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Abstract

Let G = (V,E) be a simple graph with V' = {1,2,--- ,n} and x(G,x) be its
chromatic polynomial. For an ordering m = (v1,va, -+ ,v,) of elements of V', let d¢ ()
be the number of i’s, where 1 <1i < n — 1, with either v; < v;41 or v;v;41 € E. Let
W(G) be the set of subsets {a,b,c} of V, where a < b < ¢, which induces a subgraph
with ac as its only edge. We show that W(G) = 0 if and only if (—1)"x(G, —z) =
> (””Jr‘if(”)), where the sum runs over all n! orderings 7 of V. To prove this result,
we establish an analogous result on order polynomials of posets and apply Stanley’s
work on the relation between chromatic polynomials and order polynomials.
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1 Introduction
1.1 Chromatic polynomials

For a simple graph G = (V, E), the chromatic polynomial of G is defined to be the poly-
nomial x (G, x) such that x(G, k) counts the number of proper k-colourings of G for any
positive integer k (for example, see [II, 2, B [7, 8, [16]). This concept was first introduced by
Birkhoff [1] in 1912 in the hope of proving the four-color theorem (i.e., x(G,4) > 0 holds
for any loopless planar graph G). The study of chromatic polynomials is one of the most

active areas in graph theory and many celebrated results on this topic have been obtained

(for example, see [2, 4, 5, [6, 9, 10, 11, 12| 13, 14} 15, 17]).

One of the main purposes of this paper is to prove a new identity for x(G,z) when G

satisfies a certain condition. Assume that V' = [n], where [n] = {1,2,--- ,n}. For u,v € V,
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define
1, u <voruv € F;

da(u,v) = { 0, otherwise. (1.1)

Let P(V) denote the set of orderings of elements of V. Obviously, |P(V)| = n!. Define

VGa)= Y <x+5G(W)>, (1.2)

n
TeP(V)

where for any m = (uy,ug, - ,u,) € P(V),

da(m) = Z 0 (i, Uig1)- (1.3)

1<i<n—1

Clearly the function U(G,z) depends on the structure of G and also on the labeling
of its vertices. For a bijection w : V' — [n], let G, denote the graph obtained from
G by relabeling each vertex v in G by w(v). Thus G, = G but it may be not true
that U(G,,x) = U(G,z). Hence, in this article, isomorphic graphs with different vertex

labellings are considered to be different.

For a graph G = (V, E), where V' = [n], let W(G) be the set of 3-element subsets {a, b, c}
of V with a < b < ¢ such that ac is the only edge in the subgraph of G induced by {a, b, c}.
Note that W(G) may be different from W(G,,) for a bijection w : V' — [n].

In Section [ we will prove the following result on x (G, x).

Theorem 1.1 Let G = (V, E) be a simple graph with V = [n]|. Then

(C)X(G ) = (G = T (“‘5G<”)> (1.4)

n
TeP(V)

if and only if W(G) = ().

To prove Theorem [Tl we will first establish an analogous result on the order polynomial
of D (i.e., Theorem [[4]), where D is an acyclic digraph and D is the poset which is
the reflexive transitive closure of D, and apply Stanley’s work on the relation between

chromatic polynomials and order polynomials.

1.2 Order polynomials and strict order polynomials

In 1970, Stanley [13] introduced the order polynomial and the strict order polynomial of a
poset (i.e. partially ordered set). Let P be a poset on n elements with a binary relation <.
For u,v € P, let u < v mean that v < v but u # v. A mapping o : P — [m] is said to be

order-preserving (resp., strictly order-preserving) if u < v implies that o(u) < o(v) (resp.,



u < v implies that o(u) < o(v)). Let Q(P,x) (resp., Q(P, x)) be the function which counts
the number of order-preserving (resp., strictly order-preserving) mappings o : P — [m]
whenever z = m is a positive integer. Both Q(P,z) and Q(P,z) are polynomials in x of
degree n (see Theorem 1 in [13]) and are respectively called the order polynomial and the

strict order polynomial of P.

An ordering 7™ = (v1,v2,- - ,vy) of the elements of P is said to be P-respecting if v; < v;
always implies that ¢ < j (i.e., v; appears before v; in 7). Let OP(P) be the set of

P-respecting orderings 7 of the elements of P.

Let w be a fixed surjective order-preserving mapping w : P — [n]. For a P-respecting
ordering m = (vy,v2, -+ ,v,), a “decent” (resp. “accent”) means w(v;) > w(vi+1) (resp.
w(vi) < w(vit1)) for some i with 1 < i < n—1. Let kp(7m) (resp., Kp(m)) denote the number
of times when a “decent” (resp. an “accent”) occurs in 7. Clearly, 0 < &p(7), kp(m) < n—1
and kp(m) + kp(m) =n — 1 for each m € OP(P). For an integer s with 0 < s <n —1, let
ws(P) (resp., ws(P)) be the number of 71 € OP(P) with kp(7) = s (resp., kp(m) = s).

Stanley’s Theorem 2 in [I3] gives the following interpretations for Q(P,m) and Q(P,m).

Theorem 1.2 (Stanley [13]) For any integer m > 1,

n n

n—l m4n—1—s _ =l m+n—1-—s
Q(P,m>=;)ws<P>< el )andmp,m):;ws(m( el )(.15)

As kp(m)+Ep(m) = n—1 for each m € OP(P), by applying Theorem [[.2] it is not difficult
to deduce that

m + Rp(m)

Q = . .

ORED M ) (1.6
TeOP(P)

By Theorem [[L2] a relation between Q(P,m) and Q(P,m) can also be deduced easily and

it appeared in Stanley’s Theorem 3 in [I3]: for any m € Z*,

Q(P,m) = (—1)"Q(P, —m). (1.7)
From now on we focus on the order polynomial of a poset that is reflexive transitive closure

of an acyclic digraph.

A digraph D = (V, A) is called acyclic if it does not contain any directed cycle. Let D
be an acyclic digraph with [V| = n. For convenience of notation, we simply assume that
V = [n]. An ordering m = (uqy,us,- - ,u,) of elements of V is said to be D-respecting if

(ui,uj) € A implies that i < j holds (i.e., u; appears before u; in 7). Let OP(D) be the
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Figure 1: Isomorphic digraphs D1, Do and D3

OP(D1) |dp,(m) | OP(D2) | dp,(mj) | OP(D3) | dps(ny)
™ =(2,1,3) 1 ™ =(2,3,1) 9 = (3,2,1) 1
T = (1,2,3) 9 = (3,2,1) 0 = (2,3,1) 1
T = (1,3,2) 1 = (3,1,2) 9 ™ =(2,1,3) 9

Table 1: Members of OP(D;) and values dp,(m) for 7 € OP(D;)

set of D-respecting orderings of elements of V. For example, for the digraphs in Figure [
OP(D;) has exactly three members given in Table [l for i = 1,2, 3.

Clearly, an ordering 7 of elements of V is D-respecting if and only if it is D-respecting.

Thus OP(D) = OP(D).

For a,b € Z*, let k(a,b) = 1 if a < b, and K(a,b) = 0 otherwise. For an ordering

7= (a1,a1,- -+ ,a,) of n different numbers in Z*, let

n—1
R(m) = R(ai, aip1).
=1

Thus () is actually the number of times when an “accent” occurs in the ordering .
Note that the definition of &(7) is only related to the numbers in the ordering 7 and has

no relation with D.

Let Re(D) = {(a,b) € A: a > b}. Assume that Re(D) = ). As V = [n], this assumption
is equivalent to a surjective mapping w : V' — [n] with the property that (u,v) € A
implies w(u) < w(v). Observe that for any 7 € OP(D), k(m) = Ep(m) holds. Thus, by
([C8), (D, m) has the following expression in terms of %(m) under the assumption that
Re(D) = {:

Q(D,m) = m+“ﬂ> 1.8
o= 3 (" (18)
Note that if Re(D) # 0, (I.8)) may be not true, unless 7(m) is replaced by another suitable
function. In the following, we remove the assumption that Re(D) = () and replace &(7)
by a new function dp(w). We will see for which labellings of vertices of D an identity
analogous to (L)) holds even if Re(D) # 0.



1.3 A new function V(D,z) for an acyclic digraph D

Let D = (V, A) be an acyclic digraph with V' = [n]. For a,b € V', define

1, either a < b or (a,b) € A;
Op(a,b) = { 0, otherwise.

Clearly r(a,b) < dp(a,b) for every pair of members a and b of V. When Re(D) = 0,
(a,b) € A implies that a < b. Thus, in this case, dp(a,b) = k(a, b) holds for every pair of

(1.9)

numbers a and b in V', no matter whether (a,b) € A or not. However, when Re(D) # 0,
for each (a,b) € A with a > b, we have p(a,b) =1 and K(a,b) = 0.

Let U(D, ) be the function defined below:
x+dp(m)
v = .
D= > (), (1.10)
TeOP(D)

where for any © = (ay, a2, ,a,) € OP(D),

n—1
p(m) =Y dplai, ais). (1.11)
i=1

Note that ¥(D, z) is a function defined on an acyclic digraph D = (V, A) with V a linearly
ordered set of n vertices and its definition does not rely on a fixed mapping w : V' — [n]

with the property that (v;,v;) € A implies w(v;) < w(vj).

Clearly, if Re(D) = (), then dp(7) = &(m) holds for every m € OP(D), and thus (L8) and
(LI0) imply the following conclusion.

Proposition 1.1 Let D = ([n], A) be an acyclic digraph. If Re(D) =0, then

QD,x) = U(D,x) = Y <:" - 5D(”)>. (1.12)

n
r€OP(D)

If Re(D) # 0, it is possible that dp(mw) # R(w) for some 7 € OP(D), and thus it is
possible that Q(D,z) # U(D, ). For example, for the isomorphic digraphs Dy, Dy and
D3 in Figure [l by the data in Table 1,we have

U(Dy,z) = (D3, z) = <$;2> +2<x§1> £ U(Dy,z) = 2<$;2> + (g) (1.13)

As Re(D1) = 0, by Proposition [T we have ¥ (D3, z) = (D1, x) = Q(D1,2) = Q(Ds, ).
But U(Dg,z) # ¥ (D1, ) = Q(D1,7) = Q(Da, x).

Notice that Re(D3) # 0, although W(Ds,z) = Q(D3,x). Thus, ¥(D,z) = Q(D,x) does
not imply Re(D) = (). The main aim of this article is to determine exactly when the
identity Q(D,z) = ¥(D, ) holds.



Let D = (V, A) be an acyclic digraph, where V' = [n]. For distinct a,b € V, write a <p b
if there exists a directed path in D connecting from a to b, and a £p b otherwise. Write
a#pbifa£pband b £Ap a. Let W(D) be the set of 3-element subsets {a,b,c} of V
with @ < b < ¢ such that (c,a) € A but a %p b and ¢ #p b. Observe that if (¢,a) € A,
then b <p ¢ implies that b <p a, and a <p b implies that ¢ <p b. Thus, for {a,b,c} CV
with a < b < c and (c,a) € A, {a,b,c¢} € W(D) if and only if ¢ Ap b and b £p a.

For example, for the digraphs Dy, Dy and D3 in Figure [I, only W(D3) is not empty, and
for the digraph D in Figure 2l on Page [§ W (D) has exactly one member {2,3,5}.

Clearly, Re(D) = ) implies that W(D) = (). But the converse does not hold.In Section 2]
we will show that if W(D) = (),then there exists D’ obtained from D by relabeling ver-
tices in D such that Re(D’) = () and ¥(D,z) = ¥(D',z). By Proposition [T we have
V(D' x) =QD',x) = Q(D,x). Thus we establish the following result.

Theorem 1.3 Let D = ([n], A) be an acyclic graph and W(D) be defined as above. If
W(D) = 0, then ¥(D,x) = Q(D,z) holds.

The converse of Theorem also holds, as stated in the following result.

Theorem 1.4 Let D = ([n], E) be an acyclic graph, where n > 3. Then

n—3 .
(D, z) — QD, ) :Zd,(fl’“), (1.14)
=0

n—2

where dg,dy, - ,dn—3 are non-negative integers. Furthermore, d; = 0 for every i =

Clearly, Theorem [[4] implies that (D, z) = Q(D, ) if and only if W(D) = ). To prove
Theorem [[4] in Section Bl we will first compare ¥(D, z) with (D, z), where D,_, is
the digraph obtained from D by relabeling vertex a by by a suitable number r. The new
digraph D,_,, has the property that W(D,—,) = W(D) — {W € W(D) : a € W} and
U(D,x) = VY(Dyyr,x) = nig d; (ﬁf;), where d; > 0 for all 4, and dy + -+ - +d,_3 = 0 if and
only if W(D) = 0. =

While Theorem is implied by Theorem [[.4] the derivation of Theorem [[4] is indepen-
dent of Theorem [[.3l For a special case, the numbers d; in Theorem [[.4] are given an

interpretation (see Proposition [5.5]).

Let AO(G) be the set of acyclic orientations of G. The expression (1) in [12] gives a



relation between x (G, z) and Q(D, z):

X(Gax)= > QD). (1.15)
DEAO(G)

Thus, (L6), (I7) and (LI5) imply the following result.

Theorem 1.5 (Stanley [12]) Let G = (V, E) be a simple graph. Then

VG —2) = > QD,w). (1.16)
DeAO(Q)

Note that for each D € AO(G), determining Q(D, z) by (L) is based on a relabeling of
vertices such that a < b holds for each arc (a,b) in D. Thus, the summation of (LI6])
cannot be replaced by a summation over all |V|! orderings of elements of V' if the labeling
of elements of V' is fixed, although the union of OP(D)’s for all D € AO(G) is exactly the
set of all |[V|! orderings of elements of V. This is another motivation for extending (.8
to an analogous expression with an arbitrary relabeling of vertices in D and the result can

be applied to express x(G,z) as the summation over all |V|! orderings of elements of V.

Applying Theorems [[.4] and [L.5] we can prove Theorem [I.T]in Section @l

2 Proof of Theorem

Let D = (V, A) be an acyclic digraph with vertex set V', where V' = [n]. In this section,
we shall show that ¥(D,z) = Q(D, r) whenever W(D) = ().

For S C V, let DI[S] be the subdigraph of D induced by S. For u € V, u is called a sink
of D if Fp(u) = 0, where Fp(u) = {v: (u,v) € A}. We first define a bijection L : V — [n]
by the following algorithm:

Algorithm A:

Step 1. Set S :=V;

Step 2. Let u be the largest number among all sinks of D[S];
Step 3. Set L(u) := |S] and S := S\ {u};

Step 4. If S # (), go to Step 2; otherwise, output L(v) for all v € V.

The bijection L defined above will be written as Lp when there is a possibility of confusion.



Example 2.1 If D is the acyclic digraph in Figure[d, then

L(3) =5,L(2) =4,L(5) = 3,L(4) =2, L(1) = 1.

@ 2

Figure 2: An acyclic digraph

Recall that for distinct u,v € V, u <p v if D has a directed path from u to v; and for
u €V, Rp(u) (or simply R(u)) denote the set {v € V : w <p v}. Let Rp[u] = {u}URp(u).
Then u € Rplu] but u ¢ Rp(u).

By definitions of <p and Lp, we have the following basic properties of <p and Lp.

Proposition 2.1 Let a,b and c be distinct vertices in D.

(i) If a <p b and b <p ¢, then a <p c.
(ii) If a <p b, then L(a) < L(b).

For distinct vertices b,c in D, let Nple,b] = {¢ € Rplc] \ Rplb] : Yy € Rp(c) N
Rp(b), L(c') < L(y)}-

Example 2.2 For the digraph D in Figure[2, Np[5,3] = {5,2} and Npl[5,4] = {5}.
Proposition 2.2 Let b and ¢ be distinct vertices in D with ¢ ¢ Rp(b). Then

(i) ¢ € Nple,b];

(ii) when Rp(c) € Rp(b), Nplc,b] = {c} holds.

Proof.  (i). Clearly ¢ € Rplc] \ Rp[b]. As Rp(c) N Rp(b) € Rp(c), we have L(c) < L(y)
for all y € Rp(c) N Rp(b) by Proposition ZII[(ii)] implying that ¢ € Nple,b]. Thus (i)
holds.

(ii). By the result in (i), ¢ € Nplc,b]. As Rp(c) € Rp(b), Rplc] \ Rp[b] = {c}. Thus (ii)
holds. O



For an non-empty finite set S of Z*, let minS and max S denote the minimum value
and the maximum value of S respectively. In case of any confusion, min S and max S are

respectively written as min(S) and max(.5).

The bijection Lp : V — {1,2,--- ,n} has the following property.

Proposition 2.3 Let a,b and c be distinct vertices in D.

(i) If c%p b, then L(c) < L(b) if and only if min(Nplec, b)) < min(Np(b, c|);

(ii) If ¢ %p b, L(c) < L(b) and b < ¢, then there exist a,d € Rplc|] \ Rplb] such that
{a,b,d} e W(D);

(iii) IfW(D)=0,b<c and c £p b, then L(b) < L(c).

Proof. Assume that ¢ %p b. It suffices to prove that if min(Np[e, b]) < min(Np[b, c]),
then L(c) < L(b), as exchanging b and ¢ yields that if min(Nplb, ¢]) < min(Npe, b]), then
L(b) < L(c).

By Proposition (i), ¢ € Nple,b] and b € Nplb, c|. Let ¢p = min(Np|e,b]). By Proposi-
tion ZIN[(iD)} L(c) < L(co).

Let S be the set of sinks of D and let w = max S’. Then L(w) = |V|. Now we want to
prove the two following claims under the assumption that ¢ < min(Np[b, c]).

Claim 1: w # ¢p.

Assume that w = ¢y. As L(cg) = |V, ¢ is the largest sink of D. Note that S"NRp[b] # 0.
Let byp = max(S'NRp[b]). Asco € Rplc]\Rplb], we have by # ¢ and so by < ¢ and L(by) <
L(co) = |V|. As by < ¢p < min(Nplb,c]) and by € Rp[b], we have by € Rp[b] \ Np[b, c|.
By the assumption on Nplb,c|, bg € Rp[b] \ Np[b, ¢] implies that by € Rp(c) N Rp(b) or
L(by) > L(y) for some y € Rp(¢)NRp(b). Thus L(by) > L(y) for some y € Rp(c)NRp(b).
As L(cp) < L(y) for all y € Rp(c) N Rp(b), we have L(cy) < L(bo), a contradiction.

Claim 2: L(cp) < L(b).

This claim is trivial when |V| = 2. Now assume |V| > 3 and that this claim fails. Thus
L(b) < L(cp) < |V].

By Claim 1, w # ¢p. Then L(c) < L(cg) < L(w) = |V|. As Claim 1 holds for D — w, by

induction, and

min(Np_y[e, b)) = min(Nple, b]) = co < min(Nplb, ¢]) = min(Np_q,[b, c]),



we have Lp_q(co) < Lp—q(b). Since Lp_y(co) = Lp(cp) and Lp(b) = Lp—q(b), we have
Lp(cp) < Lp(b), a contradiction. Thus Claim 2 holds.

As L(c) < L(cp), Claim 2 implies L(c) < L(b) under the condition that min(Np(c,b)) <
min(Np(b, c)). Thus|(i)| holds.

Assume that b #p ¢, b < ¢ and L(c¢) < L(b). By [[)} min(Nplc,b]) < min(Nplb,c]).
Let ¢; = min(Nple,b]). Then ¢; < min(N[b,¢]) < b < c. As ¢; € Nple,b] € Rpc], there
is a path in D from ¢ to ¢;: ¢ = ay — - -+ — aj, where a = ¢ and a; — a;41 is short for
(aj,a;41) € A. As ap =1 < b < c, there exists i : 1 <1i < k — 1 such that a; > b > a;41.
As ¢; € Nple,b] € Rplc] \ Rplb], we have a;,a;+1 € Rplc] \ Rp[b], implying that b #p a;
and b %p a;y1. Thus {a;+1,b,a;} € W(D) and the result holds.

[(iii)} Assume that W(D) = 0, b < c and ¢ £p b. If b <p ¢, then Proposition 2II[(ii)]
implies that L(b) < L(c¢). Now assume that b 4p ¢. Thus b %p ¢. As W(D) = () and
b < ¢, by|[(ii)] we have L(b) < L(c) in this case. O

Let Dy, be the digraph obtained from D by relabeling each vertex y in D as L(y). Clearly,
Dy, is isomorphic to D and Proposition 211[(ii)] implies that Re(Dy) = (). By Proposi-
tion [T} ¥(Dy,z) = Q(Dy,z) = QD, ).

For m = (a1,a2, -+ ,a,) € OP(D), let L(w) = (L(a1), L(az), - , L(ay)).
Proposition 2.4 Let 7 = (ay,a2, -+ ,a,) € OP(D). If W(D) =0, then

(i) dp(aj,aiv1) =0p, (L(ai), L(aiy1)) holds for i =1,2,--- ,n—1; and

(ii) ép(m) =dp, (L(m)) holds.

Proof. As m = (a1,a2, -+ ,a,) € OP(D), we have a;11 4 a;. Thus, either a; <p

A1 OF @ D Qit1.

First consider the case that a; <p ai11. As ™ = (a1, a2, -+ ,a,) € OP(D), if aj, = aj, —
-+ — aj, isapathin D, then j; < jo < --- < j,. Thus a; <p a;41 implies that (a;, a;41) €

A, and so 0p(a;,a;+1) = 1. As (a;,ai41) € A, we have (L(a;), L(a;+1)) € A(Dr) and so

op, (L(ai), L(aiv1)) = 1.

Now assume that a; #p a;+1. As W(D) = 0, by Proposition if a; < aj41 then
L(a;) < L(ajy1); if aj41 < a; then L(a;1+1) < L(a;). As a; #p a1, we have (a;,a;11) ¢
A(D) and (L(ai),L(aHl)) ¢ A(DL) By definition of 5D(ai,ai+1), 5DL(L((IZ'),L(CLZ'+1)) =

0p(a;,ai+1) holds in this case.

Thus [(i)] holds. By the result in [(i)] [(ii)] follows directly from the definition of ép (7). O

10



Corollary 2.1 If W(D) =0, then ¥(D,z) = ¥(Dp,x)

Proof.  Note that m € OP(D) if and only if L(7) € OP(Dy). Thus
OP(Dr) ={L(w): m € OP(D)}.

By Proposition 2A4[(ii)| dp(w) = dp, (L(7)) holds for each m € OP(D). By definition of
V(D,z), V(D,z) = U(Dr,x) holds. O

Since Re(Dy) = 0, Proposition [LT] implies that ¥(Dy,z) = Q(Dy,z) = Q(D,z). Thus
Theorem follows from Corollary 2.1

3 Proof of Theorem [1.4]

In this section, we assume that D = (V, A) is an acyclic digraph with V C ZT and |V| = n,
where n > 3. Fora € V and r € ZT \ V, let D,_,, be the digraph obtained from D by
relabeling a by r. We will compare ¥(D,z) with ¥(D,_,,,z) and apply the result on
U(D,x) — ¥(Dy—y,x) to prove Theorem [[.4]

Clearly, if V' = [n], then 7 > n + 1 and the vertex set of D,,, is ([n] \ {a}) U {r} which
is no longer [n]. Thus, for the purpose of comparing ¥(D,x) with U(D,_,,,x), in this
section the vertex set V is allowed to be any subset of Z* and it is possible that V' # [n].

Note that if V' = {v1,va, -+ ,0,} with 1 < v < vy < -+ < vy, then U(D,z) = ¥(D', x)
holds, where D’ is obtained from D by relabeling each v; by . So the function ¥ (D, ) is
not affected even if V' # [n].

3.1 Relabel a vertex in D by a sufficiently large number

Define
AD,z)= > 20 (3.17)
reOP(D)
By definitions of ¥(D,z) and A(D,z), for any two acyclic digraphs D; and Ds of the
same order, A(Dy,z) = A(Da3, 2) if and only if ¥(D;,z) = ¥(Dy, x).

In this subsection, we always assume that a is a fixed vertex in D and m is a number in
ZT\'V with m > y for all y € V' \ Rp[a]. We compare A(D, z) with A(Dy_yp,,2) under
this assumption. This result will be applied in the next subsection for relabeling vertex
a by a suitable number r so that D can be replaced by D,_,, for the purpose of proving
Theorem L4
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3.1.1 A function Ap (2)

Let mop = (a1,a2, - ,a,—1) be a fixed member of OP(D — a), where D — a is the digraph
obtained from D by removing vertex a. Let OP(D, m) be the set of those members 7 €
OP(D) such that m —a = mp, where m — a is obtained from 7 by removing a. For example,
if m=1(2,1,3,4), then # — 2 = (1,3,4). Observe that (a1,a2, - ,an,-1,a) € OP(D,m) if
and only if a is a sink of D, and (a1, ,a;,a,ai41, -+ ,an—1) € OP(D,m) if and only if
(aj,a) ¢ Aforall j=i+4+1,--- ,n—1and (a,a;) ¢ Aforall j=1,--- i

A vertex u of D is called a source if (v,u) ¢ A for all v € V. Throughout this section, let
s and t be the two numbers defined below:
(i) let s = 0 if a is a source of D, and let s = max{l < k < n—1: (ay,a) € A}
otherwise;
(ii) let t =n if a is a sink of D, and let t = min{l <k <n —1: (a,a;) € A} otherwise.
If s =0 or t = n, then clearly s < t. Otherwise, (as,a) € A and (a,a;) € A imply that

as <p a¢, and so s < t by the assumption that mp € OP(D — a). Hence we always have
s <t.

By definition of OP(D) and the assumptions on s and ¢, we have
OP(D,m) ={(-- ,ai,a,a;41, ) : s <i<t—1}. (3.18)
For m € OP(D), let m4—m be the ordering obtained from 7 by replacing a by m. Then,

OP(Dy—sm,m0) = {Tasm : m € OP(D,mo)} ={(-+- ,a;,mya;41,--+): s <i<t—1}.

(3.19)
Define
Apm(z)= Y 2M=op—lmo), (3.20)
TeOP(D,mo)
By [BI8)), we have
Ap .o (2) = Z Z5D(ai,a)+5D(a,ai+1)—5D(ai,ai+1), (3.21)
s<i<t—1
where the following numbers are assumed in case that s =0 or t = n:
1=4dp(ap,a1) =dplap,a) = dp(an-1,a,) = dp(a,an). (3.22)
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3.1.2 Expression for A(D, z) — A(Dg—ym, 2)

Let Uy and U, be the two disjoint subsets of {i : s + 1 <1 <t — 2} defined below:

Uy={s+1<i<t—2:a; >a>aj1},
. (3.23)
Uy={s+1<i<t—2:a; <a<aj}
Lemma 3.1 (i) Ap ,(z) has the following expression:
Apr(z) = 146D (a,a5+1)=0p (as,as+1) _|_Z1+5D(at71,a)—5p(at,1,at) n Z L~ (a5,0i41)
€Uy
+ Z 22-0p(aiait1) 4 Z ,1=0D(ai,ait1) (3.24)
€Uz s+H1<i<t—2
i€ U, 00Uy
(ii) If m € Z*\'V and m >y for ally € V' \ Rpla], then
Ap, pmo(2) = 22-0plat-1,at) Z L1=6p(ai,ait1) (3.25)

s<i<t—2

Proof. (i). We will prove this result by applying [B2I). Note that dp(as,a) =
op(a,a;) = 1 as as — a and @ — a4 in D. For any i with s +1 < ¢ < t — 2, by

323), we have

0, if 1 € Uy;
5D(a,~, CL) + (5D(CL, ai-i—l) = 2, if i € Uy; (326)
1, otherwise.

Thus (3:24]) follows from (B.21]).

(ii). Recall that Fp(a) = {v: (a,v) € A}. By the assumption on ¢, Fp(a) C {a;:t < j <
n—1}. As o = (a1,a2, -+ ,an—1) € OP(D — a), we have Rp(a) C {a; : t <j <n—1}.
Thus V(D) \ Rpla] C {a; : 1 < j <t—1}. By the assumption on m, m > a; holds for all
1:1<1¢<t—1, implying that

1, ifs<i<t—2
0D (@i M) + 0D, (M A1) = { 2 ifi=1t—1. (3.27)

As 0p, .., (ai,aiy1) = dp(ai,aiy1), B25) follows from (B2I)) by replacing D by Dy_sp,. O
Let

{ Qa,my) ={s+1<i<t—2:a;>a>aj1,(a;,a;41) € A};

pla,my) = (1 — dp(as,ass1))0p(a,ass1) — (1 = op(ar—1,a¢))dp(a, a—1). (3.28)

When there is no confusion, Q(a,m) and p(a,my) are simply written as @) and p respec-
tively. Applying Lemma B} we can express Ap r,(2) — Ap,_,,..m(2) in terms of @ and
.
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Proposition 3.1 If m € ZT\'V and m >y holds for ally € V' \ Rpla], then

AD,WO(’Z) - ADaamﬂrO(Z) = (p+ ‘Q’Z_l) (Z - 1)2’

Proof. By (824)) and (320) in Lemma [31]

AD,WO (Z) - ADaHmJTO (Z)
_ 21—5D(f157as+1)(ZJD(avas+1) _ 1) + 21—5D(at71,at)(Z5D(at717a) _ Z)

-1 1) Z Z1—5D(CL7,'7(17,'+1) + (z _ 1) Z zl—JD(ai,ai+1)

€Uy 1€Us
_ 21—5D(f1570«s+1)(Z5D(llyas+1) - 1) + 21—5D(at,1,at)(Z5D(at,1,a) - Z)
+HRIET =1+ (U1 = 1QN( = 2) + |Ua(2 — 1)

) +
_ 1 6D(as,as+1)( dplaast1) 1) +Zl—éD(atfl,at)(ZéD(atfl,a) _ Z)
+(|U2 = [U1N)(z = D) + Q=7 (2 — 1)?, (3.29)

where the second last equality follows from the fact that for any ¢ with s +1 < <t — 2,

B 1, if i € QU Uy;
5D(auaz+1) = { 0, ifi et \ Q.
By definitions of U; and Uy, it can be verified that
0, if a > asy1 and a > az_1;
)1, if a > asy1 and a < a;—1;
|Ua] = |Uh] = -1, if a < asyq and a > a;_q; (3.30)
0, if a <asy1 and a < az—1.
Then, by (3:30)),
zl—ép(as,asH)(Z5D(a,as+1) —1)+ 21—5D(at71,at)(Z5D(at71,a) —2)+ (|Us] = U1 (z = 1)
0, ifa > asy1 and a > a;—1;

B 21 5D(“t*1’“f)(1 —2)+(z—-1), if a > asy1 and a < a_1;

N 21 70p(as,a5141) (5 — 1) — (2 — 1), if a < as1 and a > a;_1;
21=0p(as,as41) (5 — 1) 4 pl=0p(a-1.00) (1 — 5) if a <agy1 and a < a;—q
0, if a > asy1 and a > a;_1;

_ (Op(ar—_1,as) — 1)(z — 1)2, if a > asy1 and a < ag_q; (3.31)
(1 —0p(as,asi1))(z — 1), if a < asy1 and a > as_1; '
(0p(ai—1,as) — 0p(as,asi1))(z —1)2, if a < asy1 and a < ag—q.

By B28), 329) and @31)), the result holds. 0

By applying Proposition Bl an expression for A(D, z) — A(Dgy—m, z) can be obtained.

Theorem 3.1 Ifm € Z*T\V and m >y holds for ally € V' \ Rpla], then

A(D,z) = A(Daosm, 2) = (2= 1> > [pla,m0) + |Q(a, mo)|z~ "] 2%P—=(™). (3.32)
mo€OP(D—a)
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Proof.  Observe that

A(D,z) — A(Dg—ym, 2)

— Z SOp(m) _ Z 20Da—m (72)

T EOP(D) 72€OP(Da—sm)
— Z Z Z6D(T(1) _ Z Z Z5Da4>m (7r2)
moE€OP(D—a) m1€OP(D,mo) m0EOP(D—a) ma€OP(Da—sm,m0)
= X Amapne) - 3 A ()
mo€OP(D—a) mo€OP(D—a)
= > [Apa(2) = Ap, o (2)] 2P0
mo€OP(D—a)
= (z— 1)2 Z [p(a,ﬂo) + ]Q(a,ﬂo)\z_l] 25’3*‘1(”0), (3.33)
mo€OP(D—a)
where the last equality follows from Proposition B.1l O

3.2 Compare D with D,_,, for some r > a

Let D = (V, A) be an acyclic digraph with |V| = n. Recall that for v € V(D), Fp(u) =
{veV:(uv) e A}. Let Bp(u) ={v eV : (v,u) € A} and Bp[u] = Bp(u) U {u}. Thus
u is a sink of D if and only if Fp(u) = ), and w is a source of D if and only if Bp(u) = 0.

A vertex u of D is called a turning vertex if either Fp(u) = () or min Fp(u) > 2 +
max(Pp(u)) holds, where

Pp(u) = Bplu] U{c €V :3b< ¢, (c,b) € A}. (3.34)

In this subsection, we always assume that a is a turning vertex of D and r is a number in
Z* \ V such that r > max Pp(a) whenever Fp(a) = ), and min Fp(a) > r > max Pp(a)
otherwise. Thus y; > r > yo holds for all y; € Fp(a) and y2 € Pp(a). Clearly r > a
holds, as a € Bpla] € Pp(a). In this section, the assumptions on a and r will not be

mentioned again and we shall compare D with D,_,, under this assumption.

For w e V, let W(D,u) = {W e W(D) : u € W}. So W(D,u) =W(D)\ W(D — u), and
W(D,u) =0 ifft W(D) =W(D — u).

Lemma 3.2 W(Dy_,,7) =0 and so W(Dy—,) = W(D — a).

Proof.  Clearly W(Dy—r) = W(D — a) UW(Dg—r,r). Thus it suffices to prove that
W(Dyyr,r) =0, ie., 7 € W for every W € W(Dgy_s).
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Suppose that W = {r,b,c} € W(Dy—,,), where b < ¢. Assume that r = maxW. Then
r — bin D,,, by definition of W(D,_,,). But r — b in D,_,, implies that a — b in D
and so b € Fp(a). By the given condition on r, r < min Fp(a) < b, contradicting the

assumption that » = max W > b. Hence r < max W and so maxW = c.

If = min W, then, by definition of W(D,_,), ¢ > b > r and ¢ — r in D,_,,, where the
later implies that ¢ — a in D. So ¢ € Bp(a) C Pp(a). By the given condition on r, we

have r > max Pp(a) > ¢, a contradiction.

By the above conclusions, we have min W < r < maxW, ie, b < r < c. As W €
W(Dy—), we have ¢ — b in both D, and D. Thus ¢ € Pp(a). But r > maxPp(a)

implies that » > ¢, a contradiction again.

Hence the result holds. O
Lemma 3.3 Let mg = (a1,a2, -+ ,an—1) € OP(D—a) and s and t be the numbers defined
in Subsubsection [l with respect to a and 79 € OP(D — a). Then

(i) Q(r,mo) = 0;

(i) p(a,mo) —p(r,mo) =1 if {a,as+1,as} € W(D), and p(a,m) —p(r,m9) = 0 otherwise.

Proof. By definition,
Q(T,T{'o) = {S-l—l <i<t—2:a; >r > aj1,a —>a,~+1}.

Assume that k& € Q(r,m9). Then ax > a1 and ar — ap11, implying that ar € Pp(a). By
the assumption on r, we have r > max Pp(a) > a,. However, k € Q(r,my) implies that

r < ay, a contradiction. Thus Q(r, mp) = 0.
By definition of p(a,m), we have

pla,mo) —p(r,m0) = (1—6plas,ast1))[0p(a,asy1) —9dp,.,, (7, as1)]

+(1 —dplat—1,a¢)) [0p, ., (ryat—1) —op(a,a;—1)] . (3.35)

Claim 1: p(a,m) — p(r,m9) = (1 — dp(as,as+1)) [0p(a,as+1) — 0p, ,, (1, as+1)]-

By (330), it suffices to show that (1 — dp(ai—1,at)) [0p,.,,(r,ai—1) — dp(a,a;—1)] = 0.
Suppose that it does not hold. Then ép(a;—1,a;) = 0. Thus t < n and a;—1 > a;. By the
assumption on ¢, we have (a,a;) € A, implying that a; € Fp(a). Since a < r < min Fp(a),

we have a < r < a;. As a; < a;_1, we have a < r < a;_1 and
5Da~>'r(’r’7 at—l) = 5D(a7 at—l) = 1
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So (1 —dplat-1,a¢)) [0p,_,, (r,at—1) — dp(a,a—1)] = 0, a contradiction. Hence Claim 1
holds.

Claim 2: p(a,m) — p(r,m) > 0.

Asr > a, dp(a,asy1) —dp, ., (r,as41) > 0. Then Claim 2 follows from Claim 1.
Claim 3: p(a,m) — p(r,m9) = 1 if and only if {a,as,as41} € W(D).

By Claims 1 and 2, p(a,m) — p(r,m) € {0,1}.

Assume that {a,as,as+1} € W(D). By definition of s, as — a in D. By definition
of W(D), as > as+1 > a, a /4 asy1 and ag /4 as41 in D. So dp(as,asy1) = 0 and
op(a,ast1) = 1. As as € Bpla] € Pp(a), by the assumption on r, r > as holds, im-
plying that r > as > asy1. Since a 4 asiq in D, we have r 4 agy1 in Dy .. Thus
0Dy, (r,a5+1) = 0. By Claim 1, we have p(a, m) — p(r,m) = 1

Now assume that p(a,m9) — p(r,m) = 1. By Claim 1, dp(as,ast+1) = 0 and dp(a,ast1) —
0Dy, (ryas41) = 1, where the later implies that dp(a, as1) = 1. Observe that dp(as, asy1) =
0 implies that as > asy1 and as 4 as41, and dp(a,as+1) = 1 implies that a < as4q or
a — agyq1 in D. However, if a — asy1 in D, then r — ag41 in Dy, implying that
op(a,as+1) — dp, . (ryas+1) = 1 —1 = 0, a contradiction. Thus as > as41 > a, but
as /> as+1 and a /4 asq1 in D. By definition of s, a; — a. Hence {a,as,as+1} € W(D)
and the claim holds. O

For an integer j with 0 < j <n —1,

(i) let ¢;(D,a) be the number of 7 = (a1, ,ai,a,ai41, - ,an—1) € OP(D) such that
dp(m) = j and {a,a;,a;+1} € W(D) for some ¢ with 1 <i < n—1, where (a;,a) € A;

(i) let (D, a) be the number of 7 = (a1, ,aj,a, @11, ,ap—1) such that op(7) = j
and {a,a;,ait1} € W(D) for some i with 1 <i <n — 1, where (a;,a;+1) € A.

Clearly ¢;(D,a)+ Cj(D,a) is not more than the number of 7’s in OP(D) with dp(7) = j,
and ¢;j(D,a) = C(D,a) = 0 whenever W(D, a) = 0.

Lemma 3.4 ¢;(D,a) =0 for j =0,1, and c;-(D,a) =0 forj>n-—2.

Proof.  For any m = (ay, -+ ,a;,a,a;41, -+ ,an—1) € OP(D), if {a,a;,a;11} is a member
of W(D) with a < a;j+1 < a; and (a;,a) € A, then dp(a;,a) = dp(a,a;+1) = 1, implying
that dp(m) > 2. Thus ¢;(D,a) =0 for j <1 by definition of ¢;(D, a).

For any m = (a1, -+ ,a4,a,ai41, -+ ,an—1) € OP(D), if {a, a;,a;+1} is a member of W(D)
with a;11 < a < a; and (a;,a;11) € A, then a; # a and a % a;41, implying that dp(a;,a) =
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dp(a,a;+1) = 0. Thus dp(r) < n—3. By definition of ¢}(D, a), ¢j(D,a) =0 for j >n—2.
O

Theorem 3.2 Assume that n = |V| > 3. Then

A(D,z) — A(Dy_yp, 2) = (2 — 1)? Z (¢jra(D,a) + (D, a))2. (3.36)
0<j<n-3

Furthermore, A(D,2) = A(Dqy—r, 2) if and only if W(D,a) = 0.

Proof.  Let m be a number in Z* \ V such that m > y for all y € V \ Rpla]. By
Theorem B.1], we have

A(D,2) = ADusmsz) = (=12 3 [pla,mo) + [Q(a, mo) =] 20 (3.37)
mo€OP(D—a)
By Lemma Q(r,m) = 0. Replacing D by D,_, in (3.37) gives that
A(Dgyr,2) = A(Dgosm,2) = (2= 1) > p(r,mp)2°P—+(70), (3.38)
mo€OP(D—a)
By B37) and B37), A(D, z) — A(Dg—, z) has the following expression:

(z —1)? Z [p(a, m0) — p(r,mo) +|Q(a, mo)|2 "] 20p—a(m0), (3.39)
mo€OP(D—a)

The proof will be completed by establishing the following claims.
Claim 1: For each myp = (a1, a2, ,an—1) € OP(D — a), p(a,m) — p(r,m) € {0,1}, and

p(a,m) — p(r,mo) = 1 if and only if {a, as,as+1} € W(D), where (as,a) € A.

Claim 1 follows from Lemma
n—3 .
Claim 2: > (p(a, ) — p(r,mp))20P—a(™0) = S~ ¢, o(D, a)al.
70€OP(D—a) =0

Let OP*(D — a) be the set of those mg € OP(D — a) with p(a,m) — p(r,m9) = 1, and let
gj be the number of my’s in OP*(D — a) with dp_,(m9) = j, where 0 < j < n — 2. Then,
by Claim 1,

n—2 n—2
Z (p(a, o) — p(r,mg))zP—a(m0) = Z Z 2 = quzj. (3.40)
5=0

To€OP(D—a) j=0 mpEOP*(D—a)
Sp—_q(m)=J
For each my € OP*(D — a) with dp_q(mo) = j, 7 = (a1, ,Gs,0,0541, " ,Qp_1) IS &

member of OP(D). By Claim 1, {a, as,as+1} € W(D) with (as,a) € A. Thus, dp(as,a) =
0(a,as+1) = 1 but dp_q(as,asy1) = 0, implying that dp(7) = dp_q(mo) +2 = j + 2. As
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0p—qlas,asy1) =0, we have dp_q(m9) < n—3 and so g,—2 = 0. On the other hand, for any
7= (a1, ,ai,0,0i11,  ,ap_1) € OP(D) with dp(7) = j+2 and {a;,a,a;+1} € W(D),
where a; > a;11 > a, 19 = (a1, ,a4,0i41, - ,an—1) is a (D — a)-respecting ordering
with s =4 and 0p_,(7) = j. Thus, by definition, ¢; = ¢;4+2(D, a) holds and so Claim 2
holds.

Claim 3: > |Q(a, 7TO)|26D almo) = Z_: ;(D a)
mo€EOP(D—a) 7=0

By definition, for each my = (a1, a2, -+ ,an—1) € OP(D — a), |Q(a,m)| is the number
of integers i with s + 1 < i < t — 2 such that a; > a > a;4+1 and (a;,a;41) € A. As
(ai,a;41) € A, we have dp_q(m) > 1. As s+1 < i <t—2, the definitions of s and ¢ imply
that D[{a;,a,a;+1}] has only one arc, i.e., (a;,a;+1). Thus {a;,a,a,11} € W(D). Clearly,
Q(a,my) > 0 implies that dp_,(mp) > 1. Thus,

Z 1Q(a, WO)’Z(SD a(mo) Z Z Q(a,m) z] 1 Zq]z] (3.41)

mo€OP(D—a) Jj=0 ?DEOTT(@):?

where ¢ is the number of order pairs (o, ), where 79 € OP(D — a) with dp_q(m0) =
j+ 1 and i is an integer with s + 1 < ¢ < ¢t — 2 such that {a;,a,a;41} € W(D), where
(ai,a,url) € A.

For each my = (a1,a2, -+ ,an—1) € OP(D — a) with dp_,(mg) = 7 + 1, if ¢ is an integer
with s +1 < i < ¢t — 2 such that {a;,a,a,41} € W(D), where (a;,ai+1) € A, then

= (a1, ,Qi,a,0ai41, " ,ap—1) is a member of OP(D). As dp(a;,a) = dp(a,a;+1) =0
but dp_q(ai,ai+1) =1, we have dp(m) = dp_q(mg) — 1 = j.

On the other hand, for each © = (a1, - ,ai,a,a;41, - ,an-1), if {a;,a,a;+1} € W(D),
where (a;,a;+1) € A, by definitions of s and ¢, we have s +1 < i < t —2 and 7y =
(a1, ,ai,Qi11,* ,ap—1) is a member of OP(D — a). As dp(a;,a) = op(a,ai+1) = 0
and dp_q(ai,ai+1) =1, we have dp(m) = dp_q(my) — 1 = j whenever dp_,(mp) = j + 1.

By the assumption on q; and the above arguments, q;- equals the number of members m =
(a1, ,ai,a,a;41,++ yan—1) of OP(D) with dp(mw) = j such that {a;,a,a;+1} € W(D),
where (a;,a;+1) € A. By definition of ¢}(D,a), we have ¢; = c(D,a). Then, by (341,
Claim 3 holds.

By (339) and Claims 2 and 3, (330]) holds.
Claim 4: If W(D, a) # 0, then ¢;12(D,a) + ¢j(D,a) > 0 for some j.

Assume that W = {a,b,c} € W(D), where b < ¢. If a > ¢, then (a,b) € A, implying
that b € Fp(a). But a is a turning vertex of D, implying that a < y for all y € Fp(a), a
contradiction. Thus, either a <b<corb<a<ec.
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Suppose that a < b < ¢. As{a,b,c} € W(D), by definition of W(D), (¢,a) € Aand b #p a
and b #p c. It is easy to check that there exists m = (a1, -+ ,as,a,0541, " ,ap_1) €
OP(D), where as = c and asy1 = b. Thus {a,as,as11} € W(D). Let myp = m—a, i.e., g =
(a1, ,a5,a541, - ,an—1). Clearly myp € OP(D —a), ép(m) > ép(as,a)+dp(a,as11) =2
and 0p(m) = dp—_q(m)+2 > 2. By definition, ¢j12(D,a) > 0 for some j with 0 < j < n—3.

Now suppose that b < a < ¢. As {a,b,c} € W(D), by definition of W(D), (¢,b) € A and
a#pbanda #p c. Itis easy to check that there exists 7 = (ay,- -+ , a4, 0,041, ,an—1) €
OP(D), where a; = ¢ and a;4+1 = b. Let mg = (a1, -+ ,a;,a;41, + ,an—1). Clearly
mo € OP(D —a) and p(m) = dp-a(mo) — 1 < n — 3. By definition, ¢(D,a) > 0 for some
jwith0<j<n-—3.

Thus Claim 4 holds. If W(D,a) = 0, by definition of ¢;(D,a) and ¢(D,a), we have
¢j(D,a) = c}(D,a) =0 forall i =0,1,--- ,n — 1. By this fact and Claim 4, W(D,a) = ()
if and only if A(D,z) = A(Dg—sr, 2). O

Applying Theorem B2 and the following result, we will obtain an expression for ¥ (D, x) —
U(Dg—sr, ) in terms of ¢ji2(D,a) + cj(D,a) for j =0,1,--- ,n 3.

Lemma 3.5 Let Dy and Dy be any two acyclic digraphs of order n.

(i) If A(Dy,z) — A(Dg,2) =tg+t1z+ -+ t,_12""L, then

n—1
U(D1,x) = ¥U(D2, z) Z ti <a: N Z> (3.42)
(ii) if A(D1,2) — A(Dq,2) = (2 —1)2P(2), where P(z) = dg+dyz+---+d,_32""3, then
= fwi
U(Dy,z) — U(Dy,x) = Y _d; (n_2>. (3.43)
i=0

Proof.  (i). Assume that

A(Ds, 2) sz

Then, by the given condition,

n—1

A(Dy,z) = Z(bl +t;)2"

1=0

By the relation between A(D;, z) and ¥ (D;,x), we have

W(Dy,z) = g(bi —I—ti)<x:i>, W(Do, ) = nzz_;b (x:Z>
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Thus the result holds.

(ii). Note that

n—3 n—3
A(Dq,z) — A(Dg,z) = (2 — 1) Z diz' = Z (diz"? = 2d; 2" + d;2") .
1=0 1=0

Y(Dy) V(D e) ’S’di [<m+2+2> _2<a:+7i+ 1> N <x;—z>}

1=0
-3 .
T+
= i 44
e -
O
Theorem 3.3 Assume that n = |V| > 3. Then
= r+]
U(D,z) = U(Dayr,7) = ¥ _(cj2(D,a) + ¢§(D, a)) <n N 2>. (3.45)
=0
Furthermore, W(D,z) = W(Dy—, z) if and only if W(D,a) = (.
Proof.  The result follows directly from Theorem B.2] and Lemma B.5)(ii). 0

Let D; = (V4, A1) be an acyclic digraph and V' C Vj. Let Dy = (V4, A3) be an acyclic
digraph obtained from D; by relabeling each u € V'’ by p(u), where u is a bijection from
V' to V”, where V" is some subset of ZT\ Vi with |[V”| = |V’|. Write Dy = Dy if conditions
(a) and (b) below are satisfied:

(a) for any 3-element subset W of Vy, if W & W(D1), then W/ & W(Ds), where W' =
(WAVHYU{p(u) :ue WNV'}

(b) A(Dy,z) — A(Da,2) = (2 — 1)2P(2), where P(z) = 0 or P(z) is a polynomial of
degree at most ny — 3 without negative coefficients, where n; = |V;|; furthermore,
P(z) =0 if and only if |W(Dy)| = [W(D3)].

Proposition 3.2 If D1 = Dy and Dy = D3, then D1 = Ds.

Proposition 3.3 Assume that D1 = Dy. Then

(i) pV(D1)| = IW(D2)];
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(ii) of W(D1)| = [W(D2)|, then A(Dy,z) = A(D2,z) and W(Dy,z) = V(Ds,x);

(iii) iof W(D1)| > [W(D2)|, then there exists non-negative integers do,dy, - - ,dy,—3 such

that s
ni—
A(Dy,2) — A(Dy, 2) = (2 — 1)? Z d; 7'
=0
and

U(Dy,z) — U(Da, ) :nfdi<x+i )

where d; > 0 for some i.
By applying Lemma [3.2]and Theorem [3.2] we get the following conclusion on D and D,_,,.
Corollary 3.1 D = D,_,,.

3.3 Complete the proof of Theorem [1.4]

Let D = (V, A) be an acyclic digraph. For S C V', S is said to be ideal in D if either S = ()
or the following conditions are satisfied:

(i.1) for each y € S, Rp(y) C S;

(i.2) for each y € S, either Fip(y) =0 or y < min Fp(y); and

(i.3) either S =V and minV > 2 or min S > 2 4+ max(V \ 5).

Proposition 3.4 Let S C V be ideal in D. Then Re(D) = Re(D — S) and W(D) =
W(D — 8).

Proof.  We just need to consider the case that S # (). As S is ideal in D, it is easy to
verify that Re(D) = Re(D — S5).

It is clear that W(D — S) € W(D). Assume that W € W(D) and W NS # 0. As
min S > 2+ max(V '\ S), we have max W € S. Let ¢ = max W and ¢ = minW. So ¢ > a.
By definition of W(D), (¢,a) € A and so a € Fp(c). As S is ideal, ¢ < min Fp(c) < a, a

contradiction. O

Assume that min S = +oo whenever S = ().

Proposition 3.5 Let S CV be ideal in D and let u € V' \ S with Fp(u) C S. Then
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(i) Pp(u) CV\ S and u is a turning vertex of D;
(ii) if V.= Su{u}, then SU{u'} is ideal in Dy_,y for any v’ € ZT with 0 < v/ < min S;
(i) f V # SU{u} and min S > 3+ max(V '\ S), then SU{u'} is ideal in Dy _s, for any

uw € Z1 with 2+ max(V '\ S) < v/ < min S.

Proof. The result is trivial if S = (). So we assume that S # (. As S is ideal in D and
u ¢ S, we have Bp(u) C V' \ S. For any (c,b) € A, if ¢ € S, then b € S by condition (i.1)
and so ¢ < b by condition (i.2). Thus, (¢,b) € A and ¢ > b imply that ¢ ¢ S. Therefore,

Pp(u) = BplulU{ceV:3Ib<ec,(c,b) e Ay CV\S. (3.46)
As Fp(u) € S and S is ideal in D, we have
min Fp(u) > min S > 2 4+ max(V \ S) > 2 4+ max Pp(u). (3.47)
Thus, v is a turning vertex of D.
This is trivial to verify.

The result is trivial when S = ). Now assume that S # ). Let S’ = SU {u'}. By the

given condition, to verify if S’ is ideal in D,_,, it suffices to show that condition (i.3) is
satisfied. As v/ = minS — 1 and min S > 3 4+ max(V \ S), we have

minS = o' >2+max(V\S)>2+max(V\ (SU{u}))
= 2+ max(V(Dy_w)\ 9. (3.48)

Thus S’ is ideal in D,,_,,. O

Proposition 3.6 Let S C V be ideal in D and u be a vertex in V '\ S with Fp(u) C S.
For any v € Z" with max(V \ S) < v/ < minS, D > Dy, holds.

Proof. By Proposition Pp(u) € V\ S and w is a turning vertex of D. Thus,
if max(V'\ S) < v/ < minS, then maxPp(u) < max(V \ S) < v/ < minS < min Fp(u).
Replacing r by «’ in Corollary Bl implies that D = D,_,,. O

For an acyclic digraph D = (V, A), an ordering o = (uy,ug,--- ,uy,) of its vertices is
said to be a sink-elimination ordering, if u; is a sink of the subdigraph DI[V;] for all
i=1,2,---,n—1, where V; = {u;,ujt1, - ,un}. Now assume that o = (ug,ug, -+ ,up)
is a sink-elimination ordering of D and M = n+1+maxV. Let I'p , denote the sequence
(Do, D1, ,Dy—1) of digraphs produced from D according to a: Dy is D, and for ¢ =
1,2,--- ,n—1, D; is the digraph (D;_1)u,—n—i (i.e., D; is obtained from D;_; by relabeling
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vertex u; as M — i). For example, if D is the digraph in Figure 2] then oo = (3,2,4,5,1)
is a sink-elimination ordering of its vertices, M = 11 and I'p o = (Do, D1, - -+ , D4), where
Dy is the digraph in Figure 2l D1, Do, D3 and D4 are shown in Figure

4 10 4 10 8 10 8 ®10

Le———~® 2 He——»e 9 re———o 9 70— 9
(a) D1 (b) Dy (c) D3 (d) Dy

Figure 3: I'p o = (Do, D1, -+, D4) for D in Figure @land o = (3,2,4,5,1)

Theorem 3.4 Assume that I'p o = (Do, D1, ,Dy—1). Then Re(Dp—1) =0 and D; =
Diqq foralli=0,1,--- ,n —2.

Proof. Let M = n+1+maxV. By definition, D; is obtained from D by relabeling vertex
ujas M —jforall j=1,2,--- i, where o = (u1,u2,- - ,up) is a sink-elimination ordering
of D. Then V(D) is the disjoint union of S; and V11, where S; = {M —j:1 < j <}
and Vi1 ={uj:i+1<j<n}

We first prove two claims below.
Claim 1: Fp,(u;jy1) € S; foralli=0,1,--- ,n—1.

As « is a sink-elimination ordering of D, w;y; is a sink of D[V;41] and so Fp(ui+1) C
{u1, -+ ,u;}. By definition of D;, we have Fp,(uj+1) C{M —j:1<j <i} =S;. Hence
Claim 1 holds.

Claim 2: S; is ideal in D; for all t =0,1,--- ,n — 1.

As Sop = 0, Sp is ideal in Dg. It is also trivial that S = {M — 1} is ideal in Dy, as
M—-1=n+maxV >3+ maxV > max(V2) +3 and M — 1 is a sink in D;.

Now assume that S;_1 is ideal in D;_1, where 2 < ¢ < n—2. We will apply Proposition [3.5]
to show that S; is ideal in D;.

Note that u; € V(D;—1) \ Si—1 = V; and D; is obtained from D;_; by relabeling u; as
M —i. Observe that M —i < M — i+ 1 =min.S;_; and

M—-—i=n+14+maxV —¢>3+maxV >3+ maxV.

By Claim 1, Fp, ,(u;) € S;_1. By Proposition and Si = Si1 U{M — i} is
ideal in Di = (Di—l)ui—>M—i-

Hence Claim 2 holds.
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By Claim 2 and Proposition B4l Re(D;) = Re(D; — S;) for all i = 0,1,--- ,n — 1. Hence
Re(Dp—1) = Re(D[{u,}]) = 0.

Note that uj; < M — (i +1) < M —i =min S, for all j :i4+1 < j <n. Thus, by Claims
1, 2 and Proposition B.6, D; = Dit1, as Dit1 = (Di)y, ,—M—(i+1)- O

Corollary 3.2 Re(D,,—1) =0 and

n—3 .
U(D,x) ~ V(Dyorz) = Y d; (‘r i Z), (3.49)
i=0
where d; > 0 for all i =0,1,--- ,n — 3. Furthermore, W(D) = 0 if and only if d; = 0 for
ali=01,--- ,n—3.

Proof. By Theorem B4l Re(D,_1) = (). By Theorem B4 again, D; = D;; for all
1 = 0,1,--- ,n — 2. By Proposition B2, Dy = D,,_1. Thus, the result follows from
Proposition 331 O

Proof of Theorem [Tt As Re(Dp—1) = 0, ¥(Dy—1,2) = Q(D,,—1,x) by Proposition [Tl
As Q(D,,_1,z) = Q(D, x), Theorem [[4] follows from Corollary O

We end this section with a special sink-elimination ordering of D determined by the injec-
tive mapping L : V' — {1,2,--- ,n} defined in Section 2. Assume that V' = {vy,v9, - ,v,}
and L(v;) =n+1—ifori=1,2,--- n. Then o = (v1,v9, - ,vy,) is a sink-elimination
ordering of D. Assume that I'p o = (Do, D1, ,Dp—1). So Dy, is obtained from D by
relabeling each v; by n+1—i¢+maxV forall: =1,2,--- ,n—1. Recall that Dy, denotes the
digraph obtained from D by relabeling each vertex v; by L(v;) = n+ 1 —i. By definition,
Dy _, is exactly the digraph Dy, implying that ¥(Dp,z) = V(D) _,,2) = V(D,,_1,z). By

Corollary 3.2 we have the following conclusion.

Corollary 3.3 ¥(D,z) = ¥(Dy,x) if and only if W(D) = 0.

4 Proof of Theorem [I.1]

Let G = (V, E) be a simple graph, where V' = [n]. Recall that P(V) is the set of orderings
of members of V. So |P(V)| = n!l. Recall that AO(G) is the set of acyclic orientations
of G. Then P(V) can be partitioned according to members D of AO(G) as stated in the

following lemma.

Lemma 4.1 (i) P(V) = Upeao) OP(D);
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(i1) OP(D1) N OP(D3) = 0 for any pair of distinct orientations D1, Dy € AO(G).

Proof.  (i). Clearly, OP(D) C P(V). For an ordering 7 = (a1, ag,- - ,a,) of the elements
of V.= [n], if D is the orientation of G such that (a;,a;) € A(D) whenever ¢ < j and
aa; € E, then m € OP(D). Thus (i) holds.

(ii). Suppose that Dy, Dy € AO(G) and 7 = (a1, a2, - ,a,) € OP(Dy) N OP(D3). For
any edge a;a; in G, © < j implies that (a;,a;) € A(D1) N A(D2). Thus Dy and D, are the

same. Hence (ii) holds. O

Lemma 4.2 For any simple graph G,

U(Gz)= Y  U(D,uz) (4.50)
DeAO(G)

Proof. Let D € AO(G). For any m = (aj,as, -+ ,a,) € OP(D)and any i = 1,2,--+ ,n—
1, a; and a; 41 are adjacent in G if and only if a; — a;+1 in D, implying that dg(a;, a;+1) =
0p(ai,ai+1). Thus ég(m) = dp(m) holds for any m# € OP(D), implying that

V(D,z)= Y <x+‘:f’(”)> = ¥ <x+iG(”)>. (4.51)

rEOP(D) r€OP(D)

Then, by Lemma [£1]

V(G = Y <"E+ff(7r)>: 3 ZD) <"E+ZG(”)>. (4.52)

TeP(V) DeAO(G) meOP(

Thus (£50) follows from ([@52]) and (Z5I]). O
Proposition 4.1 For any simple graph G = (V, E) with V' = [n], where n > 3,

n—3 .
W(G,2) = (~1)"X(Gy—2) + 3 d ( N ) (4.53)
=0

where d; > 0 for all i =0,1,--- ,n — 3. Furthermore, d; =0 for alli =0,1,--- ;n— 3 if
and only if W(G) = 0.

Proof. By Theorem [L5]

(—)"x(G,—2)= > QD). (4.54)
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Then, Lemma [£2] (£54]) and Theorem [[L4] imply that

U(G,z) — (—1)"x(G, —z) = Z (¥(D,z) —QD,z))

DeAO(G)
n—3 .
T+
- > Yan(lTY), (4.55)
DeAO(G) i=0

where dp; > 0 for all ¢ = 0,1,--- ,n -3, and dp; = 0 for all i = 0,1,--- ,n — 3 if and

only if W(D) = 0. Thusd;, = >, dp;>0foralli=0,1,--- ,n—3. If W(G) =0,
DeAO(G)
then W(D) = () for all D € AO(G), implying that d; =0 for all i =0, 1,--- ,n — 3. Thus,

it remains to show that if W(G) # 0, then d; > 0 for some i.

Now assume that W(G) # (). Then W(D) # () for some D € AO(G). By Theorem [I.4]
dp; > 0 for some 4, implying that d; > 0.

Hence Proposition [41] holds. O

Theorem [T follows directly from Proposition 11

5 Further study

We end this article with some problems that may merit further study. We assume that

G = (V, E) is a simple graph with V' = [n], unless otherwise stated.

5.1 Possible extensions of Theorems [I.1] and [1.4]

Theorem [T gives an expression for x (G, x) in terms of a summation over all n! orderings of
elements of V whenever W(G) = (). This result is established by applying Theorem [[L4] and
Stanley’s result, Theorem [[.5] Is it possible to find new results analogous to Theorems [[.1]
and [[4] by revising dp(7) and dg () for orderings m of elements of V' such that the new
results hold for a larger family of acyclic digraphs D and a larger family of simple graphs
G respectively?

5.2 Graphs G with W(G) =10
Recall that W(G) = {{a,b,c} : 1 <a <b < ¢ <n,ac € E,ab,bc ¢ E}. By definition of

W(Q), the following observation follows directly. Let Ng(a) denote the set of vertices in

GG which are adjacent to a.
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Proposition 5.1 W(G) = 0 if and only if for every edge ac € E witha < ¢, {b:a <b<
¢} € Ng(a) U Ng(c) holds.

For a bijection w : V' — [n], let G, be the graph obtained from G by relabeling each vertex
v eV by w(v). Let W denote the set of simple graphs G = (V, E) such that W(G,,) = ()

for some bijection w : V' — [n].

If G is a complete multi-partite graph and ac is an edge in G, then v € Ng(a)UNg(c) holds
for every u € [n] — {a,c}. Thus, by Proposition BIl W(G,,) = 0 holds for an arbitrary
bijection w : V' — [n]. If G is not a complete multi-partite graph, this property does not
hold.

The observations in the following proposition can be verified easily.

Proposition 5.2 (i) If G = (V, E) is a complete multi-partite graph and w : [n] — [n]
is a bijection, then W(Gy,) = 0 holds and thus G € W;

(ii) if G is disconnected, then G € W if and only if each component of G belongs to W ;

(iii) if G € W, then the subgraph of G induced by any subset S C V(G) belongs to W.

By Proposition 5.1} we have the following relation between W(G) and W(G — u), where
ueV.

Proposition 5.3 Let u € {1,n}. If {w : min{u,v} < w < max{u,v}} C Ng(u) U Ng(v)
holds for every v € Ng(u), then W(G) = 0 if and only if W(G —u) = 0.

By Proposition 53] the following corollary follows.

Corollary 5.1 Let u € {1,n}. If either u = 1 and Ng(u) = {2,3,--- ,k}, oru =n
and Ng(u) = {k,k +1,--- ,n— 1}, where 1 < k < n, then W(G) = 0 if and only if
W(G —u) = 0.

Applying Proposition or Corollary 5.1l we find a family of graphs in W which are not

complete multi-partite graphs.

Proposition 5.4 Let G = (V, E) be a simple graph on n vertices.

(i) If u is a vertex in G such that G —u is a complete multi-partite graph, then G € W;
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(ii) Assume that {u,v} is an independent set of G such that G — {u,v} is a complete
multi-partite graph. If either {u,v} is a dominating set of G or Ng(u) N Ng(v) =0,
then G €¢ W.

Proof.  (i). Assume that k = |[Ng(u)|. Let w be a bijection from V to [n] such that
w(u)=1and 2 <w(w) < k+1 for all w € Ng(u). As G — u is a complete multi-partite
graph, by Proposition (i), W((G — u),y) = (), where ' is the mapping of w restricted
to V — {u}. By Corollary 51l W(G,,) = 0 and so G € W. Thus (i) holds.

(ii). We first the case that {u,v} is a dominating set of G. Assume that dg(u) = ny and
dg(v) =ng. Then |[Ng(u) N Ng(v)| =n1+na —n+2, |[Ng(u) \ Ng(v)| =n—2—ng and
|ING(v) \ Ng(u)| =n — 2 —mnq. Let w be a bijection from V to [n] such that

(b) 2 <w(w) <n—1—mng for all w € Ng(u) \ Ng(v);
(¢)n—ng <w(w) <ng+1 for all w e Ng(u) N Ng(v); and
(d) n1 +2 <w(w) <n—1for all we Ng(v) \ Ng(u).

As G—{u, v} is a complete multi-partite graph, by Proposition 5.2l (i), W((G—{u, v})u») =
(), where w” is the mapping of w restricted to V —{u,v}. Asw satisfies the above conditions
(a), (b), (c) and (d), by Corollary BT, W((G — u)) = 0 and W(G,,) = 0. Thus G € W.

Now consider the case that Ng(u) N Ng(v) = 0. Assume that dg(u) = n; and dg(v) = ne.
Then n; +ny < n — 2. Let w be a bijection from V to [n] such that

(b)) 2 <w(w) <ny+1 for all w € Ng(u); and
() n—ny <w(w) <n-—1for all we Ng(v).

As G—{u, v} is a complete multi-partite graph, by Proposition 5.2l (i), W((G—{u, v})w») =
(), where w” is the mapping of w restricted to V —{u,v}. Asw satisfies the above conditions
(&%), (b’) and (¢’), by Corollary 51l W((G — u)) = ) and W(G,,) = 0. Thus G € W. O

In general, it seems not easy to determine all graphs in W. We now propose the following

problem.
Problem 5.1 Characterize the family W.

As an example of studying Problem [B.I, we now consider trees. For any tree 7" on n

vertices, if T is a star or a path, then it can be verified easily that T € W.
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Now assume that n > 5. Let T” denote the tree obtained from 7" by removing all vertices
of degree 1. If T" is a path, we can prove that 7' € W. Assume that 7" is a path of order
k: ujug - --ug. Then T is a tree obtained from 7" by adding ¢; new vertices and adding a
new edge joining wu; to each of them for all ¢ = 1,2,--- |k, where ¢1,c¢3, -+ , ¢, are some
non-negative integers. We first label each u; by ¢; +---+¢;+i. Then we label the ¢; leaves
adjacent to u; by numbers in theset {j :c1 + - +c¢1+i<j<ec+--+¢+i—1}

An example is shown in Figure [l

AN A D

12 34 910 1112 1415 1617 19 2021

Figure 4: Labeling vertices in a tree T whose non-leaf vertices induce a path

If 7" is not a path, we believe T' ¢ W. For example, for the tree T in Figure B, 7" is not a
path. It is left to the readers to verify that 7' ¢ W.

Figure 5: A tree which does not belong to W

Conjecture 5.1 For any tree T on n vertices, T € W if and only if either n < 2 or the
tree T' obtained from T by deleting all vertices of degree 1 is a path.

5.3 Interpretations of d;’s in Theorem [1.4]

Let D = (V, A) be an acyclic digraph with V' = [n], where n > 3, and let dy,dy,- - ,dp—3
be the numbers in Theorem [[L4l In the following, we give an interpretation of d’s for a

special case.

Let Sink(D) be the set of sinks of D. Recall that for u € V', Rp(u) is the set of v € V—{u}
such that D has a directed path from u to v. Thus u € Sink(D) if and only if Rp(u) = 0.

Proposition 5.5 Let u € V with either u € Sink(D) or max(V \ Rp(u)) < min Rp(u)
and y < min Rp(y) for each y € Rp(u) — Sink(D). If W(D) = W(D,u), then for j =
0,1,2,--- ,n—3, d; is the number of D-respecting orderings m = (a1, -+ , @i, U, Qig1,-** ,An—1)
such that
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(i) either ép(m) = j + 2 and {a;,u,ait1} € W(D) with a; > a;j+1 > u; or

(i1) ép(m) = j and {ai,u,a;11} € W(D) with a; > u > a;y.

Proof.  Let S = Rp(u). It is known that when u ¢ Sink(D), minS > 1 4+ max(V \ 9).
Assume that v ¢ Sink(D) and minS = 1+ max(V — S). Let D' = (V/;A’) be the
digraph obtained from D by relabeling each vertex v by 2v to get a new digraph D’. It
is easy to verify that W = {a,b,c} € W(D) if and only if W' = {2a,2b,2c¢} € W(D"),
Op(m) = 0p/(n'), where 7’ = (2a1,2as, - -+ ,2a,) for m = (a1,a2, -+ ,a,), and so V(D' x) =
U(D,x). Observe that min S’ > 2 + max(V’ — S"). We can replace D by D’ for the proof

of this result.

Thus we may assume that either u € Sink(D) or min S > 2 4+ max(V \ §). We are now

going to complete the proof by showing the following claims.

Claim 1: Let r = max(V) + 1 if u € Sink(D), and let r = min(S) — 1 otherwise. Then
U (Dysry ) = QD, ).

Clearly, r > max Pp(u) when u € Sink(D), and max Pp(u) < r < min Fp(u) otherwise.
It is also clear that r ¢ V. By LemmalB.2l W(D,_,) = W(D —u). By the given condition,
W(D — u) = 0, implying that W(D,_,,) = 0. Thus, by Theorem [[.3] ¥(D,_.),z) =
QUDyyr,z) = QD, ).

Claim 2: Let r be the number given in the previous Claim. Then ¥(D, z)— ¥ (Dy_y, x) =

n—3 .
Zo d; (*13), where d; is the number defined in Proposition
‘7:

n—3 .
By Theorem B3, U(D, 2)—V(Dy_r, ) = Y. d;j(*73) holds with d; = cjta(D,u)+c;(D,u)

n

.

=0
for j =0,1,--- ,n — 3. By definitions of ¢;(D,u) and cg(D,u), Claim 2 holds.

<

By Claims 1 and 2, the result holds. O

Note that Proposition gives an interpretation of d; for a special case only. In general,

we would like to propose the following problem.

Problem 5.2 Interpret the numbers d; in Theorem [1.4)

Acknowledgment: The author wishes to thank the referees for their very helpful com-

ments and suggestions.
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