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Abstract: \We introduce and study backbone colorings, a variation on
classical vertex colorings: Given a graph G = (V, E) and a spanning subgraph
H of G (the backbone of G), a backbone coloring for G and H is a proper
vertex coloring V — {1, 2, ...} of Gin which the colors assigned to adjacent
vertices in H differ by at least two. We study the cases where the backbone
is either a spanning tree or a spanning path. We show that for tree
backbones of G the number of colors needed for a backbone coloring of G
can roughly differ by a multiplicative factor of at most 2 from the chromatic
number x(G); for path backbones this factor is roughly % We show that
the computational complexity of the problem “Given a graph G, a spanning
tree T of G, and an integer ¢, is there a backbone coloring for G and T with
at most £ colors?” jumps from polynomial to NP-complete between £ = 4
(easy for all spanning trees) and ¢ = 5 (difficult even for spanning paths).
We finish the paper by discussing some open problems. © 2007 Wiley Periodicals,
Inc. J Graph Theory 55: 137-152, 2007

Keywords: graph coloring; graph labeling; spanning tree; spanning path; planar graph;
computational complexity

1. INTRODUCTION AND RELATED RESEARCH

The work presented here is a full version of an extended abstract that appeared
in the Proceedings of WG 2003 [5]. It is motivated by the general framework
for coloring problems related to frequency assignment. In this application area
graphs are used to model the topology and mutual interference between transmitters
(receivers, base stations): the vertices of the graph represent the transmitters; two
vertices are adjacent in the graph if the corresponding transmitters are so close (or
so strong) that they are likely to interfere if they broadcast on the same or “similar”
frequency channels. The problem in practice is to assign the frequency channels
to the transmitters in such a way that interference is kept at an “acceptable level.”
This has led to various different types of coloring problems in graphs, depending
on different ways to model the level of interference, the notion of similar frequency
channels, and the definition of acceptable level of interference (see e.g., [15,20]).
One way of putting these problems into a more general framework is the following:

Given two graphs G| and G, with the property that G is a spanning subgraph
of G, one considers the following type of coloring problems: Determine a
coloring of (G and) G, that satisfies certain restrictions of type 1 in G, and
restrictions of type 2 in G, using a limited number of colors.

Many known coloring problems related to frequency assignment fit into this
general framework. We mention some of them here explicitly.
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BACKBONE COLORINGS FOR GRAPHS 139

First of all suppose that G, = G%, that is, G, is obtained from G; by adding
edges between all pairs of vertices that are at distance 2 in G. If one just asks for
a proper vertex coloring of G, (and G), this is known as the distance-2 coloring
problem. Much of the research has been concentrated on the case that G is a
planar graph. We refer to [1,3,4,18,21,22] for more details. In some versions of
this problem one puts the additional restriction on G, that the colors should be
sufficiently separated, in order to model practical frequency assignment problems
in which interference should be kept at an acceptable level. One way to model this
is to use positive integers for the colors (modeling certain frequency channels) and
to ask for a coloring of G| and G, such that the colors on adjacent vertices in
G, are different, whereas they differ by at least 2 on adjacent vertices in G. This
problem is known as the L(2, 1)-labeling problem and has been studied (under
various names) in [2,7-11,19].

The so-called radio labeling problem (here also various names have been
used) models a practical setting in which all assigned frequency channels should
be distinct, with the additional restriction that adjacent transmitters should use
sufficiently separated frequency channels. Within the above framework this can be
modeled by considering the graph G that models the adjacencies of n transmitters,
and taking G, = K,,, the complete graph on n vertices. The restrictions are clear:
one asks for a proper vertex coloring of G, such that adjacent vertices in G receive
colors that differ by at least 2. We refer to [14] and [17] for more particulars.

In this paper, we model the situation that the transmitters form a network in
which a certain substructure of adjacent transmitters (called the backbone) is more
crucial for the communication than the rest of the network. This means we should
put more restrictions on the assignment of frequency channels along the backbone
than on the assignment of frequency channels to other adjacent transmitters. The
backbone could, for example, model so-called hot spots in the network where a very
busy pattern of communications takes place, whereas the other adjacent transmitters
supply a more moderate service. We consider the problem of coloring the graph
G, (that models the whole network) with a proper vertex coloring such that the
colors on adjacent vertices in G (that model the backbone) differ by at least 2.
Throughout the paper we consider two types of backbones: spanning trees and a
special type of spanning trees also known as Hamiltonian paths. A recent paper
[6] discusses the case where the backbone is a perfect matching or a collection of
disjoint stars.

A. Terminology and Notation

All graphs considered in this paper are assumed to be connected. Let G = (V, E) be
a connected finite undirected simple graph, and let T = (V, E7) be a spanning tree
of G. A vertex coloring f : V — {1,2,3, ...} of Vis proper,if | f(u) — f(v)| > 1
holds for all edges uv € E. A vertex coloring is a backbone coloring for (G, T), if
it is proper and if additionally | f(u) — f(v)| > 2 holds for all edges uv € E7 in the
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spanning tree 7. The chromatic number x(G) is the smallest integer k for which
there exists a proper coloring f : V — {1, ..., k}. The backbone coloring number
BBC(G, T) of (G, T) is the smallest integer £ for which there exists a backbone
coloring f : V — {1, ..., £}. When dealing with colorings, we say that two colors
71 and 7, are adjacent if and only if |z; — z,| = 1.

A Hamiltonian path of the graph G = (V, E) is a path containing all vertices

of G, that is, a sequence (vy, v, ..., U,) such that V = {v, v,, ..., v,}, all v; are
distinct, and v;v;1; € Eforalli =1,2,...,n — 1.
B. Results

We start our investigations of the backbone coloring number by analyzing its relation
to the classical chromatic number. How far away from x(G) can BBC(G, T') be in
the worst case? For each integer k > 1 we define

T(k) := max {BBc(G, T) : G a graph with spanning tree 7, and x(G) = k} (1)

It turns out that 7(k) behaves quite primitively:
Theorem 1. 7(k) =2k — 1 forallk > 1.

The upper bound 7(k) < 2k — 1 in this theorem in fact is straightforward to see.
Indeed, consider a proper coloring of G with colors 1, ..., x(G), and replace every
color i by a new color 2i — 1. The resulting coloring uses only odd colors, and
hence constitutes a “universal” backbone coloring for any spanning tree 7" of G.
The proof of the matching lower bound 7(k) > 2k — 1 is more involved and will
be presented in Section 2.

Next, let us discuss the situation where the backbone tree is a Hamiltonian path.
Similarly as in (1), the values

‘P(k) := max {BBC(G, P) : G a graph with Hamiltonian path P, and x(G) = k}(2)

are considered. In Section 3, we will exactly determine all these values P(k) and
observe that they roughly grow like 3k/2. Their precise behavior is summarized in
the following theorem.

Theorem 2. For k > 1 the function P(k) takes the following values:

(@) For1 <k <4:Pk)=2k—1;

(b) P(5) = 8 and P(6) = 10;

(¢c) Fork > 7 and k = 4t: P(4r) = 6t;

(d) Fork>T7andk =4t+1: Pt +1) =6t + 1;
(e) Fork > 7 andk = 4t +2: P4t +2) = 6t + 3;
(f) Fork > T7and k = 4t + 3: P4t +3) =6t +5;
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BACKBONE COLORINGS FOR GRAPHS 141

In Section 4, we discuss the computational complexity of computing the
backbone coloring number: “Given a graph G, a spanning tree T, and an integer
£, is BBC(G, T) < £?” Of course, this general problem is NP-complete. It turns
out that for this problem the complexity jump occurs between ¢ = 4 (easy for all
spanning trees) and £ = 5 (difficult even for Hamiltonian paths).

Theorem 3.

(a) The following problem is polynomially solvable for any £ < 4: Givena graph
G and a spanning tree T, decide whether BBC(G, T) < £.

(b) The following problem is NP-complete for all £ > 5: Given a graph G and
a Hamiltonian path P, decide whether BBC(G, P) < L.

2. TREE BACKBONES AND THE CHROMATIC NUMBER

This section is devoted to a proof of the lower bound statement 7(k) > 2k — 1
in Theorem 1. Consider some arbitrary k£ > 1. We will construct a graph G with
chromatic number x(G) = k, and a spanning tree T of G, such that BBC(G, T) =
2k — 1.

The graph G is a complete k-partite graph that consists of k& independent sets
Vi,..., V, that are all of cardinality k*. Clearly, x(G) = k. The spanning tree T
is defined as the final tree in the following inductive construction: The tree Tj is a
star with root in V; and k — 1 leaves in the kK — 1 sets V5, ..., Vi, one in each set.
For j =1, ...,k the tree T} is constructed from the tree 7;_, by creating k — 1
new vertices for every vertex v in 7;_; and by attaching them to v. If v is in the
set V,, then every independent set V; with i # ¢ contains exactly one of these new
vertices. Note that all newly created vertices are leaves in the tree 7. It is easy to see
that the tree 7; consists of k/*! vertices that are equally distributed among the sets
Vi, ..., Vi. We denote the vertex set of T; by V(T;). Note that V(T;) C V(Tj11).

Consider a backbone coloring of (G, T) with £ colors where T = Tj is the final
tree in the above sequence of trees. Since G is complete k-partite, any color that is
used in some set V; cannot be used in any V; with j # i. We denote by C; the set
of colors that are used on vertices in V;. We now go through a number of steps; in
every step, the colors in one of the color sets C; are labeled with the labels A and B.

(Step s). If there exists some (yet unlabeled) color set C; such that |C;| — 1 of
the colors in C; are adjacent to a color with label A, then: Label these |C;| — 1
colors with label B. Label the remaining color in C; with label A.

Eventually, there will be no more color class that satisfies the condition in the if-
part: Either, all colors have been labeled, or each of the remaining unlabeled color
classes contains at least two colors that are not adjacent to any color with label A. If
this is the case at the start, then |C;| > 2 for all i, and we obtain £ > 2k. We denote
by a < k the number of steps performed, and may assume a > 1. We denote by
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n(s) (s =1, ..., a) the index of the color set that is labeled in step s. Moreover, we
denote by cx(s) the unique color in Cyy that is labeled A.

Lemmad. Letsbeanintegerwithl <s < a. Then the following statements hold.

(L1) In the backbone coloring, all vertices v in V(Ii_s) N V) are colored by
color cyy).
(L2) The color cys) is not adjacent to any color cxg) with q < s.

Proof. The proofs of (L.1) and (L.2) are done simultaneously by induction on
s. In step s = 1, only a color class Cy1y with |Cr(1)| = 1 can be labeled. Then the
(unique) color in Cyy) is labeled by A, and thus becomes color c4(1). But by the
definition of Cy1), in this case all vertices in Vi are colored by ¢ (). Statement
(b) is trivial for s = 1.

Now assume that we have proved the statements up to step s — 1 < a, and
consider step s. Every colorin Cy(s) — {cr(s } (if any) is labeled by B, and is adjacent
to some color that has been labeled by A in an earlier step. Let D be the set of these
adjacent colors. By the inductive assumption, the colors in D are the only possible
colors (from their corresponding color sets) that can be used on the vertices in
V(Ti—s+1). Every vertex vin V(Ty_s) N V() is adjacent to k — 1 leaves in Ty 1,
and therefore all the colors in D show up on these leaves. Consequently, they block
all colors from Cry) for vertex v except color cy (. This proves statement (L1). In
case color cr(;) was adjacent to some color x labeled by A in an earlier step, the
above argument with D U {x} instead of D yields that there is no possible color for
vertex v. This proves statement (L.2). |

Let L# denote the set of colors that are labeled by A. Since every step labels
exactly one colorby A, |L#| = a. Let L™ denote the set of colors z for which z — 1
is in L4; clearly, |L*| > |L#| — 1 = a — 1. By statement (L2) in Lemma 4, the
sets LT and L# are disjoint. Moreover, there are k — a color sets with unlabeled
colors. Since they do not meet the condition in the if-part of the labeling step, each
of them contains at least two colors that are not adjacent to any color with label A.
These 2(k — a) colors are not contained in L4 U L*. To summarize, we have found
|[LA| 4+ |LT| + 2(k — a) pairwise distinct colors in the range 1, . .., £. Therefore,

> LA+ LY +2(k—a)>a+(@— 1)+ 2k —a) =2k — 1

Note that these arguments also go through in the extremal case a = k. This
completes the proof of the lower bound statement in Theorem 1.

3. PATH BACKBONES AND THE CHROMATIC NUMBER

This section is devoted to a proof of Theorem 2. The upper bound is proved in
Subsection 3A by case analysis. The lower bound is proved in Subsection 3B; this
proof uses a similar idea as the proof in Section 2, but the actual arguments are
quite different.
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A. Proof of the Upper Bounds

We start with statement (c) in Theorem 2. Hence, consider a graph G = (V, E)
with x(G) = 4t for some ¢ > 2, and let Vi, ..., V4 denote the corresponding
independent sets in the 4¢-coloring. Furthermore, let P = (V, E p) be a Hamiltonian
path in G. Consider the following color sets:

e Fori =1, ..., 3t, we define the color set C; = {2i — 1}.
e Fori =1,...,1t, we define the color set C; = {2i, 21 + 2i, 4t + 2i}.

Note that these 4¢ color sets are pairwise disjoint, and that all the used colors are
from the range 1, ..., 6. Also note that all the colors of the sets C; are odd, so
these colors are pairwise at distance at least two.

We construct a backbone coloring for (G, P) that for i =1, ..., 3¢ colors the
vertices in the independent set V; with the color in color set C;, and that for i =
1, ..., t colors the vertices in the independent set V3,,; with one of the three colors
in color set C;. Clearly, with this assignment of colors all edges between the vertices
from the sets V; with i =1, ..., 3¢ satisfy the conditions of a backbone coloring
(for any backbone of G). The vertices in V3,41, ..., V4 are colored greedily and
in arbitrary order: Consider some vertex v in Vi, y; that is to be colored with one
of the colors 2i, 2t 4 2i, 4t 4 2i. In the worst case, the neighbors of v along the
Hamiltonian path P have already been colored by colors x and y, and thus forbid
the six colors x — 1, x,x+ 1, y— 1, y, y 4+ 1 for vertex v. Since ¢ > 2, the three
colors in C; = {2i, 2t + 2i, 4t + 2i} are pairwise at distance at least four, whereas
x—1,x+land y — 1, y + 1 are at distance two. Therefore, the intersection C; N
{x—1,x,x+1,y—1,y,y+ 1} contains at most two elements, and C; contains
at least one feasible color for vertex v. This completes the proof of P(4¢) < 6¢ for
allt > 2.

The cases k =4t + 1, k =41+ 2, k = 4¢+ 3 with ¢t > 2 follow by simple
modifications of the above argument: For k = 4¢ + 1, we add the color set C3,1; =
{6t + 1}. For k = 4t + 2, we furthermore add the color set C3,,, = {6t + 3}. And
for k = 4t + 3, we furthermore add the color set Cs; 3 = {6f 4+ 5}. This proves
PAt+1) <6r+1,PA4t+2) < 6t+ 3,and P(4t 4+ 3) < 6t + Sforall r > 2, and
settles the upper bounds in Theorem 2 for all k > 8.

The upper bounds in Theorem 2 for all k£ < 4 follow trivially from Theorem 1.
For k = 5, we use the above argument with five color sets

Dy ={l1}, D,={3}, D3={5}, Ds={8}, Ds={2,67}

For k = 6, we add a sixth color set Dg = {10}. Finally, for kK = 7 we use the seven
color sets
Dy ={1}, D,={3}, D;={5}, D,={7}, D5=1{9}, Dy={11},

D, = {2,6, 10}
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These three constructions prove P(5) < 8, P(6) < 10, and P(7) < 11. The proof
of the upper bounds in Theorem 2 is complete.

B. Proof of the Lower Bounds

We consider a complete k-partite graph G with k > 2 that consists of k independent
sets Vi, ..., Vi that are all of cardinality 2I1;. Here I1; denotes the number of
different permutations of 1,1,2,2,3,3,...,k, k in which no two consecutive
symbols are the same. Each such permutation is represented by different (pairs
of) vertices in the sets Vi, ..., Vi, and corresponds to a segment, that is, a path
on 2k vertices in G. Although we do not need this for our considerations, it
is routine to deduce by inclusion-exclusion that IT; = Zl;:o(—l)j (’;) (2; f)!. It is
obvious that x(G) = k. The Hamiltonian path P consists of IT; segments with
2k vertices each. Every such segment contains exactly two vertices of every

independent set, since we let each segment correspond to one permutation 7 of

the 2k indices 1, 1,2,2,3,3, ..., k, k that contributes to the total number of IT,
defined before, and we let the segment visit the independent sets exactly in the order
Vay, Va@ys - - -5 Van-

The existence of all possible edges between the partite classes and the properties
of the permutations (segments) enable us to join up all the paths on 2k vertices
corresponding to the segments into one Hamiltonian path, in the following way.
For every two different integers i, j € {1,2, ..., k} there are the same positive
number of segments with one endpoint in V; and the other in V;. Moreover, since
segments induced by symmetric permutations have the same endpoints, this number
is even. Consider an auxiliary multigraph M with vertices Vi, ..., Vi, in which
edges represent segments with endpoints in different sets, and these edges join the
vertices that represent these sets. Clearly, M is Eulerian. We construct a path in G
containing all the vertices of the above segments (with endpoints in different sets)
by following an Euler tour in M starting in V;. The first, third, etc. edges in this tour
are called forward edges, and the second, fourth, etc. edges are called backward
edges. We start with a path in G consisting of one vertex of V) and extend the path
step by step as follows. If the edge V;V; is a forward edge of the tour in M, then
we extend the current path in G by joining the current end vertex in V; of the path
under construction with the endpoint in V; of the segment corresponding to the
edge V;V; by an edge (with exception of the first segment, which is simply the path
on 2k vertices with the first vertex in V;). If the edge V;V; is a backward edge, then
we extend the current path in G by joining the end vertex that is in some V; with
k # i with the endpoint in V; of the segment corresponding to V;V;. To complete a
Hamiltonian path we now consider segments with both endpoints in the same set.
Note that for every i € {1, 2, ..., k} there are the same number of segments with
both endpoints in V; (for k = 2 this number is 0). For k # 2, we extend the path
we had before by consecutively adding segments with endpoints in Vi, V,, ..., Vi,
one for eachi € {1, 2, ..., k}, using the edges between the partite classes; if there

Journal of Graph Theory DOI 10.1002/jgt



BACKBONE COLORINGS FOR GRAPHS 145

are still such segments left after this (if we do not have a Hamiltonian path in G),
we repeat this procedure a number of times, until all segments are included. We
end up with a Hamiltonian path P of G.

Consider some fixed backbone coloring of (G, P) with colors 1, ..., £. Since
G is complete k-partite, any color that shows up in some set V; cannot show up in
any V; with j # i. We denote by C; the set of colors that are used on vertices in V;.
If |C;| = 1, then V; is called mono-chromatic; if |C;| = 2, then V; is bi-chromatic;
if |C;| > 3, then V; is poly-chromatic. We denote by s1, s, and s3 the number of
mono-chromatic, bi-chromatic, and poly-chromatic sets, respectively. Then clearly

S1+52+S3=k (3)
and
s1+2s+3s3 < ¢ 4)

Colors that are used on mono-chromatic, bi-chromatic, poly-chromatic sets, are
called mono-chromatic, bi-chromatic, poly-chromatic colors, respectively. We say
that two bi-chromatic colors x, y with 1 < x < y < £ are partner colors, if C; =
{x, y} holds for some bi-chromatic set V;.

Clearly, we may assume there are mono-chromatic colors. Now consider the
following process that labels some of the colors in {1, 2, ..., £} with the labels A
and B, and that creates a number of arcs among the labeled colors.

(Phase 1). All mono-chromatic colors are labeled by label A.
(Phase 2). Repeat the following step over and over again, as long as the
condition in the if-part is met:

If there exists an unlabeled bi-chromatic color y that is adjacent to another
color z that has already been labeled A at an earlier point in time, then y is
labeled B and its partner color x is labeled A. Moreover, we create an arc
going from z to y, and another arc going from y to x.

This process eventually terminates, since the step in the second phase can be
performed at most s, times. We denote by a and b the number of A-labels and
B-labels in the final situation after termination.

Lemma 5. After termination, the following properties are satisfied.

(T1) a=b+s;.

(T2) Forevery labeled color z, there is a unique directed path from some mono-
chromatic color to z.

(T3) For two adjacent colors z and z + 1, at least one of them is not labeled A.
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Proof. Proof of (T1). After the first phase, there are exactly s; colors with A-
labels and no vertices with B-labels. Every time the step in the second phase is
performed, exactly one new label A and one new label B are created.

Proof of (T2). This is straightforward from the definition of the second phase.

Proof of (T3). Suppose for the sake of contradiction that the adjacent colors z and
z+ 1 are both labeled A. By (T2), there exists a directed path from some mono-
chromatic color x4 to z (note that x4y = z might hold). This path goes through
colors Xg(0), Yo(1)s Xg(1)> Yo(2): Xg(2)» - - - Yo )» Xo(p)» With xg(p) = z. Every color
X4 has an A-label, and every color yg(;) has a B-label. Every color yg; is adjacent
to color x4;—1). Moreover, the colors x4, and yg(;) are used on the independent set
V) By similar considerations, we find a directed path from some mono-chromatic
color Xy0) oz + 1 that goes through colors Xy0)> Yy(1)s Xy(1)s - - - » Y¥(g)s Xi(g)» with
Xy(g) = Z + 1. Every color xy; has an A-label, and every color yy; has a B-label.
Colors xy;) and yy;) are used on the independent set Vi ;).

Note that the colors in the directed path from x4) to z are pairwise distinct,
and that the colors in the directed path from xy) to z + 1 are pairwise distinct.
Also since x4(r) and xyg) have A-labels, they cannot belong to one bi-chromatic
class. So, ¢(f) # ¥(g). By the construction of the complete k-partite graph G,
there exists a subpath Q of the Hamiltonian path P that visits the independent sets
in the ordering

Vo), Voys Voys -5 Vo Vs Vi1 Ving=2s - - Vay, Vo)

Let vy and v}, ;) be the corresponding vertices on Q. What are the possible colors
for these vertices in the backbone coloring under investigation? Vertex vgo) is in a
mono-chromatic set, and so it must get color x4(). Vertex vg() is in a bi-chromatic
set, and can be colored by color x(1y or by color yg1). However, vy, is adjacent
t0 vg(1), and its color xg() is adjacent to yg1). Therefore, vy1) must be colored by
Xg1)- Analogous arguments show that every vertex vy is colored by color x4,
and that every vertex v, ;) is colored by color xy;.

Now we arrive at the desired contradiction: Vertex vy is colored by color
Xp(f) = Z, VerteX v, is colored by color xy,) = z + 1, and hence two adjacent
vertices on the backbone are colored by adjacent colors. |

Let L denote the set of colors z for which z + 1 is labeled A after termination.
If color 1 is labeled A, then |L| = a — 1, and otherwise |L| = a. In any case,
|L| > a— 1. No color in L can be labeled A, since this would contradict property
(T3) in Lemma 5. At most b of the colors in L can be labeled B. Hence, L contains
at least a — 1 — b = 51 — 1 unlabeled colors, where the equation follows from
(T1). None of these s; — 1 unlabeled colors can be bi-chromatic; otherwise, there
would be another possible step in the second phase. Hence, these s; — 1 unlabeled
colors in L must all be poly-chromatic. Among the ¢ colors used by the backbone
coloring, there are s; mono-chromatic ones, 2s, bi-chromatic ones, and at least
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s1 — 1 poly-chromatic ones. Therefore,
251 +2s, — 1 < ¢ )

Adding inequality (4) to inequality (5), and subtracting three times the equation in
(3) yields

3k4+s—1<2¢ (6)

Since s, is non-negative, (6) implies that £ > [(3k — 1)/27. For the three cases (c)
k=4t,(d)k =4t + 1,(e) k = 4t + 2 in Theorem 2 this already implies the claimed
lower bounds (c) £ > 6¢, (d) £ > 6¢ + 1, and (e) £ > 61 + 3, respectively. The case
(f) Kk = 4t + 3 can be handled as follows: If s; + s, > 3¢ 4 3, then (5) implies
£ > 61+ 5.1f s; + 55 < 3¢ + 2, then subtracting three times (3) from (4) yields

=3k > =281 —s5p > =2(s1 +50) > —61t — 4,

and hence £ > 6¢ + 5 as desired in statement (f).
It remains to prove the “small” cases k < 6 in statements (a) and (b) of Theorem
2. The cases k = 1 and k = 2 are trivial.

Proof of the case k = 3. Suppose that for the case k = 3 there is a backbone
coloring of (G, T) with £ < 4 colors. Then the equations and inequalities (3)—(6)
do not have any solution sy, s;, s3 over the non-negative integers. This settles the
case k = 3.

Proof of the case k = 4. Suppose that for the case k = 4 there is a backbone
coloring of (G, T) with £ < 6 colors. Then the equations and inequalities (3)—
(6) have 51 = 3, s, = 0, 53 = 1 as unique solution over the non-negative integers.
Up to symmetric cases Lemma 5.(T3) only allows C; = {1}, C, = {3}, C; = {5},
and C; = {1}, C, = {3}, C3 = {6} as mono-chromatic color sets. In the first case
C4 = {2, 4, 6} and in the second case C4 = {2, 4, 5}. There exists a vertex v € V4
that is adjacent to vertices from C, and from C3; on the Hamiltonian path P. In
either case, there is no feasible color for this vertex v, and we arrive at the desired
contradiction.

Proof of the case k = 5. Suppose for the sake of contradiction that for the case
k = 5 there is a backbone coloring of (G, T) with £ < 7 colors. Then the equations
and inequalities (3)—(6) have s; = 4, s, = 0, s3 = 1 as unique solution over the non-
negative integers. By Lemma 5.(T3), the only possible mono-chromatic color sets
are C; = {1}, C, = {3}, C3 = {5}, C4 = {7}. Hence, the poly-chromatic color set
must be Cs = {2, 4, 6}. But there exists a vertex v € Vs that is adjacent to vertices
from C, and from C5 on the Hamiltonian path P. Hence, there is no feasible color
for v and we arrive at the desired contradiction.

Journal of Graph Theory DOI 10.1002/jgt



148 JOURNAL OF GRAPH THEORY

Proof of the case k = 6. Suppose that for the case k = 6 there is a backbone
coloring of (G, T) with £ < 9 colors. Then the equations and inequalities (3)—(6)
have only two solutions over the non-negative integers: s; =35, s, =0, 53 =1,
ors; =4, s, =1, s3 = 1. Using Lemma 5.(T3), the first solution yields only one
possibility for the mono-chromatic color sets, with colors 1, 3, 5, 7, 9, respectively.
Since there exists a vertex v in the poly-chromatic set that is adjacent to vertices
with colors 3 and 7 in P, there is no feasible color for v. We continue with the
second solution. Suppose the colors ¢y, ¢, ¢3, and ¢4 for the mono-chromatic color
sets C1, Cy, C3, Cy4 are chosen in increasing order, and let Cs and C¢ denote the
bi-chromatic and poly-chromatic color set, respectively. For a vertex vs € Vs and
a vertex vg € Vg that are adjacent to vertices with colors ¢, and ¢4 on P, we have
no feasible color within the set {c{,c, — 1, ¢2, ¢ + 1, ¢3,c4 — 1, ¢4} of different
colors, and we obtain an extra forbidden color if ¢4 % 9. We conclude that ¢4, = 9,
and by symmetry (using c3 and c¢y) that c; = 1. If ¢3 # ¢ + 2, then by considering
two vertices from Vs and Vi that are adjacent to vertices with colors ¢; and ¢3 on P,
we obtain the eight forbidden colors 1, ¢, — 1, ¢, ¢+ 1,¢3 — 1, ¢3,c3 + 1,and 9,
so we cannot color both of these vertices. Hence, ¢3 = ¢, + 2. There remain two
possibilities, up to symmetry: ¢; = 3 (or 5) or ¢, = 4.

If ¢, = 4, we have mono-chromatic colors 1, 4, 6, 9; we obtain a contradiction
in the following way: considering vertices vs € Vs and v € Vg adjacent to vertices
with colors 1 and 6 in P, we deduce that colors 3 and 8 are not in the same set;
similarly with colors 4 and 6, we deduce that colors 2 and 8 are in different sets;
finally with colors 6 and 9, we obtain that colors 2 and 3 are in different sets, which
is absurd.

We are left with the case that ¢, = 3, and with mono-chromatic colors 1, 3, 5, 9.
Using colors 3 and 5 as in the previous case, we conclude that colors 7 and 8 cannot
be in the same set (V5 or Vg); using colors 3 and 9, the same holds for colors 6 and
7; using colors 5 and 9, the same holds for colors 2 and 7. The only possibility is a
bi-chromatic set Cs = {4, 7} and a poly-chromatic set C¢ = {2, 6, 8}. Now consider
a subpath Q of P on four vertices visiting the sets in the order V,, Vs, Vg, V,. Since
V, has color 3, the only possible color on Q in Vs is 7, and we cannot find a feasible
color on Q in Vg, our final contradiction.

4. COMPLEXITY RESULTS

This section is devoted to a proof of Theorem 3.
We start with the following straightforward observation that is useful throughout
this section.

Observation 6. Let G = (V, E) be a graph, let f,g:V — {1,...,k} be two
colorings of V such that f(v) + g(v) = k + 1 forallv € V. Then for any spanning
tree T of G, coloring f is a backbone coloring of (G, T) if and only if g is a
backbone coloring of (G, T).
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We start with the positive resultin statement (a). The cases where £ < 2 are trivial.
Now let £ > 3 and let G = (V, E) be a graph with a spanning tree T = (V, E7). Let
V = Vi U V| be the bipartition of the vertex setinduced by 7. Then in any backbone
coloring with colors {1, 2, 3}, the color 2 cannot be used at all. Consider some fixed
vertex v € V. By Observation 6, we may assume without loss of generality that
the color of v is 1. Then all vertices in V) must be colored by 1, and all vertices in
V1 must be colored by 3. Hence, BBC(G, T) = 3 if and only if G is bipartite.

Next, consider the case of backbone colorings with {1, 2, 3, 4}. Consider some
fixed vertex v € Vj. By Observation 6, we may assume without loss of generality
that the color of visin {1, 2}. Then all vertices in V) must be colored by colors {1, 2},
and all vertices in V| must be colored by colors {3, 4}. Hence, BBC(G, T) < 4 if and
only if the two subgraphs of G that are induced by Vj) and by V, are both bipartite
with the additional condition that none of the edges of E7 has end vertices with color
2 in V, and color 3 in V;. Checking these conditions can be modeled as a 2-SAT
problem, as follows. We introduce a Boolean variable x, for each vertex v € V(G),
where we let the two literals x, and X, correspond to assigning color 1 or 2 to v, if
v € Vp, and to assigning color 3 or 4 to v, if v € V;. Now G[Vp] is bipartite if and
only if there is a satisfying truth assignment for (x, V x,) A (X, V X, for each edge
uv € E(G[Vp]). The same statement holds for G[V1]. Finally, anedge uv € E7 with
u € Vp is properly colored according to a backbone 4-coloring if and only if there
is a satisfying truth assignment for x, Vv X,. Since 2-SAT is polynomially solvable
(see Garey & Johnson [12]), this completes the proof of the statement in (a).

Now let us prove the negative result in statement (b) of Theorem 3. The reduction
is done from the NP-complete classical £-coloring problem (see Garey & Johnson
[12] for more information): Given a graph H = (Vy, Ey), does there exist a proper
£-coloring of H?

Let H = (Vy, Eg) be an instance of ¢-coloring, and let vy, vy, ..., v, be an
enumeration of the vertices in Vy. We create 3(n — 1) new vertices a;, b;, ¢;
with 1 <i<n—1. For every i =1,...,n —1 we introduce the new edges

via;, a;b;, bic;, and c;v;+1. The graph that results from adding these 3(n — 1)
new vertices and these 4(n — 1) new edges to H is denoted by G. The vertices
Vi, ai, by, c1, v, a2, by, ..., cy_1, v, form a Hamiltonian path P in G. We claim
that y(H) < £ if and only if BBC(G, P) < £.

Indeed, assume that BBC(G, P) < £ and consider such a backbone £-coloring.
Then the restriction to the vertices in Vy yields a proper £-coloring of H. Next
assume that x(H) < ¢, and consider a proper £-coloring f : Vy — {1, ..., £} . We
extend f to a backbone ¢-coloring of (G, P): Every vertex b; receives color 3. If
f(v;) < 3, then g; is colored £, and otherwise it is colored 1. If f(v;11) < 3, then ¢;
is colored ¢, and otherwise it is colored 1. This completes the proof of Theorem 3.

5. CONCLUSION

In this paper, we have analyzed the combinatorics and the complexity of backbone
colorings of graphs where the backbone is formed by a Hamiltonian path or by a
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spanning tree. We have investigated the relation of the backbone coloring number
to the classical chromatic number, and we proved that the general problem is NP-
complete.

Since this area is new, it contains many open problems. We suppose that it would
be interesting to investigate the relation between the backbone coloring number
and the chromatic number for different classes of perfect graphs. We did it for split
graphs.

A split graph is a graph whose vertex set can be partitioned into a clique (i.e., a
set of mutually adjacent vertices) and an independent set (i.e., a set of mutually non-
adjacent vertices), with possibly edges in between. Split graphs were introduced
by Hammer & Foldes [16]; see also the book [13] by Golumbic. Split graphs
are perfect graphs, and hence satisfy x(G) = w(G), where w(G) is the size of a
largest clique in G. It is known (see [5] for detailed information), that for every
spanning tree 7 in a split graph G, BBC(G, T) < x(G) + 2. Also if w(G) # 3, then
for every Hamiltonian path P in G, BBC(G, P) < x(G) + 1, and if o(G) = 3, then
BBC(G, P) < 5. All these bounds are tight.

What about more interesting classes of perfect graphs like chordal graphs? It can
be shown that BBC(G, P) < x(G) + 4 whenever G is chordal and P is a Hamiltonian
path of G. We just use induction and the existence of a simplicial vertex v (its
neighbor set S induces a clique in G). Observe that the graph edges and Hamiltonian
path edges forbid at most | S| + 4 colors for v, while x(G) > |S| + 1. Does thisresult
carry over to arbitrary spanning trees, that is, does BBC(G, T) < x(G) + ¢ hold for
any chordal graph G with spanning tree 7°?

Another question is what can be said about triangle-free graphs G? Does there
exist a small constant ¢ such that BBC(G, T) < x(G) + c holds for all triangle-free
graphs G?

Finally, what about planar graphs? The four-color theorem together with
Theorem 1 implies that BBC(G, T)) < 7 holds for any planar graph G with spanning
tree 7. However, this bound 7 is probably not best possible. Can it be improved to 67
The planar graph G* in Figure 1 demonstrates that this bound cannot be improved to

FIGURE 1. A planar graph G* with a spanning tree T (bold edges) such that
BeC(G*, T") = 6.
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5: Note that graph G* consists of four copies of K4 that all have a K 3 as spanning
tree. In any backbone coloring of such a K4 with only five colors, the central vertex
of the K 3 must either receive color 1 or color 5. With this observation, it is easy
to see that BBC(G*, T*) > 6 (= 6).

An example of a planar graph G with a Hamiltonian path P such that
BBC(G, P) = 6 appears in [6].

Another open question for planar graphs is how to prove (these) upper bounds
for the backbone coloring number of a planar graph without using the four-color
theorem.

We finish the paper with a final open problem on general graphs. One may
consider requiring a larger separation between the colors along the backbone, say
| f(u) — f(v)] = X\ for some fixed integer A. Would one still get a tight bound in
the analogues of the results for tree and path backbones? For matching and star
backbones the answer is affirmative by results that appear in [6].

REFERENCES

[1] G. Agnarsson and M. M. Halldérsson, Coloring powers of planar graphs,
SIAM J Discrete Math 16 (2003), 651-662.

[2] H. L. Bodlaender, T. Kloks, R. B. Tan, and J. van Leeuwen, Approximations
for A-colorings of graphs, Computing J 47 (2004), 193-204.

[3] O. V. Borodin, H. J. Broersma, A. Glebov, and J. van den Heuvel, Stars and
bunches in planar graphs. Part I: Triangulations (Russian), Diskretn Anal Issled
Oper Ser 1 8 (2001), 15-39.

[4] O. V. Borodin, H. J. Broersma, A. Glebov, and J. van den Heuvel, Stars
and bunches in planar graphs. Part II: General planar graphs and colourings
(Russian). Diskretn Anal Issled Oper Ser 1 8 (2001), 9-33.

[5] H. J. Broersma, F. V. Fomin, P. A. Golovach, and G. J. Woeginger, Backbone
colorings for networks, in Proceedings of the 29th International Workshop
on Graph-Theoretic Concepts in Computer Science (WG 2003), LNCS 2880
(2003) 131-142.

[6] H. J. Broersma, J. Fujisawa, L. Marchal, D. Paulusma, A. N. M. Salman,
and K. Yoshimoto, A-Backbone colorings along pairwise disjoint stars and
matchings. Submitted (2006).

[7] G. J. Chang and D. Kuo, The L(2, 1)-labeling problem on graphs, SIAM J
Discrete Math 9 (1996), 309-316.

[8] J. Fiala, A. V. Fishkin, and F. V. Fomin, Off-line and on-line distance
constrained labeling of graphs, Theoret Comput Sci 326 (2004), 261-292.

[9] J. Fiala, T. Kloks, and J. Kratochvil, Fixed-parameter complexity of A-
labelings, Discrete Appl Math 113 (2001), 59-72.

[10] J. Fiala, J. Kratochvil, and A. Proskurowski, Systems of distant representatives,
Discrete Appl Math 145 (2005), 306-316.

Journal of Graph Theory DOI 10.1002/jgt



162 JOURNAL OF GRAPH THEORY

[11] D. A. Fotakis, S. E. Nikoletseas, V. G. Papadopoulou, and P. G. Spirakis,
Radiocoloring in planar graphs: complexity and approximations, Theoret
Comput Sci 340 (2005), 514-538.

[12] M. R. Garey and D. S. Johnson, Computers and Intractability, A Guide to the
Theory of NP-Completeness W.H. Freeman and Company, New York, 1979.

[13] M. C. Golumbic, Algorithmic Graph Theory and Perfect Graphs, Academic
Press, New York, 1980.

[14] J. R. Griggs and R. K. Yeh, Labelling graphs with a condition at distance 2,
SIAM J Discrete Math 5 (1992), 586-595.

[15] W. K. Hale, Frequency assignment: Theory and applications, Proceedings of
the IEEE 68 (1980), 1497-1514.

[16] P.L.Hammer and S. Foldes, Split graphs, Congressus Numerantium 19 (1977),
311-315.

[17] J. van den Heuvel, R. A. Leese, and M. A. Shepherd, Graph labeling and radio
channel assignment, J Graph Theory 29 (1998), 263-283.

[18] J. van den Heuvel and S. McGuinness, Colouring the square of a planar graph,
J Graph Theory 42 (2003), 110-124.

[19] T.K.Jonas, Graph coloring analogues with a condition at distance two: L(2, 1)-
labellings and list A-labellings. Ph.D. Thesis, University of South Carolina,
1993.

[20] R. A. Leese, Radio spectrum: a raw material for the telecommunications
industry, in Progress in Industrial Mathematics at ECMI 98, Teubner, Stuttgart
(1999), 382-396.

[21] M. Molloy and M. R. Salavatipour, A bound on the chromatic number of the
square of a planar graph, J Combin Theory Ser B 94 (2005), 189-213.

[22] G. Wegner, Graphs With Given Diameter and a Colouring Problem. Preprint,
University of Dortmund, 1977.

Journal of Graph Theory DOI 10.1002/jgt



