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Abstract

Non-orthogonal multiple has the potential to improve the connectivity of wireless networks by simultaneously
allowing users and devices to access the wireless medium. Meanwhile, full-duplex communication can increase the
spectral efficiency of the network as transmission and reception are concurrently performed. This paper investigates
full-duplex two-way relay communication relying on non-orthogonal multiple access in the power-domain. More
specifically, users exchange superimposed signals and perform reception by utilizing echo-cancellation and successive
interference cancellation. For this setup, an extensive theoretical analysis is conducted, in terms of outage probability,
error probability, ergodic rate, and throughput. Furthermore, by using the Lagrangian multiplier, optimal transmit
power and power allocation coefficients are determined and the relay’s position is optimized to improve network
performance. Our theoretical findings are verified through Monte-Carlo simulations while significant performance

gains in the optimized network case are observed.
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I. INTRODUCTION

Non-orthogonal multiple access (NOMA) is an important technique to enhance the connectivity of fifth generation
(5G) and beyond networks. Towards this end, NOMA improves spectrum utilization compared to conventional
orthogonal multiple access (OMA), as multiple users are allowed to simultaneously access the wireless medium
[1]. Several studies have shown the superiority of NOMA over OMA for satisfying 5G and beyond requirements in
one-way relaying scenarios [2]-[5]. Moreover, the use of analog network coding enables two-way relay operation,
reducing the number of time-slots required for information exchange [6]-[9]. When full-duplex (FD) relays are
employed over half-duplex ones, the wireless resource efficiency is maximized, as long as loop-interference is
efficiently mitigated, completing the information exchange in a single time-slot [10]-[12].

Various works have studied two-way HD NOMA relaying schemes. The works in [13], [14] focus on two user
pairs exchanging information via a decode-and-forward (DF) relay and examine the impact of imperfect successive
interference cancellation (SIC) on the outage performance. Performance evaluation shows that two-way NOMA
relaying outperforms OMA for low signal-to-noise ratio (SNR) values while imperfect SIC results in error floors
and throughput ceilings. The authors in [15] study a HD DF two-way relay network with imperfect channel state
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information (CSI), due to feedback delays, and perfect/imperfect SIC. Outage and throughput comparisons with two-
way OMA reveal the gains of NOMA. The joint effect of in-phase/quadrature-phase imbalance and imperfect SIC
is investigated in [16]. Performance comparisons show that NOMA exhibit reduced outages than OMA but residual
interference leads to error floors and zero diversity. Then, the paper in [17] investigates two-way power line relay
communication with imperfect SIC. NOMA is shown to surpass OMA’s outage and ergodic rate performance, even
though a rate ceiling exists due to imperfect SIC. The study in [18] considers a multi-antenna relay serving multiple
user pairs under imperfect CSI. Both delay-constrained and delay-tolerant scenarios are investigated, showing that
NOMA better exploits rate differences and serves more users than OMA. The impact of imperfect SIC when a
user acts as a two-way relay for a cell-edge user is studied in [19]. Outage, ergodic sum rate and energy efficiency
analysis is conducted and an efficient power allocation scheme is presented, based on segment and particle swarm
optimization. In [20], the optimal information exchanging user set for ergodic sum capacity is examined, under
perfect and imperfect SIC, revealing large capacity gains in the two-way NOMA relay case over OMA. The joint
power and time optimization in a three-phase two-way NOMA relay scheme for two users is presented in [21].
Comparisons with other power and time allocation schemes and conventional one-way NOMA highlight outage
and ergodic rate gains for the proposed scheme. The work in [22] considers a two-user NOMA relay network
where users transmit in the first two phases while in the third phase, the relay applies superposition coding and
transmits a network-coded symbol to the users. Analytical and simulation results show that the proposed scheme
outperforms two-phase and four-phase alternatives in terms of average achievable rate. In cases where multiple user
pairs exist, a relay equipped with a massive number of antennas, the authors in [23] show that it can support end-to-
end communication for all the pairs, over two-time slots. The gains of NOMA in two-way vehicular networks are
demonstrated in [24] where the sum outage probability performance is shown to outperform two-way OMA. The
secrecy performance of NOMA in a two-way relay network with an eavesdropper is investigated in [25], concluding
that NOMA is superior to OMA, in terms of secrecy, as the eavesdropper must decode the combined signal which
is broadcasted from the relay.

Other works study the performance of two-way NOMA when a FD relay is available. In [26], the system outage
performance is investigated Nakagami-m fading, highlighting the efficiency of FD NOMA when low transmit power
is used HD NOMA and FD OMA. The outage performance in scenarios where co-channel interference affects the
reception of users and the relay is investigated in [27]. Performance analysis highlights throughput gains for FD
relaying over HD relaying under perfect and imperfect SIC. The impact of imperfect SIC is also examined in [28]
for underwater acoustic sensor networks. Analytical and simulation results reveal that in such networks, two-way
FD NOMA relaying can improve both communication reliability and energy efficiency. In settings where a user
acts a FD two-way relay for a cell-edge user, the paper in [29] presents on/off FD and HD relaying schemes. The
activation of cooperative relaying, complementing direct communication is decided through an on/off mechanism.
Outage and throughput results suggest that the FD relaying outperforms HD relaying in the low SNR regime. When
a wireless power FD relay exists, the work in [30] studies two-way user cooperation and proposes a time-switching
protocol for energy and information transmission. Results show that a higher time-split factor improves the outage

performance of the cell-edge user at low SNR, while at the high SNR a lower time-split factor is needed to reduce



the impact of LI at the relay and maintain low outages. Another study in [31] focuses on wireless power relaying
and proposes a power splitting protocol to improve the energy harvesting efficiency and the overall performance of
two-way FD NOMA.

In other cases, multiple relays might be available to provide additional diversity when performing two-way
NOMA communication. In a network with two and two users communicating with a base station, the authors
in [32] studied the sum-rate performance of HD two-way NOMA relaying, revealing improved performance over
OMA. Another work proposing two-way NOMA with two relays is [33]. Here, users are to different relays, due
to the blockage and the sum-rate performance of the proposed two time-slot protocol is analyzed, suggesting gains
over OMA and NOMA alternatives. The works in [34], [35] present multiple access broadcast NOMA and time
division broadcast NOMA and perform joint antenna and relay selection, increasing the diversity of the multi-relay
NOMA network. Other works presenting opportunistic relay selection in two-way NOMA networks and enabling
the relay to perform digital network coding are [36], [37]. In the considered topologies, the outage performance was
improved by activating the relay according to max-min SINR criteria. A variation of the opportunistic relay selection
problem was presented in [38] taking into consideration the hardware impairments at the relay. More specifically,
the selecting criterion is based on choosing the relay the highest signal-to-interference-plus-noise-and-distortion
ratio. The practical issues of imperfect CSI and SIC when selecting the best relay are considered in [39], selecting
a relay according to the maximum estimated channel gains. Finally, in an FD multi-relay network, the study in [40]
employs rate splitting and successive group decoding, leveraging the interference signals from neighboring users.
Performance results, in terms of ergodic rate and outrage probability highlight the improvements of the proposed
NOMA scheme over OMA.

Motivated from the increased potential of combining NOMA and FD two-way relaying, this paper studies a
cooperative network where an FD amplify-and-forward (AF) relay establishes the connectivity among two users
through the NOMA paradigm. Such a setup can correspond to a wireless sensor network, in the context of the
Internet-of-Things (IoT). An illustrative example involves two IoT sensors exchanging their measurements, such as
moisture and potassium soil levels through a more advanced relay terminal determining the power allocation for
NOMA. Contrary to other relevant studies, we consider at the same time, the detrimental effect of LI at the users
and the relay and the use of SIC and echo cancellation to retrieve the information signals. Also, this paper tackles
a more complex problem, i.e. two-way communication, compared to our previous work in [5], studying one-way
FD NOMA relaying. In greater detail, this paper provides the following contributions:

« As FD user and relay terminals are assumed, users employ echo cancellation to retrieve their desired information
signals from the combined signal that is broadcasted by the relay. Meanwhile, the relay adopts SIC to correctly
separate the information signals of the users.

o A thorough theoretical analysis is conducted, in terms of outage probability (OP), error probability (EP),
ergodic rate (ER), and throughput, deriving analytical and asymptotic expressions.

« Aiming to further enhance the performance of FD two-way NOMA relay networks, we optimize the transmit
power and power allocation coefficients under fixed relay position. Moreover, when fixed resource allocation

is assumed, we optimize the relay location



o Our analytical findings are verified through Monte-Carlo simulations and the performance gains from the

proposed optimization process are clearly depicted over the non-optimized case.

The structure of this work is as follows. Section 2 provides details on the system model and channel statistics.
Then, Section 3 presents the theoretical performance analysis of the two-way relay network while the optimization
procedure is given in Section 4. Our theoretical results are verified through Monte-Carlo simulations in Section 5
and finally, conclusions and future directions are given in Section 6.

Table I includes a list of acronyms used in this paper.

TABLE I: List of acronyms

5G Fifth generation

AF Amplify-and-forward

AWGN Additive white Gaussian noise
BPSK Binary phase-shift keying

CDF Cumulative density function
CSI Channel state information

DF Decode-and-forward

EP Error probability

ER Ergodic rate

FD Full-duplex

HD Half-duplex

IoT Internet-of-Things

LI Loop-interference

NOMA Non-orthogonal multiple access
OMA Orthogonal multiple access

OP Outage probability

PDF Probability density function
QPSK Quadrature phase-shift keying
SIC Successive interference cancellation
SINR Signal-to-interference-plus-noise ratio
SNR Signal-to-noise ratio

Notations: The terms fj(.) and Fj,(.) represent the probability density function (PDF) and cumulative distribution
function (CDF) of a random variable (RV) A, respectively. The operators E[.] and Pr(.) represent the expectation and
probability, respectively. G775 [.] is the Meijer’s G-function [41, Eq. (21)] and G5 77272 [ ] is the extended
generalized bi-variate Meijer’s G-function [42, Eq. (13)]. All log are base 2 unless stated otherwise and I'(.) is the

complete Gamma function [43, Eq. (8.310.1)].

II. SYSTEM MODEL AND CHANNEL STATISTICS

Figure 1 presents a two-hop NOMA-based FD two-way relaying network. S| and S, conduct information exchange
with the help of a single FD relay terminal. S and S, do not have a direct-link due to excessive fading and shadowing
conditions. Since the relay and the user terminals operate in FD mode, the information exchange process requires
a single time-slot. The channel impulse responses between S| — relay and S, — relay are denoted as /1 and g,
respectively. The & and g are complex Gaussian RVs with zero mean and variances o-,f and o-é, respectively, i.e.

h~CN (0,07) and g ~CN (o, crg). Also, a, a ~CN (0,02), b, b ~CN (0,0}) and ¢, ¢ ~ CN (0,07) are LI at



S1, relay and S», respectively. Finally, Rayleigh block fading is considered with channels remaining static during

the duration of a time-slot.

@
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Fig. 1: A two-hop NOMA-based FD two-way wireless relaying network.

S; and S, simultaneously transmit their information signals via non-orthogonal channels and the received signal

at the relay can be written as:

Z,=h (\/alPs1X1 + \/02Ps1X2) +g (\/ﬁlPszyl + ,32Ps2y2) ++P, b +n, (H

where Pg1, Pso, and P, are the corresponding transmit powers of Sy, S», and relay terminal, respectively. n, is the
additive white Gaussian noise (AWGN) at relay. a; and S;, V; = 1,2 are the power allocation coefficients, where
ar+ay =1, a1 > ap and B + B> = 1, B1 > B2. The order of power allocation coefficients is formulated as:
ay < B2 < a; < B;. Since the relay terminal operates in AF mode, the variable gain based G amplification factor

can be obtained as

G= Pr )
Pyi1h|? (@1 + a2) + Pyalgl? (B1 + B2) + Pr|b|? + 02

The received amplified signals at §; and S, can be written as in (3) and (4), respectively.

ys, =Glh (\/01Ps1x1 + \/ClzPslxz) +8 ( BiPsay1 + ﬁzPszn) ++P,b +nr)h +VPs1a +ng,, 3)
v, = G| h (VarPsin +VaoParxa) + g (VBiPay1 + VB2Piay2) + VPrb + nr)g +VPoctng. @

where ng, and ng, are the AWGN at S; and S, respectively. By using successive interference and echo cancellations,

the achievable rates, Ry, and Ry,, at S can be calculated as

RS = log {1+ G2|h|2|g|2ﬂ1PS2 5)
! G?|h|?|g|*BaPs2 + G?|h|*P,|b|?> + G*|h|*c? + Py al? + 02
G?|h|*|gI° B2Ps2
RS =log |1+ ‘ 6
» =08\ T GAMEP, b + G2h o + Pyylal? + o2 ©

Substituting the G amplification factor, (2), into (5) and (6) and performing some mathematical processes, (5) and



(6) can be re-written as:

PYxYyBi
S _ [Ya+1]lyp+1]
RYI = log (1 * eYx Yx (@1+a2)+yy (B1+52) n PYx+PYxYyBatyx (a1+a2)+yy (Bi1+62) +1 ’ 0
[Ya+1] [yp+1] [Ya+1][yp+1]
PYxYyP2
S| _ [Ya+1]lyp+1]
R” = log (1 * @Yx Yx(@itan)+yy (Bi+B2) | @yxt+yx(ai+a)+yy (Bi1+f2) 1 ®)
[Ya+1] [vp+1] [Yat1]lyp+1]
2 2 2 2
where y, = P“'ET#, Yy = Pszng I s Ya = P“'jf'?' , Yb = P’"Uizl, and ¢ = PS]P:rPsz [44]. Following the same procedures,

the achievable rate expressions at Sy, which are R;ff and R)Sé, can be calculated as

PYxYyal
S, _ [yp+1][yc+l]
Rxl = log (l + Yy yx (@1+a2)+yy (B1+52) " PYxYy Q2 t@Yy+yx (a1+@)+yy (B1+62) 1 ’ ®)
[Ye+1] [vp+1] [yp+1]1ye+1]
PYxYy @2
Sy _ [71)+]][7c'+]]
RXZ = log (1 + ©Yy yx (@1+a2)+yy (B1+52) " @yy+yx (@1+a2)+yy (B1+62) +1 ’ (10)
[Ye+1] [vp+1] [yp+1]1yc+1]
2
where y. = P“fr#

III. PERFORMANCE ANALYSIS

OP, EP, ER and throughput analytical and asymptotic derivations are presented in this section.

A. Outage Probability

The OP is the probability that the achievable rate falls below the pre-defined target rate, R, expressed in bps/Hz.
By using the logarithm properties, the OP is the CDF of received Signal-to-noise ratio (SNR)/Signal-to-interference-
plus-noise ratio (SINR) evaluated at the target threshold rate, y;;, [45]. Since the forms of (7), (8), (9), and (10) are



intractable, this paper upper-bounds of these expressions are given with the help of % < min (A, B) structure as

,ySI _ ©YxYyP1
Ty (eyyBa+ @y +va (@1 + @) + @ + (a1 +@2)) +yy (va (Bi+ B2) + (B1 + B2))
‘/’Yx'yyﬁl
(ya(B1+B2)+(B1+B2)) (¢7yBa+pyB+ya(ai+ar)+o+(a1+@2))
- ¥Yx Yy
(va (B1+62)+(B1+B2)) + (tpyyﬁz+¢p73+'yA(al+ag)+¢+(a1+ag))
AB Siup .
=@ <vn = ¢Aimin(AB), (11)
S = PYxYyP2
7y (pyp+ya(ar+ @) + @+ (a1 +a2)) + vy (va (B1+B2) + (B1 + B2))
‘/"}’x'}’yﬁZ

(A (B1+62)+(B1+52)) (pyB+ya(ai+ar)+o+(ar1+az))

Yx + Yy
(ya(B1+B2)+(B1+B2)) * (@yptyalai+a)+e+(ai+az))

AC .
oB> < yy" = gBymin (A, C) , (12)

A+C —
PYxYyadi1

* v (ye (a1 + @) + (a1 + @) + vy (pyx@2 + @yp +vc (Bi + B2) + ¢ + (B1 + B2))
PYxYyai
(pyx 2t@yp+yc (B1+P2)+o+(B1+62)) (yc (a1+a)+(a1+az))

S
7x1

Yx + Yy
(@yxaa+@yp+yc (B1+B2)+e+(B1+62)) * (vc(ai+az)+(ar+az))

4 .
g < Y32 = pamin (W, Z) (13)

Sy _ CYxYya2

"y =
2 yx (ye (@ + @) + (a1 + @) +yy (9yB +vc (B +B2) + ¢ + (B1 +B2))
PYxYya@2
(@yB+yc (B1+f2)+e+(B1+62)) (Y (a1+@)+(a1+az))

Vx + Yy
(pyBtyc (Bi+fa)+e+(Bi1+h2)) * (yc(ai+a)+(ar+az))

< y5% = paymin (Q.2), (14)

N5z

¥ B = Yy C = Yy
(Ya(B1+B2)+(B1+B2))° (eyyBr+eyp+ya(@+m)+e+(ari+az))’ (¢yptyalait@)+e+(ai+@))”’

z

where A =

w

— ¥Yx _ Yy _ Vx
T (pyx@treyptyc (B1+B2)+e+(B1+62)) T T (v (ar+ap)+(a1+@))’ Q= (pyB+yc (B1+B2)+o+(B1+52))°
Ya=va+1,yp=7vp+1,and yc =y, + 1.



. s S S S
Proposition 1. Fyl,”p, Fy‘up, Fyzup, and Fyzup can be calculated as
1 y2 X1 X2

S
Fyy]:lp(Yth)zl_e

+ +2(a+a -1
—ym( ‘;[E’f}’ fl;gh - W(;%;Ezlgz)é)zszg ) : ( (Brx o) i e : )
Ps1Q, ()DIBIPSIQh [ (ﬁl - ythﬁ2) PSZQg Ps1Q,

1 1\
$Yth ) ’ (15)

X ( +
PrQp \ @ (B1 = ¥inP2) P22y PrQp

+ +2(ap+a; -1
e MR )1 (B30 (0 s, 1)
2 P1Qq \ ¢B2Ps1Qp ‘PﬁZPSZQg P1Q,

1 Yth 1 )_1
X + , (16)
PrQb (ﬁ2P529g PrQb

2¢+2 + 2(a+a -1
ol ) ) ( Yo (Bi+p) (@1 +@)ym 1 )
PSZQC ("2 (al - )’thCYZ) Pslgh ‘PQIPsZQg PSZQC

-1
1 ( ©Yth 1 ) ’ (17

S
Fyf]up (ym)=1-e

X +
P.Qp \ (a1 —yma2) PaQn  PrQp

+ + a+a -1
o (22f)  Sapa) )] ((ﬁl +B2) v, (@1+a2) v 1 )
PQe \ pazPs1L2p ()DQZPSZQg PpQ,

1 1\
X ( Yih + ) , (18)
PrQb azPSIQh PrQb

S
Fyfzup (ym)=1-e

where Q, Qq, Q4 Qp, and Q. are the means of |h|%, |g|*, |al*, |b|*, and |c|?, respectively.

Proof. See Appendix A. O

B. Error Probability

The EP performance analysis is presented in this subsection. In this regard, the CDF-based EP formula [44, Eq.

(25)] is considered for the analytical derivations.

= _ap [by % exp(-bix)
P,=— 2 [ 22 ey, 1
"V /0 N (x)dx (19)

where a; = b; = 1 represents the Binary phase-shift keying (BPSK) and a; = b; = 2 represents the Quadrature

phase-shift keying (QPSK) modulations. BPSK modulation is considered for the performance analysis. P_eil;p and

13 Soup

ey,, are given in Proposition 2 below.



Proposition 2. P P and P P can be calculated as

_1
PSP _ 1 _(1+2(,31+,32)+290+2(01+02)) ’
e 2\/E QDBZPleh SDBZPSZQg
(((.31"'32)QOﬁZPsZQg"'(Ol"‘az)‘FBzPleh)Pslgu) ( P.Q, )
xGw“*léo 0 P2 BIPQ P B2PaQ; 20)
LOLELIV 10 | 0 (1+ 2(B1+) +2¢+2(m+flz)) ’(1+ 2(B1+5;) +2<p+2(m+az))
@2 Ps1C2 @B P52 Qg @B Ps1Qp @B PsyQg
_1
PSP _ 1 N 1+2‘P+2(ﬁ1+,32)+2(a/1+a/2)) 2
Y oN\m parPg1Qy par P Q,
(((ﬁl*’ﬁz)‘P(YzPsngHal+az)ip02Ps19h)Ps29c) ( P,Qyp )
XG1’0'1’1'1’1 % O 0 (pzagPSngP“Qh a Ps1Qp (21)
LOLELI 10 | 0 | 4 2022B14B) 2<a1+az>) ’(1 + 202B1p) | 2<a1+az>)
par Ps1Qp Par PspQg par Ps1Qp Pap PspQg
Proof. See Appendix B. O

C. Ergodic Rate

This subsection presents the ER performance analysis. Considering [46, Eq. (32)] and adjusting it to the FD

mode, the achievable rate expression can be obtained as

1 [ 1-F(yn)
ER = — ——=d 22
]n2 / 1 + Yin Yth, ( )
up yXl (ym) up 'yXZ (ym) .
where Ry = 15 /0 Tom T dvm and Ry = 5 fo = ——=2—dyy, [46, Eq. (38)]. By plugging the related CDF

expressions into the ER formula, £ R%Zp and E Rif;’p can be calculated as in the Proposition 3 below.

Proposition 3. E Ri;;p and E Riizp can be calculated as

((Bi1+82) 9B2P2 Qe +(@1+@2) 2P Q1 ) Ps1 Qa

@B P51 @B Ps2Qyg

S _ L B, 2 (B +B2) 2tp +2 () + ap) - G2 ©2 B3P QP Qy 0,0
772 ln2 @B>Pg 1Qh 0BrPs€2, 2.1 ( 2B1+B) 2<ﬁ+2(011+012)) 0, -
@B2Ps1Qn @B2P0
P.Q
o g, [2BLtL) 2¢+2(a1+ar)) Gl 2 B2Ps2g 0,0
2\ 0BaPs1Q, ©B2P 2y 2.1 ( 28138y 2<p+2(m+02)) 0,—
@B Ps1Qp @B PsyQg
-1
2 + 2042 + 1 0,0
+B (B1+p2) L2 (a1 +az) Gl ’ 23)
@B P51 ¢PaPs2Q2 : ( 281462 | 2¢+2<m+az>) 0, -



((B1+82) ¢ 2P Qu+( a1 +@2) ¢ 2Py 1 Q) P Qc

-1
Soup _ 1 20+2(B1+P2) 2(a1+az) 1,2 @2 3P QP Q, 0,0
ERy., = In2 By + Gy
n2 Pa2Ps1Qp parPQ, . (2¢+2(Bl+ﬁz) + 2(m+rzz)) 0, -
@ arP1 €2 @@ P Qg
_ P.Q
+B 20+2 (1 + o) N 2(a1 +a)\ ™! G2 P 0,0
par Py, PP Qg 2,1 (2¢+2(ﬁ1+/32) + 2(a1+a2)) 0,-
pay Ps1Qp par PsQg
20+2 + 2 + -l 1 0,0
+ B @ +2(B1+p2) N (a1 +a2) G;f 24)
par P12y par PsQ, . (2¢+2(ﬁ1+ﬁ2) + 2ata) ) 0,-
warPs1Qp (p(lzPSz.Qg
Proof. See Appendix C. ml

D. Throughput Analysis

The throughput analysis of the two-way relay network is investigated in this subsection. First, utilizing the CDF-
based throughput performance metric, [47, Eq. (15(a))], the throughput of xi, x5, y;, and y, can be formulated

as:
=y (1= FP L (ya) Vi = 1,2, (25)

Substituting the related CDF expressions, which are (15), (16), (17), and (18), into (25), the analytical throughput

expressions can be obtained. The aforementioned analytical expressions are omitted for brevity.

E. Asymptotic Analysis

In an effort to provide further insight of the derived analytical results, this subsection focuses on the high SNR

regimes.
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1) Outage Probability: By using the Taylor series expansion, the exp(x) term can be approximated to 1 + x,
x — 0 [43]. By performing this variable change, the following expressions can be obtained.
0 2 + 2042 (a1 + a2
Fﬁ;“p()(yth)=1—(1—yth( (B1+B2) ¢ +2(a1+a) ))
: ©B1Ps1Qn @ (B1 = YinB2) Ps282
1 ((,31 + f32) Yin N (a1 + @) Y . )_l 1 ( Yth 1\

+
leQa QaﬂlPleh ("2 (ﬂl - yzhﬁZ) PSZQg Pslgu PrQb (Bl - ythﬂZ) PSZQg PrQb
(26)
0 2 + 20+2 () +a
F)S,ylup( ) (‘)’th) -1- (1 _)’th( (,81 ﬂZ) + 14 ( 1 2)))
: ©B2Ps1€2 OB P52
1 ((,31 +32) Yin N (a1 + @2) v N 1 )_1 1 ( Yo, 1 )_1 27
P1Q4 \ ¢B2Ps12h 90,B2Ps29g P1Q, P,y ﬂ2ps2Qg PQp ’

FE (m):l—(l—yth( 2042 (B1+ ) +2(a1+az)))

(a1 —yin@2) PsiQn a1 Psfy
1 ( Yt (B1 + B2) +(Cll+az)%h+ 1 )_1 1 ( Yth 1!
(a1

X +
PpQc \@ () —vina2) PsiQn  @a1PpQy  PpQ.) Py ~Yeh2) Ps1Qp Py
(28)
0o 20+ 2 1+ 2) 2 (11+(12)
F%up( )()’th)zl_(l—)’th( p+2(h1tp + (
2 par Py, par P
! ((ﬂl+/32)%h+ (a1 +a@)yn 1 )‘1 ! ( yo 1 )“ 29)
PQc \ parPs1y 00 PQy  PQc| P \aaPQ  PrQp)

2) Ergodic Rate: Regarding the asymptotic derivations of ER.?;‘ZIP, utilizing [48, Eq. (07.34.03.0392.01)], the

Siup

Y., can be written as:
Y2

first part of ER

0

Bi&7'Gr1 |

0, '3 0

-1
0’? ):Blg—1 (9) U(1,1,‘§), (30)

[ 2B1+B2) | 2¢+2(ar+ar) _ ((B1+B2) 92 P2Qg +(a1+@2) ©B2 P51 Q) P51 Qu
where ¢ = (‘/’,B2Pslgh 02 P28 and ¢ = 9283 P51 P2 Qg ‘

Utilizing [49, Eq. (07.33.06.0012.01)], (30) can be written as
1 0
Bi& ' (1+0 g , (31

where O represents the higher order term. Following a similar procedure, the other parts of E Ri‘y:p and E R;q,il:p
can be obtained. These derivations are omitted for brevity. Regarding the asymptotic expressions of ER?,;:JP and
E Rif:‘p , utilizing exp(x) =~ 1+x, x — 0 [43] and substituting into (51) and (52), the asymptotic integral expressions

can be obtained.

IV. OPTIMIZATION

This section presents the transmit power and power allocation coefficients optimization under fixed relay position,

and optimized relay position when fixed resource allocation is considered.
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A. Resource Allocation Optimization under Fixed Relay Location

The optimization problem of minimizing the outage probabilities of S| and S, and its constraints can be written

as:

e Sjupoco Siupeo
minimize Fy,o (rm) By, (vn)

Soupeo Saupoo
and Fyi:lp (Yth)’Fyi;lp (Ytn)

subject to 2Pg+ P, =P and 0 < P, P, and P = Py = Py, (32)

subject to aj+azx=1,B81+62 =1 and a1 > ay,B1 > B>.

We define a; = g—: and b, = g—: and also Pg; = prs P, Psp = proP, P = (1 — Pfsi —Pfsz) P, pgsi, prs2€ (0, 1),
Pfst = @1 + a2, pfs2 = B1 + Bo. Substituting py into Py and P,, the transmit power levels are obtained as:
Py =(ar+a)P, Psop=(B1+B)P, Pr=(1-B1—Br—a;—ay) P, where 0 < B < B1 < 1,0<ap <a) <1

and P > 0. By performing these variable changes, F;f(’:” (va), (12) and F;fz;’o (y), (13) can be re-written as:

Swp(e) oy [ ( 2a; (B + B2) (2¢ +2 (a1 + @) by ))
F (7w) ( P (a1 +az) P " ¢ (B2 = vnP1) (B1+B2) P
az (B + B2) Qq by (a1 + @2)? Q, )_1 (bzﬂb (1-B1=-p2—a;—a2) )_1
1 1 , (33
x ( B 0 Bi-ympy) BBy Gr—vabs) Birpn )
S1up(e) 1 (1—y, ( 2a0 (B1+B2) | (Co+2(a1+ar)) bz))
P, (ra) ( i oBo (a1 + ) P ¥ ©B2 (B1+2) P
y ((m +82) Quay (@1 4@)’ Quby 1)‘1 (bzszb (L-pi-pr-a—a) 1)“ )
wp2 0B (B1 + B2) Bo (B1+B2) ’
Syup(co) 1= ( e +2(B1+B2)as 2b; (a1 + a2) ))
o (ra) ( ¢ (a1 = yina2) (@ +az) P ¥ pay (B1+B2) P
y ( aQc (B1 +B2)* N brQ. (a1 + a2) N 1)_1 (Clzﬂb (1-p1=p2—a1—a2) N ])1 (35)
¢ (a1 = Yha2) (a1 + a2) pay (a1 = yina2) (a1 + a2) ’
Syup(co) [y [ Cet2Bi+Ba))ar  2ba (a1 +a2) ))
Fr (ra) =1 (l ( par (a1 +az) P * par (B1+62) P
y (az (B1+B2)* Q, N brQ. (a1 + a2) N 1)1 (azﬂb 1-B1=PB2—a1—a2) . 1)_1 (36)
s (a) +az) vy @ (o) + @) '

By using the Lagrangian multiplier and considering the first term of F;y‘:lp(oo) (ywn), differentiation with respect

to 81 and B> and also, setting the obtained result to zero, the following expressions can be obtained.

12



oL (F™™ (v

I = (2a2) (B (a1 + @2) P)—l

+(2a2) (B1 + B2) (¢PB1 (1 +@2) P)7* (¢ (@1 +a2) P)

+ (¢ (B2 = vinB1) (Bi+B2) P)!

+ (20 +2 (a1 + @) b2) (¢ (B = yuB1) (B1 +B2) P)

X (¢P2P = 2¢0yinP1 — @Yinf2P), (37
oL (Fﬁ;l‘"’("") (ym))

95, = (2a2) (pB1 (a1 +a2) P)™!

+ (20 +2 (a1 +@2)) b2) (¢ (B2 = yenf1) (B1 + B2) P) 2

X (@B1P +2¢B2P — ¢yinf1P) . (38)

Utilizing 2¢y:p81 — ¢y:nB2P in (37) and setting to zero and also taking into consideration the constraint in (34),
B1 and B, are found to be equal to % and %, respectively. However, the obtained result is not consistent with the
order of power allocation coefficients, which is 8, < B1. Therefore, utilizing @81 P + 2¢B>P in (37) and setting to
zero, 31 and (B, are equal to % and %, respectively.

Likewise, following a similar procedure, by using the Lagrangian multiplier and considering the first term of
Ffj}uP (o) (vw), and also differentiation with respect to @, @, and setting the obtained result to zero, the following

expressions can be obtained.

oL (Fy2™ (v

e = ((2¢+2(B1 + ) a2) (¢ (@1 = yna2) (@1 +@2) P)72

X (2¢Pay + 2P — @y paP) +2by (e (B1 + B2) P)~!
+2b; (a1 +@2) (pay (B1 +B2) P) (¢ (B1 +2) P), (39)

oL (R (y)

6@2

= ((2¢+2(B1 + ) a2) (¢ (@1 = yina2) (@1 +@2) P)72
x (pPay — a1y P = 2¢ymasP) +2by (¢ay (B + B2) P)7". (40)

Utilizing 2¢Pa; + ¢ P in (39) and setting to zero and also taking into consideration the constraint in (32), a
and @, are found to be equal to % and %, respectively. Again, the obtained result is not consistent with the order
of power allocation coefficients, which is @y < ;. Therefore, utilizing ¢y;na1P — 2y;npa P in (40) and setting to
zero, a1 and a» are equal to % and %, respectively.

Next, the transmit power optimization procedure is presented. As shown in (32), S;, Sz, and the relay terminal

have transmit power denoted as Py =Ps;=P and P,. As such, the total transmit power of the system is equal to

13



2Ps + P, = P. Thus, the relay’s transmit power can be re-written as: P, = P —2P. Substituting the newly obtained
relay’s transmit power into the asymptotic CDF expression and differentiating with respect to Pj, the following
result can be obtained
S 00
oL (F3™ ()
0P

= (P-2P) P!
=-2P;' - (P-2P,) P;%. (41)

Setting the obtained result to zero, S; and S»’s optimal transmit powers, denoted as P§, can be obtained as %

Finally, the relay’s optimal transmit power, P}, is equal to g.

B. Relay Position Optimization under Fixed Resource Allocation

Here, the optimization of the relay location for two-way communication is presented. By means of Euclidean
distance formulation, the path-losses between S; — relay and relay — Spare denoted as d¥ and (1 — d)”, respectively.
The d term represents the distance and v term represents the path-loss exponent. Therefore, Q; and €, can be
written as: % and W, respectively. By performing the variable change in F%‘IUP (o) (), (33), the following

results can be obtained.
F) (y) = 1= (1= (A1d” + Ax (1= d)"))

X (Asd" +As (1= + D) ' As(1=d) + 1), (42)

©P1 Ps @ (Bi=YtnP2) Ps2 @B @ (B1=YtnB2) Ps2 (B1=Ytnf2) Ps2
Differentiating (42) with respect to d, the following results can be obtained.

where A; = yu (2(,31+,32)), Ay = %h( 2p+2(an+a) )’ A = (Qa(ﬁ1+ﬁz)%h)’ Ay = (P.slga((l]+(’2)'}/lh), As = ( PrQpyn )

oL (F5 ()
od

= (Avd ™+ 4 (v(1-2)7))

X (A3d” + Ay (1 —d)’ +1)7>

x (Asvd" ™+ Agy (1= )™

X (As (1= d)’ +1) (A5v (1- d)V—l)

1
— (vd"_1+v(1—d)v_l) =0=d=z. (43)

V. NUMERICAL RESULTS

The results of the theoretical analysis are evaluated and validated by means of Monte-Carlo simulations. In order
to obtain the numerical results, based on the expressions that were derived in Section 3, we have used Matlab®.
Also, in order to evaluate Meijer’s G function, we have used the Symbolic Math Toolbox. Two different cases, i.e.
non-optimized and optimized, are considered in this section. In the non-optimized, the power allocation coefficients,
a1, @z, and By, B, are set to 9/10, 1/10 and 9/10, 1/10, respectively. Regarding the non-optimized transmit powers,
equal power allocation is assumed for all the terminals in the network,i.e. P/3. In the optimized case, following the

results of the optimization procedure, the power allocation coefficients «;, @;, and B;, B;, are set to 2/3, 1/3 and
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2/3, 1/3, respectively. As for the non-optimized transmit power allocation, each user employs P/4 transmit power,
while the relay terminal uses P/2 transmit power. The LI variances, 073, o7, and o7 are modeled as: o3P,
a‘lfP;l‘l, and o-f.P;lz‘l [50, Eq. (8)]. The A parameter takes values 0 < A < 1 [50, Eq. (8)] and specifically, 4 = 0.2 is
considered. According to the optimization section, the relay terminal is located halfway of the user terminals. Note
that as (7), (8), (9), and (10) have intractable forms, these expressions are upper-bounded using % < min (A,B). In
this regard, the obtained analytical derivations are upper-bounded. For this reason, a small gap is observed between
simulations, analytical, and asymptotic results.

Figure 2 presents the optimized and non-optimized outage performance comparison of x; and x, at S,. The
obtained results reveal that power allocation coefficients and transmit power optimization leads to equal outage
performance for x; and x,. As an example, to reach 107> outage level, the required SNRs are roughly between
40-45 dB and 50 dB for the non-optimized x; and x;, respectively. To achieve the same outage level with the
optimized case, the required SNR is between 44-46 dB for x; and x,. On the contrary, for the non-optimized case,

it is observed that x; has significantly worst outage performance, compared to x,, threatening the communication

reliability.
s & & & 5
ERS

> 10
=
©
o
[
o 102 F .
® x1 at S2 (Sim.(Exact)) Opt.
g x1 at S2 (Analytical) Opt.
8 x1 at S2 (Asymptotic) Opt.
. O x1 at S2 (Sim.(Exact)) Non-Opt.
|.|C.| 10 = = x1 at S2 (Analytical) Non-Opt.
é = x1 at S2 (Asymptotic) Non-Opt.
hy 4 x2 at S2 (Sim.(Exact)) Opt.
0 Rlisls x2 at S2 (Analytical) Opt.

107 F x2 at S2 (Asymptotic) Opt.

# x2 at S2 (Sim.(Exact)) Non-Opt.
= = x2 at S2 (Analytical) Non-Opt.
m—x2 at S2 (Asymptotic) Non-Opt.

10.5 T T T T I

0 5 10 15 20 25 30 35 40 45 50
SNR (dB)

Fig. 2: Optimized and non-optimized outage performance comparison of x; and x; at S».
Figure 3 presents the optimized and non-optimized outage probability performance comparison of y; and y, at
S1. As it is the case in figure 2, power allocation coefficients and transmit power optimization provide an equal
outage performance for y; and y, at S,. The obtained results are found closely in an agreement with the derived

analytical and asymptotic results, in (26), (27) and (33), (34).

15



_L
<
T

End-to-End Outage Probability

10°®

L d
.
.
*

-
e
o

—
e
<)

_.
<
S

y1 at S1 (Sim.(Exact)) Opt.
y1 at S1 (Analytical) Opt.
y1 at S1 (Asymptotic) Opt.

O y1 at S1 (Sim.(Exact)) Non-Opt.
= = y1 at S1 (Analytical) Non-Opt.
= y1 at S1 (Asymptotic) Non-Opt.

4+ y2at S1 (Sim.(Exact)) Opt.
= = y2 at S1 (Analytical) Opt.
= y2 at S1 (Asymptotic) Opt.

# y2at S1 (Sim.(Exact)) Non-Opt.
= = y2 at S1 (Analytical) Non-Opt.
=2 at S1 (Asymptotic) Non-Opt.

I I I I

0 5 10 15 20

25

30 35 40 45 50

SNR (dB)

Fig. 3: Optimized and non-optimized outage performance comparison of y; and y; at Sj.

Figure 4 presents the optimized and non-optimized throughput performance comparison of x; and x, at S;.

As it was shown in figures 2 and 3, power allocation coefficients and transmit power optimization result in an

equal throughput performance for x; and x, at S;. It can be seen that in order to achieve 0.7 bps/Hz throughput

performance, the required SNR values are 20 dB and between 25-30 dB for x; and x;, respectively, in the non-

optimized case. However, in the optimized case, the curves for x; and x; coincide at 20 dB for 0.7 bps/Hz throughput

performance.

Throughput(bps/Hz)

1
09
0.8
0.7
0.6 [ :
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: x1 at S2 (Asymptotic) Opt.
04l O x1 at S2 (Sim.(Exact)) Non-Opt.
. = = x1 at S2 (Analytical) Non-Opt.

= x1 at S2 (Asymptotic) Non-Opt.
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= = x2 at S2 (Analytical) Opt.
02r = x2 at S2 (Asymptotic) Opt.

# x2 at S2 (Sim.(Exact)) Non-Opt.

0.1r = = X2 at S2 (Analytical) Non-Opt.

m—x2 at S2 (Asymptotic) Non-Opt.

o ae § ————
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SNR (dB)

Fig. 4: Optimized and non-optimized throughput performance comparison of x; and x, at S».

Figure 5 presents the optimized and non-optimized throughput performance comparison of y; and y, at S;. Like

in figure 4, the optimized power allocation coefficients and transmit power provide an equal throughput performance

for y; and y, at S,. The obtained results closely match the derived analytical and asymptotic results.
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Fig. 5: Optimized and non-optimized throughput performance comparison of y; and y, at Sj.

Figure 6 plots the optimized and non-optimized EP performance comparison of x; and x, at S,. The optimized
Xy achieves a better performance than non-optimized x,. This is because, in the non-optimized case, the power
allocation coefficient is 1/9 while it is 1/3 in optimized case. For instance, to achieve 1073 EP performance, the
optimized and non-optimized x, require 38 dB and 44 dB, respectively. Regarding the EP performance of x;, the
non-optimized case achieves a better performance than its counterpart optimized case. This is because, the non-
optimized case has 9/10 power allocation coefficients while optimized case has 2/3. The aforementioned differences
cause system coding gain gap and an error floor for the optimized x; after 25 dB. However, up to that point an

almost identical performance for x; and x; is observed, contrary to the non-optimized curves.

1072

Error Probability
3

x1 at S2 (Sim.(Exact)) Opt.
x1 at S2 (Numerical) Opt.
O x1 at S2 (Sim.(Exact)) Non-Opt.
= x1 at S2 (Numerical) Non-Opt.
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= x2 at S2 (Analytical) Opt.
# x2 at S2 (Sim.(Exact)) Non-Opt.
— 2 at S2 (Analytical) Non-Opt.

_;
2
A

0 5 10 15 20 25 30 35 40 45 50
SNR (dB)

10°

Fig. 6: Optimized and non-optimized EP performance comparison of x; and x, at S,.

Figure 7 plots the optimized and non-optimized EP performance comparison of y; and y, at S;. Like in figure

6, the optimized power allocation coefficients and transmit powers provide a better EP performance for y, at Sj.

17



However, the non-optimized y; achieves a better EP performance than its counterpart in the optimize case. Again,
this behaviour results from the power allocation coefficient differences. Still, a homogeneous performance among
x1 and x; can be seen until 25 dB in the optimized case. The obtained results are in close agreement with the

derived analytical and numerical results, in (20) and (21).
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Fig. 7: Optimized and non-optimized EP performance comparison of y; and y; at Sj.

Figure 8 plots the ER performance comparison of x; and x, at S>. According to figure 8, the non-optimized
x1 provides a better ER performance than its optimized counterpart. This performance gap occurs because in the
non-optimized case the power allocation coefficient takes a value of 9/10 while in the optimized case it is equal to
2/3. In the high SNR regime, the optimized and non-optimized x; saturate and cause system coding gain losses.
This error floor is a result of the detrimental effects of LI. Regarding the performance of x;, the optimized case
achieves a better ER performance than its non-optimized counterpart. The aforementioned difference occurs due to

the power allocation coefficients differences between the two cases.
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Fig. 8: Optimized and non-optimized ER performance comparison of x; and x; at S».

Figure 9 presents the ER performance comparison of y; and y, at §;. Like in figure 8, the optimized power
allocation coefficients and transmit power provide a better ER performance for y, at S;. On the other hand, the non-
optimized y; achieves a better performance than that of the optimized case, as the non-optimized power allocation
coefficient guarantees higher ER. The obtained results closely match the derived analytical and asymptotic results,

in (23) and (24).
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Fig. 9: Optimized and non-optimized ER performance comparison of y; and y, at S;.

Figure 10 plots the OP performance versus the normalized distance for x; and x, at S;. The SNR is set to 30
dB for the aforementioned analysis. It is observed that the OP of optimized and non-optimized x; reduces until
the distance reaches values between 0.3-0.4. Then, the outage performance for the optimized and non-optimized
cases deteriorates beyond this point. The non-optimized x; achieves a better outage performance than the optimized

x1. This behavior occurs due to the power allocation difference. The outage performance of the optimized and
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non-optimized x, improves until the distance reaches values between 0.3-0.5 while for larger values, performance
degradation is shown. The optimized x, provides a better outage performance than its non-optimized counterpart
for the same distance due to power allocation differences. It must be noted that the proposed optimization reduces

the outage performance gap among the two signals, contrary to the non-optimized case.
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Fig. 10: OP versus normalized distance for x; and x; at S;.

Figure 11 depicts the OP performance versus the normalized distance for y; and y, at S;. When compared to
the results depicted in figure 10, here, slightly different outage performance is observed. For instance, the outage
performance of optimized and non-optimized y; improves until the distance reaches values between 0.5-0.7. Beyond
this point, the outage performance deteriorates. The non-optimized y; achieves a better outage performance than
that of the optimized case due to power allocation coefficient differences. Similarly, the outage performance of the
optimized and non-optimized y, improves until the distance reaches values between 0.5-0.7 and after that point
worse outage performance is obtained. Finally, the optimized y, achieves a better outage performance than the non-
optimized y, but overall, the optimized case offers a more homogeneous outage performance for the two signals

than the non-optimized case where a large performance gap can be seen.
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Fig. 11: OP versus normalized distance for y; and y; at S.

VI. CONCLUSIONS

This paper has investigated the performance of two-way relaying with non-orthogonal multiple access in the
power-domain. A two-hop two-way amplify-and-forward relay network with full-duplex capabilities was considered
where users exchanged superimposed signals and exploited echo-cancellation and successive interference cancella-
tion to improve the reception quality. A thorough performance analysis was conducted, in terms of outage probability,
error probability, ergodic rate and throughput and the network’s performance was optimized by using the Lagrangian
multiplier to obtain the optimal transmit power, power allocation coefficients and relay position. The analytical and
asymptotic expressions were verified through Monte-Carlo simulations and results revealed that power allocation

optimization plays a key role in enhancing the network performance.

APPENDIX

Since the variables are dependent to each other in (11), this paper follows section III of [44] and the following

expressions can be obtained.
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Fy!'® (yw) = P, | @Bimin (A, B) < 28 — 1

Yth
_ p | min ©B1Yx ®B1Yy < v
" (ya (Bi+B2) + (B1+B2) (¢yyBr+@ys +ya (@1 +a2) + @+ (@1 +@2)) |
=1- Pr()’x > )/;h (ya(B1+B2) +(B1+52),yy 2 90[31 (‘M’yﬁz +yp+ya (e + @) + ¢+ () +a))
Y > 2 %h (n (Br+B2) +2(Br+B2) o ys = 11 (©¥b +va (a1 +czz)+2<p+2(a1 +@))
¢ (B1 = vinP2)

- (1 - (”’“ (va (B1 +B2) +2 (B +,32)))

@ (B1 = YenP2)

| _F (m (@b +va (01 + @) + 20+ 2 (a +az))))
Yy

(va (B1+682)+2(B1+62)) | (eyprya(ei+ay)+2¢+2(aj+ay))

%h( ¥B1 P51 * @ (B1=7thB2) Ps29g )
e
Ya>Yb

2(B1+5) 2p+2(ap+ay) ) . ((ﬁl“fﬁz)nh (ar+an) v
/ e
0

=1- E'Yas)’b

=1= g_y‘h(‘ﬁlfl Ps1Qn " o (B1~vtnB2) Ps2Qg SBIPs 1% * G (B1—vinP2) P29 )f)/a (Ya) dyax
® o Gy Eae:)
e Br-vnB2) P22 ) fyp, (vp,) dyp. (44)
0

Substituting fy, (ya) = Q e Pt and fyp (yp) = —e Ry [51], and solving the integral expressions
with the help of [43, Eq. (3.3101 1)1, the final expression can be calculated as in (15). Following the same procedures,
Fyylzup (), F7x21 " (yn), and Fgfzup (ym) can be calculated as in (16), (17), and (18), respectively. Substituting (15)

into (19) and using distributive properties, the following expression can be obtained.

| 2p14By) | 2¢42(ar+ar)

s 0 1 *%h( P9 + - Y+l)
Peyl,Tp 2\/_l/ )’th exp (=) d)’th—/o Yer € PP e (B Pt

y ( 1 ) (([)’1 tB)yen  (@ta)ym 1 )_1
Ps1Q, QDﬁIPleh Y (ﬁl _'Yth,B2) PSZQg Ps1Q,

(45)

-1
1 ©Yth 1 )
X + dvin .
(Pr-Qb) (90 (B1 = vinB2) Ps2Qg  PQy Vi

With the help of [43, Eq. (3.326.210)], the first integral in (45) can be solved as T (%) = V. Since the second
integral has an intractable form, numerical results are provided. In a similar way, substituting (17) into (19), the
following integral expression, which is (46), can be obtained. The first integral expression can be solved with the

help of [43, Eq. (3.326.2!°)] and the second integral expression is numerically evaluated due to the intractable form.
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(46)

Likewise, substituting (16) into (22) the following expression can be obtained.

oo oo Z(ﬁ +B: ) 2 +2((z +a )

P_eilup = L _/ X1 exp (—x) dx — / X_%e_x(lJr PN w«ﬂﬁzpslzﬂgz )

AV ) 0
-1
+ PopQ, + (o) +a P1Q) P19, P.Q -1
o ((B1 +B2) ©B2Ps2 e (a1 +@2) pB2Ps1Q4) P rl ( b x+1) al @)
‘pZIBZPSZQgPsl-Qh ,82Ps29g

With the help of [43, Eq. (3.326.210)], the first integral can be solved as I (%) By using the [41, Eq. (10, 11)], the

y

second integral can be written as

[ee)
_1 0
/ X 2GO’1 X
0 ,

(1 . 2 (B +B2) N 20 +2 (a +C¥2))
©P2Ps1L2 ©B2Ps2 2

+ PQ, + (a) +a P 1Qy) Ps1Q 0 P,.Q 0
G [ ((B1+B2) B2 s22g2 (a1 +@2) pBaPs1Qn) Ps1Q4 G x( - :2 ) ” 48)
’ ©*B5 P52 Ps1€2 0) * BoPQg )| O
With the help of [42, Eq. (13)], the integral expression in (48) can be solved as
_1
(1+ 2(B1+B2) N 20+2 () +6Y2)) 2
©B2Ps1Qn ©P2P2 Qg
(((ﬁl+ﬁ2)wﬁzPs2Qg+(al+az)<Pﬁ2Ps19h)Pslﬁa) ( P,Qyp )
XGI’O:I’I:I’I % O 0 </72,3§Ps29gpxlgh ,BZPsZQg (49)
LoLELI | o | 0 (] + 2By z¢+2(a1+a2)) ’(1 + 2B+ +2<p+2(ul+az)) ’
@2 Ps1€2p P2 P22 @B P51 @B P52y

The «a term is set to % in [42, Eq. (13)]. Likewise, P_eif:p can be calculated as

psan_ | [F(l)_(szz(mwz)+2<a1+a2>)‘5

RN 2 parPs1Qyp parPs2Qy
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Substituting (15) into (24), the following expression can be obtained.
[ + +2( |+ _1
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Since the integral expression in (51) has an intractable form, E R?,;:lp is numerically evaluated. Likewise, E Riﬁ:’p,

which is presented below, is also numerically evaluated
-1

Ny e RSN T BNCEC
o In2 Jy PpQc \p (a1 —viha2) Ps1Qn  @a1PpQy  PpQc
1 $Yth

-1
X + 1+ 1 dv. 52
P.Qy (90 (a1 — yina2) Ps1Qp PrQb) (L+7n)™" dya (52)

Regarding E Ri;;p , substituting the related CDF expressions into the ER formula, which is presented in (16), the

following integral expression can be obtained.

oo (2(B1*B2) 24p+2(al+az))
g'uP = L e x(‘FﬁZPSIQh+ #B2Ps % (
2 In2 0
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@2 B3P QP Q

-1
P.Q
[ v+ 1] (1 +x) 7 ax. (53)
ﬂZPSZQg
By using partial fraction decomposition technique the integral expression in (53) can be written as:
oo Z(ﬁ +B: ) 2 +2(1x +a )
Siup _ L e_x(‘f’ﬁz}’sléh,Jr f’ﬁzpslzﬂgz ) W dx
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0

where ¥ = 1 and © = B +

((B1+B2) 0By Py Qg+ () +@)) 9B P Q) P51 Qa Proy, ((B1+B2) 6By Psp Qg +( ) +a3) ¢ Py Q) P51 Qa

5 x+1 BP0 x+1)(1+x) > x+1
©By Ps1Q) Py2Qg 275278 @By Ps1Q) P2 Qg
By B3 B = i
- , By = im X
(ﬁszggg x+1) (I+x) e @8] P19, Py
((B1+82) B2 P52 Qg +( a1 +2) ¢y P19 ) Ps1Qa
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— ((B1 +52) ¢hobs g2 ( ) $P2P1 ) Py Cx+1 [¥], B; = lim e e A [¥], and
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0
B3 = lim1 I (x+1) [¥]. Utilizing distributive properties and [41, Eq. (10,11)] and also solving the integral
X—>— X
expressions with the help of [41, Eq. (21)], the final expression can be obtained. Likewise, substituting (18) into

the ER formula and following the same procedures as in ER?,;EP, the final expression can be obtained as in (23).

The « is set to 1 in [41, Eq. (21)]. Also note that By = lim X

@2l P19y, PQg

YT BB par Pyytg+(ar+ar) 9 Py @) Pyofic
0 + @y P Qo + (@) + @) par Py Q) Py . 0 P.Q
9 ((B1 + B2) par ¥22g2 (a1 + @2) paa Ps1Qp) Psa er1|[T].Bs=  lim _( - Qp x+1)[T],B6=
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9 s
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can be obtained as in (24).
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