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Abstract

A retract of a graph I is an induced subgraph ¥ of I" such that there exists a homomor-
phism from T to ¥ whose restriction to ¥ is the identity map. A graph is a core if it has
no nontrivial retracts. In general, the minimal retracts of a graph are cores and are unique
up to isomorphism; they are called the core of the graph. A graph I' is G-symmetric if G
is a subgroup of the automorphism group of I" that is transitive on the vertex set and also
transitive on the set of ordered pairs of adjacent vertices. If in addition the vertex set of I
admits a nontrivial partition that is preserved by G, then I' is an imprimitive G-symmetric
graph. In this paper cores of imprimitive symmetric graphs I' of order a product of two
distinct primes are studied. In many cases the core of I' is determined completely. In other
cases it is proved that either I' is a core or its core is isomorphic to one of two graphs, and
conditions on when each of these possibilities occurs is given.
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1 Introduction

All graphs in this paper are finite and undirected without loops or multi-edges. The order
of a graph is its number of vertices. A homomorphism from a graph I" to a graph V¥ is a
map ¢ : V(I') — V(¥) such that whenever x,y € V(I') are adjacent in I', ¢(z) and ¢(y) are
adjacent in W. The subsets ¢~1(v) := {z € V(') : ¢(z) = v} of V(I'), v € V(¥) are called
the fibres of ¢. It is readily seen that all fibres are (possibly empty) independent sets of T' (see
e.g. [10, Proposition 2.11]). Whenever there exists a homomorphism ¢ from I' to ¥, we denote
¢:1T'— V¥ or simply I' = W. For example, if I" is a subgraph of ¥, then I' = ¥ by the inclusion
homomorphism, that is, the homomorphism that maps each vertex of I" to itself.

A homomorphism ¢ from I" onto an induced subgraph ¥ of T' is called a retraction if the
restriction of ¢ to V(¥) (denoted by ¢ |g) is the identity map; in this case ¥ is called a retract
of I'. A graph is called a core if it has no nontrivial retracts. In general, the minimal retracts of
a graph are cores and are unique up to isomorphism. So we can speak of the core of a graph I,
denoted by I'*. Thus there exists a retraction ¢ : I' — I'* (so that ¢ |p» is the identity map from
V() to V(I'*)). A homomorphism from I" to itself is called an endomorphism of T'. A core
can be equivalently defined (see e.g. [10, Proposition 2.22]) as a graph whose endomorphisms
are all automorphisms.

A core can also be defined by virtue of the homomorphism equivalence relation. Two graphs
I" and ¥ are said to be homomorphically equivalent, denoted by I' <> W, if we have both I' — ¥
and ¥ — I'. This defines an equivalence relation that is coarser than isomorphism. It can be


http://arxiv.org/abs/1611.06267v1

verified that each equivalence class contains a unique graph (up to isomorphism) with smallest
order; such a graph is a core, or the core of any graph in the class.

Cores play an important role in the study of homomorphisms and graph colourings. For
instance, a graph has a complete graph as its core if and only if its clique and chromatic
numbers are equal, and any graph and its core have the same chromatic number. Unfortunately,
in general it is difficult to determine the core of a graph. In fact, not many families of graphs
whose cores have been determined are known so far, the simplest being non-empty bipartite
graphs of which the cores are the complete graph Ky of order 2. The reader is referred to [10]
for a survey on homomorphisms, retracts and cores of graphs.

In [10, Theorem 3.7] it was proved that the core of any vertex-transitive graph is vertex-
transitive. In [10, Theorem 3.9] it was proved further that, for a vertex-transitive graph T,
the order of I'* divides the order of I'. In particular, vertex-transitive graphs of prime orders
are cores. In [21] the problem about when the vertex set of a vertex-transitive graph can be
partitioned into subsets each inducing a copy of its core was studied. It was proved that Cayley
graphs with connection sets closed under conjugation and vertex-transitive graphs with cores
half their order admit such partitions. In [7, Theorem 7.9.1] it was proved that Kneser graphs
(which are vertex-transitive) are cores. Complete graphs (which are clearly vertex-transitive)
are also cores.

The proof of [10, Theorem 3.7] can be extended to prove that the core of a symmetric (arc-
transitive) graph is also symmetric (see Theorem 2.3). Two-arc-transitive graphs form a proper
subfamily of the family of symmetric graphs, and in [7, Theorem 6.13.5] it was proved that any
connected non-bipartite two-arc-transitive graph is a core. A rank-three graph is a graph whose
automorphism group is transitive on vertices, ordered pairs of adjacent vertices and ordered
pairs of non-adjacent vertices. Thus rank-three graphs are necessarily symmetric and strongly
regular. In [2] it was proved (as a consequence of a more general result) that if I' is a rank-three
graph then either I is a core or I'* is a complete graph. In the same paper the authors asked
whether the same result holds for all strongly regular graphs. This was confirmed in [9] for two
families of strongly regular graphs that are not necessarily rank-three graphs. In [9] it was also
proved that any distance-transitive graph is either a core or has a complete core.

In this paper we study the cores of imprimitive symmetric graphs of order a product of
two distinct primes. All symmetric graphs of order a product of two distinct primes were
classified in [4, 18, 19, 25|, and many interesting graphs arose from this classification. (In fact,
all vertex-transitive graphs of order a product of two distinct primes were classified in [19]
and [17] independently.) In [6] imprimitive automorphism groups of metacirculant graphs of
order a product of two distinct primes were classified. This together with previously known
results completed the classification of automorphism groups of vertex-transitive graphs of order
a product of two distinct primes. The fact that imprimitive symmetric metacirculants are
circulants can be derived from [6] and will be used in our study in the present paper.

The main result in this paper is as follows. (The graphs in Tables 1 and 2 will be defined in
§4.1, §3 and §5.1. All graphs I" in Table 1 are circulant graphs as we will justify in §4.1.)

Theorem 1.1. Let p and q be primes with 2 < p < q, and let I' be an imprimitive symmetric
graph of order pq. Then the core I'* of I' is given in the third column of Tables 1 and 2.

As shown in Tables 1-2, in many cases we determine I'* completely. In other cases we prove
that either I' is a core or I'* is isomorphic to one of two graphs. As seen in rows 10-12 of Table
1, determining the core of G(q,r)[K,] — pG(q,r) is reduced to the problems of computing the
chromatic and clique numbers of a circulant graph. Unfortunately, the latter problems are both
NP-hard even for circulant graphs [5]. (In fact, determining the clique number remains NP-hard

even for circulant graphs of prime orders [5, Theorem 2].) Nevertheless, we notice that if r < p



Row | T’ Ir* Condition Proof
1 G(2q,r) Ky q>3 L4.6
2 G(2,q,7) = G(q,7)[K2] G(q,r) q>3 T4.8
3 G(3q,7) = G(3q;1,2,7) G(3q;7,2,7)* | ¢ =5, r even L4.12
4 G(3q,7) = G(3q;r,2,2r) G(3q;r,2,2r)* | ¢ > 5, r odd L4.12
5 K3[K,) K; q>5 T4.7
6 | Glg,7)[K3] G(g,r) q>5 T4.7
7 G(p, s)[K,] G(p,s) p>2 T4.7
8 G(q,m)[K,) G(q,7) p>5 T4.7
9 G(p,s)[K, — qG(p, s) G(p,s) p>5 T4.11
10 | G(g,n)[Kyp| — pGla,7) G(g,r) p=>5 x(G(g,r) <p T4.11
11 | G(g,7)[Kp] —pG(g;7) Kp p>5, w(G(gr) >p T4.11
12 | G(g,7)[K,] — pG(g,7) r p > 5 x(Glgr) > p >|T4ll
w(G(g,7))
13 G(pg;r,s,u), t € H(q,r) G(p,s) p >3, G(p,s) = G(q,u) T4.14
14 G(pg;r,s,u), t € H(q,r) G(q,u) p >3, G(q,u) = G(p,s) T4.14
15 G(pg;r,s,u), t € H(q,r) T p > 3, G(p,s) -+ G(qu), | T4.14
G(g,u) » G(p, s)
16 G(pg;r,s,u), t ¢ H(q,r) G(p,s) p>3,3In:G(p,s) = G(q,u) such | T4.16
that each arc (4, j) of G(p, s) with
j —i = a* satisfies 1(j) — n(i) €
t'H(q,r)
17 G(pg;r,s,u), t ¢ H(q,r) G(q,u) p > 3, IC : G(qg,u) — G(p,s) | T4.16
such that each arc (x,y) of G(q,u)
with y — z € t'H(q,r) satisfies
((y) —¢(x) = d
18 G(pg;r,s,u), t ¢ H(q,r) T p > 3, neither n nor ¢ above exists | T4.16

Table 1: Imprimitive symmetric circulant graphs of order pq (2 < p < ¢) and their cores. In row 7, if

p = 3, then the graph I' is K3[K ] and in this case the result is the same as that given in row 5. Acronym:
L = Lemma, T = Theorem, xy = chromatic number, w = clique number.

then x(G(q,r)) <r < p by Brooks’ theorem and so the core of G(q,r)[Kp] —pG(q,r) is G(q,r).
By rows 13-18 of Table 1, determining the core of G(pgq;r,s,u) is reduced to the problem of
deciding whether there exists a homomorphism, or a homomorphism with certain properties,
between G(p, s) and G(q,u). The latter problem is, unfortunately, difficult in general. We notice
that the condition G(p,s) — G(q,u) in row 13 of Table 1 can not be satisfied unless w(G(p, s)) =
w(G(q,u)) = w(G(pg;r,s,u)). (In fact, if G(p,s) — G(q,u), then the core of G(pg;r,s,u) is
G(p, s) and hence w(G(q, u)) < w(G(p,s)) = w(G(pg;r, s, u)) = min{w(G(p,s)),w(G(q,u))} by
Lemma 2.7 and [10, Observation 5.1].) Similarly, the condition G(q,u) — G(p, s) in row 14 can
not be satisfied unless these three clique numbers are equal.

The proof of Theorem 1.1 relies on the classification of imprimitive symmetric graphs of
order a product of two distinct primes, obtained in [4, Theorem 2.4], [25, Theorems 3-4] and [18,
Theorem)] collectively. These graphs are given in the second column of Tables 1 and 2 (where
K, is the complete graph of order n and K, its complement), and their definitions will be given
in §4.1, §3 and §5.1, respectively. Along the way to the proof of Theorem 1.1, we will prove
some properties of such graphs; see Lemmas 4.12, 4.13 and Theorems 5.6, 5.7 and 5.8.



Row | I I'™* | Condition Proof
1 X(PG(d—1,r)) K | p=2¢="1=1 E3.1
2 | X'(PG(d— 1,7«)) Ky | p=2,q="1=1 E3.1
3 X(H(11)) 2 G(22 Ky |p=2,¢g=11 E3.1
1 X'(H(11)) Ky | p=2 ¢q=11 E3.1
5 I'(2,3,0,{1,2}) Ks | p=3,q=5 T5.3
6 I'(a,3,0,{1,2}) I |p=3,¢=2°+1>5 with a = 2° T5.3
7 I'(a,3,0,{0}) I [p=3¢g=2"+1>5witha=2° T5.3
8 T(a,p,0,{0}) K, | p=2"""+4+1>5¢=2°+1>5witha=2° T5.3
9 I'(a,p,0,{0}) I' [5<p<2? +1,¢g=2"+1>5witha=2° | T53
10 | T(a,p,0,U.;) I' |p>5,¢=2"+1>5witha=2% U.,; ={i2% : | T5.3

0 < j < d/e} for some i € Z; and divisor e > 1

of ged(d,a) with 1 < d/e < p—1, where d is the

order of 2 in Z;

Table 2: Symmetric incidence and Marusi¢-Scapellato graphs of order pg (2 < p < ¢) and their cores.
Acronym: E = Example, T = Theorem.

2 Preliminaries

This section consists of definitions and known results that will be used in subsequent sections.

Let G be a group acting on a set V. That is, to every pair (g,v) € G x V there corresponds
g(v) € V such that 1g(v) = v and g(h(v)) = (gh)(v) for g,h € G and v € V, where 1 is the
identity element of G. The G-orbit containing v € V' is defined as G(v) := {g(v) : g € G}, and
the stabilizer of v under G is the subgroup G, := {g € G : g(v) = v} of G. G is transitive on
V if G(v) = V for some (and hence all) v € V, semiregular on V if G, = 1 for every v € V,
and regular on V if it is both transitive and semiregular on V. A partition B of V is called
G-invariant if for any g € G and each block B € B, g(B) := {g(v) : v € B} € B, and is
nontrivial if 1 < |B| < |V| for some B € B. If V admits a nontrivial G-invariant partition, then
G is imprimitive on V (and each block of this partition is a block of imprimitivity for G in its
action on V'); otherwise, G is primitive on V. A group G acting on V' is a Frobenius group if it
is transitive, non-regular, and only the identify element of G can fix two points of V.

A graph I is called G-vertex-transitive if I' admits G as a group of automorphisms acting
If in addition G is transitive on the set of arcs of I', then I' is called a
G-symmetric graph, where an arc is an ordered pair of adjacent vertices. A graph ' is vertex-

transitively on V(I').

transitive (symmetric, respectively) if it is G-vertex-transitive (G-symmetric, respectively) for
some G < Aut(T"), where Aut(T") is the automorphism group of I'. A G-vertex-transitive graph
is imprimitive or primitive according to whether G is imprimitive or primitive on V(T'). In a
vertex-transitive graph I' all vertices have the same valency, which is called the valency of I' and
is denoted by val(I").

Given a group G and a subset S of G\ {1g} such that S = S~ := {s7! : s € S}, the Cayley
graph of G relative to S is the graph with vertex set G such that x,y are adjacent if and only if
x~ly € 8. A circulant graph is a Cayley graph on a cyclic group. More specifically, for the cyclic
group Zj, of integers modulo n and a subset S C Z, \ {0} such that S = =S := {—s:s € S},
the circulant graph of order n relative to S is the graph with vertex set Z,, such that z,y € Z,
are adjacent if and only if y —x € S. It is well known that Cayley graphs are vertex-transitive,
and a graph is isomorphic to a circulant graph if and only if its automorphism group contains
a cyclic subgroup regular on the vertex set.

Lemma 2.1 ([7, Lemma 6.2.3]). Two graphs are homomorphically equivalent if and only if their
cores are wsomorphic. In particular, any graph is homomorphically equivalent to its core.



Theorem 2.2 ([10, Theorem 3.7]). The core of any vertex-transitive graph is vertez-transitive.

As mentioned in [10, p.121], the proof of this result can be easily adapted to other kinds of
transitivity. In particular, using essentially the same proof, we obtain the following result.

Theorem 2.3. The core of any symmetric graph is symmetric.
Theorem 2.4 ([8]). Let I' be a symmetric graph. Then val(I'*) is a divisor of val(T').

Theorem 2.5 ([10, Theorem 3.9]). Let I be a wvertez-transitive graph, and ¢ : T' — T a
retraction. Then |V (I'*)| divides |V (T')|, and all fibres of ¢ have the same cardinality, namely
|67 (w)| = [V(D)|/IV(T*)] for u € V(I™).

As an immediate consequence, we have:
Corollary 2.6. Any vertex-transitive graph of prime order is a core.

Denote by ('), w(I') and x(I') the independence, clique and chromatic numbers of T,
respectively.

Lemma 2.7 ([10, pp.110]). Let T and ¥ be non-bipartite graphs and ¢ : ' — VU a homomor-

phism. Then
w(l) Z w(¥), x(I') < x(¥).

In particular, for any non-bipartite graph T,
w(l) = w(I™), x(T') = x(I'). (1)
Theorem 2.8 ([8]). Let I' be a vertex-transitive graph. Then
a(lw(l) < [V(I)].

Lemma 2.9 (No-Homomorphism Lemma [1]). Let I and ¥ be graphs such that I' — ¥ and ¥

1s vertex-transitive. Then
o) _ a(w)

V@) = V@) @

In particular, if T is vertex-transitive, then I'* is vertex-transitive (Theorem 2.2), and so by
I' < I'* (Lemma 2.1) and (2) we obtain
o) o)
v v

(3)

Definition 2.10. Let I' and ¥ be graphs. The categorical product I' x W of I" and ¥ and the
lexicographic product T'[¥] of T by ¥ are both defined to have vertex set V(I') x V(¥). Their
edge sets are defined as follows:

E( x ¥) :={{(u,x),(v,y)}: {u,v} € E(T) and {z,y} € E(V)}

ET[Y]) := {{(u,z), (v,y)} : either {u,v} € E(I"), or u =v and {z,y} € E(V)}.

The deleted lexicographic product of I' by ¥, denoted by I'|¥] — dI" where d is the order of ¥,
is obtained from I'[¥] by deleting all edges of the form {(u,x), (v,z)} with {u,v} € E(T") and
x € V(¥). (The categorical product of graphs is also known as the Kronecker product, direct
product and tensor product in the literature.)

It was proved in [12, Proposition 4.18] that the cartesian product of two vertex-transitive
graphs is vertex-transitive. Similarly, one can prove the following lemma of which the second
statement follows from the fact that Aut(I") x Aut(¥) < Aut(T’ x ¥).



Lemma 2.11 ([12, Proposition 4.18]). The categorical product of any two connected vertez-
transitive graphs is vertex-transitive; the categorical product of any two symmetric graphs is
symmetric.

Lemma 2.12 ([11, Proposition 2.1]). Let ¥, I" and A be graphs. Then the following hold:

(a) UXI' = U and ¥ xT" — T', and the corresponding homomorphisms are given by projections
(u,v) = u and (u,v) — v, (u,v) € V(¥) x V(I'), respectively;

(b) if A >V and A - T, then A - ¥ x I';

(¢) in particular, I' — U if and only if U x ' <> T

t

[ N——
Given a graph I" and an integer ¢ > 2, a homomorphism from I'! :=T x --- x I" to I is called
a polymorphism [11]. A polymorphism ¢ : I'* — T is called idempotent [11] if ¢(u,...,u) = u
for all u € V(I'). Obviously, for each i = 1,...,t, the projection m; : I'* — T defined by
mi(ug, ..., ur) = u; is idempotent. A graph I is called projective [11] if for all integers ¢t > 2 the
only idempotent polymorphisms I'" — I' are the projections 1,. .., ;.

Theorem 2.13 ([14, Theorem 1.5]). Let I' be a vertex-transitive and Aut(I')-primitive core.
Then T’ is projective.

Theorem 2.14 ([14, Theorem 1.4]). Let I' be a vertex-transitive core. If I' is projective, then
whenever I' is a retract of a categorical product of connected graphs, it is a retract of a factor.

As mentioned earlier, our proof of Theorem 1.1 relies on the classification of imprimitive
symmetric graphs of order a product of two distinct primes, obtained in [4, Theorem 2.4], [25,
Theorems 3-4] and [18, Theorem]. We state this classification below but defer the definition of
related graphs for technical reasons.

Theorem 2.15. Let p and q be primes with 2 < p < q, and let I' be an imprimitive symmetric
graph of order pq. Then I' is isomorphic to one of the graphs in Example 3.1, Definitions 4.2,
4.3 and 4.4, Fxample 4.5 and Theorem 5.2.

These graphs come in three classes, namely incidence and non-incidence graphs of two specific
block designs, circulant graphs, and MarusSi¢-Scapellato graphs. We will give their definitions
and determine their cores in §3, §4 and §5, respectively.

3 Symmetric incidence and non-incidence graphs of order 2¢q

Let D be a 2-design with point set P and block set B. The incidence graph of D, denoted by
X (D), is defined to be the bipartite graph with bipartition {P, B} such that v € P and B € B
are adjacent if and only if v is incident to B in D. The nonincidence graph of D, denoted by
X'(D), is the bipartite graph with the same bipartition such that v € P and B € B are adjacent
if and only if v is not incident to B in D. Since X (D) and X'(D) are bipartite with at least one
edge, their cores are isomorphic to Ko.

Example 3.1. Given a prime power r and an integer d > 2, the symmetric design PG(d —1,r)
has its points and blocks the points and hyperplanes respectively of the (d — 1)-dimensional
projective space over GF(r). It is noted in [4] that X(PG(d — 1,7)) and X'(PG(d — 1,7)) are
symmetric graphs each with 2(r% — 1)/(r — 1) vertices. Thus, when (r% —1)/(r — 1) is a prime,
these two graphs are symmetric graphs of order twice a prime.



The unique 2-(11,5,2) design H(11) has as its points the elements of Zj; and its blocks
the 11 sets R+4 = {z +1i : * € R}, where i € Z;; and addition is undertaken in Z;, and
R ={1,3,4,5,9} is the set of non-zero quadratic residues modulo 11. It was noted in [4] that
both X(H(11)) and X'(H(11)) are symmetric with order 22, and X (H(11)) is isomorphic to
the graph G(2-11,5) to be defined in Definition 4.2.

Since X (PG(d—1,7)), X' (PG(d—1,r)), X(H(11)) and X'(H(11)) are bipartite, their cores
are all isomorphic to Kj, justifying lines 2-5 in Table 2.

4 Cores of imprimitive symmetric circulant graphs of order pq

Throughout this section p and q are primes with 2 < p < g. The purpose of this section is to
determine the cores of imprimitive symmetric circulants of order pg. To be self-contained we first
give the definitions [4, 25, 18] of such circulants. We then determine their cores in subsequent
subsections in this section.

4.1 Symmetric circulant graphs of order pg

Let p be a prime and r a positive divisor of p — 1. Denote by H(p,r) the unique subgroup of
Aut(Z,) = Z;, with order 7, where Z; is the multiplicative group of units of Z,.

Definition 4.1. Define G(p,r) to be the circulant graph of order p relative to H(p,r). That is,
G(p,r) has vertex set Z, such that z,y € Z, are adjacent if and only if y — 2z € H(p,r).

It was proved in [3, Theorem 3] that, for an odd prime p, a graph I is a connected symmetric
graph of order p if and only if I' 2 G(p, r) for some even divisor r of p— 1. Moreover, G(p, r) has
valency r, and if r < p— 1 then Aut(G(p,r)) = Z, x H(p,r) (< AGL(1,p)) is a Frobenius group
in its action on the vertex set Z, of G(p, ), while G(p,p — 1) = K. (The fact that Aut(G(p,r))
is a Frobenius group on Z, was also observed in [24, Corollary 2.11] in a different setting.)

Definition 4.2. Let A and A’ be two disjoint copies of Z,, and for each i € Z;, denote the
corresponding elements of A and A’ by ¢ and ¢/, respectively.

For each positive divisor r of ¢ — 1, define G(2¢,r) [4] to be the graph with vertex set AU A’
and edge set {{z,y'} :z,y € Zyand y —x € H(q,r)}.

For each positive even divisor r of ¢ — 1, define G(2,¢,r) [4] to be the graph with vertex set
AU A" and edge set {{z,y},{z",y}. {z,y'},{o', ¥/} 12,y € Zyand y —x € H(q,r)}.

It was proved in [4, Lemmas 2.1 and 2.2] that both G(2¢,r) and G(2, g, r) are symmetric. We
now show that they are both circulant graphs. In fact, in [4, Section 2] it was shown that both
G(2q,7) and G(2, ¢,r) have automorphisms 7 and p defined by 7(i) = i+1, 7(¢') = (i+1)’, p(i) =
(—i)" and p(i') = —i. It can be verified that they also have automorphisms 7, where a € H(q,r),
defined by 7,(i) = ai + 1 and 7,(i’) = (ai + 1)’. Thus they both have automorphism 7_1p, given
by 7_1p(i) = (i+1) and 7_1p(¢') = i+ 1. It can be verified that 7_1p has order 2¢. On the other
hand, (7_1p) is transitive on AU A’, because for any i,j € A, (7—_1p)" (i) = i +ny = j for some
even integer ny, and for any i € A and j' € A', (1_1p)"2(1) = (i +n2) = j'
ng. (Note that 2 generates Zg as ¢ is an odd prime.) Now that |[AUA'| = | (7_1p) | = 2¢, it follows
that (7_1p) is regular on AU A’. Since (1_1p) < Aut(G(2¢,7)) and (7_1p) < Aut(G(2,q,7)), we
see that G(2¢,r) and G(2,¢q,r) are both circulants.

for some odd integer

Definition 4.3. For each positive divisor r of ¢ — 1, define G(3¢,r) [25] to be the graph with
vertex set Zs X Zq and edge set {{(i,x),(i +1,y)} 14 € Z3,x,y € Zgand y —x € H(q,r)}.

It was proved in [25, Example 3.4] that G(3¢, ) is a connected symmetric graph with order
3¢ and valency 2r. Moreover, G(3¢,r) is a circulant graph by [25, Lemma 3.6, Theorem 3].



Definition 4.4. Let s be an even divisor of p—1 and r a divisor of ¢—1. Let H(p, s) = (a) < Z,.
Let t € Zy be such that t5/2 € —H(q,r), and let u = lem(r, o(t)) (least common multiple), where
o(t) is the order of t in Zj. Define G(pg;r, s,u) [18] to be the graph with vertex set Z;, x Z, such
that (i,z) and (j,y) are adjacent if and only if there exists an integer [ such that j —i = a' and
y—x € ttH(q,r).

Up to isomorphism G(pg; r, s,u) is independent [18] of the choice of a and ¢ with lem(r, o(t)) =
u. It was proved in [18, Theorem 3.5 that G(pg;r, s,u) is a connected symmetric graph of order
pq and valency sr, and moreover G(pg;r,s,u) = G(pg;r’,s',u') if and only if r = ¢/, s = &
and u = u’. Furthermore, in the proof of [18, Theorem 3.5 it was shown that G(pq;r,s,u) is a
Cayley graph on Z, x Z4. Since p # q are primes, Z, X Zq = Zp, and hence G(pg;r,s,u) is a
circulant graph.

Denote by K, , (respectively, K, ,,) the complete bipartite (respectively, tripartite) graph
with p vertices in each part of the bipartition (respectively, tripartition).

Example 4.5. The following graphs are symmetric circulants [4, 25, 18]:

(a) Ko[K,] = K, 4, where ¢ > 3;

(b) K3 [Kq] = K‘]v‘]y‘]? Where q 2 57

(c) G(p,s)[K,] and G(q,7)[K,], where 3 < p < ¢, s is an even divisor of p — 1, and 7 is an
even divisor of ¢ — 1;

(d) G(p,s)[K4] —qG(p,s) and G(q,r)[Kp] —pG(q,r), where 5 < p < ¢, s is an even divisor of
p— 1, and r is an even divisor of ¢ — 1.

As mentioned in [18, Section 3|, the graphs in Example 4.5 are all circulants since each of
them admits a cyclic group of order pq acting regularly on the vertex set (where p = 2,3 in (a),
(b) respectively).

Definitions 4.2, 4.3 and 4.4 and Example 4.5 give all imprimitive symmetric circulant graphs
of order a product of two distinct primes, listed in the second column in Table 1. We determine
their cores in the remainder of this section.

4.2 Lexicographic products
Since G(2q,r) is a bipartite graph by Definition 4.2, we have:

Lemma 4.6. The core of G(2q,71) is K».

Theorem 4.7. The core of G(p, s)[K,] is G(p,s), and the core of G(q,7)[K )] is G(q,r).

Proof Denote I' := G(p, s)[/{4]. Since for a fixed ¢ € V(K ) the subset {(z,7) : x € V(G(p,s))}
of V(I") induces a subgraph of I" isomorphic to G(p, s), we have G(p, s) — I'. On the other hand,
we have I' — G(p, s) via the projection V(I') — V(G(p, s)), (z,i) — x. Therefore, T <> G(p, s)
and so I'" = G(p, s)* by Lemma 2.1. Since G(p, s) is a vertex-transitive graph with prime order,
we have G(p, s)* = G(p, s) by Corollary 2.6. Hence the core of G(p, s)[K] is G(p, s). Similarly,
one can show that the core of G(q,7)[K ] is G(q,r). O

Theorem 4.8. G(2,q,r) = G(q,7)[K2], and the core of G(2,q,r) is G(q,r).



Proof The circulant G(q,r) has vertex set Z,, with x,y € Z, adjacent if and only if y — x €
H(q,r). The lexicographic product G(g,7)[K3] can be thought as defined on the vertex set
Lq X Lo, with (z,1), (y,j) € Zq X Zy adjacent if and only if 2 and y are adjacent in G(g,r). Thus,
using the notation in Definition 4.2, one can see that the map

AUA = 7, x 7y x— (2,0), 2 (2,1), = €7,

defines an isomorphism from G(2,q,7) to G(q,7)[K2]. Therefore, G(2,q,7) = G(q,7)[K2] and
so the core of G(2,q,r) is G(q,r) by Theorem 4.7. O

4.3 Deleted lexicographic products

Lemma 4.9. G(p, s)[K,] — ¢G(p,s) = G(p, s) x K, and G(q,7)[K,] — pG(q,7) = G(q,7) x K.
Proof We may think of G(p,s)[K,] as defined on Z, x Z,. Then (z,%),(y,j) € Zy X Z, are
adjacent in G(p, s)[K,] — ¢G(p,s) & z,y € Z, are adjacent in G(p, s) and i # j & z,y € Z, are
adjacent in G(p, s) and i, j € Z, are adjacent in K, < (z,1), (y,j) are adjacent in G(p, s) x K.
Hence G(p, s)[K ] — ¢G(p,s) = G(p,s) x K,. Similarly, G(q,r)[K,] — pG(q,r) = G(g,7) x K.
O

Lemma 4.10. Suppose that s is an even divisor of p— 1 and r is an even divisor of g — 1. Let
I'=G(p,s) x G(q,r). Then T is not a core if and only if one of the following occurs:

(a) G(p,s) = G(q,r), in which case T = G(p, s);
(b) G(¢,7) — G(p,s), in which case T* = G(q,r).

Proof Since s is an even divisor of p — 1 and r is an even divisor of ¢ — 1, both G(p,s) and
G(q,r) are symmetric. Thus I is symmetric by Lemma 2.11. Moreover, both G(p, s) and G(q,r)
are cores by Corollary 2.6.

If G(p,s) — G(q,r), then T' <> G(p,s) by Lemma 2.12, and so I'* = G(p, s)* by Lemma
2.1. Since G(p,s) is a core, it follows that I'* = G(p, s) and so I' is not a core. Similarly, if
G(gq,7) — G(p,s), then T'* =2 G(q,r) and T is not a core.

In the rest of this proof we assume that I' is not a core. By Theorems 2.3 and 2.5, I'* is a
symmetric graph of prime order (and hence is isomorphic to a circulant graph), and so Aut(I'™)
is primitive on V(I'*). Thus, by Theorem 2.13, I'* is projective. Since I'* is vertex-transitive and
is a retract of I, it follows from Theorem 2.14 that I'* is a retract of either G(p,s) or G(q,r).
Since both G(p,s) and G(q,r) are cores, we have either T* = G(p,s) or I'* = G(q,r). Since
'« I, T — G(p,s) and I' = G(q,r), we have I'* — G(p,s) and I — G(q,r). Therefore, if
' = G(p, s) then G(p,s) — G(q,r), and if I'* = G(q,r) then G(q,r) = G(p, s). O

Theorem 4.11. Suppose that s is an even divisor of p — 1 and r is an even divisor of ¢ — 1.

(a) If T' = G(p,s)[K4] — ¢G(p, s), then I'* = G(p, s).

(b) If T = G(q,7)[Kp] — pG(q,r), then exactly one of the following occurs:
(1) x(G(g;7)) < p,
(2) w(G(q,7)) > p, in which case I'" = K,,;
(3) x(G(g;r)) >p

in which case T* = G(q,r);

> w(G(q,r)), in which case I is a core.



Proof (a) Let I' := G(p,s)[K,] — ¢G(p,s). Since G(¢,q — 1) = K,, by Lemma 4.9, T" =
G(p,s) x G(q,q — 1). Since p < g, we have x(G(p,s)) < ¢ and so G(p,s) — G(¢,q — 1).
Therefore, by Lemma 4.10, T = G(p, ).

(b) Now consider T' := G(q,7)[K,] — pG(q,r). Since G(p,p — 1) = K, by Lemma 4.9, T"
G(q,7) X G(p,p — 1). Thus, by Lemma 4.10, if G(¢,7) — G(p,p — 1) (that is, if x(G(q,r)) < p),
then T = G(q,r); if G(p,p — 1) — G(q,r) (that is, if w(G(q,r)) > p), then T =2 G(p,p — 1) =
K,; and if none of these cases occurs (that is, if x(G(¢,7)) > p > w(G(q,r))), then I' is a
core. Therefore, at least one of cases (1)-(3) occurs. If, say, w(G(q,r)) = x(G(q,7)) = k,
then G(q,r)* = K. Since G(q,r) is a core by Corollary 2.6, this happens precisely when

r=q—1=Fk—1. Since p < g, it follows that exactly one of (1)-(3) occurs. O

4.4 Categorical products
Lemma 4.12. G(3q,r) = G(3¢;7,2,u), where w = r if r is even, and u = 2r if r is odd.

Proof We use the notation in Definitions 4.3 and 4.4. For G(3¢;r,2,u), we have p = 3, s = 2
and H(p,s) = (—1) = Z3. Let t € Z; be such that t5/2 =t € —H(q,r). Then t*> € H(q,r).

If r is even, then —H(q,r) = H(q,r) and so (t) < H(q,r). Hence o(t) divides r and
u = lem(o(t),r) =r.

If 7 is odd, then —H (q,r) # H(q,r). Thus t* € H(q,r) for even k and t* € —H(q,r) for odd
k. Hence o(t) is even and u = lem(o(t),r) = 2r.

Note that both G(3¢,r) and G(3¢;r,2,u) are defined on the vertex set Zz x Z,. Let
(1,x),(j,y) € Zg x Zq. If these two vertices are adjacent in G(3¢,r), then by Definition 4.3,
j—i=1=(-1)? mod 3 and y —x € H(q,r) = t*H(q,r). Since H(3,2) = (—1), by Definition
4.4, (i,x) and (j,y) are also adjacent in G(3¢;r,2,u).

Now assume that (i,x) and (j,y) are adjacent in G(3¢;7,2,u). Then by Definition 4.4, there
exists an integer [ such that j —i = (—1) mod 3 and y — 2 € t'H(q,r). If [ is even, then
tte H(q,7),j—i=1 mod 3 and y —x € H(q,r), implying that (i,2) and (j,y) are adjacent in
G(3q,r). If I is odd, then t! € —H(q,7), i —j =1 mod 3 and = —y € H(q,r), again implying
that (i,z) and (j,y) are adjacent in G(3¢,r). Therefore, G(3¢q,r) = G(3q;7,2,u). O

Note that in G(pqg;r,s,u) the integer u must be a divisor of ¢ — 1, because in Definition 4.4
g — 1 is a common multiple of r and o(t) and u = lem(o(t),r). Thus, for a given G(pq;r, s,u),
the graph G(q,u) is well-defined. The next lemma connects G(pg;r, s,u) and G(p, s) x G(q,u).

Lemma 4.13. G(p,s) x G(q,u) is symmetric, and G(pg;r,s,u) is isomorphic to a spanning
subgraph of G(p,s) x G(q,u). Moreover, G(pg;r,s,u) = G(p,s) x G(q,u) if and only if the
element t € Zy in the definition of G(pg;r,s,u) belongs to H(q,7).

Proof Denote I' := G(pg;r,s,u) and ¥ := G(p,s) x G(q,u). The definition of I" as given
in Definition 4.4 requires s to be even so that G(p,s) is symmetric. We now prove that u is
even and so G(q,u) is symmetric as well. From this and Lemma 2.11 we then obtain that ¥ is

symmetric.

As in Definition 4.4 let H(p,s) = (a) and H(q,7) = (c), where a € Z; and ¢ € Z;. Let w be a
primitive element of Zj so that we can take ¢ = w@1/7 The definition of T involves an element
t € Z; such that w := —t/2 € H(q,r). Let k := o(t) be the order of t in Zy and let u := lem(k, 7).
Then (t,c) is the unique subgroup of Z; with order u. Hence H(q,7) < (t,c) = H(q,u) =
(w@=1/wy Thus t'H(q,7) € H(q,u) for any integer I, or equivalently H(q,u) = UletlH(q,r).
Let v be the inverse element of w in H(q,7). Then vw = 1 in Z; and H(q,u) contains the

element ¢%/20 = —1. Since —1 is an involution in Zy, it follows that the order u of H (¢, u) must
be even. Therefore, ¥ is symmetric by our discussion in the previous paragraph.
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We may take both I' and ¥ as defined on the same vertex set Z, x Z,. Suppose that
(i,2), (j,y) € Zy X Z are adjacent in T'. Then j —i = a' and y — z € t'H(q,r) for some integer
I. Since H(p,s) = (a) and t'H(q,r) C H(q,u) as mentioned above, this means that (i,z) and
(j,y) are adjacent in W. Thus I' is a spanning subgraph of W.

It remains to show that ¢ € H(q,r) if and only if every edge of ¥ is an edge of I". Suppose
first that t € H(q,r). Then v =r and H(q,u) = H(q,r). If (i,2), (j,y) € Z, X Zy are adjacent
in U, then j —i € H(p,s) and y — x € H(q,u). That is, j —i = a' and y — x € t'H(q,r) for
some integer [, and so (i,x) and (j,y) are adjacent in T

Suppose conversely that every edge of ¥ is an edge of I'. Then for any ¢,j € Z, and z,y € Z,
such that j —i € H(p,s) and y — 2 € H(q,u), we have j —i = a' and y — x € t'H(q,r) for some
integer [. In particular, for (i, z) = (0,0), this means that for any integers [ and d, there exists an
integer e such that w@—D/u = ¢lyela=1/r  Taking [ = 0, this implies u = r, H(q,r) = H(q,u),
and so t € H(q,r). Therefore, I' = ¥ if and only if t € H(q, 7). O

Combining Lemma 4.10 and the second part of Lemma 4.13, we obtain:

Theorem 4.14. Let I' = G(pgq;r, s,u) and suppose that t € H(q,r). If G(p,s) — G(q,u), then
'™ = G(p,s); if G(qg,u) = G(p, s), then I'* =2 G(q,u); in the remaining case I' is a core.

In the next subsection we determine the core of G(pg;r,s,u) when t ¢ H(q,r). As it turns
out, this is a more challenging task.

4.5 The core of G(pg;r,s,u) when t ¢ H(q,7)

Throughout this subsection we let I := G(pq;r, s,u) and assume t ¢ H(q,r). As in Definition
44, let a € Z; and c € Z; be such that H(p,s) = (a) and H(q,r) = (c). Let | and m be fived
positive integers. Define the permutation v on the vertex set Z, x Zy of I' by

v (iy2) = (i +dz + ™), (i,x) € Zy X Zy.

It is clear that v € Aut(I") and (¢,x) and y((¢,z)) are adjacent in T".

The purpose of this subsection is to prove the following two results. The first asserts that I'*
is isomorphic to I, G(p, s) or G(q,u), and the second tells us exactly when each of these cases
occurs.

Theorem 4.15. Suppose that I' is not a core. Then exactly one of the following occurs:
(a) T* = G(p,s) and the fibres of any retraction ¢ : I' — I'* are the sets {(i,z) : v € Zg},
i € Zy;
(b) I'* = G(q,u) and the fibres of any retraction ¢ : I' — I'* are the sets {(i,x) : i € Zp},

T € Ly.

Theorem 4.16. (a) I'" = G(p, s) if and only if there exists a homomorphism n : G(p,s) —
G(q,u) such that for every arc (i,7) of G(p,s), say, j —i = a for some integer I, we have
n(j) —n(i) € t'H(q,7);

(b) I'* = G(q,u) if and only if there exists a homomorphism ¢ : G(q,u) — G(p,s) such
that for every arc (x,y) of G(q,u), say, y —x € t'H(q,r) for some integer |, we have

((y) — ¢(x) = d.

To establish these results we need to prove three lemmas first.
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Lemma 4.17. Let ¢ : T — T'* be a retraction. Then (¢77)
and (¢7) |+ does not fix any vertex of I'*.

Proof Since 47/ € Aut(T') and ¢ : I' — I'* is a homomorphism, (¢7?) |r+ is an endomorphism
of I'*. Since I'* is a core, it follows that (¢y7) |p=€ Aut(I'*).

It is clear that ~y fixes no vertex of V/(T). Since (i,z) and v(i, z) = (i+a!, z+t'c¢™) are adjacent
in I, and since fibres of ¢ are independent sets of I, we have ¢(i,z) # ¢(v(i,2)) = (¢y)(i, x).
Since ¢ |p+ is the identity map from V(I'*) to itself, for (i,x2) € V(I'*) we have ¢(i,z) = (i,z)
and therefore (¢y)(i,x) # (i,x). In other words, (¢7y) |+ fixes no vertex of I'*. O

r+€ Aut(T™) for any integer j > 1,

Lemma 4.18. Suppose that T #T" and T is not a complete graph. Then the following hold:

~

(a) T = G(n,d), where n = p or q and d is an even divisor of n — 1. Moreover, we may
identify T* with G(n,d) by labelling bijectively the vertices of T* by the elements of Zy, in
such a way that h*, k* € V(I'*) are adjacent in T* if and only if k —h € H(n,d), where k*
denotes the unique vertex of I'* labelled by k € Z,,.

(b) Under this identification, for any retraction ¢ : I' — T'* that fizes every vertex of T'*,
there exists b = b(I'*, ¢) € Z,, such that (¢y) |p= (k*) = (k+ b)* (with addition in Z,,) for
ke V().

Proof Since I' is symmetric, by Theorem 2.3, T* is symmetric. Denote n := |V(I'*)|. Since
I" has order pq and is not a core, by Theorem 2.5, we have n = p or ¢. Since I'* is symmetric
of prime order, I'* = G(n,d) for some even divisor d of n — 1. Thus we may identify I'* with
G(n,d) in the way as described in (a). Since I'* is not a complete graph, under this identification,
Aut(T™) = Z,, x« H(n,d) consists of all affine transformations ¢y, , (m € H(n,d),b € Z,) defined
by ¢mp(k*) = (mk+Db)* for k € Z,, (with addition undertaken in Z,). If m # 1, then b = k(1—m)
in Z, for some k € Z; and so ¢y, p(k*) = (mk + k(1 —m))* = k*. That is, if m # 1, then
Omp € Aut(I'™) fixes at least one vertex of I'*. On the other hand, for any retraction ¢ : I" — I'*,
by Lemma 4.17 we have (¢y) |r-€ Aut(I'™) and it does not fix any vertex of I'*. Therefore, there
exists b € Z, such that (¢v) |r+= ¢1, that is, (¢) [r= (E*) = (k+b)* for k € Z,. O

Technically, I'* is an induced subgraph of I' (and so its vertices k* are elements of Z, X Z,),
but we identify it with G(n,d) in the way as in Lemma 4.18(a). With this convention the fibres
of ¢ are:

Pyg:={(i,x) € Zy x Ly : ¢(i,x) = k*}, k € Ly, (4)

Since ¢ fixes every vertex of I'*, we have k* € P} 4 for every k € Z,. Since the number of fibres
P, 4 and the number of vertices of I'* are both equal to n, it follows that

Prg N V() = {k"}. ()

Lemma 4.19. Suppose that I'* £ ' and I'* is not a complete graph. Then for any retraction
¢ : T — T*, there exists b = b(I'*,¢) € Z, such that (¢77) |+ (k*) = (k + jb)* for any integer
j>1and k* € V(I'™).

Proof Since I' is symmetric and any automorphism of I' maps a core to a core, without loss
of generality we may assume that the core I'* under consideration contains the arc of I' from
(0,0) € Z,, x Z, to (a',t'c™) € Z, x Z, (in particular, (0,0), (a!,#'c™) € V(I'*)). Without loss of
generality we may also assume that 0* = (0,0). By Lemma 4.18, there exists b = b(I'*, ¢) € Z,
such that (¢v) |p= (k%) = (kK + b)* for every k* € V(I'*), with addition k£ + b undertaken in
Zn. More explicitly, if k* = (i,z), then ¢(k* + (a,t'c™)) = ¢(i + dl,x + tlc™) = (¢7)(i,z) =
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(¢7) |r+ (k) = (k + b)*, or equivalently, k* + (a!,#'¢™) € P14 4. In particular, ¢((a!,t'c™)) =
(0% + (al, t'e™)) = (¢7) |p~ (0%) = b* and (a,t'c™) € P, 4. Since b* is the unique vertex of I'*
contained in P, 4, from (5) it follows that b* = (a!,t'c™).

We prove (¢77) |r+ (k*) = (k+jb)* for any ¢ and k* € V(I'*) by induction on j. This is true
when j = 1 as noted above. Assume that, for any retraction ¢ : I' — I'* that fixes every vertex of
r- (k) = (k+ (G +1)b)*

I'*, the result is true for some j > 1. In what follows we prove (¢7711)
for k* € V(I'*) to complete the proof of the lemma.

Consider the image I'* := ~J(I'*) of I'* under +/. Since 4/ € Aut(T), I'* = I'* = G(n,d) and
I'# is a core of I'. The vertices of I'# are k% :=~7(k*) (where k* € V(I'*)), which are labelled by
k € Z, respectively. Since ¢(k¥) = (¢77)(k*) = (k + jb)* by the induction hypothesis, we have
k7 € Py 1 b4 Moreover, since 77 € Aut(T') and ¢ is a retraction, 7/¢ : I' — I'* is a retraction.

Define 7 : V(I'#) — V(I'*) by (k%) := (k — jb)* and then let ¢ := 799¢ : I — I'".
We have: h#, k% are adjacent in I'* < h*, k* are adjacent in I'* < k — h € H(n,d). Thus
7 € Aut(I'#) by the definition of 7. Hence ¢ : I' — T'# is a retraction and the set of fibres of v is
the same as that of 7/ ¢. However, the fibres of 4/ ¢ are the subsets {(i, ) € Z,xZ, : (¥ ¢)(i,z) =
V(k*)} = {(i,z) € Zp X Zy : ¢(i,x) = k*} = Py y, k € Zy. Therefore, the set of fibres of ¥ is
identical to the set of fibres Py, of ¢. Moreover, ¥(k#) = (197¢y7)(k*) = (779)((k + jb)*) =
7((k + jb)#) = k¥, that is, ¢ fixes every vertex of I'#. Since k# € Pyyjbs as shown above
and the set of fibres of ¢ is {P 4 : k € Z,}, it follows that the unique fibre of ¢ containing
k%, denoted by Py, is given by Py = Prijp¢. In particular, 0% = (ja!, jt'c™) € Pj, 4 and
b = ((j+1)d', (j+1Dt'e™) € Pijayp,g, and so v(0%) = b#. Since 1) fixes every vertex of I'#, we
then have (¢y)|p# (07) = ¥(b") = b . Thus, when applying Lemma 4.18 to (I'*, ), the element
b(T'#, %) of Z, involved is equal to b and so ¥(y(k7)) = (¢y)|p# (k7) = (k+ b)* by this lemma.
Therefore, v/ (k*) = y(k#) € Prtbyp = Pis(j+1)p,0, that is, (9777 (k*) = (k+ (j + 1)b)* as
required. O

Proof of Theorem 4.15 Since I' has order pg and is not a core, by Theorem 2.5, |V(I'*)| = p
or ¢q. Denote ¥ := G(p, s) x G(q,u).

Case 1: T'* is a complete graph. Then I'* = G(n,n — 1), where n = p or ¢, and so I' contains
a subgraph isomorphic to the complete graph G(n,n—1). Since by Lemma 4.13, ¥ contains I" as
a spanning subgraph, it contains a subgraph isomorphic to G(n,n —1). Hence G(n,n—1) — V.
On the other hand, by Lemma 2.12, there are projection homomorphisms ¥ — G(p,s) and
U — G(q,u). Also, we have G(p,s) — G(n,n — 1) or G(¢q,u) — G(n,n — 1) since G(p, s) or
G(q,u) is a subgraph of G(n,n — 1), depending on whether n = p or ¢. In either case we have
U — G(n,n — 1). Therefore, ¥ <» G(n,n — 1) and so ¥* = G(n,n — 1). In particular, ¥ is not
a core. Thus, by Lemma 4.10, either ¥* = G(p, s) or ¥* = G(q,u). Therefore, if n = p then
s=p—1,and if n = ¢ then u =¢q — 1.

Since I' is a spanning subgraph of W, the identity map from Z, x Z, to itself is a homomor-
phism I' — W. This together the projections ¥ — G(p,s) and ¥ — G(q,u) implies that the
projections

m: ' = G(p,s), (i,2) =1 p:T = G(q,u), (i,z)— =

are homomorphisms. Therefore, if n = p, then s =p—1and 7 : ' — G(p,p — 1) is a retraction;
ifn=gq,thenu=qg—1and p: T — G(q,q — 1) is a retraction.

Case 2: T is not a complete graph. We will only consider the case where |V (I'*)| = p since
the case |V (I'*)| = ¢ can be dealt with similarly.

So let us assume |[V(I'*)] = p and I'* 2 K,. Then n = p by Lemma 4.18. We aim to
prove I'* = G(p, s). Let ¢ : I' — I'* be any retraction that fixes each vertex of I'*. By Lemma
4.19, there exists an element b € Z, such that (¢77?) |p~ (k*) = (k + jpb)* for any integer
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j > 1land k € Z,. Since k + jpb = k mod p, we then have (¢7/P) |p« (k*) = k* for each
k € Z,. In other words, v/P(k*) € Py for k € Z,. More explicitly, letting k* = (i,z), then
YIP(k*) = 49P(i,x) = (i + jpal,z + jpt'e™) = (i,x + jpt'c™) € Py 4. Since p and g are distinct
we have ptlc™ € Zy and so (ptte™) = Zgq. In other words, x + jptte™ is

*
q’
running over all elements of Z, when j is running over all positive integers. Therefore, from

(i,x + jptic™) € P, 4 we obtain that {(i,y) : y € Z4} C Py . On the other hand, by Theorem
2.5, each fibre Py, 4 of ¢ has order gq. Therefore,

Pry=1{(i,y) 1y € Zg}

primes and t,c € Z

for all k* = (i,x) € V(I'*). Since k* is the unique vertex of I'* in P 4, k* and ¢ determine each
other uniquely. Thus ¢ is running over all elements of Z, when k* is running over all vertices of
I

By Lemma 4.13, T" is a spanning subgraph of ¥, and moreover I" # W since t ¢ H(q,r).
Hence I'* is a subgraph of ¥ and so we can talk about the inclusion homomorphism ¢ : I'* — V.
Let 7 : ¥ — G(p,s),(i,x) — i be the projection from ¥ to G(p,s). Since 7 is surjective,
mo : I'* — G(p,s) is a surjective homomorphism. This together with the fact that I'* and
G(p, s) have the same order implies that 7d is bijective. Hence (7d)(I"*) = I'* and (70)(I'™) is a
spanning subgraph of G(p, s).

We claim that (7)(I'*) = G(p,s). In fact, let 4,5 € Z, be any two adjacent vertices of
G(p, s), so that j —i = al € H(p,s) for some integer ly. Then i and j each determines uniquely
a vertex of I'*, say, h* = (i,x) and k* = (4, y), respectively. The fibres of ¢ containing h* and k*
are P, 4 and Py, 4, respectively. Since j — i = alo e H(p,s), each vertex (i,z) € Py 4 is adjacent
in I' to at least one vertex of Py 4, say, (j, 2+ tloc). Thus h* and k* are adjacent in T'*. In other
words, if two vertices of G(p, s) are adjacent, then the corresponding vertices of I'* are adjacent
in I'*. Hence |E(I'*)| > |E(G(p, s))|- On the other hand, |E(I'™*)| = |E((7d)(T™))| < |E(G(p, s))|
as (m0)(I"™*) is a spanning subgraph of G(p, s). Therefore, |E(I'*)| = |E((7d)(I'*))| = |E(G(p, 3))|
and so (70)(I'*) = G(p, s). Consequently, I'* = G(p, s). Moreover, from the discussion above we
see that the fibres of ¢ are the sets {(i,2) : © € Z,}, i € Z,, as claimed in (a).

Similarly, one can prove that, if |[V(I'*)| = ¢, then the statements in (b) hold. 0

Recall that in the proof of Lemma 4.13 we proved that H(q,u) = UletlH(q, 7). This implies
that for any arc (z,y) of G(q,u) there exists an integer [ such that y — z € t'H(q,r).

Proof of Theorem 4.16 We prove (a) only since the proof of (b) is similar. Denote ¥ :=
G(p;s) x Glg,u)-

Sufficiency: Suppose that there exists a homomorphism 1 : G(p,s) — G(g,u) such that
n(j) —n(i) € t'H(q,r) for every arc (i,j) of G(p,s) with j —i = a'. Let A be the subgraph of T
induced by {(i,7(¢)) : i € Zp} C Zp X Zy. The definition of 1 ensures that the map (¢,7(z)) — @
from V(A) to V(G(p,s)) = Zy is an isomorphism from A to G(p,s). Since I' = ¥ by inclusion
(Lemma 4.13) and ¥ — G(p,s) by projection (Lemma 2.12), we have I' — G(p,s) = A.
This together with the inclusion homomorphism A — I implies that I' <+ A. Therefore,
'™ =2 A* = G(p,s) by Lemma 2.1 and Corollary 2.6.

~

Necessity: Suppose that I'* = G(p,s). Then by Theorem 4.15 there is a retraction ¢ :
I' — I'* whose fibres are the sets {(i,z) : € Z;}, i € Z,. On the other hand, we have
d : ' — U by inclusion (Lemma 4.13) and 7 : ¥ — G(p,s), (i,x) — i by projection. Thus
w0 : I' = G(p,s),(i,x) — i is a homomorphism whose set of fibres is identical to the set of
fibres of ¢. As seen in (5), each fibre of ¢ contains exactly one vertex of I'*. Thus each fibre
of mé contains exactly one vertex of I'*. In other words, for each i € Z,, I'* contains exactly
one vertex of the form (7,z). Thus 6 := (7d) |p«: V(I'*) — V(G(p, s)), (i, ) — i, is a bijection.
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Since 7¢ is a homomorphism, 6 : I'* — G(p, s) is a homomorphism. Since |E(I')| = |E(G(p, s))]
(as T* = G(p, s)), it follows that € is an isomorphism from I'* to G(p, s).

Let p : ¥ — G(q,u), (i,z) — z be the projection from ¥ to G(q,u). Then the projection
pd : T' = G(q,u),(i,x) — x is a homomorphism from I to G(q,u). Hence ¢ := (pd) |p=:
I'* — G(q,u),(i,z) = z is a homomorphism. Consequently, n := 98~ : G(p,s) — G(q,u)
is a homomorphism, and it maps each i € Z, to the unique z(i) € Z, such that (i,z(7)) is
the unique vertex of I'* contained in the fibre {(i,x) : © € Z4} of ¢. If (i,j) is an arc of
G(p,s), then j = i + a! for some integer I, and (§71(i),0~1(j)) is an arc of I'* (as #~! is an
isomorphism from G(p,s) to I'*) and hence an arc of I'. Since §71(i) = (i,z(i)), it follows
from the definition of T' that 71(j) = (i + a!,x(i) + t'¢™) for some integer m. Therefore,
n(j) — n(i) = (x(i) + t'e™) — (i) = t'e™ € t'H(q,r) as required. O

5 Cores of symmetric Marusic-Scapellato graphs

In this section we determine the cores of symmetric Marusi¢-Scapellato graphs, to be given
in Theorem 5.3. Such graphs have order pg for a Fermat prime ¢ and a prime factor p of
g —2. In §5.1 we give the definition of (general) Marusi¢-Scapellato graphs. In §5.5 and §5.6 we
derive bounds on the clique and independent numbers of a general (not necessarily symmetric)
Marusi¢é-Scapellato graph of order pq, respectively. It turns out that these bounds are crucial
to the proof of Theorem 5.3. In §5.4 we give necessary conditions for the core of a symmetric
Marusié-Scapellato graph to have order ¢, which will be used to show that this occurs only in a
certain very special case. After a brief discussion on the cores of two specific rank-three graphs
in §5.7, finally we prove Theorem 5.3 in §5.8.

5.1 Marusi¢-Scapellato graphs

Marusic-Scapellato graphs (MS graphs for short) were introduced in [15]. We adopt their defi-
nition and notation! from [18, Definition 3.6].

Definition 5.1. Let @ > 1 be an integer, m > 1 a divisor of 2 — 1, S = —S a (possibly
empty) symmetric subset of Z7 , U a subset of Z,,, and w a primitive element of GF(2%). The
Marusicé-Scapellato graph I' = T'(a,m,S,U) is the graph with vertex set

V(T) :=PG(1,2%) X Zy, (with PG(1,2%) identified to GF(2%) U {o0})
such that (oo,r) € V(I') has neighbourhood
I'((oo,7)) :={(c0,7+5):s€ StU{(z,r+u): 2z € GF(2*),uec U}
and (z,r) € V(I') (where z € GF(2%)) has neighbourhood
I'((z,7)) == {(z,r+5): s € SYU{(c0,7—u) :u € UU{(z+w', —r+u+2i):i € Zoa_1,u € U}.

Obviously, I' = I'(a,m, S,U) has valency |S| + 2%|U|. Marusi¢ and Scapellato [16] proved
that I" admits SL(2,2%) as a vertex-transitive group of automorphisms. Moreover, they showed
that

B:={B,:z € PG(1,2%)}, where B, :={(x,r) : 17 € Zp,} (6)

is an SL(2, 2%)-invariant partition of V (I') such that the quotient graph I'g is the complete graph
of order 2%+ 1, that is, there is at least one edge of I' between any two blocks of B. They proved
further that I' is SL(2, 2%)-symmetric if I' = I'(a, m, 0, {u}) for some u € Z,.

T(a,m, S,U) in Definition 5.1 is the graph X (a,m,S,U) in [18, Definition 3.6] and [15, Definition 1.3], and
is F(2* +1,m,S,U) in [17, p.188] where this graph is called a Fermat graph.
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An integer of the form Fy := 22" + 1 is called a Fermat number, where s > 0 is an integer; if
F, is a prime, then it is called a Fermat prime.

The following result of Praeger, Wang and Xu [18] determines all symmetric MS graphs of
order a product of two distinct primes. (Note that the symmetric graphs F(s), F'(s) of order
3q defined in [25] (where ¢ = 2%" + 1 is a Fermat prime with s > 1) are isomorphic to the MS
graphs T'(2%,3,0,{0}),T(2%,3,0,{1,2}), respectively.)

Theorem 5.2 ([18, 3.7(b), 3.8 and 4.9(a)]). Let ¢ = 2 + 1 be a Fermat prime, where a = 2°
with s > 1, and let p be a prime divisor of 2* — 1. Then an MS graph of order pq is symmetric
if and only if it is of the form T' =T(a,p,0,U), where either

U= {u}

for some u € Zy, or
U=Uc;:={i29:0<j<d/e} (7)

for some i € Z;, and divisor e > 1 of ged(d, a) with 1 < d/e < p—1, where d is the order of 2 in
Zy. In the former case, I' = T(a,p,0,{0}) and val(T') = 2%; in the latter case, val(T') = 2%d/e.

Note that
1 <|Uei|=d/e<p—1 (8)

and I'(a,p, B, Ue;) is SL(2,2%) x Zg/e-symmetric (see [18, Theorem 3.7(b)]).

5.2 Cores of symmetric Marusi¢-Scapellato graphs
The following is the main result in this section. Its proof will be given in §5.8.

Theorem 5.3. Let a = 2° with s > 1 an integer, and let p be a prime divisor of 2 — 1 and
q = 2%+ 1 a Fermat prime. Let T = I'(a,p,0,U) be a symmetric MS graph as described in
Theorem 5.2, where U = {u} for some u € Z,, or U = U, ; as given in (7). Then the following
hold:

(a) if pg = 15, then either T' = T'(2,3,0,{u}) and T is a core, or I' = I'(2,3,0,{1,2}) and
= KS;

(b) if pq > 15 and p is not a Fermat prime, then I' is a core;

(¢) if pg > 15 and p = 922 41 is a Fermat prime with 0 <1 < s—1, then I is a core;
. s—1 . . * AU .

(d) if pg > 15, p=2%"" +1 is a Fermat prime and T = I'(a,p,0, {u}), then T* = K,,;

(e) if pg > 15, p = 22" 1 1 is a Fermat prime and I' =T'(a,p,0,U.;), then T is a core.

5.3 Assumption and notation

In the remainder of this section we assume that s,a,p,q are as in Theorem 5.8 and that w is a
primitive element of GF(2%) as used in Definition 5.1. For brevity, we set

I‘S7U = F(aapa Sa U)7 (9)

where S = —S C Z; and U C Z,. Note that this MS graph has order pg and vertex set
PG(1,2%) x Z,, but it is not necessarily symmetric.
As in [16, Eq. (14)], for each b € GF(2%), define

(00, 7), T =00, 7 €Ly

Aol(,7)) = {(az +0b,7), xeGF(?2%, re€Z,
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Define [16, Eq. (10) and (12)]

(x,r+1), x€{o0,0}, rez,
(zw,r +1), xe€ GF(2%)*, r € Zy.

p((x,7)) = {

Then Xy, p € Aut(I's ) [16] and so

J = (p") < Aut(T'sp) (12)
H:={\:bec GF(2%} < Aut(Tsy). (13)

Note that
J = Ziga_1yyp, H=ZG, HxJ=SL(2,2%) < SL(2,2%) < Aut(Tg ). (14)

Recall that I'g 7 admits an SL(2,2%)-invariant partition B defined in (6). Clearly, A fixes By
pointwise for each b € GF(2%), and p® fixes Bo, U By pointwise for each integer i. Therefore,
H x J fixes By, pointwise; that is, for every r € Z,,

HxJ<L AUt(FS,U)(oo,r)- (15)
For each d € Z,, denote by F‘éU the subgraph of I's ;7 induced by
Vi = {(z,d) : x € GF(2)}. (16)

In view of (10) and (11), each element of H x J fixes the second coordinate of every vertex of
I's . Therefore, H x J fixes Vy setwise. Since H x J < Aut(I'g ), it follows that F‘éU admits
H x J as a group of automorphisms in its induced action on V;. Moreover, H is regular on Vy
(in particular Fg’U is vertex-transitive), and each element of J fixes (0,d) € V;.

5.4 'What happens if the core of a symmetric MS graph has order ¢

Lemma 5.4. Let I' = Ty ¢y or gy, ,, where u € Zy and Ue; is given in (7). If [V(I'™)| = q,
then T contains exactly one vertex from each block of B.

Proof Suppose to the contrary that I'* contains multiple vertices from some block of B. Since I
is vertex-transitive, without loss of generality we may assume that (co,u), (co,v) € V(I'*) N Beo,
where u,v € Z, with u # v. By the definition of I' (Definition 5.1), each block of B is an
independent set of I'. In particular, (co,u) and (0o, v) are not adjacent in I' and so I'* is not
a complete graph. Since I' is symmetric by Theorem 5.2, so is I'* by Theorem 2.3. Since I'*
has prime order g, it follows that I'* = G(q,r) for some proper even divisor r of ¢ — 1 and
Aut(I™) = Zy x H(q,r) is a Frobenius group in its action on V(I'*) (see the discussion below
Definition 4.1).

Let ¢ : I' — I'* be a retraction. Since each \, € H fixes By, pointwise, (¢Ap) |p~€ Aut(I™)
fixes both (co,u) and (oco,v). Since Aut(I'*) is a Frobenius group on V(I'*), it follows that
(2%
vertex of I'* to a vertex of I' in the same fibre of ¢; that is, the H-orbit H((y, z)) containing
(y,z) € V(I'*) is a subset of ¢~ 1((y, 2)).

Since |Bxo| = p < ¢ = |[V(I'*)], there exists at least one vertex (y, z) € V(I'*) with y # oo. By
(10), it can be verified that H is semiregular on V(I') \ Bs. Since (y,z) € V(I') \ B, it follows
that p < 2¢ = |H| = |H((y,2))| < |¢7'((y,2))|. However, since |V (I'*)| = ¢ by our assumption,
we have [¢~1((y, 2))| = p by Theorem 2.5. This contradiction shows that I'* contains at most
one vertex from each block of B. This together with |V(I'*)| = |B| = ¢ implies that I'* contains
exactly one vertex from each block of 5. O

r+= lauyr+) is the identity element of Aut(I'*). In other words, A, must map each
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It is well known that all Fermat numbers F, = 22° + 1 are pairwise coprime [13] and satisfy
the relation [13]:
Fi=FF - F+2, t>1 (17)

In particular, since ¢ = Fs by our assumption, g —2 = FoFy - Fs_1.

Theorem 5.5. Let I' =Ty (y or Uy, ., where u € Zy, and U,; is given in (7). If pq > 15 and
V()| = q, then I = K.

Proof Suppose that pg > 15, |[V(I'*)| = ¢ but I'* 2 K,. Since pg > 15 and p < ¢ =2%+1 = Fj,
we have s > 2. Since I' is symmetric, by Theorem 2.3 and the discussion below Definition 4.1,
'™ = G(q,r) for some proper even divisor r of ¢ — 1 and moreover Aut(I™*) is a Frobenius group
on V(I'*) as seen in the proof of Lemma 5.4.

Let ¢ : I' — T'™* be a retraction. Since p is a prime divisor of 2* — 1 = Fy — 2, by (17)
and the fact that distinct Fermat numbers are coprime, we know that p is a prime factor of
exactly one Fj, 0 <[ < s—1. Thus p < Fs_1, and so by (17) and the fact s > 2, we have
|Boo UBy| =2p < 2Fs_1 < FyFy--- Fs_1+2 = Fs = q. Since ¢ has ¢ fibres, it follows that there
is at least one fibre of ¢ which is disjoint from By, U By. In other words, there exists a vertex
(z,t) € V(I'*) with x € GF(2%)* such that ¢~ ((x,t)) N (B U By) = 0.

Since I' is vertex-transitive, every vertex of I' is contained in some copy of I'*. In particular,
for every vertex (y,z) € ¢~ 1((w,t)), there is a core I'# 22 T'* of I" such that (y, z) € V(I'#). (Note
that I'* depends on (y,2), though all of them are isomorphic to each other.) We claim that
é |p# is an isomorphism from I'* to I'*. In fact, since ¢ is a homomorphism, ¢ |px: I'# — T'*
is a homomorphism. Moreover, ¢ |p% is surjective for otherwise the composition of a retraction
from T to I'# and ¢ |p# is a homomorphism from I' to a proper subgraph of I'*, contradicting
the assumption that I'* is a core of I'. Since I'# = I'*, there is an isomorphism § : ['* — T'#.
Then (6¢) |p#: T'# — I'# is an endomorphism and so an automorphism of I'# as I'# is a core.
In particular, (§¢) |p# is a bijection from V (I'#) to itself. Therefore, ¢ |« is a bijection from
V(I'#) to V(I'*) and hence an isomorphism from I'# to I'*. In particular, each fibre of ¢ contains
exactly one vertex of I'#.

Define n : V(I'*) — V(I'#) to be the inverse of the isomorphism ¢ |px: V(I'#) — V(I'*).
Then (y,2z) = n((z,t)) and for each (j,k) € V(I'*), n((4,k)) € V(I'*#) N ¢~1((j,k)) is the
unique vertex of I'# contained in the fibre ¢~1((j,k)). Define ¢ := n¢ : I' — T'#. Then ¢
is a retraction whose set of fibres is identical to the set of fibres of ¢. More specifically, for
(4,k) € V(I'*), the fibre v~ 1(n(j,k)) of ¥ is equal to the fibre $~1((j,k)) of ¢. In particular,
5 (g, 2)) = 671 (2, 1).

Applying Lemma 5.4 to I'#, we know that I'# contains exactly one vertex from each block
of B. Clearly, (y,2) is the unique vertex of I'# in B,. Let (oc,c),(0,d) be the vertices of I'*
contained in By, By, respectively, where ¢, d € Z,. Since by (11) J fixes B U By pointwise, for
any v € J, (1) |p#€ Aut(T'#) fixes both (oo, c) and (0,d). Since Aut(I'#) is a Frobenius group
on V(I'#) (as T# = T'* 22 G(q,7)), it follows that () |p#= Laug(r#)- In other words, v maps
each vertex of V(I'*) to a vertex of I' in the same fibre of 1. Since this holds for every v € .J,
the J-orbit J((y, z)) containing (y, z) satisfies J((y,2)) € ¥ 1((y,2)) = ¢~ *((x,t)). Since this
holds for every (y, z) € ¢~ 1((x,t)), $~1((x,t)) is a (disjoint) union of J-orbits and so |J| divides
|~ ((x,1))|. Note that |¢~1((z,t))| = p by Theorem 2.5 and our assumption |V (I'*)| = ¢. On
the other hand, since ¢! ((z,t)) N (Boo U By) = 0, for each (y,2) € ¢~ 1((x,t)) we have y # 00,0
and thus by (11), [J((y,2))| = |J| = (2% — 1) /p. Therefore, (2* —1)/p is a divisor of p, implying
that either (2° —1)/p=por (2* —1)/p=1.

If (2 —1)/p =1, then by (17), p =2 —1 = F; — 2 = FyF} --- F5_;, which forces s = 1,
a=2,p=Fy=3and ¢ =5. However, this contradicts the fact s > 2. If (2* —1)/p = p
(and s > 2), then by (17), p?> = 2¢ — 1 = FyFy--- Fy_1. However, this cannot happen since
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FoFy - Fs_1 contains two distinct prime factors, namely Fy = 3 and F; = 5, but p has only
one prime factor. O

5.5 Bounding the clique number

Theorem 5.6. The clique number of I's satisfies w(I's ) > p, with equality only when p =
22l+1f0rsom60§l§s—1.

Proof By Definition 5.1, I's y contains I'y 1,1 as a spanning subgraph, where v € U, and by
Theorem 5.2, this spanning subgraph is isomorphic to I' := ' 1. Thus w(T'sy) > w(T'). We
first prove that the result is true for I'.

Since p divides 2 — 1 = Fy — 2 = FyFy--- Fs_1 (by (17)) and all Fermat numbers are
pairwise coprime, p divides exactly one Fj for some 0 < [ < s — 1. Since GF(2%)* = (w)
has order 2¢ — 1 = FyF --- Fy_q, whFierFs—1 has order FyFy --- Fj_; in GF(2%)*. Hence the
multiplication group of the subfield GF(22') of GF(29) is given by GF(22')* = (wtFir1-Fa-1) | Set
C :={(z,0) : € GF(22)}. Let 2,y € GF(22') be distinct elements. Then y = -+ wiFi+1Fa
for some 4, and so (y,0) = (z + wfifirFs1 2B F 1 ---F, 1) as F; = 0 mod p. Since
wiiFiFs—1 ¢ GF(221)*, by Definition 5.1, (z,0) and (y,0) are adjacent in I'. Thus C is a
clique of I with size 22 In addition, by Definition 5.1, (00,0) is adjacent to every vertex of C'
in T. Therefore, {(c0,0)} UC is a clique of T with size 22 + 1, and consequently w(I') > 22 +1.
Since p is a factor of F; = 22 4 1, we then have w(I') > p, and equality occurs only when
p =22 + 1. Therefore, w(lsy) > w() > p. Moreover, if w(I'sy) = p, then w(I') = p and so
p=2% +1. O

Theorem 5.7. If S = ) then w(T's ) < pzTal|U|+1, and if S # 0 then w(Tg ) < 172%11|U|—|—p—1.

Proof Denote ¥ :=1'g and Ul .= chl‘,U for each d € Z,. Fix r € Z, \ U. Denote I := Loy
and T'¢ := I‘g’ - Then ¥ is edge-disjoint from T', and ¥¢ is edge-disjoint from I'?. Hence any
clique of T'? is an independent set of ¥¢, and consequently w(T'%) < a(¥?).

Since I is vertex-transitive, every vertex of it is contained in a maximum clique. In particular,
for each d € Zj, (00,d — r) is contained in a maximum clique of I. Since the neighbourhood of
(co,d—r) in I' is V4, such a maximum clique must be a subset of {(co0,d—7r)} UV, and therefore
w(T?) = w(T) — 1. Since w(I") > p by Theorem 5.6, it follows that p — 1 < w(T'?) < a(¥?). On
the other hand, since W is vertex-transitive, by Theorem 2.8 we have a(¥%)w(¥9) < |V (¥9)].
Therefore, w(W?) < [Vy|/a(¥?) < 29/(p — 1).

Now let C be a fixed maximum clique of ¥ containing (00, 0) (such a maximum clique exists
since U is vertex-transitive), and let N be the set of elements d € Z, such that C' NV # 0.
Since whenever d ¢ U, (c0,0) is not adjacent in ¥ to any vertex of Vj, we have

N={ueU:CnV,#0}.

Since |C' NV, | < w(¥¥) <2%/(p — 1) as proved above, we obtain

IC] = |C N Bl + Y ICN V| <[CN Boo| +
ueN

2[1
I (18)

Set
T1 :={(00,2) e CNB:24+recU}, To:={(c0,2) €CNBx:2+1r¢U}
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Then |CNBoo| = |T1|+|T2|. Since r ¢ U, by Definition 5.1 no vertex (00, z) € CN By is adjacent

to any vertex in V.. Thus, for each (00,2) € Ty, we have CN V.4, = 0 and so z+ 7 & N.

Consequently |N| < |U| — |T1|. Plugging this into (18) and noting 2%/(p — 1) > 1, we obtain
2¢ 2¢

(U] =11) <

v) = |C| < T T
(W) = |C1 < T3]+ [Tl + = -

|U| + |T|.

If S =0, then C N By = {(00,0)}. Since 0 + r ¢ U, we then have |T3| = 1 and so
w(P) < p2_al |U| + 1, as required.

Assume that S # 0. If |C N Bs| < p—1, then [T3| < p—1. If |C N By| = p, then
C'N By = By and so T # 0, implying |T3| = |C N Byo| — |T1] < p — 1. In either case we obtain

w(W) < 25U +p— 1. .

5.6 Bounding the independence number

The purpose of this subsection is to give an upper bound on a(I'y 10}) under the additional
assumption that

p=1F = 92" 4 1 is a Fermat prime for some 0 <1 <s — 1. (19)

Denote
ni=Fy1--Fs (20)
C = {(z,0) sz € GF(22 )} (21)

Vo :={(z,0) : z € GF(2*)}.

As seen at the end of §5.3, H fixes Vj setwise and Fg (0} admits H as a group of automorphisms

in its induced action on V{. Moreover, one can see that FB (0} is H-vertex-transitive.
The main result in this subsection is as follows.

Theorem 5.8. Suppose that p is as in (19) and let n,C be defined in (20), (21), respectively.
Then a(Tg g0y) < q, with equality only if | = s — 1 (that is, p = 227 4 1).

Denote by
M (C) = {(z +b,0) : z € GF(22)}

the image of C under A\, € H. We need the following lemma in the proof of Theorem 5.8.

Lemma 5.9. Suppose that p is as in (19) and let n,C be defined in (20), (21), respectively. Let
h be an integer with 1 < h < FyFy--- Fj_1. The following hold:

(a) C is a block of imprimitivity for H in its action on Vy and is a (p — 1)-clique of FB (0}
(hence so is \p(C) for each Ny € H). Moreover, C N Ay (C) = 0.

(b) For 1< j <q—2 such that (w?,0) € A\ywn(C) but w? # w'™, we have j # hn mod p.

(c) For 1 < i,j < q— 2 such that (w',0),(w’,0) € Aynn(C) but w® # w’, we have i # j
mod p.

Proof (a) Denote I' := T'j {0} Define

L:={\:beGF(2¥)}.

20



Then L < H < Aut(I'g 101)(00,0) by (15). It can be seen that the L-orbit L((0,0)) containing
(0,0) is exactly C. By Theorem 5.6 and its proof, C' is a (p — 1)-clique of T'°. Since each \, € H
induces an automorphism of T, \,(C) is also a (p — 1)-clique of T°.

Since H is abelian, L is a normal subgroup of H. Since H is transitive on V(I'), it follows
that the L-orbit C' is a block of imprimitivity for H in its action on Vj, and hence so is \y(C)
for each A\, € H.

Since p = Fj is a Fermat prime and distinct Fermat numbers are coprime, hn is not a multiple
of FiFj11 - Fs_1. Hence w"™ ¢ GF(22') and so (w"™,0) ¢ C. Therefore, A (C) # C, which
implies C' N A, (C) = 0.

(b) Since (w?,0) € Ayrn(C), we have (w?,0) = (z 4+ wh™,0) for some x € GF(221)*. Since
p=F and z € GF(22l)*, we have z = w'" for some integer t with 1 <t < FyFy--- Fj_y. Thus
w = wh +wP™ and so w/ M = 14 wP=M" (where 1 is the multiplicative identity of GF(2%)).
Since w(tP=Mn ¢ GF(22H1), 1+ wtP=hn ¢ GF(221+1). Hence w/ =" = 1 4 w®=hn = ykn for
some integer k with 1 < k < FyFy---Fj, and so j —hn = kn mod (¢ — 2). Since p = Fj is a
divisor of ¢ — 2, we then have j — hn = kn mod p. Note that w*” # 1 as 1 < kn < ¢ — 2.

Suppose by way of contradiction that j = An mod p. Then kn =0 mod p. However, n is
coprime to p as distinct Fermat primes are coprime. Hence k = 0 mod p and so w*™ € GF(221)*.
Consequently, w(tP—hn — hn 1 ¢ GF(22I)* and therefore (tp — h)n = 0 mod pn. It follows
that p divides h, but this cannot happen as 1 < h < FygFy---F;_1 = F; —2 = p — 2. This
contradiction shows that j Z hn mod p.

(¢) Since (w?,0), (w?,0) € Ay (C), we have w' = w' + x and w/ = w'" + y for some
T,y € GF(22Z). Since hn is a multiple of Fj1 -+ Fs_1 (= n) but not a multiple of FjFj - -- Fs_1,
wh is an element of GF(22™") but not GF(2%). Thus w' and w’ are elements of GF(22"")
but not GF(221). Therefore, w' = w"'™ for some 1 < h/ < FyFy---F_4, yielding i = h/'n.
Since (w",0) € Aurn(C) N Ayi(C), by part (a), Aywn(C) = Ayi(C) = A wa(C) and hence
(w?,0) € A wn(C). Thus, by part (b), j # h'n mod p, that is, j £ i mod p. O

We also need the following known result in the proof of Theorem 5.8.

Lemma 5.10 ([22, Corollary 3]). Let ¥ be a graph with minimum valency 6(¥), and let r
be such that r > ag(v) for every v € V(V), where avgy(v) is the independence number of the
subgraph of W induced by the neighbourhood of v. Then

rlV (9|

a(P) < o0

Proof of Theorem 5.8 Denote I' := I'y 5y and ro .= F87{0}' By Lemma 5.9(a), both C
and Ayn (C) are (p — 1)-cliques of T, and C' N Ay (C) = (. Thus, for any (w?,0) € Ayn(C),
we have (w’/,0) ¢ C and so w’ ¢ GF(221). Since (w’,0) € Ayn(C), w! = w" + z for some
T € GF(22Z). Since n = Fjyq--- Fs_1, w™ € GF(22H1) and so w’ € GF(221+1). Hence j = in
for some 1 < i < FyFy--- F;. Since p = F; and n are coprime, if 7 =0 mod p, then p divides
i, say, i = i'p, and hence w/ = w" = @' FifisrFeo1 ¢ GF(221), a contradiction. Therefore,
j # 0 mod p. On the other hand, |[Ayn(C)| = |C| = p— 1 and by Lemma 5.9(c), for distinct
(w?,0), (w’,0) € Ay (C) we have i Z j mod p. Therefore, for each integer d with 1 <d <p—1,
Awn (C) contains exactly one vertex (w’,0) such that j = d mod p.

By the definition of J (see (11) and (12)), J fixes Vj setwise and J < Aut(I'?) o) (see the
discussion around (15)). Moreover, for each (w’,0) € Ayn(C) and p'? € J with 1 <t < (29—1)/p,
PP ((w?,0)) = (w/T 0). Thus the J-orbit containing (w’,0) is

J((w?,0)) = {(w’™7,0) : 1 <t < (2"~ 1)/p}.
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It can be verified that, for 1 < t1,t3 < (2% — 1)/p with 1 # ta, we have w’ TP £ I +2P, Hence
[J((w?,0))| = (2* = 1)/p.

Since Ay (C) is a (p — 1)-clique of T? and J < Aut(I'?), both p'1P(A\n (C)) = {(w/ThP,0) :
(w,0) € Apn(C)} and pP2P(Ayn (C)) = {(w? 2P, 0) : (w,0) € Ayn(C)} are (p — 1)-cliques of T'°.
We claim that, for t; # to,

PP (Auwn (€)M p"P (A (C)) = 0. (22)

Suppose otherwise. Then there are (w?,0), (w’,0) € A\yn(C) such that w!TP = wi+2P Since
wl TP £ I T82P a5 seen in the previous paragraph, we have i # j and so (w',0) and (w’,0) are
distinct elements of A\, (C'). Thus i #Z j mod p by what we proved in the first paragraph. Since
p divides 2% — 1, it follows that i +t1p # j+t2p mod (2% —1) and hence (w! TP, 0) # (w/ 2P 0),
which is a contradiction. This completes the proof of (22).

Since the neighbourhood of (0,0) in T is T°((0,0)) = {(w®,0) : 1 <t < (2% — 1)/p}, by
(22), {pP(An(C)) : 1 <t < (2% — 1)/p} is a partition of V4 \ (I'°((0,0)) U {(0,0)}).

Since T'? is vertex-transitive, each of its vertices is contained in a maximum independent set.
Choose I to be a maximum independent set of T'° containing (0,0). Then I and T'°((0,0)) are
disjoint. Since p?(A,n(C)) is a clique for each p'? € J, it contains at most one vertex of I. Since
these (2¢ —1)/p cliques form a partition of Vg \ (T'°((0,0)) U {(0,0)}) as shown above, it follows
that a(I'%) = [I| < 1+ ((2* — 1)/p).

Since p = Fj, by (17), 20— 1 = F, —2 = Fy--- Fi_1pFis1 -+ Fy 1 = (p— 2QpFiar - Fy 1,
and hence p—1 < 1+ ((2* — 1)/p) with equality if and only if = s — 1. Denote by ap(z,r) the
independence number of the subgraph of I' induced by the neighbourhood of (z,7) € PG(1,2%) x
Zp in T'. Since I' is vertex-transitive and the neighbourhood of (00,0) in I' is equal to Vj, we
have ar(z,7) = ar(c0,0) = a(I?). Since val(I') = 2%, by Lemma 5.10,

)|V/(T 1+ 55D+ p 29 4 (p—1
O[(F) é a(o )| ( )| S I;a_l — (2[1 +1) . (p 2a_)1 S 2a_|_1 =q
a(T'9) + val(T") (1+ =) +2¢ 204 (14 =)
and equality holds only if [ = s — 1 (that is, p = 227" 4 1). O

5.7 Two rank-three graphs

In addition to Theorems 5.5, 5.6, 5.7 and 5.8, to prove Theorem 5.3 we also need a result [2]
on the cores of two specific rank-three graphs. First, a few definitions [20] are in order. Let G
be a transitive group on a set V. The action of G on V induces an action on V x V', defined
by g(u,v) := (g(u),g(v)) for g € G and (u,v) € V x V. The G-orbits on V' x V are called the
G-orbitals on V. For a fixed v € V, there is a one-to-one correspondence between the G-orbitals
on V and the G,-orbits on V, the latter being the G-suborbits and their lengths subdegrees.
The number of G-orbitals is called the rank of G. A G-orbital A on V gives rise to a G-orbital
graph with vertex set V and arc set A. If A is nontrivial (that is, A # {(v,v) : v € V}}) and
self-paired (that is, (u,v) € A implies (v, u) € A), then the G-orbital graph associated with A is
a nontrivial undirected G-symmetric graph. Conversely, any G-symmetric graph is a G-orbital
graph. A rank-three graph (defined in §1) can be defined equivalently as a nontrivial orbital
graph of a rank-three permutation group of even order.

Let t > 1 be an integer and V' (4, 22t) a 4-dimensional vector space over GF(ZQt) equipped
with a non-degenerate alternating bilinear form. Let V be the set of 1-dimensional subspaces of
V(4,22"). Then any group G with PSp(4,2%) < G < PI'Sp(4, 22") acts on V in the usual way.
The following were proved in [19, Lemma 3.5]: (i) |[V] = (22 +1)(22""" 4+ 1), G has rank 3, the
subdegrees of G on V are 1, 22" 422" and 22t+2, and all suborbits are self-paired (that is, the

22



corresponding G-orbitals are self-paired); (ii) the corresponding nontrivial G-orbital graphs ¥, ¥
(which are complements of each other) are the only (incomplete, nonempty) vertex-primitive
graphs on V admitting GG as a group of automorphisms, and each of them has automorphism
group PI'Sp(4, 22t); (iii) if |V| = pq, with p < ¢ and p, g primes, then p = 22 41 and ¢ = 22" 41
are Fermat primes.

The graphs ¥, ¥ above with |V| = pq arose in the classification [17, 19] of vertex-transitive
graphs of order a product of two distinct primes. In the proof of Theorem 2.1 in [17, p.193],
it was proved that in this case both ¥ and U are isomorphic to MS graphs. Moreover, by
(i) above, they are rank-three graphs. Furthermore, ¥ is the rank-three graph W3(22t) in [2,
Section 3.5]. In fact, since V' (4, 22t) carries a non-degenerate alternating bilinear form, we have
the classical polar space W3(22t) whose points are the 1-dimensional subspaces of V' (4, 22t) that
are totally isotropic with respect to the form (in other words, the point set of W3(22t) is exactly
V). As in [2, Section 3.5], by abusing notation we also denote by W3(22t) the graph whose
vertices are the points of this polar space such that two vertices are adjacent if and only if they
are orthogonal with respect to the form. This graph is a rank-three graph admitting G in the
previous paragraph as a group of automorphisms (see [2, Section 3.5]). The discussion in the
previous paragraph implies that ¥ or U is the rank-three graph W3(22t). (In fact, ¥ = W3(22t)
by the proof of [19, Lemma 3.5].) Since by [2, Section 3.5] both W3(22t) and its complement
have complete cores, so do ¥ and .

The reader is referred to [2, 23] for further discussion on polar spaces.

5.8 Proof of Theorem 5.3

We are now ready to prove Theorem 5.3. Since I is vertex-transitive, by Theorem 2.5, if I" is
not a core then either |V (I'*)| = p or |V(I'*)| = ¢. By (1) and Theorem 5.6, w(I'*) = w(I") > p.
Therefore, if |V(I'*)| = p, then I'" = K, whilst if pg > 15 and |V(I'*)| = ¢, then I'* = K, by
Theorem 5.5.

(a) Suppose that pg = 15. Then s = 1,p = 3,¢q = 5 and ' = I'(2,3,0,{0}) or T'
I'(2,3,0,{1,2}) by Theorem 5.2. If I' = T'(2, 3,0, {1,2}), then computations using Mathematica
show that w(I") = x(I') = 5 and so I'* & Kj5. Assume now I' = I'(2, 3,0, {0}). Then computations
show that x(I') = 4 and w(I') = 3, and so |[V(I'*)| # 3 in view of (1). If |[V(I')| = 5, then I'*
is a symmetric circulant of order 5 and so I'* = K5 or C5. However, this cannot happen by (1)
since x(K5) # 4 and x(C5) # 4. Therefore, if I' 2 T°(2,3,0,{0}), then I is a core.

In what follows we assume pg > 15 without mentioning explicitly.

(b) Suppose that p is not a Fermat prime. Then |V(I'*)] > w(I'*) = w(I') > p by (1) and
Theorem 5.6. To prove that I' is a core it suffices to show |V (I'*)| # q.

In fact, since by (8) U is a proper subset of Z,, there exists an element v’ € Z, \ U. The
MS graph IV := I'(a, p, 0, {u’}) has the same vertex set as I but is edge-disjoint from I". Hence
w(I”) < a(T"). Further, we have p < w(I'") by applying Theorem 5.6 to I'', and hence p < «(T").
This last inequality implies |V (I'*)| # ¢, for otherwise we would have I'* = K, by Theorem 5.5
and a(T") = pa(I™) = p by (3), a contradiction.

(¢) Suppose that p = 22" 4+ 1 is a Fermat prime with 0 < [ < s — 1. Similar to Case
(b), consider an MS graph I := I'(a,p, 0, {v'}), where v’ € Z, \ U. Since V(') = V(I') but
E(T)NE() =0, we have w(I") < o(I"”). Sincel < s—1 and I = I'(a,p, 0, {0}) by Theorem 5.2,
we have o(T") = a(T'(a,p,0,{0})) < ¢ by Theorem 5.8. Therefore, w(I') < ¢, and so w(I'™*) < ¢
by (1). This together with Theorem 5.5 implies that |V (I'*)| # ¢. On the other hand, since
by Theorem 5.2 T' contains a spanning subgraph isomorphic to IV, we have a(T") < o(TV) < g.
Therefore, |V (I'*)| # p, for otherwise we would have I'" = K, (as seen in the beginning of this
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proof) and a(T") = ga(T™*) = ¢ by (3), a contradiction. Since |V (I'*)| is neither p nor ¢, I' must
be a core.

(d) Suppose that p = 22" 4+ 1 is a Fermat prime (so that s > 2) and U = {u}. Let ¥
be the rank-three graph with order pg and valency val(V¥) = 22" 4+ 22° mentioned in §5.7 (by
setting t = s — 1), so that U* is a complete graph. Since ¥ is an MS graph, by Definition 5.1
and Theorem 5.2, it contains a spanning subgraph isomorphic to I'. Since ¥* is complete, either
U* = K, or U* = K,. However, since ¢ — 1 is not a divisor of val(¥) (= 22" 422°), U* % K,
by Theorem 2.4. Thus U* = K,. This together with the fact that I' is isomorphic to a spanning
subgraph of ¥ implies that I' — K. On the other hand, by Theorem 5.6, w(I') > p and so I'
contains a copy of Kj, as an induced subgraph. Therefore, I' <> K, and so I'" = K} = K.

(e) Suppose that p = 227" 4 1 is a Fermat prime (so that s > 2) and U = U,;. Then
2 < |Ul < p—2by (8. Note that I'(a,p,Z;,Z, \ U) is the complement of I' and hence
o(l') = w(l'(a, p,Zy,Zy \ U)). Thus, by applying Theorem 5.7 to I'(a, p, Zy, Z;, \ U) and noting
|U| > 2, we obtain
2¢ 2¢

— —1<
— (- U)+p—1<

a(F)gp p—2)+p—1=2"<gq.

If [V(I'*)] = p, then I'" = K, and so a(I') = qo(I'*) = ¢ by (3), a contradiction. Thus
|[V(T'*)| # p. On the other hand, by Theorem 5.7, w(I") < p2_al|U| +1 < gsince |U| < p-—2.
Thus w(I'™) =w(T') < ¢ (by (1)) and so |V (I'*)| # q. Therefore, I is a core. This completes the
proof of Theorem 5.3.

6 Proof of Theorem 1.1

Let p and ¢ be primes with 2 < p < ¢. By Theorem 2.15 ([4, 25, 18]), an imprimitive symmetric
graph of order pq is in one of the following families:

(a) The four graphs in Example 3.1, namely X (PG(d—1,r)), X' (PG(d—1,r)), X(H(11)) &
G(22,5) and X'(H(11)). These graphs are bipartite and hence their cores are Kj.

(b) Imprimitive symmetric circulant graphs of order pq listed in the second column of Table
1 (see Definitions 4.2, 4.3 and 4.4 and Example 4.5). Their cores are given in Lemma 4.6 and
Theorems 4.7, 4.8, 4.11, 4.14, 4.15 and 4.16, respectively, completing the third column of Table
1.

Note that, by Lemma 4.12, the core of G(3q,r) (¢ > 5) is reduced to that of G(3¢;r,2,r)
when 7 is even or that of G(3¢;r,2,2r) when r is odd, which can be obtained by using Theorems
4.14, 4.15 and 4.16.

(¢) Symmetric MS graphs described in Theorem 5.2. Their cores are given in Theorem 5.3,
completing the third column of Table 2.

This completes the proof of Theorem 1.1.
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