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Abstract

For an edge-colored graph, its minimum color degree is
defined as the minimum number of colors appearing on
the edges incident to a vertex and its maximum monochro-
matic degree is defined as the maximum number of edges
incident to a vertex with a same color. A cycle is called
properly colored if every two of its adjacent edges have
distinct colors. In this article, we first give a minimum
color degree condition for the existence of properly colored
cycles, then obtain the minimum color degree condition for
an edge-colored complete graph to contain properly colored
triangles. Afterwards, we characterize the structure of an
edge-colored complete bipartite graph without containing
properly colored cycles of length 4 and give the minimum
color degree and maximum monochromatic degree condi-
tions for an edge-colored complete bipartite graph to con-
tain properly colored cycles of length 4, and those passing
through a given vertex or edge, respectively.
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1 INTRODUCTION

All graphs considered in this article are finite and simple. For terminology and notation not defined
here, we refer the reader to [4].

Let G be a graph. We use V(G) and E(G) to denote the set of vertices and edges of G, respec-
tively. For two disjoint subsets A and B of V' (G), denote by E;(A, B) the set of edges in G between
A and B. If A contains only one vertex a, we write Eg(a, B) instead of E;({a}, B). An edge-
coloring of G is a mapping C; : E(G) = N, where N is the natural number set. We call G an
edge-colored graph if it has such an edge-coloring and say that G is properly edge-colored (or
briefly PC) if each pair of adjacent edges of G are in distinct colors, and rainbow if all edges of G
are in distinct colors. Denote by C(G) the set of colors appearing on the edges of G. For vertex-
disjoint subgraphs F and H of G, we use C(F, H) to denote the set of colors appearing on the
edges between F and H. For a color i € C(G), we use G' to denote the subgraph of G induced by
{e € E(G) : Cgz(e) =i}. For a vertex v of G, the color neighbor of v, denote by N(C;(U), is the set
of colors appearing on the edges incident to v. The color degree of v, denote by d(v), is the car-
dinality of Ng(v). For a subset S of V(G), define the minimum color degree of vertices in S by
62(.5' ) = min{ dé(v) : v € S} and the maximum monochromatic degree of vertices in .S by A’g"”(S) =
max{dg;i(v) : i € C(G),v € S}. For a subgraph H of G, define 58(H) = 52(V(H)) and AZO"(H) =
Ag”"(V(H)). If there is no ambiguity, we often write C(e) for C(e), N¢(v) for Né(v), d“(v) for dé(v),
6°(G) for 5CG(G) and A™"(G) for Ag""(G). Throughout the article, we use C, to denote a cycle of
length £.

Subgraphs in edge-colored graphs have been well studied through the ages. For rainbow subgraphs,
see the survey papers [8,12]. For PC subgraphs, especially, PC paths and cycles, see Chapter 16 of [2].
When considering the existence of PC cycles in an edge-colored graph, one often needs to know
the structure of graphs containing no PC cycles. So we start with the following important structural
result:

Theorem 1 (Grossman and Higgkvist [10], Yeo [22]). Let G be an edge-colored graph containing
no PC cycles. Then there is a vertex z € V (G) such that no component of G — z is joint to z with edges
of more than one color.

There are lots of results and problems on the existence of PC Hamilton cycles and long cycles
(see [1,6,7,16,17,19,20]). For short PC cycles, especially, a PC triangle (or a rainbow triangle), the
well-known Gallai coloring theory gives a structural characterization of edge-colored complete graphs
containing no rainbow triangles (see [9] and [11]). Conditions for the existence of rainbow triangles in
edge-colored graphs (not necessarily complete) are given in [13] and [14]. In a variety of those work,
minimum color degree conditions for edge-colored graphs to contain PC cycles with certain properties
are often discussed. One natural problem in this area would be asking a sharp color degree condition
for an edge-colored graph to contain a PC cycle. In this article, we first give a complete solution to this
problem.

To state our answer, we construct an edge-colored graph G, such that 6°(G ) = D and G, contains
no PC cycles. Let G| be an edge-colored graph that is isomorphic to K, with color c?‘. For 1 <
i <D -1, let G;,; be an edge-colored graph obtained from i + 1 vertex-disjoint copies of G;, say
Hy,...,H;, and a new vertex v, by joining v;,; to each H; for 1 < j <i+ 1 and coloring the

edges from v, to H; with color cl.:{jl (for s #t, C(H,) and C(H,) may be different as long as G,
satisfies the condition that 6°(G;,;) =i + 1 and G, has no PC cycles). By the construction, we can
easily check that |V (Gp)| = D! ZD 1 6°(Gp) = D and G, has no PC cycles.

i=0 j1°
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Theorem 2. Let G be an edge-colored graph of order n with 6(G) > D. Suppose that n < D! ZZO ll‘
and G contains no PC cycles. Then the equality on n is attained, and moreover, G is isomorphic to G,
up to the edge-coloring structure.

The problem of giving sharp minimum color degree conditions for short PC cycles seems more dif-
ficult. So far, we have some known results that give partial answers to this problem. Lo [16] showed
that, for any constant number € > 0, if an edge-colored graph of order n (sufficiently large) has mini-
mum color degree at least (% + e) n, then it contains a PC cycle of length # for all 3 < ¢ < n. Li [14]
n+l
v 2 ’
tains a PC triangle. Cada et al. [5] proved that if an edge-colored triangle-free graph of order » has
minimum color degree at least % + 1 then it contains a rainbow C,. As seen in these results, it seems
a reasonable approach for us to consider this problem for some specified graph classes. In this arti-
cle, we shall restrict our considerations to this problem in edge-colored complete graphs and complete
bipartite graphs.

In the study of PC Hamilton cycles and long cycles in edge-colored complete graphs, maximum
monochromatic degree conditions are often involved (see [18] and [20] and the articles cited therein).
Bollobas and Erd6s [3] conjectured that every edge-colored complete graph K, with A""(K,)) < [%J
contains a PC Hamilton cycle. Recently, Lo [18] proved that this conjecture is true asymptotically. For
short PC cycles, Wang and Zhou [21] showed that this upper bound of A™°"(K,,) can guarantee a PC
triangle or a PC C, with two colors. Gyéarfas and Simonyi [11] proved that each edge-colored complete
graph K, with A""(K,) < 2?" contains a PC triangle and this bound is tight. Here, we give the color
degree condition for PC triangles in edge-colored complete graphs.

proved that if an edge-colored graph of order n has minimum color degree at least then it con-

Theorem 3. If 6°(K,,) > log, n with n > 3, then K,, contains a PC Cj.

Remark 1. The bound of 6°(K,) in Theorem 3 is tight. The following construction due to Li and
Wang [15] shows the sharpness. Let G| = K,. For the unique edge e € E(G)), let C(e) = 1. For i =
2,3, ..., construct an edge-colored graph G, by joining two disjoint copies of G; completely with
edges of color i + 1. The resulting edge-colored complete graph K, satisfies 6°(K,,) = log, n but it has
no PC C3’s.

In what follows, we always consider an edge-colored complete bipartite graph K, , with m > 2 and
n > 2 (so we often omit lower bounds on m and »).

Observation 1. If 6°(K,, ) > 2, then K, , contains a PC C, or a PC Cs,.

Proof. Since 6°(K,, ) > 2, we have m,n > 2. Thus K,,, — x is connected for any x € V(K ,). By
Theorem 1, K,, , contains a PC cycle. Otherwise, there is a vertex y € V' (K, ,,) such that d°(y) = 1, a
contradiction.

Let C = vyv, -- v,v; be a shortest PC cycle in K, ,. If k <6, then there is nothing to prove.
Now, suppose that k > 8, C(v,v,) = p and C(v,v3) = q. Then C(vzv,) # g. If C(v304) = p, then
either v, v,v30401 Or L V4U5 -+ v,V 1s a shorter PC cycle than C, a contradiction. So we can assume
that C(vsv4) = r. Since v;v,03040; is not a PC cycle, we have C(v v,) = p or r. Without loss of
generality, assume that C(v;v,) = p. Since v v405 -+ v, V] 1s not a PC cycle, we have C(v,05) = p.
Moreover, considering that neither v;v,03040;0g +++ U, U DOT U U4U;Ug +++ U, Uy 18 a PC cycle, we have
C(v4v7) = C(vyvg). Thus C(vy07) # C(vgu7). Since v4U5V60; U, 1s NOt a PC Cy, we have C(v4v5) =
C(v4v7) = C(vyvg) = p. This implies that either v,v30, 0505070, OF VU703 -+ U, V) 1s a PC cycle, a
contradiction. [ |



FUIJITA ET AL 365

m C]
m C

C3

FIGURE 1 The structure of K, , in Theorem 5

Theorem 4. Let A and B be the partite sets of an edge-colored complete bipartite graph G with
|A| = m, |B| = n, and 6°(G) > 2. Then G contains a PC C, if one of the following conditions holds.

i) 6°(G) = 3;
(i) AZ(A) < 2

ees 2m
(iii) A’g""(B) <3
In fact, we obtained Theorem 4 as a corollary of the following stronger structural result.

Theorem 5. Let A and B be the partite sets of an edge-colored complete bipartite graph G with |A| = m
and |B| = n. If 6°(G) > 2 and G contains no PC C,, then A and B, respectively, can be partitioned
into {Ay, Ay, Ay, X1, X5, X3, X} and {By, By, B3, Y,,Y,,Y3,Y,} (see Fig. 1) such that the following
properties hold for i = 1,2, 3 (indices are taken modulo 3).

()] Ai’Bi #0;

(ii) C(A;,B,_1UB)) ={c;} and C(A;, B; ) = {c;i_1}; s
(i) C(4;, UOSJ.Q’#[ Y)) € {c;} and C(A;, y;) = {c;_1. ¢;} for each vertex y; € Y;;
@iv) C(B;, U0§j§3,j;éi X;) € {ciy1} and C(B;, x;) = {¢;, ¢iy1 } for each vertex x; € X;.

Remark 2. The bounds in Theorem 4 are sharp. Let G be an edge-colored K, ,, admitting a partition as
that in Figure 1 with X;,Y; = @, |A;| = g and |B;| = gforalli €[0,3]and j € [1,3]. Then 6¢(G) =

2, ATo(A) = % and A""(B) = 27’" But G contains no PC C,.

By applying Theorem 4 (i), we obtain the following corollaries on vertex-disjoint PC cycles in edge-
colored complete bipartite graphs.

Corollary 1. For k > 2, if 6°(K,, ) > 2k, then K, , contains k vertex-disjoint PC cycles Hy, ..., H;
such that 4 < |V(H )| £ 6 and |V(H,;)| =4 forevery2 <i < k.

Corollary 2. For k > 2, if 6°(K,, ) > 2k + 1, then K, ,, contains k vertex-disjoint PC Cy’s.
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In connection with Theorem 4, we would like to consider a sharp color degree condition for an
edge-colored K, , to satisfy the property that each vertex is contained in a PC Cy. In fact, this was
originally discussed for edge-colored complete graphs by Fujita and Magnant in [7]; they conjectured
that, if 6°(K,)) > — "+1 , then this edge-colored K, is properly vertex pancyclic (i.e. each vertex of the
K,, is contained in a PC cycle of length # for every 3 < ¢ < n), and they showed that if 6°(K,,) > %

then each vertex is contained in a PC C;3, a PC C, and a PC cycle of length at least five when n > 13.
In this article, we propose the complete bipartite version of their conjecture.

Conjecture 1. [f5°(K,, ) > m:" + 1 then each vertex of the K,, ,, is contained in a PC cycle of length
¢, where ¢ is any even integer with 4 < ¢ < min{2m,2n}.

m+n

Regarding this conjecture, we could manage to show that if 6°(K,, ) > + 1 then each vertex
of the K, , is contained in a PC Cy. In fact, we can prove the following maximum monochromatic
condition for PC C,’s passing given vertices, with this minimum color degree result as a corollary.

Theorem 6. Let A and B be the partite sets of an edge-colored complete bipartite graph G with
|A| = m and |B| = n. Then every vertex of G is contained in a PC C, if one of the following conditions
holds:

@) AZ"(A) < 3" ond AZ(B) < dmon
(i) AZ"(A) < E and AZ"(B) < 5.

Corollary 3. Let A and B be the partite sets of an edge-colored complete bipartite graph G with
|A| = mand | B| = n. Then every vertex of G is contained in a PC C, if one of the following conditions
holds:

@) 5C(G)>m—+"+1'
(i) 55(A) 2 5 +1and55,(B) 2 5 +1.

Remark 3. The bounds for A™" and 6¢ in Theorem 6 and Corollary 3 are tight. Let A and B be
the partite sets of an edge-colored complete bipartite graph G with |A| =2t — 2 and |B| = 2s — 1.
Partition A and B into A, A, and B}, B,, {v}, respectively, such that |A|| = |A,| =t —1and |B| =
|B,| = s — 1. For vertices a € A and b € B, color the edge ab with

b, ifa€A,beB,i=12;
C(ab) = i i
(ab) {a, ifa€ A.b¢ B.i=12

Then 6¢ oA = |B|+1 and 5(8;(B) lAl +1, A’"”"(A) |B|+1 , and Ag"”(B) = %, but the vertex v is
not contamed in any PCCy’s.

Moreover, we have the following analogous results:

Theorem 7. Let A and B be the partite sets of an edge-colored complete bipartite graph G with
|A| = m and |B| = n. IfA’"""(A) and A”"’"(B) < , then every edge of G is contained in a PC
Cy.

Corollary 4. Let A and B be the partite sets of an edge-colored complete bipartite graph G with
|Al =m and |B| = n. If 6;,(A) > 2?" + 1 and 5;(B) > 2—m + 1, then each edge of G is contained in a
PC C,.

Remark 4. The bounds of A™" in Theorem 7 are tight. Let A and B be the partite sets of
an edge-colored complete bipartite graph G with |A| =3s + 1 and |B| = 3t + 1. Partition A into
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Ay, Ay, Az, {x} and B into By, By, B3, {y} such that |A;| = s and |B;| =t (i = 1,2,3). For vertices
a € A and b € B, color the edge ab with

¢y, ifa=x,b€ B;U{ylorae€ A;,b=y;
C(ab)=1b, ifac€ A;U{x},beB,,i=12;
a, ifa€A;,b& B,UB;,i=1,2

Use new colors to give a proper coloring to the graph induced by the rest of the edges. Then A" (A) =
t+1= [lBl] and A’""”(B) =s+1= [lAl] but there is no PC C, containing the edge xy.

We give the proofs of our results in the rest of this article.

2 | PROOF OF THEOREM 2

For convenience, put z(D) = D! Z, ~0 7 It is easy to check that the theorem holds for D = 2. Suppose
that n < z(D) (D > 3) and G has no PC cycles. By Theorem 1, there exists a vertex v € V' (G) such
that, for every component H,, H,, ..., H, of G \ {v}, all the edges in E;(v, H;) has a common color.
This implies that D < ¢t. We may assume that |V (H,)| < "%1 Note that 5(G[H,]) > D — 1. Thus, by
the induction hypothesis,

D-1

(D_l)!zi],— _n—l_n—l

i=0

holds. This implies that n = z(D) and hence all the equalities are attained in above. Thus, = D and
|V(H)| = % = z(D — 1) holds forevery 1 <i < D.Forevery 1 <i < D, applying the induction
hypothesis to G[ H;], we know that G[H;] is isomorphic to G,_;, up to the edge-coloring structure
because G[H;] has no PC cycles. This implies that G is isomorphic to G, up to the edge-coloring
structure.

3 1| PROOF OF THEOREM 3

To prove Theorem 3!, we need the following result due to Gallai [9].

Theorem 8 (Gallai [9]). For an edge-colored complete graph K,, if it does not contain a PC C5 then
V (K, can be partitioned into several (at least two) parts such that between the parts, there are a total
of at most two colors and, between every pair of parts, there is only one color on the edges.

For convenience we name the partition in the above theorem as Gallai partition.

Proof of Theorem 3. We prove the theorem by induction on . It is easy to check that the theorem holds
for small n. So we assume that n > 5.

Suppose that K,, contains no PC Cs. Then it follows from Theorem 8§ that K has a Gallai parti-
tion Sy, 8, ..., 8 with k > 2. If k > 4 then there exists S; such that |.S}| < - Since 5°(K,[S;]) >
log, .51, applylng induction hypothesis to K,,[.S;], we can ﬁnd aPCCj,a contradlctlon Thus we may
assume that 2 < k < 3. In this case, we can take S; so that only one color is used on edges between
S, and V(K,) \ S;. Again, applying induction hypothesis to the smaller part of {.S;, V(K,) \ S;}, we
can find a PC Cj, a contradiction. Hence the theorem holds. [ |
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4 | PROOFS OF THEOREMS 4 AND 5

Proof of Theorem 4. Let G = K, , with partite sets A and B satisfies that 6°(G) > 2 and contains no
PC C,. Proving Theorem 4 is equivalent to show that 6°(G) = 2, Ag"" (A) > 2?” and Ag"" (B) > %m By
Theorem 5, the partite sets A and B can be partitioned into sets

{A, Ay, A3, X, X5, X5, Xg} and {By, By, B;, Y, Y,,Y3, Yy},

respectively, with properties in the statement of Theorem 5. Choose a vertex a; € A;. Since C(a;, B) =
{cy, c3}, there holds dg(al) = 2. Recall that 56°(G) > 2. We have 6°(G) = 2. Now consider the number
of vertices that are adjacent to a; with the color ¢;. We have dg¢, (a;) > n — | By| — |Y;|. Choose ver-
tices a, € A, and a3 € A5. Similarly, we have dge, (ay) > n— |B;| — |Y,| and dge; (a3) > n— | By | —
|Y3]. Thus

2 dau(a)z3n— Y |Bl= Y 1V23n— Y [Bl- Y I¥;l=2n

1<i<3 1<i<3 1<j<3 1<i<3 0<j<3

There must exist a vertex a; for some i with 1 < i < 3 such that d, (a;) > 2?” Thus A’g””(A) > ZT”
Similarly, we can obtain A’g"”(B) > 27"' [ ]

Proof of Theorem 5. By contradiction. Let G = K, , be a counterexample to Theorem 5 with m + n
as small as possible. Since 6°(G) > 2, by Observation 1, G must contain a PC cycle of length 6. This
implies that m,n > 3. If m = n = 3, then G contains a PC Hamilton cycle of length 6. Note that G
contains no PC Cj. It is easy to check that G satisfies Theorem 5, a contradiction. So we have m >
3,n >3 and m + n > 7. Now, we proceed by proving the following Claims.

Claim 1. There exists a vertex v € V(G) such that 6°(G — v) > 2.

Proof. By contradiction. Suppose to the contrary that 6¢(G — v) = 1 for every vertex v € V(G). For
vertices u, v € V(G), we say v dominates u if dé_u(u) = 1. Thus, for each vertex v € V' (G), there exists
a vertex u such that v dominates u. If a vertex u € V'(G) is dominated by two vertices, then dg(u) =
dé(u) = 2. Thus m = 2 or n = 2, a contradiction. So each vertex u € V' (G) is dominated by at most one
vertex. Based on these conclusions, we can construct a directed graph D such that V(D) = V(G) and
uv € A(D) if and only if u dominates v. Then we have ¥’} d}(v) > |V(D)| and Yoevip) dp®) <
|V (D)|. This implies that d;(v) = dB(U) = 1 foreach vertex v € V(D). Thus D is composed of disjoint
cycles. Let Dy, D,, ..., D; be the components of D. Then D;(1 <i < k) is either a cycle of length 2
or an even cycle of length at least 6. In the later case, D; corresponds to a PC cycle in G.

If D contains two components of order 2, then we can obtain a PC C, in G by combining them
together, a contradiction. So D contains at most one component of order 2. Note that |V (D)| =
|[V(G)| = 7. Then D must contain a component (say D;) that is an even cycle of length at least six.
Let Dy = uju, -+~ u,uy. For each i with 1 <i <1, since u;u;_ ju; »u; 3u; (indices are taken modulo )
is not a PC cycle and u;,, dominates u; 5 in G, we have C(u;u;,3) = C(u;u; 1) = C(u;3u;,4). This
implies that C(u;u;,1), C(u;,1u;,,), and C(u;,u;,3) are three distinct colors and |D;| = 6p for some
integer p > 1. Without loss of generality, assume that C(u;u; 1) = ¢; fori =1,2,3.1f p > 2, then con-
sider the color C(u;ug). Since u, dominates u;, C(uy, V(G) — u,) = {c, }, in particular, C(u ug) = c;.
Note that C(usug) = C(uyuz) = ¢, and C(uguy) = C(uzuy) = c3. We have d;(ug) > 3. This contradicts
that us dominates ug. Hence, p = 1, D| = uju, -+ ugu; and C(uqu,), C(uzuy), and C(usueg) are three
distinct colors. Without loss generality, assume that u, us, us € A. Note that |V(D)| = |V(G)| > 7.
Then D must contain a component (say D,) that is different from D;. Let uv be an arc in D, with
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v € B. Since u;_; dominates u; (indices are taken modulo 6) fori = 1,3, 5, we have C(vu;) = C(uqu,),
C(vuz) = C(uzuy), and C(vus) = C(usug). Thus dg(u) > 3. This contradicts that u dominates v.
The proof of Claim 1 is complete. [ |

Let v be the vertex in the statement of Claim 1 and let H = G — v. Then H is an edge-colored
complete bipartite graph with 6°(H) > 2. By symmetry, without loss of generality, assume that v €
B. Recall the assumption that G is a minimum counterexample to Theorem 5. The partite sets (A
and B — v) of H can be partitioned into { A, A,, A3, X, X,, X3, X} and { By, B,, B3, Y|, Y, Y3, Yy},
respectively, with the properties in the statement of Theorem 5. Now we continue the proof by analyzing
the colors that are appearing between v and | J, ;3 4;. Since X; and ¥; (0 < i < 3) can possibly be
empty sets, for S C U,-3:0(Xi U Y;), we sometimes write C(v, S) C {c} to say that C(v, S) = {c} if S
is nonempty. When there are no emphases, in the following, indices are always taken modulo 3.

Claim 2. |C(v, ;<3 AD| > 2.

Proof. Suppose to the contrary that |C(v, ;<3 Al = 1. Let C(v, ;3 A;) = {a}. Since d(,(v) >
2, there exists a vertex x € (Jy;<3 X; such that C(vx) # a. Let a; € A; and b; € B; be arbitrarily
chosen vertices for i, j = 1,2, 3. If x € X|), then one of the cycles {xva;b;x : i =1,2,3} must be a PC
C,, acontradiction. So x & X,,. If x € X, then consider cycles {xva,b,x, xva;b;x} and that C(vx) #
a. We have C(vx) = c¢; and a = ¢, (this can be verified by firstly proving that C(vx) # c; and a #
c3). Note that C(x, B;) = {c|, c,} for each vertex x; € X,. There exists a vertex b’l € B such that
C(xb’l) = ¢,. This implies that vxb’lal v is a PC Cy, a contradiction. Thus x ¢ X. Similarly, we can
prove that x & X, U X3. This contradiction completes the proof of Claim 2. [ ]

Claim 3. C(v, A;) C {c;_y.¢;} fori=1,2,3.

Proof. We firstly prove that C(v, A;) C {c;,cy,c3}. Suppose to the contrary that there exists a
vertex a € A; such that C(va) = a & {c|,c,,c3}. Let ay,a3,b,b, and by be arbitrary vertices in
A,, A3, By, B,, and Bj, respectively. Consider cycles vab;asv and vabyasv. We have C(v, A3) = {a}.
Then consider cycles vasybza,v and vazb,a,v. We have C(v, A,) = {a}. By Claim 2, there must exist
a vertex @’ € A such that C(va’) # a. This implies that either a’b,a,va’ or a'byazvd’ is a PC Cy, a
contradiction.

Now, we will show that ¢, & C(v, A;). Suppose the contrary. Let a € A| be a vertex satisfying
C(va) = c,. Let ay, a3, by, by, and b5 be arbitrary vertices in A,, A3, B, B,, and Bs, respectively. Con-
sider cycles ab;a,va and ab; a;va. We have C(v, A, U A3) = {c, }. By Claim 2, there must exist a vertex
a' € A, such that C(vd’) # ¢,. We assert that C(va’) = ¢;. Otherwise, va’bsasv is a PC C,, a contra-
diction. So we have C(v, A)) = {¢|, ¢, }. Let A = {u € A| : C(uv) = ¢,} and A} = A, \ A]. Then
A’] , A’l/ # @ For each vertex x € X, U X3 U X, by considering the cycle vab, xv, we have C(v, X, U
X3U X)) C {c,}. Define B = B u{v}, X| =X, UA. Partition Y, into three sets Y/, Y/ ,
and Y/’ such that

Y/ ={yeY, : Cn.A) = {c.c5}}.
Y/'={yeY, : Cn.A) = {c}}
and

Y/ ={yeY, : C(y,A) = {c3}}.
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IfY/” =, then let Y] = ¥, U Y/". Thus the partite sets of G can be partitioned into
{Al, Ay, A3, X[, Xy, X3, Xy} and  {B], By, B3,Y/.Y,, Y3, Y/},

respectively, with properties in the statement of Theorem 5, a contradiction. If Yl” " # @, then choose
avertex y € Y/”". Since C(y, A)) = {c, ¢35} and C(y, A]) = {c;}, there exists a vertex a’ € A/’ such
that C(a’'y) = ¢,. Arbitrarily choose a vertex @’ € A/l. Then ya'va y is a PC C,, a contradiction.
Hence, C(v, A|) C {cy,c3}. Similarly, we can prove that C(v, A;) C {c;,c;} and C(v, A3) C
{cy, c3}. This completes the proof of Claim 3. [ |

Claim 4. If ¢,_; € C(v, A;) for some i with 1 <i <3, then C(v,A;_1) = {c¢;_1} and C(v, A;;)) =
{civ1}

Proof. Assume that there exists a vertex a € A; such that C(va) = c3. Then let a,, a3, by, by, and by
be arbitrary vertices in A,, A3, By, B,, and Bj, respectively. Consider the cycle vab,a,v. We have
C(v, A;) € {cy,c3}. By Claim 3, C(v, A,) C {cy, ¢, }. This implies that C(v, A,) = {c, }. Consider the
cycle vabyasv. We have C(v, As) = {c3}. The left cases can be verified by similar arguments. The
proof of Claim 4 is complete. [ |

Claim 5. C(v, A;) = {c;_} for some i with 1 <i < 3.

Proof. By Claim 3, C(v, A;) C {c;_y,¢;} forall i with 1 <i < 3.

If C(v,A;) ={c;_,¢c;} for some i with 1 <i <3, then by Claim 4, C(v,A;_;) = {c;_;} and
C(v,A;, 1) = {c;;1 }. Without loss of generality, assume thati = 1. Let Yl’ =Y, U {v}. Thus the partite
sets of G can be partitioned into

{A1. A, A3, X, Xy, X3, X} and {B1’Bz,Bg,Y1,,Y2,Y3,Y0},

respectively, with properties in the statement of Theorem 5, a contradiction.
If C(v, A;) = {c;} forall i with 1 < i < 3, then let YO’ =Y, U {v}. Thus the partite sets of G can be
partitioned into

{A1,A2,A3,X1,X2,X3,Xo} and {B1sBz,B3,Y1,Y2,Y3,YOI},

respectively, with properties in the statement of Theorem 5, a contradiction.
So we have C(v, A;) = {c¢;_; } for some i with 1 <i < 3. [ ]

According to Claim 5, without loss of generality, assume that C(v, A;) = {c3}. Then by Claim 4,
C(v,Ay) = {cy} and C(v, A3) = {c3}. Letay, a;, and b, be arbitrary vertices in A, A3, and B,, respec-
tively. For each vertex x € X, U X, by considering the cycle va;b;xv, we have C(v, X, U X)) C
{cy, c3}. Now we will prove that C(v, X| U X3) C {c3}. For each vertex x; € X, by the definition of
X, there exist vertices b; and b’l in B; such that C(xb;) = c¢; and C(x, b’l) = ¢,. Consider the cycle
alb’]xl va,. We have C(vx) € {cy,c3}. If C(vx) = ¢,, then vxb;azvis a PC Cy, a contradiction. So
we have C(v, X|) C {c3}. For each vertex x3 € X3, there exists a vertex b € Bj such that C(x3b) = c;.
Consider the cycle va;bx;v. We have C(vx3) = c3. Thus C(v, X3) C {c3}.

Let X(’) ={x€e€ X, : C(vx)=c¢3} and X(’)’ = XO\X(’). Then C(U,X(’)’) C {c}. Let B) = B, U {v}
and X/ = X, U X{/". Thus the partite sets of G can be partitioned into

{AI’AZ’AB’XI’XQ’X:%X(,)} and {Bl,Bé,B3,Y1,Y2,Y3,Y0},

respectively, with properties in the statement of Theorem 5, a contradiction. This completes the proof
of Theorem 5. [ |
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S | PROOF OF THEOREM 6

By contradiction. Suppose that there exists a vertex v € V(G) such that any PC C, does not contain
v. Without loss of generality, let v € B and d = d“(v). Now, partition A into d nonempty subsets
A, A,, ..., A; such that the color ¢; is assigned to all edges between v and A; for each 1 <i <d,
where ¢; #¢;forl1 <i<j<d.

Consider a spanning subgraph G’ of G with

E(G"Y=1{ab : ae A, be B,C(ab) # C(av)}.
Let
= {x € B : Thereexisti,j withi # j,ue€ A;,,w € Aj such thatux, wx € E(G')}.

For a vertex x € B’, since v is not contained in any PC C,’s, we have C(ux) = C(wx), where u, w are
as that in the definition of B’. By this observation, we obtain the following claim.

Claim 6. For a vertex x € B', all edges of E¢(x, A) has a same color, i.e. a’é, x)=1

For simplicity, in the following, we use A 4 and A g respectively to denote AZ"(A) and A (B).
Claim 7. The following statements hold:
1) mn—mA, —(n—1)Ag > 0;

() |Eg/(A,(B=0v)\B")| < (n—1-|B'|)Ap;
Q) B #40.

Proof.

@) If A7"(A) < 2= and AT"(B) < *’" " then we have 3m > n (since 2= > 0). Thus,

mn—mA, —(n—1)Ag > %[(m—n)2+3m—n] > 0.
If AZ"(A) < & and AZ"(B) < %, then
mn—mA, —(n—1)Ag > % > 0.

(2) For a vertex b € (B — v)\B’, by the definition of B’, b can be adjacent to at most one set of
Ay, Ay, ..., A,y in G'. Since all edges between v and A; are colored in ¢;, we have |A;| < Ay for
all 1 <i <d.Thus |Eg(A,(B—v)\B)| <(n—1—-|B'|)Aj.

(3) Suppose that B’ = @J. Then by the definition of G’ and Claim 7 (2)

mn—Ay) < |Eg(A,B-0v)| <(n—1)Ap.
So we have
mA 4+ (n—1)Ag > mn.

This contradicts Claim 7 (1). [ |
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Utilizing Claim 7, we obtain

|Eg(A, B")| _ |Eg(A, B=v)| = |Eg (A, (B—v)\B') S mn—A)-—(n—-1- |B'DAg
|B'| - |B'| B | B'|

mn—mA, —(n—1)Ap

=Ap+
B |B'|

> Ap.

Hence, there must exist a vertex x € B’ such that dg(x) > Ap. By Claim 6, we know that there exists
a color appearing at least A + 1 times on the edges incident to x, a contradiction.

6 | PROOF OF THEOREM 7

By contradiction. Suppose that e = xy € E(G) is an edge satisfying x € A,y € B but not contained
inany PCC,’s.Let A’ ={a € A : C(ay) = C(xy)} and B’ = {b€ B : C(xb) = C(xy)}.

Obviously,x € A,y € B/, |A"| < AL (A) < ,|B'| £ A7"(B) < % and C(ab) € {C(ay), C(xb)}
for all a € A\A’ and b € B\ B’. Now construct an oriented graph D w1th

V(D) = (A\A") U (B\B")
and
A(D) = {ab : C(ab) = C(xb),a € A\A',b € B\B'}
U{ba : C(ab) # C(xb),a € A\A',b € B\B'}.
Clearly, for each vertex v € V/(D), all edges between v and N (v) U {x, y} have a same color. Thus

dy@<s-1<2

3 3
and

_ m m

d.(h)<=—-1< =

D()_S <3

for all a € A\A’ and b € B\ B'. Then we have

n(m —|A’) N m(n — | B'|) S Z d5(0) = |AD)| = (m — | A'|)(n — | B'Y].
3 3 veV (D)

This implies that

0> mn+3|A'||B'| —2n|A'| - 2m|B'| =

\le’>

N N
<||s

5

=
v

/—\

a contradiction, which completes the proof.
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ENDNOTE

' The second and third authors of this article first gave a proof of Theorem 3 in a manuscript without using Theorem 8.
The proof we present here is more simple than that one and was suggested by two referees of that article. We include it
here for completeness.
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