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Abstract

In this article, we extend Moon’s classic formula for counting spanning trees in complete graphs
containing a fixed spanning forest to complete bipartite graphs. Let (X,Y’) be the bipartition
of the complete bipartite graph K, with |X| = m and |Y| = n. We prove that for any given
spanning forest F' of Ky, n with components 741,75, . .., Tk, the number of spanning trees in Ky, n
which contain all edges in F' is equal to

1 - . min;
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where m; = |V(T;) N X| and n; = [V(T3) NY | fori=1,2,...,k.
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1 Introduction

In this paper, we assume that all graphs are loopless, while parallel edges are allowed. For any graph
G, let V(G) and E(G) be the vertex set and edge set of G. For any edge set F' C E(G), let G/F be
the graph obtained from G by contracting all edges in F'; and removing all loops. Let 7 (G) denote
the set of spanning trees of G. For any positive integer k, let [k] denote the set {1,2,--- ,k}.
Suppose G is a weighted graph with weight function w : E(G) — R. For any F C F(G) and

any subgraph H of G, define w(F) = [] w(e) and w(H) = w(E(H)). Let 7(G,w) = >, w(T).
ecF TeT(G)
Sometimes we use 7(G) instead of 7(G,w) when there is no confusion. It is obvious that for an

unweighted graph G (that is to say, a weighted graph with unit weight on each edge), 7(G) = |T(G)|,
i.e., the number of spanning trees of G. Throughout this paper, any graph is assumed to be unweighted,
unless it is claimed.

Counting spanning trees in graphs is a very old topic in graph theory having modern connections

with many other fields in mathematics, statistical physics and theoretical computer science, such as
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random walks, the Ising model and Potts model, network reliability, parking functions, knot/link
determinants. See [2H4L[7L[T0] for some recent work on counting spanning trees.
For a subgraph H of G, let Ty (G) denote the set of spanning trees T € T (G) with E(H) C E(T),

and let 74 (G) = Y. w(T). For unweighted graph G, 75(G) = |Tu(G)], i.e., the number of
TeETu(G)
spanning trees of G containing all edges in H. Note that usually the graph H here is a forest or a

tree, because otherwise Ty (G) = 0 and 74 (G) = 0.
The celebrated Cayley’s formula [I] states that 7(K,,) = n"~2. In 1964, Moon generalized Cayley’s

formula by obtaining a nice expression of 7#(K,) for any spanning forest F' of K.

Theorem 1 ( [9], also see Problem 4.4 in [§]). For any spanning forest F of K, if ¢ is the number

of components of F' and n1,na,...,n. are the orders of those components, then
(&
Tr(K,) =n2 H n;.
i=1

It is easy to see that Cayley’s formula is the special case that F' is an empty graph. It is also well
known that 7(K,, ) = m™ 'n™~! for any complete bipartite graph K, ,, by Fiedler and Sedlacek [5].
So there is a natural question: is there a bipartite analogue of Moon’s formula (Theorem [)? That is
to say, for any given spanning forest F' in K, ,,, what is the explicit expression of 74 (K, pn)?

It turns out that this question is much harder than the case of complete graphs. In [6], this question
was partially answered for two special cases: F' is a matching or a tree plus several possible isolated

vertices.
Theorem 2 ( [6]). For any matching M of size k in K, p,
7 (Komn) = (m +n) Y (m +n — k)ymn—F-tpm-k-1,
Theorem 3 ( [6]). For any tree T of Ky n,
0(Kpn) = (sn +tm — stym™ 1= Ipm=s=1,

where s = |[V(T)NX|, t = |V(T)NY|, and (X,Y) is the bipartition of K, with |X| = m and
Y| =n.

In this paper, we obtain an explicit expression for 77 (K, ) for an arbitrary spanning forest F of

Ko

Theorem 4. Let (X,Y) be the bipartition of Kn, n with | X| = m and |Y| = n. For any spanning
forest F' of Ky, n, with components 11,15, ..., T},

k

Tr (Kmon) = % <H(mln + nim)> (1 — Z m:iﬁ) , (1)

=1

where m; = | X NV(T;)| and n; = |Y NV(T;)| for all i € [k].

2 Preliminary results

This section provides some results which will be applied in the next section for proving a key identity.



Lemma 1. For any set of k pairs of real numbers {a;,b; : i € [k]}, where k > 1, if a;B+b;A # 0 for
all i € [k] where A=ay;+as+ -+ ar and B=0b; +ba+ -+ by, then

2

b a;b; i a? b b?
o 1Y — 7 . 2 . 2

i=1 i=1 i=1
Proof. Since a;B + b; A # 0, A and B cannot both be 0.
When A =0 and B # 0, equality (2)) holds because

2 2

Eab, kb,
1 -3 W% ) (152 )~
( ; @B + biA) ( i=1 B) 7

La Lo A &

i=1 i=1

=

and

Similarly, equality (2)) holds when B =0 and A # 0. Let W; = a;B+b; A for i € [k]. When A # 0
and B # 0, observe that

k k k
a;b; a? a; (Abl + Bai)
A BY — = —_— = i =A, 3
Lw LWL w L ¢
implying that
ko g k
a; A a;b;
S (-2 @
1=1 =1
Similarly,
¥ B " aib,
- =—(1- . 5
- inw) R
Clearly, equality () follows from (@l and (). O

For a set A of real numbers, in the following, if A is the empty set, we set

Hazl and Za:(). (6)

acA a€A

Lemma 2. Let S be a set of positive integers. For any set of 2|S| real numbers {a;,b; : i € S},

> 1 IT o | | =11(ai+ ) -] 0

P#£ICS jeI reS\I €S €S

—
~
-

Proof. The identity follows from the following fact:

> ((ITa) { IT o) ) = IT(ai+00). (8)

pcICS jel res\I ies

Lemma 3. Let S be a set of positive integers. For any set of 3|S| real numbers {a;,b;,c; : i € S},

> <Z Ci) ITa II o) | =TT +b) ] > achzbl (9)

0£ICS iel jeI res\I jes ies



Proof. The identity follows from the following fact:

> <Zc> o | [ T o] ) = (e T (a5+0) ). (10)

0AICS iel jeI resS\I icS jes\{i}

By Lemmas [2] and [3], for an arbitrary real number ¢, we have

Z <c+Zci> Haj HbT = H(aj—i-bj) .<c+za_cfib_>—chj. (11)
ies vt

PAICS i€l jeI reS\I JES jES

Lemma 4. Let S be a set of positive integers. For any set of 3|S| real numbers {a;,b;,d; : i € S},

S S @) (1T ) | T o) | = [ TTew +5) (deb><ﬂb><zd>

0£ICS i€S\I jel reS\I jes i€S res i€S

(12)

Proof. Tt follows from Lemma [3] and the following fact:

> ((Za) (ms) (1)) - 5 ((Se) Tl ]-(I) (Xe).
0£ICS \ \ieS\I jeI reS\I p£ICS \ \iel jesS\I  rel res i€s
(13)

O

Lemma 5. Let S be a set of positive integers. For any set of 4]S| real numbers {a;, b;, ¢;,d; : 1 € S},

ciaidjbj
Z (ZCZ> Z dq Haj H b, = (H(ar+br)> ’ Z (ai “l‘bi)(aj —i—bj)'

P£ICS icl q€S\I jeI reS\I res hies

(14)

Proof. The result follows from the following fact:

Z <ZCZ> Z dq Haj H b, :Z cia;d;b; H (ar +b:) . (15)

P£ICS \ \iel q€S\I jeI reS\I iies reS\{i,5}
O
By Lemmas [l and [, for an arbitrary real number ¢, we have
> ((c+xe) (X o) (Te) (11
0#£ICS iel qeS\I jel reS\I
ciaid»lr dlbl
(e )| 32 ity sex gt oI ) () 09
(rGS ii€s (ai +0i)aj +b;) g aithi res i€s



3 An identity

Define a function ¢ on 2k variables x1, o, ...,z and y1,¥2, ..., Y, where k > 1, as follows:

k k
1 Tili
= [y +ux) ) (1-3 2% ), 1
¢($15y17$25y27 7$kayk) XY ( (ZE +y )> ( Z le +sz> ( 7)

i=1 =1

where X =x1+ 2o+ +xrand Y =y; +y2 + - - - + yi. Observe that

k

1
(L1, Y1, T2, Y2, -+, Thy Yi) = XV <H(JC¢Y+?J¢X)> —Z Ty H (z;Y +y;X)

i=1 1<j<k
i

i=1

k k

In the expansion of (H (x;Y + le)> — > | xy [l (z;Y +y,;X) |, the expression consisting of

i=1 =1 1<j<k
i

all monomials not divisible by XY is identically 0, as shown below:

k k k k k k
IR U5 of VD | 1 D oY PR
i=1 i=1 i=1 j=1 i=1 j=1
k k k k k k
j=1 j=1 j=1 i=1 j=1 i=1
= 0. (18)
It follows that ¢(z1, y1, 22, Y2, - - -, Tk, Yk ) is a polynomial on 2k variables 21, xa, ..., 2 and y1, Y2, - . . , Yk-
For k < 3,
o(z1,y1) = 1;
(1, Y1, T2, Y2) = 21,2; (19)

(1,91, T2, Y2, ¥3,Y3) = 212213 + 212223 + 21,322 3,
where z; ; = x;y; + x;y; for all 1 <i < j < 3. For any I C [k] \ {1}, let
$1:$1+Z!Ez‘, y1:y1+zyi- (20)
iel i€l
In this section, we shall establish the following identity, which will be applied to prove the main result

in the article.

Theorem 5. For any 2k real numbers x1, s, ...,z and y1,y2,...,Yr, where k > 2,
(T1,Y1, 22, Y2, - Ths Y) = Z (—1)‘1‘71 H(wlyj +zy1) | d(@r,y1, LsyYs )|
; ——
0AIC[R]\{1} Jjel vse[k]\(TU{1})

(21)

where &(xr,yr,  Ts,Ys ) = (T, YL, Tiys Yiny - s Tiry Yir )y {01,025 -,00F = [K] \ (T U{1}) and
——
vse[kI\(IU{1})

r=k—1-—|I|

Proof. Let I be a non-empty subset of [£] \ {1}. Then

k
rr + Z xS:Zm:X (22)

se[k\(TU{1}) i=1



and

k
v+ Y, ys=> y=Y (23)
sel\(Tu{1y)  i=1
In the remainder of the proof of Theorem [l let W; = z;Y + y; X, and for each i € [k], let

Wi = z;Y + y; X and w; = ziy1 + yix1.

By the definition of the function ¢,

w. rry TiYi
(b(xfayfa TsyYs ):X—}I/ H Wi 1_VIV—]I_ Z W . (24)
vse[k]\(TU{1}) ie[RI\(TU{1}) ie[k]\(Tu{1}) °

Thus, the right-hand side of (2I]) can be expressed as

1
W(H*Fz*FS), (25)
where
I = Z (—n)l=1w; ij H W; ; (26)
O£IC[E]\{1} jel i€[R]\N(IU{1})
Iy = Z (=) py, ij H Wil ], (27)
O£IC[K]\{1} jel ie[k]\(JU{1})
LilYi
r, — Z (—1)1=1wy { T s 1 w S )L ()
OAIC[KI\{1} Jel i€[RI\N(ITU{1}) ielk\(1uf1}) *

In the following, we shall apply Lemmas [I}- Bl to simplify 'y, T's and I's in order to show that

K k
[ =Ty —T3= (H(%‘Y + in)> <1 - Z %) : (29)

i=1 i=1

Let X’ =X —z7and Y =Y — y;. Also let

k
7= L@y’ + X,
= k ) k ) (30)
— TiYi — T — Yi
2= 2:2 Ziy'-l‘yyix” Z2= 2:2 ﬂEiY'ﬁzin” Z3 = 2:2 ﬂﬂiy';in"

Note that for any non-empty subset I of [k] \ {1},

yrX +xrY —zryr = <y1 + Z%) X+ (961 + Z%) Z Yi | - (31)

iel iel i[RI\ (JU{1})

In the remainder of this section, let W/ denote x;Y" + y; X’ for each i € [k]. By applying identities

(1), ([@G) and (31,

I'n—Ty
= Z (—1)|I|_1(W[ —.’L']y]) ij H Wz‘
OAIC[RIN{1} jel ie[RI\(1u{1})
b
v B8 3 (=)=t <y1 +Zyz> 11w I w
DAICRI\{1} iel jer i€[M\(TU{1})



S <_1>|f|—1(x1+zxi> Yl (e m

0£ICTH\ {1} iel i€\ (1U{1}) jel i€\ (TU{1})
= -X Z <y1 + Z yi) H(_wj) H Wi
0£ICTH\ {1} il jel i€\ (TU{1})
- > <SE1 +y $i> > wu | [ TTw) I w
DAIC[RIN{1} i€l ie[RI\(1u{1}) Jel ie[RI\(1u{1})
k k
by (I, (I6) Xy1HW XHW'(y _ ) <HW> Zyi
= Wi =2 =2

k k
z;y;w; W y: Wi
* (HVW') > T T
r=2

2<i,j<k iV i—2 i
i#)
b b x;y;w; Wi
= HWi*$1y1HWi*XZ(y1*$1Z3*y121)+z *$1(YZ1+X23)+ Z W
=1 1=2 2<i,j<k )
i#j
b - zy;w; W
_ o o _ tJg vy
= H Wi — 2111 H Wi—=Z(nX —nXZ1+o1YZ)+Z Z W (32)
i=1 =2 ZS‘L_z,#JjSk LR

=2 =2 =1

k k k k
where in the second last equality, we combine Xy [[ W; and =1 [ W; (Z yj> to obtain [ W; —
=2

T1Y1 H W;.
=2

By applying identity (I6]), we have

I's = - Z (Wl + Z Wz) Z xzvvyl H(_wj) H Wi
0£ICTRIN 1} il iepnaony ) \jer ie[F\(TU(1})
by (16) , i ﬂﬁzyz) ( ) %yz w; W Wi Wililys
= w Wi w! W, +
(1) (2 5) - () (w2

k k
(HW) < Mf ) -WiZZi+ 2 Y W,iwj,y] (33)
i K LR

=1 2<i,j<k
ok

Note that for any set .S of positive integers, and real numbers a;, b; for i € S, we have

3™ (aity) = (z ) | (z bi> S (i)

g i€s i€s i€s
iF#]
Thus,
2<i,j<k WZ/W]/ 2<ig<k Wz/Wj/
el i#j
k k k X . .
— <lewz>< ysz>_ZM_<<szyz><Zlel>_ZM>
= ! ! \2 7 7 g
= " =2 i =2 (W) i=2 W i=2 W; i—2 W)

(2121 + 1 Z2) (Y + 1 Z1 + 173) — Zo(a1Y' + X' + 2175 + yi Zo + 2011 Z1)

= n(Y'Zo— X'Z1) + 2151 (ZoZs — Z7)



= n(Y'Zy— X'Z1) + zy (1 — 27y)

= n(Y'Zy+a — X'Zy — 221 24), (34)

where the second last equality follows from the fact that (Z; — 1)? = Z;Z3 by Lemma [l Thus, by

(BZ), (m) and (Bm)a
k k
R <H(xiy+“)> <1 . Z%M)

i=1 =1
= —Z (le — leZl + $1YZ1) + ZZl(ZL'ly + le) + Zyl(Y/ZQ +x1 — X/Zl — 2$1Z1)

= ylZ(X’Zl +Y/Z2 —X/)
k
$i(in/ + xiY’)
= pZ|-X' s T
Y1 < —I—i:ZQ 2 Y+ X
= 0. (35)

Thus, (ZI)) follows from (23]), [B2) and the definition of ¢(x1,y1, 2,2, - - -, Tk, yr) in (0. O

4 Counting spanning trees in a special type of multigraphs

Let V = {v; : i € [k]} and E = {v;v; : 4,5 € [k] and i # j} be the vertex set and edge set of the
complete graph K}, where k > 1. Let w be a weight function on E. If w(v;v,) is a nonnegative integer
for all 4,5 with 1 < i < j <k, then 7(K}j,w) is the number of spanning trees of the multigraph with
vertex set {u1,us,...,ur} which contains exactly w(v;v;) parallel edges joining u; and u; for all 4, j
with 1 <i < j < k.

For any non-empty subset I of [k] \ {1}, let G; denote the complete graph of order k — |I| with
vertex set {v;} U {v; : ¢ € [k] \ (I U {1})} and weight function wy on the edge set of Gy defined as

follows:
wr(vivy) = w(v;vy), Vi, j € [k]\ (1 U{1}),i # j;
wilvrv;) = e}gu;{l}w(mj), vj e [k]\ (TU{1}). (36)

Note that Gy is actually the graph obtained from K}, by identifying all vertices in {v; : i € T U {1}}
as one vertex.

By the inclusion-exclusion principle, the following recursive relation on 7(K},w) can be obtained.

Lemma 6. For any weight function w on the edge set E of Ky,

T(Kp,w) = (—)H=1r (G, wr) Hw(vm)> : (37)

PAICRIN{1} ( i€l
Proof. For any i € [k]\ {1}, let A; denote the set of members T in T (K}) with vyv; € E(T). Clearly,

k
T(Ke) = A (38)

i=2
For any T € T (Kk), by the inclusion-exclusion principle,

) <<1>“|{T}m ﬂfh-l) — 1 (39)

0#ICIE]\ {1} iel



Thus

T(Kpw)= > w@= Y, D=t > w(m) ). (40)
TeUyeiop Ai B£IC[K]\{1} TeM, s Ai
Let I be any non-empty subset of [k]\ {1} and let H; denote the multiple graph obtained from K} by
identifying all vertices in the set {v; : i € I U{1}} and removing all loops produced. The vertex set of
Hyis (V(Kk)\{v; : i € TU{1}})Uwv;. Clearly, H; includes each edge v;v;, where i, € [k]\ (IU{1}),
while each edge v;v; in Ky, where i € TU{1} and j € [k]\ (IU{1}), is changed to an edge of H; joining
vr and v;. There are exactly 1+ |I| parallel edges in H; joining v; and v; for each j € [k]\ (U {1}).
The weight function on E(H;) is the restriction of w to E(H;) and parallel edges in H; may have
different weights.
For each T € N
{vi 11 € ITU{1}}. Clearly w(T") and w(T7) have the following relation:

scr Ai, let Tr be the tree obtained from T' by identifying all vertices in the set

w(T) = [Jw(viv) - w(Ty). (41)

iel
Moreover, T' — T7 is a bijection from (,c; A; to T (H ), implying that
> w@=JJww) Y w(@r) =7(Hrw) - [Jww). (42)
TeN;er Ai i€l TeN;er Ai el

Note that G can be obtained from H; by merging all parallel edges with ends v; and v; into one for

each j € [k] \ (I U{1}). By the definition of wy, 7(Hj,w) = 7(Gr,wr). Thus, B1) follows from (@0
and ([42)). O

Recall the function ¢ defined in the previous section. In the following, we shall show that 7( Ky, w)

can be expressed in terms of ¢ when w satisfies certain conditions.

Theorem 6. Let V = {v1,va,...,v;} be the the vertex set of the complete graph Ki, where k > 1,
and w be a weight function on the edge set E of K. If there exist 2k real numbers x1,x2,...,xr and

Y1,Y2, - - ., Yk such that w(vivj) = x,;y; + x;y; holds for every pair i and j with 1 <i < j <k, then,

T(Kkaw):¢(xlay1;$25y23"'axkayk)' (43)
Proof. Note that for 1 < k < 3,

1, k=1;

T(Kk,w) = ¢ w(vivg), k=2 (44)
w(v1v2)w(v1v3) + w(vive)w(vavs) + w(vivs)w(vavs), k = 3.
As w(vivy) = 2y + xjy:, @3) follows from (I9) and (@4) when k < 3.
Assume that the result holds for & < N, where N > 3. In the following, we assume that k = N +1
and show that it holds in this case by induction.
Recall that for any non-empty subset of I of [k] \ {1}, G is the complete graph with vertex set
{vr}U{v; : j e [k] \ (T U{1})} and weight function w; on its edge set defined in (3, i.e.,

wr(viv) = w(vivs) = T;iYj + T;Yi, Vi, j e [k]\ (I U{1}),i # j;
arlvr) = (e rgen) =i, VG EBINTU 0D, (45)
relU{l



where z;y = x1 4+ > @, and yr = y1 + D yr-
rel rel
As Gy is a complete graph of order k — |I]| < k with a weight function w; satisfying conditions in

@3, by inductive assumption, [@3]) holds for Gy, i.e.,

7(Gr,wr) = ¢(zr,yr, Ziy Yi )- (46)
N——
vie[KI\(TU{1})

By Lemma [, (46]) and Theorem [5]

(Kp,w) = > )G wn) [ wlwrv)

OAIC[R]\{1} iel
= Z <(—1)|I|17-(G1,w1)H(xiy1 —|—yix1)>
PAICIR]\{1} iel

_ -t . Y. .
> ()" T @i + yir) - dlar, v, Zoyi )

0AIC[KI\{1} el vie[k[\(1U{1})
= ¢($1,y1,$2,y2,"' azkvyk)' (47)

Hence the result holds. O

5 Spanning trees in K,,, containing a spanning forest I

Now we are ready to prove the main result.
Proof of Theorem [l For any spanning forest F' of K,, , with components T4, 75, ..., T, observe

that
e (Km.n) = 7(Kmn/F), (48)
where K, ,, is unweighted and K, ,,/F is the multigraph obtained from K, , by contracting all edges
in F. Note that K, »/F is a multigraph of order k& whose vertices correspond to components of F', as
K n/F can also be obtained from K, ,, by identifying all vertices in T; for all ¢ € [k], and removing
all loops. Thus, we may assume that K, ,/F has vertices v1,vg,...,v; such that the number of
parallel edges joining v; and v; is equal to the number of edges in K, , with one end in T; and the
other end in T}.
As | X NV(T,)| = ms and |[Y NV (Ts)| = n, for all s = 1,2,...,k, K, ,/F contains exactly

m;n; + m;n; parallel edges joining v; and v; for all 1 < i < j < k. By Theorem[f]
T(Kmn/F) = ¢(mi,n1,ma,no, ..., mg,ng). (49)

Thus, by @8) and the definition of ¢(x1,y1, x2,¥y2,- .., Tk, yx) in ([T), the result holds. O

6 Remarks

Another approach for proving the main result is to establish results analogue to Lemma [6] and Theo-

rem Bl The following identity analogue to Lemma [6] can be obtained easily:

T(Kg,w) = Z <T(G1,w’1)]:[w(vlvi)> , (50)

0#ICIK]\ {1} i€l

10



where w7 is different from wy defined in B8], as for any j € [k] \ (I U {1}),
wi(vrvj) = Zw(vrvj) = wr(vrvj) — w(v1v;), (51)
rel
although w/(v;v;) = wr(vv;) for all 4,5 € [k] \ (T U{1}) with ¢ # j.
By Theorem Ml and (B0)), the following identity analogue to Theorem [ holds:

Gw1, Y1, T, Y2, Tk Yk) = D @ +zp00@hvr, zovs )|, (52)
PAICINY \ 7! vse[\(1U{1})

where 2 =Y x;=xr—x and ¢y = > v = y1r — y1.
i€l iel
However, it is quite challenging to prove (52)) directly. Note that for any I with @ # I C [k]\ {1},

Th 4 et = o+ a3 4wy = X —

(53)
y/IJFZie[%:szrngr'--erk =Y — ;.
By the definition of the function ¢,
/ Y/ IXI
(b(‘rlla yIIa Ls;Ys )= w : H (.Tiyl + in/)
N X'y! .
vse[k]\(TU{1}) ie[kI\(FU{1})

D I (54)

Yy X Y + X'

i€ [kI\(1U{1})
where X' = X — 27 and Y =Y — ;. Observe that the left-hand of (52]) has a denominator XY,
while its right-hand side has a denominator X'Y”.

Clearly, the main result (i.e., Theorem M) also follows from (B0)) and (G2)).

In the end, we propose some problems.
Problem 1. Find a bijective proof for Theorem [4
Another problem is to extend Theorem M to complete k-partite graphs, where k > 3.

Problem 2. Let K,,, p,.... n, be a complete k-partite graph and F' be a spanning forest in Ky, n,.... ny,
where k£ > 3. Find a formula for counting the number of spanning trees in K,,, p,... n, Which contain

all edges in F.
For k = 3, we propose the following conjecture for a lower bound of 77 (Kp; ny.ns)-

Conjecture 1. Let X;, X3 and X3 be the partite sets of the complete tripartite graph Ky, n, ns, where

| X;| = n; for ¢ € [3]. For any spanning forest F in K, n, n, with k components 731,75, - -, Tk,
k
7 (K ) > 1 H((n—n)n i+ (n—n2)ng; + (n —ng)ns ;)
F ni,n2,n3 = ning + nins + nang 1 1)7t1,¢ 2)102,4 3)743,¢
k
1 Z Nn1,iN2, + N1,4iN3,; + N2,iN3 4 7 (55)
= (n — nl)nu + (n — ng)ng,i + (7’L — 7’Lg)ﬂ37i

where n = ny +ng +ng and n,; = | X, NV (L;)] for s =1,2,3 and i € [k].

It is trivial to verify that the equality of (B5) holds for k < 2.
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