PACKING ODD T7-JOINS WITH AT MOST TWO TERMINALS

AHMAD ABDI AND BERTRAND GUENIN

ABSTRACT. Take a graph G, an edge subset & C E(G), and a set of terminals T C V(G) where |T|
is even. The triple (G, %, T) is called a signed graft. A T-join is odd if it contains an odd number of
edges from . Let v be the maximum number of edge-disjoint odd T-joins. A signature is a set of
the form YA§(U) where U C V(G) and |[UNT| is even. Let 7 be the minimum cardinality a T-cut
or a signature can achieve. Then v < 7 and we say that (G, 3, T) packs if equality holds here.

We prove that (G,X,T) packs if the signed graft is Eulerian and it excludes two special non-
packing minors. Our result confirms the Cycling Conjecture for the class of clutters of odd T-joins
with at most two terminals. Corollaries of this result include, the characterizations of weakly and
evenly bipartite graphs, packing two-commodity paths, packing T-joins with at most four terminals,

and a new result on covering edges with cuts.

1. THE MAIN RESULT

A signed graph is a pair (G,X) where G is a graph and ¥ C E(G). A subset S of the edges is odd
(resp. even) in (G, X) if |[SNX] is odd (resp. even). In particular, an edge e is odd if e € ¥ and it is
even otherwise. A graft is a pair (G, T) where G is a graph, T C V(G) and |T| is even. Vertices in T'
are terminal vertices. A T-join is an edge subset that induces a subgraph of G with the odd degree
vertices equal to T. A T-cutis a cut 6(U) ={uv € E:u € U,v ¢ U} where [UNT]|is odd. A signed
graft is a triple (G, 3, T) where (G, ) is a signed graph and (G, T) is a graft. Thus an odd T-join of
(G,%,T) is a T-join of G that contains an odd number of edges of X. Take an edge subset C C E(G).
Then C is a circuit if it induces a connected subgraph where every vertex has degree two, and C is
a cycle if it induces a subgraph where every vertex has even degree. When T' = ) an (inclusion-wise)
minimal odd T-join is an odd circuit. When 7' = {s, ¢} a minimal odd T-join is either an odd st-path,
or it is the union of an even st-path P and an odd circuit C' where P and C' share at most one vertex.
When T = {s,t} we say that a set B C E(G) is an st-cut (resp. an st-join) if it is a T-cut (resp. a
T-join).

A signature of the signed graft (G, X, T) is a set of the form XAJ(U), where U C V(G) and [UNT)]
is even.! Observe that if I is a signature, then (G, %, T) and (G, T, T) have the same collection of odd

T-joins. We will need the following basic result:

Date: September 9, 2017.
LGiven sets A, B the set A— B ={a € A:a ¢ B}, and the set AAB = (AUB) — (AN B).
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Theorem 1.1. Let (G,X,T) be a signed graft, and let F C E(G). Then the following statements
hold:

o (Zaslavsky [18]) Assume that T = 0. If F contains no odd cycle, then there is a signature
disjoint from F. If F' contains no signature, then there is an odd cycle disjoint from F.
e If I’ does not contain a T-join, then there is a T-cut disjoint from F. If F' does not contain

a T-cut, then there is a T-join disjoint from F'.

This theorem is very useful and will be applied many times without reference throughout this paper.

The first application is the following:

Proposition 1.2. Let (G,X,T) be a signed graft. Let B be a minimal set of edges that intersects
every odd T-join. Then B is either a T-cut or a signature. In particular, B intersects every odd

T-join with odd parity.

Proof. By the minimality of B, it suffices to show that B contains a T-cut or a signature, as T-cuts
and signatures intersect every odd T-join. To this end, let us assume that B does not contain a T-cut.
Then there is a T-join J disjoint from B. Since B intersects every odd T-join, it follows that J is an
even T-join. It also follows that B intersects every odd cycle C, for if not, then JAC would be an
odd T-join disjoint from B, which is not the case. Hence, B contains a signature of (G, X, 0)). That is,
there is a cut §(U) such that XAS(U) C B. It suffices to show that |[U NT| is even. Since BN J = 0,
we get that (XA§(U)) N J = 0, so in particular, |(XAJ(U)) N J| is even. Since |X N J| is even, it
follows that §(U) N J is even, implying in turn that |[U NT| is even, as required. |

Given a signed graft, a cover is a set of edges that intersects every odd T-join with odd parity.> Then
by proposition 1.2 every minimal set of edges that intersects every odd T-join is a cover.

The maximum number of pairwise (edge) disjoint odd T-joins in (G, 3, T) is denoted v(G, %, T).
The cardinality of a minimum cover is denoted 7(G, X, T). Clearly, 7(G,%,T) > v(G,%,T). We say
that (G, %, T) packs if equality holds. I?; is the signed graft (K5, E(K3),0) and Fy is the signed graft
(G,%,T) in figure 1. Note, 4 = 7(K5) > v(K5) = 2 and 3 = 7(F;) > v(F;) = 1. Thus K5 and F; do
not pack.

Let (G,X,T) be a signed graft. (G,T',T) is obtained by resigning (G,X,T) if T is a signature of
(G,%,T). For e € E(G), we say that (G\e, X—{e},T) is obtained by deleting e. For e = uwv € E(G)-X,
we say that (G/e,X,T') is obtained by contracting e where T = T — {u, v} if both or none of u,v
are in T and T = T — {u,v} U {w} if exactly one of u,v is in T where w is the vertex obtained

from e by contracting e. A signed graft is a minor of (G,X,T) if it is obtained by sequentially

2This definition is not standard!
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FI1GURE 1. Signed graft F7. Dashed edges form the signature, square vertices are terminals.

deleting/contracting edges and resigning. Note, we can always do all deletions first, resign, and
then do all contractions. We often do not distinguish between signed grafts related by resigning. In
particular we denote by (G, %, T)/I\ J the signed graft obtained from (G, ¥) by contracting edge set
I and deleting edge set J. Observe that this is only well defined if I does not contain an odd circuit
or an odd T-join.

We say that a signed graft (G,X,T) is Fulerian if every non-terminal vertex has even degree and
either: every terminal has odd degree and the signature has an odd number of edges; or every terminal
has even degree and the signature has an even number of edges. So (G, 3, 0)) is Eulerian if every vertex
has even degree. Notice that resigning preserves the Eulerian property.

We can now state the main result of the paper,

Theorem 1.3. If an Eulerian signed graft has at most two terminals and it does not contain either

of IA(; or F7 as a minor then it packs.

Observe that the Eulerian condition cannot be omitted. For instance (K4, E(Ky), ) does not pack
and does not contain either of 175 or F7 as a minor. Similarly, the signed graft obtained from F7 by
deleting the unique edge between the two terminal vertices does not pack and does not contain either

K5 or F7 as a minor.

1.1. Special cases. We say that a graph H is an odd-minor of a graph G if H is obtained from G

by first deleting edges and then contracting all edges on a cut. Theorem 1.3 implies,

Corollary 1.4 (Geelen and Guenin [3]). Let G be a graph that does not contain Ks as an odd minor
and where every vertex has even degree. Then the minimum number of edges needed to intersect all

odd circuits is equal to the mazximum number of pairwise disjoint odd circuits.

Proof. Consider the signed graft (G, F(G),T) where T = (. Since T = (), F7 is not a minor of
(G,E(GQ),T). We claim that K5 is not a minor of (G, E(G),T) either. Suppose for a contradiction
that K5 = (G, E(G),0)/I\ J. Let (H, E(H),0) = (G, E(G),0)\ J. We may assume that we resign
(H,E(H),) to obtain (H, E(H) — B, () where B is a cut of E(H), I C B and that K5 = (H, E(H) —
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B,0)/I. As I/(vg, has no even edge, I = B. But then Kj is an odd-minor of GG, a contradiction. Since all
vertices of G have even degree and since T' = (), (G, E(G), () is Eulerian. Thus 7(G, %, 0) = v(G, X, 0)

by theorem 1.3. Since T' = () each odd T-joins contains an odd circuit and the result follows. (]

A blocking vertex (resp. blocking pair) in a signed graft is a vertex (resp. pair of vertices) that

intersects every odd circuit.

Proposition 1.5. Consider a signed graft (G,X,T) where T = {s,t}. If any of (1)-(6) hold, then

(G, %, {s,t}) does not contain [?5 or F; as a minor:

(1) there exists a blocking vertex,

(2) s,t is a blocking pair,

(8) every minimal odd st-join is connected,

(4) G is a plane graph with at most two odd faces,

(5) G is a plane graph and w,v is a blocking pair where s,u,t,v appear on a facial cycle in this
order,

(6) G has an embedding on the projective plane where every face is even and s,t are connected by

an odd edge.

Proof sketch. Observe that (3) contains (2) and (6). Thus it suffices to show the result for (1), (3),
(4) and (5). Suppose that (G,%,T) with T = {s,t} belongs to one of these classes, and let (G, ¥, T")

be a minor of it. Then,

o if (G,X,T) belongs to one of (1), (4), then so does (G', %', T),
if (G,X%,T) belongs to (3) and T' =T, then (G', %', T") belongs to (3),
if (G,%,T) belongs to (5) and T/ =T, then (G', X', T") belongs to (5),
o if (G,X,T) belongs to (3) and 77 = @, then (G', %, T") belongs to (1),
if (G,%,T) belongs to (5) and T = {), then (G’,¥’,T") has a blocking pair.

o
In all of the aforementioned cases, (G', X', T") is not equal to either of I/(v5 or F7 (we leave this as a

simple exercise), finishing the proof. O

Theorem 1.3 implies that an Eulerian signed graft with two terminals that is in any of classes (1)-(6)
packs. We will now show that some of these cases lead to classical results.

Proposition 1.5(1) and theorem 1.3 imply,

Corollary 1.6. Let (H,T) be a graft with |T| < 4. Suppose that every vertex of H not in T has even
degree and that all the vertices in T have degrees of the same parity. Then the mazimum number of

pairwise disjoint T-joins is equal to the minimum size of a T-cut.
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Proof. Suppose that T' = {s,t,s',t'}. Let ¥ = 0y (s’) and identify s’,¢' to obtain G. Denote by v the
vertex corresponding to s’,t' in G. Then the signed graft (G, X, {s,t}) contains a blocking vertex v,
so by proposition 1.5(1) it has no F7 or K5 minor. By construction (G, %, {s,t}) is Eulerian. Hence,
theorem 1.3 implies that 7(G, X, {s,t}) = v(G, X, {s,t}). Observe that an odd st-join of (G, 3, {s,t})
is a T-join of H, and that an st-cut or a signature of (G, ¥) is a T-cut of H. The result now follows. O

In fact this result holds as long as |T'| < 8 [1].

Proposition 1.5(2) and theorem 1.3 imply,

Corollary 1.7 (Hu [7], Rothschild and Whinston [10]). Let H be a graph and choose two pairs (s1,t1)
and (sq2,t2) of vertices, where s1 # t1, so # to, the degrees of si,t1, 82,t2 have the same parity, and
all the other vertices have even degree. Then the mazimum number of pairwise disjoint paths that are
between s; and t; for some i = 1,2, is equal to the minimum size of an edge subset whose deletion

removes all s1t1- and sato-paths.

Proof. Let ¥ = 05 (s1) A 0g(t2) and identify sq,s2 as well as t1,t2 to obtain G. (So all the edges
between s1 and so and between t; and ¢5 have turned into loops.) Denote by s (resp. t) the vertex of G
corresponding to s1, 82 (resp. t1,ts) in H. The signed graft (G, %, {s,t}) has {s,t} as a blocking pair,
so by proposition 1.5(2) it has no F7 or K5 minor. By construction (G, X) is Eulerian. Thus, theorem
1.3 implies that 7(G, %, {s,t}) = v(G, X, {s,t}). Observe that a minimal odd st-join of (G, X, {s,t})

is an s;t;-path of H, for some i = 1,2. The result now follows. O

Next we shall derive corollaries using duals of plane graphs.
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FIGURE 2. Signed graft. All edges are in the signature and square vertices are terminals.

Note, in the next theorem, the length of a circuit, resp. T-join, is the number of its edges, and a

circuit, resp. T-join, is odd, if it contains an odd number of edges in 3.

Corollary 1.8. Let (G,X,T) be a signed graft where G is a plane graph with exactly two odd faces.
Suppose that ¥ = E(G) or that all T-joins have even length. If (G,X,T) does not contain the signed



6 AHMAD ABDI AND BERTRAND GUENIN

graft in figure 2 as a minor, then the maxzimum number of pairwise disjoint signatures is equal to the

minimum of the following two quantities:

o the length of the shortest odd circuit,
e the length of the shortest odd T-join.

Proof. Denote by s and ¢ the two odd faces of G. Let G* be the plane dual of G and let I' be an odd
T-join of (G, X, T). Then (G*,T,{s,t}) is a signed graft. Notice that if (G, %, T) is the signed graft

in figure 2, then (G*,T',{s,t}) is F7. Recall that a bond is an inclusion-wise minimal cut.

Claim 1. Let B C E(G) = E(G*).
(i) If B is an st-cut of (G*,T',{s,t}) then B is an odd cycle of (G, %, T).
(i) If B is a signature of (G*,T',{s,t}) then B is an odd T-join of (G, %, T).
(i) If B is an odd st-join of (G*,T,{s,t}) then B is a signature of (G,%X,T).

Proof. (i) B = B1A...ABy where By, are bonds of G*. Since B is an st-cut, an odd number of these
bonds are st-bonds. Thus an odd number of By, ..., By are circuits of G separating faces s and ¢ and
the remainder are circuits of G with faces s and ¢ on the same side. It follows that B is an odd cycle
of (G,%,T). (ii) As B is a signature of (G*,T',{s,t}), BAT = dg-(U) where s,t ¢ U. Denote by
u1, ..., ux the elements of U, then BAT = dg«(u1)A ... Adg«(ug). For i € [k]*, dg~(u;) is a facial
even circuit of (G, ) and thus BAT is an even cycle of (G,X). As I"is an odd T-join of (G, %, T') so
is B. (iii) Since B is an st-join of G*, |0g+(u) N B| is odd if w = s,t and even otherwise. Thus the
facial circuits of G that intersect B with odd parity are the ones separating faces s and t. As the facial
circuits span the cycle space of G, for every cycle C of G, |C' N B| and |C N X| have the same parity.
Hence, BAY = 6 (U) for some U C V(G). |BNT|is odd as B is an odd st-join of (G*,T,{s,t}).
X NT]is odd as T is an odd T-join of (G, %, T). Thus |d¢(U) NT| = [(BAX) NI is even. It follows
that |U NT| is even, thus B is a signature of (G, %, T). &

Claim 2. (G*,T,{s,t}) is Eulerian.

Proof. Suppose all T-joins of G have even length. Then any circuit of G has even length. Thus all
vertices of G* have even degree. We chose I" to be a T-join of G, thus |T'| is even. It follows by
definition that the signed graft (G*,T',{s,t}) is Eulerian. Suppose that ¥ = E(G). As s and t are the
only two odd faces of G, s and ¢ are the only vertices of G* of odd degree. We chose I' to be an odd
T-join of (G, X = E(G),T), thus |T'| is odd. It follows by definition that the signed graft (G*, T, {s,t})

is Eulerian. O

3[k] == {1,2,...,k}
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Suppose now that (G, %, T) does not contain the signed graft in figure 2 as a minor.
Claim 3. (G*,T,{s,t}) does not contain either of K5 or Fr as a minor-

Proof. Since G* is planar, (G*,T, {s,t}) does not contain 1?/5 as a minor. Suppose for a contradiction
that (G*, T, {s,t})/I\ J = F7. Denote by es, ..., ey the elements of J and let (G',¥',T”) be obtained
from (G,X%,T) by deleting edges in I and contracting ey, ..., e, for some r < k as large as possible. If
r =k then (G', X', T") is given in figure 2, a contradiction. Otherwise, since we could not resign and
contract .41, e-41 must be in every signature of (G', X', T"). Thus, by claim 1 (iii), every odd st-join
of (G*,T,{s,t})/I\{e1,...,e;} uses e,1 and (G*,T',{s,t})/T\ J has no odd st-join, a contradiction.
&

By claim 2, claim 3 and theorem 1.3, 7 = 7(G*, T, {s,t}) = v(G*, T, {s,t}). Thus there is a minimal
cover B of (G*,T',{s,t}) with |B| = 7 and pairwise disjoint odd st-joins L1, ..., L, of (G*, T, {s,t}).
By proposition 1.2 and claim 1, B is either an odd circuit of (G, %, T) or an odd T-join of (G, %, T).
By claim 1, for all i € [7], L; is a signature of (G, %, T). O

Next we will show that in the previous result, the case where T consists of two vertices is of

independent interest. Consider H obtained as follows:

(%) start from a plane graph with exactly two faces of odd length and distinct vertices s and ¢,

and identify s and t.

Corollary 1.9. Let H be a graph as in (x) and suppose that the length of the shortest odd circuit is
k. Then there exist cuts By,..., By such that every edge e is in at least k — 1 of By, ..., B.

Proof. H is obtained as in (x) from a plane graph G with exactly two faces of odd length and
distinct vertices s,t. The signed graft (G, E(G),T) where T = {s,t} does not contain the signed
graft in figure 2 as |T'| < 4. By corollary 1.8 there exists pairwise disjoint signatures %1, ...,3, and
C C E(G) with |C] = p where C is an odd circuit or an odd T-join of G. In either case C is an
odd circuit of H, thus p > k. Since ¥q,...,%, are signatures of (G, E(G),{s,t}) for all i € [p],
Y, = E(G)Aog(U;) = E(G) — 6¢(U;) where s,t ¢ U,. Since %4,...,%, are pairwise disjoint, every
edge of G (resp. H) isin at least p— 1 > k — 1 of B; = §¢(U;) = o5 (U;). O

The attentive reader may have noticed that we can also derive corollary 1.9 directly from theorem 1.3
and proposition 1.5(4). Suppose that H is as in (%) and is loopless. Then by corollary 1.9, there
exists cuts 6(Uy), 6(Uz) such that every edge is in §(Uy) Ud(Usz). It follows that Uy NU, Uy N(V(H) —
Us), V(H)—Uy)NUsy, (V(H) —Uy) N (V(H) — Us) are stable sets. Hence, H is 4-colourable.

The following conjecture would generalize the 4-colour theorem,
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Conjecture 1.10. Let H be a graph that does not contain Ky as an odd minor and suppose that the
length of the shortest odd circuit is k. Then there exist cuts By, ..., Bx such that every edge e is in at
least k — 1 of By,..., Bg.

Graphs in (%) do not contain K5 as an odd minor [4] and corollary 1.9 implies the previous conjecture

for these graphs. We close this section with a sharper version of theorem 1.3.

Theorem 1.11. Let (G, 3, {s,t}) be an Eulerian signed graft that does not contain Ks or Fy as a
minor. Let k be the size of the smallest st-cut and let £ be the size of the smallest signature. When
k > ¢ one can in fact find a collection of k pairwise disjoint sets, £ of which are odd st-join and k — ¢

are even st-paths.

Proof. Let (G',%') be obtained from (G,X) by adding k — ¢ odd loops. As F7 and 1?5 have no
loops, (G,%',{s,t}) does not contain K5 or F; as a minor. Since (G,%,{s,t}) is Eulerian, so is
(G, X, {s,t}). Tt follows from theorem 1.3 that k = 7(G’,%’, {s,t}) = v(G', ¥, {s,t}). Thus there
exists k pairwise disjoint odd st-join in (G’, %', {s,t}) and exactly k — ¢ must contain an odd loop that

is in (G',¥’) but not in (G, X). The result now follows. O

1.2. Cycling and idealness. A clutter C is a finite collection of sets, over some finite set E(C), with
the property that no set in C is contained in another set of C. C is binary if for every Sy, 52,53 € C,
S1A82AS3 is contained in a set of C. A cover of a binary clutter C is a subset of E(C) that intersects
every set in C with odd parity.* An inclusion-wise minimal set of edges that intersects all sets in C, is
a cover [8]. The maximum number of pairwise disjoint sets in C is denoted v(C). The minimum size
of a cover of C is 7(C). C packs if 7(C) = v(C). A binary clutter is Fulerian if all minimal covers have
the same parity.

Let C be a clutter and e € E(C). The contraction C/e and deletion C \ e are clutters with E(C/e) =
E(C\e) = E(C) — {e} where C/e is the collection of inclusion-wise minimal sets in {C' —{e} : C € C}
and C\e:={C :e ¢ C € C}. A clutter obtained from C by a sequence of deletions and contractions is
a minor of C. Denote by L7 the clutter of odd T-joins of Fr, by Os the clutter of odd circuits of K5,
by b(Os) the clutter of complements of cuts of K5, and by Pjg the clutter of T-joins of the Petersen

graph where T is the set of all vertices.

Conjecture 1.12 (Cycling Conjecture. Seymour [14], see also Schrijver [12]). Eulerian binary clutters

that do not contain Ly, Os, b(Os), or P1g as a minor, pack.

Let (G,%,{s,t}) be a signed graft and let H be the clutter of minimal odd st-joins. Note that
‘H is binary, and it can be readily checked that H is Eulerian if and only if (G, %, {s,t}) is Eulerian.

4This is not standard!
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Observe also that L7 (resp. Os) is a minor of H if and only if F7 (resp. IA(;) is a minor of (G, 3, {s,t}).

Thus theorem 1.3 can be restated as,
Theorem 1.13. The Cycling Conjecture holds for Eulerian clutters of minimal odd st-joins.

Let H be a clutter. We define,

(1) V*('H)—max{Z)\S: Z As <1, foralleGE(H)7)\520f0ra115€7—[}.

SeH SeH:ecS

H fractionally packs if 7(H) = v*(H).

Conjecture 1.14 (Flowing Conjecture. Seymour [14, 15]). Binary clutters that do not contain Lz,

Os, or b(Os) as a minor, fractionally pack.
Corollary 1.15 (Guenin [6]). The Idealness Congecture holds for clutters of minimal odd st-joins.

Proof. Let H be the clutter of minimal odd st-joins of the signed graft (G, %, {s,t}). Assume that H
has no minor £7 or Os. Then (G, %, {s,t}) has no minor F7 or Ks. Let (G', %', {s,t}) be obtained
from (G, %, {s,t}) by replacing every even (resp. odd) edge by two parallel even (resp. odd) edges.
Note that (G’, %', {s,t}) also has no minor F7 or I75 It follows by theorem 1.3 that 7(G', %', {s,t}) =
v(G', % {s,t}). Tt can now be readily checked that it implies that 7(H) = v*(H) as required, where
in equation (1), As € {0, 2,1} for all S € H. O

)92
Applying the previous result to the case where s =t we obtain,

Theorem 1.16 (Weakly bipartite graph theorem, Guenin [5]). The Idealness Congecture holds for

clutters of odd circuits of graphs.

2. ORGANIZATION OF THE PROOF

2.1. Extremal counterexample. We start with the following basic result:

Remark 2.1. Let (G,X,T) be an Eulerian signed graft. Then the following statements hold:
(1) The cardinality of every signature and every T-cut has the same parity as 7(G,3,T).
(2) Take an integer k > 0 such that k,7(G,X,T) have different parities. If J1,...,Jy are disjoint
odd T-joins, then E(G) — (UleJi) 1s also an odd T-join.

Proof. (1) We leave this as an exercise. (2) Let J := E(G)— (U, J;). For every vertex v € V(G)—T,
|0(v)] is even as the signed graft is Eulerian, so

k
[o(v) N J| = [6(v)] — Z [b(v)NJ;]=0—-0=0 (mod 2).

i=1
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Moreover, for every terminal v € T, |§(v)| and 7(G, X, T) have the same parity by (1), so
k
6() NI =[6(0)] = [6(w) N Ji| =7(G,2,T) — k=1 (mod 2).
i=1

Thus, J is a T-join. By (1), |X|,7(G, X, T) have the same parity, so

k
2NJ[=7(G.2.T) =Y |ENJ|=7(G,E,T) k=1 (mod ?2),
i=1
it follows that J is an odd T-join, as required. O

A counterexample is an Eulerian signed graft with at most two terminals that does not pack and
that does not contain K or Fy as a minor. By remark 2.1 (2), 7(G, X, T) > 3 for every counterexample
(G,X2,T). A counterexample (G, X, T) is extremal if it satisfies the following properties (in this order):

(M1) it minimizes 7(G,%,T),
(M2) it minimizes |V (G)|, and
(M3) it maximizes |E(G)|.

Remark 2.2. If there exists a counterexample then there exists an extremal counterexample.

Proof. Clearly there exists a counterexample (G, 3, T) that minimizes (M1) and (M2) in that order.
It suffices to show that G' cannot have an arbitrarily large number of edges. For otherwise some edge
e € E(G) has at least 7(G,%,T) parallel edges (all of the same parity). But then 7((G, %, T)/e)
7(G,%,T), (G,X,T)/e does not pack, it does not contain K5 or F; as a minor and [V(G/e)|
[V (G)| — 1, contradicting our choice of (G, %,T). O

Let G be a graph, U C V(G) and B C E(G). We denote by G[U] the graph with vertices U and
edges of G whose ends® are in U. We denote by Vg (B) the set of ends of B and we shall omit the
subindex G when there is no ambiguity. We write G[B], for the graph with edges B and vertices
V(B). We say B is connected if G[B] is a connected graph. Let (G,%,T) be a signed graft such that
7(G,%,T) > 3, and let Q € E(G). Choose k € [7(G, %, T)] — [2] of the same parity as 7(G,X,T). An
(Q, k)-packing is a sequence (L1, ..., L) of odd T-joins where, Q € LiNLyN L3 and Q ¢ LyU---U Ly,
and Ly,. .., Ly are pairwise Q-disjoint®. For a subset L C E(G), we say that a cover B is a k-mate of
Lif |B—L| <k—3andif B is either a signature or a T-cut. Moreover, B is an extremal k-mate for

L if, for every other k-mate B’ of L, B’ N L is not a proper subset of BN L.

Proposition 2.3. Let (G,X,T) be an extremal counterexample with 7 := 7(G, X, T). Then we may
assume

5An end of an edge is a vertex incident to the edge.
6Two sets A and B are Q-disjoint if AN B C {Q}.
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(1) G is connected,

(2) there exists 2 € E(G) that is not in at least one minimum cover,
if T # 0 we can choose Q € §(v) for somev €T,

(3) there do not exist T — 1 pairwise disjoint odd T-joins,

(4) for every Q as in (2), there exists an (Q, T)-packing,

(5) every odd T-join has a T-mate.

Proof. (1) Identify a vertex of each (connected) component with an arbitrary vertex. (Neither of the
obstructions 1?/5, F7 has a cut-vertex.)

(2) Let B be a minimum cover. Note B # E(G), for otherwise every edge of B is an odd T-join and
so (G, %, T) packs, which is not the case. If T'= () then let Q € £ — B. Otherwise, T' = {s,¢}. Then
we can pick Q € (§(s) Ud(t)) — B. For otherwise, §(s) Ud(t) C B and thus d(s) Ud(t) = §(s) = 4(¢t),
which by (1) implies that E(G) = d(s), a contradiction.

(3) Suppose otherwise. Remove some 7 — 1 pairwise disjoint odd T-join in (G,%,T). By re-
mark 2.1 (2), what is left is an odd T-join. Hence, one can actually find 7 pairwise disjoint odd
T-joins in (G, X, T), contradicting the fact that (G, X, T) does not pack.

(4) Add two parallel edges Q1, Q5 to Q of the same parity as 2 to obtain Eulerian (G', X', T). By the
choice of , B remains a minimum cover for (G',¥',T), so 7(G', X', T) = 7. Since |[V(G")| = |V (G)]
and |E(G")| > |E(G)| and since (G, %, T) is an extremal counterexample, (G',3',T) packs. Hence,
(G',X',T) contains a set Ly, Lo, ..., L, of pairwise disjoint odd T-joins. All of ,€Q; and Qs must
be used by the odd T-joins in Lq,Ls,..., L., say by L1, Lo, L3, since otherwise one finds at least
7 — 1 disjoint odd T-joins in (G, X, T), contradicting (3). Then (L1, (L2 U{Q}) — {1}, (L3 U{Q}) —
{Q2}, Ly, ..., L;) is the required (2, 7)-packing.

(5) Let L be an odd T-join. Then the signed graft (G, %, T)\ L packs, since (G, X, T) is an extremal
counterexample and 7((G,%,T) \ L) < 7. Let B’ be a minimum cover of (G,%,T) \ L. Since both
(G,X,T) and (G, %,T) \ L are Eulerian, it follows that 7((G,%,T) \ L) and 7 have different parities,
and so either 7((G, 2, T)\L) < 7—3 or 7((G, 3, T)\ L) = 7—1. However, observe that the latter is not
possible, because (G, X, T) does not pack and (G, X, T)\ L packs. As aresult |B'|=7((G,%,T)\L) <
7 — 3. Let B be a minimal cover contained in B’ U L. Then |B — L| < |B’| < 7 — 3. Moreover, since
B is a minimal cover, proposition 1.2 implies that B is either a signature or a T-cut. Thus B is a

T-mate for L. O
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2.2. Q-systems. An edge subset of a signed graph or a signed graft is bipartite if all circuits contained
in it are even. From proposition 2.3 it follows that an extremal counterexample (G, X, T') has an (2, 7)-
packing (Lq,...,L;). We distinguish between the cases where (L1 U Ly U L3) — {Q2} is bipartite or
non-bipartite and define the appropriate data structure in each case.

A non-bipartite Q-system consists of a pair ((G,E,T), (Ll,...,Lk)) where 7(G,X,T) > 3, k €
{3,...,7(G,%,T)}, k has the same parity as 7(G, 2, T), and

(N1) (G,X%,T) is an Eulerian signed graft with |T| < 2, and if T' = {s, t}, then Q € §(s),
(N2) (L1,...,Lyg) is an (2, k)-packing where L1, ..., L) are minimal odd T-joins,
(N3) (
(N4)

L1 ULy U Ls) — {2} is non-bipartite, and
every odd T-join L. C L1 U Ly U L3 has a k-mate.
To define the other data structures, we need some terminology. Let (G,X,T) be a signed graft
where |T| < 2 and let L be a minimal odd T-join. Define C(L) and P(L) as follows:
if T =0, then L is an odd circuit and we define P(L) := @ and C(L) := L,
if T'={s,t} and L is an odd st-path, we define P(L) := L and C(L) := (),
otherwise, T = {s,t} and L is the disjoint union of an even st-path, denoted P(L), and an odd
circuit, denoted C'(L).

We say that L is simple if C(L) = () (see figure 3) and it is non-simple otherwise (see figure 4).

odd
m
T ={s,t}

FIGURE 3. An illustration of simple odd 7-joins.

A cycle (in a directed graph) is directed if it is the disjoint union of directed circuits. An st-join is
directed if it is the disjoint union of some st-dipaths and some directed circuits.

A bipartite Q-system consists of a tuple ((G,E,T), (Ll,...,Lk),m) where 7(G,X,T) > 3, k €
{3,...,7(G,X,T)}, k has the same parity as 7(G, X, T), and

(B1) (G,%,T) is an Eulerian signed graft with |T| < 2, and if T = {s,t}, then Q € §(s),

(B2) (Ly,..., L) is an (Q, k)-packing and m € [k] — [2] where
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odd
odd

even

T = {s,t}

~
I
=

FIGURE 4. An illustration of non-simple odd 7T-joins.

if T'=0, then m = 3,
if T'= {s,t}, then for each j € [m] — [3], L, contains an even st-path P; and an odd circuit
C; that are (edge-)disjoint,
if T'= {s,t}, then for each j € [k] — [m], L, is connected,
(B3) ¥N(L1UL;UL3UPLU...UP,) ={Q}.
A non-simple bipartite )-system consists of a tuple ((G7 2.7),(L1,...,Lk),m, ﬁ) where
(NS1) ((G,%,T),(L1,...,Lg),m) is a bipartite Q-system,
(NS2) Ly, Lo, Ly are minimal odd T-joins, and at least one of them is non-simple,
(NS3) H=G[LiULy;UL3UP,U...UPp,],
L1, Lo, Ly are directed T-joins in H (if T = {s,t} then they are directed st-joins),
if T ={s,t}, Py,..., Py, are st-dipaths in H,
H \ Q is acyclic,
(NS4) in H, every odd directed T-join that is §2-disjoint from some odd directed circuit, has a
k-mate.
A simple bipartite Q-system consists of a tuple ((G7 ¥, {s,t}),(L1,...,Lg),m, ﬁ) where
(S1) ((G,%,{s,t}),(L1,..., L), m) is a bipartite Q-system,
(S2) H=G[L1ULyUL3UPLU...UP,],
Ly, Lo, Ly are odd st-dipaths in ﬁ,
Py, ..., P, are st-dipaths in ﬁ,
H is acyclic,

(S3) in H, every odd st-dipath has a k-mate.
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Proposition 2.4. An extremal counterexample has a non-bipartite, non-simple bipartite, or simple

bipartite Q-system.

The proof of this proposition is provided in §4.
Given a bipartite Q-system ((G, X%, {s,t}), (L1,...,Lg), m), we define two cut structures.

A primary cut structure is a sequence (Uy,...,U,) where

(PC1) Lo, L3 are odd st-paths,
(PC2) nem—2landseU; C---C U, CV(G) —{t},
(PC3) for each i € [n—1], there exist ¢; € U;, base Qs4; and residue R y;, where Q34; C L3, —C34;
is a g;t-path such that V(Qs4:) NU; = {¢:}, Rsy: C L34; — C34; is a connected sg;-join, and
Q3+i N R34y = 0 (see figure 5),
(PC4) for each i € [n — 1], 6(U;) is a k-mate of Rsgy; U Qs44, and for every proper subset W of U;
with s € W, §(W) is not a k-mate of R34; U @344,
(PC5) §(U,) is a k-mate of Ly, and for every proper subset W of U, with s € W, §(W) is not a
k-mate of Ly,
(PC6) there exist d,q € U,, and a partition of Ly into base @, brace D and residue R, where @ is a
gt-path with V(Q) NU,, = {q}, D is an sd-path containing Q with V(D) NU,, = {s,d} that
is vertex-disjoint from @ outside U, and R is a connected dg-join (see figure 6).
For i € [m]—[n+2], set Q; := P;, R; := 0, and call Q; the base of L;, and for i = 2,3, set Q; := P, = L;
and call @; the base of L;.

A secondary cut structure is a sequence (Us,...,U,) where

(SC1) L1, Lo, L are odd st-paths,
(SC2) m>4,nem—-3landselU; C---C U, CV(G) — {t},
(SC3) for each i € [n], there exist ¢; € U;, base Q34 and residue Rsy;, where Qs1; C L3y, — C34;
is a ¢;t-path such that V(Qs+;) NU; = {¢;}, R3+; C L3+; — C34; is a connected sg;-join, and
Q31: N Rz = 0 (see figure 5),
(SC4) for each i € [n], 6(U;) is a k-mate of Rsy; U Qsyi, and for every proper subset W of U; with
s €W, §(W) is not a k-mate of R3y; U Q34
For i € [m]—[n+3], set Q; := P;, R; := (), and call Q; the base of L;, and for i € [3], set Q; := P; = L;
and call @; the base of L;.
A cut Q-system consists of a tuple ((G7 Y s, t}), (L1, ..., Lk),m, (U, ..., Upy), ﬁ) where
(C1) ((G7 S, {s,t}), (L1,..., Li), m) is a bipartite Q-system,
(C2) (Uy,...,U,) is a primary or a secondary cut structure,

(C3)  H is the union of all bases and, if it exists, the brace,
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FIGURE 5. Bases and residues of primary (i € [n — 1]) and secondary cut structures

(i € [n]).

FIGURE 6. The base, residue and brace of U,, for the primary cut structure.

the brace, if it exists, is an sd-dipath in ﬁ,
the bases are directed paths in H rooted towards t,
the following digraph HT is acyclic: start from H, for each ¢; add arc (s,qi), and if d, q
existed and d # ¢, add arc (d, q),
YNE(H)={Q} and ¥ has no edge in common with any of the residues.
(C4) for every odd st-dipath P in H such that V(P) N U, = {s}, there is a k-mate for P.

Consider a non-bipartite 2-system ((G, E,T),C). Then L is the (£2, k)-packing associated with the
Q-system and (G, %, T) is the signed graft associated with the Q-system. Similarly, one defines the
associated (€, k)-packing and the associated signed graft for bipartite and cut -systems. We say
that an Q-system has a particular minor when the associated signed graft does. Theorem 1.3 follows

from proposition 2.4 and the following three results,
Proposition 2.5. A non-bipartite Q)-system has an F; minor.
Proposition 2.6. A non-simple bipartite Q2-system has an F; or a f(; minor.

Proposition 2.7. A simple bipartite Q-system has an F7; minor.
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2.3. Outline of the proof. In this section we discuss the outline of the proofs of propositions 2.5, 2.6
and 2.7.
A non-bipartite Q-system ((G,%,T),(L1,..., L)) comes in the following flavours:

(NF1) at least two of Ly, Lo, L3 are non-simple, and for ¢ € [3], if L; is non-simple then € P(L;).
(NF2) at most one of L1, Ly, L3 is non-simple, and for ¢ € [3], if L; is non-simple then Q € C(L;).

Note that T' # ) for both flavours (NF1) and (NF2). We will postpone the proof of the next result to

Section 5.
Proposition 2.8. Fvery non-bipartite Q-system is of flavour (NF1) or (NF2).

A non-bipartite Q-system ((G, X, {s,t}),(L1,...,Lx)) is minimal if (a) there is no non-bipartite -
system whose associated signed graft is a proper minor of (G, X, {s, t}), and (b) among all non-bipartite
Q-systems with the same associated signed graft, |L; U Ly U Ls| is minimized. Note that every non-
bipartite {2-system contains as a minor a minimal non-bipartite 2-system. Proposition 2.5 will follow

from the following results,
Proposition 2.9. A minimal non-bipartite Q-system of flavour (NF1) has an F; minor.

Proposition 2.10. Consider a minimal non-bipartite Q-system of flavour (NF2) and assume that
there is no non-bipartite Q-system of flavour (NF1) with the same associated signed graft. Then the

Q-system has an F; minor.

A non-simple bipartite Q-system ((G,%,T), (L1, ..., L), m, ﬁ) is minimal if there is no non-simple
bipartite 2-system whose associated signed graft is a proper minor of (G,%,T). Proposition 2.6 is
proved for minimal non-simple bipartite {2-systems, which clearly is sufficient.

A simple bipartite Q-system ((G,%,T),(L1,..., L), m, ﬁ) comes in the following flavours:

(SF1) no odd st-dipath of H has an st-cut k-mate,
(SF2) some odd st-dipath of H has an st-cut k-mate.

A simple bipartite Q-system ((G, %, {s,t}), (L1, ..., L), m, ﬁ) is minimal if there is no simple bipartite
O-system whose associated signed graft is a proper minor of (G, X, {s,t}). Proposition 2.7 will follow

from the following results,

Proposition 2.11. Let ((G,%,{s,t}),(L1,...,Lg),m, ﬁ) be a minimal simple bipartite Q-system of
flavour (SF1) and assume that there is no non-simple bipartite Q-system whose associated signed graft

is a minor of (G,%,{s,t}). Then the Q-system has an F; minor.
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Proposition 2.12. Let ((G,%,{s,t}),(L1,...,Lg),m, ﬁ) be a minimal simple bipartite Q-system of
flavour (SF2) and assume that there is no non-simple bipartite Q-system whose associated signed graft

is a minor of (G,%,{s,t}). Then the Q-system has an F; minor.
Our proof of proposition 2.12 is more involved.
Proposition 2.13. A simple bipartite Q-system of flavour (SF2) has a cut Q-system.

Proof. Let ((G,%,T),(L1,...,Lg),m, ﬁ) be a simple bipartite Q-system of flavour (SF2). After re-
defining £, if necessary, we may assume that L; has an st-cut k-mate. Choose Uy C V(G) — {t} with
s € U; such that 6(U;) is a k-mate of L1, and for every proper subset W of U; with s € W, §(W)
is not a k-mate of Ly. It is easily seen that (U) is a primary cut structure. Let R be the residue
for Ly, and update H := H \ R. It is easily seen that ((G,%,T), (L1,...,Ly),m,(Uy),H) is a cut
()-system. O

Let ((G, Y, {s,t}),(L1,...,Lg),m, (Uy,...,Uy), ﬁ) be a cut Q-system. The Q-system is minimal if,
among all cut Q-systems whose associated signed graft is a minor of (G, X, {s,t}), |E(ﬁ)\ is minimized,
and the size n of the cut structure is maximized, in this order of priority. The Q-system is primary
(resp. secondary) if (Uy,...,Uy,) is a primary (resp. secondary) cut structure. Proposition 2.12 will

follow from proposition 2.13 and the following results,

Proposition 2.14. Let ((G,%,{s,t}),(L1,...,Li),m,(Uy,...,Up_1,U), ﬁ) be a minimal cut Q-
system that is primary and assume there is no non-simple bipartite Q-system whose associated signed

graft is a minor of (G,%,{s,t}). Then the Q-system has an F; minor.

Proposition 2.15. Let ((G7 s, t}),(L1,...,Lg),m, (Uy,...,Uy), ﬁ) be a minimal cut -system
that is secondary and assume there is no non-simple bipartite Q-system whose associated signed graft

is a minor of (G, %, {s,t}). Then the Q-system has an F7; minor.

2.4. Organization of the paper. Section 5 develops some preliminary results for non-bipartite €2-
systems. The proof of proposition 2.9 for Q-systems of flavour (NF1) is given in §6. The proof of
proposition 2.10 for Q-systems of flavour (NF2) is given in §7. Section 8 develops some preliminary
results for bipartite 2-systems. The proof of proposition 2.6, along with preliminaries, is given in §9,
§10, §11 and §12. Section 13 describes another preliminary and the proof of proposition 2.11 can be
found in §14. Section 15 develops our last preliminary and the proofs of propositions 2.14 and 2.15

can be found in §16, §17, respectively. The outline is summarized in figure 7.

3. COVERS

In this section, we develop tools that will be helpful in dealing with covers.
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FIGURE 7. Outline of the proof.

3.1. Caps and mates. Let (G, X, T) be a signed graft and let £ = (L4, ..., Li) be an (Q, k)-packing,.
We say that for ¢ € [k] a set B C E(G) is a cap of Ly in L if the following hold,

(T1) B is either a signature or a T-cut,
(T2) Q€ B,
(T3) BC Ly U...ULy, and

)

(T4) for all i € [k] — {¢}, |IBN L;] =1, and |BN Ly| > 3.

The next result characterizes k-mates of sets in an (€, k)-packing.

Proposition 3.1. Let (G,%,T) be a signed graft and L = (Lq,..., L) be an (Q, k)-packing. Then
for £ € k], B is a k-mate of Ly if and only if B is a cap of Ly in L.

Proof. Suppose first that B is a k-mate of L,. By definition of k-mates, (T1) holds and |B—L,| < k—3.
(T2) holds for otherwise, BNL # () for all L € £ which implies |[B—L,| > |£]|—1 = k—1, a contradiction.
If ¢ € [3], then B — L, intersects the k — 3 pairwise disjoint sets Ly, ..., L. If £ € [k] —[3], then B— L,
intersects the k — 3 pairwise disjoint sets in {Lg, L4, ..., Lp} — {L¢}. In either cases |B — Ly| =k —3
and (T3) and (T4) hold.

Suppose (T1)-(T4) hold. Suppose ¢ € [3] say £ = 1. Then B—L; C Ly U...U L;. Moreover,
|[BNL;| =1forallie{4,...,k}. Thus |B— Ly| <k —3,s0 B is a k-mate of L. Suppose ¢ ¢ [3] say
£=4. Then B— Ly C{Q}ULsU...ULyg. Thus |B— Ly| <k — 3, so B is a k-mate of Ly. O

Proposition 3.2. Let (G,%,T) be a signed graft and let Ly, ..., Ly be pairwise disjoint odd T-joins.
Let L be a subset of E(G) — (L4 U ...U Ly) that has a k-mate B. Then BC LUL4U...U Ly.

Proof. We have

k
k—=3<>Y |BNL|<|B-L|<k-3,
=4
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where the first inequality follows from BN L; # @, the second as LN (LyU...U L) = () and the third
because B is a k-mate of L. Hence, equality holds throughout, so |B — L| = k — 3 and the result
follows. 0

Proposition 3.3. Let (G,X,T) be a signed graft and take two (Q, k)-packings
L= (Li, Ly, L3, Lay...,Ly) and L' = (L}, Ly L3, L, ..., Ly).
Let By, By be k-mates of L1, L}, respectively. Let B C By U B} be a cover that is either a signature

or a T-cut. Then,

(1) Q€ B,

(2) BCLiUL]ULyU...U Lg,

(3) |BNL;j|=1 foralli€{3,... k},

(4) B is a k-mate of Ly U L,

(5) |BNLy| >3 or |BNL)| >3,

(6) if BN (L), — L1) =0 then B is a k-mate of Ly,

(7) if BN (L} — L1) = BN (L1 — L)) = 0 then B is a k-mate of L1 N L.

Proof. By proposition 3.1 By (resp. B}) is a cap of Ly (resp. L}) in £ (resp. £'). Thus,

(a) BiUB{ CLiUL{ULyU...U Ly,

(b) |BlﬂL,|:|B{ﬂLZ|:1 for all ’L'E{4,...,k‘}7

Since B C By U B/, (a) implies that (2) holds. As B is a cover and BN L3 # 0, (1) must hold as well.
Let i € {4,...,k}. Then by (b)

|BNLi| <|BiNLi|+ BN L <2.
Hence, as B is a cover, |BN L;| =1 so (3) holds. Combining this with (a) yields
k
B—(LiULY)[ <) |BNLi|=k-3
i=4

and so B is a k-mate of Ly U L] so (4) holds. Tt follows (as every cover has cardinality at least
7(G,X) > k) that |BN (Ly ULY)| > 3. Hence, for some L € {Ly, L}, |BNL|>1andso |BNL|>3
thus (5) holds. (6) and (7) trivially follow from (4). O

The following are immediate corollaries.
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Proposition 3.4. Let (G,%,T) be a signed graft and L = (L1, ..., L) be an (2, k)-packing. Suppose
fori=1,2, B; is a k-mate of L; and let B C B1U By be a cover that is either a signature or a T-cut.
Then

(1) Q€ B,

(2) BCLiULyULgU...U Ly,

(3) |BNL;j|=1 foralli€{3,...,k},

(4) |BNLy| >3 or|BNLsy| >3,

(5) fori=1,2, if |[BNL;| =1 then B is a k-mate of Ls_;.

Proof. Choose L = (Ly, L1, Ls, ..., L) and apply proposition 3.3 parts (5) and (6). |

Proposition 3.5. Let (G,%,T) be a signed graft and L = (L1, ..., L) be an (2, k)-packing. Suppose
By and B are k-mates of Ly and let B C By U By be a cover that is either a signature or a T-cut.

Then B is also a k-mate of L.
Proof. Choose £’ = L and apply proposition 3.3(6). O
3.2. Signatures versus T-cuts.

Proposition 3.6. Let (G,%,T) be a signed graft with |T| < 2 and let (L1,...,Ly) be an (£, k)-
packing. Suppose that L1, Ly are minimal odd T-joins and, for i = 1,2 L; is simple or Q € C(L;).
Suppose further that for i = 1,2 there exists a k-mate B; of L;. Then one of By, By is a signature.

Proof. By proposition 3.1, for each i = 1,2, B; is a cap of L; in £. Thus, By N Ly = Ba N L1 = {Q}.
Hence, if Q € C(L1) then BoNC(Ly) = {Q}, implying that Bs is a signature. Similarly, if Q € C(Ls)
then By is a signature. Otherwise, T' = {s,t} and Lq, Ly are simple. Suppose for a contradiction that
for i = 1,2, B; = 6(U;) where U; C V(G) — {t}. Let B = §(U; NUz) C By U By. By proposition 3.1
{Q} = LonN By = LyN§(Uy). Since Lo is simple and since Uy NUs C Uy, 6(U; NUz) N Ly = {Q},
it follows that Ly N B = {Q} (recall w € J(s)). Similarly, we have L; N B = {Q}, contradicting

proposition 3.4 part (4). O

Proposition 3.7. Let (G,X,T) be a signed graft with T = {s,t} and let (Lq,...,L) be an (,k)-
packing, where Ly, Lo, L3 are minimal odd T-joins. Suppose that Ly is non-simple and that Lo, L3 are

simple. Suppose that for i = 2,3 there exists a k-mate B; of L;. Then Q € C(Ly).

Proof. By proposition 3.6 one of Bs, B3 is a signature, say By. Thus Bo N C(L1) # (). But proposi-
tion 3.1 implies that B N Ly = {2} and the result follows. O
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Proposition 3.8. Let (G,3,T) be a signed graft with |T| < 2 and let (L1,...,Ly) be an (£,k)-
packing. Suppose that Lo is a non-simple minimal odd T-join and that there exists a k-mate By of
L. Then,

(1) if Q € P(Lg) then By is a T-cut,

(2) if Q € C(Ls) then By is a signature.

Proof. (1) By proposition 3.1, By N Ly = {Q}. Since Q € P(Ls), By NC(Ls2) = (. Since C(L2) is an
odd circuit, By is not a signature. It follows from the definition of k-mate that B is a T-cut. (2)
Proceeding as above we have By N P(Ly) = 0. If T = (), then we are done. Otherwise, T' = {s,t} and
P(Ls) is an st-path, so By is not an st-cut. It follows that By is a signature. O

4. NON-BIPARTITE, NON-SIMPLE AND SIMPLE BIPARTITE {2-SYSTEMS

In this section, we prove proposition 2.4, stating that every extremal counterexample has a non-

bipartite, non-simple bipartite, or simple bipartite (2-system.

Proof of proposition 2.4. Let (G,3,T) be an extremal counterexample with 7 := 7(G,%,T). By
proposition 2.3 parts (2) and (4) there exists an ({2, 7)-packing £ = (Lq,...,L;) of odd T-joins. By
proposition 2.3 part (5) every odd T-join has a 7-mate. If (L; U Ly U Lg) — {2} is non-bipartite, then
((G,%,T), L) is a non-bipartite (-system. Otherwise, (L1 ULy U L3) —{Q} is bipartite. We will show
that (G, %, T) has a non-simple bipartite or simple bipartite -system.

We can rearrange the elements of the sequence £ to ensure (B2) is satisfied for some m € [7] — [2].
For each ¢ € [3], let B; be a T-mate of L;. Since (L U Lo U L3) — {Q} is bipartite, it follows that, for
each i € [3], either L; is simple or Q € C'(L;). Therefore, by proposition 3.6, at least two of By, Bs, Bs,
say B; and Ba, are signatures. By proposition 3.1, By (resp. Bs) is a cap of Ly (resp. Ls) in L. Let
U be the subset of V(L) — T for which L1 N§(U) = (L1 N By) — {Q}, and let T := B AS(U). Tt is
clear that I' is a signature for (G, 3,T). We will show that ((G,I',T), £, m) is a bipartite Q-system.
It is clear that (B1) and (B2) hold. To prove (B3), we need to show that, for ¢ € [3], T'N L; = {Q},
and for i € [m| — [3], ' N P; = ). By definition, I' N Ly = {Q}.

Claim 1. Fori=2,3, ByNP;, =0 and §(U)NL; = 0.

Proof. Since By N L; = {Q} and Q ¢ P;, it follows that By N P; = (). To prove the next equation,
choose vertices s, s',t as follows:  has ends s,s’, if T # () then T = {s,t}, and if T = () then ¢ := s.
Notice that s,s',t ¢ U and Q; := L; — {Q}, Q1 := L1 — {Q} are s't-paths. Suppose for a contradiction
that 6(U) N L; # (. Then our choice of U implies that L; and L; have a vertex v € U in common.
Consider the cycle C' := Q;[u,t]UQ1[u,t].” Since By N L; = {Q} and (By N L) — {Q} = 6(U) N Ly, it

TGiven a path P and vertices a,b € V(P), P[a,b] denotes the subpath between a and b.
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follows that By N C = §(U) N Q1]u, t], implying in turn that |[B; N C| is odd. As Bj is a signature, it
follows that C' C (L1 U Lg) — {Q} is an odd cycle, a contradiction as (L1 U L;) — {2} is bipartite. <

Thus, for 1 = 2,3
I'NL;=(B1AU))NL; = (BiNL)AGWU) N L;) = {2}
Claim 2. For i€ [m]—[3], 6(U)NP, =0.

Proof. As By, By are signatures and |B; N L;| = |Be N L;| = 1, it follows that By N P; = Bo NP, = .
Hence, Bo N (L1 U P;) = {Q}, implying that (L; U P;) — {Q} is bipartite. Suppose for a contradiction
that 6(U) N P; # 0. Then Ly and P, have a vertex of U in common, and so (L; U P;) — {Q} is

non-bipartite, a contradiction. <&
Hence, for i € [m] — [3]
INP = (B1ASU)) NP = (BN PR)AGU)NP) = 0.

Therefore, (B3) holds and ((G,T,T), L, m) is a bipartite Q-system. Among all bipartite Q-systems
whose associated signed graft is (G,I',T), we may assume that the (€2, 7)-packing £ of odd T-joins
has the smallest total number of edges.

Let H := G[L1 ULy U LsUPyU---U P,]. Orient the edges of H so that each of Ly, Ly, L3 is a
directed T-join, and if T' = {s,t} and € §(s), each of Py,..., P, is an st-dipath; call this digraph

—

H.
Claim 3. H\ Q is acyclic.

Proof. Suppose otherwise. Let C be a directed circuit in H \ Q. We assume that Q = (s,s') and
that either 7= 0 or T = {s,t}. When T = {}, set t := 5. Create m — 3 copies Qy,...,Q,, of the arc
(s',s). For each i € [3], let Q; := L; — {Q} and for each i € [m] — [3], let Q; := {€;} U P,. Notice that
Q1,...,Q,, are pairwise arc-disjoint directed s’t-joins, and @1, Q2, Q3 are s’'t-dipaths. We can now
decompose (Q1 U---UQy,) — C into pairwise arc-disjoint directed s't-joins Q) U---U @7, where

o Q),0Q%, Q4 are s't-dipaths, and

o forie [m]—[3],Q € Q..
For i € [3], let L, := Q;U{Q}, and for i € [m]—[3], let P! be an st-dipath contained in @, —{€;}. Then
L, L}, L are directed odd st-joins and P}, ..., P!, are even st-dipaths in H. Let £/ = (L}, L}, L}, C4U
P,...,.Cp, UP, ,Lyy1,...,L:). It can now be readily checked that ((G,T',T),L’,m) is a bipartite

Q-system, a contradiction as £’ has fewer edges than L. <
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It is now easily seen that ((G,F,T),C,m,ﬁ ) is either a non-simple bipartite or simple bipartite

Q-system, finishing the proof. O

5. PRELIMINARIES FOR NON-BIPARTITE {2-SYSTEMS

In this section we prove results required for the proofs of propositions 2.9 and 2.10. We also prove

proposition 2.8, namely, that every non-bipartite Q-system is of flavour (NF1) or (NF2).
5.1. The two flavours (NF1) and (NF2). Let us start with the following:

Proposition 5.1. Let (G,X) be a signed graph whose edges can be partitioned for some distinct
vertices x,y into xy-paths Q1,Qs,...,Qn. If, for every distinct i,j € [n], Q; U Q; is bipartite, then
(G,X) is bipartite.

Proof. We will proceed by induction on n. For n = 1 this is obvious. Suppose n > 1. By the induction
hypothesis, Q1 U ... U @,_1 is bipartite, and so by theorem 1.1, there is a signature I of (G, X, )
disjoint from Q1 U---UQn—1,80 ' C Q,. As Q1 UQ, is an even cycle, it follows that |T'| is even. Let
U be the vertex subset of V(@) — {z,y} for which §(U) N @, =T'NQ,. We claim that §(U) =T,
and this will imply that (G, %, ), and therefore (G, X), is bipartite.

Suppose, for a contradiction, that I' C §(U). Take an edge {v,u} € §(U) — T with v € U.
Then {v,u} belongs to some @Q; € {Q1,...,Qn—1}. We may assume that {v,u} € Q;[z,u]. Let
C = Qi[z,u)UQj[z,u]. Then |CNT| = |Q1[z,u]N§(U)|, which is odd as « ¢ U and u € U. Hence, C
is an odd cycle, but C' C @Q; U Q;, which is a contradiction. Therefore, I' = 6(U), and this completes
the proof. O

Next we prove that every non-bipartite Q-system is of flavour (NF1) or (NF2).

Proof of proposition 2.8. Let ((G,%,T), (L1,..., L)) be a non-bipartite Q-system that is not of flavour
(NF2). We will show (NF1) holds.

Proposition 3.7 implies that at least two of Lq, Lo, L3 are non-simple. It remains to show that
Q € P(L1) N P(Ly) N P(L3). Suppose otherwise. Then, for some ¢ € [3], L; is non-simple and
0 € C(L;). By proposition 3.8, By, By, By are signatures, and whenever L; € {L1, Lo, L3} is non-
simple, 2 € C(L;).

For each j € [3], let Q; = L; — {Q}. Suppose s, s" are the ends of Q. When T'= 0, Q1, Q2 and Q3
are s's-paths, and when T = {s,t}, Q1, Q2 and Q3 are all s't-paths. Moreover, for every permutation
i,j,kof 1,2,3, (Q; UQ;) N By, = 0, implying that Q; UQ; is bipartite. Therefore, from proposition 5.1
we conclude that Q1 UQ2U Q3 = (L1 U Ly U Lg) — {2} is bipartite, which is a contradiction. |
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5.2. A disentangling lemma.

Lemma 5.2. Let ((G,%,{s,t}),(L1,..., L)) be a minimal non-bipartite Q-system. For i = 1,2, let
R; UQ; be a non-trivial partition of L; such that Q € Q1 N Q2, Ry UQ2 is a minimal odd st-join and
Ry U Ry is an even cycle. Let Q3 be a minimal subset of Ls such that Q3 U Ry contains a minimal
odd st-join. Then one of the following does not hold:

(i) (L1 UQ2UQ3) —{Q} is non-bipartite,

(i) R U{Q} does not have a k-mate,

(iii) Ry is a path whose internal vertices all have degree two in G[L1 U Q2 U @s].

Proof. Suppose otherwise. We will show that ((G,X%,{s,t}),(L1,...,Lx)) is not a minimal non-
bipartite 2-system, which will yield a contradiction. Let (G',¥') := (G,X) \ Rz2/R; and define
Ly, ..., L, asfollows: fori € [3] L} := @;, and for ¢ € {4,...,k} L} is a minimal odd st-join of (G',¥')
contained in L;. We claim that ((G', ¥, {s,t}), (L,...,L})) is a non-bipartite {-system.

(N1) Since R; U Rs is an even cycle, every minimal cover of (G, 3, {s,t}) disjoint from R; has
an even number of edges in common with Ry. Hence, (G', %', {s,t}) is Eulerian and 7(G’,¥’, {s,t}),
7(G, %, {s,t}) have the same parity. (N3) Observe that (i) implies (Lj UL,ULS)—{} is non-bipartite.
(N4) Let L' C L} UL, U L% be a minimal odd st-join of (G, %', {s,t}). By (iii) one of L', L' U R; is
a minimal odd st-join of (G, %, {s,t}). In the former case, let B’ be a k-mate of L' in (G, X, {s,t}).
By definition, |B' — L'| < k—3 and so B’ — L' C Ly U--- U Ly, implying that B'N Ry = . Thus B’
is still a k-mate for L' in (G', ¥, {s,t}). In the latter case, when L' U R; is a minimal odd st-join of
(G, %, {s,t}), L' U Ry also contains a minimal odd st-join L. Let B be a k-mate of L in (G, X, {s,t}).
Once again, |[B—L| <k—3 andso B— L C LyU---U Ly, implying that BN R; = (. As a result,
B — Ry is a k-mate for L' in (G', ¥/, {s,t}). (N2) As 7(G", ¥, {s,t}),7(G, %, {s,t}) have the same
parity, 7(G', ¥, {s,t}), k have the same parity. We need to show Q € Lj and 7(G', ¥, {s,t}) > k. By
(N4) L} has a k-mate B" in (G, ¥, {s,t}). Then |B'—L}| < k—3 and so B'—L} C L}U---UL;. Since
B'NLL #0, BPNLy = {Q}, and so Q € L§. Suppose for a contradiction that 7(G', ¥, {s,t}) < k. The
parity condition implies that 7(G', %', {s,t}) < k — 2. Let B’ be a minimum cover in (G',%', {s,t}).
For |B'| < k—2and L}, L),..., L) are k—2 pairwise disjoint odd st-joins, we have |B’| = k—2, and as
B'NL, #0,Q € B'. Let B be a minimal cover of (G, X, {s,t}) contained in B’URy and containing B’.
By proposition 1.2, B is either a signature or an st-cut. However, |B—(R2U{Q})| = |B'—{Q}| = k-3,
implying that B is a k-mate of Ry U{Q} in (G, X, {s,t}), contradicting (ii). O

5.3. Mates and connectivity. Recall that if (G, %, {s,t}) is a signed graft with signatures X, X
then by definition 31 AX is a cut where both s, t are on the same shore. We will require the following

easy remark,
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Remark 5.3. Let G be a graph with distinct vertices s,t. For i = 1,2 let W; C V(G) — {t} where
s € W1 C Wa. Let P be an st-path and let Q@ be the edge of P incident to s. If PN 6(Wa) = {Q} then
PnéWy) ={Q}.

Proposition 5.4. Let (G, X, {s,t}) be a signed graft and (L1, ..., L) be an (Q, k)-packing, where Lo
is an odd st-path. Suppose there exist an st-cut By that is a k-mate of L1 and a signature By that
is a k-mate of La. Choose Uy C V(G) — {t} such that By = §(Uy) and let W = (V(L1) NUy) — {s}.
Then there exists a path in G|Uy] between s and W that is disjoint from Bs.

Proof. Suppose for a contradiction there is no such path. Then there exists U’ C U; such that
s € U and W C U; — U’ and all edges with one end in U’ and one end in U; — U’ are in B,.
Then the st-cut B = §(U’') € B; U By and by construction Ly N B = {Q}. By proposition 3.1
LonN By = Lané(Ur) = {Q}. Since Ly is an odd st-path, and since U’ C U; by remark 5.3,
5(U") N Ly = {Q}. But then |BN Ly| =|B N Ly| =1, contradicting proposition 3.4 part (4). O

6. NON-BIPARTITE {2-SYSTEM OF FLAVOUR (NF'1)

In this section we prove proposition 2.9, namely that a minimal non-bipartite 2-system of flavour
(NF1) has an F; minor. For convenience, whenever L; is non-simple, we write P; := P(L;) and
C; = C(L;). Let (G,%,{s,t}) be a signed graft and let 6(U) be an st-cut that is a k-mate of a
minimal odd st-join L. We say that U C V(G) — {t} is shore-wise minimal if among all k-mates of L
of the form 6(U’) where U’ C V(G) — {t}, U’ is not a proper subset of U.

Proposition 6.1. Let ((G,X, {s,t}),L = (L1,..., L)) be a non-bipartite Q-system of flavour (NF1),
where 2 € 6(s). Then,

(1) fori € [3], every k-mate of L; is an st-cut.
Furthermore, for i € [3], let 6(U;) be a k-mate of L; where U; is shore-wise minimal. Then

(2) for i€ [3], if L; is non-simple, then P; N§(U;) = {Q} and C; N 6(U;) # 0,

(3) for distinct i,j € [3], if L;, L;j are non-simple, then U; C U; or U; C Us,

(4) for distinct i,j € [3], if L; is non-simple and L; is simple, then U; C U;.

Proof. (1) Let i € [3] and let B be a k-mate of L,. By (NF1) one of {L1, Lo, L3} — {L;}, say L;, is
non-simple and €2 € P;. Proposition 3.8 then implies that B is an st-cut.

Now for i € [3], let B; = §(U;) be a k-mate of L; where U; C V(G) — {t} is shore-wise minimal.
We need to prove (2)-(4). We may assume L; and Lo are non-simple. By proposition 3.1, for i € [3],
B;isacap of L; in L.
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(2) We may assume ¢ = 1. Consider the (€2, k)-packing
L= (Cl U P, Cy UP,Ls,.. .,Lk).

As ((G,%,{s,t}), L) is a non-bipartite Q-system, C; U P, has a k-mate B]. By proposition 3.1, B] is a
cap of C1UP, in L] implying that BjN(CaUPy) = {Q} and so B{NCy = (. Thus, by proposition 3.8,
Bj is an st-cut §(U) where U C V(G) — {t}. Consider the st-cut B = §(U; NU) C By U Bj. Since
By isacap of Ly in £, and Bf isa cap of Cy U P, in L/, P,No(Uy) = PLN6U) = {Q}. Thus
BNP,=06UiNU)NP,={Q} and BNP, =§U;NU)N P, ={Q} (see remark 5.3). It follows by
proposition 3.3 that B is a k-mate of L1 N (Cy U Py) = Cy U {Q}. In particular, B is a k-mate of L.
Since U is shore-wise minimal, U; C U. Hence, as Py N§(U) = {Q}, we have Py N6(U;) = {Q}. Also,
since Bj is a cap of Ly in £, C1 N§(Uy) # 0.
(8) Since 6(U;), 6(U;) are, respectively, caps of L;, L; in L,

(S(Ul) n Cj =0 and (5(U]) NnC; =10.

Thus, either V(C;) C U; or V(C;) NU; = 0, and either V(C;) C U; or V(C;)NU; = 0. By (2),
P,NéU;) = P;no(U;) = {9}, and so 6(U;) N C; # 0 and 6(U;) N C; # 0. By proposition 3.4 (4),

(S(UZQUJ)Q(ClUOJ)?é@ and 6(UiUUj)ﬂ(OiUCj)7é®.

It therefore follows that, after possibly interchanging the role of %, j, we have that V(C;) C U; and
V(C;) NU; = 0. But then proposition 3.4 (5) implies that §(U; NUj;) is a k-mate of L;. Hence, as U;
is shore-wise minimal, U; C U; as required.

(4) Since §(U;) is a cap of L; in £, §(U;) N L; = {1}, and as L; is simple, L; N 6(U; NU;) = {Q}
(see remark 5.3). Therefore, by proposition 3.4 (5), 6(U;NU;) is a k-mate of L;. Since Uj; is shore-wise

minimal, U; C Uj as required. O

Lemma 6.2. Let ((G,%,{s,t}),L = (L1,...,Lg)) be a minimal non-bipartite Q-system of flavour
(NF1), where Q € §(s) and among all non-bipartite Q2-systems with the same associated signed graft,
the number of non-simple minimal odd st-joins among L1, Lo, Ly is mazimum. Suppose, for i € [3],
B; = 6(U;) is a k-mate of L; where U; is shore-wise minimal and where Uy C Us C Us. Then the
following hold:

(1) For distinct i,j € [3], if L; and L; are non-simple, then C; and C; have at most one vertex in
common.
(2) For distinct i,j € [3], if L; is non-simple and L; is simple, then C; and L; have at most one

verter in common.
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(8) Suppose Ls is simple. If L is a minimal odd st-join contained in Py U L3, then L N6(Us) =
LsNé(Us).

(4) Let Lo be the path with a single vertex s and let Uy := (0. For some j € (3], take v € V(L;) N
(Uj —Uj_1). Let U be the component of GU; — U;_1] containing v. Then V(L;—1)NU # 0.

(5) Suppose Ls is non-simple. Then there is a path in G[Us] between V(C3) and t, where Uz =
V(G) - Us.

Proof. Observe that L1 and Lo are non-simple. By proposition 6.1, for each ¢ € [3], if L; is non-simple
then P;N6(U;) = {Q} and C;N§(U;) # @. Thus V(C1) C U, V(Cs) C Us—Uy, and if L3 is non-simple,
V(Cs) N Uz = (. Moreover, for i = 1,2, V(P;) NUs = {s}, and if Lg is non-simple, V(P3) NUs = {s}.

(1) We will first prove that Cy and Cy have at most one vertex in common. Suppose otherwise. We
will obtain a contradiction by proving that ((G, X, {s,t}), £) is not a minimal non-bipartite {2-system.

Choose distinct vertices u,v € V(C1) N V(Cs). Notice that u,v € Uy — U;. Let Ry be a uv-path
contained in Cy that avoids vertex s. Let Ry be the uv-path contained in C5 such that Ry U Ry is an
even cycle (notice that Cs is an odd circuit). For i = 1,2, let Q; = L; — R;, and let Q3 = L3. Observe
that V(Ry) C V(Cy) C U,, that R; is internally vertex-disjoint from C; — R; as C is a circuit,
and that Ry is vertex-disjoint from Py U P, U Q3 as V(P) NUy = V(P2) NUz; = V(Q3) NUs = {s}.
Notice further that R is internally vertex-disjoint from Co — Rs. For if not, Co/A(Ry U Ry) can be
partitioned into non-empty parts C45, X where C} is an odd circuit and X is an even cycle. But then
(G, Z,{s,t )\ X, (L1A(R1UR2), C4UPs, Ls, . .., Ly)) is another non-bipartite (-system, contradicting
the minimality of the Q-system ((G, %, {s,t}), £). It therefore follows that the internal vertices of Ry
all have degree two in G[L; U Q2 U @3]. Observe that (Q1 U Q2 U Q3 U Ry) — {1} is non-bipartite as
it contains the odd cycle C;. Lemma 5.2 therefore implies Ry U {Q2} has a k-mate B. Observe that
B is also a k-mate of Ly and of Li/A(R; U Ry), as Ro U{Q} C Ly and Ry U {Q} C L1 A(R; U Ry).
Thus by proposition 6.1 B is an st-cut, so B = 6(U) for some U C V(G) — {t}. Then §(U N U)
is a cover contained in Bs U B, and so by proposition 3.5, it is a k-mate of Ls. Thus the shore-
wise minimality of Uy implies that Us C U. As §(U) is a k-mate of L1 A(R; U Ry), it follows that
S(U) N (LaA(Ry URg)) = {Q}. In particular, §(U) N (Cy — Re) = 0 and as u,v € Us C U, we get that
V(C —Ry) CU.

We claim that s € V(Cy — Ry). For if not, similarly as above, (Cy — R) U {2} also has a k-mate
d(W), where W C V(G) — {t} and Uy C W and V(R2) C W. Since (U U W) is contained in
S(U) U §(W), and §(U),d(W) are k-mates for Lo, proposition 3.5 implies that §(U U W) is also a
k-mate for Ly. Hence, (U U W)NCy # 0 and so V(Cy) € U UW. However, V(Cy — Ry) C U and
V(R2) C W, and so V(C2) C U U W, which is not the case.
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Hence, s € V(C1 — R;y). Let C, = (C1 — R1) U Ry and Cy = (Co — R2) U Ry. Consider the
(Q, k)-packing
E = (f/l = C~’1 UPl,i/Q = éQUP27L3,...,Lk).

The minimality of the non-bipartite Q-system ((G,¥, {s,t}), £) implies that C; and Cy are odd cir-
cuits, and since V(C~'1 UC~’2) C Uz and V(P,UPy)NU; = {s}, it follows that L is an (Q, k)-packing. By
proposition 6.1, for i = 1,2, there is a k-mate 6(U;) for L;, where U; C V(G) — {t} is shore-wise min-
imal. Since s € V(C}) and u,v € V(Cy) NV (Cy), it follows from proposition 6.1 that U, C Uy C Us.
Hence, in particular, V(C’l) C U, and in turn V(Rs) C Us, so Ry is vertex-disjoint from Cj. Thus,
similarly as above, Ry U {Q} has a k-mate 6(U’), U’ C V(G) — {t}.

Note that §(U) is a k-mate of L; and §(U’) is a k-mate of Ly. Since s € V(C; — R;) and
(Ch —R1)NOU) = (C1 — R)NSU') = B, we have V(C1 — R1) C UNU’ and in particular,
u,v € UNU’. Consider §(U U U’) which is contained in §(U) U §(U’). Since Ry NJ(U) = 0, it
follows that Ry N§(UUU’) = B, and so by proposition 3.4, §(U UU’) is a k-mate of Lo, implying that
Ry NS(UUU') # B, a contradiction as Ry N 6(U’) = 0. Hence, C; and Cs have at most one vertex in
common.

Suppose now that L3 is non-simple. Notice first that by proposition 6.1 (2), P3N d(Us) = {Q}, so
V(P3)NUs = {s}. Since V(Cy) C Uy and V(C3)NUs = 0, it follows that C; and C3 are vertex-disjoint.
It remains to show that Cy and C5 have at most one vertex in common. Suppose otherwise. We will
once again obtain a contradiction by proving that ((G, 3, {s,t}),£) is not a minimal non-bipartite
Q-system. As we just showed, C; and Cy have at most one vertex in common. Choose distinct vertices
u,v € V(C3) NV (C3) and let Ry be a uv-path contained in Co that is vertex-disjoint from C. Let
R3 be the wv-path contained in C3 such that Ry U R3 is an even cycle. As before, the minimality of
the 2-system implies that the internal vertices of Ry all have degree two in G[Ly U Ly U (L3 — R3)]
(recall that V(P3) NUs = {s}). Lemma 5.2 therefore implies Rz U {2} has a k-mate B. As B is also
a k-mate of Lj, proposition 6.1 implies that B is an st-cut, so B = §(U) for some U C V(G) — {t}.
Then 6(Us NU) is a cover contained in Bz U B, and so by proposition 3.5, it is k-mate of L3. Thus
the shore-wise minimality of Us implies that Us C U.

We claim Cy — Ry has a vertex in common with C;. For if not, similarly as above, (Cs — R3) U{Q}
also has a k-mate (W), where W C V(G) — {t} and Us C W. Since 6(U U W) is contained in
S(U) U §(W), and §(U), (W) are k-mates for Ls, proposition 3.5 implies that §(U U W) is also a
k-mate for Ls. Hence, §(UUW)NC5 # 0 and so V(C3) € U U W. However, u,v € U3 CU UW,
forcing V(R3) C W and V(C5 — R3) C U, and so V(C3) C U U W, which is not the case.
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Hence, Cy — Ry has a vertex in common with C;. Let Cy = (Co— R2)UR3 and Cy = (C5—R3)URs.
Consider the (9, k)-packing

E:(Ll,igZCQUPQ,ig=é3UP3,L4,...,L}C).

The minimality of the non-bipartite Q-system ((G, %, {s,t}), £) implies that £ is an (€, k)-packing.
By proposition 6.1, for i = 2,3, there is a k-mate 6(U;) for L;, where U; C V(G) — {t} is shore-wise
minimal. Since Cs has vertices in common with the both of Cy, Cs, it follows from proposition 6.1
that either U; C UQ C T]} or 03 C UQ C U;. Hence, in particular, V(R3) C U UU3 and so the internal
vertices of Rz have degree two in G[L; U (La — Ro) U L3]. Thus, similarly as above, Rs U {Q} has
a k-mate §(U"), U’ C V(G) — {t}. Note 6(Uy NU’) is a cover contained in §(Us) U 6(U’), and so by
proposition 3.5, it is a k-mate of Ly. Thus the shore-wise minimality of Us implies that Us C U’.

Note that §(U) is a k-mate of L3 and 6(U’) is a k-mate of Ly. Since Co — Ry has a vertex z in
common with Cy, (Co — R2)N§(U) = (C2 — R)NSU') =0, and € Uy C U NU’, we must have
V(Cy — Ry) CUNU' and in particular, uw,v € U NU’. Consider §(U U U’) which is contained in
S(U)U(U’"). Since Ry NO(U’) = 0, it follows that Ry N (U UU’) = (), and so by proposition 3.4,
S(UUU’) is a k-mate of Lz, implying that Rz N §(U U U’) # 0, a contradiction as Rz N d(U) = 0.
Hence, Cy and C3 have at most one vertex in common, thereby finishing the proof.

(2) Suppose that Lg is simple. It is clear that Cy and Ls have at most one vertex (in particular,
s) in common. We will show that Cy and L3 have at most one vertex in common. Suppose otherwise.
Choose distinct u,v € V(Cs) NV (L3), and let R3 be the uv-path contained in Lz. Let R be the
uv-path contained in Cs such that Ry U R3 is an even cycle.

We claim that R is vertex-disjoint from C;. Let Co = (Cy — Ry) U R3 and Ly = (Ls — R3) U Rs.
The minimality of our non-bipartite Q-system implies Lg is still simple. Consider the (Q, k)-packing

L:=(Li,Ly=CyUPy, L3, Ly,...,Ly).

The minimality of the non-bipartite Q-system ((G, X, {s,t}), £) implies that £ is an (€, k)-packing.
By proposition 6.1, for i = 2,3, there exists a k-mate §(U;) of L;, where U; C V(G) — {t} is shore-wise
minimal, and U; C U, C Us. In particular, V(R2)N Uy = () and V(Cy) C Us, so Ry is vertex-disjoint
from C.

As a result, the internal vertices of Ry all have degree two in G[L; U Ly U (L3 — R3)]. Thus
lemma 5.2 implies that Rz U{Q} has a k-mate B. As B is also a k-mate of Lg, proposition 6.1 implies
that B = §(U) for some U C V(G) — {t}. However, since §(U) N Cy = and u,v ¢ U, it follows that
V(Cy)NU = 0. Consider §(Us NU), which is contained in §(Uz)Ud(U). Since 6(Us) is a k-mate of Lo,
§(U) is a k-mate of Lz, and CoN§(UaNU) = 0, it follows from proposition 3.4 that §(UsNU)N L3z # 0,
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implying in turn that §(Us) N Ls # {Q}, a contradiction. Thus, Cy and Lz have at most one vertex
in common.

(3) Among all non-bipartite Q-systems with the same associated signed graft, the number of non-
simple minimal odd st-joins among L1, Lo, Ls is maximum. Hence, L must be a simple minimal odd
st-join, and the minimality of the Q-system implies that P := LA P, /A Ls is an even st-path. Consider
the (2, k)-packing

L= (Ly,Ly:=CyUP,Ly:=1L,Ly,...,Ly).

The minimality of the non-bipartite Q-system ((G, X, {s,t}), £) implies that £ is an (€, k)-packing.
By proposition 6.1, for ¢ = 2, 3, there exists a k-mate 6([71-) of L; where Uj; is shore-wise minimal, and
U, C Us. We claim that Us = Us, thereby finishing the proof of (3). Let B := §(Us N Us). Since
Ls, L3 are simple, §(Us) N (Ls — L3) = 0 and 6(Us) N (Ls — L) = 0, it follows that BN (Ls — L3) =
BN (Ls — f/g,) = (). Therefore, proposition 3.3 implies that B is a k-mate for the both of L3 and
[~/3, and so the shore-wise minimality of Us, Us implies that Uz C Uz N Us and Us C Uz N Us. Hence,
Us = Us, as claimed.

(4) Suppose otherwise. Assume first that j = 1. Observe that §(U) C §(Uy). Since 6(Uy —
U) = §(Uy)AS(U), it follows that §(Uy — U) C §(U;), implying in turn that §(U; — U) is also a
k-mate of Lq, contradicting the shore-wise minimality of U;. Assume next that j # 1. Observe
that 6(U) C 6(Uj—1) U(U;) and 6(U) N Lj—1 = 0. However, since 6(U; — U) = 6(U;)Aé(U) and
6(U;) N L1 = {0},

(S(UJ—U)Q(S(UJ,l)U(S(UJ) and (5(Uj—U)ﬂLj,1:{Q}.

Hence, proposition 3.4 implies that §(U; —U) is a k-mate of L;, contradicting the shore-wise minimality
of Uj.

(5) By proposition 6.1 (2), PsNd§(Us) = {1}, so V(Ps) NUs = {s}. Suppose for a contradiction
that (5) does not hold. Then there is a subset U C Us containing ¢ such that U N V(C3) = 0, and
such that there is no edge of G[Us] with one end in U and one end not in U. Let U = V(G) — U.
Then §(U) C 6(Us) and so |6(U) — Lz| < k — 3. However, §(U) N L3 = {Q}, and so |[§(U)| < k-2, a
contradiction as k < 7(G, %). O

We are now ready to prove proposition 2.9.
Proof of proposition 2.9. Let ((G,%,{s,t}),L£ = (L1,...,Lx)) be a minimal non-bipartite 2-system

of flavour (NF1), where € has ends s,s’. Recall that at least two, say L; and Lo, of Ly, Lo, L3 are
non-simple, and 2 € P N P, N Ps.
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By proposition 6.1, for each ¢ € [3], there exists a k-mate B; = §(U;) where U; C V(G) — {t} is
shore-wise minimal, and we may assume Uy C Uy C Us. Moreover, for i € [3], if L; is non-simple then
B,NP;={Q} and B;NC; # 0. Let Uy = 0.

In the first case, assume that L3 is non-simple. Let Uy := V(@) and let Cy (resp. Cy4) be the path
of single vertex s (resp. t). Then by lemma 6.2,

(a) for j € [4], there exists a shortest path @, in G[U; — U;_1] between V(C;_1) and V(C;), and
(b) for j € [2], C; and Cj41 have at most one vertex in common.
Moreover, let Pj§ be the shortest path contained in P3 connecting s’ to V(C5 U Q4) — Us. It is now
clear that C; UC, UC3U Q1 UQ2U Q3 U Q4 U P§ has an F; minor.

In the remaining case, L3 is simple. As above, lemma 6.2 implies

(a’) for j € [2], there exists a shortest path Q; in G[U; — U;_1] between V(C;_1) and V(C}),

(b’) there exists a shortest path Q3 in G[Us — Uz] between V(C2) and V(Ls),

(¢’) Cp and Cs have at most one vertex in common, and Cy and L3 have at most one vertex in
common, and

(&) if Py and L3 share a vertex w other than s, s, t, then either (a) V(Ls[s’,w]) C V(G) — Us and
Ls[s', w]U Ps[s’, w] is an even cycle, or (b) V(Ls[w,t]) C V(G) — Us and Ls[w, t]U Pew, t] is an
even cycle.

It is now clear that C; UCy U L3 U Q1 U Q2 U Q3 U P, has an F7 minor. O

7. NON-BIPARTITE 2-SYSTEM OF FLAVOUR (NF2)

In this section we prove proposition 2.10, namely that a minimal non-bipartite 2-system of flavour
(NF2) has an F; minor, as long as there is no non-bipartite 2-system of flavour (NF1) with the same
associated signed graft. Observe that Ly, Ly and L3 are connected. For convenience, whenever L; is

non-simple, we write P; := P(L;) and C; := C(L;).

Proposition 7.1. Let (G,3,{x,y}) be a non-bipartite signed graft whose edges can be partitioned
into odd xy-paths Q1, Q2. For each i = 1,2, direct the edges of Q; from x to y, and assume that every
directed circuit in Q1 U Q2 is even. Let H be the directed signed graft obtained by contracting all arcs
that belong to at least one directed circuit. Then Hisa non-bipartite and acyclic directed signed graft

whose edges can be partitioned into two odd xy-dipaths.

Proof. Let A be the set of all arcs that belong to at least one directed circuit. It is clear by construction
that H is acyclic and can be partitioned as the union of two zy-dipaths @}, Q5 where for i = 1,2,
Q) = Q;— A (Q} is equal to Q;/A). Since every directed circuit is even, it follows that Q}, Q% are odd
zy-dipaths. To show His non-bipartite, let C' be an odd circuit of Q1 U Q3. Clearly, C' — A is a cycle
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of H , and again, since every directed circuit is even, it follows that C' — A is an odd cycle of H. In

particular, His non-bipartite. (|

Proposition 7.2. Let ((G,%,{s,t}),L = (L1,...,Lx)) be a non-bipartite Q-system of flavour (NF2),
where Q0 has ends s,s’. Fori € [3], let B; be a k-mate of L;. Then,
(1) exactly one of By, By, Bs, say Bs, is an st-cut,
(2) L1 and Ly are simple,
(8) (L1 U Lo) — {Q} is non-bipartite and (L1 U Ls) — {Q}, (L2 U L3) — {2} are bipartite.
Furthermore, choose U C V(G) — {s,t} such that BiABy = 6(U). Then,
(4) for every L € L1 ULy U Ls, (LN By) —{Q} = (LNL)NSU),

(5) L1 and Lo have at least one vertex of U in common.

Proof. (1) Proposition 3.6 implies that at least two of B, By, B3 are signatures. Suppose for a
contradiction that each of Bi, Ba, B3 is a signature. For ¢ € [3], note that L; — {Q} is an s't-path
(recall that if C(L;) # 0, then Q € C(L;) and the only vertex common to C(L;), P(L;) is s), so let
Q; = L; — {Q}. Since

BiN(Q2UQ3) =B2N(Qz3UQ1) =BsN(Q1UQ2) =0

and B, Bs, B3 are signatures, it follows that @1 U Q2, Q2 U @3 and Q3 U @1 are bipartite. Thus by
proposition 5.1, Q1 U Q2 U Q3 = (L1 U Ly U L3) — {Q} is bipartite, a contradiction. (2) Suppose, for
j € [3], L; is non-simple. Then © € C; and so by proposition 3.8, the covers in {By, By, B3} — {B;}
are signatures, and so by (1), 7 = 3. (3) Since By and B are signatures, it follows that Q2 U Q3 and
Q1 UQs are bipartite. Then by proposition 5.1, @1 UQ2 must be non-bipartite. (4) By proposition 3.4,
By CLiUL4U...ULg. Thus, LN By C Ly N By, and so LN By = LN (L; N By). Hence, it suffices to
show that (L; N By) — {Q} = L1 Nd(U). Again, by proposition 3.4, L1 N By = {Q} and Q € L1 N By,
0
LiNé(U) =L N (B1ABy) = (L1 N By)A(Ly N By) = (L1 N By) — {0},

as required. (5) By (3) (L1 U L2) — {2} contains an odd circuit C. Since Bj is a signature, |By N C|
is odd. By (4) CNB; = (CNLy)N§U). Decompose C'N Ly into pairwise vertex-disjoint paths
Q1,...,Q¢. Then, for some i € [¢], |Q; N§(U)| is odd, and so Q; has one end, say y, in U and the
other in V(G) — U. Since y € V(L1) NV (Lz), the result follows. O

Proposition 7.3. Let ((G,X%, {s,t}),L = (L1,..., L)) be a non-bipartite Q-system of flavour (NF2),
where ) € 6(s). Suppose there exist C1, P{, Ly and L such that

(1) C{UP{ULyULS C Ly ULy U Ls,
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(2) C1 is an odd cycle, P| is an even st-join, and L5, LY are odd st-joins,
(8) Qe PINLLNLYL and Q ¢ CY,
(4) the four sets C1, P{, L}, L% are pairwise Q-disjoint.

Let Ly := C} U P{, and for each j € [3], let L; be a minimal odd st-join contained in L. Then
(G, %, {s,t}),ﬁ~ = (L1, Lo, L3, Ly, ..., L)) is a non-bipartite Q-system of flavour (NF1).

Proof. We will first show that Q € Ly N Ly N Ls. For j € [3], let Bj be a k-mate of f/j. By
proposition 3.2, for j € [3], Bj - f/j ULy U...U L. Hence, for distinct 4,5 € [3], L;n Bj C {Q} and
so L; N B; = {Q}, implying that Q € Ly N Ly N Ls.

As Ci N (.Z/Q ULsUL4sU---U L) = 0, we have By N Cr = Bsn Cf = (0. Since C] is an odd cycle,
B, By are st-cuts. So by proposition 3.6 one of Lo, L3, say Lo, is non-simple and € P(I~/2). Hence,

((G,%,{s,t}), L) is a non-bipartite 2-system of flavour (NF1) (because it is not of flavour (NF2)). O

Lemma 7.4. Let ((G,%,{s,t}),L = (L1,...,L)) be a minimal non-bipartite Q-system of flavour
(NF2), where Q) has ends s,s’, and assume there is no non-bipartite Q-system of flavour (NF1) with
the same associated signed graft. Suppose that L1, Lo are simple and (L1 U Lo) — {Q} is non-bipartite.
Then the following hold:

(1) Fori=1,2, the only vertices L; and Lz have in common are s,s',t.

(2) Fori=1,2, direct the edges of L; from s to t. Then every directed circuit in Ly U Ly is even.

Proof. For i € [3], let B; be a k-mate of L;. Since (L1 U Ly) — {2} is non-bipartite, proposition 7.2
implies that for i = 1,2, (L; U L) — {Q} is bipartite, Bs is an st-cut and By, By are signatures. Thus
there exists U C V(G) — {s, t} such that BiABs; = 6(U). By proposition 7.2, Ly and Ly have a vertex
y in common in U, and the two cycles L1[s’, y] U La[s, y], L1]y, t] U Ly, t] are odd.

(1) In the first case, assume Lg is simple. Suppose for a contradiction that Ls has a vertex other
than s, s’,t in common with one of Ly, Ly. Let v (resp. v2) be the closest vertex to s (resp. furthest
vertex from s) of Lg different from s, s, ¢ that also belongs to one of L, Ls. We may assume that

vy € V(L2) NV (L3), and choose j € {1,2} so that vy € V(L;) NV (Ls).

Claim 1. There ezists an odd cycle C in (L1 U Lo) — {Q} that is disjoint from either L;[s’,v1] or
LQ [Ugﬂf].
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Proof. Suppose otherwise. Then j = 1 and y must belong to the interior of the both of L1[s’, v1], La[va, t].
Let

Py = Li[s,y] U La[y, 1]

C) = Lily,v1] U L3[vy, v2] U La[va, y]

Li=CiuPpP

LYy = La[s,v1] U Lq[v1, ]

L} = Lo[s,va] U La[va, t].
By proposition 7.2, P/ is an even st-join, (] is an odd cycle, and for j € [3], L} is an odd st-join.
Therefore, for j € [3], there is a minimal odd st-join Zj contained in L;.. Proposition 7.3 implies that

((G,%,{s,t}), (L1, La, L3, Ly, ..., L)) is a non-bipartite Q-system of flavour (NF1), contrary to our

hypothesis. &

Observe that Ls[s’,v1] and L3[vs,t] are paths whose internal vertices by definition have degree two
in G[L; U Ly U Lg], and the two cycles Ls[s’,v1] U L;[s’, v1], Lg[va,t] U La[va, t] are even. Lemma 5.2
implies that either L;[s',v1] U {Q} or La[vg,¢] U {Q} has a k-mate B. Since BN C = 0, it follows
that B is an st-cut. However, B is also a k-mate for one of L;, L. Hence, since B3 is also an
st-cut, proposition 3.6 implies that one of L;, Lo, L3 is non-simple and € lies in its even st-path, a
contradiction.

In the remaining case, L3 is non-simple and ) € C3. We will first show that C3 has no vertex other
than s, s’ in common with either of L, Lo. Suppose otherwise. Choose a vertex v € V(C3) — {s,s’}
that also belongs to one of Lj, Ly, and such that all the internal vertices of the subpath Cs[s’,v] in
C3—{Q} have degree two in G[L1ULoUL3]. Let C3[s,v] := {Q}UCs[s’,v] and Cs[v, s] := C3—Cs]s, v].
By symmetry between L; and Lo, we may assume that v € V(Ly) N V(Cs).

Claim 2. There exists an odd cycle C in (Ly U Lg) — {Q} that is disjoint from Lq[s',v].

Proof. Suppose otherwise. Then y must belong to the interior of L;[s’,v]. Let

C4 = Ly[s,v] U Csv, $]
Lé = Cé U Ps
L} = C1[s,v] U Ly[v, ]

C' = L1[s',y] U Ly[s', y].
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By proposition 7.2, C%, C" are odd cycles and L}, L§ are odd st-joins. Therefore, L} has a k-mate B.
Since Lj NC" = 0, it follows that BNC’ = () and so B is an st-cut. However, BN L, = {Q}, implying
that BN C% = {0}, a contradiction. &

Recall that C3[s’,v] is a path whose internal vertices have degree two in G[L; U Ly U L3], and the
cycle Cs[s’,v] U Ly[s',v] is even. Lemma 5.2 therefore implies that Li[s,v] = Lq[s’,v] U {2} has a
k-mate B. Since BNC = {, it follows that B is an st-cut. However, BN (L1[s,v] U Cs[v, s]) = {1}, a
contradiction (as Lq[s,v] U C3lv, s] is an odd cycle).

We next show that P3; has no vertex other than s,¢ in common with either of Ly, L. Suppose
otherwise. Choose a vertex v € V(P3) — {s,t} that also belongs to one of L, Ly, and such that all the
internal vertices of the subpath Ps[v,t] have degree two in G[L1 U Lo U L3]. By symmetry between L,
and Lo, we may assume that v € V(L1) NV (Ps).

Claim 3. There exists an odd cycle C in (L U La) — {Q} that is disjoint from Lq[v,t].

Proof. Suppose otherwise. Then y must belong to the interior of L;[v,t]. Let

L) = Ly[s,v] U P3v, 1]

C" = Lily, t] U Loy, t].

By proposition 7.2, C' is an odd cycle, and L] is an odd st-join. Therefore, L] has a k-mate B. Since
LiNnC’" =0, it follows that BNC" = () and so B is an st-cut. However, BNC5 = {Q}, a contradiction.
<&

Recall that Ps[v,t] is a path whose internal vertices have degree two in G[L; U Lo U Ls], and the
cycle Pslv,t] U Ly[v,t] is even. Lemma 5.2 therefore implies that Li[v,t] U{Q} = L; — L1[¢',v] has a
k-mate B. Since BN C = (), it follows that B is an st-cut. However, BN C3 = {Q}, a contradiction.

(2) Suppose otherwise. Let C' be a directed odd circuit contained in L; U Lo, and let P U Pj be
two st-joins in (L; U Lg) — C such that P/ U Py = (L1 U L) — C and P/ N Py = {2}. Then one of
P/, Pj is odd and the other is even, say P| is even and Py is odd. Let L} := C U Py, L} := P} and
LY .= Ls. For j € [3], let i/j be a minimal odd st-join contained in L}. Then proposition 7.3 implies
that ((G, %, {s,t}), (Ly, Ly, L3, Ly, ..., Ly)) is a non-bipartite Q-system of flavour (NF1), contrary to

our hypothesis. O
We are now ready to prove proposition 2.10.

Proof of proposition 2.10. Let ((G,%,{s,t}),L = (L1,..., L)) be a minimal non-bipartite Q-system

of flavour (NF2), where 2 has ends s, s’, and assume there is no non-bipartite Q-system of flavour
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(NF1) with the same associated signed graft. Proposition 7.2 allows us to assume L;, Ly are simple
and (LyULg)—{Q} is non-bipartite, and in turn, lemma 7.4 implies that, for i = 1, 2, the only vertices
L; and L3 have in common are s,s’,t. For i € {2,3}, let B; be a k-mate of L;. By proposition 7.2,
L3 is an st-cut 6(U),U C V(G) — {t}.

If L3 is non-simple, then it is easily follows from proposition 7.1 and lemma 7.4 that L; U Lo U L3
has an F7 minor. Otherwise, when L3 is simple, proposition 5.4 implies the existence of a shortest
path P in G[U] between s and some vertex, say v, of (V(L3) NU) — {s} that is disjoint from Bs.
Note that Ls[s,v] U P is an odd cycle. It now easily follows from proposition 7.1 and lemma 7.4 that
Ly ULy ULgU P has an F; minor. O

8. PRELIMINARIES FOR BIPARTITE ()-SYSTEMS
8.1. Basic properties.

Remark 8.1. Let ((G,%,T),(L1,...,Lg),m) be a bipartite Q-system, where Ly, Lo, L3 are minimal
odd T-joins. Since (L1U Lo U Lg) —{Q} is bipartite, for each i € [3], either L; is simple or € C(L;).

Proposition 8.2. Let ((G,%,T),(L1,...,Lg),m) be a bipartite Q-system, where Ly, Lo, L3 are mini-
mal odd T-joins. For i € [3], let B; be a k-mate of L;. Then at least two of By, Ba, Bs are signatures.

Proof. By remark 8.1, for every i € [3], L; is either simple or Q € C(L;). The result now follows

immediately from proposition 3.6. O

Proposition 8.3. Let ((G,X,T),(L1,...,Lk),m) be a bipartite Q-system. Suppose L C L1 U Ly U
L3UP(Ly)U---UP(Ly,) has a signature k-mate B. Then BN (L1 ULyULsUPLU--- UPm) =BNL.

Proof. As B is a signature, it intersects each of Cy, ..., Cn, Lypy1, ..., Li. Hence,
m k
k—=3>[B-L|>> [BNCj|+ Y [BNL;|>k-3,
j=4 j=m+1

so equality holds throughout, implying that B — L C CyU---UCp, U L1 U--- U Ly, implying the
result. |

8.2. The mate proposition.

Proposition 8.4. Let ((G,X%,{s,t}),L = (L1,...,Lg),m) be a bipartite Q-system, where Q € §(s).
For each i € [m], let P; C L; be a connected st-join such that P; NS C {Q}, and if Q € P;, then
P;n6(s) = {Q}. Suppose, for each i € [m)], there exists a k-mate B; of P; U{Q}. Then one of

Bi,..., By, is not a signature.
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To prove this proposition, we will need a lemma, for which we introduce some notations. For
i € [m], let Q; := P, U{Q}. Given two signatures B;, By, we choose Uy C V(G) — {s,t} such that
0(Ui¢) = B; ABy. For each i € [m], define a as follows: if P; is odd then a := (), and otherwise 6’; is
an odd circuit contained in the odd cycle LiAE =L, — f’z

Lemma 8.5. Let ((G,%,{s,t}),L = (L1,...,Lr),m) be a bipartite Q-system, where G is connected
and Q) has ends s,s'. Let J C [m] be an index subset of size at least three. Suppose, for each i € J,
there exists a signature k-mate B; for Q;. Then, for each i € J, the following hold:
(1) B; is a k-mate of L;, and so B; is a cap of L; in L,
(2) for € € [m] such that Cy # 0, |B; N Cy| = 1,
(3) for £ € [m] —{i}, BiNQ, ={Q}.
Now pick j € J and let S :=(\(U; : i € J,i < j). Then,
(4) Q¢ 4(5),
(5) 6(S) CUB; i€ Ji<j),
(6) for distincti,l € J—{j}, SNU;x =0,
(7) Q;N4(S) = (Q; N B;) — {0},
(8) for £ € m] — {7}, Qe N 3(S) = 0.
Next take L € {Lpm41,...,Li} and C € {a, ... ,6’;} Then,
(9) if LN4(S) # 0, then [ILN6(S)| =2 and [LNJ(S)NB;| =1,
(10) if CNE(S) # 0, then |C NS =2,
(11) if C N 46(S) # O and, for some i, € J such that i < £ < j, CN§(S) € B; U By, then
V(C) C Ui UUy,.

Proof. (1) Ifi € JN[3], then Q; C L;, and so B; is clearly a k-mate of L;. Otherwise, when i € J—[3],
B;NC; # 0 as B; is a signature, and so

|Bi — Li| < |Bi = P| — |B;NCy| < (k—2)— 1=k — 3,

implying that B; is a k-mate of L;. Hence, by proposition 3.1, B; is a cap of L; in £. (2) Thus, if
¢ # i then |B; N 6’2| =1 (note B; is a signature and Cy is an odd circuit). If £ =4 and i ¢ [3], we have

k—3<|B;NCyl+-+|BiNChm|+|Bi N Lypgr| + -+ |B; N Ly| < |Bi — Qi| < k — 3,
so equality holds throughout, in particular, |B; N a| = 1. Otherwise, when ¢ = ¢ and i € [3], then
k=3<|BiNLy|+-+|BiNL| <[Bi —Qi| <k -3,

so equality holds throughout, in particular, the middle equality implies that B; N a = {Q}.
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(3) Note |B;NL;| = 1. If £ € [3], then B;NL, = {Q} and so B;NQ,; = {Q}. Otherwise, ¢ € [m]—[3].
By (2), |B; N 6’2| =1 and so B; N P, = ), implying that B; N Q, = {Q}.
(4) Note Q € B;,i € J. In particular, for all ¢ € J such that ¢ < j, Q ¢ §(U;;) and so s’ ¢ Uj;.
Thus s’ ¢ S, and since s ¢ S, it follows that Q ¢ 4(5).
(5) We have
8(S) S| JOiy) rie Ji< ) S| B i€ Ji <j).

(6) Observe that
(U AU AUj) = 6(Uir) D6(Ugj ) AS(Uj;) = (BiABo) A(BeAB;)A(BjAB;) = 0.

As G is connected, it follows that U;pAU; AUj; is either () or V(G). However, as s,t ¢ U;p AUy AUj;,
it must be that U;p AUy AU;; = 0. Hence, Uy N Up; NUj; = 0, and so in particular, U;; NS = 0.
(7) Since Q € Q; N Bj, we have

Q; N(Uiz) = Q; N (B;AB;) = (Q; N Bj)A(Q; N B;) = (Q; N B;)A{Q} = (Q; N By) — {2}

Thus,
Q;Nd(S) CJ@Qj o) i€ Ji<j)=(Q;NB;)—{Q}.
Since s,t ¢ U;; for all ¢ € J with ¢ < j and since @1, ..., Q@ are all connected, equality holds above.

(8) As |J| > 3, there exists i € J — {j,¢}. By (4) BinQ, = B; N Q¢ = {Q}, and so as Qy is
connected, V(Q¢) NU;; = 0. In particular, V(Q) NS =0, so Q,Nd(S) = 0.

(9) Since L is connected, we can traverse its vertices in some order s = vy, v1,v2, ..., v, = t, where
L ={ey :={vy_1,v:} : 1 <2z <p}. Choose 1 <z <y <psuch that e;, e, € §(S5) with vy, v,_1 € S.
Either B; N L[s,v;] = 0 or Bj N L[vy_1,t] =0 (as |B; N L| = 1). We assume B; N L[s,v;] = 0, and
the other case can be dealt with similarly. For ¢ € J such that i < j, as v, € U;; and s ¢ Uyj, it
follows that 6(U;;) N L[s,v,] # 0, but B; N L[s,v,] = 0, implying that B; N L[s, v,] # 0. We claim
that e, € Bj. As v, ¢ S, there exists ¢ € J such that ¢ < j and v, ¢ U;; and so e, € 6(U;;). However,
as |[B;NL| =1 and B; N L[s,v;] # 0, we get B; N L[v,_1,t] = 0. In particular, e, ¢ B; and so
ey € Bj. Since for all ¢ € J such that ¢ < j, |B; N L| = 1, it follows that L N d(S) = {ey,e,} and
LNé(S)NBj ={ey}.

(10) As above, we traverse the vertices of C' in some order vy, v1, ..., Up—1,Vp = Vg, Where vg € S
and C = {eg := {vy—1,v,} : 1 <o < p}. Assume thereexist 1 <z < y < psuch thate,,e, € §(S)—B;
with vy, vy—1 ¢ S. Then, for some ¢ € J such that i < j, v, ¢ U;; and e, € 6(U;;). Since e, ¢ B, it
follows that e, € B;. Thus, as |C N B;| =1 and e, ¢ B;, e, ¢ 6(U;;) and vy_1 € U;;. Let Clvg, vy—1]
be the v v,_i-subpath of C not containing either of e;,e,_1. Then Clvg,vy—1] N 6(Us;) # 0. Since
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C N B; = {e,}, we get that Clv,,vy—1] N B; # 0. To summarize, if there exist 1 < z < y < p such
that e, e, € §(S) — B; with vy, vy—1 ¢ S, then Clvg, vy—1] N Bj # 0. Therefore, as |C' N B;| =1, we
get that |[C' N J§(S)| = 2.

(11) By (10) C N d(S) = {es, ey} where e, € B; and e, € By. If e, € B; then C N §(U;5) = 0,
but V(C)N S # 0 and S C U,;, implying that V(C') C U;; C U;; U Uy;, and we are done. Similarly,
if e, € B; then V(C) C Uy C U;j UUy;, and we are again done. Otherwise, {e;,e,} N B; = 0. As
e; € B; — By, it follows that e, € 6(U;;), and since v,_q € S C Uyj, we get v, ¢ U,;. Also, as
|C N B;| =1, we have e, ¢ B;. This, together with the facts that e, ¢ B; and v, € S C U,;, implies
that vy,_1 € U;;. Since C N B; = {e,} and |C N B;| = 1, there exists z € [y — 1] — [z] such that

CnNnBj={e.} and v, v.41,...,0y-1 € Ujj.

Similarly, we have

CNnBy=A{e,} and vy, vz41,...,0,-1 € Uypj.

As a result, since vo,v1,...,Vp—1,Vy, UVyt1,...,Up—1 € S C U;; N Uy, it follows that V(C) C U;; U
Ugj. O

We are now ready to prove the mate proposition 8.4.

Proof of proposition 8.4. We assume that €2 has ends s, s’. By identifying a vertex of each component
with s, if necessary, we may assume that G is connected. Suppose, for a contradiction, that By, ..., B,
are all signatures. We will be applying lemma 8.5 to the index set [m]. Notice first that as a corollary
of parts (1)-(3), we have that B; N L; C C;UP, for all i,j € [m]. For distinct i,j € [m], choose
Ui; CV(G) —{s,t} such that 6(U;;) = B;AB;. For each j € {3,...,m}, let

Sj =W : 1 <i < ).
Let C € {Cy,...,Cpn} and S; € {Ss,...,Sn}. We say C is bad for S; if
ICN6(S;)|=2 and CNH(S;)NB; =0.
Claim 1. One of Ss,...,Sm has no bad circuit.
Proof. Let C be a bad circuit for some S;,3 < j < m. Then by lemma 8.5 parts (2) and (5),
CnNé(S;) CB;UBy, forsomel<i</{<j.
Therefore, by lemma 8.5(11), V/(C) C U;; U Uy;. In particular, s ¢ V(C) and

V(C) n Sj+1 == V(C) n Sj+2 — = V(C) N Sm = @7



40 AHMAD ABDI AND BERTRAND GUENIN

since by lemma 8.5(6), (Us; UUy;) NS =0, for all S € {S;11,...,5m}. As aresult, C ¢ {Cy,Cy,C5}
and C' is not bad for any of Sj41,...,Sn. Thus every circuit is bad for at most one of Ss,...,S,, and

every bad circuit is one of 6‘;7 . ,6’;. Thus, one of Ss,...,.S,, has no bad circuit. <&

Choose j € {3,...,m} so that S; has no bad circuit, and let B := B; A§(S;). Notice that for each

Claim 2. B is a cover of size k — 2.

Proof. Tt is clear that B is a cover. It remains to show that |B| = k — 2. By lemma 8.5,

BclJBi1<i<)c LkJLi.
i=1
The first inclusion follows from part (5) and the second inclusion follows from part (1). Therefore,
as ) € B, it suffices to show that, for all i € [k], |[BN L;| = 1. Observe that, for all i € [k] — {j},
IB;NLi| =1.
Take i € [k] —[m]. If L;N§(S;) =0, then |L; N B| = |L; N Bj| = 1. Otherwise, when L; N§(S;) # 0,
lemma 8.5(9) implies |[L; N6(S;)| =2 and |L; N6(S;) N Bj| =1,s0 |L; N B| = |L; N (B; A§(S;))| = 1.
Next take i € [m]. We will first consider C; N B, given that C; # 0. If C; N §(S;) = 0, then
|C;NB| = |C;N B;| = 1. Otherwise, C;N6(S;) # 0. Then, by lemma 8.5(10), |C; N(S;)| = 2. By our
choice of S}, C; is not bad for S;, and so |605(Sj)ﬂBj| = 1. Thus, |aOB| = |aﬂ(Bj A6(Sy))] =1
We next consider ({Q} U P;)) N B. If i # j, then by lemma 8.5,

({QFUP)NB=({Q}UP)N(B; A6(S)))
=({Q}UP)NB; by part (8)
={Q} by part (3).
On the other hand, if i = j, then by lemma 8.5,
({Q}UP) N B = ({2} UP) N (B; A3(S)))
= [({Q}UP) N BJA[{Q} U ) N 6(S;)]
={Q} by part (7).
Since whenever Q € P; then C; = 0,
LN B|=|C;NB|+|P,nB| =1,

as L; "B C C;UP,. o
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By claim 2, |B| = k — 2. However, B is cover and so |B| > 7(G, %) > k, a contradiction. O

8.3. The odd-K; lemma. The following lemma is essentially due to Schrijver [11], and the presen-

tation follows Geelen and Guenin [3].

Lemma 8.6 ([11, 3]). Let G = (V,E) be a graph and let Q be an edge of G with ends s,s’. Let
Uo, U1, Us, Us be a partition of V(QG), and let Py, Pa, Py be internally vertex-disjoint ss'-paths in G\
such that
(i) s,s" € Uy, and fori € {0,1,2,3}, U; is a stable set in G\ Q,
(i) fori € [3], V(P;) CUyUU;, and
(i) for distinct i,j € [3], there is a path between P; and P; in G[U; UU,].

Then (G, E(G)) has a K5 minor.
8.4. Mates and connectivity.

Proposition 8.7. Let (G,X,{s,t}) be a signed graft and (Li,...,Ly) be an (2, k)-packing, where
Q € 6(s). Suppose that for i = 1,2 there erists a signature B; that is a k-mate of L;. Let U C
V(G) — {s,t} such that BiABy = 6(U). Fori= 1,2 let W; =V (L;) NU. Then there exists a path P
in G[U] between a vertex in W1 and a vertex in Wa such that PN (By U By) = 0.

Proof. Suppose first that there is no path in G[U] between W and Wy. Then there exists U’ C U
such that Wy C U’, W5 C U — U’ and there is no edge of G with one end in U’ and one end in U — U’.
Then B = B1A6(U’) is a signature of (G,%, {s,t}) where B C B; U By and BN (L U Ly) = {Q},
contradicting proposition 3.4 part (4).

Thus there exists a path P in G[U] between W; and W5 with minimum number of edges in By U Bs.
Suppose P has an edge e € B; for some ¢ € [2]. Then e € BiN By as e ¢ §(U). Since s ¢ U, e # .
Proposition 3.1 implies that for some j € [k] —[3], e € L; and By N L; = Bo N L; = {e}. Hence, since
e € E(G[U]) and s,t ¢ U, e must belong to an odd circuit C contained in L; N E(G[U]). But then
replacing P by PAC we obtain a new walk in G[U] between W; and Wy with fewer edges in By U By,

contradicting our choice of P. O

8.5. Acyclicity and flows.

Proposition 8.8. Consider an acyclic digraph whose edges can be written as the union of dipaths
Q1,-..,Qy rooted from some verter x. Suppose that Q1,...,Q, use distinct arcs incident with x.
Consider the following partial ordering defined on the vertices: for vertices u,v, u < v if there is a

uv-dipath. For every i € [n], let v; be the second smallest vertex of Q; that also lies on a dipath in
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{Q1,...,Qn}t — {Q:} (assuming v; exists). Then there exists an index subset I C [n] of size at least
two such that, for each i € I, the following hold:

o v; <y, and there is no j € [n] such that v; < v;, and

o for each j € [n], v; =v; if and only if j € I.

Proof. Suppose such an index subset does not exist. In particular, for any index ¢ € [n] such that
v; < vy, there exists 7(i) € [n] — {i} such that v; € V(Qx(;)) and v; > vr(;). Then one can construct
the infinite chain v1 > vr(1) > Vr(x(1)) > .-, @ contradiction as > is a partial ordering on the vertices

of the acyclic digraph. O

Remark 8.9. Let (H,{Q},{s,t}) be a directed signed graft, where Q € 6(s) and H \ Q is acyclic.
Suppose E(I-_i) can be written as the union of pairwise ()-disjoint edge sets L1, Lo, L3, Py, ..., Pp
where m > 3, Ly, Lo, Ly are directed minimal odd st-joins and Py, ..., P,, are even st-dipaths. Let L

be a directed minimal odd st-join. Then the following hold:

(1) there exist pairwise Q-disjoint edge sets Ly, Ly, L5, Py, ..., P where L} = L, L}, L} are directed

minimal odd st-joins, Py, ..., P! are even st-dipaths, and the number of non-simple minimal
odd st-joins among L}, L}, L is equal to that of L1, Lo, L3,

(2) if exactly one of Ly, Lo, Lg is non-simple, then L is simple if and only if L is Q-disjoint from a
directed odd circuit,

(8) if at least two of Ly, Lo, L3 are non-simple, then L is Q-disjoint from a directed odd circuit.

9. PRELIMINARIES FOR NON-SIMPLE BIPARTITE {2-SYSTEMS

In this section, we lay the groundwork to prove proposition 2.6, namely that a minimal non-simple

bipartite 2-system has an F% or IA(; minor.
9.1. Signature mates.

Proposition 9.1. Let (G, %, {s,t}),L = (L1,...,Lg),m, ﬁ) be a non-simple bipartite Q-system. Let

— —

L C E(H) be a directed minimal odd st-join that is Q-disjoint from a directed circuit C C E(H). Let

—

B be a k-mate of L. Then B is not an st-cut and BNE(H)=BNL.
Proof. Since H \ ) is acyclic, we can write E(H) as the union of L}, L}, L, Py, ..., P such that, for
£ = (L), Ly, Ly, L := P,UCy,..., L, := P\ UChm, Lini1,...,Ly),

((G,E,{s,t}),ﬁ’,m,ﬁ) is a non-simple bipartite Q-system, L} = L and C(L,) = C. By proposi-
tion 3.2, BC LULjU--- UL, ULp41U---ULg. Since BNL, # () and BN L, C {Q}, it follows
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that BN L, = {Q}, so BNC = {Q}. Hence, B is not an st-cut, so it is a signature. Moreover, by
proposition 8.3, BN E(H) = BN L. O

Proposition 9.2. Let ((G,%,{s,t}),£ = (Li,...,Ly),m, H) be a non-simple bipartite Q-system.
Choose an even st-dipath P of H such that P U {Q} has a k-mate B. Then B is not an st-cut and

—

BNEH)={Qu(BNP).
Proof. Since H \ Q is acyclic, we can write E(H) as the union of L}, LY, L}, P}, ..., P, such that, for

£ = (L\, Ly Ly, L, :=P,UCy,..., L, == P, UChn,Lms1,- .., L),

m

((G,E,{s,t}),ﬁ’,m,ﬁ) is a non-simple bipartite Q-system and P(L}) = P. By proposition 3.2,
BC{Q}UPUL,U---UL, ULp41U---ULy, and Q € B as B intersects L,. Then BNC(L)) = {Q},
implying that B is not an st-cut, so it is a signature. Moreover, by proposition 8.3 and the fact that

—

Q € B, it follows that BN E(H) = {Q} U (BN P). |
9.2. Two disentangling lemmas.

Lemma 9.3. Let ((G, . {s,t}),L=(L1,...,Lg),m, ﬁ) be a minimal non-simple bipartite Q-system.
Take disjoint subsets Iq, I, C E(H \ Q) and T' C {s,t} where

(1) I. is non-empty, if I. contains an st-path then T' =0, and if not then T' = {s,t},
(2) every signature or st-cut disjoint from I. intersects I in an even number of edges,
(3) if T' =0, there is a directed subgraph H' of ﬁ/[c \ Iq that is the union of directed odd circuits
LY, L}, L where
Qe liNLiNLy and LY, LY, Ly are pairwise Q-disjoint,
H'\ Q is acyclic.
(4) if T' = {s,t}, there is a directed subgraph H' of H/I.\ I, that is the union of directed minimal
odd st-joins LY, L}, Ly and even st-dipaths Py, ..., P! , where
Qe iNLiNnLy, Q¢ PyU...UP/, and Ly,Ly, L5, Py, ..., P are pairwise Q-disjoint,
one of L}, Ly, LY is non-simple,

H'\ Q is acyclic.
Then one of the following does not hold:

(i) 1;U{Q} does not have a k-mate,
(ii) for every directed odd T'-join L' of H' Q-disjoint from a directed odd circuit, either L' U Iy
contains a directed odd st-join of H Q-disjoint from a directed odd circuit or L' U I; has a

k-mate in (G, %, {s,t}) disjoint from I..
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Proof. Suppose otherwise. Let (G, X, T") := (G, X, {s,t})/I. \ I4 where ¥/ = 3; this signed graft is
well-defined by (1). For i € [m]—[3], let L; := L; — P, if T" = (), and let L, := (L; — P;) U P/ otherwise.
Let £ :== (LY,..., Ly, Lins1,- -, Lg). TT' =0, let m’ := 3, and if not, let m’ := m. We will show
that ((G’,E’,T’),L’,m’,[—f’) is a non-simple bipartite (2-system, and this will yield a contradiction
with the minimality of the original non-simple bipartite 2-system, thereby finishing the proof.

(N'S1) We first show that ((G', %', T"), L', m’) is a bipartite Q-system. (B1) By (2) every signature
or T'-cut of (G', %', T") has the same parity as 7(G, X, {s, t}), implying that (G', %', T") is an Eulerian
signed graft. (B2) It also implies that k, 7(G, X, {s,t}), 7(G’, X', T") have the same parity, so every
minimal cover of (G', X', T") has the same size parity as k. We claim that 7(G',¥',T") > k. Let B’
be a minimal cover of (G', %', T"). If Q ¢ B’, then

B'|>> (IB'nL|:L'eLl) >k

Otherwise, 2 € B’. In this case, B’ U I; contains a cover B of (G, X, {s,t}). By (i), I;U{Q} does not
have a k-mate, so

k—2<|B—-(I;u{Q})| <|B-14 -1<|B| -1,

and since |B’|, k have the same parity, it follows that |B’| > k. Thus, £ is an (€, k)-packing. When
T" =0, m =3. When T' = {s,t}, then m' = m and for j € [m'] — [3], L, contains even st-path P;
and some odd circuit in L’ — P}, and for j € [k] — [m'], L; remains connected in G’. (B3) is clear
from construction.

(NS2) and (NS3) follow from (3) and (4). (NS4) Let L’ be a directed odd T"-join of H’ that is
Q-disjoint from a directed odd circuit. We claim that L'UI, has a k-mate in (G, X, {s,t}) disjoint from
I.. By (ii), we may assume that L'UI, contains a directed odd st-join L of H that is Q-disjoint from a
directed odd circuit. Since ((G,3,{s,t}), £, m, H) is a non-simple bipartite Q-system, it follows that
L has a k-mate B. By proposition 9.1, BN E(ﬁ) = BN L, implying that BN I. =, as claimed. So

B is a k-mate of L' U I, disjoint from I.. B — I contains a minimal cover B’ of (G', %', T"), and since
|B'—L'|<|(B-14)—L|<|B-L|<k-3,
it follows that B’ is a k-mate of L. O

We will need an analogue of this lemma for the case T = (). As the proof is almost the same (and

less intricate), we leave the proof as an exercise:

Lemma 9.4. Let ((G,Z,@),E = (Ll,...,Lk),S,ﬁ) be a minimal non-simple bipartite Q-system,
where Q € §(s). Take disjoint subsets Iy, 1. C E(H \ Q) where

(1) I. is non-empty,



PACKING ODD T-JOINS WITH AT MOST TWO TERMINALS 45

(2) every signature disjoint from I. intersects Iy in an even number of edges,
(3) there is a directed subgraph H' of H/I.\ Iy that is the union of directed odd circuits L', Ly, Ly
where
Qe liNLiNLy and LY, LY, Ly are pairwise Q-disjoint,
H'\ Qs acyclic.
Then one of the following does not hold:
(i) 15U {Q} does not have a signature k-mate,
(i) for every directed odd cycle L' of H Q-disjoint from a directed odd circuit, either L' Ul contains
a directed odd cycle ofﬁ Q-disjoint from a directed odd circuit or L' Ul has a signature k-mate

in (G,%,0) disjoint from I..

9.3. Setup for the proof of proposition 2.6. Let ((G,%,T),L = (L1,...,Lg),m, I;T) be a minimal
non-simple bipartite Q2-system. We know that H \ Q is acyclic, and by (B3), every odd circuit in H

contains 2 and no even st-path in H contains . Hence,

Remark 9.5. Let C be a directed odd circuit and let P be an even st-dipath in H. Then C and P

share exactly one vertex, namely s.

There are three possibilities:
I: all three of L1, Lg, L3 are non-simple (see §10),
IT: exactly two of Ly, La, L3 are non-simple (see §11),
III: exactly one of Ly, Lo, L3 is non-simple (see §12).
We will assume throughout this section that Q has ends s, s’.

10. NON-SIMPLE BIPARTITE {2-SYSTEM - PART I

Here we prove proposition 2.6 when all of L, Lo, L3 are non-simple. By remark 9.5, for ¢ € [3] and

J € Im], C; and P; share exactly one vertex, namely s.
Claim 1. There exists j € [m] such that P; U{Q} has no k-mate.

Proof. Suppose otherwise. Then T = {s,t}, as 7(G, X, T) > k (so {Q} has no k-mate). Then by the
mate proposition 8.4 there exists ¢ € [m] such that the k-mate of P; U {Q} is an st-cut, contradicting
proposition 9.2. <

By swapping the roles of P; and P; in £, if necessary, we may assume that j = 1.

Claim 2. T = 0.
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Proof. Suppose for a contradiction that T' = {s,t}. Let Iy := Py and I, := P,U...UP,,. Let T" := (),
and for j € [3] let L) := C}, and let H' C H\ I;/1. be the union of L}, L}, L4. It is clear that (1)-(4)
of the disentangling lemma 9.3 hold. By claim 1, P; U{Q} = I; U {2} has no k-mate, so (i) holds.
Let L’ be a directed odd cycle of H'. Then it is clear that L' U I, contains a directed minimal odd
st-join L of H such that L' C L. By remark 8.9(3), L and so L’ is Q-disjoint from a directed odd
circuit, and since I; is Q-disjoint from every directed odd circuit by remark 9.5, we get that L' U I
is Q-disjoint from a directed odd circuit, so (ii) holds as well, a contradiction with the disentangling

lemma 9.3. &

The rest of this part is dedicated to finding a 1?/5 minor in (G, %, T = )), and our arguments are
very similar to the treatment of Geelen and Guenin [3], except for our use of Menger’s theorem in
claim 4.

We may assume that in H, € is directed from s to s', and for i € [3], L; — {Q} is an s's-dipath.
Consider the following partial ordering defined on the vertices of H: for u,v € V(ﬁ ), u < v if there is
a uv-dipath in H \ Q; this partial ordering is well-defined as A \ €2, by (NS3). For each i € [3], let v; be
the second smallest vertex of L; — {Q2} that lies on a dipath in {L;, L2, L3} — {L;} By proposition 8.8,
there exists an index subset I C [3] of size at least two such that, for each ¢ € I and j € [3], v; = v; if

and only if j € I. We may assume that 1 € I.
Claim 3. For each i € I, L;[s',v;] U{Q} has a signature k-mate.

Proof. Suppose otherwise. Let I := L;[s’,v;] and I, := (J(L;[s",v;] : j € I,j # i). For i € [3] let
L, :=L; — (I,Uly), and let H' C H \ I;/I, be the union of L, L}, L}. It is easily seen that (1)-(3)
of the disentangling lemma 9.4 hold. By our hypothesis, (i) holds. Let L’ be a directed odd cycle of
H'. Then L' U 1. contains a directed odd circuit of H , implying that L’ U I; also contains a directed
odd circuit of H, which by remark 8.9(3) is Q-disjoint from a directed odd circuit. Hence, (ii) holds

as well, a contradiction to the disentangling lemma 9.4. <
Claim 4. There ezist an s's-dipath P and a vis-dipath Q in ﬁ\{ﬂ} that are internally vertex-disjoint.

Proof. Suppose otherwise. Then s # v; and there exists a vertex v € V(H) — {s, s’} such that there
is no s's-dipath in H \ v. One of the following holds:

(a) there exists an s'v-dipath R in H such that R U {2} has no k-mate:
Let Iy := R, I. := J(L;[s',v] : i € [3]) — R, for i € [3] let L} := L; — (I, UI,), and let
H' C H\ I;/I, be the union of L}, L}, L.

(b) for every s'v-dipath R in H, RU {2} has a (signature) k-mate:
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Let Iy := 0, I. :== U(Li[v,8] : i € [3]), for i € [3] let L; := L;[s',v] U {Q}, and let
H' C H\ I;/1, be the union of L, L}, L.
It is not difficult to check that in either of the cases above, (1)-(3) and (i)-(ii) of the disentangling

lemma 9.4 hold, a contradiction. <&

After redefining £, if necessary, we may assume that {1,2} C T and P = L3 — {Q}.
Claim 5. (L; — {Q} :i € [3]) are pairwise internally vertez-disjoint.

Proof. 1t suffices to prove that Q@ = 0. Suppose not. Let I. := Q, Iz := 0, for i € [2] let L} :=
Lils',v;] U{Q}, and let Ly := Ls. Let H' C H \ I/I. be the union of L}, L}, L;. Note that
(L, —{Q} : i € [3]) are pairwise internally vertex-disjoint. By our hypothesis, claim 3, (NS4), and
proposition 8.3, (1)-(3) and (i)-(ii) of the disentangling lemma 9.4 hold, a contradiction. <&

Claim 6. (G,%,T = () has a K5 minor.

Proof. By identifying a vertex of each component with s, if necessary, we may assume that G is
connected. By (NS4), for each i € [3], there exists a signature k-mate B; of L,. For distinct ¢, 5 € [3],
let U;; C V(G) — {s,t} such that §(U;;) = B;AB;; by proposition 8.7, there exists a shortest path
P;; between L; and L; in G[U;;] \ (B; U B;). To finish proving the claim, we will use the odd-Kj5
lemma 8.6 to prove that L1 U Lo U L3 U Pjo U Pog U P31 has a I?; minor.

Observe that

0 = (ByAB2)A(ByAB3) A(BsABy) = 6(U12) AS(Uas) AS(Usy) = 6(Ura AU AUs, ),

implying that U2 AUz3AUs; is either § or V(G), as G is connected. However, s,t ¢ U2 AUz3AUsy,
implying that UjpAUs3AUz; = 0. As a result, there exist pairwise disjoint subsets Uy, Us, Uz C
V(G) such that, for distinct ¢,j € (3], U;; = U; UU;. Let Uy := V(G) — (U UUy U Us). Since
L N (Bg U Bs) = {Q}, it follows that L; N 6(Usz3) = @, and since L; is connected, it must be that
V(L1) C Uy U Uy. Similarly, V(Ls) C Uy UUy and V(L3) C Uy UUs. Let B := B;/ABy/ABsg, which is
a signature for (G,%,T). Observe that the edges in B are precisely those with ends in different sets
among Uy, Uy, Us, Us. Now contract all the edges of G not in B and apply the odd-K5 lemma 8.6 to
conclude that Ly U Ly U L3 U P1a U Pog U Py, and in turn (G, X, T), has a I?Z—, minor. &

11. NON-SIMPLE BIPARTITE 2-SYSTEM - PART II

Here we prove proposition 2.6 when exactly two of Li, Lo, L3, say Ly and Lo, are non-simple.

Observe that T' # ). Recall that T'= {s,¢} and Q has ends s, s'.

Claim 1. There exists j € [m] — {3} such that P; U{Q} has no k-mate.
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Proof. Suppose otherwise. As Pj is a directed odd st-join of H that is Q-disjoint from directed odd
circuit C1, it has a k-mate. Thus by the mate proposition 8.4 there exists ¢ € [m] such that the k-mate

of P, U{Q} is an st-cut, contradicting propositions 9.1 and 9.2. &

By swapping the roles of P; and P; in L, if necessary, we may assume that j = 1. Observe that
PyU- - -UP,, is acyclic, as ﬁ\Q is so. Consider the following partial ordering: for u,v € V(P1U---UP,,),
u < v if there is a wv-dipath in Py U---U P,,. For i € [m] let v; be the second largest vertex of P;
that lies on another st-dipath in {Py,..., Py} — {P;}.

Claim 2. s < vs.

Proof. Suppose otherwise. In other words, Ps is internally vertex-disjoint from each one of Py, Py,
Pyy...;Py. Let Ij:= Py and I, := P, UP,UPsU...UP,. Let T := 0, for j € [2] let L = Cj, let
Ly := Ps, and let H' C H\1,/I. be the union of L, L}, L. It is clear that (1)-(4) of the disentangling
lemma 9.3 hold. By claim 1, P, U {Q} = I; U {Q} has no k-mate, so (i) holds. Let L’ be a directed
odd cycle of H'. Then it is clear that L' U I; contains a directed minimal odd st-join L of H such
that L’ C L. By remark 8.9(3), L is 2-disjoint from a directed odd circuit, so by remark 9.5, L' U I4
is Q-disjoint from a directed odd circuit, implying in turn that (ii) holds, a contradiction with the

disentangling lemma 9.3. <

By proposition 8.8 there exists an index subset I C [m] of size at least two such that, for each i € I,
e v; > v3, and there is no j € [m] such that v; > v;,
o for each j € [m], v; = v; if and only if j € I.

For i € I, since v; > vy > s by claim 2, P;[v;,t] is contained in an odd st-dipath of ﬁ, and since

In([m] —{3}) #0, P,v;,t] is also contained in an even st-dipath of H
Claim 3. For eachi € I and j € [2], P;[v;,t] and C; have no vertex in common.

Proof. Since P;[v;,t] is contained in an even st-dipath of H , the claim follows from remark 9.5 and

the fact that v; > s. &

As a result, for each i € I, the internal vertices of P;[v;,t] have degree two in H.
Claim 4. For each i € I, P;[v;, t] U{Q} has a k-mate. In particular, 1 ¢ I.

Proof. Suppose otherwise. Let I; := P;[v;,t] and I. := |J(Pj[vj,t] : j € I —{i}). Let T" := {s,t}, for
j €3] let L == Lj — (I. Uly), and for j € [m] — [3] let P} := P; — (I. Uly). Let H' C H \ Iy/I. be
the union of L}, L5, Ly, Py, ..., P/ It is clear that (1)-(4) of the disentangling lemma 9.3 hold. By
assumption, Iy U {2} has no k-mate, so (i) holds. Let L’ be a directed odd st-join of H’. Then it is
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clear that L' U I, contains a directed minimal odd st-join L of H such that L’ C L. By remark 8.9(3),
L is Q-disjoint from a directed odd circuit, so by remark 9.5, L' U I is also Q-disjoint from a directed

odd circuit, so (ii) holds as well, a contradiction with the disentangling lemma 9.3. <&
Claim 5. Fixi € I. Then there exists an s'v;-dipath in ﬁ\ (C1UCQC5%) that is vertez-disjoint from P;.

Proof. Let v be the smallest vertex on P; for which there exists a vv;-dipath R in H \ Q such that
V(R) N V(P) = {v}. Since R is contained in an even st-dipath, namely P;[s,v] U R U P;luv;,t], it
follows from remark 9.5 that R and C7; UC5 have at most one vertex in common, namely s. Our choice
of v and R implies the following:
(x) if w € V(R) and Q is an sw-dipath in H \ ©, then Q and Py [v, {] have a vertex in
common.
Suppose for a contradiction that there is no s'v;-dipath in H \ (C1 U Cy) that is vertex-disjoint from
P;. This fact, together with (x) and remark 9.5, implies the following:
(s%) if w € V(R) and Q is an s'w-dipath in H, then Q and Pi[v,#] have a vertex in
common.

Let Iy := Pyi[v,t] and I, :== RU [ J(Pj[v;,t] : j € I)]. For i € [3] let L} be L; — (I, U I;) minus any
directed circuit that does not use €, and for ¢ € [m] — [3] let P/ be P; — (I. U I4) minus any directed
circuit that does not use . If v = s, let 77 := () and H' C H \ I4/I. be the union of L, L}, L.
Otherwise, when v # s, let 7" := {s,t} and H' C H\1,/I, be the union of L}, Ly, Ly, Py,..., Pl Ttis
not hard to see that (1)-(4) of the disentangling lemma 9.3 hold. By claim 1, P;[v,tjU{Q} = I4U{Q}
has no k-mate, so (i) holds. Let L’ be a directed odd T"-join of H’. Then L’ U I, contains a directed
odd st-join L of H such that L' C L. Choose w € V(R) (if any) such that L contains an s'w-dipath @
in H and V(Q)NV(R) = {w}. Then (%) implies that (L — I,) U I, and therefore L' U I, contains a
directed minimal odd st-join of H. By remark 8.9(3), L is 2-disjoint from a directed odd circuit, so by
remark 9.5, L’ U I is -disjoint from a directed odd circuit, and so (ii) holds as well, a contradiction

with the disentangling lemma 9.3. O

After redefining £, if necessary, we may assume that 3 € I and that P3[s’,v3] is vertex-disjoint

from Pj. (See remark 8.9(1).)
Claim 6. (G,%,{s,t}) has an F; minor.

Proof. For i € I let B; be a k-mate of P;[v;,t] U{Q}, whose existence is guaranteed by claim 4. For
each i € I, since B; is also a k-mate for odd st-dipath Ps[s,vs] U P;[v;, t], proposition 9.1 implies that
B; is a signature. Take j € I — {3}. Choose U C V(G) — {s,t} such that BsAB; = §(U). Then by
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proposition 8.7 there exists a path P in G[U] between V (Ps[vs,t]) NU and V(P;[v;,t]) NU such that
PN (B3UBj) =0, and P is minimal subject to this property. Observe that L; U P3[s’,v3] has no
vertex in common with U. It is easy (and is left as an exercise) to see that Cy U Py U P3U Pjlv;, t]U P

has an F7 minor. <&

12. NON-SIMPLE BIPARTITE §)-SYSTEM - PART III

Here we prove proposition 2.6 when exactly one of Lq, Loy, L3, say L, is non-simple. This will
complete the proof of proposition 2.6. Observe that T # @), so T = {s,t}, and recall that Q has ends
s, 8.

Observe that Py U --- U P, is acyclic, as H \ © is so. Consider the following partial ordering: for
u,v € V(PLU---UPp,), u < v if there is a uv-dipath in Py U---UP,,. For ¢ € [m] let v; be the second
largest vertex of P; that lies on another st-dipath in {P,...,P,} — {P;}. By proposition 8.8 there

exists an index subset I C [m] of size at least two such that, for each i € I,

e v; > v3, and there is no j € [m] such that v; > v;,

o for each j € [m], v; = v; if and only if j € I.
Claim 1. For each i € I, C1 and P;[v;, t] have no vertex of V(G) — {s'} in common.

Proof. Suppose otherwise. Then it follows from remark 9.5 that
(0) I={{2,3} and V(P)NV(P;)={st} Viel,Vjem]—-1I.

Let Q1 := C1 —{Q}, Q2 := Po—{Q} and Q3 := P;—{Q}. For each i € [3], let u; be the second smallest
(not largest) vertex of @; that also lies on one of {Q1, @2, @3} —{Q:}. Then by proposition 8.8, there
exists an index subset J of {1,2,3} of size at least two such that, for each j € J and ¢ € [3], u; = u;

if and only if i € J.
Subclaim 1. For each j € J, Q;[s',u;] U{Q} has a k-mate.

Proof of Subclaim. Suppose otherwise. Let Ig := Q;[s',u;] and I, := J(Qi[s',u;] = i € J — {j}).
Let T/ := {s,t}, and for i € [3], let L} := L; — (I. U I;). Let H' C H \ I;/I. be the union of
Ly, LY, L Py, ..., Py 1t is clear that (1)-(4) of the disentangling lemma 9.3 hold. By assumption,
I, U {Q} has no k-mate, so (i) holds. Let L’ be a directed odd st-join of H’ that is Q-disjoint from a
directed odd circuit, i.e. L’ is an odd st-dipath of H’ by remark 8.9(2). Then it is clear that L' U I,
contains an odd st-dipath of H, which by remark 8.9(2) is Q-disjoint from a directed odd circuit, so

(ii) holds as well, a contradiction with the disentangling lemma 9.3. \V4
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Subclaim 2. Fiz j € J. Then there exist an s't-dipath P and a u;t-dipath Q in H \ s that are

internally vertex-disjoint.

Proof of Subclaim. Suppose otherwise. Then by Menger’s theorem there exists a vertex v € V(ﬁ \
s) — {s',t} such that there is no s't-dipath in H \ {s,v}. Note that v € V(C}), since C; and Py[vs, t]
have a vertex in common. One of the following holds:
(a) there exists an s'v-dipath R in H \ s such that R U {Q2} has no k-mate:
Let Iy := R, I. .= J(Q;[s',v] : i € [3])—R, T := {s,t}, fori € [3]let L} := L;—(I.Uly),
and let H' C H \ I;/1. be the union of L, L}, L}, Py, ..., P,
(b) for every s'v-dipath R in H \ s, RU {Q} has a k-mate:
Let Iy := 0, I. :== Py U Pafv,t] U Ps[v,t] U Py U -+ U Py, T := 0, for i € [3] let
L) := Q,[s',v] U{Q}, and let H' C H \ I;/I. be the union of L}, L}, L.
It is not difficult to check that in either of the cases above, (1)-(4) and (i), (ii) of the disentangling

lemma 9.3 hold, which is the desired contradiction. v

Together with (¢), subclaim 2 implies that J # {1, 2,3}, so because |J| > 2, we get that |J| = 2. We
may assume that J = {1,2}. Let Iy :=0, I, := PLUQUP,U---UP,,, T' := 0, L} := Q1[s',u1] U{Q},
L} = Qafs', ux] U {Q}, L := PU{Q}, and let H CH \ I4/I. be the union of L}, L, L%. Tt is not
difficult to check that (1)-(4) and (i), (ii) of the disentangling lemma 9.3 hold, which is a contradiction.
&

Claim 2. There exists j € [m] —{2,3} such that P; U{Q} has no k-mate.

Proof. Suppose otherwise. Observe that P», P3, being odd st-dipaths in H Q-disjoint from C{, have
k-mates. Thus by the mate proposition 8.4 there exists i € [m] such that the k-mate of P; U {Q} is

an st-cut, contradicting propositions 9.1 and 9.2. <

By swapping the roles of P, and P; in L, if necessary, we may assume that j = 1.
Claim 3. For each i € I, P;[v;, t] U{Q} has a k-mate. In particular, 1 ¢ I.

Proof. Suppose otherwise. Let I; := P;[v;,t] and I. := |J(Pj[vj,t] : j € I —{i}). Let T" := {s,t}, for
j€ 3 let L := L; — (I Uly), and for j € [m] — [3] let P/ := P; — (I, Uly). Let H' C H\ I4/I.
be the union of L}, L5, L}, Py, ..., P!

m*

It is clear that (1)-(4) of the disentangling lemma 9.3 hold.
By assumption, I; U {Q} has no k-mate, so (i) holds. Let L’ be a directed odd st-join of H’ that is
Q-disjoint from a directed odd circuit, i.e. L’ is an odd st-dipath of H by remark 8.9(2). Then it is
clear that L' U1, contains an odd st-dipath of H, which by remark 8.9(2) is Q-disjoint from a directed

odd circuit, so (ii) holds as well, a contradiction with the disentangling lemma 9.3. <
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Claim 4. Fizi € I. Then there exists an s'v;-dipath in H \ C1 that is vertex-disjoint from Pj.

Proof. Let v be the second smallest vertex in P; for which there exists a vv;-dipath R in H such that
V(R) N V(P) = {v}. Since R is contained in an even st-dipath, namely P;[s,v] U R U P;luv;,t], it
follows from remark 9.5 that R and C; have no vertex in common. Suppose for a contradiction that
there is no s’v;-dipath in H \ C; that is vertex-disjoint from P;. This fact, together with our choice
of v and R, implies the following:
(%) if w € V(R) and Q is an s'w-dipath in H \ s, then @ and P, [v, ] have a vertex in
common.

Let I := Pyi[v,t] and I. := RU[J(Pj[vj,t] : j € I)]. For i € [3] let L} be L; — (I U I5) minus any
directed circuit that does not use €2, and for ¢ € [m] — [3] let P! be P; — (I. U I;) minus any directed
circuit that does not use Q. Let 7" := {s,¢} and H' C H\ I;/1, be the union of L}, L}, L}, P}, ..., P..
It is not hard to see that (1)-(4) of the disentangling lemma 9.3 hold. By claim 2, I U {Q} has no
k-mate, so (i) holds. Let L’ be a directed odd T’-join of H’ that is Q-disjoint from a directed odd
circuit, i.e. L' is an odd st-dipath of H’ by remark 8.9(2). Then L' U I.. contains an odd st-dipath L
of H. Choose w € V(R) (if any) such that L contains an s'w-dipath @ in H and V(Q) NV (R) = {w}.
Then (x) implies that (L — I.) U I, and therefore L' U I, contains an odd st-dipath of ﬁ, which by
remark 8.9(2) is Q-disjoint from a directed odd circuit, so (ii) holds as well, a contradiction with the

disentangling lemma 9.3. <

After redefining £, if necessary, we may assume that 3 € I and that P3[s’,v3] is vertex-disjoint

from P;. (See remark 8.9(1).)
Claim 5. (G,%,{s,t}) has an F; minor.

Proof. For i € I, let B; be a k-mate of P;[v;,t] U {2}, whose existence is guaranteed by claim 3. For
each i € I, since B; is also a k-mate for odd st-dipath Ps[s,vs] U P;[v;, t], proposition 9.1 implies that
B; is a signature. Take j € I — {3}. Choose U C V(G) — {s,t} such that BsAB; = §(U). Then by
proposition 8.7 there exists a path P in G[U] between V (Ps[vs,t]) NU and V(P;[v;,t]) NU such that
PN (B3UBj) =0, and P is minimal subject to this property. Observe that L U P3[s’,v3] has no
vertex in common with U. It is easy (and is left as an exercise) to see that C1 U Py U P3 U Pj[v;,t]UP

has an F7 minor. &

13. A PRELIMINARY FOR SIMPLE BIPARTITE AND CUT ()-SYSTEMS: THE LINKAGE LEMMA

The presentation of this section follows Thomassen [17]. Let Hy be a plane graph such that the

unbounded face is bounded by a circuit Cy on four vertices s, s, t1,t2, in this cyclic order. Suppose
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further that every other face is bounded by a triangle, and every triangle is a facial circuit. For each
triangle A of Hy we add K2, a possibly empty complete graph disjoint from Hy, and we join all its
vertices to all the vertices of A. The resulting graph is called an (s, $2, t1, t2)-web with frame Cy and

rib Ho.

Lemma 13.1 ([13, 17]). Let H be a graph and take four distinct vertices s1,sa,t1,t2. Suppose there
are no two vertex-disjoint paths Py, Py such that, fori = 1,2, P; is an s;t;-path. Then H is a spanning

subgraph of an (s1, s2,t1,t2)-web.

14. SIMPLE BIPARTITE {2-SYSTEM OF FLAVOUR (SF1)

In this section, we prove proposition 2.11.
14.1. A disentangling lemma.

Lemma 14.1. Let ((G, X {s,t}), L= (L1,...,Lg),m, ﬁ) be a minimal simple bipartite Q-system of
flavour (SF1), where ) € §(s), and assume there is no non-simple bipartite Q2-system whose associated
signed graft is a minor of (G, %, {s,t}). Take disjoint subsets I, I. C E(ﬁ\Q) and T' C {s,t} where
(1) 1. is non-empty, if I. contains an st-path then T' =0, and if not then T' = {s, t},
(2) every signature or st-cut disjoint from I. intersects I in an even number of edges,
(3) if T =0, there is a directed subgraph H' of ﬁ/[c \ Ig that is the union of directed odd circuits
Ly, L}, Ly where
Qe liNLiNLy and LY, LY, Ly are pairwise Q-disjoint,
H'\ Q is acyclic,
(4) if T' = {s,t}, there is a directed subgraph H' of ﬁ/[C \ Iy that is the union of odd st-dipaths
LY, LY, Ly and even st-dipaths Py, ..., P! , where
el iNLiNnLy, Q¢ PyU...UP/, and Ly, L, Ly, Py, ..., Pl are pairwise Q-disjoint,
H' is acyclic.
Then one of the following does not hold:

(i) 1;U{Q} does not have a k-mate,
(ii) for every directed odd T'-join L' of H', L' U1, contains an odd st-dipath of H.

Proof. Suppose otherwise. Let (G, ¥, T") := (G,%, {s,t})/I. \ I4 where ¥’ = ¥; this signed graft is
well-defined by (1). For i € [m]—[3],let L} := L, — P, if T" = 0, and let L, := (L; — P;) U P! otherwise.
Let £ :== (LY,..., Ly, Lins1,- -, Lg). HT' =0, let m’ := 3, and if not, let m’ := m. We will show
that (G', %, T"), L' ,m/, ﬁ’) is either a non-simple bipartite {2-system or a simple bipartite Q-system,
and this will yield a contradiction, thereby finishing the proof.
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(B1) By (2), every signature or T"-cut of (G, ¥, T") has the same parity as 7(G, X, {s, t}), implying
that (G', %', T") is an Eulerian signed graft. (B2) It also implies that k, 7(G, X, {s, t}) and 7(G', ¥, T")
have the same parity, so every minimal cover of (G’,X’,T”) has the same size parity as k. We claim

that 7(G',¥',T") > k. Let B’ be a minimal cover of (G',¥',T"). If Q ¢ B’, then
B'|>> (B NL|:L'eL)>F

Otherwise, Q2 € B’. In this case, B’ U I, contains a cover B of (G, X, {s,t}). By (i), I;U{Q} does not
have a k-mate, so

k—2<|B—(I4u{Q})| <|B—1I4-1<|B|—1,

and since |B’|, k have the same parity, it follows that |B’| > k. Thus, £’ is an (9, k)-packing. When
T" =0, m =3. When T" = {s,t}, then m' = m and for j € [m'] — [3], L, contains even st-path P;
and some odd circuit in L — P}, and for j € [k] — [m'], L; remains connected in G'. (B3) follows
from construction.

Suppose first that 77 = (). We will show that ((GQZQT’),EQm’,ﬁ’) is a non-simple bipartite
Q-system. (NS1) holds as (B1)-(B3) hold. (NS2) holds as 7" = (). (NS3) follows from (3). (NS4)
Let L' be a directed odd T”-join of H' that is Q-disjoint from a directed odd circuit. By (ii), L' U I,
contains an odd st-dipath L of H. Since (G, %, {s,t}), £, m, H) is of flavour (SF1), L has a signature

k-mate B. By proposition 8.3, BN E(H) = BN L, implying that BN I. = . Thus, B — I; contains

a minimal cover B’ of (G', X', T"), and since
|B'—L'|<|(B—1a) - L'|<|B-L|<k-3,

it follows that B’ is a k-mate of L'.

Suppose now that T" = {s,t}. We will show that ((G/,%’,{s,t}),£’,m, H') is a simple bipartite Q-
system. (S1) holds as (B1)-(B4) hold. (S2) follows from (4). (S3) Let L’ be an odd st-dipath in H'.
By (i), L' U I contains an odd st-dipath L of H. Since (G, %, {s,t}), L,m, H) is a simple bipartite

Q-system of flavour (SF1), L has a signature k-mate B. By proposition 8.3, BN E(H) = BN L,

implying that BN I. = (. Then B — I; contains a minimal cover B’ of (G',¥', {s,t}), and since
|B'-L'|<|(B—1s)—-L'|<|B-LI<k-3,

it follows that B’ is a k-mate of L'. O

14.2. The proof of proposition 2.11. Let ((G7 2, {s,t}), (Lq,... ,Lk),m,ﬁ) be a minimal simple

bipartite Q-system of flavour (SF1), where Q has ends s, s, and assume there is no non-simple bipartite

Q-system whose associated signed graft is a minor of (G, X, {s,t}).
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Claim 1. m > 4.

Proof. By (SF1), each one of Pi, Py, P3 has a signature k-mate, so the result follows from the mate
proposition 8.4. &

Claim 2. There is an odd circuit C in H \ t.

Proof. Suppose otherwise. Let I. := Py and Iy := 0. Let 7" := 0, for ¢ € [3] let L, := P;, and let
H' C H\ I/I. be the union of L}, L}, L. Tt is clear that (1)-(4) of the disentangling lemma 14.1
hold. As 7(G, X, {s,t}) > k, it follows that I; U {Q} = {2} does not have a k-mate, so (i) holds.
Moreover, our assumption implies that P, is internally vertex-disjoint from each of P;, P», P3. This
implies that every directed odd circuit of H' is an odd st-dipath in H , so (ii) holds, a contradiction

with the disentangling lemma 14.1. &

Consider the following partial ordering on V(ﬁ ): u < v if there exists a uv-dipath in H. For
J € [m] let v; be the second largest vertex of P; that lies on another st-dipath in {Py,..., Py} —{P;}.
By proposition 8.8 there exists an index subset I C [m] of size at least two such that, for each i € I,
e v; > vy, and there is no j € [m] such that v; > v;,
o for each j € [m], v; = v; if and only if j € I.

After redefining £, if necessary, we may assume that 1 € I.
Claim 3. For each i € I, P;[v;, t] U{Q} has a k-mate.

Proof. Let 1; := Pj[v;,t] and I. := J(Pj[v;,t] : j € I —{i}). Let T" := {s,t}, for j € [3] let
L := P; — (I Uly), and for j € [m] — [3] let P/ := P; — (I. U I). Let H' C H \ I /I. be the union
of LY, L, LL, Py, ..., Pl Clearly, (1)-(4) and (ii) of the disentangling lemma 14.1 hold. Hence the

lemma implies that (i) does not hold, proving the claim. &

Claim 4. There are two vertezx-disjoint paths P,Q in H, where P is between s,t and Q) is between

s’ vy,

Proof. Suppose otherwise.

Assume first that s’ = v;. Then, for each j € [m], s’ € V(P;). By (SF1), for each j € [m],
P;[s',t]U{Q} has a signature k-mate B;. However, for each j € [m], B; is also a signature k-mate for
P; U{Q}. This is a contradiction with the mate proposition 8.4.

Thus, s’ # v;. By the linkage lemma 13.1, H is a spanning subgraph of an (s,vy,t,s")-web with
frame Cy and rib Hy. Fix a plane drawing of Hy, where the unbounded face is bounded by Cj. After

redefining £, if necessary, we may assume the following:
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(%) for every s'vi-dipath P of H, the number of rib vertices that are on the same side

of P as s is at least as large as that of Py[s’,v1].

For j € [m] — [3], let u; be the largest rib vertex on P; that also lies on P;[s’,v1]. Observe that if
Jj € IN([m]—[3]), then u; = v;. For j € [m] — [3] let R; := Pj[u;,t], for j € [3|NI let R; := Pj[v;,t],
and for j € [3] — I let R; := P;[s’,t]. Observe that a k-mate for R; U{Q},j € [m] is also a k-mate
for any odd st-dipath of H containing R; U{Q}. Hence, by (SF1), every k-mate for R; U{Q},j € [m]
must be a signature. However, every k-mate for R; U {Q},j € [m] is also a k-mate for P; U {Q}.
Hence, by the mate proposition 8.4, there exists ¢ € [m] such that R; U {Q} has no k-mate. By (S3)
and claim 3, ¢ ¢ T U[3]. Observe that (%) implies the following:

(xx) if w € V(Pi[u;,t]) and Q is an s'w-dipath, then @ and R; have a vertex in
common.

Let I; := R; and I, := Pi[u;,t]. For j € [3] let L’j be P; — (I, U I3) minus any directed circuit
that does not use , and for j € [m] — [3] let P/ be P; — (I. U I;) minus any directed circuit that
does not use Q. Let 7" := {s,¢} and H' C H \ I;/1. be the union of L}, L}, L}, P}, ..., P,. It is clear
that (1)-(4) of the disentangling lemma 14.1 hold. By the choice of R;, (i) holds as well. To show (ii)
holds, let L’ be an odd st-dipath of H’. Then L' U 1. contains an odd st-dipath of ﬁ, and by (xx),
L' U1, also contains an odd st-dipath of H, so (ii) holds, a contradiction with lemma 14.1. O

Claim 5. (G,%,{s,t}) has an F; minor.

Proof. For i € I, let B; be a k-mate of P;[v;,t] U {Q2}, whose existence is guaranteed by claim 3.
For each i € I, since B; is also a k-mate for odd st-dipath P;[s,v1] U P;[v;,t], (SF1) implies that B;
is a signature. Take j € I — {1}. Choose U C V(G) — {s,t} such that BiAB; = §(U). Then by
proposition 8.7 there exists a path R in G[U] between V(P [v1,t]) NU and V(P;[v;,t]) NU such that
RN (B1UBj) =0, and R is minimal subject to this property. Observe that P UQ U C has no vertex
in common with U. It is easy (and is left as an exercise) to see that CUPUQU P [vy,t]U Pj[v;,t]UR

has an F; minor. O
15. A PRELIMINARY FOR CUT §)2-SYSTEMS: THE SHORE PROPOSITION
The following proposition can be the thought of as the second half of the mate proposition 8.4:
Proposition 15.1. Let ((G,%,{s,t}),L = (L1,..., L), m, H) be a bipartite Q-system, where Q has
ends s,s'. For each i € [m], let P; C L; be a connected st-join such that P, NS C {Q}, and if i € [3],

Q € P, and P;Nd(s) = {Q}. Suppose there exist By, ..., By, and U C V(G) — {t} with s € U such
that
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(i) fori € [m], B; is a k-mate of P U {02},
(i) ezxactly one of By, ..., B, say By, is not a signature, and By = 6(U),
(iii) there is no proper subset W of U with s € W such that §(W) is a k-mate of P, U {2},
(iv) fori € [m], B;N P; has no edge in G[U].
Then, for every component of Py in GU], there is a path P in G[U] between s and a vertez of the
component such that PN (ByU---UBy_1UBpr1 U---UB,,)=0.

Proof. For each i € [3], let C; := 0, and for each i € [m] — [3], let C; be an odd circuit contained in
the odd cycle LiAﬁi =L; - f’z By identifying a vertex of each component with s, if necessary, we
may assume that G is connected. For n > 1, let [n] := [n] — {¢}. We will be applying lemma 8.5 to
the index set [m]’. For distinct ¢,j € [m]’, choose U;; € V(G) — {s,t} such that §(U;;) = B;AB;.
Observe that [m]" contains m — 1 ordered indices; for every index j other than the two smallest indices
in [m]’, let
Sj = ﬂ(Ul i € [m]',i < ).
By definition, each S; is the intersection of at least two sets. Take C' € {CA‘:;7 . ,5;} and an S;. We
say C is bad for S; if
ICN6(S;)|=2 and CNHS;)NB; =0.

We need a few preliminaries.
Claim 1. Each circuit in {Cy,...,Cp} is bad for at most one S;.

Proof. Suppose that C € {C4,...,Cy,} is bad for S; and that it is not bad for any S; with ¢ < j. By
lemma 8.5(5), there exist distinct p,q € [j — 1]’ such that C N 46(S;) € B, U By. By lemma 8.5(11),
V(C) C Ujp UUjq, and subsequently by lemma 8.5(6), V(C)N S, = 0 for r > j. As a result, C' cannot
be bad for any S, with r > j. O

Claim 2. FEach S; has a bad circuit.

Proof. Suppose for a contradiction that some S; has no bad circuit, and let B := B; A4§(S;). We will
prove that B is a cover of size k — 2, which will yield a contradiction as |B| > 7(G,X) > k. It is clear

that B is a cover. By lemma 8.5,
Bc|JBiziem] i<j) S| JLi:ielk]).

The first inclusion follows from part (5), and the second inclusion follows from part (1) together with
the fact that for each i € [m]’, B; N P, C {Q}. Therefore, as Q € B and |L, N B| = 1, it suffices to
show that, for all ¢ € [k]’, |L; N B| = 1. Keep in mind that, for all i € [k] — {j}, |L; N B;| = 1.
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Take i € [k] —[m]. If L;N§(S;) =0, then |L; N B| = |L; N Bj| = 1. Otherwise, when L; N§(S;) # 0,
lemma 8.5 part (9) implies |L;Nd(S;)| = 2 and |L;N6(S;)NB;| = 1, s0 |L;NB| = |L;N(B; A§(S;))| = 1.
Next take i € [m]/. We will first consider C; N B, given that C; # 0. If C; N 6(S;) = 0, then
|C;NB| = |C;N B;| = 1. Otherwise, C;N6(S;) # 0. Then, by lemma 8.5(10), |C; N4(S;)| = 2. By our
choice of S, C; is not bad for Sj, so |aﬂ §(S;) N Bj| = 1. Thus, |aﬂ B| = |aﬂ (B A6(Sy))| = 1.
We next consider ({Q} U P;)) N B. If i # j, then by lemma 8.5,
({QUP)NB = ({Q}UP)N(B; A(S;))
= ({Q}UP)NB; by part (8)
={Q} by part (3).

On the other hand, if ¢ = j, then by lemma 8.5,

({Q}UP) N B = ({2} UP) N (B; A3(S)))
= [({Q}UP) N BJA[{Q} U P;) N 6(S;)]
={Q} Dy part (7).
Since whenever Q € P; then C; = (), |[L; N B| = |C; N B| + |P;N B| = 1. o
Let = U(Us; :4,j € [m)',i # j),

Claim 3. For each j € [m] —[3], V(C;) C U

Proof. Claims 1 and 2 imply that each circuit of ,C'\;, e ,6’: is bad for an S; (of which there are m —3

many). The claim now follows from lemma 8.5(11). &

Claim 4. Let e € E(G) be an edge with both ends in V(G) — 4, and let i € [m]’. If e € B;, then
eeBN---NBi_1NBgy1N---NBy,.

Proof. As e has both ends in V(G) — &, for each distinct p,q € [m]’, we have e ¢ 6(U,,) = B, A By,

proving the claim. &

Claim 5. Lete € E(G) be an edge with both ends in U—4l such that e € B1U---UBy_1UBy1U- - -UBy,.
Then e € Ly4q U---U L.

Proof. Ase#Q, e¢ L1 ULy U Ls. By (iv),e¢EU---U157n. Byclaim?),egéc’iu---ua\;. The

claim now follows from proposition 3.1. &

Claim 6. For each i € [m], P; has no vertex in common with U N L.
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Proof. Observe that /]52 has no vertex in common with 4, for /]52 N =0 and /]52 is connected. We
may therefore assume i € [m]’, and for a contradiction, assume 175Z has a vertex v in common with
U N 4l. Since Since |P; N 6(U)| = 1, the edges of Pi[s,v] belong to G[U], so by (iv), Pi[s,v] N B; = 0.
Since u € Y, there exist distinct p, ¢ € [m]" such that u € U,,. Since P, [s,v] N B; = 0, we may assume
that p # i and ]Bi[s,v] N B, # 0. However, as B, is a signature, Pin B, C {Q}, a contradiction as
Qed). O

Claim 7. For every component of Py in G[U), there is a path P in G[U — ] between s and a vertex
of the component such that PN (ByU---UBy_1 UBgy1 U---UBy,) =10.

Proof. Suppose otherwise. By claim 4, there exists W C (U — 8l) — {s} where P, N 6(W) # 0

such that, for every edge e € E(G) with one end in W and another in (U — i) — W, we have

e€BIN---NBr_1NBpy1N---NB,,. Let U' :=U — W. We will show that 6(U’) is a cap of Ly in L.
(T1) and (T2) clearly hold. (T3) We have

S(U") CHU)USW) C (ByU---UB,,)US) C ByU---UB,, CLyU---ULyg.

In fact, the argument of the last inclusion can be replaced with

(PLU--UPL)U(CaU-+UCm) U (L U---U Ly).

(T4) Let ¢ € [m]. When ¢ € [3], we have V(L;) N U = {s}, implying that L; N §(U’) = {Q}.
Otherwise, when i € [m] — [3], claim 3 implies that C; N d(U’) = § and claims 5 and 6 imply that
|P,N8(U")| =|P;néU)| =1,s0 |L;N6U")| = 1.

Let ¢ € [k]—[m]. Recall that L; is a connected odd st-join. If L;Né6(W) = (), then |L,Né(U")| = |L;N
0(U)| = 1. We may therefore assume that L; N6(W) # (). We claim that |L; N6(W)| = 2 and that one
of the edges in L; Nd(W) belongs to §(U). Note that this will prove that |L; N6(U")| = 1. If L,N§(W)
contains an edge e with one end in W and another in U’ — 4, then e € ByN---NBy_1NBpy1N---NByy,.
However, |L; N By| =+ =|L; N By—1| = |Li N Bey1| = - = |L; N Bp| =1, 80 |[L; N§(W)| = 2 and
the edge in (L; Nd(W)) — {e} belongs to 6(U), and we are done. Otherwise, it suffices to show that L;
does not contain two edges e, f, each with one end in UN4 and another in W. Suppose otherwise. Let

Ve, V5 be the ends of e, f in U N4, respectively, and let ue, us be the ends of e, f in W, respectively.
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b1t

Since e, f € §(U), each of e, f belongs to Ujc[m) Bj. Since L; intersects each one of B;, j € [m]" exactly
once, there are distinct p,q € [m]’ such that e € B, f € B, and {e, f} C B,AB, = §(U,,). Since
|L;No(U)| =1 and L; is connected, we get that L; contains a path @ in G[U] containing the vertex s
and edges e, f. Since L; N §(W) does not contain an edge with one end in W and another in U’ — 4,
it follows that @ Nd(W) does not contain an edge with one end in W and another in U’ — 4, implying
in turn that |Q N6(Uyq)| > 3, so |L; N §(Upy)| > 3, a contradiction. Hence, |L; N6(U')| = 1.
Moreover, Ly N 6(U") € L, N §(U), and since 7(G,¥) > k, it follows that |L, N 6(U’)| > 3. As
a result, (T4) holds, so 6(U’) is a cap of Ly in L. Proposition 3.1 therefore implies that §(U’) is a
k-mate of Ly, but 6(U') N Ly = 6(U') N Py, so 6(U") is a k-mate for Py, a contradiction with (iii). <

Note that claim 7 finishes the proof of the shore proposition. O

16. PRIMARY CUT §2-SYSTEM
16.1. Signature mates and the brace proposition.

Proposition 16.1. Let ((G,%,{s,t}),L = (L1,..., L), m, (Ul,...,Un),ﬁ) be a primary cut -
system. Let P be an odd st-dipath with V(P)NU, = {s}, and let B be a k-mate of it. Then B is not

an st-cut.

Proof. After redefining £, if necessary, we may assume that P = P, = Ly. (Note the acyclicity
condition in (C3).) Suppose, for a contradiction, that B is an st-cut. Choose W C V(G) — {t} with
s € W such that B = §(W). Since L is simple, it follows that §(U, N W) N Ly = {Q}. As the brace
and the base of Ly intersect §(W) at only €, it follows that ¢,d € U,, — W, and since the residue of
L, is a connected gd-join, it follows that 6(U, N W) N Ly = {Q}, contradicting proposition 3.4 part
(4). O

Proposition 16.2. Let ((G,%,{s,t}),L = (L1,...,Lg),m,U = (Un,.. .,Un),ﬁ) be a minimal cut
Q-system that is primary. Let PT be an st-dipath in H+ \ Q. Then PT and the brace share no vertex

outside U,.
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Proof. After redefining £, if necessary, we may assume that P := Pt NE (I—T ) is the base for one of
Py,...,P,. (Note the acyclicity condition in (C3).) Suppose for a contradiction that P* and the
brace share a vertex outside U,,.

In the first case, assume that P is the base for one of L, y3,..., Ly, say P = Qn+3. Let & be the
closest vertex to t on Q,,+3 that belongs to the both of D and V(G)—U,,. Let L} := D[s, z]UQp+3[z, t]
and L 3 = (Qnya[s,z] UD[z,d]URU Q) U Cy43. Let

L= (L117L2a L37 R Ln+2; Lfln,+37Ln+4a SERE) Lk)

Note that ¢ is a secondary cut structure for ((G, %, {s,t}), L', m), where the base for L;, 5 is Q. Let
H' = ﬁ\(Qn+3[s,x] U D[z,d]). Then it is easily seen that ((G, %, {s,t}),L',m,U, ﬁ’) is a secondary
cut structure, contradicting the minimality of the original £2-system.

In the remaining case, assume that P = Q; for some j € [n + 2] — [3]. Let = be the closest
vertex to ¢t on @; that belongs to the both of D and V(G) — U,,. Let L} := D[s,z] U Q,[x,t] and
L’ == (R; U Plg;,z] U D[z,d]U RUQ)UCj. Let

L= (L), Ly, ..., Lj—1,Lj41,. .., Lnya, L, Lyys, ..., L)

Z/{/ = (Ula ey Uj—47Uj—2) R U"’L)

Then U’ is a secondary cut structure for ((G,X,{s,t}),L’,m), where the base for L’ is @, and
6(Un) is a k-mate for L — Cj. Let H = H\ (Qjlg;,x] U D[z,d]). Then it is easily seen that
(G, 2, {s,t}), £',m,U’, H') is a secondary cut structure, contradicting the minimality of the original

Q-system. |

16.2. A disentangling lemma.

Lemma 16.3. Let ((G,%,{s,t}),L = (L1,...,Lg),m,U = (Ul,...,Un_l,U),ﬁ) be a minimal cut
Q-system that is primary, and assume there is no non-simple bipartite Q-system whose associated
signed graft is a minor of (G, %, {s,t}). Take disjoint subsets Iq,I. C E(ﬁ\Q) and T C {s,t} where
(1) 1. is non-empty, if I. contains an st-path then T' =0, and if not then T' = {s,t},
(2) every signature or st-cut disjoint from I. intersects I in an even number of edges,
(3) if T = 0, there is a directed subgraph H' of H/I.\ I; that is the union of directed odd circuits
L}, LYy, LY where
Qe LiNLyNLy and LY, Ly, LY are pairwise Q-disjoint,
H'\ Q is acyclic,
(4) if T = {s,t}, then I4,1, C E(H\U) and there is a directed subgraph H' of H/I.\ I, that is the
union of D', Q’', odd st-dipaths L}, Ly, and dipaths QY, ..., Q.,, where
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- D' is an sd-dipath containing Q with V(D')NU = {s,d}, Q' is a gt-dipath with V(Q"YNU =
{q}, and D', Q' have no vertex outside U in common,

- fori=4,...,n+2, Q) is a g;—st-dipath with V(Q,)NU;_5 = {qi—3}, and fori =n+3,...,m,
Q) is an even st-dipath,

- D, Q' L, L5, QY, ..., QL are pairwise Q-disjoint,

-D,Q,Q,...,Q., coincide with D,Q,Qu4,...,Qm on E(GIU])U§U), respectively,

- the following digraph is acyclic: start from ﬁ’, for each q; add arc (s,q;), and if d # q, add
arc (d,q).

Then one of the following does not hold:

(i) 1, U{Q} does not have a k-mate,
(ii) if T' = 0, then for every directed odd circuit L' of H', either L' U I, contains an odd st-dipath
P of H with V(P)NU = {s}, or L' U I, has a k-mate in (G, %, {s,t}) disjoint from I,
(iii) if T' = {s,t}, then for every odd st-dipath P' of H' with V(P')NU = {s}, either P' U I,
contains an odd st-dipath of H, or P'UI, has a k-mate in (G, %, {s,t}) disjoint from I..

Proof. Suppose otherwise. Let (G, ¥, T") := (G, %, {s,t})/I. \ I4 where ¥’ = ¥; this signed graft is
well-defined by (1). Let £':= (L},...,L},, Lin+1, ..., L), where L}, ..., L’ are defined as follows. If
T =, let m' := 3, and for i € [m] — [3], let L} := L; — P;. Otherwise, when 7" = {s,t}, let m’' :=m,
Ly :=D'UQ"UR, and for i € [m] — [3], let L} := (L; — Q;) UQ;.

We will first show that ((G',X/,T"), L', m’) is a bipartite Q-system. (B1) By (2), every signature
of (G',%,T") has the same parity as 7(G, X, {s,t}), implying that (G’,X’,T") is an Eulerian signed
graft. (B2) It also implies that k,7(G,X, {s,t}) and 7(G',¥',T') have the same parity, so every
minimal cover of (G', X', T') has the same size parity as k. We claim that 7(G', X', T") > k. Let B’
be a minimal cover of (G',%¥',T"). If Q ¢ B’, then

B'|>> (B NL|:L'eL)>F

Otherwise, € B’. In this case, B’ U I, contains a cover B of (G, X, {s,t}). By (i), I U {Q} does not
have a k-mate, so

k—2<|B—-(I,u{Q})| <|B—-14—-1<|B| -1,
and since |B’|, k have the same parity, it follows that |B’| > k. Thus, £ is an (€, k)-packing. When
T" = § then m' = 3. When T = {s,t}, then m’ = m and for j € [m] — [3], L, contains an even
st-path in the bipartite st-join L; — C; and some odd circuit in Cj, and for j € [k] — [m'], L; remains

connected in G'. (B3) follows from construction.
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Suppose first that 7/ = (). We will show that ((G’,Z',@),E',S,ﬁ’) is a non-simple bipartite €2-
system, yielding a contradiction. (INS1) holds as (B1)-(B3) hold. (INS2) holds as T = ). (INS3)
follows from (3). (NS4) Let L’ be a directed odd circuit of H'. If L'UI, has a k-mate B in (G, X, {s, t})

disjoint from I., then B — I; contains a minimal cover B’ of (G’, %’ (), and since
|B'—L'|<|(B-1;)-L|=|B—-(L'Uly)| <k-3,

it follows that B’ is a k-mate of L'. Otherwise by (ii) L' U I contains an odd st-dipath P of H with
V(P)NU = {s}. Since ((G, %, {s,t}), L, m,U, I;T) is a primary cut -system, P has a k-mate B which
by proposition 16.1 is a signature. By proposition 8.3, BN E(ﬁ) = BN P, implying that BN 1. = .

Thus, B — I; contains a minimal cover B’ of (G, ¥, 0), and since
|B'=L'|<|(B-1Is) - L'|<[B-P|<k-3,

it follows that B’ is a k-mate of L’.

Suppose otherwise that 77 = {s,t}. To obtain a contradiction, we will show that ((G', %', {s,t}), L,
m,U, H') is a primary cut Q-system. (C1) holds because (B1)-(B3) are true. (C2)-(C3) follow from
(4). (C4) Let P’ be an odd st-dipath in H’ with V(P) NU = {s}. If P’ U I, has a k-mate B in
(G, %, {s,t}) disjoint from I., then B — I; contains a minimal cover B’ of (G',%’,{s,t}), and since

|B'— P'|<|(B—1;)—P'|=|B— (P Ul)| <k-3,

it follows that B’ is a k-mate of P’. Otherwise by (iii) P’ U I contains an odd st-dipath P of H.
As I; C E(H \ U), it follows that V(P)NU = {s}. Since ((G,%,{s,t}),L,m,U, H) is a primary
cut ()-system, P has a k-mate B. By proposition 16.1, B is a signature, so by proposition 8.3,
BN E(ﬁ) = BN P, implying that BN I. = . Thus B — I; contains a minimal cover B’ of
(G', %, {s,t}), and since

|B' = P'|<|(B-1s)—P|<[B-P|<k-3,

it follows that B’ is a k-mate of P’. |

16.3. The proof of proposition 2.14. In this section, we prove proposition 2.14. We assume (2 has
ends s,s. Reset C1 := D and Q1 := Q. Let Qf be the st-dipath obtained from @Q; after adding arc
(5,q). Fori=4,...,n+2, let QF be the st-dipath obtained from Q; after adding (s, ¢;_3) to it. Let
H™ be the union of C1, arc (d,q) if d # ¢, and st-dipaths Q7 , Q2,Qs, Q7. .. Q0 Qngs, s Q.
For u,v € V(QT UQ2UQsUQF U...UQ}, ,UQni3U...UQy), u < v if there is a uv-dipath in
QI UQUQRz3UQTU...U Qiﬁ UQni3 U...UQ,,; this partial ordering is well-defined as HT is
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acyclic, by (C3). For i € [m], let v; be the second largest vertex of the i*? st-dipath that lies on one
of the other st-dipaths. By proposition 8.8 there exists an index subset I C [m] of size at least two
such that, for each i € I,

e v; > vg, and there is no j € [m] such that v; > v;,

e for each j € [m], v; = v; if and only if j € I.
Claim 1. For each i € I, U and Q;[v;,t] have no vertex in common.

Proof. Suppose otherwise. Among the arcs of H in 0(U), there is only one arc, say e, entering
U, and e is the arc in (C; N§(U)) — {Q}. However, (Q1 U ---U Q) NC; = {Q}, implying that
e ¢ UQ; : 7 € [m]). In particular, Q;[v;,t] does not enter U, so v; € U. As v; > wvs, there
is a vgv;-dipath P C J(Q; : j € [m]). However, v3 € V(Qsls',t]), so vs ¢ U, implying that
ec P cCJ(Qj:j € [m]), acontradiction. &

Claim 2. For each i € I, Cy and Q;[v;,t] have no vertex of V(G) — {s'} in common.

Proof. Suppose otherwise. Then it follows from the brace proposition 16.2 and the acyclicity of Ht
that

(0) I={2,3} and V(Q:)NV(Q;) C{s,t} Viel,Vje[m]—-1I
Let X1 := Cy — {Q}, X2 := Q2 — {Q} and X3 := Q3 — {Q}. For each i € [3], let u; be the second
smallest vertex of X, that also lies on one of {X71, X2, X3} — {X;}. Then by proposition 8.8, there
exists an index subset J C [3] of size at least two such that, for each j € J and ¢ € [3], u; = u; if and
only if 4 € J. Observe that, for each j € J, X;[s',u;] C E(H \ U), and as (o) holds, each internal

vertex of X;[s', u;] has degree 2.
Subclaim 1. For each j € J, X;[s',u;] U{Q} has a k-mate.

Proof of Subclaim. Suppose otherwise. Let I := X;[s',u;] and I. := |J(X;[s',u;] : ¢ € J — {j}). Let
T = {s,t}, D' := C, — (I, UI), and for i = 2,3, let L} := L; — (I, U l,). Let H' C H\ I4/I. be the
union of D', Q, L5, L%, Qu,. .., Qm. It is clear that (1)-(4) of the disentangling lemma 16.3 hold. By
assumption, I;U{Q} has no k-mate, so (i) holds. However, since each internal vertex of X;[s’, u;] has

degree 2, so (ii) and (iii) hold as well, a contradiction with the disentangling lemma 16.3. \V4

Subclaim 2. Fiz j € J. Then there exist an s't-dipath X and a u;t-dipath Y in H that are internally

vertez-disjoint.

Proof of Subclaim. Suppose otherwise. Then there exists a vertex v € V/(H) — {s', ¢} such that there
is no s't-dipath in H \ v. Note that v € V(C7). By proposition 16.1, one of the following holds:
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(a) there exists an s'v-dipath Z in H such that Z U {Q} has no k-mate:
Let Iy:=Z, I. .= J(X;[s',v] i € 3]) - Z, T := {s,t}, D' := C1—(I.Uly), for i = 2,3
let L := L;— (I.UI,), and let H' C H\ I /I, be the union of D', Q, L}, L}, Q4, - . ., Qum.
(b) for every s'v-dipath Z in H, Z U {Q} has a signature k-mate, and m > 3:
Let Iy :=0, I. := Qa[v, t]UQ3[v, t]UQ4URy, T" := 0, for i € [3] let L} := Q;[s', v]U{Q},
and let H' C H \ 1/I. be the union of L}, L}, L.
(c) for every s'v-dipath Z in H, Z U {Q} has a signature k-mate, and m = 3.
It is not difficult to check that in either of the cases (a), (b) above, (1)-(4) and (i) of the disentangling
lemma 16.3 hold, and as (¢) holds, (ii) and (iii) hold as well, which cannot be the case. (For (b), note
that V(R4) C U.) Hence, (c) holds. For each j € [3], let B; be a signature k-mate for Q;[s", v] U {Q},
which is also a signature k-mate for L;. However, this is in contradiction with the mate proposition 8.4.

(Observe that Ly is a connected odd st-join with Ly N d(s) = {N2}.) \V4

Hence, in particular, |J| = 2 and after redefining £, if necessary, we may assume J = {1,2} and

X = X;3.
Subclaim 3. m > 3.

Proof of Subclaim. By subclaim 1, for j = 1,2, there exists a k-mate B; of Q;[s’,u;] U {2}, and by
(C4), Q3 has a k-mate Bs. By proposition 16.1, By, Bs, Bs are signatures, and for j € [3], B; is also

a k-mate for L;. The result now follows from the mate proposition 8.4. \V4

Now let I; := (Z), I.:=Y UQ4U Ry, T = (Z), L) = Ql[s',ul] U {Q}, L, = QQ[S/,’LLQ] U {Q}, L, = P,
and let H' C H \ I;/I, be the union of L}, L}, L;. (Note that V(R4) C U.) It is easy to check that
(1)-(4) and (i)-(iii) of the disentangling lemma 16.3 hold, which is a contradiction. &

Claim 3. For each i € I, Q;[v;,t]U{Q} has a signature k-mate.

Proof. Suppose otherwise. Since v; > vs, Q;[v;,t] U {Q} is contained in an odd st-dipath P such that
V(P)NU = {s}. Hence, by proposition 16.1, Q;[v;,t] U {2} has no k-mate at all. Let Iy := Q;[v;, ]
and I. = J(Q,[v;,t] : 7 € I —{i}). Let T7 := {s,t}, Q' = Q1 — (I. U Iy), for j = 2,3 let
L= L; — (I.Ul4), and for j € [m] — [3] let Q := Q; — (I Ul4). Let H' C H\ 14/I. be the union of
D,Q, L4, L4, Q),...,Q1,. Tt is clear that (1)-(4) and (ii), (iii) of the disentangling lemma 16.3 hold.
However, I; U {Q} has no k-mate, so (i) holds, contradicting the disentangling lemma 16.3. &

After redefining L, if necessary, we may assume that 3 € I.

Claim 4. There exist vertex-disjoint paths X and Y in H such that X is an s'vs-path in H \U and

Y connects a vertex of U to t.
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Proof. Suppose otherwise.

Assume first that s’ = vs. Then, for each j € [m], s’ € V(Q;) and by claim 1, Q;[s’,t] has no
vertex in common with U. Hence, for each j € [m], by (C4) and proposition 16.1, Q;[s’,t] U {Q} has
a signature k-mate B;. However, B; is also a signature k-mate for L, and for each j € [m] — [1], B;
is also a signature k-mate for P; U{Q}. (Note P; — E(G[U]) contains all the edges of Q; — E(G[U]).)
This is a contradiction with the mate proposition 8.4.

Thus, s’ # v3. Let H* be the digraph obtained from H after shrinking U to a single vertex u*
and removing all loops. Notice that every odd st-dipath in H whose intersection with U is {s},is a
w*t-dipath in H* that uses €, and vice-versa. Also, note that the acyclicity condition in (C3) implies
that H* \ u* is acyclic. By the linkage lemma 13.1, H* is a spanning subgraph of a (u*, vs, t, s")-web
with frame Cj and rib H{. Fix a plane drawing of H{, where the unbounded face is bounded by Cj.

After redefining £, if necessary, we may assume the following:

(%) for every s'vs-dipath P of H*\ u*, the number of rib vertices that are on the same

side of P as u* is at least as large as that of Qs[s’, vs].

For j € [m] —{2,3}, let u; be the largest rib vertex on @; that also lies on Q3[s’, v3]. Observe that
if j € IN([m] —{2,3}), then u; = v;. For j € [m] — {2,3} let X; := Q;[uy,t], for j € {2,3} N 1T let
X, = Qjlvj,t], and for j € {2,3} — I let X; := Q,[¢,t]. For each j € [m], since X; U {1} is contained
in a u*t-dipath of H*, proposition 16.1 implies that every k-mate for X,; U{Q} (if any) must be a
signature. However, every k-mate for X; U{Q},j € [m] is also a k-mate for P; U {Q2}. Hence, by the
mate proposition 8.4, there exists ¢ € [m] such that X; U {2} has no k-mate. By (C4) and claim 3,
i ¢ TU{2,3}. Observe that (x) implies the following:

(s%) if w € V(Qs[u;,1]) and P is an s'w-dipath in H* \ u*, then P and X; have a

vertex in common.

Observe that (xx), together with the brace proposition 16.2, implies that D = C is vertex-disjoint
from Qslu;,t].

Let Iy := X; and I, := Qs[u;, t]. Let T := {s,t}, let Q' be Q1 — (I.U ;) minus any directed circuit
(of H) it contains, for j € {2,3} let L’ be Q; — (I U Iz) minus any directed circuit it contains, and
for j € [m] —[3] let Q) be Q; — (I U I4) minus any directed circuit it contains. Let H' C H\14/I, be
the union of D, Q’, L}, L%, QY . .., Q). Tt is clear that (1)-(4) and (ii) of the disentangling lemma 16.3
hold. By the choice of X;, (i) holds as well. To show (iii) holds, let P’ be an odd st-dipath of H’ with
V(P)NU = {s}. Then P’ U I, contains an odd st-dipath of H, so P’ U I, contains a u*t-dipath of

H* containing Q and by (xx), P’ U I, also contains a u*t-dipath of H* containing €2, implying in turn
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that P’ U I contains an odd st-dipath of H. Hence, (iii) holds, a contradiction with the disentangling
lemma 16.3. &

For each i € I, let B; be an extremal k-mate of Q;[v;,t] U {Q}. Note that B; N Q;[v;,t] # 0.
As v; > vs, Qi[vi,t] U {2} is contained in an odd st-dipath P such that V(P) N U = {s}. Note
that B; is also a k-mate for P, so by proposition 16.1, B; is a signature. Fix z € I — {3}. Choose
W C V(G) — {s,t} such that §(WW) = B3AB,. By proposition 8.7, there is a path in G[W]\ Bs;
between @3 and @),. Moreover, by proposition 5.4, there is a path between s and each of d,q in
G[U] \ Bs. We say that property (S) holds if there exist paths Sq,.Sq, S in G such that

Sq is an sd-path and S; is an sg-path, and they are contained in G[U] \ Bs,

S connects a vertex of Q3 to a vertex of @, in G[W]\ Bs, and

each of Sg, S is vertex-disjoint from S.
Claim 5. If property (S) holds, then (G,X%,{s,t}) has an F; minor.

Proof. Take X and Y from claim 4. Notice that each edge in Y N §(U) belongs to either of D, Q,
Py, ..., Py, so we may assume that, for some u € {s,d, ¢}, Y is a ut-path. It is now easy (and is left

as an exercise) to see that C1 UX UY U SqU S, U Qslvs, t] UQ;[vs,t]U S has an F7 minor. &
Claim 6. Suppose property (S) does not hold. Then m > 4.

Proof. Suppose for a contradiction that m = 3. By proposition 16.1, Ly and L3 have signature
k-mates. As m = 3, the mate proposition 8.4 therefore implies that L; does not have a signature
k-mate. Hence, by claim 3, 1 ¢ I and so I = {2,3}. Since property (S) does not hold, there is
u € {d,q} for which there is no su-path contained in G[U]\ (B2 U Bs). Let By := 6(U). Clearly,
(i) and (ii) of the shore proposition 15.1 hold. By (PC5), (iii) also holds. Moreover, for i € {2,3},
B; NP, = B; N (Q;[vs, ] U{Q}), so by claim 1, B; N P; has no edge in G[U], so (iv) holds. Thus, by
the shore proposition 15.1, there is an su-path contained in G[U] \ (B2 U Bs), a contradiction. &

Claim 7. Suppose property (S) does not hold. Then there exist vertez-disjoint paths X andY in H

where X is an s'vs-path and Y is an st-path.

Proof. Suppose otherwise. By claim 6, m > 4 and by the brace proposition 16.2, none of Q4,...,Qm
contains vertex s’. Thus, s’ # v3. By the linkage lemma 13.1, H is a spanning subgraph of an
(s,v3,t,s")-web with frame Cy and rib Hy. Fix a plane drawing of Hy, where the unbounded face is

bounded by Cy. After redefining L, if necessary, we may assume the following:

(%) for every s'vs-dipath P of H with V(P) N U = 0, the number of rib vertices that

are on the same side of P as s is at least as large as that of Qs[s’, vs].
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For j € [m] — [3], let u; be the largest rib vertex on @; that also lies on Q3[s’, vs3]. Observe that
if j € I N ([m]—[3]), then u; = v;. For j € [m] — [3] let X, := Qj[uy,t], for j € {2,3} N T let
X, = Qj[v;,t], and for j € {2,3} — I let X; := Q;[¢,t]. Observe that each X,,j € [m] — {1} is
contained in an odd st-dipath whose intersection with U is {s}. As a result, by proposition 16.1,
every k-mate for X; U {Q},j € [m] — {1} (if any) must be a signature. However, every k-mate for
X; U{Q},j € [m] — {1} is also a k-mate for P; U {Q}. Hence, since property (S) does not hold, the
(contrapositive equivalent of the) shore proposition 15.1 implies that, for some ¢ € [m] — {1}, X, U{Q}
has no k-mate. By (C4) and claim 3, ¢ ¢ T U {2,3}. Observe that (x) implies the following:

(x%) if w € V(Qs[us, 1]) and P is an s'w-dipath in H \ U, then P and X; have a vertex

in common.

Note that (#*), together with the brace proposition 16.2, implies that C; = D is vertex-disjoint from
Qslu;, t].

Let Iy := X; and I. := Q3fu;,t]. Let T := {s,t}, let Q" be Q1 — (I, U I;) minus any directed
circuit it contains, for j € {2,3} let L} be Q; — (1. U I4) minus any directed circuit it contains, and
for j € [m] —[3] let Q) be Q; — (I U I4) minus any directed circuit it contains. Let H' C H\I,/I, be
the union of D, Q’, Ly, L%, Q) ..., Q). Tt is clear that (1)-(4) and (ii) of the disentangling lemma 16.3
hold. By the choice of X;, (i) holds as well. To show (iii) holds, let P’ be an odd st-dipath of H’
with V(P) NU = {s}. Then P’ U I, contains an odd st-dipath of H whose intersection with U is
{s}, so by (%), P’ U I, also contains an st-dipath of H. Hence, (iii) holds, a contradiction with the
disentangling lemma 16.3. <&

Claim 8. Suppose property (S) does not hold. If H \ t is non-bipartite, then (G,%,{s,t}) has an Fy

minor.

Proof. Take X and Y from claim 7, and let C' be an odd circuit in H \ t. Note that Q € C. By
proposition 8.7, there is a shortest path S in G[W]\ Bs between P; and P,. Note that SN E(H) = (.
It is easy (and is left as an exercise) to see that C U X UY U Ps[vs, t] U P,[v,,t] U .S has an F; minor.
&

Notice that if A\t is bipartite, then for all i € {2,3} and j € [m]—[3], Q; and Q;jUR; are internally
vertex-disjoint.

We say that property (S°) holds if there exist vertex-disjoint paths Sy, .S in G such that

Sq is an sd-path in G[U]\ Bs,

S connects a vertex of P; to a vertex of P, in G[W]\ Bs.

Notice that if property (S’) does not hold, then neither does property (S).
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Claim 9. Suppose property (S) does not hold, H \ t is bipartite, and property (S’) holds. Then
(G,%,{s,t}) has an F; minor.

Proof. By claim 6, m > 4. Note that Q4 U R, is internally vertex-disjoint from (3. It is easy to see
that C1 U S; U Q3 U Q,[v.,{]USUQ4U R4 has an F7 minor. &

Claim 10. Suppose property (S’) does not hold and that I;T\t is bipartite. Then (G,X,{s,t}) has an

F7 minor.

Proof. We will find an F7 minor in a different way than we have done so far, by using edges from
Ly, .-, Lg.

Since property (S’) does not hold, there does not exist a path connecting a vertex of Q3 to a vertex
of Q. in G[W — U]\ Bs. So there is a partition of W — U into two parts W3, W, such that W3 shares
no vertex with @, W, shares no vertex with @3, and every edge with one end in W3 and another in

W, belongs to Bs. Observe that 6(Ws3) U§(W,) C Bz U B, U§(U).
Subclaim 1. There is no edge with one end in W3 and another in W,.

Proof of Subclaim. Suppose otherwise, and let e be such an edge. Then e € Bs, and since e ¢ §(W),
it follows that e € B,. Notee € C4 U---UCy, U Lyyyp1 U--- U Ly, and since each of Ly,41,...,Lg is a
connected odd st-join intersecting each of B3, B, exactly once, it follows that e € C4, U --- U C),. We
may assume e € Cy. However, Cy N 6(U) = (), implying that there is another edge f of Cy with one
end in W3 and another in W,. But then {e, f} C Cy N Bs, a contradiction as |Cy N Bs| = 1. \V/

Given L € {Ly41,...,Li} and Q; € {Qs3,Q.}, we say that L is bad for Q; if |L N d(W;)| = 2,
LnNoé(W;)NB; =0, and there exists a path in G[W;] \ B3 between @); and L.

Subclaim 2. Fach L € {Ly,41,-.., Lk} is bad for at most one of Q3,Q..

Proof of Subclaim. Suppose otherwise. Then |L N d(W3)| = |L N §(W,)| = 2, and by subclaim 1, L
shares exactly four edges with §(W35) U §(W.). However, 6(W3) U§(W,) C B3 U B, U§(U), implying
that L shares at least two edges with one of Bs, B,,§(U), a contradiction. \V4

Subclaim 3. Fach of Q3, Q. has a bad odd st-join.

Proof of Subclaim. We prove that @3 has a bad odd st-join, and proving ), has a bad odd st-join
can be done similarly. Suppose for a contradiction that @3 has no bad odd st-join. Let W4 be the set

of all vertices in W3 that are reachable from a vertex of Q3 in G[W35] \ Bs. A similar argument as in
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subclaim 1 shows that there is no edge with one end in W3 and another in W5 — W3. Moreover, our

contrary assumption implies that, for every L € {L,,41, ..., Li} such that L N d(W3) # (), we have
ILN§(W3)| =2 and |LN§(W5) N Bs|=1.

This implies that BsAd(W3) is also a k-mate of Q3[vs, t]U{Q}. However, (B3AJ(W4))NQslvs,t] = 0,
contradicting the extremality of Bs. \V4

Subclaim 4. (G, %, {s,t}) has an Fr minor.

Proof of Subclaim. Since property (S’) does not hold, there is no path in G[U — W]\ B3 between s
and d. So there is a partition Uy, Uy of U — W such that U, contains s, Uy contains d, and every edge
with one end in U and another in U, belongs to Bs.

By proposition 5.4, there is a path Sy between s and d in G[U]\ Bs. By proposition 8.7, there is a
shortest path S in G[W]\ Bs between Q3 and Q.. Suppose S has ends r3 € V(Q3) and r, € V(Q,).
Since property (S’) does not hold, S and Sy have a vertex in common in U N W. After contracting
edges in G[Ug] \ Bs, if necessary, we may assume that Sy and P, share only the vertex s. (We may
assume Py C Q4 U Ry.)

By subclaims 2 and 3, we may assume that L, is bad for Q3 and that L,, 5 is bad for Q.. After
contracting the path between L,,11, Q3 in G[W3]\ Bs and the path between L,,12,Q, in G[W,]\ Bs,
we may assume that r3 € V(Ly,41) and 7, € V(Ly42). After contracting edges in G[U,] \ Bs, if
necessary, we may assume that L,,;1 and each one of Py, Sy share only the vertex s in Us. Similarly,
we may assume that L,, 2 and S share only the vertex r, in W,.

To construct the desired F7 minor, we will need three odd circuits and an even st-path, described
as follows.

Even st-path: Our even st-path will be P;. Recall that P, is internally vertex-disjoint from each one
of Q2,Q3,Q.[v.,t]. Moreover, by the brace proposition 16.2, V(P,) N V(Cy) C {s,d}. In fact, since
property (S’) does not hold, V(Py) N V(C1) = {s}. In fact, notice that P, has no vertex in common
with Uy U W.

Middle odd circuit: Along Sy, let = be the closest vertex to d that also lies on S. Note that
xz € UNW. Our middle circuit will be

Chiddle = Sald, ] U S[x,r3] U Q3[rs, s'TU C1 [, d].

Observe that the even st-path Py is vertex-disjoint from Ciniqdle- Moreover, Ciniadle N Bs = Q3[rs, s']N

Bs, so Chidale is an odd circuit.
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First odd circuit: Our first odd circuit Cfg,sy will be one contained in the odd cycle
Sals, x) U S[z,r3] U Lypt1[rs, s].

(The intersection of this cycle with Bsg is L,,11[rs, s]N Bs, so the cycle is indeed odd.) Note that Cyst
is contained in G[U U W].

Last odd circuit: Our last odd circuit Cl,st will be one contained in the set

Lm+2[rza t] U Q3[S/a U3] U Qz[v?)a t]

whose intersection with Bs is Bs N Ly, yo[r,,t], which has odd cardinality. Note that V(Ciast) is
contained in (V(G) — (UUW))UW,. However, as can be easily seen, Cfs; and Clas share no vertex
in W,. Hence, Cg.st and Clagt have no vertex in common.

It is now quite easy to see that (G, %, {s,t}) has an F; minor, finishing the proof. \V/

Observe that claims 5, 8, 9 and 10 finish the proof of proposition 2.14.

17. SECONDARY CUT 2-SYSTEM

17.1. Signature mates.

Proposition 17.1. Let ((G,%,{s,t}),£ = (L1,...,Lg),m, (Uy,...,Uy,), H) be a minimal cut Q-
system that is secondary. Let P be an odd st-dipath with V(P)NU, = {s}, and let B be a k-mate of

it. Then B is not an st-cut.

Proof. After redefining £, if necessary, we may assume that P = (1. Suppose for a contradiction
that B is an st-cut. Choose W C V(G) — {t} with s € W such that B = §(W), and assume that
there is no proper subset W’ of W with s € W’ such that 6(W’) is a k-mate for @y = L;. Observe
that Q1 N§(U,) = {Q}, and since Q; is an odd st-dipath, it follows that Q; N 6(U,, NW) = {Q}. Tt
now follows that 6(U,, N W) is also a k-mate for L, 13 — C,13. Hence, by the minimality condition
of (SC3), it follows that U, C W. Let U := (Uy,...,Up, W). Let d (resp. q) be the closest (resp.
furthest) vertex to (resp. from) s on @ that also belongs to W — U,,. It is easily seen that U is a
primary cut structure for ((G, %, {s,t}), £, m), where L; has brace Q1[s, d], residue Q1[d, ¢] and base
@1]g,t]. Let H =H \ Q1[d, q]. Then it is easily seen that ((G,E,{s,t}),ﬁ,m,u,ﬁ’) is a primary

cut structure, contradicting the minimality of the original 2-system. O

17.2. A disentangling lemma.
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Lemma 17.2. Let ((G,%,{s,t}),L = (L1,...,Li),m,U = (Ur,...,U,),H) be a minimal cut Q-
system that is secondary, and assume there is mo non-simple bipartite Q-system whose associated

signed graft is a minor of (G, %, {s,t}). Take disjoint subsets 14,1, C E(H\Q) and T’ C {s,t} where

(1) I. is non-empty, if I. contains an st-path then T' =0, and if not then T' = {s,t},
(2) every signature or st-cut disjoint from I. intersects I in an even number of edges,
(8) if T' =0, there is a directed subgraph H' of ﬁ/[c \ 14 that is the union of directed odd circuits
LY, Ly, L where
Qe liNLiNLy and LY, LY, Ly are pairwise Q-disjoint,
H' \ Q is acyclic,
(4) if T' = {s,t}, then 1,1, C E(H \ Uy,) and there is a directed subgraph H' of H/I,\ I, that is
the union of odd st-dipaths L}, L}, Ly and dipaths QY, ..., Q.,, where
- fori=4,...,n+3, Q) is a ¢;_st-dipath with V(Q,)NU;_3 = {qi—3}, and fori =n+4,...,m,
Q) is an even st-dipath,
- LY, LG L5, Q. .., Q) are pairwise Q-disjoint,
- LY, LG, L5, QY ..., QL coincide with Ly, Lo, L3, Qa, - . ., Qm on E(G[U,])Ud(U,,), respectively,
- the following digraph is acyclic: start from ﬁ’, and for each g; add arc (s, q;).

Then one of the following does not hold:

(i) 1, U{Q} does not have a k-mate,
(ii) if T' = 0, then for every directed odd circuit L' of H', either L' U I, contains an odd st-dipath
P of H with V(P)NU, = {s}, or L' Ul has a k-mate in (G,%,{s,t}) disjoint from I,
(iii) if T' = {s,t}, then for every odd st-dipath P' of H' with V(P') N U, = {s}, either P' U I,
contains an odd st-dipath of H, or P'UI, has a k-mate in (G, %, {s,t}) disjoint from I..

Proof. Suppose otherwise. Let (G, ¥, T") := (G,%,{s,t})/I. \ I4 where ¥’ = ¥; this signed graft is
well-defined by (1). Let £ := (L},...,L),, L1, ..., Li), where L}, ..., L] are defined as follows. If
T =, let m' := 3, and for ¢ € [m] — [3], let L} := L; — P;. Otherwise, when 7" = {s,t}, let m’' := m,
and for ¢ € [m] — [3], let L} := (L; — Q;) U Q..

We will first show that ((G',%',T"),L',m’) is a bipartite Q-system. (B1) By (2), every signature
of (G',%',T") has the same parity as 7(G, %, {s,t}), implying that (G’,¥’,T") is an Eulerian signed
graft. (B2) It also implies that k,7(G, X, {s,t}) and 7(G',¥',T’) have the same parity, so every
minimal cover of (G',%’,T") has the same size parity as k. We claim that 7(G', >/, T') > k. Let B’
be a minimal cover of (G', X', T"). If Q ¢ B’, then

B> (1B nL|:L'eL)>F
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Otherwise, Q2 € B’. In this case, B’ U I, contains a cover B of (G, X, {s,t}). By (i), I;U{Q} does not
have a k-mate, so

k—2<|B—(I,u{Q))| <|B-Ij-1<|B|-1,

and since |B’|, k have the same parity, it follows that |B’| > k. Thus, £’ is an (9, k)-packing. When
T" = then m' = 3. When T' = {s,t}, then m’ = m and for j € [m] — [3], L, contains an even
st-path in the bipartite st-join L; — C; and some odd circuit in Cj, and for j € [k] — [m'], L; remains
connected in G'. (B3) follows from construction.

Suppose first that 7/ = (). We will show that ((G’7Z’,(Z)),£',3,ﬁ’) is a non-simple bipartite -
system, yielding a contradiction. (NS1) holds as (B1)-(B3) hold. (INS2) holds as 7" = ). (INS3)
follows from (3). (NS4) Let L’ be a directed odd circuit of H'. If L'UI, has a k-mate B in (G, %, {s, t})

disjoint from I., then B — I; contains a minimal cover B’ of (G’, %', (), and since
B —L'|<|(B-1)—L'|=|B— (L' UL)| < k-3,

it follows that B’ is a k-mate of L. Otherwise by (ii) L’ U I contains an odd st-dipath P of H with
V(P)NU, = {s}. Since ((G,%,{s,t}),L,m,U, H) is a minimal secondary cut Q-system, P has a

k-mate B which by proposition 17.1 is a signature. By proposition 8.3, BN E(H) = BN P, implying
that BN I, = 0. Thus, B — I; contains a minimal cover B’ of (G’, %', (), and since

|B'-=L'|<|(B-1s)—-L'|<|B-P|<k-3,

it follows that B’ is a k-mate of L'.

Suppose otherwise that 7" = {s,t}. To obtain a contradiction, we will show that ((G’,¥’, {s,t}), L',
m,U, H') is a secondary cut Q-system. (C1) holds because (B1)-(B3) are true. (C2)-(C3) follow
from (4). (C4) Let P’ be an odd st-dipath in H’ with V(P)NU = {s}. If P’ U, has a k-mate B

in (G,%, {s,t}) disjoint from I., then B — I; contains a minimal cover B’ of (G', %', {s,t}), and since
|B'—P'|<|(B—14)—P'|=|B—(P'UI)| <k-3,

it follows that B’ is a k-mate of P’. Otherwise by (iii) P’ U I contains an odd st-dipath P of H.
As Iy C E(H \ U), it follows that V(P)NU = {s}. Since ((G,%,{s,t}),L£,m,U, H) is a minimal
secondary cut {2-system, P has a k-mate B. By proposition 17.1, B is a signature, so by proposition 8.3,
BNE(H) = BNP, implying that BNI, = §. Thus B— I, contains a minimal cover B’ of (G', %/, {s,t}),
and since

|B'—P|<|(B—-1s) - P'|<|B-P|<k-3,

it follows that B’ is a k-mate of P’. O
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17.3. The proof of proposition 2.15. In this section, we prove proposition 2.15. We assume (2 has

ends s,s'. For i =4,...,n+ 3, let QF be the st-dipath obtained from Q; after adding arc (s, q;_3)

to it. Let H+ be the union of Q1,Qs,Q3, QY- Q) 3 Quids- -, Q. For u,v € V(HT), u < v

if there is a uv-dipath in H*. This partial ordering is well-defined as H¥ is acyclic, by (C3). For

i € [m], let v; be the second largest vertex of the i" dipath that lies on one of the other st-dipaths.

By proposition 8.8, there exists an index subset I C [m] of size at least two such that, for each i € I,
e v; > vy, and there is no j € [m] such that v; > v;,

e for each j € [m], v; = v; if and only if j € I.
Claim 1. For each i € I, Q;[v;,t] and U,, have no vertex in common.

Proof. Suppose otherwise. Since H has no arc entering U, it follows that v; € U,. As v; > vy, there
is a vyv;-dipath P C E(ﬁ) However, as vy € V(Q1[s',1]), so v1 ¢ U, implying that P has an arc that

enters U,, a contradiction. <o
Claim 2. For each i € I, Q;[v;,t] U {Q} has a signature k-mate.

Proof. Suppose otherwise. Since v; > vy, Q;[v;, t] U {Q} is contained in an odd st-dipath P such that
V(P)NU, = {s}. Hence, by proposition 17.1, Q;[v;, ] U{Q} has no k-mate at all. Let I := Q;[v;, ]
and 1. := U(Qj[v;,t] : j € I —{i}). Let T' := {s,t}, for j € [3] let L} := Q; — (I. U I4), and for
j€[ml—[3]let Q) == Q; — (I Uly). Let H' C H\ Iy/I. be the union of Lj, L}, L}, Q... Qh,.

It is clear that (1)-(4) and (ii), (iii) of the disentangling lemma 17.2 hold. However, I U {2} has no

k-mate, so (i) holds, contradicting the disentangling lemma 17.2. &
After redefining £, if necessary, we may assume that 1 € I.
Claim 3. If m =4, then I C [3].

Proof. Suppose otherwise. By claim 2, there exists a signature k-mate By for Q4fvs,t] U {2}. By
(C4) and proposition 17.1, for each i € [3], there exists a signature k-mate B; for @);. However,

Bi1, Bs, B3, B4 contradict the mate proposition 8.4. &

Claim 4. Suppose m = 4. Then there exists i € [3] such that Q; and Q4 are not internally vertez-

disjoint.

Proof. Suppose for a contradiction that (4 is internally vertex-disjoint from @1 U Q2 U Q3. Notice
that I C [3], by claim 3.

Subclaim 1. There exist an s'vi-dipath X and an s't-dipath Y in H that are internally vertex-disjoint.
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Proof of Subclaim. Suppose otherwise. Then s’ # v; and there exists a vertex v € V(ﬁ) —{s',t} such
that there is no s’t-dipath in H \ v. By proposition 17.1, one of the following holds:

(a) there exists an s'v-dipath Z in H such that Z U {Q} has no k-mate:
Let Ij:=Z, 1. :=J(Q:[s',v] :i € [3]))—Z, T :={s,t}, fori € [3]let L, := Q;—(I.Uly),
and let H' C H \ I;/1. be the union of L, L}, L}, Q4.
(b) for every s'v-dipath Z in H, Z U {Q} has a signature k-mate:
Let Iy := 0, I. := U(Qi[v,t] : i € [3]), T" := {s,t}, for i € [3] let L] := Q;[s',v] U {Q},
and let H' C H \ I;/1. be the union of L, L}, L}, Q4.
It is not difficult to check that in either of the cases above, (1)-(4) and (i)-(iii) of the disentangling

lemma 17.2 hold, a contradiction. \V4

After redefining £, if necessary, we may assume that {1,2} C I and Y = Q3]s/,t]. For i = 1,2, let
B, be a signature k-mate for Q;[v;,t] U {Q}, whose existence is guaranteed by claim 2. Moreover, by
(C4) and proposition 17.1, Q3 has a signature k-mate Bs. Observe that by proposition 8.3, for each
i €3], BiN(QsUX) = 0.

Subclaim 2. There exists a path R between s and Q4 in G[U,]\ (By U Ba U Bs).

Proof of Subclaim. This is an immediate consequence of the shore proposition 15.1 and the fact that

m = 4. \Y4

Let I, := RUQuUX and Iy := 0. Let T7 := 0, for i = 1,2 let L} := Q;[v;, t]U{Q}, and let L := Qs.
Let H' C H \ I/I. be the union of L}, L}, L}. Note that L}, L}, L} are internally vertex-disjoint in
H' and have signature k-mates By, By, Bs, respectively. It is now clear that (1)-(4) and (i)-(iii) of the

disentangling lemma 17.2 hold, a contradiction. <&
Claim 5. Suppose m = 4. Then there exists an s'vi-dipath P in H that is vertex-disjoint from Q.

Proof. By claim 3, I C [3]. Suppose for a contradiction that there is no s’vi-dipath in H that is
vertex-disjoint from (4. Let v be the smallest vertex of Q4 outside U,, for which there exists a vvi-
dipath R in H such that V(R) N V(Q4) = {v}. Our contrary assumption together with the choice of
v and R, implies the following;:
(x) if w € V(R) and Q is an s'w-dipath in H, then Q and Q4[v,t] have a vertex in
common.
Let Iy := Qa[v,t] and I, := RU [ J(Q,[v;,t] : j € I)]. Fori € [3] let L] be Q; — (I. U I;) minus
any directed circuit, and let Q) := Qulgn,#]. Let T’ := {s,t} and H' C H \ I;/I, be the union of
Ly, L4, L Q). Tt is not hard to see that (1)-(4) and (ii) of the disentangling lemma 17.2 hold. By
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proposition 17.1 and the mate proposition 8.4, I;U{Q} has no k-mate, so (i) holds. Let P’ be an odd
st-dipath of H' for which V(P')N U, = {s}. Then P’ U1, contains an odd st-dipath P of H. Choose
w € V(R) (if any) such that P contains an s'w-dipath Q in H and V(Q) NV (R) = {w}. Then ()
implies that (P —I.) U I, and therefore P’ U I, contains an odd st-dipath of H, so (iii) holds as well,

a contradiction with the disentangling lemma 17.2 <
Claim 6. Suppose m =4. Then (G, X%, {s,t}) has an F; minor.

Proof. Take P from claim 5. By claim 3, I C [3]. After redefining £, if necessary, we may assume that
{1,2} C I and that P = @Q4[s’,v1]. For each i € {1,2}, by claim 2, there exists a signature k-mate B;
for Q;[vi, t] U {Q2}. Choose W C V(@) — {s,t} such that §(W) = B;ABy. By proposition 8.7, there
exists a shortest path R in G[W]\ B; between @ and Q2. By the shore proposition 15.1, there exists
a path R, in G[U,] \ (B1 U Bs) between s and Q4. By claim 4, there exists ¢ € {2,3} and vertex
v € V(Q;) NV (Q4) such that Q;[s',v] is vertex-disjoint from Q1 U Qa[va,t] U Q4. It is now easy (and
is left as an exercise) to see that R, U Q4 U Q;[s’,v] U Q1 U Q2[ve,t] U R has an F; minor. <&

Claim 7. There exist vertex-disjoint paths X and Y in H such that X is an s'vy -path in H \ U, and

Y connects a vertex of U, to t.

Proof. Suppose otherwise.

Assume first that s’ = v1. Then, for cach j € [m], s’ € V(Q;) and by claim 1, @Q;[s,t] has no
vertex in common with U,,. Hence, for each j € [m], by (C4) and proposition 17.1, Q;[s’,t] U {Q2} has
a signature k-mate B;. However, B; is also a signature k-mate for Ly, and for each j € [m] — [1], B,
is also a signature k-mate for Q; U {Q}. This is a contradiction with the mate proposition 8.4.

Thus, s’ # v;. Let H* be the digraph obtained from H after shrinking U, to a single vertex u*
and removing all loops. Notice that every odd st-dipath in H whose intersection with U, is {s},is a
u*t-dipath in H* that uses §, and vice-versa. Also, note that the acyclicity condition in (C3) implies
that H* \ u* is acyclic. By the linkage lemma 13.1, H* is a spanning subgraph of a (u*,v1,t,s’)-web
with frame Cp and rib H{. Fix a plane drawing of H{, where the unbounded face is bounded by Cj.
After redefining £, if necessary, we may assume the following:

(%) for every s'vs-dipath P of H*\ u*, the number of rib vertices that are on the same
side of P as u* is at least as large as that of Q1[s’,v1].

For j € [m] — [3], let u; be the largest rib vertex on @; that also lies on Q1[s’,v1]. Observe that if
j€In([m]—13]), then u; = v;. For j € [m]—[3] let X; := Q;[uy,t], for j € [3]NTI let X; := Q,[v;,1],
and for j € [3] — I let X; := Q,[s',t]. For each j € [m], since X; U{Q} is contained in a u*t-dipath of

H*, proposition 17.1 implies that every k-mate for X,; U{Q} (if any) must be a signature. However,
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every k-mate for X; U{Q},j € [m] is also a k-mate for Q; U{Q}. Hence, by the mate proposition 8.4,
there exists ¢ € [m] such that X; U{Q} has no k-mate. By (C4) and claim 2, i ¢ I U [3]. Observe that
(%) implies the following:

(%) if w € V(Q1[u;,1]) and P is an s'w-dipath in H* \ u*, then P and X; have a

vertex in common.

Let Iy := X; and I, := Q1[u;,t]. Let T" := {s,t}, for j € [3] let L be Q; — (I U I4) minus any
directed circuit it contains, and for j € [m] — [3] let Q) be Q; — (I U I4) minus any directed circuit
it contains. Let H' C H \ I4/I. be the union of D,Q’, L, L%, QY ..., Q.. It is clear that (1)-(4) and
(ii) of the disentangling lemma 17.2 hold. By the choice of X;, (i) holds as well. To show (iii) holds,
let P’ be an odd st-dipath of H' with V(P') N U, = {s}. Then P’ U I, contains an odd st-dipath of
H, so P'UI, contains a u*t-dipath of H* containing 2 and by (%%), P'"UI,4 also contains a u*t-dipath
of H* containing ©, implying in turn that P’ U I; contains an odd st-dipath of H. Hence, (iii) holds,

a contradiction with the disentangling lemma 17.2. <&

Claim 8. Suppose m > 5. Then there exists i € [3] and j € [m] —{1,2,3,n+ 3} such that Q; and Q;

are not internally vertez-disjoint.

Proof. Suppose otherwise. Choose j € [m] — {1,2,3,n + 3}. Observe that R; U Q; is internally
vertex-disjoint from each of @1, @2, Qs, and that by (C4) and propositions 17.1 and 8.3, every odd
st-dipath contained in @)1 U Q2 U Q3 has a signature k-mate disjoint from R; UQ;. With this in mind,
let I, := R; UQ, and I := (. Let 7" := () and let H CH \ I;/I. be the union of Ly, Lo, L3. It can
be readily checked that (1)-(4) and (i)-(iii) of the disentangling lemma 17.2 hold, a contradiction. <

For each i € I, let B; be an extremal k-mate of Q;[v;,t] U {Q}. Note that B; N Q;lv;,t] # 0.
As v; > vy, Q;[v;,t] U{Q} is contained in an odd st-dipath P such that V(P) N U, = {s}. Note
that B; is also a k-mate for P, so by proposition 17.1, B; is a signature. Fix z € I — {1}. Choose
W C V(G) — {s,t} such that §(W) = B;AB,. By proposition 8.7, there is a path in G[W]\ B;
between @1 and Q.. Moreover, by proposition 5.4, there is a path between s and ¢,, in G[U,] \ B.
We say that property (S) holds if there exist paths S,,, S in G such that

Sy, 1s an sg,-path contained in G[U,] \ Bi,

S connects a vertex of Q1 to a vertex of @, in G[W]\ By, and

S, and S are vertex-disjoint.
Claim 9. Suppose m > 5 and property (S) holds. Then (G,%,{s,t}) has an F; minor.

Proof. Take X and Y from claim 7. Notice that each edge in Y'N§(U,,) belongs to either of Qq, . .., Qm,

so we may assume that, for some u € {s,q1,...,¢,}, Y is a ut-path. By claim 8, there is an odd circuit
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Cin (HUR U---UR,,)\ Ry43 that shares no vertex with Q; [vy, {]UQ. [v., 1] in V(G)—{v1}. Tt is now
easy (and is left as an exercise) to see that (CUS,UXUY UQ1[v1, t]UQ[v,,tJUSURU. ..UR)— Ryt3

has an F7 minor. O

Claim 10. Suppose m > 5 and property (S) does not hold. Then there exist vertez-disjoint paths X
andY in (HURy U---URy,) \ Ruts where X is an s'vi-path and 'Y is an st-path.

Proof. Suppose otherwise. Since property (S) does not hold, the (contrapositive equivalent of the)
shore proposition 15.1 implies that s’ # v;. Hence, by the linkage lemma 13.1, (HUR 1 U- - -UR,;, )\ Ry 43
is a spanning subgraph of an (s, v1,t, s’)-web with frame Cy and rib Hy. Fix a plane drawing of Hy,
where the unbounded face is bounded by Cj. After redefining £, if necessary, we may assume the

following:

(%) for every s'vi-dipath P of H with V(P)NU, = ), the number of rib vertices that
are on the same side of P as s is at least as large as that of Q1[s’, v1].

For j € [m] —{1,2,3,n + 3}, let u; be the largest rib vertex on @; that also lies on Q1[s’,v1];
such u; exists as R; U Q; intersects (1[s’,v1], but R; cannot have any vertex in common with
Q1[s’,v1]. Observe that if j € I N ([m] — [3]), then u; = v;. For j € [m] —{1,2,3,n + 3} let
X; = Qjluy,t], for j € 3] N1 let X; := Q;[vy,t], and for j € [3] — I let X; := Q;[s’,t]. Observe that
each X;,j € [m] — {n + 3} is contained in an odd st-dipath whose intersection with U, is {s}. As a
result, by proposition 17.1, every k-mate for X; U{Q},j € [m] — {n+ 3} (if any) must be a signature.
However, every k-mate for X; U{Q},j € [m] — {n + 3} is also a k-mate for P; U {Q2}. Hence, since
property (S) does not hold, the (contrapositive equivalent of the) shore proposition 15.1 implies that,
for some i € [m] — {n + 3}, X; U {Q} has no k-mate. By (C4) and claim 2, ¢ ¢ I U [3]. Observe that
(%) implies the following:

(x%) if w € V(Q1[us,t]) and P is an s'w-dipath in H \ U,, then P and X; have a
vertex in common.

Let Iy := X; and I. := Qi[u;,t]. Let 7" := {s,t}, for j € [3] let L} be Q; — (I U I) minus any
directed circuit it contains, and for j € [m] — [3] let Q) be Q; — (I U I4) minus any directed circuit
it contains. Let H' C H \ I4/I. be the union of D,Q’, L}, L%, QY ..., Q... It is clear that (1)-(4) and
(ii) of the disentangling lemma 17.2 hold. By the choice of X;, (i) holds as well. To show (iii) holds,
let P’ be an odd st-dipath of H' with V(P') N U, = {s}. Then P’ U I, contains an odd st-dipath of
H whose intersection with U, is {s}, so by (x*), P’ U I, also contains an st-dipath of H. Hence, (iii)

holds, a contradiction with the disentangling lemma 17.2. O

Claim 11. Suppose m > 5 and property (S) does not hold. Then (G,%,{s,t}) has an F; minor.
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Proof. Take X and Y from claim 10. By proposition 8.7, there is a path S in G[W]\ B; between

Q1 and Q.. By claim 8, there is an odd circuit C' in (f] URyU---UR,)\ Ryys3 that shares no

vertex with Q1[v1,t] U Q.[v,,t] in V(G) — {v1}. It is now easy (and is left as an exercise) to see that
CUXUY UQ[v1,t]UQ,[v.,t]US has an F7 minor. O

by

Observe that claims 6, 9 and 11 finish the proof of proposition 2.15.
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