PDF _ _ Z, not justN. This means that the standard recursion [in1[22]
1. Compute the moments d&f; using [60) and[(81) in Ap- (known as the Panjer recursion) is not applicable; the more
pendix[A. _ _ general approach in[[17] is required.
2. TransformV; to the random variabldV; with support
[—1,1] via (Z9). In practice, the suni_(30) is in fact bounded (due to the finite
3. Compute the basis expansion coefficientsvia (24). resolution of the discretization step), which gives
4. Compute the basis expansion 6f,(x) using [20).
5. Transformfy, (z) via (28) to obtainfy, (z). fsnet@(("ujr 1A)
_ N
B 1-— ’lUNhZi (0)

kmax

It is important to note tha¥,,.. () has adifferentdistribution _ _

for eachi (see Remark]2). Moreover, observe that the distri- - Zk¢_1(n + Dhz (k4 1D)A) fs,eriy (0 = B)A),
bution of C(7; ;, k; ;) is discrete and the approximation of the o 31)
distribution of v(7; ;,¢; ;) from Section[IV-B is continuous

(with bounded support). Also note that,..(i) is a random wherd %, = min Supp(Spe(i)) — 1 and kpax =
sum (in both the summands and number of summands)ax Supp(S,.;(i)) — 1, depend on the discretization resolu-
As such, it is not straightforward to efficiently compute thggn,

distribution of Sy, (). In order to solve the linear recurrence relation[inl (31), we

Fortunately, linear recursions have been developed t6 ev@ée a convex reformulation in terms of a least squares prble
uate distributions for sums closely related4g.:(i). In order

to apply these recursive approaches, we first need to find min ||Af||2, (32)
the distribution ofuv(r; ;,c; ;) after it has been discretized. £ £1E=1

The discretization Of}(TiJ, CiJ) can be obtained via standardyhereA consists of the coefficients in terms lof. from M)
approaches such as the Lloyd algorithm|[21]; although dndf is the distribution ofS,,.. (7). We note that in principle
is important to carefully consider any negative terms in thgther objectives can be used [M}32), such as those discussed
distribution of v(7; j,¢c; ;) that might occur due to the basisin [17]; however, we have found via numerical experiments
expansion approximation. We denote the discretization gt the least squares objective is suitable for the purpbse
(i g, Cij)- approximating the ruin probability.

To obtain the PDF of the net profit, denoted hy,, we
now embed the discretized income into the lattit@ by
choosingA > 0 sufficiently small and rounding the supportD. Recursion for the Probability of Ruin

of (73,5, ¢1,3). We then obtain the distribution The third (and final) stage of the calculation is to compute

hz,(k) = Pr(Z; = k), (28) the probability of ruin. This is achieved by collecting the

distributions of S,,.:(!) and substituting into the new ruin

probability recursion, which we derive in this section.

Zj = [io(rij,¢i;) — C(Tijs kij)] (29) It is important to note that the ruin probability (defined
in Definition[3) is the probability that the revenue surplss i

by convolving the (discrete) distributions & = o(r; j,¢;.;) negative atany ! < L. Formally, the ruin probability can be
and C(r, ;, k; ), which both have discrete support 8hC  ritten as

AZ, with |S] < oco.

of the random quantity

At this point, we obtain the approximate distribution of r(u) =Pr(S1(u) <0U---USL(u) <0).  (33)
Snet(2). This is based on the following linear recurrence based
on [17, Eq. (1.7)], Itis helpful to write the ruin probability in terms of the sival

probability (see Definitiofi]5), which is given by
ISneeiy (N4 1)A)

— wN ¢L(u):1—wL(u):Pr(SlZOﬂ---ﬂSLZO). (34)
1-— ’lUNhZi (O)
o We now give the recursion for the probability of ruin in
X > (4 Dhz((k+1)A)fs,.,.((n—k)A).  terms of the distributions 08,e(1), | = 1,2,..., L. First,
k=—co, k#-1 define
(30)
We note that similar difference equations can be derived Gi(y) = Pr(Sne(l) < y)- (35)

for distributions of V;, other than geometric; in fact, it is
straightforward to extend to any distribution in the Katenfly
(i.e., binomial, Poisson, and negative binomial distitosg).
Further details may be found in [17, Eq. (1.3)] andl[22, Eq.

1. 3The setSupp(Snet(i)) corresponds to the support St (7).

We then have the following theorem, which generalizes the
ruin probability recursion in[[18],[23].



Theorem 1. The survival probability afterl time perio

(e.g., months) is given by 70

¢r(u) = ¢r—1(u)(1 = GL(0)) 60f 1
0
Y
—7 > 2,
+[W¢L_1 (u+(1+T)L)dGL<y>, L. |
@t 3 Time steps (in months)
where % 40§ n=12.3,.. 1
2
d1(u) =1 —Gr(—u(l+7)). (8 O sof
8
The ruin probability is then obtained viay (u) =1 — ¢ (v E

20
Proof: See AppendiXB.

We note that the integral in Theorér 1 is a Stieltjes in 10
This is important ag7;, [ =1,2,..., L is in fact a seque
of distributions, all with discrete and bounded suppo 0 ‘ ‘ ‘ ‘ ‘ ‘ .

such, the Stieltjes integral is a finite sum and can be effil 001 002 003 004 005 006 007 008 009 01
evaluated numerically Expected Revenue Surplus E[V]

Fig. 2. Plot of bound on initial capitak to ensureE[Syc¢(1)] > 0, where
V. NUMERICAL AND SIMULATION RESULTS r = 0.05, E[N] = 100, E[C] = 0.1.
With our evaluation framework based on ruin-theory in
hand, we now turn to evaluating facility network sharing. W

obtain pricing schemes that yield a probability of ruin |eSEmitations of any analysis based enpectedevenue surplus.

than 10%, under practical operating conditions. Along thén particular, short-term behavior of the revenue surpsusat

way, we present important tradeoffs between physical |ay%?counted for, which has the consequence that fluctuations
user demand or available network resources can cause the

resources such as pathloss, and financial constraints suc : .
initial capital, interest rate (compounded monthly) anidipg. revenue surplus to drop below zero—leading to ruin. _AS such,
Before evaluating the ruin probability using the techn'ﬂquét IS necessary to use our frgmework ba§ed on ruin theory
we have developed in SectiBllV, we first present a simplifi g account for these f_lgctuatlons and ultimately reduce the
gnmal risk to the facility.

analysis based purely on the expected revenue surplus ( & ; .
0 account for fluctuations in the revenue surplus, we now

Definition [3). This analysis provides initial insights intbe ym to our evaluation framework based on ruin theory. We
financial aspects of the problem, which may be unfamiliar ) : X '
! ! P P wh y bed " nsider the network setup in Table | and defilg =

the wireless communication community. That is, we considgg

/B _ 1, whereR(Y is the rate product on offer.
l
E[Snet(D)] = u(l +7)' + > (1 + ) "E[N] (E[V] - E[C]), TABLE |
i—1 SUMMARY OF NETWORK PARAMETERS
(38) [Parameter] K [ o2 | Po=P; |wny | Q | Tp | C wT
Value 1 0 1 0.2 1 1 100 | 1 month

where we assume that the connection duration tie is
constant, which means that the revenue per Usenas ex-
pectationE[V] for all i. The condition on the initial capital to  We first consider the moments of the reveriij¢’]. These
ensure positive average revenue surplus (E€S,..:(1)] > 0) moments are ultimately used to compute the probability of
at a given timen for interest rate- is then given by ruin. They are also of interest in their own right. We show

(L4r)m —1 this n_ext b_y examining the role of the key wireless network

u > E[N] (E[C] — E[V]) <7) . (39) and financial parameters, /3, cmin, aNdcmax.
r(l 4" In Table[l, we compare the small-cell densifywith the
To illustrate this condition, Fid.12 plots the expected rave first moment ofV, E[V], obtained numerically vid(61) and

E[V] versus the bound on; each curve corresponding to avia Monte Carlo simulation. We point out that the moments
different time slotn. First, observe the initial capital needsobtained numerically vid (61) are in good agreement with the
to be non-zero to ensure a positiggpected revenue surplusmoments obtained via Monte Carlo simulation. Importantly,
when the costs exceed the revenue; E&J] > E[V]. Second, the momentE[V] is constant irrespective of the small-cell
observe that there is a diminishing increase in the requirddnsity for both the numerical and Monte Carlo approaches.
initial capital as the number of time steps is increased; thThis suggests that the small-cell density does not play an
can be seen by comparing the gaps between the curves,ifigportant role in networks well-modeled by PPPs. We believe
a fixed E[V]. Moreover, as the bound on in (39) scales the reason for this is that as the density of small-cellssases,
linearly with E[N], the initial capital increases significantly aghere is an increase in nearby interfering small-cellscivhis
the number of connected users increase, WBgH > E[V]. balanced by a closer servicing small-cell. Note that thellsma
These are general trends; however, it is important to nae ttell density has a similar effect of outage probability i th
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TABLE Il
TABLE SHOWING EFFECT OF VARYING SMALL-CELL DENSITY /3, FOR DIFFERENT PATHLOSS EXPONEN@ USING NUMERICAL (NUM.) AND MONTE
CARLO (M.C.) APPROACHES EVALUATION PERFORMED WITH cjpin = 0.1, cmax = 100, A4 = 100.

(B [EVINum,a=3 [ EV]MC,a=3 | EV]Num,a=4 [ EV]MC,a=4 |

0.01 76.5 75.5 60.5 60.2
0.1 76.5 77.0 60.5 60.9
1 76.5 76.4 60.5 59.8

low noise region, as shown ih [19].

0.9 ° d
[ ]
90 : : : z o ®
© 0.8F * g
[ g (]
%, § 0.7 ° A
70 2
S 5 06r ® Monte Carlo )
W 6o » S os) Numerical (Based on (28))| |
) =
> -
= @2
@ 50 » T 04f <
>
¢ g
@ £ 03} <
- 40 > <
2 A =50, 100, 200 =]
3] d € 02 1
Q 30t i S
< O
w 0.1 1
20+ A
. O 1 1 ! !
ol ® Numerical (Based on (63)) ] 0 200 400 600 800 1000
Monte Carlo \

0 . . .
3 3.5 4 4.5 5

Pathloss Exponent o Fig. 4. Plot of basis expansion approximation for the CDR/ofising four

moments. Parameters ate= 4, 8 = 0.1, cpin = 0.001, cmax = 1000,
Ag = 100.
Fig. 3. Plot of expected revenug[V] versus pathloss exponent, with
varying Ay = 28" /B _ 1. parameters arg = 0.1, cyin = 0.1, cmax =
100, Aq = 100. experiments suggest that= b = 1 is a robust choice.
Table[I shows the ruin probability aftek months versus
Next, we consider the effect of the pathloss on the revenyge initial capitalu, for varying A, (reflecting different rate
Fig.[3 plots the pathloss exponent versus the expectedueveproducts on offer). As expected from Fig. 2, in order to abtai
E[V], which shows excellent agreement between our numesifow probability of ruin, the initial capital needs to be sea
cal result (based or_(51)) and Monte Carlo results. The trepgrefully. This is reflected in both the numerical and Monte
illustrated by the figure is that the revenue decreases as #¥rlo results. We note that for low: (= 100) and high ¢ >
pathloss exponent increases, irrespective p{corresponding 250) initial capital, the numerical and Monte Carlo approaches
to different rate product&") on offer). This is due to the fact are in agreement. However, fara 200, there is a difference
that it is easier to service users with a high pathloss exmonef approximately0.1. This is due to the discretization step
as it means that there are often lower interference levels. detailed in Section IV=C. Importantly, to ensure the prdligb
Following Algorithm[1, the next step to compute the ruirf ruin is less than approximately0%, an initial capital of
probability is to obtain the PDF of the revenilie via basis « > 250 is required, with the parameters used in Tdble II.
expansion. To illustrate this step, the basis expansionoapp
imation for the CDF ofV is plotted in Fig[#. We observe TABLE I

that ical . ti . d t f RUIN PROBABILITY AFTER 5 MONTHS WITH VARYING INITIAL CAPITAL u.
at our numerical approximation is in good agreement fOr pypaveTeRS AREQ = 4, 5 = 0.1, ety = 0.001, Ermax = 1000,

revenue less tha200, and then has small oscillations for high Agq = 100, AND r = 0.05.

revenue values. It is_important to_note that_ tail oscillas'o_ Initial Capital 100 T 150 T 200 T 250 T 300
are common when using the Jacobi polynomial representatigrNumerical (Using Theoref1) 0.33 [ 0.09 [ 0.01 | O 0
and must be carefully accounted for. In the setup for Eig. 4, Monte Carlo 0.33 | 0.22 | 0.11 | 0.05 | 0.02

the approximation is good; however, ag;, is increased or
cmax decreased, the discontinuity affects the quality of the
approximation. As such, additional moments (iB[}?],..)
are required to smooth the oscillations, which can be obthin
easily from our analysis in Appendixl A. We also note that the Due to the recent availability of cheap small-cells and the
parameters:, b in the Jacobi polynomials (see Section IV-Bunique operating requirements of facilities, there is adnee
strongly influence the approximation; extensive numericir alternative network sharing arrangements. To this ere,

VI. CONCLUSIONS
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proposed a facility network sharing arrangement, which sy
based on: a leasing agreement between traditional opgrator
and the facility; and a service agreement between users aBd - { . {Alz } }

- . . t)y=E —t 7 s Cmax ¢ ; Cmin T
the facility. Unlike traditional operators, the local seabf V() P ;max T EC ¢ p
facilities means that technical design at the level of thevaek
architecture is intimately connected with the profitaipilit =E- {EAKEHM {GXP<—t

instead of loosely coupled. (AL T
In order to evaluate our facility network sharing arrange- X max {mm {E’C"‘“} ’C"‘i"}Tp) ‘AD T” :

ment, we adopted a socio-technical system design approach. (42)

As such, our key performance metric is the ruin probability— .

leading to a new ruin-based evaluation framework. To evaluaNOt€ thatZ;; and 7 have discrete support, so these expec-

the ruin probability, we proposed a numerical approximatic}at'ons are sums we evaluate last. We now evaluate the inner

method, which is shown to be in good agreement with Monfpectation over the interferen¢eand the channel gaify;.

Carlo simulation. Our approximation method includes twy ke?PServe that the inner expectation can be written as

novel aspects: computation of the moments of the revenue AL
via stochastic geometry techniques; and a new recursio(t) = Ep, j, [exp <—tmax{min{F,cmaX},cmin}
for the ruin probability, which is tailored for the wireless !

communication setting. Our numerical results suggestatl th « Tp)‘A,T]
there are in fact concrete conditions where profitable djpera
of facilities is possible, with sufficient initial capital. = E1(t) + Ex2(t) + E5(t), (43)
where
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APPENDIX A x Pr <Cmi“ ST s Cma")
In this appendix, we derive the moments of the income for = / e TP fyy (w)dw, (44)
a user with connection ending in time slgtwhich is used Cmin
to compute the ruin probability. Importantly, our analyseé with
be straightforwardly extended to higher moments. Recall th Al
the income from a single user (a typical node, by Slivnyak’s w =22 (45)
theorem for homogeneous Poisson point processes) is given Hi
by To computeFs(t), observe that
Tij _Arn Al _an
v(7igici) =Y cijuTp, (40) Pr(W <w)=E, [6 “’l} = fw(w)=Ey [w—rje wl] :
=1 (46)
where the scaling factor is Hence
2Rii/B 1) PiI; o rew Al A
¢i,j, = max { min ( _)a LI o §  Conin ¢ - E3(t) = Ep, {/ e e T dw| . (47)
hijal*d; ;" Po Cmin w
(41) Next, we integrate by parts to obtain
We also defined = %ﬁ‘”; Hy = |hiji|* =7y E(t) = Ei(t) + Ea(t) + E3(t)
(2% 1
andV = 'U(Ti,j7 Ci,j). —tT pema Cmin 1 —tTp/u —AlLu
In order to compute the four moments, we require the = ¢ +tTe [ 3¢ PIMEY, [em ] du.
moment generating function (MGF) &f. In turn, the MGF emax

is obtained from the Laplace transfouflx (¢), which is given (48)



In order to computeF(¢), we requireE;[e

given by
Er [ @By, | ] et
meX\{bo}
(b) EX H Eg [efAugr;bo‘:|
meX\{bo}

—exp( 27rﬁ/ 1-E

(49)

where: (a) follows from H; ~ exp(1); (b) follows from the
fact that{g.,} is independent of the spatial point process; and

Al which is

A“g[aD zdz) ,
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We now require the identity from [24, Eq. 6.4552],

a“T(+v)

= p—1_—pz _
/0 e PPy (v, ax)dx = Tt A

«
X o Fy (1,M+V;I/+ 17(1—4-[3) .
(56)
Identifying terms, we obtain
_2 _ay1-2
o ( 1 ) S (Aw)TE
Gyo=—|— 5
2 \Au (1—2) (Aurg® +1)
2 Aur;®
(1,22 =, —U ). 57
2 ( 14 Aury® ) ®7)

(c) follows from the probability generating functional of the

PPH
Continuing, we have
]EIZ [G_Allu}
— _ ~ l " —Agyu -1 -9
=exp | —2np e ) y o “dye 9Ydg
o “Jo
(50)
which follows from the change of variables= 2= = 2 =
yil/o‘ =dz = —éy’éfldy.
Now consider the inner integral ib (50), given by
r;” A
Fz/ (1—67 gy“)y atdy
0
a —Agr;“u 2 OéAg’U,
:_—(1—e v )rU+ ——F, (51
2 2
where
rg )
Fy :/ e~ Aty =5 dy. (52)
0

Integrating by parts again we obtain,

1\ &t 2
Fi=|— 1-—A e 53
1 <Agu> Y < aa gurU > ) ( )

wherey(s,z) = [ t*"te~tdt.

Next, we compute the outer integral [0 {50), which is give

by

G = / Fe 9dg = G1 + G, (54)
0

2
« 1 T O02 2
Go==(— “e 9y (1= 2, Agur;® ) dg.
2 2<Au) /0 gee 7( o QUTU> g

(55)

To computeE[e~4%], substituteG; andG, into (50). This
result is then used to compute the Laplace transform andobta
the moments via

nd" Ly, (t)

B[V = (-1)" =i (58)
All that remains is to explicitly compute the moments. We

define the following termsE( )( t) is the k-the derivative of

E(¢); Eé is the k-the derivative of E(¢) evaluated at =

0; and L( ) is the k-th derivative of Lx (t) conditioned on

d,R; ;, T evaluated at = 0. Note thatE(0) =

Using [48), we have

1

Smin 1
E(t) e tTPemax | tTp —Qe_tTp/uEIl [e_AIlu} du,
E(S)( ) ( Tpcmax)s —tT pCmax
1
Cmin 1
o1 R —tTo/u —ALu
+5(_1) (Tp) /1 u5+le g EIZ [e l }du
1. Crr:llax
. t(Tp)S+1 1 We—tTP/UEIL [e—AILu] du,
Ccmax (59)
where E(*)(t) is the s-th derivative of E(t) andE[e~4/1*] is

% ven by [50).

Now, let 1 denote the indicator function. The moments
conditioned ord; ;, R, ;, 7; ; can now be readily obtained. We
illustrate with the first conditional moment.

LV = rEM1, 5. (60)

Finally, the moments for the revenue from a user with
connection ending in time slatare given by

n

Q o0
E[V;"] = Z ZPI‘(R/LJ’ =k)Pr(r = Z)/ L(()k)efﬂﬁzz%rﬂzdz,
I=1 k=1 0
(61)

4The probability generating functional property of the PPReg

E[[T,en f(2)] = e P ez (7D, which can be efficiently evaluated numerically.



APPENDIX B
Proof of Theoreni]1: First (from [34)), observe that the

survival probability can be written as

on(u) =Pr

u(l + 7’)" + Snet

+ Z Snet

uﬂ+r%+&m()_0y (62)

Also recall that

Gn(y) = Pr(Snet(n) < y) (63)

[12]

[13]

Y1+ r)"" © > 014]

[15]

[16]

[17]

Now, using [(3%) and[(83) yield®) (u) = Pr(Spe (1) >

—u(l+7) =1-Gy(~

u(1+r)). We then have fon > 2

(18]

Snet (n)

o n—1
on(u) =Pr (u(l—i—r) + T+r

+ Z Snet

—¢n 1(w)(1 = Gn(0))

e )

YA+ >0,

(64)

[19]

[20]
[21]

[22]

[23]

which follows after considering

(1]
(2]

3

—

(4

(5]

(6]

(7]

(8]

El

[10]

[11]

u(l+r)""

n—1

+ Z Snet(l)(l + ,,,)n—l—i > 0

i=1

Snet (TL)
1+7r

n—1

Nu(l+7)"" 4 Sher (i)

=1

b+

)1+ )" > 0 (65)
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