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DP-Coloring Cartesian Products of Graphs
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Abstract

DP-coloring (also called correspondence coloring) is a generalization of list coloring
introduced by Dvoidk and Postle in 2015. Motivated by results related to list coloring
Cartesian products of graphs, we initiate the study of the DP-chromatic number, xpp,
of the same. We show that xpp(GOH) < min{xpp(G) + col(H), xpp(H) + col(G)} — 1
where col(H) is the coloring number of the graph H. We focus on building tools for lower
bound arguments for xpp(GOH) and use them to show the sharpness of the bound
above and its various forms. Our results illustrate that the DP color function of G, the
DP analogue of the chromatic polynomial, is essential in the study of the DP-chromatic
number of the Cartesian product of graphs, including the following question that extends
the sharpness problem above and the classical result on gap between list chromatic number
and chromatic number: given any graph G and k € N, what is the smallest ¢ for which
xpp(GOKy ) = xpp(G) + k7

Keywords. graph coloring, DP-coloring, correspondence coloring, Cartesian product,
DP color function, DP-chromatic number.
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1 Introduction

In this paper all graphs are nonempty, finite and simple unless otherwise noted. Generally
speaking we follow West [25] for terminology and notation. We use N to denote the set of all
natural numbers. For k € N, [k] denotes the set {1,...,k}. For a graph G, V(G) and E(QG)
denote the vertex set and edge set of G respectively. If S C V(G), G[S] denotes the subgraph
of G induced by S. For any S1,S52 C V(G), Eg(Sy,S2) denotes the subset of E(G[S1 U S3])
with at least one end point in S; and at least one end point in S3. The neighborhood of
a vertex v in G is denoted by Ng(v) or N(v) when the graph is clear from context. The
neighborhood of a set of vertices S C V(G) is defined as N(S) = {J,cg Na(v). We use Ky, p,
to denote the complete bipartite graphs with partite sets of size m and n.

1.1 Graph coloring, list coloring, and DP-coloring

A proper m-coloring of a graph G is a function f that assigns an element f(v) € [m] to
each v € V(G) such that f(v) # f(u) whenever uv € E(G). We say that G is m-colorable
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if it has a proper m-coloring. The chromatic number x(G) of G is the smallest m € N such
that there exists a proper m-coloring of G. The coloring number of a graph G, col(G), is
the smallest integer d for which there exists an ordering, v, ..., v,, of the vertices of G such
that each vertex v; has at most d — 1 neighbors among vy, ..., v;—1. Clearly, col(Ky ) = k+1
when k <t, and x(G) < col(G) for any graph G.

List coloring is a generalization of classical vertex coloring. It was introduced in the 1970s
independently by Vizing [23] and Erdés, Rubin, and Taylor [9]. A list assignment of G is a
function L on V(G) that assigns a set of colors to each v € V(G). If |L(v)| = m for each
v € V(G), then L is called an m-assignment of G. The graph G is L-colorable if there exists
a proper coloring f of G such that f(v) € L(v) for each v € V(G) (we refer to f as a proper
L-coloring of G). The list-chromatic number x,(G) is the smallest m such that there exists a
proper L-coloring for every m-assignment L of G. It immediately follows that for any graph
G, x(G) < x¢(G) < col(G). The first inequality may be strict since it is known that the gap
between x(G) and x¢(G) can be arbitrarily large; for example, x¢(Ky+) = k+ 1 when ¢t > Kk
but all bipartite graphs are 2-colorable.

DP-coloring is a generalization of list coloring that was introduced by Dvotdk and Pos-
tle [8] in 2015. Intuitively, DP-coloring is a generalization of list coloring where each vertex
in the graph still gets a list of colors but identification of which colors are different can vary
from edge to edge. We now state the formal definition. A cover of a graph G is a pair
H = (L,H), where H is a graph and L is function L : V(G) — P(V(H)) such that:

1) the set {L(v) : v € V(G)} forms a partition of V(H) of size |V (G);
2) for every v € V(G), the graph H|[L(v)] is a complete graph;
3) if Ex(L(u), L(v)) is nonempty, then either v = v or uv € E(G);
4) if uv € E(G), then Ef(L(u), L(v)) is a matching (the matching may be empty).
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We refer to the edges of H connecting distinct parts of the partition {L(v) : v € V(G)}
as cross edges. A cover H = (L,H) of G is m-fold if |L(v)| = m for each v € V(G). An
H -coloring of G is an independent set in H of size |V(G)|. An independent set I C V(H)
is an H-coloring of G if and only if |[I N L(v)| = 1 for all v € V(G). If an H-coloring of G
exists, then we say that G admits an H-coloring. The DP-chromatic number xpp(G) is the
smallest m € N such that G admits an H-coloring for every m-fold cover H of G.

Suppose H = (L, H) is an m-fold cover of G and U C V(G). Let Hy = (Ly, Hy) where
Ly is the restriction of L to U and Hy = H[J, ¢y L(u)]. Clearly, Hy is an m-fold cover of
G[U]. We call Hy the subcover of H induced by U. When U = {u}, we use the notation H,,
instead of Hy,). A cover H = (L, H) of a graph G is called a full cover if for each uv € E(G),
the matching Ex(L(u), L(v)) is perfect. We say H is a bad cover of G if G does not admit
an H-coloring.

Given an m-assignment, L, for a graph G, it is easy to construct an m-fold cover H of G
such that G has an H-coloring if and only if G has a proper L-coloring (see [2]). It follows that
x¢(G) < xpp(G). This inequality may be strict since it is easy to prove that xpp(Cp) = 3
whenever n > 3, but the list chromatic number of any even cycle is 2 (see [2] and [9]).



1.2 Chromatic Polynomial, List Color Function, and DP Color Function

For m € N, the chromatic polynomial of a graph G, P(G,m), is equal to the number of
proper m-colorings of G. It can be shown that P(G,m) is a polynomial in m of degree |V (G)|
(see []).

In 1990 the notion of chromatic polynomial was extended to list coloring as follows [16].
If L is a list assignment for G, we use P(G, L) to denote the number of proper L-colorings
of G. The list color function P;(G,m) is the minimum value of P(G, L) where the minimum
is taken over all possible m-assignments L for G. Since an m-assignment could assign the
same m colors to every vertex in a graph, it is clear that P;(G,m) < P(G,m) for each
m € N. It is known that for each m € N, P(G, m) = P;(G, m) when G is a cycle or chordall
(see [15] and [16]). But for some graphs, the list color function can differ significantly from
the chromatic polynomial for small values of m. One reason for this is that a graph can
have a list chromatic number that is much higher than its chromatic number. On the other
hand, Wang, Qian, and Yan [24] (improving upon results in [7] and [22]) showed that for a
connected graph G with ¢ edges, P;(G,m) = P(G,m) whenever m > (t —1)/In(1 4+ v/2).

Recently, the notion of chromatic polynomial was extended to DP-coloring [13]. Suppose
H = (L,H) is a cover of graph G. Let Ppp(G,H) be the number of H-colorings of G. Then,
the DP color function of G, denoted Ppp(G,m), is the minimum value of Ppp(G,H) where
the minimum is taken over all possible m-fold covers H of G. It is easy to see that for any
graph G and m € N, Ppp(G,m) < Py(G,m) < P(G,m). It is also fairly straightforward
to prove that for each n > 3 and m € N, Ppp(Cy,,m) = P(C,,m) when n is odd and
Ppp(Cp,m) = (m—1)" — 1 when n is even and m > 2 (see [13] or [19]).

As the DP color function of an even cycle demonstrates, unlike the list color function, the
DP color function need not be equal to the chromatic polynomial even for sufficiently large
values of m. In fact, Dong and Yang [6] recently (extending results of [I3]) showed that if G
contains an edge e such that the length of a shortest cycle containing e in G is even, then
there exists N € N such that Ppp(G,m) < P(G,m) whenever m > N. In general, it was
shown in [20] that for every n-vertex graph G, P(G,m)— Ppp(G,m) = O(m"~3) as m — oc;
it follows that for any graph G whose Ppp(G,m) is a polynomial in m for large enough m,
the polynomial will have the same three terms of highest degree as P(G,m).

1.3 List Coloring Cartesian Products of Graphs

The Cartesian product of graphs G and H, denoted GLIH, is the graph with vertex set
V(G)x V(H) and edges created so that (u,v) is adjacent to (u’,v") if and only if either u = v’
and vv’ € E(H) or v =v" and wu’ € E(G). Every connected graph has a unique factorization
under this graph product ([21]), and this factorization can be found in linear time and space
().

It is well-known that x(GOH) = max{x(G),x(H)}. For the list-chromatic number,
Borowiecki, Jendrol, Kral, and Miskuf [5] showed the following in 2006.

Theorem 1 ([5]). For any graphs G and H, x,(GOH) < min{xy(G) + col(H), col(G) +
Xe(H)} —1.

LA chordal graph is a graph in which all cycles of length four or more contain a chord.




For any graph G, it is easy to see that Theorem [l implies x,(GOK} ;) < x¢(G) + k. The
following result by Kaul and Mudrock [I12] demonstrates the sharpness of Theorem [

Theorem 2 ([12]). Let G be any graph. Then, x,(GOKy,:) = xi(G) + k whenever t >
(Pe(G.xe(G) + k= 1)*.

This was an improvement on Borowiecki, Jendrol, Kral, and Miskuf’s earlier result,
xe(GOK} 1) = xe(G) + k whenever ¢ > (x,(G) + k — 1)FIV(GI which is a generalization of the
classical result on the list chromatic number of a complete bipartite graph; x,(Kj ) =k +1
if and only if t > k* (see [5]). A motivation for this paper was to extend Theorems [I] and
to DP-coloring.

1.4 Outline of Results and Open Questions

In this section we present an outline of the paper while also mentioning some open ques-
tions. We begin Section [2] by proving the DP-analogue of Theorem [Il

Theorem 3. For any graphs G and H, xpp(GOH) < min{xpp(G) + col(H),xpp(H) +
col(G)} — 1.

We conclude Section 2] by showing that the bound in Theorem [ is sharp.

Theorem 4. For any graph G, xpp(GOK} ) = xpp(G)+k whenevert > (Ppp(G, xpp(G)+
kE—1))".

To prove this, we define the notion of volatile coloring which gives a characterization
of the bad covers of the Cartesian product of an arbitrary graph with a complete bipartite
graph. Volatile coloring, and conditions derived from it, may be of independent interest in
the study of the DP-chromatic number of other Cartesian products. In the remainder of the
paper we will show how volatile colorings are a useful tool for lower bound arguments for the
DP-chromatic number.

Building upon Theorem M, in the rest of the paper, we will show evidence that the DP
color function is a useful tool in the study of the DP-chromatic number of the Cartesian
product of graphs. Considering the sharpness of Theorem [ also inspires us to consider a
more general question which is the focus of Sections [Bl and [l

Question 5. Given a graph G and k € N, let f(G, k) be the function satisfying: x pp(GOK} )
— xpp(Q) +k if and only if t > (G, k). What is f(G, k) #

Note that f(G,k) is the smallest ¢ such that xpp(GOK},) = xpp(G) + k (we use this
notation for the remainder of the paper).

We begin Section [3] with definitions of canonical labeling and twisted-canonical labeling
of covers which give a characterization of the bad covers of odd and even cycles respectively
(see [14] and [I7] for more general definitions and results related to bad covers of graphs
which imply our characterizations for cycleﬂ). These notions of labelings are of independent

2Since xppr(GOKy,0) = xppr(G) < xpr(G) + k, we have f(G,k) > 1. Moreover by Theorem @ f(G, k) <
(Pop(G,xpp(G) + k —1))*. Hence f(G, k) exists for every G and k € N.
3We thank the referees for bringing these papers to our attention.



interest in the study of DP coloring (see e.g., [1l 10, 20]). Using these tools along with
volatile coloring, we end Section [ by showing that Theorem @] is sharp when G is an even
cycle and k = 1; that is, for any m € N, f(Capmi2,1) = Pop(Comyo,3) = 227+2 — 1. This is
the only sharpness example that we have found which makes us think that Theorem @ might
not be sharp very often. This motivates us to ask the following question.

Question 6. Does there exist a graph G such that f(G,k) = (Ppp(G, xpp(G) +k —1))* for
every k € N?

Questions [B] and [6] seem hard to answer completely since there is no G for which we
know f(G,k) for every k € N. Even in the case when G = K7, the form of this question
which has been studied before, f(K7i,k) is not known exactly. Mudrock [I8] showed that
KF/k! < f(K1,k) < 1+ (K¥/k)(log(k!) + 1). This also demonstrates that Theorem [ is
not always sharp. Consider the case when k = 3, xpp(K10K3;) = 4 whenever ¢t > 27 by
Theorem @ (note that xpp(K1) = 1 and Ppp(Ki,k) = k); whereas by Mudrock’s result,
xpp(K10K3) = 4 whenever ¢ > 10.

In Section ], we make progress towards Question Bl by improving the bound in Theorem [4]
when G is a cycle. Our arguments also illustrate the subtle difference in handling even cycles
versus odd cycles in DP coloring, as also evident in results on the DP color function (see
Section [L[2).

By extending the proof ideas of Theorem M and using the tools from Section Bl we con-
struct random covers using a combination of random matchings defined using an equiva-
lence relation on an appropriate set of colorings, and matchings defined using canonical and
twisted-canonical labelings. We show that there exists an appropriate bad cover by counting
the expected number of volatile colorings.

; _ kln(k+2) :
Theorem 7. Given k € N, let ¢, = ’71n2+(k—1)ln(k+2)—ln(2(k+2)k*1—(k-‘,—l)!)—‘ if k > 2 and
c1 =1. Then,
k - k
XpP(Com+10K}, ) = k + 3 whenever t > ¢, <W) =L <%+12_(k+1)> .

For example, the theorem requires ¢ = 1,3,8 when k = 1,2, 3 respectively. It is easy to

see that ¢ < <%> (k + 2)F, and hence <%> (Ppp(Coms1, k + 2))* suffices as a

lower bound on ¢, a strong improvement on Theorem [ when G is an odd cycle.

Note that Theorem [ implies that f(Coms1, k) < cx (Pop(Comi1, k +2)/(k +2))F. Next
we show that Theorem [7]is sharp when k = 1; specifically, f(Copm+i1,1) = Ppp(Com+1,3)/3 =
(22m+1 —2)/3. For list coloring, it is shown in [12] that g(Comyi1,1) = Pi(Comy1,3) =
(22m+1 — 2) where g(Camo1,1) is the list coloring analogue [ of f(Cams1,1).

We conclude Section (] by proving the even cycle analogue of Theorem [

. _ kIn(k+2)
Theorem 8. Given k € N, let ¢, = lrkln(k+2)—ln((k+2)k—L(k+2)/2jk!)—" Then,
)2m+2_1>k

k
XDP(Com+20K}, 1) = k + 3 whenever t > ¢, <W) =cp <(k+1k7+2

19(G, k) is the function satisfying: x¢(GOKy ¢) = x¢(G) + k if and only if t > g(G, k).



For example, the theorem requires ¢, = 3,10,48 when k£ = 1,2, 3 respectively. It is easy
2In(k+2 21In(k+2

to see that ¢ < (%) (k +2)*, and hence (%) (Ppp(Comia, k + 2))k

suffices as a lower bound on ¢, a strong improvement on Theorem M when G is an even cycle.

Note that Theorem B implies that f(Cami2,k) < cx (Pop(Comsz, k + 2)/(k +2))*. The

sharpness of Theorem [ follows from the earlier result: f(Comi2,1) = Ppp(Comi2,3) =
22m+2 1.

2 DP-coloring Cartesian products of Graphs

We now prove Theorem [3] using a straightforward generalization of Borowiecki et al.’s
argument [5] for Theorem [II

Theorem Bl For any graphs G and H, xpp(GOH) < min{xpp(G) + col(H), xpp(H) +
col(G)} — 1.

Proof. Since the Cartesian product of graphs is commutative, we assume without loss of
generality that xpp(G) + col(H) < xpp(H) + col(G). We let m = xpp(G), k = col(H),
and d = xpp(G) + col(H) — 1. Suppose V(H) = {v; : i € [n]}. Let H = (L, M) be a d-fold
cover of GLJH. To prove the bound, we will show the existence of an independent set of size
n|V(G)| in M. We proceed by induction on n. If n = 1, then GOH = G and clearly k = 1.
So there exists an H-coloring of GOH since d = xpp(G).

Now suppose n > 1. Since k = col(H), there exists an ordering of the vertices of H such
that each vertex has at most k& — 1 neighbors preceding it in that ordering. Suppose v1,...,v,
is one such ordering. Let H' = H[{v1,...,v,-1}]. We now construct a d-fold cover of GOH'.
First, we define the function L' on V(GOH’) so that for each (u,v) € V(GOH'), L' (u,v) =
L(u,v). Next, let S = U, ,evGonr) L(u,v) and let M’ = M[S]. Notice that H' = (L', M)
is a d-fold cover of GLH'. By the inductive hypothesis, xpp(GOH') < xpp(G)+ col(H') —1
and since col(H') < col(H), we have xpp(GOH') < d. This implies that there exists an
independent set I’ in M’ of size (n — 1)|V(G)|. We now extend I’ to an H-coloring of
GOH. For each u € V(G), let F, = L(u,v,) N Ny (I'). Note that for each i € [n — 1],
|I' N L(u,v;)| = 1 and in H, v, has at most (k — 1) neighbors in {vq,...,v,—1}. So for each
u € V(GQ), |Fy,| < (k—1) and thus |L(u,v,) — Fy| > m. For each u € V(G), let A, be an
m-element subset of L(u, v, ) — F,. We define a function, L on V(G) x {v,} such that for each
u € V(G), L(u,vp) = Ay Let A = U,y (q) Au and let M = M[A]. Clearly, # = (L, M)
is an m-fold cover of GOH [{v,}]. Note that GOH [{v,}] = G and since m = xpp(G), there
exists an independent set I of size |V (G)] in M. Since no vertex in I is adjacent to any vertex
in I’ I =1 U is an independent set of size n|V(G)| in M as needed. O

Next we wish to show that Theorem [3] is sharp. To do this, we introduce the notion
of volatile coloring. As we will see throughout the paper, volatile coloring is an important
tool in the process of constructing bad covers of the Cartesian product of an arbitrary graph
and a complete bipartite graph. In particular, it gives a necessary and sufficient condition
for a cover to be bad. Though we define the notion of volatile coloring specifically for the
Cartesian products with a complete bipartite factor, this definition can easily be generalized
for the Cartesian products of any two graphs.



2.1 Volatile Coloring

Let G be a graph with V(G) = {v; : ¢ € [n]} and xpp(G) = m. Let K be a copy of the
complete bipartite graph K}, with partite sets, X = {z; : j € [k]} and Y = {y, : ¢ € [t]}.
Let M = GOK and Mx = M[{(vi,z;) : i € [n],j € [k]}], and for each ¢ € [t], let M, =
M[{(vi,yq) : i € [n]}]. Let H = (L, H) be an (m + k — 1)-fold cover of M.

Let Hx = (Lx,Hx) denote the subcover of H induced by V(G) x X. Recall that Lx
is the restriction of L to V(G) x X and Hx = H|[Uyerv(a)xx) L(v)]. Similarly, for each
q € [t], let Hy, = (Ly,, Hy,) denote the subcover of H induced by V(G) x {y4}.

Suppose I is an H x-coloring of Mx. For each ¢ € [t], let Dy = {u € V(H,,) : Ng(u) N
I = 0} and Hy = H[D,]. For each u € V(M,,), we define Ly (u) = Ly,(u) N Dy. Let
Hy, = (Ly,, Hy, ). We say [ is volatile for My, if H;, is a bad cover of My,.

Assuming the same setup as in the definition of volatile coloring above, we now give a
necessary and sufficient condition for a cover to be bad.

Lemma 9. For each Hx-coloring of Mx, Ix, there exists a q € [t] such that Ix is volatile
for My, if and only if H is a bad cover of M.

Proof. Suppose there exists an H x-coloring of Mx, Iy, such that for each ¢ € [t], Ix is not
volatile for My, . Since for each ¢ € [t], Ix is not volatile for M, , there exists an ’H;q—coloring,
Iy, of My,. Let Iy = Uqé[t] 1,. Clearly, Ix U Iy is an H-coloring of M as desired.
Conversely suppose M admits an H-coloring, I. Let Ix = I NV (Hx). Clearly, Ix is
an Hx-coloring of Mx. Suppose there exists an r € [t] such that Ix is volatile for M,,.
Notice that I NV (H,,) C D,. This means I NV (H,,) is an H,, -coloring of M, . This is a
contradiction since Ix is volatile for M, . O

By a straightforward application of Lemma [ next we give a sufficient condition for M
to admit an H-coloring which will often be used in the remaining sections.

Corollary 10. Let ¢ be the number of Hx-colorings of Mx. Suppose for each q € [t], the
number of volatile H x -colorings for M,, is at most z. If ¢ > zt then M admits an H-coloring.

Using Lemma Q] we are now ready to prove the sharpness of Theorem [3l

Theorem[dl For any graph G, xpp(GOK} ) = xpp(G)+k whenevert > (Ppp(G, xppr(G)+
kE—1))".

Proof. Let xpp(G) = m and K be a complete bipartite graph with partite sets X = {z; :
j € [k]} and Y = {y, : ¢ € [t]}. We construct a bad (m + k — 1)-fold cover H = (L, H) of
GOK. For each (u,v) € V(GOK), we let L(u,v) = {(u,v,i) : i € [m + k —1]}. We begin
constructing the graph H by defining the vertex set, V(H) = U, ) ev cor) L(u,v). We then
create edges in H such that for each (u,v) € V(GOK), H[L(u,v)] is a complete graph on
(m 4+ k — 1) vertices. Next, we construct the matchings among these cliques such that GOK
does not admit an H-coloring.

Let Ppp(G,m + k — 1) = d; suppose Hg = (Lg, Hg) is an (m + k — 1)-fold cover of G
such that Ppp(G,Hg) = d. For each u € V(G), suppose Lg(u) = {(u,l) : 1l € [m+ k — 1]}.
We denote the collection of all Hg-colorings of G by Zg = {Ig, : i € [d]}.



For each = € X, we create edges so that (u,x,1)(v,z,7) € E(H) for all distinct u,v € V(G)
whenever (u,l)(v,j) € E(Hg). Notice that for each 2, H[V (G)x{z} x[m+k—1]] is isomorphic
to Hg and for each j € [k] the isomorphism is defined as: g\) : V(Hg) — V(G) x {z;} x
[m+k— 1] such that g9 (u,1) = (u,x;,1). For each Ig, € Ig, we let I;; = {g¥)(a) : a € Ig,}.
For each j € [k], let Zg; = {I;; : © € [d]}

Notice that by construction all possible independent sets containing one vertex from each
clique, L(u,z;) whenever (u,z;) € V(G) x X can be formed by picking an independent
set from Zg; for each j € [k]. Clearly there are d choices for each j € [k] giving us a
total of dF possible independent sets. We denote the collection of these independent sets by
T ={I;:ic[d"}.

For each I; € T and u € V(G), we define, I;, = I; N (Uyex L(u,x)). Clearly, |I;,| = k
for each v € V(G). We name the vertices in I;, so that I;, = {(u,xj,2.;) : j € [k]}.
Note that z;,; € [m +k —1]. For each I; € Z, u € V(G), and j € [k], we create edges so
that(u, ¥}, 2i.u.;)(u, yi, j) € E(H). Notice that this can be done since t > d*.

We now create the remaining edges in H. Let Hy, = (Li;, Hf;) be a bad (m — 1)-fold
cover of G. For each u € V(G), suppose L (u) = {(u,l) : | € [m — 1]}. For each ¢ € [t], we
create edges so that (u,yq, k +1)(v,yq, k + j) € E(H) for all distinct u,v € V(G) whenever
(u,1)(v,7) € E(H{;). This completes the construction of H.

For each L(u,y;) where (u,y;) € V(G) x Y, let Wy, . = {(w,v:,7) : j € [k]}. Recall that
we created edges from vertices in W, to I;, for each i € [d*]. Now, for each i € [t], we
define Hg) = H|Uyev ) (L(w, yi) = Way,)]. Clearly, each Hg) is isomorphic to H{; and the

isomorphism is defined as: f@ : V(H}) — V(H((;i)) such that f®(u,l) = (u,y;,k +1). For
each ¢ € [t], let My, = M[{(v,y,) : v € V(G)}]. By construction, for each i € [d¥], I; is
volatile for M,, and thus by Lemma[@ # is a bad cover of GOK. O

We are now ready to turn our attention to making progress on Question (Gl

3 Characterization of Bad Covers of Cycles

In this Section, we define the notions of canonical labeling and twisted-canonical labeling
which characterize the bad covers of odd and even cycles respectively(see [14] and [17] for
more generalized results). Canonical labeling, in particular, is of independent interest and
has been used in many recent papers on DP-coloring (see e.g., [I], [I0], and [20]). As an
application of these together with volatile coloring, we are able to show the sharpness of
Theorem [ This also makes progress towards Question [Bl

3.1 Canonical Labeling

Suppose G is a graph and H = (L, H) is a k-fold cover of G. We say H has a canonical
labeling if for each v € V(G), it is possible to let L(v) = {(v,j) : j € [k]} so that whenever
wv € E(Q), (u,j) and (v, j) are adjacent in H for each j € [k].

Note that if G is a graph and H is an m-fold cover of G with a canonical labeling, then
G has a proper m-coloring if and only if G admits an H-coloring. We next restate a result of
Kaul and Mudrock [I3] using the concept of canonical labeling.



Figure 1: A 2-fold cover of an odd cycle with a canonical labeling

Proposition 11 ([13]). Let T be a tree and H = (L, H) be a full m-fold cover of T. Then,
H has a canonical labeling.

Using the notion of canonical labeling, we can characterize the bad 2-fold covers of odd
cycles. See [14] for a more general result about bad covers non-DP-degree colorable graphs,
which also implies the following result. Note that in [I4], a cover with canonical labeling is
called a ladder.

Lemma 12. Suppose that G is an odd cycle and H = (L, H) is a cover of G where |L(v)| > 2
for each v € V(G). Then G does not admit an H-coloring if and only if H is a 2-fold cover
with a canonical labeling.

Proof. Let G = Cypy+1 where m € N. Suppose H is a 2-fold cover with a canonical labeling.
The fact that G does not admit an H-coloring immediately follows from the fact that G is
not 2-colorable.

Conversely, suppose first that H is a 2-fold cover without a canonical labeling. We can
assume H is a full cover. Otherwise, we could define H' such that V(H') = V(H) and
E(H) C E(H') but Eg/(L(u), L(v)) is a perfect matching for each uv € E(G), and note
that if I is an independent set in H’, then it will be an independent set in H. For any
edge uv € E(G), the cover (L,H — E(L(u),L(v))) of G — uv has a canonical labeling by
Proposition [[T] Hence, we can name the vertices of H such that for each xy € E(G) — {uv},
the edges (z,1)(y,1) and (x,2)(y,2) are in E(H). Since we know that H does not have a
canonical labeling, it must then be the case that (u,1)(v,2) and (u,2)(v,1) are in E(H).
So, we can construct an independent set I in H as follows. Suppose the vertices of G are
ordered cyclically as x1,xo,...,Tom+1 where 1 = v and x9,,11 = v. Then consider the set
I={(x4,1):iis0dd,1 <i<2m+1}U{(x;,2):iis even,2 <i < 2m}. Clearly |I| = 2m+1,
and we claim that I is an independent set. First, note that there is no edge between the
vertices selected from L(z;) and L(x;41) for i = 1,...,2m. Finally, (u,1),(v,1) € I, and as
argued above, (u,1)(v,1) ¢ E(H). So I is an independent set of size 2m + 1 in H, and hence
G admits an H-coloring.

Now suppose H is not 2-fold. Then we know that there must exist some u € V(G) such

that |L(u)| > 3. Suppose the vertices of G are ordered cyclically as x1,...,Zon+1 Where
Zom+1 = u. Then we can construct an H-coloring I greedily by selecting for each x; some
vertex v; in L(x;) that is not adjacent in H to any vertex in {v1,...,v;_1}. Since each z;

for ¢ € [2m] has at most one neighbor preceding it in the ordering there will always exist



such a vertex v; for each i € [2m]. Finally, since x9,,+1 has two neighbors preceding it but
|L(z2m+1)| > 3, there must exist a vy4+1 € L(Z2m+1) which can be added to I. Thus, G
admits an H-coloring. O

3.2 Twisted-Canonical Labeling

Suppose G is a graph and ‘H = (L, H) is a k-fold cover of G. We say H has a twisted-
canonical labeling if H is full and it is possible to let L(v) = {(v,j) : j € [k]} for each v € V(G)
and choose two adjacent vertices, v and v in G so that whenever zy € E(G)—{uv}, (z,7) and
(y,j) are adjacent in H for each j € [k] and there exists | € [k] such that (u,l)(v,l) ¢ E(H).
We call the matching Fg(L(u), L(v)), the twist.

Figure 2: A 2-fold cover of an even cycle with a twisted-canonical labeling

The following result is a straightforward analogue of Proposition [l for twisted-canonical
labeling.

Proposition 13. Let T be a tree and let H = (L, H) be a full m-fold cover of T where m € N.
Then H has a twisted-canonical labeling.

Notice that by Propositions [[1] and [[3], a cover that has a canonical labeling may also
have a twisted-canonical labeling. In contrast, we have the following result for cycles.

Lemma 14. Let G be a cycle and suppose H is a 2-fold cover of G. Then H has a twisted-
canonical labeling if and only if it is full and has no canonical labeling.

Proof. Suppose G is an m-cycle and the vertices of G are ordered cyclically as v1,...,vp.
Suppose H = (L, H). Let H' be the spanning subgraph of H such that the edge set of H'
only consists of the cross edges of H. Suppose H has a twisted-canonical labeling. Without
loss of generality, suppose the vertices of H are named so that Eg(L(v,,), L(v1)) is the twist.
Hence we know that for each vyv; € E(G) — {vpmv1}, (v, 1)(v4,1) and (v, 2)(vj,2) are edges
in H. Additionally (v, 1)(v1,2), (vm,2)(v1,1) € E(H). Notice that

(v1,1)(ve, 1), ..., (Vm—1, 1) (Vm, 1), (U, 1)(v1,2), (v1,2)(v2,2), ..., (Vm—1,2)(vUm, 2) are edges of
a spanning path in H’. Now, for the sake of contradiction, suppose H has a canonical la-
beling. So we can rename the vertices of H so that for each uw;u; € E(G), (u;,1)(uj,1) and
(ui,2)(uj,2) are edges in H where u; and v; refer to the same vertex in G for each i € [m)].
After naming the vertices of H canonically, notice that all the edges in H’ are among the
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vertices having the same second coordinate. Hence H’ does not have a spanning path which
is a contradiction.

Conversely, suppose H is full and has no canonical labeling. Let uv € E(G). The cover
(L,H — Eg(L(u), L(v))) of G — uv, has a canonical labeling by Proposition [IIl Hence we
can name the vertices of H such that for each zy € E(G) — {uv}, the edges (x,1)(y,1) and
(x,2)(y,2) are in E(H). Since we know that H does not have a canonical labeling, it must
then be the case that (u, 1)(v,2) and (u,2)(v,1) arein E(H). Hence H has a twisted-canonical
labeling. O

Using the notion of twisted-canonical labeling, we can characterize the bad 2-fold covers of
even cycles. See [I4] for a more general result about bad covers of non-DP-degree colorable
graphs, which also implies the following result. Note that in [I4], a cover with twisted-
canonical labeling is called a Mdbius ladder.

Lemma 15. Suppose that G is an even cycle and H = (L, H) is a cover of G where |L(v)| > 2
for each v € V(G). Then G does not admit an H-coloring if and only if H is a 2-fold cover
with a twisted-canonical labeling.

Proof. Let G = Coyao for some m € N. Suppose the vertices of G are ordered cyclically
as T1,x9,...,Tam+o. Suppose H is a 2-fold cover with a twisted-canonical labeling. We will
show that G does not admit an H-coloring. Without loss of generality, suppose the vertices of
H are named so that Fg(L(x1), L(z2m+2)) is the twist. Notice that this means (z1,1)(z2m+2,
2) and (z1,2)(x2m+2,1) are edges in H. For the sake of contradiction, suppose H contains
an independent set I of size 2m + 2. Without loss of generality, suppose (x1,1) € I. This
means [ = {(z;,1) :disodd,1 < i <2m+ 1} U{(24,2) : i is even,2 < i < 2m + 2}. Since
(x1,1) and (z2m+2,2) are adjacent in H, this is a contradiction. Hence G does not admit an
‘H-coloring.

We will now prove the contrapositive of the converse. Suppose first that H is a 2-fold
cover with no twisted-canonical labeling. Clearly, we may assume that H is a full cover. By
Lemma [I4] H has a canonical labeling. Thus G admits an H-coloring.

Now suppose H is not 2-fold, then we know that there must exist some u € V(G) such
that |L(u)| > 3. Without loss of generality, suppose 2,12 = u. Then we can construct an
‘H-coloring I greedily as in the proof of Lemma O

3.3 Sharpness of Theorem {4l

Assuming the same setup as in the definition of volatile coloring in Section 2], we first
prove an upper bound on the number of volatile Hx-colorings for each M, when M =
Com420K7 ;. This is essential for proving the sharpness result.

Lemma 16. Let M = Cop 120K 4 and let H be a 3-fold cover of M. Then for each q € [t],
M,, has at most 1 volatile Hx -coloring.

Proof. Suppose the vertices of the even cycle are ordered cyclically as wvq,...,vom12. Let
X = {z}. Suppose H = (L, H) where L(u,v) = {(u,v,q) : i € [3]} for each (u,v) € V(M).
Suppose for r € [t], M, has at least 2 distinct volatile H x-colorings. Let I; and I denote
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two of these colorings. For each j € [2], let D; = {u € V(Hy,) : Ny(u) N I; = 0} and
H], = H|[D,]. For each u € V(M,,), we let L}, (u) = Ly, (u) N D;. Let Hj, = (LI, Hj.).

Suppose I; N Is # ). Since I and I, are distinct, there exist adjacent vertices v;,, v;,
in the even cycle such that L(v,,2z) N I; # L(vi,, ) N Iy and L(vi,,x) NI = L(v;y,x) N Is.
Without loss of generality, suppose i9 = 1 and iy = 2. Let L(vi,z) NI} = {(v1,2,01)},
L(vi,z) N Iz = {(v1,2,l2)}, and (va,x, k1) be the vertex in L(ve,z) NIy and L(vg,x) N .
Notice that l1,12, k1 € [3].

Since I; and I are volatile for M, , there is no ’Hzl/r—coloring and no ’Hzr—coloring of
M,,. By Lemma [IT] Hlllr and ’HZT are 2-fold covers with twisted-canonical labelings. Since
’Hgl/r and ’HZT are 2-fold, each of (v1,x,l1), (vi,x,l3) and (ve,x, k1) have exactly one neigh-
bor in H, . Moreover, these neighbors are pairwise distinct. Let (vi,yr,l3), (vi,yr,la),
and (v2,yr, k2) be the neighbors of (vi,z,l1), (vi,2,l2) and (va,x, k1) in H,, respectively.
Note that Ly, (vi,y-) = L(vi,yr) — {(v1,9r,13)}, L2 (v1,4:) = L(v1,y,) — {(v1,9r,14)} and
Ly (va,yr) = L2 (v2,9,) = L(v2,yr) — {(v2,yr, k2)}. Therefore, |L}, (v1,y,) VL2 (v1,y-)] = 1.
We can let (v1,yr,15) be the third element of Ly, (v1,y,) so that Ly, (vi,y,) = {(v1,yr,la),
(v1,yr,15)}, L?ﬁ(vl,y,«) = {(v1,Yr,13), (v1,Yr,l5)}. Similarly, we can let (ve,y,, ks) and (va,
Yr,k4) be the remaining two elements of L, (va,yr) so that Lzl/r (va,yr) = Lzr (va,yr) =
{(v2,yr, k3), (v2,yr, ka)}. Note that {l3,ls,l5} = {ko, k3, ka} = [3].

Since 7-[@1/7, and 7-[@2/7, have twisted-canonical labelings, the matchings EH?}T(Lzl/T (v1,Yr),
Lll/r (v2,yr)) and EHET (Lf/r (vl,yr),LZT (va,yy)) are perfect. Hence
N, {(v1,yr, 1), (v1,yr,15)}) = {(v2,¥r, k3), (V2,r, ka)} and (vi,yr,13) must have exactly
one neighbor in H,, . This means that (vi,yr,3)(ve, yr, k2) € E(H,, ). On the other hand,
NHyT- ({(vlv Yrs l3)7 (vlr Yrs 15)}) = {(’02, Yr, k3)7 (U27 Yr, k4)} This implies NHW ((’Ul, Yr, l3)) S
{(ve, Yr, k3), (v2,yr, k4)}. This is a contradiction.

Now suppose I1 NI = (). Since ’Hgl/r is a 2-fold cover of a cycle with a twisted-canonical
labeling, it can not have a canonical labeling by Lemma [I4l To complete the proof, we will
inductively rename the vertices in H?}T to demonstrate that ’Hgl/r has a canonical labeling.

Clearly L(vi,z) NIy # L(vi,z) NIz and L(ve,x) NIy # L(ve,x) N Iy. Let L(vi,z) N
L = {(vi,z,01)}, L(vi,2) NIy = {(v1,2,l2)}, L(ve,x) NI = {(ve,2,k1)} and L(vg,x) N
Iy = {(ve,x,ko)}. Notice that ly,ls,k1,ke € [3]. Let (vi,yr,l3), (v1,Yr,l4), (v2,yr, k3) and
(v2, yr, ka) be the neighbors of (vi,z,01), (v1,,1l2), (vo,x, k1) and (vo,x, k) in Hy, respec-
tively. Since I; and Iy are volatile for M, , by Lemma [I5] the covers Hér and Hzr are
2-fold with twisted-canonical labelings. Clearly I3 # l4 and k3 # k4. We can let (v1,yr,l5)
and (vg,yr, ks) be the remaining elements of Ly, (v1,y,) and Ly, (v2,y,) respectively. Notice
that Lgl/r (Ula yr) = {(Ulv Yrs l4)7 (vlv Yrs l5)}7 L?ﬁ (vlv yT) = {(Ulv Yrs l3)7 (vlv Yrs l5)}7 Lgl/r (’Ug, yT) =
{(v2, yr, k4), (v2,yr, ks)} and Lf,,.(vz,yr) = {(ve,yr, k3), (v2, yr, k5)}. Moreover note that {3,
ly,l5} = {ks, kq,ks} = [3]. Since H;T and ng have twisted-canonical labelings, the matchings
Ep (Ly, (v1,9r), Ly, (v2,r)) and Epz. (L2 (v1,yr), L2 (v2,)) are perfect. This means that
(v1, Yr, 13)(v2, yr, k3) and (v1,yr, l4)(v2, Yr, ka) must be edges in H,, . This further implies that
(v1, Yr, l5)(v2, Yr, k5) also must be an edge in H,, . In Lll/r(vl,yr) and Lzl/r (v2,yr), Wwe now re-
name the vertices (vi, yr,l4), (v1,Yr,l5), (V2,Yr, ka) and (va, Yy, ks5) as ((v1,yr), 1), ((v1,yr),2),
((v2,yr), 1) and ((v2,yr), 2) respectively. Notice that ((v1,y.),5)((v2,yr),J) € E(H;T) for each
Jj€[2].

Now proceeding inductively for each i € {3,...,2m + 2}, we will rename the vertices in
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Ly, (vi,yy) as ((vi,yr), 1) and ((vi, yr), 2) so that ((vi-1, ), D((vi, yr), 1) and ((vi-1, 9r), 2) (v,
Yr),2) are edges in Hy, . By our renaming procedure, we have

L1 (01 90) = {01090 1), (011, 5), 2)} and 22, (051, ) = {01290, (0 159),2)}
where I € [3]. Suppose L, (vi,z) NI} = (v, z,p1) and L, (vi,x) N Iy = (vj,2,p2). Let
(vi, yr, p3) and (vs, yr, pa) be the neighbors of (v;, x,p1) and (vs, z, p2) respectively in H,, . Let
(vi,yr,ps) be the remaining element of Ly, (v;,y,). We rename the vertices (vj,yr,ps) and
(vis yr,y05) as ((vi,yr), 1) and ((vi,yr),2). Clearly ((vi—1,9),1)((vi,yr),1) and
((vi=1,9r),2)((vi, yr),2) must be edges in Hy,. This completes the renaming of the vertices
in Hy,.

We will now show that this renaming demonstrates that 7-[@1/7, has a canonical labeling. By
our inductive procedure, we only need to verify that ((vem+2,yr), 1)((v1,yr), 1) and ((vem+2,
¥r),2)((v1,yr),2) are edges in H;T. We have L;T(U2m+2,yr) = {((vam+2,Yr), 1), (v2m+2, yr),
2)}. We can let (vo+2,¥yr, p) be the remaining vertex of Lzr (Vam+2,Yr) so that Lzr (Vam—+2,
yr) = {(v2m+2,Yrs 0); (V2m+2,yr),2)}. Notice that p € [3]. Recall that Lzl/r (v1,yr) = {((v1,
yr), 1), ((v1,9r),2)} and L2 (v1,4,) = {(v1,¥r, 13), ((v1,9r),2)} where I3 € [3]. By Lemma I3
the matchings Ep1 (L}JT (Vam+2, Yr), Lzllr (v1,yr)) and Epz. (Lzr (Vam+2, Yr), LZT (v1,yr)) are per-
fect. This implies that (vam+2,Yr, p)(V1,Yr, 13), (Vomt2, ¥r), 1) ((v1,97), 1) and ((vam+2,yr),
2)((v1,yr),2) are edges in Hy,. Hence H, has a canonical labeling. O

We are now ready to prove the sharpness of Theorem [
Proposition 17. xpp(Comi20K1 1) = 4 if and only if t > Ppp(Cama,3) = 22mF2 — 1.

Proof. Let C' = Copao, and let K be the complete bipartite graph with the bipartition
X ={z}and Y = {y, : ¢ € [t]}. Let M = COK. Suppose t > Ppp(C,3). We have
xpp(M) = 4 by Theorem @l

Conversely, suppose t < Ppp(C,3). Let H = (L, H) be an arbitrary 3-fold cover of M
with Ppp(Mx,Hx) = d. Clearly d > Ppp(C,3) > t. By Lemma [I0] for each ¢ € [t],
M[V(C) x y4] has at most 1 volatile H x-coloring. By Corollary [0} M admits an H-coloring.
Thus xpp(M) < 3. O

We do not know of any other sharpness examples for Theorem ] which leads us to believe
that Theorem @] is not sharp very often. This motivates us to study Question Bl further.

4 Cartesian Product of a Cycle and Complete Bipartite Graph

In this Section, we will completely answer QuestionBlwhen G is an odd cycle and k = 1 by
showing that f(Com+1,1) = Ppp(Com+1,3)/3 as compared to f(Comi2,1) = Ppp(Comy2,3)
as given by Proposition [I7l More generally, in this Section, we make progress towards Ques-
tion Bl by improving Theoremdlwhen G is a cycle and k > 2. We construct random covers with
a combination of random matchings defined using an equivalence relation on an appropriate
set of colorings, and matchings defined using canonical and twisted-canonical labelings. We
show that there exists an appropriate bad cover by counting the expected number of volatile
colorings and applying Lemma [0l
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4.1 0Odd Cycles

We now explore the Cartesian product of an odd cycle and a complete bipartite graph.
We start by defining an equivalence relation on the set of proper colorings of an odd cycle,
which is the final ingredient we need to set up the process of creating a bad cover.

Let G = Coyq1 with vertices ordered cyclically as vy, ..., vom+1 and let C denote the set
of all proper k-colorings of G. We define the equivalence relation ~ on C such that if ¢,d € C,
then ¢ ~ d if there exists a j € Zj, such that (c(v;) — d(v;)) mod k = j for all i € [2m + 1].
The following Lemma is now immediate.

Lemma 18. Fach equivalence class € of ~ as defined above is of size k. Furthermore, if
¢, d € € such that ¢ # d, then c(v;) # d(v;) for all i € 2m + 1].

Note that Lemma [I8 gives a partition of the set of all proper k-colorings of an odd cycle
into sets of size k which immediately gives a corresponding partition of proper H-colorings
of an odd cycle into sets of size k where H is a k-fold cover of an odd cycle with a canonical
labeling.

We are now ready to prove Theorem [l We construct random (k + 2)-fold covers of
Com+10Ky in such a way that, using the notation in the definition of volatile coloring
in Section 2.1l each H x-coloring is volatile for some M,, . We use a combination of two
types of matchings: (i) random matchings between L(u,xz;) and L(u,y,) defined using the
equivalence relation ~ where u € V(G),z; € X and y, € Y, and (ii) matchings between
L(u, z) and L(v, z) defined using a canonical labeling where wv € E(G) and z € X UY.
We partition the set of all H y-colorings into sets of size (k + 2)*, and we find the expected
number of volatile H x-colorings in each part. If that expectation is larger than (k + 2)*¥ —1,
we can use Lemma [0 to show a bad (k + 2)-fold cover must exist.

Theorem [Tl Given k € N, let ¢, = ’71n2+(k—1)ln(k—l—];)li(lﬁ?_;(;f-i-%k*l—(k+1)!)—‘ if k > 2 and
c1 = 1. Then,

k " k
XDpP(Com+10Ky ) = k + 3 whenever t > ¢, (W) =i (%W) )

Proof. For simplicity of notation, we will refer to ¢ as ¢ in the proof.

Let C' be the odd cycle with vertices ordered cyclically as u1,...,u2m+1, and let K be
the complete bipartite graph with bipartition X = {z; : j € [k]} and Y = {y, : ¢ € [t]}.
Let M = COK and Mx = M[{(u;,z;) : i € 2m + 1],j € [k]}]. By Theorem [3, we have
xpp(M) < xpp(C) + col(K) — 1 = k + 3. It remains to show that xpp(M) > k + 2. We
form a (k + 2)-fold cover H = (L, H) of M using a partially random process.

For each v € V(K), let H, = (L, Hy) be a (k + 2)-fold cover of M[V(C) x {v}] with
a canonical labeling. For each v € V(K), we let L(u,v) = Ly(u,v) for every u € V(C)
and create edges so that H[,cy () L(u,v)] = Hy. For simplicity, we rename each vertex
((u,v),l) in V(H) as (u,v,l). Next we use a random process to add matchings (possibly
empty) between L(u;, z;) and L(u;,y,) for each i € 2m + 1],j € [k] and ¢q € [t] to complete
the construction of H.

Let Hx = (Lx,Hx) denote the cover of Mx where Lx(u,x;) = Ly, (u,z;) for every
(u,zj) € V(C) x X and Hx = U?:l H,,. Let C and T denote the collection of all proper
(k + 2)-colorings and the collection of all H x-colorings respectively of M. Note that since
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Hx is a (k + 2)-fold cover of Mx with a canonical labeling, there exists a bijection between
C and Z. Note that one such bijection is, f : C — Z where f(c) = {(ui, zj,c(u;, z;)) 1 i €
[2m + 1],j € [k]}. Moreover, Ppp(Mx,k +2) = P(Mx,k + 2) (see Theorem 11 in [13]).
Hence Ppp(Mx,Hx) = Ppp(Mx,k +2). Let d = P(C,k +2) = (k+1)>"T! — (k + 1) so
that Ppp(Mx,Hx) = dk.

For every j € [k], let C; and Z; denote the collection of all proper (k + 2)-colorings and
all H,,-colorings respectively of M[V(C) x {z;}]. For each j € [k], C; is partitioned into
equivalence classes of size (k4 2) by Lemma [I8 under the equivalence relation ~ as described
in the definition of ~. We let b = d/(k + 2) and arbitrarily name these equivalence classes
&; p where p € [b].

We arbitrarily name the elements of the set [b]* as p1,...,py. Let a € [b¥] and suppose
Do = (P1,D2,...,pk). We define S, = {U§:1 Ip; : I, € f(&jp,) for each j € [k]} Note that

the size of Sp, is (k + 2)*. Clearly {Sp, : a € [b*]} is a partition of Z. For each a € [b*], we
associate ¢ cycles M[V(C) X {Yca—1)+11]s---s M[V(C) X {Ye(a—1)+c}] to Sp,. Note that this
can be done since t > ¢b*. By Lemma [0} if there exists a cover #* of M such that for each
a € [b¥], every s € Sp, is volatile for at least one of M [V (C) x {y1}],..., M[V(C)x {y:}] then
M does not have an ‘H*-coloring. Next we use a probabilistic argument and show that there
exists a way to create matchings between L(u;, z;) and L(u;,y,) for each i € 2m +1],j € [k]
and ¢ € {c(a—1)+1,...,c(a — 1) + ¢} so that each s € Sp, is volatile for at least one of
M[V(C) X {yc(a—1)+1}]7 s 7M[V(C) X {yc(a—l)-l-c}]'

Let a € [b*] and suppose p, = (p1,p2,...,pr). Let j € [k] and suppose fEip;) =
{I1,..., Ix2}. Note that by Lemma [I8, for each j € [k], f(€;p,) is a partition of the vertex
set of H, . For each £ € [c] and j € [k], we pick a random bijection o; between f(&; ;)
and [k + 2]. Then we draw an edge between the vertex in I} N L(u;, z;) and the vertex
(Uis Ygoia_ryse: 03 (L1)) for each i € [2m +1] and [ € [k +2]. This completes the construction of
H. It is easy to verify that H is a cover.

Let a € [b¥] and s € Sp,. Suppose p, = (p1,p2,...,pk) and s = U?Zl Jp, where J,. €
f(&jp,) for each j € [k]. For each j € [k], suppose the random bijection chosen previously
between f(€;p,) and [k +2] is 0. Let r € {c(a — 1) +1,...,c(a — 1) + c}. Let D, = {w €
V(H,,) : Nu(w) Ns = 0} and H, = H[D,]. For each u € V(C), we define L] (u,y,) =
Ly, (u,yr) N Dy. Let Hy = (L, , H, ). By Lemma[l2 s is volatile for M[V(C) x {y,}] if and
only if H;, is a 2-fold cover of M[V(C) x {y,}] with a canonical labeling which happens if
and only if the cardinality of the set {o;(.Jp,) : j € [k]} is k.

We now calculate the probability that s is volatile for M [V (C) x {y,}]. Since number of
possible bijections between f(&;,,) and [k + 2] for each j € [k] is (k + 2)!, there are total
((k + 2)!)* ways to add matchings in the way described earlier corresponding to each S, .
We count the number of matchings that correspond to s being volatile for M [V (C) X y,] as
follows. For j = 1, there are (k + 2) possible values for o(Jp,). Then there are (k + 1)!
possible bijections between f(&;,,) — {Jp, } and [k + 2] — {o1(Jp,)}. Note that if k£ = 1, the
probability that s is volatile for M[V(C) x {y,}] is 1. If & > 2, consider j = 2. Clearly
02(Jp,) must be different from oy (.Jp, ). Thus there are k + 1 possible values for o3(J,,) and
(k + 1)! possible bijections between f(E2p,) — {Jp, } and [k + 2] — {02(Jp,)}. Continuing in
this fashion, once we get to j = k, there are (k +2) — (k — 1) = 3 possible values for o (Jp, )
and (k + 1)! possible bijections between f(&p, ) — {Jp,} and [k + 2] — {ox(Jp,)}. Thus for
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k > 2, the probability that s is volatile for M [V (C) x {y,}] is

(k+2)(k+ D)k +1)(E+D!--3(k+1)!  (k+2)!
((k + 2)N)k - 2(k+2)F

Suppose E,; is the event that s is volatile for at least one of M[V(C) X {yea—1)+1}];

., M[V(C) x {yc(a_1)+c}]. Hence P[E, ] =1 — (1 —(kE+2)!1/2(k + 2)k)c. Let X, s be the

indicator random variable such that X, , = 1 when £, ; occurs and X, ; = 0 otherwise. Let
Xa = Yses,, Xa,s- By linearity of expectation we have,

Thus if ¢ satisfies

(k +2)F [1— <1—%H > (k+2)F -1,

then there exists a (k + 2)-fold cover, H*, of M such that for each a € [b*] each s € S, is
volatile for at least one of M[V(C) X {ye@a—1)41}]s -+ MIV(C) X {ye(a—1)+c}]- We can show
by a straightforward simplification that when k > 2 the above inequality holds if and only
if c>kIn(k+2)/(In2+ (k — 1) In(k +2) — In(2(k +2)*=1 — (k + 1)1)). Tt is also easy to see
that the above inequality holds when ¢ = 1 and k = 1. Finally, note that by Lemma O M
does not admit an H*-coloring and k + 2 < xpp(M). O

To show the sharpness of Theorem [7l, we need a lemma which utilizes the notation given
in the definition of volatile coloring in Section 2.1l

Lemma 19. Let M = Cyp, 10K and let H be a 3-fold cover of M. Then for each q € [t],
My, has at most 3 volatile Hx-colorings.

Proof. Suppose the vertices of the odd cycle are ordered cyclically as vy,...,v9m+1. Let
X ={z}. Let H = (L,H) where L(u,v) = {(u,v,i) : i € [3]} for each (u,v) € V(M). Let
be the set of all H x-colorings of Mx.

Suppose for r € [t], M, has at least 4 distinct volatile H x-colorings. Let Ji, Jo, J3 and
Jy denote 4 of these colorings. By the pigeonhole principle, at least two of these colorings
are non-disjoint. Let Iy and I» denote two such colorings. Additionally since I; and Iy are
distinct, there exist ig € [2m + 1] and i3 = (ip mod (2m + 1)) 4+ 1 such that L(v;,,z) NI} =
L(viy, ) NIz = {(viy, x,lp)} and L(viy,z) NI = {(vi,, 2, 01)} and L(v;,,x) N Ia = {(viy, x,l2)}
where Iy # Iz and lg, [1, 12 € [3]. Without loss of generality, suppose ig = 1 and suppose i1 = 2

For each j € [2], let D; = {u € V(H,,) : Ng(u) NI; = 0} and H;, = H[D,]. For each
u € V(M,,), we define L, (u) = L, (u) N D;. Let Hj, = (L3, , Hj,).

Since I; and I are volatile for M, , there is no ’H;T—coloring and no ’Hzr—coloring of
M,,. By Lemma [I2] Hlllr and ’HZT are 2-fold covers with canonical labelings. Since L(v1,
z) NI} = L(vy,xz) NIy = (vi,2,lp) and (v1,2,lp) has a unique neighbor in H,,, we have
L;T(vl,yr) = Lgr(vl,yr) = L(v1,yr) — Ng((vi,z,1lp)). Let L(v1,y,) — Ng((v1,z,1l)) = {(v1,
Yryl3), (V1,Yr,l4)} where l3,l4 € [3]. On the the other hand, since l; # l3,(va,x,l1) and
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(v2,x,l3) have distinct neighbors in H,, . Therefore |L31/T (v2,yr) N L;T (vo,yr)| = 1. Let (vg,

Yr,l5) € L;T(Ug,yr) — Lzr(vg,yr) and (ve,yr,lg) € LZT(UL%) — L;T(Ug,yr) and let (va,yy,
l7) € Lgl/r(v%y?“) N Lzr.(v%y?“) where {l5vl67l7} = [3] To Summarize, Lgl/r.(vby?“) = ng/r.(vb
y?“) = {(v1,yr,lg),(v1,yr,l4)}, Lgl;r(v%:y?“) = {(7}27%“7[5)7(?}27%’717)} and L2T(U27y7“) = {(7}27
Yr, lﬁ)a (U27 Yr, l7)}

Since ’Hgl/r has a canonical labeling, either (vi,y.,3)(ve,yr,l7) € E(H) or (v1,yr,l4)(v2,
yr,l7) € E(H). Without loss of generality, suppose (v1, yr, l3)(v2, yr,l7) € E(H). This means
(Ulayr7l4)(v2ayr715) € E(H)

Similarly since ng has a canonical labeling, either (v1,y,,[3)(ve,yr,l7) € E(H) or (vy,
Yryla)(v2,yr,l7) € E(H). Since Eg(L(v1,yr), L(ve,y,)) is a matching and (v1, Yy, l4)(v2, Yr,
l5) € E(H), (vi,yr,la)(v2,yr,l7) ¢ E(H). Hence we have (v1,yy,l3)(ve,yr,l7) € E(H). Then
(v1, Yr,l4)(V2,Yr,lg) € E(H). Hence Eg(L(v1,y,), L(va,y,)) is not a matching. Therefore H
is not a cover and we have arrived at a contradiction. O

We are now ready to prove the sharpness result.

Proposition 20. xpp(Com+10K1 ) =4 if and only if t > PDP(C?”“’?’) = 22m§1_2.

Proof. Let C = Cyp41 and K be the complete bipartite graph with bipartition X = {z} and
Y ={y,:q€[t]}. Let M = COK and M, = M[{(u;,z) : i € 2m +1]}]. Let d = Ppp(C,3).
Suppose t > d/3. Applying Theorem [ with ¢; = 1 implies xpp(M) = 4.

Conversely, suppose t < Ppp(Com+1,3)/3 or equivalently d > 3t. Let H = (L, H) be
an arbitrary 3-fold cover of M. By Lemma [I9] for each ¢ € [t], M[V(C) x {y,}] has at
most 3 volatile H x-colorings. By Corollary [[0, M admits an H-coloring. Hence we have,
xpp(M) < 3. O

4.2 Even Cycles

We next present a result that is an improvement on Theorem [ when G is an even cycle.
Similar to the odd cycle case in the previous Subsection, we use an equivalence relation which
is the final ingredient we need to set up the process of creating a bad cover of the Cartesian
product of an even cycle and a complete bipartite graph. We start with the notion of a cover,
H, for which Ppp(Cop,H) = Ppp(Com, k) for m > 2 and k € N.

For any m > 2, a k-fold Cyy,-twister is a k-fold cover, H = (L, H), of G = Cl,, such that it
is possible to order the vertices of G cyclically as uq, . .., uom, let L(u;) = {(u;,1) : 1 € [k]} for

each i € [2m] so that (Ulem,iepm_”{(ui, 1) (i1, z)}) U <Ule[k]{(uQm, D)(ur, (I mod k) + 1))
is the set of cross edges of H.

By Lemma 23 in [13], Ppp(Com,H) = Ppp(Com, k) when H is a k-fold Cy,y,-twister.

Let G = Cyy4+2 with vertices ordered cyclically as ug, ..., u2m12, and let H = (L, H) be a
k-fold cover of G. Suppose for each i € [2m + 2|, L(u;) = {(u;,1) : | € [k]}. Let Z denote the
set of all H-colorings of G. Suppose I, I € Z, and for each i € [2m + 2], we let ¢;; and co;
be the second coordinate of the vertex in Iy N L(u;) and the vertex in I N L(u;) respectively.
We define the relation ~ on Z such that I; ~ I if there exists a j € Zj, such that (c1; — c2,)
mod k = j for all i € [2m + 2]. It is easy to see that ~ is an equivalence relation.
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Figure 3: A 3-fold Cs,,-twister. Note that the set of vertices inside each oval is a clique; we
have omitted drawing the corresponding edges for simplicity.

Lemma 21. Suppose H is a k-fold Copro-twister of G = Copmyo where k > 3. Using the
notation of the definition of = above, the following statements hold.

(i) Each equivalence class € of = as defined above is of size k.

(11) If I, Iy are in the same equivalence class of =~ and Iy # Iy, then ci; # ca,; for all
i €[2m+2]}.

Proof. We only prove Statement (i) since Statement (ii) is obvious. Let I € £. For each
i € [2m + 2], we let ¢; be the second coordinate of the vertex in I N L(u;). For each | €
Zi,t € [2m + 2], we define ¢;; = ((¢; — 1+ 1) mod k) + 1. Then for each | € Zj, we
construct I; so that I; = {(us,¢;;) : 4 € 2m + 2]}. Notice that Iy = I. Let I’ € Zj. Clearly
[Ty N L(u;)| = 1 for each i € [2m + 2]. We now show that Iy is an H-coloring of G. Suppose
there exist two vertices in Iy, (uj,cp ;) and (ujr, cp j) such that (uj,cp ;)(uj,cp ) € E(H).
This implies that (uj,c;), (u;,cj) € I. The fact that H is a twister of G and our assumption
(uj,cp j)(ujr, cp jo) € E(H) imply that (uj,c;)(uj, cjr) € E(H). This is a contradiction. Thus
I; is an H-coloring of G for each | € Zj. Also, clearly I} € £ for each | € Z;. Therefore,
€] > k.

Now suppose |E] > k. Let J € £ be an H-coloring of G that is not equal to I; for any
l € Zy. For each i € [2m+ 2], let d; be the second coordinate of the vertex in J N L(u;). Then
since J € &, there exists some r € Zj such that (d; — ¢;) mod k = r for all ¢ € [2m + 2.
Recall that ¢; = ¢g;. Note that (¢, ; —¢;) mod k = r for all i € [2m + 2]. Since d; and ¢, ;
are both elements of [k], d; = ¢,; for all i € [2m + 2]. Therefore J = I, and || < k. This
proves the Statement (i). O

We now prove Theorem [8l The strategy of the proof is similar to that of Theorem [l We
construct random (k + 2)-fold covers of Cop,420K}, in such a way that, using the notation
in the definition of volatile coloring in Section 1], each H x-coloring is volatile for some M, .
We begin so that Hx is built from (k + 2)-fold Coy,4o-twisters. We then use a combination
of two types of matchings: (i) random matchings between L(u, x;) and L(u,y,) defined using
the equivalence relation ~ where u € V(G),z; € X, and y, € Y and (ii) matchings between
L(u,y,) and L(v,y,) defined using a twisted-canonical labeling where uv € E(G) and y, € Y.
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We partition the set of all H y-colorings into sets of size (k + 2)*, and we find the expected
number of volatile H x-colorings in each part. If that expectation is larger than (k + 2)¥ —1,
we can use Lemma [0 to show a bad (k + 2)-fold cover must exist.

. . kIn(k+2)
Theorem Bl Given k € N, let ¢, = ’7161n(k+2)—1n((k+2)k—L(k+2)/2jk!)—" Then xpp(Coms20

k om42_1\ K
Kk,t) = k + 3 whenevert > ¢, (W) = Ck (%) :

Proof. For simplicity of notation, we will refer to ¢ as ¢ in the proof.

Let C be the even cycle with vertices ordered cyclically as w1, ..., usm12, and let K be
the complete bipartite graph with bipartition X = {z; : j € [k]} and Y = {y, : ¢ € [t]}.
Let M = COK and Mx = M[{(uj,z;) : i € 2m +2],j € [k]}]. By Theorem B, we have
xpp(M) < xpp(C) 4+ col(K) — 1 = k + 3. It remains to show that xpp(M) > k + 2. To
show this, we form a (k + 2)-fold cover H = (L, H) of M using a partially random process.

For each x € X, let H, = (L, H;) be a (k + 2)-fold Cyyp4o-twister of M[V(C) x {x}].
Clearly, Ppp(M[V (C) x {z}],Hs) = Ppp(C, k+2). We then let L(u,z) = Ly (u, z) for every
u € V(C) and create edges in H so that H[,ecy ) L(u,®)] = Hy. Let Hx = (Lx, Hx)
denote the cover of Mx where Lx(u,z) = Ly(u,z) for every (u,z) € V(C) x X and Hx =
U,ex He. For simplicity we name the vertices in H so that for each (u,v) € V(M), L(u,v) =
{(u,v,1) : 1 € [k +2]}. Next we create edges so that for each (u,v) € V(C) x Y, H[L(u,v)]
is a clique on k + 2 vertices. For each j € [t], we draw edges (u;j,y;,20 — 1)(wiy1,y;,20 — 1)
and (g, Y5, 20)(uit1,95,2l) for every i € 2m + 1], € [|[(k + 2)/2]]. Next we draw edges
(u1,y5, 20 — 1) (ugm+2, yj, 2L) and (u1,y;, 20) (uam+2, Y5, 20— 1) for each j € [t], I € [[(k+2)/2]].
Then, if £+ 2 is odd, we draw edges so that for each j € [t|, H[{(u;,y;,k+2) :i € [2m +2]}]
is a cycle with vertices ordered cyclically as (u1,y;,k +2),..., (uamt2, Y5,k + 2).

Next we use a random process to add matchings(possibly empty) between L(u;, ;) and
L(u;,yq) for each i € [2m + 2|, 5 € [k] and ¢ € [t] to complete the construction of H.

Let Z denote the collection of all H x-colorings of My. Let d = Ppp(C,k +2) = (k +
1)2m+2 — 1 so that Ppp(Mx,Hx) = d*. For every j € [k], let Z; denote the collection of all
H;-colorings of M[V(C') x {x;}]. For each j € [k], Z; is partitioned into equivalence classes
of size k + 2 by Lemma 2Tl under the equivalence relation & as described in the definition of
~. We let b = d/(k + 2) and name these equivalence classes &;, where p € [b]. Notice that
for each j € [t], {£;, : p € [b]} is a partition of Z;.

We arbitrarily name the elements of the set [b]* as p1,...,py. Let a € [b¥] and suppose
Do = (P1,D2,--.,pk). We define S, = {U§:1 Iy Iy, € &jp,; for each j € [k]} Note that

the size of Sp, is (k + 2)¥. Clearly {Sp, : a € [b*]} is a partition of Z. For each a € [b*], we
associate ¢ cycles M[V(C) X {Yea—1)+11]---s M[V(C) X {Ye(a—1)+c}] to Sp,. Note that this
can be done since t > ¢b*. By Lemma [0} if there exists a cover #* of M such that for each
a € [b*], every s € Sp, is volatile for at least one of M [V (C) x {y1}],..., M[V(C)x {y;}] then
M does not have an ‘H*-coloring. Next we use a probabilistic argument and show that there
exists a way to create matchings between L(u;, z;) and L(u;,y,) for each i € 2m +1],j € [k]
and ¢ € {c(a—1)+1,...,c(a — 1) + ¢} so that each s € Sp, is volatile for at least one of
M[V(C) X {yc(a—l)—l-l}]v s 7M[V(C) X {yc(a—l)—l-c}]'

Let a € [b*] and suppose p, = (p1,p2,...,pr). Let j € [k] and suppose Eip; =
{I1,...,Ix12}. Note that by Lemma 21l for each j € [k], &, is a partition of the ver-
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tex set of H, . For each { € [¢] and j € [k], we pick a random bijection o; between &; ;. and
[k +2]. Then for each [ € [k + 2] and i € [2m + 2], we draw an edge between the vertex in
Iy N L(ui, ;) and the vertex (u;,Yq.,_,),,> (1)) This completes the construction of H. It
is easy to verify that H is a cover.

Let a € [b¥] and s € Sp,,. Suppose p, = (p1,p2, - - -,pi) and s = Ule Jp; where Jp,. € &,
for each j € [k]. For each j € [k], suppose the random bijection chosen previously between
Ejp;, and [k +2]is 0j. Let r € {c(a — 1)+ 1,...,c(a—1) +c}. Let D, = {w € V(H,,) :
Ng(w)Ns =0} and H, = H[D,]. For each u € V(C), we define L;, (u,y,) = L(u,y;) N D,.
Let H; = (L, ,H, ). By Lemmal[l5] s is volatile for M[V(C) x {y,}] if and only if H]_is a
2-fold cover of M[V(C) x {y,}] with a twisted-canonical labeling. This happens if and only
if the cardinality of the set {o;(Jp,) : j € [k]} is k and there exists I € [|(k + 2)/2]] such that
Hy, = H(Uicpm+),se2) (Wi yr, 2L+ 2 = 2)] (e, 20 = 1,20 ¢ {0;(Jp,) : j € [k]}).

Since number of possible bijections between f(&; ;) and [k +2] for each j € [k] is (k+2)!,
there are total ((k + 2)!)* ways to add matchings in the way described earlier corresponding
to each Sp,. We now calculate the probability that s is volatile for M[V (C) x {y,}]. Since
number of possible bijections between &; . and [k + 2] for each j € [k] is (k + 2)!, there are
total ((k + 2)!)* ways to add matchings in the way described earlier corresponding to each
Sp.- We count the number of matchings that correspond to s being volatile for M[V (C) x y,]
as follows. Recall that there are |(k +2)/2| possible values for [. Then for j = 1, there are k
possible values to choose from the set [k + 2] — {21 — 1,21} for o1(Jp,) and (k + 1)! possible
bijections between & ,, and [k + 2| — {o1(Jp,)}. If & > 2 then for j = 2, o3(Jp,) must be
different from o1(Jp,),20 — 1 and 2/. Thus there are k — 1 possible values for o3(Jp,) and
(k + 1)! possible bijections between &; p, — {Jp, } and [k + 2] — {o2(Jp,)}. Continuing in this
fashion, once we get to j = k, there is k — (k — 1) = 1 possible value for o4 (Jp, ) and (k+1)!
possible bijections between & ,, — {Jp, } and [k + 2] — {o4(Jp,)}. Thus the probability that
s is volatile for M [V (C) x {y,}] is

L(k+2)/2]k(k + DIk =1)(E+1)!---(E+ 1) [(k+2)/2]K!
((k+2)hH)k  (E+2)F
Suppose E, s is the event that s is volatile for at least one of M[V(C) X {Yca—1)+1})- - -5
M[V(C) x {yc(a_1)+c}]. Hence P[E,s] =1 — (1 —(k+2)/2]k!/(k + Z)k)c. Let X, s be the
indicator random variable such that X, , = 1 when E, ; occurs and X, ; = 0 otherwise. Let
Xa = Yses,, Xa,s- By linearity of expectation we have,

E[X,] = (k +2) [1 — <1 — %H .

Thus if ¢ satisfies

(k +2)F {1—(1—%)1 > (k+2)% —1,

then there exists a (k + 2)-fold cover, H*, of M such that for each a € [b*] each s € Sp,
is volatile for at least one of M[V(C) X {yc(a—1)t1}--» M[V(C) X {Ye(a=1)4c}]- We can
show by a straightforward simplification that the above inequality holds if and only if ¢ >
Eln(k +2)/(kln(k 4+ 2) — In((k + 2)* — | (k + 2)/2]k!)). Finally, note that by Lemma [0 M
does not admit an H*-coloring and k + 2 < xpp(M). O
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Note that the sharpness of Theorem [ follows from Proposition [I7
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