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Abstract

This paper discusses the circular version of list coloring of graphs. We give two definitions
of the circular list chromatic number (or circular choosability) x.;(G) of agraph G and

prove that they are equivalent. Then we prove that for any graph G, x.;(G) > x;(G) — 1.

Examples are given to show that this bound is sharp in the sense that for any e > 0, there
isagraph G with x.;(G) < xi1(G) — 1 + €. It isaso proved that k-degenerate graphs G
have x.;(G) < 2k. Thisbound is aso sharp: for each e > 0, there is a k-degenerate graph
G with x.;(G) > 2k — €. This shows that x.;(G) could be arbitrarily larger than x;(G).

Finally we prove that if G has maximum degree k, then x.;(G) < k + 1.
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1 Introduction

Suppose G = (V, E') isagraph and p > 2¢ are positive integers. A (p, ¢)-coloring
of Gisamapping f : V — {0,1,---,p — 1} such that for any edge uv of G,
q < |f(u) — f(v)] <p—q.Notethat a(p, 1)-coloring of agraph G isthe same as
ap-coloring of G. The circular chromatic number x.(G) of G isdefined as

X.(G) = inf{p/q : G admitsa (p, ¢)-coloring}.

It isknown [7,8] that for any graph G, x(G) — 1 < x.(G) < x(G). So x.(G) isa
refinement of y(G) and x(G) = [x.(G)] isan approximation of x.(G).
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Let C' beaset of integers (called colors). A list assignment L isamapping L which
assigns to each vertex v of G asubset L(v) of C. The set L(v) is called the set of
permissible colorsfor v. An L-coloring of G isamapping f : V' — C such that for
each vertex v, f(v) € L(v) and for each edge uv, f(u) # f(v). Thelist chromatic
number or the choosability x;(G) of G isthe least integer k& such that for any list
assignment L for which |L(v)| = k for every vertex v of G, thereisan L-coloring
of G.

The concept of list coloring has a straightforward circular version.

Definition 1 Suppose GG isa graph and p > 2q are positive integers. A (p, ¢)-list
assignment L is a mapping which assigns to each vertex v of G a subset L(v) of
{0,1,---,p —1}. An L-(p, q)-coloring of G isa (p, q)-coloring f of G such that
for any vertex v, f(v) € L(v).

Definition 2 Alist-sizeassignmentisamapping ¢ : V' — [0, p/q]. Given alist-size
assignment ¢, an /-(p, q)-list assignment is a (p, ¢)-list assignment L such that for
each vertex v, |L(v)| > ¢(v)q. A graph G is called ¢-(p, ¢)-choosable if for any
(-(p, q)-list assignment L, G hashasan L-(p, ¢)-coloring.

Circular list coloring was motivated by the needs of inductive proofs in solving
circular coloring problems. In an inductive proof, we may need to prove that any
(p, q)-coloring of a subset X of V/(G) can be extended to a (p, ¢)-coloring of G.
Thiswould be equivalent to prove that for a certain list-size assignment ¢, the sub-
graph G — X is /-(p, q)-choosable. Such proof techniques are used in [1-4,9].
In [6], the authors gave a characterization of those ¢ for which a tree G is /-
(p, q)-choosable, and a characterization of those ¢ for which an odd cycle G is
(-(2k + 1, k)-choosable.

This paper concerns list-size assignment which are constant mappings. Suppose
t > 1isarea number and p > 2¢ are positive integers.

Definition 3 At-(p, q)-listassignmentisa (p, ¢)-list assignment L such that for ev-
ery vertex v, |L(v)| > tq. We say G iscircular t-(p, q)-choosableif for any ¢-(p, q)-
list assignment L, G has an L-(p, ¢)-coloring. We say G is circular ¢-choosable if
G iscircular t-(p, q)-choosable for any positive integers p > 2¢. The circular list
chromatic number (or the circular choosability) of G is defined as

X (G) = inf{t : G iscircular t-choosable}.

Observe that for an integer &, G is k-choosable means that G is circular k-(p, 1)-
choosable for any p. Hence x;(G) = min{k : G iscircular k-(p, 1)-choosable for

any p}.

The circular chromatic number of a graph has a few equivalent definitions [8].
Another frequently used definitionisthefollowing: Supposer > 1 isareal number.



Denote by S(r) acircle in the plane with circumference . For two points z, y of
S(r), let |x — y|, be the distance on the circle between the two points. We may
identify S(r) with the interval [0, ), and imagine that the two end points of the
interval are identified. Then |2 — y|, = min{|z — y|,r — |z — y|}. Anr-coloring
of G isamapping f : V. — S(r) such that for any two adjacent vertices u, v,
|f(u) — f(v)], > 1.1t is known [8] that for any graph G, x.(G) = min{r :

G has an r-coloring}.

This definition can also be naturally modified to define the circular list chromatic
number of a graph. The following version of the circular list chromatic number of
agraph isformulated by B. Mohar [5].

Definition 4 Asubset U of S(r) issaid to be assignableif it is the union of finitely
many disjoint open arcs on S(r). The length of an assignable set U, denoted by
length(U), isthe sum of the lengths of the open arcsof U. If G = (V, E) isagraph,
then a function L that assigns to each vertex v of G’ an assignable subset L(v) of
S(r) is called an circular list assignment (with respect to ). If for each vertex v
of G, L(v) haslength at least ¢, then L is called a ¢-circular list assignment (with
respect to r). A circular L-coloring of G is a mapping ¢ from V' to S(r) such that
c(v) € L(v) for each vertex v of G and for every pair u, v of adjacent vertices of
G, |c(u) — c(v)], > 1.

We shall prove that for any graph G, for any real number ¢, if G is circular ¢-
choosable then for ¢ > 0 and for any (¢ + ¢)-circular list assignment L, G' has
an circular L-coloring. Conversely, if for any ¢-circular list assignment L, G has
an circular L-coloring, then GG is circular ¢-choosable. Therefore the circular list
chromatic number of G can be defined as

X (G) = inf{t : for any ¢-circular list assignment L, G hasacircular L-coloring}.

Then we study the relation between x;(G) and x.,;(G). It is proved that for any
integer n, if G is not n-choosable, then G is not circular n-choosable. As a conse-
quence, we have x.;(G) > x;(G) — 1. Onthe other hand, it is proved that every k-
degenerate graph is circular 2k-choosable. Moreover, this bound is sharp: for each
e > 0, there is a k-degenerate graph G which is not circular (2k — ¢)-choosable.
Since every k-degenerate graph is (k + 1)-choosable, it follows that the difference
Xei(G) — xu(G) can be arbitrarily large. This answers a question of Mohar [5].
Finally, we prove that if G has maximum degree k, then x.;(G) < k + 1, which
answers another question of Mohar [5].



2 Basic properties

Let S(r) be a circle of circumference r, whose elements of S(r) are identified
with points in the interval [0, 7). For a,b € S(r), (a,b) denotes the open interval
of S(r) from a to b along the increasing direction. To be precise, if a < b, then
(a,b) = {z € [0,r) : a < x < b} (0 (a,a) = 0).If a > b, then (a,b) = {z €
0,7):a<z<r}U{zel0,r):0<xz<b}. Theclosedinterva [a, b] isdefined
similarly.

First we prove the equivalence of the two definitions of the list circular chromatic
of agraph.

Lemmab5 Suppose G is a graph and ¢ is a positive real number. If for every
t-circular list assignment L, G has a circular L-coloring, then G is circular t-
choosable. Conversely, if G is circular t-choosable, then for every ¢ > 0 for any
(t + e)-circular list assignment L, G hasa circular L-coloring.

Proof. Assume for every ¢-circular list asssignment L, G hasacircular L-coloring.
Let L' bean arbitrary ¢-(p, ¢)-list assignment. Let L bethe t-circular list assignment
with respect to r = p/q defined as L(v) = Uier () (3, =+). By assumption G hasa
circular L-coloring f. Let f'(v) = [ f(v)q], then f"isan L’-(p, ¢)-coloring of G.

Conversely, assumethat G isacircular t-choosable, i.e., for every positive integers
p > 2q, for every t-(p, ¢)-list assignment L of G, thereis an L-(p, ¢)-coloring of
G.Lete > 0andlet L' bea(t + ¢)-circular list assignment with respect to . Let ¢
be a fixed positive integer. For avertex v of G, let L(v) = {i € Z : i/q € L(v)}.
Since L'(v) haslength at least t + ¢, if ¢ issufficiently large, then |L(v)| > tq. Let
p = |rq|, then L isat-(p, q)-list assignment. By assumption, thereisan L-(p, q)-
coloring f of G. It is straightforward to verify that f'(v) = f(v)/q isacircular
L'-coloring of G.

Corollary 6 For any graph G, x.,(G) = inf{¢ : for every ¢-circular list L, G is
circular L-colorable }.

In the remainder of this section, we prove some basic properties of circular list
chromatic number of a graph. Lemma 7 below follows straightforward from the
definition.

Lemma7 For any graph G, x.(G) < x..(G).

Lemma8 Suppose G isa graph and k isan integer. If x;(G) > k, then x.,(G) >
k.

Proof. Let L be alist assignment, which assigns to each vertex v of G aset L(v)
of at least k& permissible colors. Let r > max{i +1 : i € L(v) for somewv € V}.



Let L' be a circular list assignment with respect to » of G defined as L'(v) =
Uier) (4,7 + 1). Then it is easy to see that if G is not L-colorable, then G is not
circular L'-colorable. B

Corollary 9 For any graph G, x.;(G) > x;(G) — 1.

Theorem 10 The odd cycle Cy 11 has x¢i(Coxt1) = 2+

=

Proof. Since x.(Cak41) = 2+ 1, by Lemma7, we have x . (Caopi1) > 2 +

Bl

Let L be at-(p, q)-list assignment, where ¢ > 2’““ . We shall provethat Cyy; is
L-(p, q)-colorable. Assume the vertices of Cy; 1 are Ug, U1, "+ , Vak, and the edges
are v;v;4q fori = 0,1,---,2k (addition modulo 2k + 1). Let ¢, be any color in
L(vp). Let L'(vy) = L(v1) \ [co — ¢ + 1,¢0 + ¢ — 1], i.€., delete from L(v,) al the
colorsthat liein theinterval [co — ¢ + 1, ¢ + ¢ — 1] (calculation modulo p and if
a > b, then theinterval [a,b] denotestheset {i : a < i <p—1, or 0 < i < b}).
As[co — q+1,¢0 + ¢ — 1] contains 2g — 1 elements, and L(v;) contains at least
2q + § elements, we conclude that L’(vl) = L(vy)\ [co —q+ 1, co+ q— 1] contains
at Ieast 1+ [{] elements. Let s = [{]. Assume {ci1,c12, ", Cre01) © L'(v1).
Let L'(vy) = L(vg) \ Nt [c1; — g+ 1, ¢ + g — 1], i.e., delete from L(v,) al the
colors that lie in the intersection N:*[c;; — ¢ + 1,¢1; + ¢ — 1]. We may assume
that Clp <cCio < "< Clgyi- Then

Ntlleri—g+ e +q—1]Clag+s+1—qeq+q—1].

Thisimpliesthat N3* [, ; —q+1,¢;;+q— 1] contains at most 2¢g — s — 1 elements.
Hence L'(vy) contains at least 1 + 2s elements. Recursively, let L'(v;) = L(v;) \
Neer/(v;_)€¢ — ¢+ 1, ¢+ ¢ — 1]. By induction, we can provethat |L'(v;)| > 1 4 is.
Inparticular, |L'(vay)| > 1+ 2ks > 142k =1+ 2¢. Hence L' (vay,) \ [co — ¢ +
1,c04+q—1] # 0. Let ¢y, beany color intheset L' (var) \ [co —q+ 1,0 + g — 1].
By definition of L' (vyy), thereisacolor co, 1 € L' (vgr 1) SUchthat cop & [cop 1 —
p+1,¢c0-1+ p— 1]. Suppose i > 2 and we have chosen ¢; € L'(v;), then chose
¢;—1 to be any color in L'(v;_y) for which¢; & [¢;.1 —p+ 1,¢;.1 +p — 1]. By
definition of L'(v;) such acolor exists. Then we color v; with color f(v;) = ¢; for
i=0,1,---,2k. By thechoice of these colors, f isa (p, q)-L-coloring Co 1. B

Since x;(Cak+1) = 3, Theorem 10 shows that the bound x.;(G) > xi(G) — 1 is
sharp.

Supposep > 2q are positiveintegers. The graph K/, hasvertices {0,1,--- ,p—1}
inwhichi ~ jifandonlyif ¢ < |i—j| < p—gq. Thegraphs K, ,, are called circular
complete graphs. In the study of the circular chromatic number of graphs, they
play the same role as that of the complete graphs in the study chromatic number
of graphs. Note that odd cycle Cs;; isisomorphic to K o1y, SO Theorem 10
determines the circular list chromatic number of some circular complete graphs. It



would be interesting to determine x.;(k,/,) for al p > 2gq.
Question 11 Isittruethat x.;(K,/,) = p/q?
There are two basic questions concerning the definition of x.,(G) remain open:

Question 12 (1): Is the infimum in the definition always attained, i.e., can it be

replaced by the minimum ? (2): Is x.,; always a rational number for finite graph G
?

3 circular list coloring of k-degenerate graphs

It is known that for any graph G, x.(G) < x(G) [8]. It is natura to ask, as Mohar
did in [5], whether it istrue that x.;(G) < x;(G) for all graphs G. Thisturns out
to be false.

Theorem 13 Suppose G is a finite k-degenerate graph and L is a 2k-circular list
assignment of . Then there is a mapping f which assigns to each vertex v of G
an open interval f(v) C L(v) of positive length such that if v ~ v’, then for any
z € fv)anda' € f(V), |z — 2’|, > 1.

Proof. We prove the result by induction on the number of vertices. If |V (G)| = 1,
then thisiscertainly true. Assume |V (G)| = n, and theresult holdsfor any graph G’
onn—1 vertices. Let v beavertex of G withdg(v) = k' < k.LetG' = G—v.Then
G' is k-degenerate and hence the required mapping f for G' exists by induction
hypothesis. Let vy, v, - - - , vy be the neighbours of v. Assume f(v;) = (a;, b;), for
i=1,2,--- k' Without loss of generality, we may assumethat (a;, b;) has length
lessthan 2 (if (a;, b;) haslength greater than 2, we can replaceit by asub-interval of
(a;, b;)). Forany pointz & [b; — 1, a; + 1] (here the calculations are modul o ), there
isapointy € (a;,b;) suchthat |x — y|, > 1. Theinterval [b; — 1, a; + 1] haslength
lessthan 2. Sothe union U¥’ | [b; — 1, a; + 1] haslength lessthan 2k < 2k. As L(v)
haslength at least 2, it follows that thereisapoint = € L(v) \ U, [b; — 1, a; +1].
Now foreachi € {1,2,---,k'}, thereisapointy; € (a;, b;) suchthat |z —y;|, > 1.
Note that the set L(v) \ U, [b; — 1, a; + 1] isopen. Sofor eachi € {1,2,--- %'},
there is an open interval (c;, d;) € L(v) \ U¥ [b; — 1,a; + 1] containing = and
an open interval (a;,b;) C (a;, b;) containing y; such that for any ' € (¢;,d;) and

(2 )

for any y, € (a},b), |2/ — yil, > 1. We modify f and then extend it to V(G

17 71

by as follows: f(v;) = (al, ;) and f(v) = N¥, (¢, d;). Then it follows from the

17 71

definition that the resulting mapping is a required mapping for G. B

Theorem 14 For any positive integer £, for any ¢ > 0, there is a k-degenerate
graph G and a (2k — ¢)-circular list assignment L for which there is no circular
L-coloring of G.



Proof. Let n be an integer such that ne > 2k*. Let G = K ,» be the complete
bipartite graph with partite sets A = {uy, us, -+ ,ux} and B = {vj, jy..j, 1 1 <
Ji < n}.ltisobviousthat G isk-degenerate. Letr = 2k(k+1).Fori =1,2,--- |k,
leta; = (i — 1)(2k +2) and 6 = 22 < <. Define a circular list assignment L of
G asfollows: Fori = 1,2,--- ,k, let L(u;) = (a;,a; + 2k). Let L(vj, i) =
Uf:lAi,ji’ where Ai,ji = ((ZZ’ + ]15 —1,a; + (.]z — 1)(5 + ].) Note that Ai,ji is an
interval of length 2 — ¢, and that A; ;, N Ay ;, = 0if i # i'. SO L(vj, j,,... ;,) has
length (2 —0)k > 2k —e. So L isa(2k — €)-circular list assignment of GG. We shall
provethat GG isnot circular L-colorable.

Assume to the contrary that ¢ isacircular L-coloring of G. Fori € {1,2,---,k},
let 1 < j; < n beaninteger such that ¢(u;) € [a; + (i — 1)0,a; + jid]. AsS
c(u;) € L(u;) = (a;, a; + 2k), such an integer j; exists. Forany i € {1,2,--- , k},
asuvj, j,...;, iIsadjacent tou,;, weconcludethat c(vj, j, ... ;.) & (a;+7:0—1, a;+(ji—
1)o+1) = A, j, foranyi € {1,2,---,k}. Thisisacontradiction, as L(v;, j, ... j,) =
Uk A1

Since k-degenerate graphs G have x;(G) < k + 1, we conclude that the difference

Xe(G) = x1(G) can be arbitrarily large. The ratio =42 for the graphs giveniin the

proof of Theorem 14 can be arbitrarily close to 2. It is not clear whether the ratio

XC,I(G) 1
I bounded.

Question 15 Isthere a constant  such that for any graph G, x.,(G) < ax;(G) ?
If such a constant exists, what is the smallest « ?

4 Graphswith maximum degree k

Theorem 16 Suppose G' has maximum degree k. Then G is circular (k + 1)-
choosable.

Proof. Let L bea(k+1)-circular list assignment of GG, which assignsto each vertex
x of G an assignable subset L(x) of acircle S(r) such that length(L(x)) > &k + 1.
Choose a vertex v,. Without loss of generality, we assumethat 0 € L(vg). We color
vo With ¢(vg) = 0. We shall color the other vertices one by one. Suppose we have
chosen vertices vy, vy, - - -, v; ad colored v; with color ¢(v;) for j = 0,1,--- 4.
For each vertex u & {wvy, v1,--- ,v;}, let

Li(u) ={zx € L(u) : x — c(vj) > 1,V0 < j < i,v; ~ u},

and let
li(u) = 1infL;(u).



Let v;,, beavertex such that

li(vip1) = min{l;(u) : w € V(G) \ {vo, v1,- -+ ,v;i} }.

Now we color v; 1 with color ¢;(v;11), i.e., let ¢(v;11) = ¢;(v;1). Note that it is
possible that c(v;y1) & L(v;y1), because L(v; 1) isan open set and ¢(v;, 1) isthe
infimum of a subset of L(v;1). If c(viy1) & L(viyr), then ¢(v;yq) is the left end
point of an arc of L(v;;,). For the moment, we color it with the end point, and we
shall modify the coloring at the very end.

We shall prove that at each step, the set L;(u) is non-empty, so the coloring ¢ is
well-defined. It follows from the definition that ¢(vy) < ¢(vy) < -+ < ¢(vy).

Claim 1 Suppose we have colored vertices vg, vy, - - - , v;, and u is an uncolored
vertex. Let L;(u) and ¢;(u) be defined asabove. If u hast neighboursin {vg, vy, - - -, v; },
then L(u) N [0, ¢;(u)] has length at most ¢, and hence L;(u) has length at least
E+1—-t>1.

Proof. We prove this claim by induction on i. First consider the case i = 0. If
u o vy, then Ly(u) = L(u) and ¢y(u) = infL(u). Hence L(u) N [0, ¢y(u)] has
length 0. If u ~ wy, then Ly(u) = {z € L(u) : * > 1} and {y(u) = infLy(u).
Hence L(u) N [0, £y(u)] has length a most 1. Assumei > 1. Assume that u is an
uncolored vertex and has ¢ neighboursin {vy, vy, -+ -, v;}.

We assume that « has ¢ neighbours in {vg, vy, -+, v;} and has ¢ neighbours in
{vo,v1, -+ ,v;_1}. By induction hypothesis, L(u) N [0, ¢;_1 (u)] has length at most
t'. By the choice of v;, wehave /;_1(u) > £;_1(v;) = c(v;). If u oL v;, thent = ¢/,
Li(u) = L; 1(u) and ¢;(u) = ¢; 1(u). Hence L(u) N [0, ¢;(u)] has length at most
t =t Ifu ~ v, thent = ¢ + 1. It follows from the definition that L(u) N
[c(v;), ¢;(u)] haslength at most 1. Since ¢(v;) < ¢;—1(u) and L(u) N[0, ¢;—1(u)] has
length at most ¢', we conclude that L(u) N [0, ¢;(u)] has length at most ¢’ + 1 = .
Since L(u) haslength at least £ + 1 and ¢ < k, we conclude that L;(u) has length
atleast k +1 —t > 1. Thiscompletes the proof of Claim 1.

Thus the coloring scheme produces a coloring ¢ of G such that if u ~ v, then
le(u) — ¢(v)] > 1, and moreover, c¢(vy) < c¢(v1) < -+ < ¢(v,) < 17 —1 (as
Ln_1(v,) has length at least 1). Hence |c(u) — c(v)|, > 1 for any two adjacent
vertices u and v. The only problem now isthat it may happenthat c¢(u) ¢ L(u). As
noted above, if c(u) & L(u), then ¢(u) isthe left end point of an arc of L(u). If this
happenswelet ¢'(u) = c¢(u) + d foral u € V(G). Itiseasy to seethat if § > 0 is
small enough, then ¢ isan L-coloring of G.
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