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Abstract

We classify non-complete prime valency graphs satisfying the property that
their automorphism group is transitive on both the set of arcs and the set of 2-
geodesics. We prove that either I' is 2-arc transitive or the valency p satisfies p =
1 (mod 4), and for each such prime there is a unique graph with this property:
it is a non-bipartite antipodal double cover of the complete graph K, ; with
automorphism group PSL(2,p) X Zs and diameter 3.
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1 Introduction

In this paper, graphs are finite, simple and undirected. For a graph I, a vertex triple
(u,v,w) with v adjacent to both u and w is called a 2-arc if u # w, and a 2-geodesic
if in addition u,w are not adjacent. An arc is an ordered pair of adjacent vertices. A
non-complete graph I' is said to be 2-arc transitive or 2-geodesic transitive if its au-
tomorphism group is transitive on arcs, and also on 2-arcs or 2-geodesics, respectively.
Clearly, every 2-geodesic is a 2-arc, but some 2-arcs may not be 2-geodesics. If I" has
girth 3 (length of the shortest cycle is 3), then the 2-arcs contained in 3-cycles are
not 2-geodesics. Thus the family of non-complete 2-arc transitive graphs is properly
contained in the family of 2-geodesic transitive graphs. The graph in Figure 1 is the
icosahedron which is 2-geodesic transitive but not 2-arc transitive with valency 5.

The study of 2-arc transitive graphs goes back to Tutte [16] [17]. Since then, this
family of graphs has been studied extensively, see [1], 9] [14] 18, 19]. In this paper, we are
interested in 2-geodesic transitive graphs, in particular, which are not 2-arc transitive,
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Figure 1: Icosahedron

that is, they have girth 3. We first construct a family of coset graphs, and prove that
each of these graphs is 2-geodesic transitive but not 2-arc transitive of prime valency.
We then prove that each graph with these properties belongs to the family.

For a finite group G, a core-free subgroup H (that is, [ gec HY = 1), and an element
g € G such that G = (H, g) and HgH = Hg 'H, the coset graph Cos(G,H, HgH) is
the graph with vertex set { Hz|z € G}, such that two vertices Hx, Hy are adjacent if
and only if yo—!' € HgH. This graph is connected, undirected, and G-arc transitive of
valency |H : H N HY|, see [12].

Definition 1.1 Let C(5) be the singleton set containing the icosahedron, and for a
prime p > 5 withp = 1 (mod 4), let C(p) consist of the coset graphs Cos(G, H, HgH) as
follows. Let G = PSL(2,p), choose a € G of order p, so Ng({a)) = (a) : (b) = Z, : Zpa

for some b € G of order Z1. Then Ng((b?)) = (b) : (¢) = D,_; for some ¢ € G of order
2. Let H = {(a) : (b*) and g = cb* for some i.

These graphs have appeared a number of times in the literature. They were con-
structed by D. Taylor [15] as a family of regular two-graphs (see [3, p.14]), they ap-
peared in the classification of antipodal distance transitive covers of complete graphs
in [6], and were also constructed explicitly as coset graphs and studied by the third
author in [11]. (Antipodal covers of graphs are defined in Section 2.)

A path of shortest length from a vertex u to a vertex v is called a geodesic from
u to v, or sometimes an ¢-geodesic if the distance between u and v is ¢. The graph I'
is said to be geodesic transitive if its automorphism group is transitive on the set of
1-geodesics for all positive integers ¢ less than or equal to the diameter of T'.

Theorem 1.2 (a) A graph I' € C(p) if and only if ' is a connected non-bipartite
antipodal double cover of K11 with p=1 (mod 4), and Autl' = PSL(2,p) X Z,.

(b) For a given p, all graphs in C(p) are isomorphic, geodesic transitive and have
diameter 3.

Our second result shows that the graphs in Definition [[LT] are the only 2-geodesic
transitive graphs of prime valency that are not 2-arc transitive.

Theorem 1.3 Let I" be a connected non-complete graph of prime valency p. Then T is
2-geodesic transitive if and only if I is 2-arc transitive, orp =1 (mod 4) and T" € C(p).



These two theorems show that up to isomorphism, there is a unique connected
2-geodesic transitive but not 2-arc transitive graph of prime valency p and p = 1
(mod 4). The family of 2-geodesic transitive but not 2-arc transitive graphs of valency
4 has been determined in [4]. It would be interesting to know if a similar classification
is possible for non-prime valencies at least 6. This is the subject of further research by
the second author, see [10].

2 Preliminaries

In this section, we give some definitions and prove some results which will be used
in the following discussion. Let I' be a graph. We use VI', ET and Autl to denote its
vertex set, edge set and automorphism group, respectively. The size of VI is called the
order of the graph. The graph I' is said to be wvertex transitive if the action of Autl’
on VT is transitive.

For two distinct vertices u, v of I', the smallest value for n such that there is a path
of length n from wu to v is called the distance from u to v and is denoted by dr(u,v).
The diameter diam(I") of a connected graph I' is the maximum of dr(u,v) over all
u,v € VI'. We set I'y(v) = {u € VT'|dr(v,u) = 2} for every vertex wv.

Quotient graphs play an important role in this paper. Let GG be a group of permuta-
tions acting on a set 2. A G-invariant partition of ) is a partition B = {By, B, ..., B,}
such that for each g € G, and each B; € B, the image BY € B. The parts of () are
often called blocks of G on (). For a G-invariant partition B of €2, we have two smaller
transitive permutation groups, namely the group G® of permutations of B induced by
G; and the group ng induced on B; by Gp, (the setwise stabiliser of B; in G) where
B; € B. Let I' be a graph, and let G < Autl'. Suppose B = {B;, Bs,...,B,} is a
G-invariant partition of VI'. The quotient graph 'z of T' relative to B is defined to be
the graph with vertex set B such that {B;, B;} (i # j) is an edge of I'p if and only
if there exist x € B;,y € B, such that {z,y} € ET. We say that I'p is nontrivial if
1 < |B| < |VI'|. The graph I' is said to be a cover of I'p if for each edge {B;, B;} of
I's and v € B;, we have |I'(v) N B;| = 1.

For a graph I, the k-distance graph 'y, of I' is the graph with vertex set VIT', such that
two vertices are adjacent if and only if they are at distance k in I". If d = diam(I") > 2
and I'y is a disjoint union of complete graphs, then I' is said to be an antipodal graph. In
other words, the vertex set of an antipodal graph I' of diameter d, may be partitioned
into so-called fibres, such that any two distinct vertices in the same fibre are at distance
d and two vertices in different fibres are at distance less than d. For an antipodal graph
I' of diameter d, its antipodal quotient graph ¥ is the quotient graph of I' where B is
the set of fibres. If further, I' is a cover of X, then I' is called an antipodal cover of X.

Paley graphs were first defined by Paley in 1933, see [I3]. These graphs are vertex
transitive, self-complementary, and have many nice properties. Let ¢ = p® be a prime
power such that ¢ =1 (mod 4). Let F}, be the finite field of order ¢q. The Paley graph
P(q) is the graph with vertex set Fj, where two distinct vertices u,v are adjacent if
and only if u — v is a nonzero square in Fj,. The congruence condition on ¢ implies that
—1 is a square in Fy, and hence P(q) is an undirected graph.

Lemma is used in the proof of Theorem [L3] and its proof uses the following
famous result of Burnside.



Lemma 2.1 ( [5, Theorem 3.5B|) A primitive permutation group G of prime degree p
is either 2-transitive, or solvable and G < AGL(1,p).

For a finite group G, and a subset S of G such that 1 ¢ S and S = S™!, the Cayley
graph Cay (G, S) of G with respect to S is the graph with vertex set G and edge set
{{9,89} | g € G,s € S}. The Paley graph P(q) is a Cayley graph for the additive group
G = I with S = {w? w, ..., wi™t = 1}, where w is a primitive element of F},.

Lemma 2.2 Let I' be an arc transitive graph of prime order p and valency p%l. Then
p=1 (mod 4), Autl' = Z, : Zp, and I' = P(p).

Proof. Since I' has valency p;21’ p is an odd prime. Since I' has the given order and
valency, it follows that I has p(21)/2 edges. This implies that p =1 (mod 4).

Let A = Autl'. Since A is transitive on VI and p is a prime, A is primitive on VT,
and since I is arc transitive, |A| is divisible by ’@. Since I' is neither complete nor
empty, it follows by Lemma 2.1 that A < AGL(1,p) = Z, : Z,_,. Thus |A| is a proper
divisor of p(p — 1), and at least p(p;”, and so |A] = @. Hence A= 7, Zpo.

Since Z, is regular on VT, it follows from [2, Lemma 16.3] that I is a Cayley graph
for Z,. Thus I' = Cay(G,S) where G = Z,, S C G\ {0}, S = S~ and |5| = &1
Now we may identify G with F; where [}, is a finite field of order p. Let v € VI be
the vertex corresponding to 0 € GG. Then A, is the unique subgroup of order p—gl of
F¥ = (w), that is, A, = (w?®). The A,-orbits in F, are {0}, S; = {w®, w?,... wP™'}
and Sy = {w,w?,..., wP™?}, and so S = S; or Sy, and I' = P(p) or its complement
respectively. In either case, I' = P(p). O

To end the section, we cite a property of Paley graphs which will be used in the
next section.

Lemma 2.3 ([7, p.221]) Let I' = P(q), where q is a prime power such that ¢ = 1
(mod 4). Letu,v be distinct vertices of T'. Ifu,v are adjacent, then |I'(u)NI(v)| = &2;

. : -1
if u,v are not adjacent, then |I'(u) NT'(v)| = 4=,

3 Proof of Theorem

We study graphs in the family C(p) for each prime p =1 (mod 4). We first collect
some properties of graphs in C(p) for p > 5, which can be found in [I1, Theorem 1.1]
and its proof.

Remark 3.1 Let T' € C(p) and p > 5. Then G = (H,g), T is connected and G-
arc transitive of valency p, Auwtl’ = G x Zy, |VI'| = |G : H| = 2p + 2. Further,
diam(I") = girth(I') = 3, so I" is not 2-arc transitive.

The orbit set B = {Ay,Ag,..., A 1} of the normal subgroup K = Z; of Autl’
forms a system of imprimitivity for Autl’ in VI, and it follows from the proof of
[11, Theorem 1.1] that this is the unique nontrivial system of imprimitivity and the
kernel of the action of Autl’ on B is the normal subgroup K. Fori =1,...,p+ 1,
let A; = {v;,v/}. Then v; is not adjacent to v, and for each j # i, v; is adjacent
to exactly one point of A; and v} is adjacent to the other. Thus, I'(v;) NT'(v}) = 0,
VI ={v;} UT'(v1) U{vi} UT'(v]), and I is a non-bipartite double cover of K.
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The next lemma shows that graphs in C(p) are geodesic transitive.

Lemma 3.2 Let p be a prime andp =1 (mod 4). Then each graph in C(p) is geodesic
transitive of girth 3 and diameter 3.

Proof. Let I" € C(p). If p = 5, then T is the icosahedron of girth 3 and diameter 3.
Its automorphism group is PSL(2,5) x Z, and it is geodesic transitive. Now suppose
that p > 5. Let B be as in Remark Bl A := Autl', v; € VI' and u € T'(v1). Let K
be the kernel of the A-action on B so that the induced group A® = A/K. Then by
the proof of [I1, Theorem 1.1], K = Z, < A, A = G x K, A® =2 G = PSL(2,p) and
(AB)A, @ A,,. Since A = G x Z, it follows that |A,,| = @, and by Lemma 2.4
of [1I], Ay, = Z,: Z rot, which has a unique permutation action of degree p, up to
permutational isomorphism. Since I' is A-arc transitive, A,, is transitive on I'(v;) and
hence on B\ {A;}, and therefore also on I'(v}), all of degree p. Thus the A,,-orbits
in VI are {v},(vy),I'(v]) and {v1}, and it follows that I'(v}) = I's(vy). Moreover,

Ay = Zp-1 has orbit lengths 1, 221, 221 in I'(v;), and hence has the same orbit lengths

in Iy(vy), and also in I'(u) (since A,,, is the point stabiliser of A, acting on I'(u)).
Since I'(v1) NT(u) # 0, it follows that the A,, ,-orbits in I'(u) are {v;},'(v1) N (u),
and I's(vy) NT'(w). Thus I' is (A, 2)-geodesic transitive and girth(I') = 3. Further, as
[3(vy) = {v}}, it follows that I is geodesic transitive and has diameter 3. O

In the proof of the second part of Theorem [[.2] we repeatedly use the fact that each
o € AutG induces an isomorphism from Cos(G, H, HgH ) to Cos(G, H?, H?g° H?), and
in particular, we use this fact for the conjugation action by elements of GG. For a subset
A of the vertex set of a graph T', we use [A] to denote the subgraph of T' induced by
A.

Proof of Theorem (a) Suppose first that I" is a connected non-bipartite antipodal
double cover of K1 with p =1 (mod 4), and A := Autl’ = PSL(2,p) X Zy. Then
|[VI'| = 2p + 2, and for each u € VI, let v’ € VI be its unique vertex at maximum
distance. Then |I'(u)| = p = [['(v)], and T'(u) NT'(v') = @. Since I' is connected, it
follows that VI' = {u} UT'(u) UT'(v') U{v'}, and the diameter of I is 3.

Let B ={By, By, ..., Bp+1} be the invariant partition of VI such that I'z = K, 4
and I' is a non-bipartite antipodal double cover of I's. Let K be the kernel of the
A-action on B. As each |B;| = 2, it follows that K is a 2-group. Further, as K is a
normal subgroup of A and PSL(2,p) is a simple group, it follows that K = Z5. Thus
G := PSL(2,p) acts faithfully on B. Since the G-action on p 4+ 1 points is unique and
this action is 2-transitive, it follows that G is 2-transitive on B, and so I'z is G-arc
transitive. Thus either G is transitive on VI or GG has two orbits A, Ay in VI of size
p + 1. Suppose the latter holds. If the induced subgraph [A;] contains an edge, then
[A;] = Kp41, as the G-action on p+ 1 points is 2-transitive. It follows that I' = 2- K, 14
contradicting the fact that T' is connected. Hence [A;] does not contain edges of T, and
so I' is a bipartite graph, again a contradiction. Thus G is transitive on V.

Let By be a block and v € By. Then Gp, = Z, : ZpT—l and G, = Z,, : ZpT—l. As G,
has an element of order p, G, is transitive on I'(u), and hence I' is G-arc transitive.

Let p = 5. Suppose By = {u,u'}. Since I' is G-arc transitive, it follows that G,
is transitive on I'(u) and G, is transitive on I'(v'). As G, = Guw = Gy = Zs and



[3(u) = {u'}, it follows that I' is G-distance transitive. Thus by [3, p.222, Theorem
7.5.3 (ii)], T is the icosahedron, so T' € C(5).

Now assume that p > 5. AsT'is connected and G-arc transitive, I' = Cos(G, H, HgH)
for the subgroup H = G, and some element g € G\ H, such that (H,g) = G and
g*> € H. Let a € H and o(a) = p. Then (a) is a Sylow p-subgroup of G. Thus
H = {a) : (b*) where Ng({(a)) = (a) : (D).

Now we determine the element g. Let u = H and v = Hg in VI'. Then G, = H
and G, = (b*). Further, Gy, = (GuNG) = GING) = G, NG, = Gy, and
hence (b*)9 = (b?). Thus g € Ng((b*)) = D, 1 = (b) : (z) for some involution .
If g = b for some i > 1, then (H,g) < Nx({(a)) = (a) : (y) where X = PGL(2,p)
and y? = b, contradicting the fact that (H,g) = G. Thus g = b’z for some i, and so
Ne((0*)) 2 D,y = (b) : {g). Thus I' = Cos(G, H, HgH) € C(p).

Conversely, assume that I' € C(p). If T is the icosahedron, then we easily see that
I' is a connected non-bipartite antipodal double cover of Kg and its automorphism
group is PSL(2,5) x Zy. If p > 5, then by Remark B] I" is a connected non-bipartite
antipodal double cover of K, ; and Autl’ = PSL(2,p) x Z,.

(b) The claims in part (b) hold for the icosahedron, so assume that p > 5and p =1
(mod 4), and let G = PSL(2,p). Let elements a;, b;, g; and subgroups H; be chosen as
in Definition [Tl for ¢ € {1,2}. Let X = PGL(2,p) = AutG.

Since all subgroups of G of order p are conjugate there exists x € G such that
(as)® = (a1), so we may assume that (a;) = (as) = M, say. Let Y = Nx(M). Then
Y = M : (y) where o(y) =p—1, and Hy = M : (b?) and Hy = M : (b3) are equal to
the unique subgroup of Y of order p(pf;l), that is, H, = Hy, = M : (y*) = H, say. Next,

p—1

since all subgroups of Y of order #= are conjugate, there exist x1, 22 € Y such that

(b3)™r = (b2)™> = (y*). Since each z; normalises H we may assume in addition that
(b3) = (b2) = (y*) < (y). Thus g1, g» are non-central involutions in Ng({y*)) = D,_,
an index 2 subgroup of Nx((y*)) = (y) : (2) = Dsp-1). The set of non-central
involutions in Ng((y*)) forms a conjugacy class of Nx({y*)) of size £+ and consists
of the elements y*z, for 0 < i < p—;l. The group (y) acts transitively on this set of
involutions by conjugation (and normalises H). Hence, for some u € (y), H* = H and
g4 = ¢g1. Thus all graphs in C(p) are isomorphic. Finally, by Lemma B.2], these graphs

are geodesic transitive of diameter 3. O

4  Proof of Theorem

In this section, we will prove Theorem [[.3] in a series of lemmas. For all lemmas
of this section, we assume that I' is a connected 2-geodesic transitive graph of prime
valency p and we denote Autl’ by A. Note that the assumption of 2-geodesic transitivity
implies that the graph is not complete. If I' is 2-arc transitive, there is nothing to prove,
so we assume further that this is not the case, that is to say, we assume that I' has
girth 3. The first lemma determines some intersection parameters.

Lemma 4.1 Let (v,u,w) be a 2-geodesic of I'. Then p =1 (mod 4), [I'(v) NT'(u)| =
To(v) NL(uw)| = 2 and |D(v) NT(w)| divides E2. Moreover, AV Zy: Zp-1 is

2 =

)

Frobenius group, and Ay = Zp_ s transitive on I'(v) NI (w).



Proof. Since I is 2-geodesic transitive but not 2-arc transitive, it follows that I" is not
a cycle. In particular, p is an odd prime. Let |I'(v) NT'(u)| =  and |T'y(v) NT(u)| = y.
Then z +y = |I'(u) \ {v}| = p — 1. Since girth(I') = 3, > 1. Since p is odd and the
induced subgraph [I'(v)] is an undirected regular graph with ZF edges, it follows that x
is even. This together with x +y = p — 1 and the fact that p — 1 is even, implies that
y is also even.

Since I is arc transitive, Av® s transitive on ['(v). Since p is a prime, Av®) acts
primitively on I'(v). By Lemma 2.1], either AN g 2-transitive, or AL is solvable and
AW < AGL(1,p). Since I' is not complete, it follows that [I'(v)] is not a complete
graph. Also since girth(T') = 3, [['(v)] is not an empty graph and so AT s not 2-
transitive. Hence A" < AGL(1,p). Thus AT o Zy : Zm is a Frobenius group,
where m|(p — 1) and m < p — 1. Hence m < &2

Since I is vertex transitive, it follows that AZ(“’ = Z,: Zy,, and hence AE(ff ) Zm

is semiregular on I'(u) \ {v} with orbits of size m. Since I is 2-geodesic transitive, AW
is transitive on I'y(v) N I'(u), and hence y = |I'y(v) NT'(u)| =m,sox =p—1—m =
m(E2 — 1) > m, and z is divisible by m.

Now again by arc transitivity, |I'(u) N I'(w)| = |I'(u) N T'(v)| = . Since |I'y(v) N
[(u)] = m, it follows that |I'y(v) N T'(uw) N T(w)| < m — 1. Since I'(w) N T'(u) =
(T(w) NT(u) NT'(v)) U (I'(w) NT'(u) NTy(v)), it follows that

< |Tw)NT(w) NTW)| +(m—1). ()

Let z = |[I'(v) N T'(w)| and n = |T'y(v)|. Since I' is 2-geodesic transitive, z,n are
independent of v, w and, counting edges between I'(v) and I's(v) we have pm = nz.
Now z < |I'(v)| = p. Suppose first that z = p. Then m = n and I'(v) = I'(w), and so
for distinct wq,wy € Ta(v), dr(wy,wy) = 2. Since I' is 2-geodesic transitive, it follows
that I'(v) = I'(v') whenever dp(v,v") = 2. Thus diam(I') =2, VI' = {v} UT'(v) Uy (v)
and |VT'| = 14+p+m. Let A = {v}UTI's(v). Then for distinct vy, v] € A, dp(v1,v]) = 2;
for any v} € VI'\ A, v, v} are adjacent. Thus, for any v; € A, A = {1} UTy(vy). Tt
follows that A is a block of imprimitivity for A of size m+ 1. Hence (m+1)|(p+m+1),
so (m+1)|p. Since m|(p—1), it follows that m+1 = p which contradicts the inequality
m < p—gl.

Thus z < p, and so z divides m, as pm = nz. Since |I'(w) NT'(u) NT'(v)] < 2, it
follows from (%) that z < z+4 (m — 1) < 2m — 1 < 2m. Since z is divisible by m and
x > m we have x = m. Thus 2m =x+y =p — 1, sox:y:m:p—;l, and since
xis even, p =1 (mod 4). Also z = m implies that ALY is transitive on L(v) N T(w).

Finally, since nz = pm = p(p—;l) and z < p, it follows that z divides p%l. O

Lemma 4.2 Forv € VI, the stabiliser A, = Z,, : Z»—1 is a Frobenius group.
2

Proof. Suppose that (v,u) is an arc of I. Then by Lemma [A.T] AN o~ Zy ZpT—l is

a Frobenius group, and AE,(;’) = Zp-1 is regular on I'(v) N I'(u). Let K be the kernel
of the action of A, on I'(v). Let v’ € I'(v) NI'(v) and z € K. Then z € A,,, . Since
AW ~ 7 p-1 Is semiregular on [(u) \ {v}, it follows that z fixes all vertices of I'(u).

Since z also fixes all vertices of I'(v), this argument for each u € I'(v) shows that z
fixes all vertices of I'y(v). Since I' is connected, = fixes all vertices of I', and hence
r=1 Thus K =1,s0 A, = Z,: ZpT—l is a Frobenius group. O
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Lemma 4.3 Let (v,u,w) be a 2-geodesic of I'. Then |I(v) NT(w)| = &2, [Ta(v) N
D(w) NI ()] = 27, \ 2(0)] = p, and [a(o) 1 T(w)] =25+

Proof. Let z = |T'(v)NI'(w)| and n = |T9(v)|. By LemmalZIl |I'(u)NTy(v)| = 25 and
2|21, Counting the edges between I'(v) and T's(v) gives £2p = nz. By Lemma E2]
Ayw = Zp-1, and by Lemma 1] A, ,, is transitive on I'(v) N T'(u), so [I'(u)] is A,-arc
transitive.2 Since p is a prime, it follows by Lemma that [['(u)] is a Paley graph
P(p). Since v, w € I'(u) are not adjacent, by Lemma B3} |I'(v) N T'(u) N T'(w)| = 22

4

hence z > pf + 1. Since z|’%1, it follows that z = p;21. Hence n = p. Thus,
IT'(v) NT(w)| = 22 and [T2(v)| = p
By Lemma B, we have |T'(v) N I(u)| = 22, Since I is arc transitive, it follows

that [D(vi) N T (ve)| = B2 for every arc (vy,vs). Thus, |I'(u) NT(w)| = &L, Since
['(u) N (w) = (T(v) NT(u) N T(w)) U (T2(v) NI (w) NT(w)) where T'(v) NT(u) N T(w)
and I's(v) NT'(u) N T'(w) are disjoint, and since |I'(v) N T'(u) NT'(w)| = E=, it follows
that [[a(v) NT(u) NT(w)| = &1 — &2 = 2L, Since 4, = Z,, : Zp—l it follows that
Avw = Zpoa and Ay, Is semiregular on y(v) \ {w} with orbits of size 21

p—1
4

2 . Since
Ty(v) NT(w) € T(w) \ L(v) (of size Z51) and since |To(v) NT(w) N T (u)| = 22 > 0, it

follows that |To(v) NT(w)| = &1, O

Lemma 4.4 Let v be a vertex of I'. Then |I's(v)| = 1 and diam(I') = 3, so I is
antipodal with fibres of size 2. Further, I' is geodesic transitive.

Proof. Suppose that (v, u,w) is a 2-geodesic of I'. Then by Lemmal3] |I'(v) NI'(w)|
21 and |y (v)NI(w)| = 22, Hence |T3(v)NE(w)| = p—|L(v)NL(w)|—|Ta(v)NT(w)] =
1. Since I' is 2-geodesic transitive, it follows that |['s(v)NI'(wy)| = 1 for all wy € I'y(v).
Thus T is 3-geodesic transitive.

Let I's(v)N['(w) = {v'}, n = |I'3(v)| and ¢ = [Ty (v)NI'(v")|. Counting edges between
['y(v) and T'3(v), we have p = ni. Since [I'(w)] is a Paley graph and w, v’ € I'(w) are
not adjacent, it follows from Lemma that [[(u) N D(w) N T(v)| = &2, Since
I'(u) NTy(v) contains these 2 vertices as well as w, we have i > 252 > 1. Thus i = p
and n = 1, that is, |I's(v)| = 1. Since |I'y(v) NI(V)] = p and |I'2(v)| = p, it follows
that ['y(v) = I'(v'), so diam(I') = 3 and I' is antipodal with fibres of size 2. Therefore
I' is geodesic transitive. O

We are ready to prove Theorem [L.3]

Proof of Theorem [I.3l Let I' be a connected non-complete graph of prime valency
p. Suppose first that I' is 2-geodesic transitive. If girth(I') > 4, then every 2-arc is a
2-geodesic, so I' is 2-arc transitive. Now assume that girth(I') = 3. Let v € VI'. Then
it follows from Lemmas [£]] to 4] that p = 1 (mod 4), |I'y(v)| = p, |I's(v)] = 1 and
diam(I") = 3. Thus, VI' = {v} UT'(v) Ul (v) U{v'}, where I's(v) = {v'}, T'(v) = T'2(v')
and ['y(v) = ['(v'), and also |VT'| = 2p + 2. Further, by Lemma[£4] I is antipodal and
geodesic transitive.

Let B = {Ay, Ao, ..., Api1} where A; = {uw;, ul} such that dr(u;,u}) = 3. Then
each A, is a block for A := Autl of size 2 on VI'. Further, for each j # i, u; is adjacent
to exactly one vertex of A;, and ] is adjacent to the other. The quotient graph ¥ = I'p
is therefore a complete graph K, and I' is a cover of ¥. In particular, the map o
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such that uf = w} and u” = u; for all 7 is an automorphism of I of order 2, and fixes
each of the A; setwise.

We now determine the automorphism group A. By Lemmald2 A, = Z,:Z el is
a Frobenius group, and so |A| = |4,[.|VT| = p(p+ 1)(p — 1). Let K be the kernel
of A acting on B. Then A is an extension of K by the factor group A®. Since I'
is a cover of ¥, the kernel K is semiregular on VI', and hence has order at most
2. Since the involution ¢ defined above lies in K, it follows that K = Z,. Thus
|AB| = |A/K| = tese=l).

Since I is arc transitive, the quotient graph ¥ = K, is AP-arc transitive. Thus, A®
is 2-transitive on the vertex set B, and the point stabiliser (A5)a, = KA,, /K = A, =

yASvA p1 is a Frobenius group, so A® is a Zassenhaus group. Since |AB| = W

and AP is not 3-transitive on B, by [8, Theorem 11.16], A® = PSL(2,p). Therefore,
we have

A= K.AP = 7, PSL(2,p).
Suppose that the extension of Zs by PSL(2, p) is non-split. Then A = SL(2, p) has only
one involution, which lies in the center of A. However, the stabiliser (48)r, 2 Z,: Z b1

is of even order and has trivial center, which is a contradiction. So the extension K.AB
is split, and A = Z, x PSL(2,p). It now follows from Theorem (a) that I" € C(p).

Conversely, if I is 2-arc transitive, then it is 2-geodesic transitive. If I' € C(p), then
by Theorem (b), I' is 2-geodesic transitive. O
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