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Abstract

The cyclic matching sequenceability of a simple graph G, denoted cms(G), is the largest
integer s for which there exists a cyclic ordering of the edges of G so that every set of
s consecutive edges forms a matching. In this paper we consider the minimum cyclic
matching sequenceability of k-regular graphs. We completely determine this for 2-regular
graphs, and give bounds for k > 3.
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1 Introduction

The cyclic matching sequenceability of a simple graph G, denoted cms(G), is the largest integer
s for which there exists a cyclic ordering of the edges of GG so that every set of s consecutive
edges forms a matching. Katona [4] implicitly considered cyclic matching sequenceability
and found a lower bound for cms(K,). Brualdi, Kiernan, Meyer and Schroeder [2] defined
cyclic matching sequenceability explicitly and proved that cms(K,) = L"TJJ for all n > 4,
thus strengthening the result found by Katona [4]. Brualdi et al. [2] also determined that
cms(Cy) = L"T_lj for all n > 3 and found the cyclic matching sequenceability of several other
graphs.

A non-cyclic variant to cyclic matching sequenceability, denoted ms(G) has also been
considered and was defined first by Alspach [1] who determined ms(k,). Brualdi et al. [2]
also determined the matching sequenceability for cycles and several other classes of graphs.
Chiba and Nakano [3] found various results concerning the matching sequenceability for general
graphs and more refined results for regular graphs.

In this paper our focus is on the cyclic matching sequenceability of regular graphs. The
chromatic index of a graph is the smallest number of colours required to properly colour its
edges. By Vizing’s theorem [9] the chromatic index of a graph with maximum degree A is
equal to either A or A + 1. In the former case we say the graph is class 1 and in the latter
we say it is class 2. For positive integers n and k such that n > k and nk is even, we define
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cms(n, k) to be the minimum value of cms(G) over all k-regular graphs on n vertices and
define cms;(n, k) to be the minimum value of cms(G) over all k-regular class 1 graphs on n
vertices. Our primary focus is on the behaviour of cms(n, k) and cms;(n, k) for fixed k as n
becomes large. All asymptotic notation used in this paper is relative to this regime.

The main contribution of this paper is to establish lower bounds on cms(n, k) and cms; (n, k),
as well as an upper bound on cms(n, k). These bounds are summarised in Theorem 1.

Theorem 1. Let k > 3 be an integer. Then, for any integer n > 6(k + 1) such that nk is

even,

k(5k — 3) 31k o
max {mn — 6, SETD" o(n)} <cms(n, k) < Oy
5k — 8 31 1
max { 77y — 6 g — o) | < cansi(n,b) < 75

In the lower bound on cms(n, k), for large n, the max takes the first value for £ < 13 and
the second value for £ > 14. In the lower bound on cms;(n, k), for large n, the max takes
the first value for k£ < 14 and the second value for k£ > 15. Table 1 in the conclusion gives
an explicit listing of the consequences of Theorem 1 for various values of k. In the case of
2-regular graphs we are able to completely determine cms(n,2) and cms;(n, 2).

Theorem 2. For each n > 6, we have cms(n,2) = |5| and for each even n > 4, we have
cmsy (n,2) = 252,

For a graph G, let M(G) be the set of all matchings in G and, for an edge e of G, let
M(G) be the set of all matchings in G containing e. A fractional edge colouring of a graph
G is a function w : M(G) — R?? such that > mem. () w(M) > 1 for each edge e € E(G).
The weight of such a colouring is ) ;¢ M(G) w(M). Note that an edge colouring of G can be
viewed as a fractional edge colouring w of G for which the image of w is a subset of {0, 1}.
The fractional chromatic index of a graph G is the infimum of the weights of the fractional
edge colourings of G. While the main focus of this paper is regular graphs, some of our results
apply more generally. In particular, we have the following.

Theorem 3. For any graph G with chromatic index c and fractional chromatic index cy,

[%E(@)]] =1 < ems(G) < ZIE(G)).
Furthermore, for any integers A > 2 and n > A + 1, there is a graph G of order n such that

cms(G) < ﬁ|E(G)|

The lower bound in Theorem 3 differs by at most two from an analogous bound for match-
ing sequenceability given in [3].

We organise the rest of the paper as follows. In Section 2 we introduce some notation
and preliminary results. In Section 3 we consider 2-regular graphs and prove Theorem 2.
Theorem 3 is proved in Section 4. In Section 5 we establish a lower bound on the cyclic
matching sequenceability of a regular graph assuming the existence of a partition of its edges



with suitable properties. Finally in Section 6, we show that regular graphs do admit such
partitions and prove Theorem 1.

2 Preliminaries

For an integer n, let Z,, represent the additive group of integers modulo n. In this paper,
graphs will always be simple. Two edges in a graph are adjacent if they are both incident on
the same vertex. A matching is a 1-regular graph. The union G U H of two graphs G and H
is the graph with vertex set V(G) UV (H) and edge set E(G)U E(H). An ordering of a graph
G with m edges is a bijective function ¢ : E(G) — Z,,. The image of e under ¢ is called the
label of e. We will sometimes specify an ordering ¢ by giving the tuple (¢=1(0),...,¢"(m—1))
rather than the function £. A set of edges of G is consecutive in £ if their labels form a set of
consecutive integers and is cyclically consecutive in £ if their labels form a set of consecutive
integers modulo m.

Let £ be an ordering of a graph G with m edges and let e and €’ be distinct edges of G. We
define dy(e, €'), the forward distance from e to €' in ¢, to be the smallest positive integer d such
that £(e) + d = ¢(¢'), where the addition takes place in Z,,. We define dy{e, €'}, the distance
between e and €' in £, to be min{dy(e,€’),ds(€¢’, e)}. Define cms(¢) to be the largest element s of
{1,...,m} such that dy{e, e’} > s for any pair {e, €’} of edges adjacent in G. Similarly, define
ms(¢) to be the largest element s of {1,...,m} such that dy(e, ') > s for any ordered pair (e, e’)
of edges adjacent in G such that ¢(e) < ¢(¢/). Note that, for a graph G, ms(G) and cms(G),
as defined in the introduction, are the maximum values of ms(¢) and cms(¢) respectively over
all orderings ¢ of G. If G is a matching, then obviously cms(G) = ms(G) = |E(G)|.

We first prove the upper bound of Theorem 3. To our knowledge this connection between
the cyclic matching sequenceability of a graph and its fractional chromatic index has not been
observed before.

Lemma 2.1. For any graph G with fractional chromatic index cy, cms(G) < %\E(G)\

Proof. Let s = cms(G) and let ¢ be an ordering of G with cms(¢{) = s. Let £ be the
set of matchings in G whose edges form a set of s cyclically consecutive edges in £. Let
w : M(G) — R>® be defined by w(M) = L if M € £ and w(M) = 0 otherwise. Then w
is a fractional edge colouring of G' with weight 2|E(G)|. So 1|E(G)| > c¢; and the result
follows. O

For edge-disjoint graphs Gy and G, with labellings £y and ¢; respectively, let £5V ¢1 denote
the ordering ¢ of G = Gy U G; defined by £(e) = {y(e) if e € E(Gp) and £(e) = |E(Go)| + ¢1(e)
if e € E(G1). A matching decomposition of a graph G is a set of edge-disjoint matchings of G
that partition the edge set of G. A matching decomposition of GG into k£ matchings can also
be viewed as a proper edge colouring of G with k colours. Now we will provide a lower bound
on cms(G), given a matching decomposition of G with certain properties exists, in the form
of the proposition below. Similar results were implicitly used by Alspach [1] and Brualdi et.
al. [2].



Proposition 2.2 ([7]). Let G be a graph that decomposes into matchings My, ..., M;_1, each
with at least m edges and orderings Lo, ...,l_1, respectively. If, for some s € {1,...,m},
ms(l; V lit1) = s for all i € Zy, then cms(G) > s.

Proof. Let { = \/f;(l) ¢;. Consider two distinct edges e and €’ that are at distance less than s
in £. Then e,e¢’ € E(M;UM,;,1) for some i € Z;. So, by the assumption that ms(¢;\V £;11) > s,
e and €’ are nonadjacent in G. This proves the proposition. O

We now prove four further lemmas which, like Proposition 2.2, provide lower bounds on
the matching sequenceability of concatenations of orderings under various conditions.

Lemma 2.3. Let X, Y and Z be edge-disjoint graphs with orderings £x, ly and £z, respec-
tively. Then

II]S(KX Vly V gz) > min {ms(ﬁx \/Ky),ms(ﬁy \/@Z), ’E(Y)’ + IIlS(KX \/EZ)} .

Proof. Let G=XUY UZ and £ = {x Vly VLy. Let e and € be a pair of adjacent edges in
G with £(e) < 4(¢'). If e,e’ € E(X UY), then dy(e,e’) = ms(fx V ly), by definition. If e, e’ €
E(YUZ), then dy(e,e’) = ms(ly V£Lz), by definition. Otherwise, e € E(X) and ¢’ € E(Z), so
doyve,(e,e’) = ms(lx V £z) by definition, and hence dy(e,e’) > |E(Y)| + ms({x V {z). O

Lemma 2.4. Let My, M1, My, M3 be edge-disjoint matchings of sizes mqg, my,mo, ms such that
My U My, My U My and My U M3 are also matchings. Then, for any orderings £y, €1, 02,3 of
My, My, My, M3 respectively,

mS(fo VIV ElyV 63) > min{ms(ﬁ(] V EQ) +ma, ms(fl V 53) + mo, mS(fo V 53) +m1 + TTLQ}.

Proof. Let G = MyUM;UMy;UM;z and £ = £y €1V sV I3, Let e and €’ be a pair of adjacent
edges in G with £(e) < £(e’). Because e and ¢’ are adjacent in G, we must have e € E(M;) and
¢’ € E(Mj) for some (i, j) € {(0,2),(1,3),(0,3)}. Then dg,ve,(e,e') > ms({; V£;) by definition.
Also, dy(e,€') = dp,ve;(e,€') + s, where s = my if (i,7) = (0,2), s = mg if (i,j) = (1,3) and
s =mq + me if (i,5) = (0,3). The result follows. O

Lemma 2.5. Let X and Y be edge-disjoint matchings and £y be a fized ordering of Y. Then
there is an ordering {x of X such that ms(fx V fy) > $|E(X)|.

Proof. Let x = |[E(X)| and y = |E(Y)|. For each edge e € E(X), let a(e) be the smallest
label assigned by ¢y to an edge adjacent to e if such a label exists, and a(e) = oo otherwise.
Let £x be an ordering (eg, ..., e;—1) of X such that a(eg) < --- < a(ez—1). Let £ = £x V{ly and
e and ¢’ be adjacent edges in G such that ¢(e) < £(e’) and dy(e,e’) = ms(¢). Then e = e; for
some i € Z, such that a(e;) < oo and a(e;) = fy(¢'). By our definition of £x, any edge of X
that is not adjacent to an edge of Y occurs after e; in £x and hence each edge in {eg,...,e;—1}
is adjacent to at least one edge of Y. Thus, because at most two edges of X are adjacent to
each edge of Y, we have that a(e;) > [ 4] and hence that dy(e,e’) =z —i+a(e;) > v —i+ | 5].
So, because i <z — 1, we have dy(e, ') > 1+ |£52| = [£] and the result follows. O



Lemma 2.6. Let X and Y be edge-disjoint matchings of sizes x and y respectively. Suppose
that Y has y1 edges that are adjacent to one edge in X and ys edges adjacent to two edges in
X. Let by be an ordering of Y in which the yo edges adjacent to two edges in X are the last
to occur. Then there is an ordering £x of X such that

ms({x Vly) > min{z,x +y — y1 — 2y2}.

Proof. For i € {1,2}, let Y; be the set of edges of Y that are adjacent to exactly i edges in
X. For each edge e € E(X), let a(e) be the smallest label assigned by ¢y to an edge adjacent
to e if such a label exists, and a(e) = co otherwise. Let £x be an ordering (eq,...,e;—1) of X
such that a(ep) < -+ < aley—1).

Let £ = {x V ¢y and e and €’ be adjacent edges in G such that {(e) < ¢(¢') and dy(e,e’) =
ms(¢). Then e = e; for some i € Z, such that a(e;) < oo and a(e;) = ly(e’). So dy(e,e’) =
x — i+ a(e;). By our definition of £x, any edge of X that is not adjacent to an edge of YV
occurs after e; in £x and hence each edge in {eg,...,e;—1} is adjacent to at least one edge of
Y. We consider two cases.

Suppose that ¢’ € Y7. Then each edge in {eg,...,e;_1} is adjacent to at least one edge of
Y1 (recall the edges in Y3 occur last in ¢y) and hence a(e;) > i. It follows that dy(e,e’) > x
and the result is established.

Suppose instead that ¢’ € Ys. Let j be the smallest element of Z, such that e; is not
adjacent to an edge in Y7 and note that j < y; and that a(e;) > y — y2 because the edges of
Y5 occur last in fy. So, because at most two edges of X are adjacent to each edge of Ya, we
have that a(e;) > a(ej) + L%J >y—y2+ L%J Thus,

Now, we saw that j < y; and we must have i < y; + 2y — 1 for otherwise a(e;) = co. Thus,

(H'Tﬂ < y1 +y2 and hence dy(e, €') > x +y — y1 — 2y2, and again the result is established. [J

3 2-regular graphs

In this section we will prove Theorem 2. We will require the result of Brualdi et al. [2] on
cms(C),) that was mentioned in the introduction.

Theorem 4 (Brualdi et al. [2]). For all n > 3, cms(C,) = | 252 ].

We first prove a useful result that gives an ordering of a particular type for a class 1 graph

that is either a single cycle or a union of vertex-disjoint paths.

Lemma 3.1. Let Hy and Hy be edge-disjoint matchings such that |E(Hy)| = |E(Hy)| =t for
some integer t > 2 and Hy U Hy is either a single cycle or a union of vertex-disjoint paths.
There exist orderings £y and {1 of Hy and Hy respectively such that cms(by V 61) >t — 1.

Proof. We proceed by induction on |V (HyU H;)|. Let H = HyU H;. If |V(H)| = 2t then H
is a cycle of length 2t. We may assume its vertex set is Zo; and its edge set is {e; : i € Zy },



where e; = {i,i+ 1} and H; ={e; : i € Zy and i =j (mod 2)} for j € Zy. Let
Kj(ei) =17 and €j+1(e2t—1—i) =1

for all i € {0,...,t — 1} and j € Zy such that j = i (mod 2). Note that ¢; is an ordering
of Hj for each j € Zy. Let £ = £y Vv {1 and for an edge e € E(H), let £*(e) = ¢;(e) where
Jj is the element of Zy such that e € E(H;). Let {e,_1,ep}, where h € Zg;, be an arbitrary
pair of adjacent edges of H and note that one of these edges is from H{y and the other is
from Hy. If h € {1,...,t — 1}, then d¢{ep_1,en} = t — 1 because ¢*(ep—1) = *(ep) — 1.
Similarly, if h € {t +1,...,2t — 1}, then d¢{ep—1,en} =t — 1 because £*(ep—1) = (*(ep) + 1.
Finally, if h € {0,t}, then dy{ep_1,ep} = t because £*(e,—1) = £*(ep). Thus it follows that
cms(fy V £1) =t — 1 and we have proved the result in the case where |V (H)| = 2¢.

Now suppose that |V(H)| > 2t. Then H is a union of k disjoint paths for some k > 1.
There are edges yy' € E(Hp) and 22’ € F(Hy) such that y ¢ V(Hy), 2 ¢ V(Hy) and, if k > 2,
then y and z are in different paths. Let Hj and H] be the matchings obtained from Hj and H;
by merging the vertices y and z into a new vertex x. Then H) U H] is either a single cycle or
a union of paths, and |V (H{U Hy)| = |V(HoU H;)| — 1. So, by induction, there are orderings
i and ¢} of H) and H{, respectively such that cms(¢yV ¢)) >t —1. Then cms(fy V1) >t —1
where (o and ¢; are the orderings of Hy and H; obtained from ¢, and ¢} by replacing xy’ with
yy' in £y and x2’ with 22’ in ¢1. So the result follows by induction. O

Our next lemma implies that cms(G) > ”7_2 for each 2-regular class 1 graph G of order n,
but also says more.

Lemma 3.2. Let Hy and H; be edge-disjoint matchings such that |E(Hp)| = |E(Hy)| =t
for some integer t > 1. There are orderings ¢y and ¢1 of Hy and Hy, respectively, such that
cms(loV 4y) =t —1.

Proof. We proceed by induction on |E(Hy)| = |E(H1)|. Let H = Hy U H;. Clearly H must
have a subgraph HT such that HT is either

e a component of H that has an even number of edges (and is either a path or a cycle); or

e a union of two components of H, each of which is a path of odd length, with the property
that |E(Ho) N E(HT)| = |E(Hy) N E(HT)|.

Let |E(HT)| = 2s, noting that |E(HT)| is even, and let H;r be the matching of size s with edge
set E(H;) N E(H') for each i € Zy. By Lemma 3.1 there are orderings EJ{) and KJ{ of Hg and
HI, respectively, such that cms(ﬁg Vv EJ{) >s— 1.

If H' = H, then the result follows by taking ¢; = E;f for ¢ € Zs, so we may assume that
HY # H. For i € Zs, let H;"‘r be the matching of size ¢t — s with edge set E(H;) \ E(HZT) By
our inductive hypothesis, there are orderings E%) and Ei{ of Hé and H % such that cms(ﬁ(i] \/Ei{) >
t—s—1. Let £; = £ v ¢! for i € Zs.

Any pair {e, €’} of adjacent edges in H such that e € E(Hg) and €' € E(Hli) are at distance
at least t —s—1in Kg \Y% Eii because cms(ﬁg Y 6{) >t—s—1, and hence are at distance at least



t—s—14s=1t—1in ¢y V{. Likewise, any pair {e, e’} of adjacent edges in H such that
ec E(Hg) and €' € E(HI) are at distance at least s — 1 in EI) V 4, and hence are at distance
at least s —14+t—s=1t—11in oV /. Because H and H* are vertex-disjoint, these arguments
cover all pairs of adjacent edges in H and so cms({y V £1) >t — 1. O

Lemma 3.3. For each even n > 4, we have cmsi(n,2) = 252

Proof. By Theorem 4, for each even n > 4, we have cms(H) = "7_2 if H is an n-cycle and
hence cms(n,2) < "7_2 Also, Lemma 3.2 implies that cms(H) > "7_2 for each 2-regular class
1 graph H of even order n > 4, because any such graph H is the union of two edge-disjoint

matchings each of size 3. O

The matching number of a graph G is the maximum size of a matching in G. If £ is an
ordering of a graph H and G is a subgraph of H then the subordering of ¢ induced by G is
the unique ordering ¢ of G such that, for all e,e’ € E(G), {g(e) < Lg(e) if and only if
l(e) < £(e'). An ordering ¢* is a subordering of an ordering ¢ of a graph H if £* is induced by
G for some subgraph G of H. Our next lemma provides upper bounds on the cyclic matching
sequenceability of a graph based on the properties of one of its subgraphs. We only need the
simpler first part in this section, but the more involved second part is required in Section 4.

Lemma 3.4. Let H be a graph and G be a subgraph of H with matching number v. Then

(i) cms(H) < %

. |E(H)|
< .
(i) ems(H) < [Z(E(G)—oms(G)) | +1

Proof. We first prove (i). Because any fractional edge colouring of H can be restricted in
the natural fashion to a fractional edge colouring of G with equal or lesser weight, we have
ct(H) = ¢f(G). Furthermore, it is clear from the definition of fractional chromatic index that
¢f(G) = 1|E(G)|. Thus cf(H) > 1|E(G)| and (i) follows from Lemma 2.1.

We now prove (ii). Let ¢ be an ordering of H and let h = |1(|E(G)| — cms(G))] + 1.
We will find a subordering ¢/ = (eq,...,ep_1) of £ so that, for each i € Zj, the sequence
of cyclically consecutive edges in ¢ that begins with e; and ends with e;11 contains a pair of
adjacent edges. This will suffice to complete the proof of (ii) because dy(e;,ej+1) < +|E(H)|
for some j € Zy, since > ;7 di(ei, eir1) = [E(H)|.

Let ¢’ be the subordering of £ induced by G. There must be two adjacent edges eg and e;
of G at distance at most cms(G) in ¢ by the definition of cms(G). Because we are considering
¢ and ¢ cyclically, we can assume without loss of generality that ¢/(ep) = 0 and ¢'(e;) = a for
some a < cms(G). Now define (eq, ..., e,_1) by, for each i € {2,...,h—1}, letting e; be the first
edge after e¢;_1 in /' such that the sequence of consecutive edges in ¢’ that begins with e;_; and

ends with e; contains a pair of adjacent edges. We claim that (eg,...,ep_1) is a subordering
of ¢ with the required properties. To see this, first observe that a + (h — 1)v < |E(G)]
by the definition of h. Thus (eq,...,ep—_1) is indeed a subordering of ¢ because, for each

i €{l,...,h — 2}, we have that ¢'(e;_1) < ¢'(e;) < a+ (i — 1)v, by the definition of v. In



particular, ¢'(e;,—1) < a+(h—2)v < |E(G)|—v and hence the sequence of cyclically consecutive
edges in ¢ that begins with e;_; and ends with ey contains a pair of adjacent edges. So
(eg,...,en—1) is a subordering of ¢ with the required properties and (ii) is proved. O

Applying Lemma 3.4(i) to 2-regular class 2 graphs we obtain the following.

Corollary 3.5. Let H be a 2-regular class 2 graph, whose shortest odd cycle has length m.
Then cms(H) < Z=LE(H))|.

Proof. Let G be a shortest odd length cycle in H. Then |E(G)| = m and the matching

number of G is mT_l, so the result follows by applying Lemma 3.4(i). O

To prove Theorem 2, it remains to show that cms(H) > | %] for each 2-regular graph H
of order n. In Lemma 3.6 we establish a slightly stronger result for all 2-regular graphs that
do not contain exactly one 4-cycle. For the remainder of this section it will be convenient to
denote the number of edges in an ordering ¢ by |¢].

Lemma 3.6. Let G be a 2-reqular graph such that G does not contain exactly one 4-cycle.
Then there is an ordering £ = by V €1V £y of G such that

(i) the edges of ¢; form a matching of size m; for each i € Zs, where mgy, mi,ms are
the unique non-negative integers such that [%MH > my = mg = my = L%MH and
mo +mi+mg = w; and

(ii) de(e,€') = ;| for any j € Zs and pair (e, e’) of adjacent edges in G such that e is in {;
and €' is in ljiq.

Proof. We proceed by induction on the number of components of the graph. Let H be a
2-regular graph such that H does not contain exactly one 4-cycle. Let m = |E(H)| and let
mg, m1,mg be the unique non-negative integers such that [%] > mg > my > mo > [%] and
mo + mq +mo = m. If H is connected or if H contains no odd cycles, then by Theorem 4 or
Lemma 3.1, there is an ordering ¢ of H such that cms(¢) = LmT_lj Choose g, {1, {5 arbitrarily
so that ¢ = £y V 41 V £y and |¢;] = m; for each i € Zs. Because m = 3 or m > 5 we have
cms(f) > |21 > [ and it follows that the edges of ¢; form a matching for each 7 € Z3
and that ¢ obeys (i) and (ii). So we may suppose that H has t > 2 components at least one of
which is an odd length cycle, and that the lemma holds for 2-regular graphs with fewer than
t components. Let t* be the number of 4-cycles in H, noting that ¢* #£ 1.

Our strategy will be as follows. We will first choose nonempty subgraphs H and H” of
H such that H is the vertex-disjoint union of H' and H”. Let m' = |E(H')|, m"” = |[E(H")|
and mj, m;, m} be the unique nonnegative integers such that [°] > mf) > m} > mh > |2 |
and m{ +mj +mb =m’. We will then find orderings ¢’ = ¢} v ¢4 v ¢4 and ¢ = ]V 5V 04 of
H' and H”, respectively, such that ¢’ obeys (i) and (ii) and the edges of ¢/ form a matching
of size m; —m/, for each i € Zs. Finally, we will establish that the ordering ¢ = ¢; V {3 V {3 of
H, where ¢; = ¢, v 0 for i € Zs3, obeys (i) and (ii).

For the rest of the proof we take (e, €’) to be an arbitrary pair of edges that are adjacent in
H and j to be an element of Z3z such that e € ¢; and €’ € ¢;41. Because H is a vertex-disjoint



union of H' and H”, we have that either e,¢’ € E(H') or e,e¢’ € E(H"). By our construction
of £,

dp(e,e’) +mj—m’ ifee € E(H') (1)

de(e,e') >
Z( ) { d@//(e, 6/) + m;-_i_l if e, e € E(H”) (2)

Because (' will obey (ii), we will have for each j € Z3 that dy (e, ') > m/ and hence dy(e, €’) >
m; by (1) if e,e’ € E(H'). Thus, when checking that ¢ satisfies (ii), it will suffice to only
consider the case e, e’ € E(H"). So we henceforth assume that e, e’ € E(H").

We now describe how we choose H' and H” and how to find orderings ¢’ and ¢ with the

appropriate properties.

e If H has a cycle of length congruent to 0 modulo 3, choose H and H” such that H' is
this cycle and H is the vertex-disjoint union of H' and H”. Note that m/ = %m’ for
each i € Zs. Then H' contains no 4-cycle and H” contains t* 4-cycles (recall t* # 1).
By induction, take orderings ¢/ = ¢} V €4V 05 of H' and 0" = ¢} v 05V ¢4 of H"” that obey
(i) and (ii). Because ¢’ obeys (i), ¢} is an ordering of a matching of size 2m’ for each

1 I

zm’ =m; —m;

i € Zs3. Because £ obeys (i), ¢! is an ordering of a matching of size m; — :

for each i € Zs and it can be seen that ¢ also obeys (i). Because ¢” obeys (ii), we have
den(e,e’) > || = m; — +m’ and it can be seen by (2) that dy(e,e’) > m; and hence that
¢ obeys (ii).

e Otherwise, choose H' and H” such that H"” is a single odd length cycle (recall H contains
at least one odd length cycle) and H is the vertex-disjoint union of H' and H”. Observe
that H” is not a 3-cycle because we are not in the previous case, so m” > 5 and m”
is odd. Then H’ contains t* 4-cycles (recall t* # 1) and, by induction, there is an
ordering ¢/ = ({ VvV ¢} V ¢, of H' that obeys (i) and (ii). By Theorem 4, there is an
ordering ¢” of H” such that cms(¢”) = |4(m” — 1)]. Choose £, (], ¢} arbitrarily so that

0" =gV v ey and [€]] = m; —m} < [$m”] for each i € Z3. Because m” > 5,
we have cms(¢”) > [1(m” —1)] > [$m”] and it follows that ¢/ is an ordering of a

matching for each i € Zs. Hence, because ¢’ obeys (i), we also have that ¢ obeys (i). By
using der(e,e’) = [2(m” —1)], m” = m —m/ and m” > 5, we see that (2) implies that

de(e,e’) = mj, and hence that ¢ obeys (ii) of the claim, provided that
[ —m 1)) +mly > m, 3

holds for 3 < m’ < m —5. Let €,¢ € {—2,—1,0,1,2} be such that m; = %(m + ¢€) and
mi = %(m’ + €'). Because m’_; and mj; are integers, (3) is equivalent to m —m' >
2m; —2m’ ;. Thus, substituting m; = $(m+e€) and mi g = $(m’ +¢) and simplifying,
(3) is also equivalent to

m—m' > 2 — 2¢. (4)

Clearly, (4) holds when m — m’ > 9, because |e, |¢/| < 2. This leaves the cases when
m—m' =5 and m —m' = 7, recalling that m —m’ = m” is odd and at least 5. If either



m = 0 (mod 3) or m’ = 0 (mod 3), then one of € or € is 0 and hence (4) holds. Thus,
we can assume that m = 1 (mod 3) if m —m’ =5 and m = 2 (mod 3) if m —m/ = 7.
In each of these cases it is now routine to check that (4) holds, by considering subcases
according to the value of j (note that the values of € and €' are completely determined
by the congruence class of m modulo 3 and the value of j). O

We are now ready to prove Theorem 2.

Proof of Theorem 2. By Lemma 3.3, we have cms;(n,2) = "T_z for each even n > 4. It
remains to show that cms(n,2) = |5] for each integer n > 6. Let n > 6 be an integer.
By Corollary 3.5, any 2-regular graph H of order n containing a 3-cycle has cms(H) < [%].
Thus cms(n,2) < |5]| and it suffices to show that each 2-regular graph H of order n has
cms(H) > [%].

Let H be a 2-regular graph of order n. If H does not contain exactly one 4-cycle, then
the properties of the ordering ¢ of H given by Lemma 3.6 ensure that cms(€) > |5 ]. Thus,
we may assume that H contains exactly one 4-cycle. Say H is the vertex-disjoint union of H’
and H”, where H” is the 4-cycle. Let eq, e1, €2, e3 be the edges of H” so that eg, ea and ey, e3
each form a matching. Let ¢/ = ¢{ \V ¢} V ¢}, be an ordering of H' given by Lemma 3.6. Let e*
be the last edge in ¢} and let £} be the ordering obtained from ¢} by removing e*. Let

e:{ 0V (eo) VO,V (e2) VUV (e1,e3)  if [E(H)]
6V (eg) VO3V (e2,e*) VULV (e1,e3) if |[E(H')| =
It is now routine to use the fact that ¢ satisfies (i) and (ii) of Lemma 3.6 to check that any
pair of edges adjacent in H' or in H” are at distance at least [%] in £ and hence that the
lemma holds. Note that the fact that ¢ satisfies (i) and (ii) of Lemma 3.6 implies that e* is
not adjacent in H' to any edge in ¢4 when |E(H')| = 2 (mod 3). O

4 Upper and lower bounds for general graphs

In this section we find some upper and lower bounds on the cyclic matching sequenceability
of general (possibly non-regular) graphs. In particular we will prove Theorem 3. We employ
an easily proved result from [8]. We say that a matching decomposition of a graph is equitable
if the sizes of any two of the matchings differ by at most 1.

Lemma 4.1 ([8]). Let G be a graph with chromatic index c. For any t > c, there is an
equitable matching decomposition of G with t matchings.

Our next result establishes the lower bound in Theorem 3.
Lemma 4.2. For any graph H with chromatic index c, cms(H) > |%|E(H)|] — 1.

Proof. Let H be a graph. Let ¢ be the chromatic index of H, m = |E(H)| and t = [ 5 |. When
c =1, H is a matching and the result is trivial, so we can assume that ¢ > 2. By Lemma 4.1,
there is a matching decomposition {Hy, ..., H._1} of H such that |E(H;)| > %] > 2t for
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each i € Z.. For each i € Z, let H, and H! be vertex-disjoint subgraphs of H;, each with ¢
edges, and note that by Lemma 3.2 there are orderings ¢; of H;' and ¢;,, of H; , such that
ms(¢] V 0;, ) >t—1. For each i € Z¢, let £; = £;V {; V {] be an ordering of H;, where ¢ is an
arbitrary (possibly empty) ordering of the edges in E(H;)\ E(H]UH!). Let £ =4,V ---V L,.
We complete the proof by showing that cms(¢) >t — 1.

Let e, €’ be adjacent edges in H. Obviously dy{e,e’} >t — 1 if it is not the case that both
e and ¢’ are in H} U H},, for some j € Z.. But if both e and €’ are in H} U H}, then
defe,e'} >t — 1 because ms(¢] Vv £),1) >t — 1. O

For each k > 2, we define a graph By with maximum degree k. If k is even, let By be a
complete graph on k + 1 vertices and, if k is odd, let By be the graph on k + 2 vertices whose
complement is the vertex-disjoint union of a path with 3 vertices and a matching with £ — 1
vertices. In particular, the following depicts Bs.

0

3

It is easy to check that when k is odd By, has %(kzz + 2k — 1) edges and each of its vertices has
degree k except for one that has degree k£ — 1. Of course, when k is even B} has %k‘(kz +1)
edges and each of its vertices has degree k.

We will complete the proof of Theorem 3 by showing that a graph H containing Bj as a
subgraph has cyclic matching sequenceability at most %H|E(H )|. We will make use of the
following facts about By for odd integers k.

Lemma 4.3. For each odd k > 3, cms(By) < % and By has matching number %
Proof. Let v be the matching number of By. It is easy to see that v = %, because Bj has

k + 2 vertices, k is odd, and it is easy to find a matching of size % in Bg. So it remains to
show that cms(By) < % As the matching number of a graph G is clearly an upper bound
for cms(G), we only need to show that cms(By) # &5

Suppose for a contradiction that ¢ is an ordering of By, such that cms(¢) = % Let v be
the vertex of By with degree kK — 1 and let eg,...,ex_o be the edges of By incident with v,
where {(¢;) < {(e;+1) for all i € {0,...,k—3}. Clearly > .7  di(ei, eir1) = |E(Bg)|. So, for

some i € Zj_1 we have

BB [(k-10)(k+3)+2] _ k+5
df(ei’ei“)){k—ﬁw_{ 20k — 1) W_ 2
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Therefore, in £, there are % cyclically consecutive edges e’o,...,e’(k +1)/2 between e; and

ei+1, none of which are incident with v. As cms(¢) = %, we have that e, ... ,e’(k_l) /2 and
ey, e’( 1)/ OuSt each form a matching of By. However, the two matchings so formed both
have vertex set V(H) \ {v}, and they share %51 edges. This is impossible, and we conclude

that cms(By) < % O

Theorem 5. Let k > 2 be an integer. Then cms(H) < %H|E(H)| for any graph H that has
By as a subgraph. Furthermore, for all integers n > 3k 4+ 5 such that nk is even, there is a
k-reqular graph on n vertices with By as a subgraph.

Proof. Let v be the matching number of By,. When k is even, |E(By)| = ik(k +1), v = &
and the result follows by Lemma 3.4(i). When k is odd, |E(By)| = 3(k* + 2k — 1) and, by
Lemma 4.3, cms(By) < % and v = % So |E(Bg)| — cms(By) > 3k(k + 1) and the result
can be seen to follow from Lemma 3.4(ii).

Finally we show a k-regular graph on n vertices with Bi as a subgraph exists for any
n > 3k + 4 such that nk is even. If k is even, then for any n > 2k + 2, a graph that is the
vertex-disjoint union of Ky, and a k-regular graph on n — (k + 1) vertices is a k-regular
graph on n vertices with By, as a subgraph. If k is odd, then let Bj, be the k-regular graph on
2k + 4 vertices that is formed by taking two vertex-disjoint copies of By and adding an edge
incident with the vertex of degree k — 1 in each copy. For any n > 3k + 5, a graph that is the
vertex-disjoint union of B}, and a k-regular graph on n — (2k +4) vertices is a k-regular graph
on n vertices with By as a subgraph. O

Note that, for any k > 2, a k-regular graph containing Bj, is necessarily class 2. To see
this let = |V(By)| and note that x is odd and hence any matching in By has size at most
z=1_ But, for both k odd and k even, |E(By)| > @ and hence By, does not have a k-edge

colouring.

Proof of Theorem 3. The upper and lower bounds on cms(G) are established in Lemmas 2.1
and 4.2, respectively. Let A > 2 and n > A 4+ 1 be integers. If n = A 4+ 1, then K,, satisfies
cms(Ky,) < ﬁ’E(Kn)’ by the result of [2] mentioned in the introduction. If n > A+ 2, then
there is clearly a graph G of order n with maximum degree A that contains Ba as a subgraph.
Then cms(G) < ﬁ\E(G)\ by Theorem 5. O

5 Ordering with a given partition

Let H be a k-regular graph with n vertices and chromatic index c¢. In order to establish the
lower bound in Theorem 1, we will construct an ordering £ of H via a two stage process. In
the first stage we will find a partition {X;,Y;, Z; : i € Z.} of E(H). In the second stage we
will, for each ¢ € Z, find orderings lx,, ly,, £z, of X;, Y;, Z;, respectively, then take

{= EZO \/fy0 \/EXO \/fz1 \/fy1 \/f)(1 AR \/ka1 \/fyk1 \/Ech
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and show that ¢ has the required matching sequenceability. In this section we detail how
to construct the ordering ¢ given a partition of F(H) with certain desirable properties. In
Section 6 we will establish that a partition with such properties does indeed exist.

Let X; C E(H;) for all i € Z.. For each i € Z., we say that a vertex v in V(H) is i-covered
for {Xo,...,Xc—1} if v is adjacent to an edge in X; and either there is an edge in X, that
is also adjacent to v or no edge in H;yy is adjacent to v. For a graph H and nonnegative
integers x and w, we say that a partition {X;,Y;, Z; : i € Z.} of E(H) is a (z,w)-partition of
H if it obeys the following conditions.

(P1) w < 2z and = + 2y < |L|E(H)|| where y = [3z — 3w].

(P2) {H; :i € Z.} is an equitable matching decomposition of H, where H; is subgraph of H
with edge set X; UY; U Z; for each i € Z,.

(P3) |X;| =z and |Y;| =y for all i € Z,.
(P4) No edge in X; is adjacent to an edge in Z;; for all i € Zk.

(P5) For all i € Z, |Y/| < % and each edge in Y} is adjacent to at most one edge in Z;,1,
where Y/ is the set of edges in Y; that are adjacent to exactly two edges in X;_;.

(P6) For all i € Z,, there are at least w vertices of H that are i-covered for {Xo,..., Xc_1}.

We treat an (x, w)-partition as including a specification of which of its sets plays the role of
X, Y; and Z; for each ¢ € Z.. We will refer to these properties simply as (P1), (P2), ..., (P6)
throughout the rest of the section and in the next section. When an (x, w)-partition is defined
we will use y and Y/ in the roles they play in (P1) and (P5) without explicitly defining them
each time. Note that |E(H;)| € {|2|E(H)||, [L|E(H)[]} for each i € Z. because {H, : i € Z.}
is an equitable matching decomposition of H by (P2). Thus, it follows from (P1) — (P3) that
|Zi| = |E(H;)| —x —y >y for each i € Z,.

Our goal for the rest of the section is to establish Proposition 5.3 which guarantees a lower
bound on the cyclic matching sequenceability of a graph that admits an (z, w)-partition. Our
next results, Lemmas 5.1 and 5.2, are used only in the proof of Proposition 5.3. In Lemma 5.1,
we define orderings of Y; and Z; for each 7 € Z. and then, based on these, in Lemma 5.2 we
determine orderings of X; for each i € Z.

Lemma 5.1. Let H be a graph and let {X;,Y;,Z; : i € Z.} be a (xz,w)-partition of H. For
all i € Ze, there are orderings Uy, and Lz, of Y; and Z; so that ms(ly, V Lz, ) >y —1 and, in

ly,, the edges in'Y] are the last to occur.

Proof. Fix an arbitrary ¢ € Z.. We will define orderings of Y; and Z;, 1. As discussed above,
(P1) — (P3) imply that |Z;| > y. By (P5), |Y/| < ¥ and each edge of Y} is adjacent to at
most one edge in Z; 1. Thus, we can choose a subset Z;,; of Z;,; such that |Z] | = [Y/| and
Z;, includes every edge in Z;;; that is adjacent to an edge in Y. Let 3 = |Y/|. Choose an
arbitrary ordering KY{ = (€g,...,ey_1) of the edges in Y. Because each edge of Y} is adjacent

to at most one edge in Z;11, we can now choose an ordering €Z£+1 = (e, -- .,ez,_l) of the
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edges in Z], | such that, for each j € Z, either e; is not adjacent to any edge in KYZ/ or e; is

the last of the (at most two) edges in KYZ/ adjacent to €j. Clearly then,
/
ms(lys V €Z§+1) >y (5)

Let Y" =Y;\Y/, Z, = Zi;1\ Z{,, and 3" = [Y"|. We have seen that (P1) — (P3) imply
|Ziy1| = |E(Hiy1)| —  — y > y and thus, subtracting 3’ from both sides, we have |Z, ;| > v
and so we can find a subset W of Z}’ | such that [WW| = 3. By Lemma 3.2, there are orderings
KYZ_H and fyy of the matchings formed by the edges of Y/ and the edges of W, respectively,

such that ms(ﬁyiu Viw) = y" — 1. Let €Z§'+1 = lw V £r where £ is an arbitrary ordering of
the edges in Z;' | \ W. Clearly then,

ms(lyr V EZ{’H) > — 1. (6)
By the definition of Z, |, no edge in it is adjacent to an edge in Y;. Thus, by Lemma 2.4,
ms (eyiu Vlys VgV ezgﬂ) Sy 4y —1=y—1,
where we have used the facts that ms(¢y Vg, )+Y/| = y"—1+y by (6), that ms(EYZ/\/EZZ{H)—I—

1 Z4a| = ¥ +y" by (5) and [Y/[+|Z]4 ] = v'+y". Solet by, = byrVily: and {7
and note we have shown that these orderings satisfy ms(fy; V ¢

i1 = Lzy Vg1 s
.+1) =y — 1. By applying this
procedure for each ¢ € Z., the lemma is proved. O

Lemma 5.2. Let H be a graph and let {X;,Y;,Z; : i € Z.} be a (z,w)-partition of H. For
all i € Z, let Uy, and {z, be orderings of Y; and Z; that satisfy the conditions of Lemma 5.1.
Then, for all i € Z, there is an ordering lx, of X; such that ms({x, V ly,, ) > x and
ms(lx, VIx,,,)=>x—y.

Proof. For each i € Z., we will find a subset X/ of X; such that |X/| = min{z, {%yj} and X/
includes every edge of X; that is adjacent to an edge in Y;’H, and then construct an ordering
l X! of X/ for each i € Z,. Once this is accomplished we will then find an ordering ¢ X of
X! = X; \ X] for each i € Z., and show that the orderings ¢x, = ¢ x; Vv ¢ X7 satisfy the
conditions of the lemma. Note that if z < L%yj, then the X! will be empty and the ordering
L x will be trivial.

Let j be an arbitrary element of Z.. Let y; be the number of edges of Y;,1 adjacent to
exactly one edge in X; and y2 be the number of edges of Y;;1 adjacent to exactly two edges
in X, and note that y» = |Y] | by the definitions of y and [Y/ ,|. Consider the number of
vertices incident with both an edge in X; and an edge in Y;,;. Because X; is a matching,
each edge in Y; 1 is adjacent to at most two of its edges, and hence this number is y; + 2ys.
On the other hand, by (P6), this number is at most 2z — w, where we note that | X;| = 2 and
that the edges of Yj11 U X1 form a matching. It thus follows from y = [3z — %uﬂ that

2y

yi+2y <22 —w< L (7)
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Thus, we can choose a subset X} of X; such that |X}| = min{z, {%yj} and X} includes every
edge of X that is adjacent to an edge in Y (if z < L%yj then we choose X = X;). Further,
because the last edges of fy, , are those in Yj’ 1 and y = y1 + 2y2 by (7), we can apply
Lemma 2.6 to obtain an ordering ¢ X! of X J/ such that

ms(@XJ/_ \/€yj+1) = ‘X;’ (8)
Thus, for each i € Z., we can take such an ordering KXZ{ of X/, let £x, = KXZ{ if z < L%yj

and let X! = X; \ X/ otherwise. If z < L%yj then this completes the proof of the lemma,

using (8) and the fact that < y. Thus, we may assume that x > L%yj For each i € Z. by

Lemma 2.5 there is an ordering £/ of X}’ such that

where the last inequality follows because y > %:17 since y = [3x — %w] and w < %:17 by (P1).
Again, let j be an arbitrary element of Z.. As no edge in X J’»’ is adjacent to an edge in
Y41, we have from (8) that

Obviously, |X7| =z~ L%yj > x—y and, because y > 3£ by (P1), we have | Xl = L%yj > x—y.
Therefore, by (9),
ms (EXJ’ \/EXJ’.’ \/EX;+1 \/EX;’H> ZT—y.

Thus, the orderings ¢x, =/ XV l X for i € Z. satisfy the required properties. O

Proposition 5.3. If H is a graph that has a (x,w)-partition for some nonnegative integers
x and w, then cms(H) > x +y — 1.

Proof. Let H be a graph and let {X;,Y;,Z; : i € Z.} be a (x,w)-partition of H. By Lem-
mas 5.1 and 5.2 there are, for each i € Z., orderings Vx,,ly,,{z, of X;,Y;, Z;, respectively,
such that ms(fy; V €z,,,) >y — 1, ms({x, V by, ;) > = and ms(ly, V lx, ) =  —y. Let
Ui = Llz, V by, V Ux, for each i € Z.. Now let i be an arbitrary element of Z.. By Proposi-
tion 2.2, it suffices to show that ms(¢; V £;41) >z +y — 1.

We have ms(fy; V £z, ,) >y — 1. So, because |Y;| =y and Y; U Z; is a matching, we have

mS(fZi\/EYi\/fziH) > y— 1L (10)

We also have ms({x, Vly, ) > v and ms({x,V{x, ,) = x—y. Thus, because ms(¢y,, , Vlx, ) =

i+1

y + x, Lemma 2.3 implies that
ms(x, Vly,,, Vix, ) >min{z,z+y,y+ (r —y)} == (11)

By (P4), the edges of X;UZ; 1 form a matching. Thus, applying Lemma 2.4 with M; = Z;UY},
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My = X;, M3 = Z;+1, My =Y;11 U X;41, and using (10) and (11), we have
ms(4; V1) 2 min{y — 142,04 |Zip1 |, ms(lz, Vly, Ve, Vix, ) Yo+ |Ziq|} =2 +y—1,

where the last inequality holds because |Z;+1| > y which we have seen follows from (P1) —
(P3). O

6 Finding a good partition

In this section we prove Theorem 1 by establishing the existence of (z,w)-partitions in k-
regular graphs with & > 3. Let H be a k-regular graph and {Hy,...,H._1} be an equitable
matching decomposition of H. Then, we call {Xo,...,X._1} an (z,w)-semipartition with
respect to {Ho,...,H._1} if X; C E(H;), |Xi| = = for each i € Z, and {Xo,..., X1}
obeys (P6) for w. Our strategy is to first establish that it is possible to extend an (x,w)-
semipartition to an (x,w)-partition in Lemma 6.1, then to exhibit (x,w)-semipartitions (using
several different methods) in Lemmas 6.2-6.4. In Lemmas 6.5 and 6.6, we then prove the lower
bounds of Theorem 1, using Proposition 5.3. Finally, we prove Theorem 1.

Lemma 6.1. Let k > 3 be an integer, let H be a k-regular graph with n vertices, and let
{Ho,...,H._1} be an equitable matching decomposition of H. Let {Xo,...,Xc—1} be an (z,w)-
semipartition. If v and w satisfy (P1), then there exists an (z,w)-partition of H.

Proof. For i € Z., let T; be the set of edges in F(H;) \ X; that are adjacent to exactly one
edge in X;_1 and let T} be the edges in E(H;) \ X; that are adjacent to exactly two edges in
X;—1. There are 2z vertices that are incident with an edge in X;_1. Of these 2z vertices, |T;|
are incident with an edge in T, 2|T7| are incident with an edge in 77, and by (P6) at least w
are incident with an edge in X; or have no edge of H; incident with them. Thus,

w+ ] +2/T)] < 2. (12)

For all i € Z., we construct sets 77 ‘.1 with the following properties.
(i) The set T}, is a subset of E(Hy1) \ (Xijt1 Ui UT], ).

(ii) For each edge in T} that is adjacent to two edges in E(H;y1) \ (Xip1 UTir1 UT], ), a
least one of these latter two edges is in 77 ;.

Let j be an arbitrary element of Z.. For each e € TJ’ that is adjacent to two edges in
E(Hj11) \ (Xj+1 UTj41 UTj,4), choose one of these adjacent edges, and let T}, be the set
of all these chosen edges. Then clearly "1 has the desired properties and |}, ;| < |T}|. By
(12), |T}| < x — §. Thus, |7}, ;| <z — 5 and hence by (12)

|1}UT;UZ}{/|:|Tj|+|T]{|—|—|T]{/| <2$—w+$—%w:3$—%w<y. (13)

Now we let Y; O T;UT/UT! be a y-subset of E(H;)\X; and Z; = E(H;)\ (X;UY;) for all i € Z,
(such a Y; exists because z and w obey (P1) and so we have |E(H;)\X;| > [1E(H)|—x > 2y).
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We complete the proof by showing that {X;,Y;,Z; : i € Z.} is an (z,w)-partition. By our
hypotheses, (P1) is satisfied, and (P2) and (P3) are immediate from the above construction.
Because Y;11 2 Tj4q1 U T]{+17 each edge of F(H;i1) that is adjacent to an edge in Xj is in
X1 UYj11. Thus, no edge of X; is adjacent to an edge in Z;1, as required for (P4). The
set of edges in Y; that are adjacent to two edges in X,;_; is T]’ and it follows from (12) and
the definition of y that [T7| < 2 — § < §. Also, by (ii) and because Y;11 2 T}, ,, each edge
of T]’ is adjacent to at least one edge in X1 U Yj;q and hence is adjacent to at most one
edge in Zj;q. Thus, (P5) holds. Because {Xy,...,Xc—1} is a (x,w)-semipartition, (P6) is
satisfied. O

We now find (z, w)-semipartitions using two different approaches. The first is constructive
and works better for small values of k. We detail it for class 1 graphs in Lemma 6.2 and for
class 2 graphs in Lemma 6.3. Our second approach is probabilistic and works better for large
values of k. We detail it in Lemma 6.4.

For the remainder of the section, it will be convenient to extend our existing notation
slightly. Let {Hy,...,H.—1} be an equitable matching decomposition of a graph H and let
X be a subset of E(H). For v € V(H) and i € Z. we say that v is i-covered for X if v is
i-covered for {X N E(Hy),...,X N E(H.—1)}. That is, v is i-covered for X if v is adjacent to
an edge in X N H; and either there is an edge in X N H; 1 that is also adjacent to v or no edge
in H;y; is adjacent to v. Also, for a graph G and a subset S of V(G) we use G[S] to denote
the subgraph of GG induced by S.

Lemma 6.2. Let k > 3 be an integer. Let H be a k-regular class 1 graph with n vertices, and
let {Ho,...,Hy_1} be an equitable matching decomposition of H. Then for any v < 5 there
is an (z,w)-semipartition of H with w = x + |£=1].

Proof. Let w = z + Li—jj Let V3 be a set of any two adjacent vertices in H. We will
iteratively define a sequence V5, ..., V,, of subsets of V(H) such that Vo C --- C V,, and, for
each i € {2,...,w},

1) Vil =1

(ii) at least b of the graphs in {H;[V;j] : j € Z;} have at least a + 1 edges and the rest
have at least a edges, where a and b are the integers such that i — 1 = ak + b and
be{0,...,k—1}.

Note that V5 obeys (i) and (ii). Suppose inductively that for some h € {2,...,w — 1} we
have a set V}, obeying (i) and (ii). Let d/, b’, a” and b be the integers such that h—1 = a’k+b',
h=ad"k+b" and ¥',b" € {0,...,k — 1}. Notice that

"4+1,0) if h =0 (mod k)
"y — (a ’ 14
(a”,0%) { (a/,b' +1) otherwise. o

Let jo € Zj, such that |[E(H;,[V3])| < |E(H;[V3])| for each j € Zy. If |E(Hjy[Vi])| = o' +1,
then |E(H;[V4])| = o’ + 1 for each j € Zj by the definition of jo. In this case we take
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Vi1 = Vi U{u} for any vertex u € V( )\Vh and note that V11 obeys (i) and (ii) using (14).
If |E(H,,[V3])| = @' then, because a’ < 2, there is a vertex u € V(H) \ Vj, such that the edge
of Hj, incident with u is also incident w1th a vertex in Vj,. We take Vi1 = Vj, U {u}. Then
we have |E(H;y[Vh41])| = ¢/ + 1. From this it can be checked, using (14), that V41 obeys (i)
and (ii). So we have defined V3,..., V.

For each j € Zj, let X7 be the set of all edges of H; adjacent to at least one vertex in V,,
and observe that

X3 | = w — B V)| < w — |22
1

where the inequality follows because V,, obeys (ii). Now w — *= < z because w < xkk__ll by
w—1 J

definition, and hence w — [ *— x because w and x are integers. Thus, for each j € Zg,
we can choose a subset X Of E(Hj) such that X7 C X; and |X;| = 2. Now, for each j € Zj
and each v € V,,, there is an edge of X; and an edge of X;,; incident with u. Therefore,
{Xo...,Xk_1} satisfies property (P6) for w and thus is an (x,w)-semipartition with respect
to {HO,...,Hk_l}. O

Lemma 6.3. Let k > 3 be an integer, let H be a k-regular class 2 graph with n > 6(k + 1)
vertzces and let {Hy,...,Hy} be an equitable matching decomposition of H. For any x <
| sy k+1 | there is an (z, w) -semipartition of H, where w = x + [£1].

Proof. Throughout this proof, for any subset of E(H) denoted X (h) and any j € Zgi1,
we denote X(h) N E(H;) by Xj(h). Let w = = + Lx 2711 We claim there is a sequence
X(1),...,X(w) of subsets of E(H) such that X(1) C --- C X(w) and, for all i € {1,...,w},

) X500 € {i— lizr) — Li - lig

(i) Hj € Zggr : | X;(0)| =i — LkHJ}\ =k +1—14, where 7 is the least nonnegative integer

|} for each j € Zgi1;

congruent to ¢ — 1 modulo k + 1;
(iii) at least i vertices are j-covered for X (i) for each j € Zjq.

Suppose for the moment that this claim holds. For all j € Z1 observe that
| X (w)] <w — H’T_%J <z

where the first inequality follows because X (w) satisfies (i) and the second follows because

<x+ x—_l by the definition of w and the fact that w and = are integers. Thus, for each
J € Zy, we can find a subset X; of E(H;) such that X;(w) C X; and |X;| = z. Then, because
X (w) satisfies (iii), we have that {Xo ..., Xy_1} satisfies property (P6) for w and thus is an
(x,w)-semipartition with respect to {Hy,..., Hi}.

So it only remains to prove the claim. We do so by induction on i. Let v € V(H) be a
vertex not incident in H to an edge in Hy and v € V(H) be a vertex not incident in H to an
edge in Hy (such a vertex v exists because {Hy, ..., H;} is equitable and n > 6(k + 1)). Let
X (1) be the set containing each edge of H incident with u and the unique edge of Hy incident
with v. It is easy to check that X (1) satisfies (i), (ii) and (iii).
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Now suppose inductively that for some h € {1,...,w — 1} there is a set X (h) that satisfies
(i), (ii) and (iii). We will show that there is a choice for X (h + 1) that satisfies (i), (ii) and
(iii). Let s be any element of Zg,q such that | X (h)| = h — Lk—HJ (note that at least one
such exists by (ii)). We will construct X(h + 1) as X(h) U {e; : j € Zjy1 \ {s}} where ¢; is
an edge in E(H;) \ X;(h) for each j € Zy1; \ {s}. It can be checked that this will ensure
that X (h 4 1) satisfies (i) and (ii) for ¢ = h + 1. (To see this, note that if A # 0 (mod k + 1)
then Lk+1J = Lk+1J and that if ~ = 0 (mod k + 1) then Lk+1J = Lk+1J + 1 and |X;(h)| =
h—1-— Lk+1J =h-— Lk+1J for all j € Zgy1 \ {s} by (ii).) So our goal is to ensure that (iii)
also holds.

We will first choose a subset T" of Zjy1 \ {s} and an e; for each j € T such that, for all j €
TU{s}, at least h+1 vertices are j-covered for X'(h+1), where X'(h+1) = X (h)U{e; : j € T'}.
If more than h vertices are s-covered for X (h), then we can take T'= () and X' (h+1) = X (h),
so assume otherwise that precisely h vertices are s-covered for X (h). Thus, by our choice
of s, there are 2(h — Lk—HJ) vertices incident with an edge in X(h) and only h of these are
s-covered. Now 2(h — | +1j) > h because k£ > 3 and hence there is a vertex v that is incident

with an edge in Xs(h) but is not s-covered. Let
T ={j € Zys1 \ {s} : an edge in E(H;) \ X;(h) is incident with v}

and, for each j € T, take e; to be the edge of E(H;) \ X;(h) incident with v. Then, for each
j € TU{s}, we have that v was not j-covered for X (h) but is j-covered for X'(h + 1) and
hence, because at least h vertices were j-covered for X (h), at least h+ 1 vertices are j-covered
for X'(h +1). So we can find 7" and X'(h + 1) with the claimed properties.

It remains to choose e; for each j € Zj \ (T'U {s}). If T U {s} = Zy41 we are done.
Otherwise, let ¢ be an element of Zg,q \ (T'U {s}) such that ¢+ 1 € T U {s}. We will show
that there is a choice for e, in E(H,)\ X,(h) such that at least h+ 1 vertices are g-covered for
X'(h+1)U{e,}. This will suffice to complete the proof because a suitable X (h + 1) will then
be obtainable by iterating this procedure. If more than h vertices are g-covered for X’(h+ 1),
then we may take e, to be an arbitrary edge of H, \ X,(h). So we can assume that precisely
h vertices are g-covered for X'(h + 1).

If there is a vertex u that is incident with an edge in E(H,) \ X;(h + 1) but not with an
edge in E(Hy41)\ X, 1 (h+1), then we can take e; to be the edge in E(H,)\ X;(h+1) incident
with u. The vertex u was not g-covered for X’(h+ 1) but is for X'(h+1)U{e4}. So it suffices
to show that there is such a vertex u. Let w, and wy41 be the number of vertices of H that
are incident with no edge in H, and H,; respectively. The number of vertices not incident
with an edge in E(Hgy1) \ X{yq(h+ 1) is thus 2|X} 4 (A + 1) + wgp1 = 2h — 2Lk+1j + Wgt1.
The inequality follows because either ¢+ 1 = s and | X} (k)| = [Xg41(h)| = h — Lk+1J by the
definition of s or ¢+1 € T and | X, ; (h)| = [Xg41(h)[+1 > h— Lk+1J because X (h) obeys (i).
Now, at most h of these vertices not incident with an edge in E(Hy41)\ X; 4 (h + 1) are not
incident with an edge in X, (h + 1), because precisely h vertices are g-covered for X'(h + 1),
and at most w, are not incident with an edge in H,. So such a vertex u will exist provided
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that
2h — 2| 5 | + wep1 > b+ wy.

Now wy — wg+1 < 2 because {Ho, ..., Hy} is equitable and hence this inequality will hold and
such a u will exist unless h < 4. If h < 4, then note that, because {Hy, ..., Hi} is equitable,

|E(Hg41)| < (2(k+1 | and hence
Wgt1 2 2(2(k+1 >n-— kkf1 z4=2h

where the second last inequality follows because n > 6(k + 1). Thus, one of the w,41 vertices
incident with no edge in H,11 will not be incident with an edge in X [’I(h—k 1), because precisely
h vertices are g-covered for X’'(h + 1). So again such a u exists.

Thus we can choose an e, in E(H,) \ X,(h) such that at least h + 1 vertices are g-covered
for X'(h 4+ 1) U {e,}. As discussed, by iterating this procedure we can obtain a choice for
X(h+ 1) that satisfies (i), (ii) and (iii). This completes the proof. O

We now present a probabilistic method of finding (x, w)-semipartitions of k-regular graphs.

Lemma 6.4. Let k > 3 be an integer and let ¢ € {k,k+1}. If H is a k-regular graph of order
n, {Ho,...,H.—1} is an equitable matching decomposition of H, and « is a constant such that
D<ax< %, then there is an (x,w)-semipartition of H, where

xz@n—l—O(\/ﬁ), w:%kn—l—O(\/ﬁ).

Proof. For each v € V(G), let I, be a random variable that is 1 with probability o and 0
otherwise. Let R = {v € V(G) : I, = 1}. Observe that then |E(H;[R])| is a binomial random
variable with |E(H;)| trials and success probability a? and so by Hoeffding’s inequality [6] we
have

P (1B R < 02| E(H,)| - \/HEH, lox(a0)) < 5. (15)

The proof now divides into cases according to whether c =k or ¢ = k + 1.

Case 1. Suppose that ¢ = k. Note that in this case |E(H;)| = 5 for each i € Zj. Now |R| is
a binomial random variable with n trials and success probability a and so Pr(|R| > [an]) < 1.
Thus, by (15) and the union bound, there is a subset S of V such that |S| = [an] and
|E(H;[S])| = 3a’n — O(y/n) for each i € Zj (note that vertices can be added arbitrarily to
ensure that |S| = [an]).

Let j € Zj. Let m; be the number of edges of H; that are incident with at least one vertex
in S. Because every vertex in S has an edge of H; incident with it and there are |E(H;[S])|
edges of H; that are incident with two vertices of S, we have

= IS| = [E(H;[S])| < [an] = Sa%n+ O (V) = an(1 - §) + O(vi).

So we can take x = an(l — §) + O(y/n) such that m; < x for each i € Zj. Then, for each
i € Zi, we can choose a subset X; of E(H;) such that |X;| = z and X; contains all m; edges
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of H; that are incident with a vertex in S. Because each vertex in S has edges of H; and H;
incident with it for each i € Zg, {Xo, ..., Xx_1} obeys (P6) for

w=|S] =an+ 0 (vVn)

and hence is an (x,w)-semipartition with respect to {Ho, ..., Hx_1}.

Case 2. Suppose that ¢ = k + 1. For each ¢ € Zp,1, note that in this case |E(H;)| €
{Lz(k+1 1, (2(k+1 1} and let V; = V(H)\ V(H;). Note that {Vj, ..., Vi} is a partition of V/(H)
and that V; = 25 + O(1) for each i € Zy41. So, for i € Zg41, |R N V;| is a binomial random
variable with |V;| trials and success probability @ and by Hoeffding’s inequality we have

1
P (IIRAY| - alVi| > /HV1log(50)) < £ (16)

Thus, by (15), (16) and the union bound, there is a subset S of V' such that, for each i € Z1,
SN Vil = g55n + O(V/n) and |E(H,[S])| > azﬁn — O(y/n). Note that this implies that
|S] = an + O(y/n).

Let j € Zyy41. Let m; be the number of edges of H; that are incident with at least one
vertex in S. Because every vertex in S\ V; has an edge of H; incident with it and there are
|E(H;[S])| edges of H; that are incident with two vertices of S, we have

m; = |S| =[S N Vj| = |B(H;[S)| < an = 330 — grkiya®n+ O(vVn) = Seiin + O(vn).
02]?22+S)n + O(y/n) such that m; < z for each i € Zyy;. Then, for each
i € Zgy1, we can choose a subset X; of E(H;) such that | X;| = x and X; contalns all m; edges
of H; that are incident with a vertex in S. Now, for each i € Zy41, |S\ Vi| = k+1n + O(y/n)
and each vertex in S\ V; has an edge of X; incident with it and either has an edge of X,
incident with it or has no edge of H;; incident with it. Thus, {Xj,..., X;} obeys (P6) for

So we can take x =

w =

ak
it O (V/n)
and hence is an (z, w)-semipartition with respect to {Hy, ..., Hx}. O

Now we present the proofs of the lower bounds of Theorem 1, using the explicit and prob-
abilistic methods for finding (z, w)-semipartitions given above. We begin with the following
that uses Lemmas 6.2 and 6.3.

Lemma 6.5. For any integers k > 3 and n > 6(k + 1) such that nk is even,

k(5k — 3)
Akt Dk —3)"

Bk-8
44k —7)

cms(n, k) > —6 and cmsi(n, k) >

Proof. Let H be a k-regular graph with order n and chromatic index c. Let

x:L%J and w:x—kﬁ:”.
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By Lemma 6.2 or 6.3 there exists an (x, w)-semipartition for H, noting that x

g A

c—1 < 4¢c— 7. We show that there exists an (x,w)-partition. Obviously
Lemma 6.1 it suffices to show that z 4+ 2y < g—’g for y = [33; — %w} .

We have
x(40—7)+4 nk — +4__k

T+ 2y < % 9

where the first inequality follows because 2y < 6x —3w+1 and w > x+ *< CH , and the second
follows because x(4c — 7) < 5= (nk — 8¢c)(c — 1).

Because there exists an (x,w)-partition, we have cms(H) > x 4+ y — 1, by Proposition 5.3.
So
(bc —8)x —2c+5 k(5¢c — 8)

20c—1) te@c—ny" 0

cms(H) Z2z+y—12>

where the second inequality follows because y > 3x — %w and w < xcc_ and the third follows
because = > % 1. Substituting ¢ = k and ¢ < k + 1 gives the required bounds for
cmsq (n, k) and cms(n, k), respectively. O

Lemma 6.6. Let k > 3 be an integer. Then for integers n > k such that nk is even,

Bk
98(k + 1)

—o(n) and cmsi(n, k)= L o(n)

cms(n, k) > 55

Proof. Let H be a k-regular graph with order n and chromatic index ¢. Let 0 < a < %

Then, by Lemma 6.4, there is an (x,w)-semipartition where z = M + O (y/n) and

w = O‘Tkn + O (y/n). For sufficiently large n, we can apply Lemma 6.1 to obtain an (x,w)-

partition, since clearly w < %:17 and making substitutions for x and w shows that
ak(8 — Ta) nk
z+2[3z— 3w| = ———n+0(Vn) < [%J (17)

where the last inequality follows from o < % Therefore, applying Proposition 5.3 yields,

cms(H) >z + [3z — 3w 1—1-%71—1—0(\/5),

where the final estimate is obtained by making the appropriate substitutions for x and w. As
the above inequality holds for any 0 < o < %, by substituting « sufficiently close to % we
obtain the result. O

We can now present the proof of Theorem 1.

Proof of Theorem 1. Let £ > 3 be an integer. Then the lower bounds for cms(n, k) and
cms (n, k) hold for n > 6(k + 1) by Lemmas 6.5 and 6.6. The upper bound for cms(n, k)
follows from Theorem 5, since for all n > 3k + 5 there is a k-regular graph of order n with
By as a subgraph. Finally, cms(G) < ”T_l for each k-regular graph G. To see this, note that

otherwise there would be an ordering ¢ = (eq,...,€p,/2—1) of a k-regular graph G of even
order n such that each of eg, ..., e,/5_; and e1,..., e, /5 form a matching of size 5 in G, which
is impossible as two matchings of size 5 cannot dlﬁer by exactly one edge. O
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7 Conclusion

The table below gives, for each integer k > 3, the strongest consequences of Theorem 1 for

large n.

i —6 < cms(n,3) < gn £n—6 < cmsy(n,3) < L
%n— 6 < cms(n,4) < %n %n —6 < cmsq(n,4) < "T_l
%n— 6 < cms(n,5) < 15—211 é—gn —6 < cmsy(n,5) < ”T_l
S_gn_ 6 < cms(n,6) < 2n Hn—6 < cms(n,6) < 251
951 — 6 < cms(n,7) < o >n—6 < cmsy(n,7) < 254
2%41”_6 < cms(n,8) < gn Sn—6< cmsi(n,8) < 51
5n — 6 < cms(n,9) < g5n 13—176n —6 < cmsi(n,9) < 25t
$8n —6 < cms(n, 10) < Fn %n 6 < cmsi(n,10) < 251
%n— 6 < cms(n,11) < %n %n —6 < cmsy(n,11) < "T_l
%n — 6 < cms(n, 12) < %n %n —6 < cmsg(n,12) < "T_l
Tgran — 6 < cms(n, 13) < gn 19y —6 < cmsy(n,13) < 252
%n —6 < cmsg(n,14) < "T_l
sy —o(n) < cms(n.k) < gifgyn | S —o(n) < amsi(n.k) < 25t

for each k > 14 for each k > 15

Table 1: Consequences of Theorem 1 for each k

We know of no nontrivial upper bounds on cms;(n, k). It would be interesting to obtain
some or, on the other hand, to prove that cms;(n, k) approaches "T_l as n becomes large. We
certainly expect that our upper bounds on cms;(n, k) and cms(n, k) are much closer to the

true value than our lower bounds. In particular we pose the following question.

Question. Let k > 3 be an integer. For integers n > k such that nk is even, is it the case

that cms(n, k) = % —o(n)? Is it the case that cmsy(n, k) = 252 — o(n) ?
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