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Abstract

For any connected graph G, let P(G,m) and Ppp(G,m) denote the chromatic polynomial
and DP color function of G, respectively. It is known that Ppp(G,m) < P(G,m) holds for
every positive integer m. Let D Py (resp. DP<) be the set of graphs G for which there exists an
integer M such that Ppp(G,m) = P(G,m) (resp. Ppp(G,m) < P(G,m)) holds for all integers
m > M. Determining the sets DPy and DP. is a key problem on the study of the DP color
function. For any edge set Fy of G, let £(Ep) be the length of a shortest cycle C' in G such
that |[E(C) N Ep| is odd whenever such a cycle exists, and £g(Fy) = oo otherwise. Write £g(Ep)
as lg(e) if Ey = {e}.

In this paper, we prove that if G has a spanning tree T such that ¢g(e) is odd for each
e € E(G) \ E(T), the edges in E(G) \ E(T) can be labeled as e, ez, -+ ,eq with {g(e;) <
la(eipr) for all 1 <4 < ¢ —1 and each edge e; is contained in a cycle C; of length {¢(e;) with
E(C;) CE(T)U{e; : 1 < j < i}, then G is a graph in DP~. As a direct application of this
conclusion, all plane near-triangulations and complete multipartite graphs with at least three
partite sets belong to DP.. We also show that if E* is an edge set of G such that {g(E*) is
even and E* satisfies certain conditions, then G belongs to DP.. In particular, if {g(E*) = 4,
where E* is a set of edges between two disjoint vertex subsets of G, then G belongs to DP..
Both results extend known ones in [DP color functions versus chromatic polynomials, Advances
in Applied Mathematics 134 (2022), article 102301].

1 Introduction

1.1 Proper coloring, list coloring and DP coloring

In this article, we consider simple graphs only. For any graph G, let V(G) and E(G) be the
vertex set and edge set of G, respectively. For any two disjoint subsets V; and V5 of V(G), let
Eg(V1,V3) be the set of edges uv € E(G), where u € V5 and v € V5. For any non-empty subset Vj
of V(G), let G[Vy] denote the subgraph of G induced by Vj. For any A C E(G), let V(A) be the
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set of vertices in G which are incident to some edges in A, and let G[A] be the subgraph of G with
vertex set V(A) and edge set A when A # (). Let G(A) be the spanning subgraph of G with edge
set Aand G — A = G(E(G) \ A), and denote by ¢(A) the number of components of G(A). For any
u € V(Q), let Ng(u) (or simply N(u)) be the set of the neighbors of v in G.

Denote the set of positive integers by N. For any m € N, let [m| = {1,--- ,m}. For any graph
G, a proper coloring of G is a mapping ¢ : V(G) — N, such that c(u) # c(v) for all wv € E(G).
For any positive integer m, a proper m-coloring of G is a proper coloring ¢ with c¢(v) € [m] for
all v € V(G). The chromatic polynomial P(G,m) of G is a function which counts the number of
proper m-colorings of G for each m € N. The chromatic polynomial was originally designed as a
tool to attack the Four Color Conjecture [1], but later gained unique research significance because

of its elegant properties, see [2, [3 11} [12] for reference.

To generalize proper coloring, Vizing [14] and Erdés, Rubin and Taylor [7] independently intro-
duced the notion of list coloring. For any graph G, a list assignment L of GG is a mapping from
V(QG) to the power set of N, and an L-coloring of G is a proper coloring ¢ with ¢(v) € L(v) for all
v € V(G). Denote the number of L-colorings of G by P(G,L).

L is an m-list assignment of G if |L(v)| = m holds for all v € V/(G). Then the list color function
P;(G,m) of G counts the minimum value of P(G, L) among all m-list assignments L for each m € N.
Obviously, P,(G,m) < P(G, m) holds for each m € N. And surprisingly, P,(G, m) = P(G, m) holds
|E(G)|-1

In(1+v/2)
might not be a polynomial [5], the list color function P;(G,m) of any graph G inherits all the nice

whenever m > (see [15]). While this implies that the list color function of some graph

properties of its chromatic polynomial when m is sufficiently large. See [I3] for some open problems

of list color functions.

To make breakthroughs in list coloring, Dvotrdk and Postle [6] recently defined the correspondence

coloring, or DP-coloring. The formal definition is as follows.

For any graph G, a cover of G is an ordered pair H = (L, H), where H is a graph and L is a
mapping from V(G) to the power set of V(H) satisfying the conditions below:

o the set {L(u) : u € V(G)} is a partition of V(H),
e for every u € V(G), H[L(u)] is a complete graph,
e if 4 and v are not adjacent in G, then Ey(L(u),L(v)) = (), and

e for cach edge uwv € E(G), Ex(L(u), L(v)) is a matching.

For any cover H = (L, H) of G, H is m-fold if |L(v)| = m for all v € V(G), and H is full if for
each edge wv € E(G), Eg(L(u), L(v)) is a perfect matching. An H-coloring of G is an independent
set I in H with |I| = |V(G)|. Obviously, any H-coloring I of G has the property that [N L(v)| =1
for each v € V(G). Denote the number of H-colorings of G by Ppp(G,H).



The DP color function Ppp(G,m) of G, introduced by Kaul and Mudrock [9] in 2019, counts
the minimum value of Ppp(G,H) among all m-fold covers H of G for each m € N. Note that
Ppp(G,m) < P(G,m) holds for each m € N. Therefore, for each m € N,

Ppp(G,m) < P(G,m) < P(G,m). (1.1)

It is known that all the equalities in (I.I]) can hold simultaneously. For example, the authors of [9]
proved that Ppp(G,m) = P(G,m) holds for all m € N when G is a chordal graph. However,
different from list color functions, not the DP color functions of all graphs tend to be the same as
their chromatic polynomials. In [9], it is shown that for any graph G with even girth, there exists an
N € N, such that Ppp(G,m) < P(G,m) for all integers m > N. Therefore, how to characterize the
two classes of graphs DP. and DP. becomes a research focus in the study of DP color functions,

where

e DPy isthe set of graphs G for which there exists an integer M such that Ppp(G,m) = P(G,m)
holds for all integers m > M, and

e DP. is the set of graphs G for which there exists an integer M such that Ppp(G,m) < P(G,m)
holds for all integers m > M.

So far it is still unknown if there exists a graph G such that G ¢ DPx and G ¢ DP.. Thus, a
characterization of the graphs in DP. or DP. does not necessarily guarantee a characterization of

the graphs in the other class.

In this paper, we shall introduce our new findings on determining D P~ and DP-.

1.2 Known results

Throughout this paper, we need only to consider connected graphs because for disconnected

graph G with components Gy, --- , G,

k
Ppp(G,m) =[] Por(Gi,m). (1.2)

i=1

In this subsection, we introduce the known graphs contained in sets D P~ and D P respectively.

Let Ham = (La,m, Ha,m) denote the special full m-fold cover such that Lg ., (u) = {(u,i) : i €
[m]} for each vertex u € V(G) and Epng,, (Lam(v), Lam(v)) = {(u,i)(v,7) : i € [m]} for each edge
wv € E(G). Obviously, Ppp(G,Hag,m) = P(G,m) for all m € N. Let DP* denote the set of graphs
G for which there exists M € N such that for every m-fold cover H = (L, H) of G, it H % Hg pm,
then Ppp(G,H) > P(G,m) holds for all integers m > M. Apparently, DP* C D P, but whether

DP* = DPy, or not is currently unknown.



On one hand, Mudrock and Thomason [10] showed that each graph with a dominating ver-
tex belongs to DP.. Actually they proved that each graph with a dominating vertex belongs to
DP*. Dong and Yang [4] then extended their conclusion to a large set of connected graphs (see
Theorem [L.T]).

Let Ci(e) be the set of cycles in G containing e with the minimum order. Note that Ca(e) = ()
if e is a bridge. Denote by ¢g(e) the girth of edge e in G, which is the order of any C € Cg(e) if
Ca(e) # 0; otherwise, £ (e) = co.

Theorem 1.1 ([4]) Let G be a graph with a spanning tree T. If for each edge e in E(G) \ E(T),
li(e) is odd and there exists C' € Ci(e) such that Lg(e') < Lg(e) for each € € E(C)\ (E(T)U{e}),
then G € DP* and hence G € DP..

On the other hand, some families of graphs belonging to D P~ were found. Kaul and Mudrock [9]
discovered the fact that for any graph G with an edge e, if P(G —e,m) < mP(G,m)/(m — 1), then
Ppp(G,m) < P(G,m) holds, and showed that every graph with an even girth belongs to DP-.

The latter conclusion was extended to the following one.
Theorem 1.2 ([4]) Graph G belongs to DP- if G contains an edge of even girth.

An edge gluing of vertex disjoint graphs G; and G is a graph obtained by identifying an edge
in Gy and an edge in Gy as a same one. Then, it is easy to check [4, ] that G belongs to DP.
if G1 € DP. and either (G; is a block of G or GG is an edge-gluing of (G; and some other graph.
Therefore, as shown in [4], Theorem cannot be a characterization of all the graphs in DP.
because by edge gluing any graph G in DP. with a number of 3-cycles, infinitely many graphs G’
in DP- can be obtained in which ¢¢/(e) = 3 holds for all e € E(G").

1.3 New results

In this article, we will further extend Theorems [[.1] and We first give the definition of a
family of graphs.

A graph G is called DP-good if G has a spanning tree 7' and a labeling ey, --- , e, of the edges
in E(G) \ E(T'), where ¢ = |E(G)| — |E(T)|, such that {g(e1) < --- < Lg(eq) and for each i € [q],
lc(e;) is odd and E(C;) € E(T)UA{eq, - ,e;} holds for some C; € Ci(e;). Obviously, the ¢ cycles
Cy,---,Cy are pairwise distinct.

It is clear that any graph satisfying the condition in Theorem [[.1] is DP-good. But the graph
shown in Figure [l is a DP-good graph which doesn’t satisfy the requirement in Theorem [T, The
following theorem shows that each DP-good graph belongs to D Px.

Theorem 1.3 Fvery DP-good graph is in DP*.



G T and an edge labeling

Figure 1: A DP-good graph G with a spanning tree T and an edge labeling of the edges in E(G) \
E(T)

As an immediate consequence of Theorem [I.3] Corollary [[.4] below suggests that many special
classes of graphs are DP-good and therefore contained in DP*, such as chordal graphs, complete

multipartite graphs with at least three partite sets, and plane near-triangulations.

Corollary 1.4 Let G be a graph with vertex set {v; : i = 0,1,2,--- ,n}. If for each i € |n], the
set N(vi) N{v; : 0 < j <i— 1} is not empty and the subgraph of G induced by this vertex set is
connected, then G is DP-good.

On the other hand, in order to extend Theorem [[.2], we shall first generalize the definition of the
girth of an edge to the girth of an edge set. Given any subset Ey of E(G), let Ci;(Ep) be the set of
the shortest cycles C' in G such that |E(C)N Ep| is odd (i.e., |E(C)NEp| is odd and |E(C) < |E(C")|
holds for each cycle C”" in G whenever |E(C")NEy| is odd), and the girth of Ey, denoted by £ (Ep), is
defined to be the length of any cycle in Cf,(Ep) if this set is non-empty, and £g(Ep) = oo otherwise.
Obviously, ¢g(Ep) < oo if and only if G contains a cycle C such that |E(C) N Ey| is odd, and if
Ey = {e}, then C;({e}) = Cq(e) and lg({e}) = la(e).

Let E* be a set of edges in G. Assume that each edge e in E* is assigned a direction e

E*

is the set of directed edges @ for all e € E*. In graph G, only edges in E* are assigned directions.

and

For any cycle C' in G, we say the directed edges in ﬁ are balanced on C if |[E(C) N E*| is even and
exactly half of the edges in E(C) N E* are oriented clockwise along C, and unbalanced otherwise.
Obviously, the directed edges of ﬁ are balanced on C' when E(C) N E* = (), and unbalanced on C
if |[E(C)NE*| is odd. Examples of cycles on which directed edges of E* are balanced or unbalanced
are shown in Figure 2 (a) and (b), respectively, where E(C) N E* = {e1, eq,e3,¢e4}.

We are now going to introduce the second main result in this article.

Theorem 1.5 Let G be a connected graph and E* be a set of edges in G. If the following conditions
are satisfied, then G belongs to DP.:



€4 €3 €4 €3

(a) Balanced directed edges on C (b) Unbalanced directed edges on C'

Figure 2: E(C)NE* ={ej,ea,€3,€4}

(i) ro = Lg(E™) is even; and

(ii) there exists a way to assign an orientation e for each edge e € E* such that the directed edges
in B = (€ :ec E*} are balanced on each cycle C of G with |E(C)| < .

The following Corollary [I.6] of Theorem [[.5] introduces a family of graphs in D P—, including the
graphs determined by Theorem

Corollary 1.6 Let G be any graph and let E* C Eg(V1,Va), where Vi and Vs are disjoint vertex
subsets of V(G) with V1 U Va #£ V(G). If the following conditions are satisfied, then G € DP.:

(i) ro = Lg(E*) is even; and

(ii) for each cycle C in G such that |E(C) N E*| is positive, either |E(C)| > ro or no component
of the subgraph C — (E* N E(C)) is a (v1,v2)-path for some v1 € Vi and ve € Vs.

Figure 3: Two graphs in DP.

It is easy to verify that both the graphs in Figure [ satisfy the conditions in Corollary by
taking Vi = {w; : i = 1,2,3}, Vo = {v; : i = 1,2,3} and E* = Eg(V4, V). Note that the graph



in Figure [3 (b) belongs to a family of graphs stated in the following corollary, which follows from
Corollary directly.

Corollary 1.7 Let G be any graph and let E* C Eg(V1,Va), where Vi and Vs are disjoint vertex
subsets of V(G). If bq(E*) =4, then G € DP-.

We will introduce some notations and fundamental results on an m-fold cover of a graph in
Section 2l 'We will then prove Theorem [[.3] and Corollary [[.4] in Section Bl and Theorem and
Corollary in Section @ Finally, in Section Bl we will apply Theorem to determine some
families of plane graphs belonging to DP-.

2 Notations and preliminary facts on an m-fold cover

In this section, we introduce some notations and preliminary facts on an m-fold cover which will
be applied in the proofs of Theorems [I.3] and

Let G be a graph. By the definition of Ppp(G,m), Ppp(G,m) is actually equal to the minimum
value of Ppp(G,H)’s over all those full m-fold covers H = (L, H) of G with L(u) = {(u,17) : i =
1,--+ ,m} for every u € V(G). Now we assume that H = (L, H) is any full m-fold cover of G with
L(u) ={(u,i) : i =1,--- ,m} for every u € V(G).

For any edge e = wv in E(G), let
Xe(G,H) = Eg(L(u), L(v)) \ {(u,i)(v,4) :i=1,--- ,m}, and

Ye(GoH) = {i € [m] = (w,)(v,7) € Xe(G, H)}

Then | X.(G,H)| = |Ye(G,H)|, and if (u,i)(v,5) € Xc(G,H), j is also included in set Y.(G,H) as
(u,j)(v,8) € Xe(G,H) for some s # j. We say an edge e in G is horizontal with respect to H
if Xo(G,H) = 0; sloping otherwise. Denote the set of sloping edges in G with respect to H by
Sc(H). For a given spanning tree T' of G, it is common to further assume that each edge in T is
horizontal with respect to H because we can rename the vertices in L(u) for every vertex u € V(G)
to guarantee that Ex(L(u), L(v)) = {(u,?)(v,) : i =1,--- ,m} holds whenever uwv € E(T), during
which the structure of graph H remains unchanged.

Let . (H) (simply .) be the set of subsets S of V(H) with |S N L(v)| =1 for each v € V(G).
Clearly, |S| = |V(QG)] for each S € .#. For each U C V(G), let .|y be the set of subsets S of V(H)
such that |[S N L(v)| =1 for each v € U and S N L(v) = for each v € V(G) \ U. Clearly, |S| = |U]|
for each S € .|y, and .¥ = .|y when U = V(G).

For any subgraph Gy of G, let Hg, be the subgraph of H with vertex set U,cy (gy)L(u) and
edge set Uyyep(Go) Er(L(u), L(v)). Let Gy (Go) be the set of graphs He,[S] (i.e., the subgraph of

7



Hg, induced by S), where S € 7|y (q,), such that Hg,[S] = Go. Note that Hg,[S] is the induced
subgraph H[S] whenever Gy is an induced subgraph of G. For each j € [m], let S;(Go) = {(v,J) :
v e V(Go)} and write Hg,[S;(Go)] as H;[Go).

For each edge e = uv € E(G), let .7, be the set of S € . such that the two vertices in
SN (L(uw) U L(v)) are adjacent in H. For each A C E(G), let %4 = NecaSe. Then, by the

inclusion-exclusion principle,

Ppp(G,H) = Y (=)H74], (2.1)
ACE(G)

which generalizes a well known property of the chromatic polynomial that

P(Gm)= > (~=1)Am@. (2.2)
ACE(G)

For any graph F, let %(F) be the set of bridges (i.e., cut-edges) in F, and let #(F) = E(F)\
B(F). Write B(G(A)) as B(A) for any A C E(G). The following properties hold, as proved in [4].

(i) For any A C E(G), if G1,Ga,- - - G a) are the components of G(A), then

c(A)

1 Zal = ] 16n(Go)l. (2.3)

1=1

(ii) For any connected subgraph Gy of G, we have |Gy (Go)| < m, where the equality holds if
B(Go) NSg(H) =0 (i.e., B(Go) does not contain sloping edges with respect to H).

(iit) By Facts (i) and (ii), for each A C E(G), we have |.74] < m®“), where the equality holds if

B(A) N Se(H) = 0.

(iv) Let &(H) (or simply &) be the set of subsets A of E(G) such that %(A) contains at least one
sloping edge with respect to . Then Fact (iii) implies that

Ppp(G,H) = P(Gym) = Y (=)!A(|.Fa] = m*D). (2.4)
Ae&

(v) Fact (iii) also implies that for any k € [n],

Yo (DA =m )y = Y (1S - mb) (2.5)
Ac& Aeé, c(A)=k
c(A)=k |A| is even



and

Yo )M —m )y < Y (mF [ 2a)). (2.6)
Ac& A€&, c(A)=k
c(A)=k |A| is odd

(vi) For any A € & and any sloping edge e in %(A), let G1 be the component of G(A) containing
e. Then |V (G1)| > la(e) and c¢(A) < |V(G)| — ba(e) + 1, and |A| = £g(e) whenever ¢(A) =
V(G| —la(e) + 1.

3 Proof of Theorem 1.3l

Now we give the proof of Theorem [I.3]

Proof of Theorem [[.3. We need only to prove that there exists an M € N, such that whenever
m > M, Ppp(G,H) > P(G,m) holds for every full m-fold cover H = (L, H) of G with H % Hg r,.

Suppose n = |V(G)|. As G is DP-good, G has a spanning tree T' and an edge labeling eq,--- , ¢4
of the edges in E(G) \ E(T'), such that {g(e1) < --- < {lg(eq) and for all i € [q], ¢g(e;) is odd and
E(C;) CE(T)U{e1, - ,e;} for some C; € Ca(e;).

Let H = (L,H) be a full m-fold cover of G with L(u) = {(u,i) : i = 1,--- ,m} for every
uw € V(G) and H % Hg . We can further assume that Sg(H) # 0 and all the edges in E(T) are
horizontal with respect to H. Then, every sloping edge e in G with respect to H is of odd girth as
Sa(H) € E(G) \ E(T).

In the following, write X.(G,H) and Y.(G,H) simply as X, and Y, for any edge e € E(G). Let
r = min{lg(e) : e € Sg(H)}, and let Ey = {ek,, - ,er,} be the set of sloping edges in G with
lg(ex,) = 7, where ky < kg < --- < k;. Then risodd, r > 3 and 1 <t < gq. Let Z, = U;?:lXeki.
Then | 2| = 22:1 | Xe,, | = 1.

Recall that the cycles C1,--- , Cy are pairwise distinct. We first prove the following three claims.
) ¢ ¢ . ¢ ¢
Claim 1 3 |Gx(Ch)| < mt — | U Yoy |, icee, 3 (m — 1G(Cr)]) > | U Yoy |.
i=1 i=1 i=1 i=1

Proof. It suffices to prove the two facts below:
(i) 1Gu(Ck,)| =m — |Ye, |; and
(ii) for any integer p € [t — 1], [Gx(Ch,,)| < m — ]Yekpﬂ \ (U2 Yoyl

Since E(Cy,) C E(T)U{e1, - ,exr, } and lg(er) < --- < Llg(eg,) = r, Ck, contains exactly one
sloping edge ey,. Thus for any j € [m|, H;[C, — {ex, }] = Ck, — {ex, }, and H;[Cy,] = Cy, if and
only if j ¢ Y, . Hence Fact (i) holds.



Similarly, for p € [t — 1], all the edges in E(Ck,,,) \ {€r,€ry, " €,,,} are horizontal as
E(Cy,.,) € E(T)U{e, e, - ,ep,,, } and lg(e1) < --- < Lglep,,,) =7 Let j € Yer, . \ (U, Yey, )-
Then, H;[Cr,,, — {ekp1}] = Crpyy — {€k,ys, ; but Hj[Cy ] 2 Ck,,,. Hence Fact (ii) holds and
Claim [I] follows. h

Claim 2 The following inequality holds:

2|
q

S (< ) =

=1

mn (3.1)
Proof. Since |Y.| = |X,| for every edge e € E(G), we have
' 1 1 1
IUYekilz%?t?lxekilz;Z|X%|=;|%lzgwm. (3.2)
i=1 i=1

Then, by (23] and Claim [

t

t
DT = ) = Do = m G (C))

i=1 1=1
¢
> [J Yo, Im"
i=1
2 ”%“’mn—r. (3‘3)
q
]
Claim 3 The following inequality holds:
Zr
S (DI — o) > [l (3.4
Ae& q
c(A)=n—r+1

Proof. Recall that for any A € &, %(A) contains a sloping edge e, where £g(e) > 7. Thus, by (vi)
in Section 2 ¢g(e) = r = |A| holds whenever ¢(A) = n — r + 1. Therefore,

> Ml =) = 3T (1) (] )
Ae& A&, |Al=r
c(A)=n—r+1 c(A)=n—r+1
= Y (mW |7, (3.5)
Aeé, |Al=r
c(A)=n—r+1

where the last equality holds as r is odd.
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By (iii) in Section B, m®4) > |.#4| for any A C E(G), hence

o (F)SA = m D) =S (T | S )
Ae& =1
c(A)=n—r+1
2 |‘/f@//;“|7nn—r7 (36)
q
where the last inequality follows from Claim [ il

The rest of the proof is basically the same as in the proof of Theorem [[T] that are given in [4].

For completeness, we restate the proofs of Claims 47 here with slight changes.

Claim 4 For any subgraph Gy of G, if {g(e) < r for each sloping edge e in Gy, then |Gy (Go)| >
- 23]

Proof. Since ¢g(e) < r for each sloping edge e in Gy, each sloping edge in Gy belongs to Ey =
{€ky, "+ ,ek, }. Thus, for every j € [m]\ (U';ZlYeki), H;[Go] = Gy holds, implying that

|Gn(Go)| > m —

t t

| Zm =Y Yo l=m =) |Xe, | =m—|2] (3.7)
i=1 i=1

Hence Claim @ holds. h

Claim 5 For any A € & with ¢(A) =n —r, we have |.L4| > (m — |2, )m"~ "~

Proof. Since A € &, %(A) contains a sloping edge e with £g(e) > r. Thus, by (vi) in Section 2] G(A)
has a component G with e € E(Gg) and |V (Gp)| > r. Moreover, as ¢(A) =n—1r, |V(Go)| <r+1
holds, and for any other component G’ of G(A), G’ is either an isolated vertex or an edge, and thus
|G3(G")| = m. Hence by (2.3)), it suffices to prove that |Gy (Go)| > m — |2,

If Gg is 2-connected, then for every edge e € E(Gy), lg(e) < |V(Gp)| < r + 1. Moreover, for
each sloping edge e in Gy, lg(e) < rasr+1iseven and ¢g(e) is odd. Hence |Gy (Go)| > m — | 27|
holds by Claim [l

Otherwise, G has exaxctly two blocks as G contains a cycle C' with |V(C)| > r. Then, it is
clear that the two blocks of G are Go[V (C')] and an edge f, where |V (C)| = r and |Gy (Go[f])| = m
As Go[V(C)] is 2-connected, for every edge e € E(Go[V(C))]), La(e) < |V(C)| < r holds, and thus
|G (Go[V(C)))| = m — | Z,| follows from Claim [l Consequently, |Gy (Go)| > m — | Z,| and Claim [{]
holds. h

For any s € N with s < n — r, let ¢5 be the number of subsets A C E(G) such that ¢(A) = s,
G(A) is not a forest and |A| is even.
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Claim 6 The following inequality holds:

Z (=DIA(L4) = m ) > =y | 2l m T

Ae&
c(A)=n—r

Proof. By (2.1) and Claim [0]

Y DS - m) = > (Fal-m")
Ae& A€é&, c(A)=n—r
c(A)=n—r |A| is even
Y lZmth
Aeé&, c(A)=n—r

|A] is even

> _¢n—r|%|mn_r_1-

v

Claim 7 For each s € [n —r — 1], we have

> (—)A(Lal = m) > —gm®.

Aeé&
c(A)=s

Proof. By (2.5),

Yo DA(Sa = m )y = T (1Sl - m?)
Ae& A&, c(A)=s
c(A)=s |A] is even

> (=)
A€é, c(A)=s
|A| is even

—psm®.

v

v

Now we are going to prove the main result by recalling (24]) that

Ppp(G,H) = P(Gym) = Y (1)) — m@).
Aeé&

By (vi) in Section 2l and Claims B [6, [7l we have

n—r+1

Ppp(G,H) = P(Gym) = 3 Y (=D)AL = mY)
s=1 Aeé
c(A)=s

12
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(3.11)



n—r—1

Z,
> ‘ T”mn—r _ ¢n_r|%|mn—r—l _ Z ¢3m8
q s=1
1 n—r—1
> —m" T = g m” T = Y pem, (3.12)
q s=1

where the last inequality holds when m > q¢,_,. As q,¢1, - , d,_, are independent of the value of
m, there exists M, € N, such that Ppp(G,H) — P(G,m) > 0 for all m > M,. Let M = max{M, :
3 <r <mn,risodd}. Then the result is proven. O

The proof of Corollary [[.4]is given below.

Proof of Corollary[1.3, For i =0,1,--- ,n, let V; = {v; : 0 < j < i} and G; = G[V;]. Obviously,
G, =G.

By Theorem [[3] it suffices to show that for any ¢ > 1, G; has a spanning tree T; and the edges
in E(G;) \ E(T;) can be labeled as ey, e, - , e, such that for all j =1,2,---,s;, |[V(C})| = 3 and
E(C;) CE(T;) U{e:: 1 <t < j} hold for some C; € Cg(e;).

The above conclusion is obvious for ¢ = 1, as G = K3 by the given conditions. Now assume

that the above conclusion holds for 1 < i < n.

Since G[V; NN (vi41)] is connected, the vertices in V; NN (v;41) can be labeled as vy, vg,, - -+ , g,
where [ = |[N(viy1) N Vi| — 1, such that for any 1 < j <1, N(vg,) N {vgy, -+ ,vg;_,} # 0. Now, let
T;+1 be the spanning tree of G;11 obtained from T; by adding edge v;4+1vq,. Let s;41 = s; + 1, and
for any 1 < j <1, let es,+; denote the edge v;11vy;. Then, it is obvious that for any 1 < j <1, es,4;
is contained in a cycle Cs,; of length 3 such that E(Cs,4;) C E(Tiy1)U{e; : 1 <t <s; +j}.

Hence the above conclusion holds for ¢ + 1. Therefore G, is DP-good. O

By Corollary [[.4], chordal graphs, complete k-partite graphs, where k& > 3, and plane near-

triangulations are DP-good.

4 Proof of Theorem

We shall prove Theorem in this section.
Proof of Theorem [I3 Assume |V(G)| =n and E* = {e1,--- , e}, where k > 1.
If £ =1, then ¢g(ey) is even, and the result follows from Theorem directly.

In the following, we assume that k > 2. For each i € [k], let e; be the edge u;v; for u;,v; € V(QG),
and let e/ be the directed edge (u;,v;) with tail u;. By condition (ii) in Theorem [[.5] the directed
H
edges in B* = {€] :i € [k]} are balanced on every cycle C' in G with E(C) < ro.

For any positive integer m, let H = (L, H) be the m-fold cover of G defined below:

13



o L(x)={(x,7):i=1,--- ,;m} for all x € V(G);
o Ey(L(z),L(y)) = {(x,i)(y,7) : i =1,--- ,m} for every edge zy € E(G) \ E*; and

o En(L(ui), L(v;)) = {(uisq)(vi,g+1) : g =1,--- ,m — 1} U {(u;,m)(v;, 1)} for every edge

e; = w;v; € B*.

Clearly, Sg(H) = E* (i.e., only edges in E* are sloping in G with respect to H).
An induced cycle of G is a cycle in G which is induced by some subset of V(G). We first analyze
the structure of connected subgraphs Gy of G with |V (Gp)| < rg by several claims.

Claim 1 Let C be a cycle in G. If |[V(C)| < r¢ and |[E(C) N E*| is odd, then C is an induced cycle
of G with |V (C)| = rp.

Proof. By Condition (i) in Theorem [I.5 |V (C)| = 7o trivially holds.
Suppose that there exists e € E(G) \ E(C) such that e joins two vertices in V(C). Then, G
contains a cycle C’ such that V(C') C V(C), |[V(C")| < |[V(C)| = r¢ and |E(C") N E*| is odd, a

contradiction to the definition of rg.

Hence G[V(C)] = C and Claim [ holds. h

Claim 2 Let Gy = (Vo, Ep) be a 2-connected subgraph of G. If |[Vo| < ro and |E* N Ey| = 1, then
[Vo| = 1o and Gy is an induced cycle of G.

Proof. Since Gy is 2-connected, G contains a cycle C with |E(C) N E*| = 1, where |V(C)| <
|[Vo| < rp. By Claim[I, C' is an induced cycle of G with |V (C)| = rg, which implies that |V| = 7o,
Vo =V(C) and Gy is C. Hence Claim [2 holds. h

Claim 3 Let Gy = (Vo, Eg) be a connected subgraph of G with |Vo| < ro. If |E* N Ey| > 2, then
Go — (E* N Ey) is disconnected.

Proof. Suppose that Gy — (E* N Ey) is connected. Let €',¢” € E* N Ey, and let P be a path in
Go — (E* N Ep) connecting the two end-vertices of ¢’. Consequently, the edge set E(P)U {e'} forms
a cycle C in Gy with |V(C)| < rg and E(C) N E* = {¢’}. By Claim[I C is an induced cycle with
|[V(C)| = ro, implying that Gy is C, a contradiction to the fact that ¢” € Ey. Hence Claim [3 holds.
b

Claim 4 Let Gy = (Vo, Ey) be a connected subgraph of G with |Vp| < ro. If |E* N Ey| > 2, then no
edge e in E* N Ey joins two vertices in any component G' of Gy — (E* N Ey) (i.e., each component
G’ of Gy — (E* N Ey) is an induced subgraph of G ).

14



Proof. Assume that G’ is a component of Gy — (E* N Ep) and e is an edge in E* N Ey which joins

two vertices in G.

Then, G’ 4 e has a block, say G7, which contains e. By Claim B |V(G’)| < |V(Gp)|. Thus,
[V(G1)| < V(G| < |Vo| £ ro. But, as |E(Gy) N E*| = 1, Claim 2 implies that |V (G1)| = rg, a

contradiction. h

Claim 5 Let Gy = (Vp, Eg) be a connected subgraph of G with |Vp| < ro. Assume that {Uy,Us} is
a partition of Vi such that Eg N E* = Eqg, (U1, Us) and GolU;] is connected for both i = 1,2. If Gy
is not a cycle of length ro, then for all the edges e;,,--- ,e;, in Eg,(U1,Us), the vertices w;,,--- ,u;,

must be in the same set Ug for some s € {1,2}.

J
L
o o
S S

Figure 4: Graph Gg with Eg,(U1,Us2) = {ei,, -+ ,€;, } and u;,, -+ ,u;, € Uy

Proof. Let E' = E¢,(U1,Us). If |[E'| = 1, then the result trivially holds.

In the following, assume that |E’| > 2. We need only to prove the two facts below on any two

edges e;,, e;, in E":

(i) if there is a cycle C' in Gy shorter than ro with |[E(C) N E*| = {e;,, €, }, then u;, and u;, are

contained in the same set U, for some s € {1,2};

(ii) otherwise, there exists e;; € E'\ {e;,,e;, }, such that there is a cycle C; in Gy shorter than g
with E(C1)NE* = {e;,, e;;} and a cycle Cz in G shorter than 7o with £(C2) NE* = {e;;, €;, }.

Since Go[U;] is connected for both i = 1,2, Gg has a cycle C' with |[E(C) N E*| = {e;,,e;,}. If
|[V(C)| < 7o, Condition (ii) in Theorem indicates that e_i; = (ui,,v;,) and e_iq) = (u4,,v;,) are
balanced on C', implying that u;, and u;, must be in the same set U, for some s € {1,2}. Fact (i)
holds.

Now suppose that G does not have a cycle C shorter than g with |[E(C) N E*| = {e;,, €;,}-
Thus, |V(C)| = ro, implying that V(C) = V(Gp). As Gp is not a cycle of length rg, there is an
edge e € Ey \ E(C). Obviously, e ¢ E(Gy[U1]) U E(Gy[Us]). Otherwise, Gy has a cycle C’ shorter
than 7o with |E(C") N E*| = {e;,, e;, }, a contradiction. Thus, e € E' = Eg,(U1,Us). Assume that
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e =e;; € E'\{ei,,e;,}. Then, there are cycles C1 and Cy in C'+e such that |E(C1)NE*| = {e;,, e, }
and |E(C2) N E*| = {ei;, e, }. Note that both C7 and Cy are shorter than rg. Fact (ii) holds and
Claim [§] follows. il

Claim 6 Let Gy = (Vp, Eg) be a connected subgraph of G with |Vo| < r¢ and |Ey N E*| > 2. If Gy
is not a cycle of length ro, then |Gy (Go)| = m.

Proof. By Claim [3] we can assume that Gy — (Ep N E*) has s (> 2) components G1,Ga,- - , Gy,
where G; = (V;, E;) for i =1,2,--- |s. Then, Claim [ implies that each G; is an induced subgraph
of Gy, i.e., EyN E* = U1§i<j§s Eq,(Vi, Vj).

Let G’ be the graph with vertex set V(G') = {g1,--- ,¢s} in which g;g; is an edge if and only
if Eg,(V;,V;) # 0. Let C_¥>’ be the digraph obtained from G’ by converting each edge g;g; in G’ into
a directed edge whose tail is g; if and only if u, € V; for some edge e, = uqv, in Eg,(V;, V}). Note
that the orientation of directed edges in G is well-defined due to the result in Claim[El An example

is shown in Figure [l (b).

ﬁ
Figure 5: An example of G’

As Gy is connected, G’ is also connected. Let T' be a spanning tree of G’ with as many leaves
as possible. Thus, T has at least A(G’) leaves, where A(G’) is the maximum degree of G’'. For
each vertex g; in G’, there is a unique path, denoted by P;, in T from g1 to g;. Denote by ¢1(7)
the number of those edges in P, whose corresponding directed edges in C_ﬁ are along the direction
of path P; from g; to g;, and denote by ¢3(i) the number of the remaining edges in P;,. Thus,
e1(i) + @2(i) = [E(P)]-

Now, let ¢(i) = ¢1(i) — p2(i) for each i € [s]. For the digraph @ in Figure [l (b), if 7" is the
spanning tree of G’ with its edge set {g194, 9294, 9394, 9295, 9296 }, then

p(1) = 0,0(2) = ¢(3) =2,0(4) = ¢(6) = 1,9(5) = 3.
as given in Figure
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Figure 6: With a spanning tree 7" consisting of dense edges, the value of ¢(7) for each i =1,2,--- ,6
is shown beside its veterx g;

We will complete the proof of this claim by showing the following subclaims.

Subclaim [6L1. For any edge gig; € E(T'), ¢(j) = (i) + 1 whenever (g;,g;) is the corresponding
%
directed edge of g;g; in G'.

%
Assume that (g;,g;) is the corresponding directed edge of g;g; in G'. As gig; € E(T), either
g; is on the path P;, or g; is on the path P;. If g; is on the path Pj, then ¢i(j) = ¢1(i) + 1 and
©2(j) = 2(i). If g; is on the path P;, then ¢1(j) = ¢1(2) and ¢2(j) = 2(i) — 1. Thus, Subclaim[6l1

follows in both cases.

For every g € [m], let S, be the set in .%|y; defined as follows:

Sq = U {(v, (g + ¢(i))(mod m)) : v € V;},

where (v,0) = (v,m) for all v € V. Obviously, {S1,---, S} is a partition of V(Hg,).

ﬁ
Subclaim [612. If ¢(j) = (i) + 1 holds for each directed edge (g;,g;) in G, then Hg,[S,] = Gy for
all ¢ € [m], and hence Claim [@] holds.

Let ¢ be the bijection from Vj to S; defined below: for any v € Vp = Ui<i<sV;,
¢(v) = (v, (¢ + ¢(1))(mod m)),  ifveVi

To show that Hg,[S,] = G, it suffices to prove that for each edge uv € E(Gy), ¢(u) and ¢(v) are

adjacent in H.

For any uv € E;, where 1 < ¢ < s, we have uv € Ey \ E*, implying that (u, (¢ + ¢(i))(mod m))
and (v, (¢ + ¢(i))(mod m)) are adjacent in H by the definition of H. Now take any edge uv €
Eq,(Vi,V;) € E*, where 1 < i,j < s. Without loss of generality, assume that (g;, g;) is an directed
edge in G'. Then ¢(j) = ¢(i) + 1 by the given condition in the subclaim. By the definition of H,
(u, (¢ + ¢(i))(mod m)) and (v, (¢ + ¢(j))(mod m)) are adjacent in H.

Hence Hg,[S,y] = Gy for each ¢ € [m], and the subclaim holds.
ﬁ
Subclaim [61.3. ¢(j) = ¢(i) + 1 holds for each directed edge (g;, ;) in G'.
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ﬁ
Suppose that ¢(j) # ¢(i) + 1 for some directed edge (gi,g;) in G'. By Subclaim [Bl1, g;g; €
E(G')\ E(T). Let C' be the fundamental cycle of edge g;g; in G’ with respect to spanning tree 7.

Assume that gj,,gj,," - ,gj, are the consecutive vertices on C’, where ¢ > 3, j; =4 and j; = j.

As G; is connected for all  =1,2,--- , s, we can choose a shortest cycle C' in G such that

BC)NE | Bay(Viy: Vi), B(O)N Bay(V;,, Vi)l = 1. Vo€l

Jar " Jg+1 q’ " Jg+1
g=1

where V;

Jt+1

= Vj,. Thus, |[E(C) N E*| =t. Clearly, t is an even integer; otherwise, Claim [l implies
that Gg is a cycle of length rg, a contradiction.

Suppose that |V (C)| < ro. By Condition (ii) iI)l Theorem [I5] the directed edges of E* are
balanced on C, implying that the directed edges in G’ are balanced on C’. By counting the number
of edges in C’ which are oriented clockwise and counterclockwise along C' separately, we have
©1(J1) + ¢200t) + 1 = ¢1(jt) + 92(j1), implying that ¢(j1) + 1 = ¢(ji) (i.e., ¢(i) +1 = ¢(j)), a
contradiction.

Thus, |V(C)| = ro, and so V(C) = V. Therefore, t = s and T is a path in G’ with |V(T)| =
[V(G")| = s. Moreover, due to the choice of C, for each ¢ € [s], B, C E(C) and |Eg,(V},, Vj,,,)| = 1,
implying that Eg,(Vj,, V), 1) € E(C).

If G’ is a cycle, then G’ is C’. The above conclusion implies that Fy = F(C), and thus Gy is a
cycle of length rg, a contradiction. Thus, G’ is not a cycle, implying that G’ has a spanning tree

with at least three leaves, a contradiction to the choice of T'.
Hence Subclaim [6l3 holds.
By Subclaims 012 and [613, |G (Go)| = m and Claim [@ holds. h

Claim 7 For any A € &, if either ¢c(A) > n—1rg+1 or ¢(A) = n—r9+ 1 and |A| # ro, then
|.74| = m*A) holds.

Proof. As A € &, E* N %(A) # 0. Then, by (i) and (ii) in Section 2] it suffices to prove that for
every block Gg = (Vp, Ep) of G(A) with Ey N E* # (), |G3(Go)| = m holds.

Suppose Gy = (Vp, Ep) is a block of G(A) with Ey N E* # () and |Gy (Go)| < m. As ¢(A) >
n—ro+1, |[Vo| < r¢. Then by Claims2and 6] |Vp| = |Eo| = ro, implying that either ¢(A) < n—ro+1
or ¢(A) =n —rg+ 1 and |A| = rg, a contradiction. Hence Claim [7 holds. h

Claim 8 If m >k, then Gy (C) =0 for any cycle C in G such that |E(C) N E*| is odd.

Proof. Assume that |[E(C) N E*| = 2s + 1 for some integer s > 0 and 21, 22, - - , 2, are consecutive
vertices in C, where ¢ > 3. Suppose that G (C) # 0. Then, there exists a cycle C' in H with
consecutive vertices (z1, k1), (22, h2),- -+ , (24, hq). By the definition of H = (L, H), hit1 — h; # 0 if
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and only if z;z;41 € E*, and hj11 —h; € {0,1,—1,m — 1,1 —m} for all i € [¢], where hqy; = h; and
Zg+1 = 21. Thus, hiy1 — h; # 0 holds for exactly 2s + 1 integers i’s in [q].

Assume that there are exactly ¢ integers i’s in [g] such that h;11 — h; € {m — 1,1 —m}. Then,
there are exactly (2s + 1 — t) integers i’s in [g] such that h;11 — h; € {1,—1}. It follows that

0= (hix1 —hi) =t'(m—1)+5 x 1, (4.1)

i=1

where t' and s’ are some integers with |t/| < ¢ and |s'| < 2s + 1 — t such that both ¢ — ¢ and

(2s+1—1t) — s are even.

Suppose that ¢ # 0. Without loss of generality, assume that ¢ > 1. Then s’ > —(2s+1—1) =
—2s, and (4.J]) implies that

O=t'm-1D+s>m—-1)~-2s>m—-1)—(k—1)>m—k >0, (4.2)

a contradiction. Hence ¢’ = 0, implying that ¢ is even. As s’ — (2s + 1 —t) is even, by (&),
0=s=(s—(2s+1—-1))+(2s—t+1)=1 (mod 2), (4.3)
a contradiction. Thus, Claim 8 holds. il

Claim 9 The following inequality holds when m > k:

ST ()MI(Fu| - mD) < —n ot (4.4)

Aeé&
c(A)=n—ro+1

Proof. Let Cp be any cycle in C,(E*). By Claim Bl |75 cy)| = |9(Co)| = 0 holds.
Obviously, E(Cp) is a member in & with |E(Cp)| = ¢ and ¢(E(Cy)) = n —ro+ 1. Then, due to

Claim [7] the fact that r( is even, and (iii) in Section [2] we have

> DMl =) = 3T (el )
Ae# Aeé&, |Al=ro
c(A)=n—ro+1 c(A)=n—ro+1
=S (Sl
Aeé&, |Al=ro
c(A)=n—ro+1
< o] —mr T
= _m’n—’f‘()‘i‘l‘ (45)
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For any s € N with s < n — g, let ¢5 be the number of subsets A C E(G) such that ¢(A) = s,
G(A) is not a forest and |A| is odd.

Claim 10 For each s € [n — 1¢], the following inequality holds:

> (=) Fa] = m) < gem?. (4.6)
Aeé&
c(A)=s
Proof. By (2.4,
> () Fa] = m) - < > (m*—[Fa)
Ac& A&, c(A)=s
c(A)=s |A] is odd
< Z m®
Aeé&, c(A)=s
|A] is odd
< psm’. (4.7)
g
Now, by (Z4) and Claims [7, @ and [0, we have
n—ro+1
Ppp(G,H) = P(Gym) = Y > (=)A(Sa| —m?)
s=1 Aeé&
c(A)=s
n—ro
< _mn—T0+1+ Z qbsms, (48)
s=1
where the inequality holds when m > k. As k,¢1, -, ¢n—p, are independent of the value of m,
there exists an M € N, such that Ppp(G,H) — P(G,m) < 0 for all m > M. Hence the result is
proven. O

We shall conclude this section by proving Corollary
Proof of Corollary [1.0: Let E* = {ej,eq, - ,erx} C Eg(Vi,Va), where e; = u;v; with u; € V3 and
v; € Va for all i € [k]. For each i € [k], let € be the directed edge (u;,v;), and let B = {ef :ie[k]}
By Theorem [L.5], it suffices to verify that E'—”Z is balanced on every cycle C of G with |E(C)| < ro.

Let C be any cycle of G such that |[E(C)| < ro and |E(C) N E*| is positive. By the definition of
ro, |E(C) N E*| = 2r for some positive integer r, where 2r < k. Without loss of generality, assume
that E(C)NE* = {e; : i € [2r]}.

Let P be any minimal path of C' which contains exactly two edges in E(C) N E*, say e; and e;.

Obviously, by the minimality of P, e; and e; must be the two edges incident with two end-vertices
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of P. Then, the consecutive vertices on P cannot appear in any one of the following orders:
Ujy Vgy o v v 5y Uj, Uy or Uiy Ugy» v, Vj, Uyje

Otherwise, some component of C'— (E(C)N E*) is either a (v;, u;)-path or a (u;, v;)-path in G — E¥,
contradicting the given condition in the corollary. Thus, the consecutive vertices on P must appear

in one of the following orders:
Ujy Vgy o v v 5, Vg, Uy or Uiy Ugy* vy Uy, Uy

%
Since |E(C) N E*| = 2r, by the definition of directed edges in E*, the above conclusion implies that
the directed edges of E'—”Z are balanced on C.

The corollary then follows from Theorem a

5 Study on plane graphs

By Corollary [[4] every plane near-triangulation is DP-good and thus belongs to DP*. In the
following, we consider those plane graphs G in which at least two faces are not bounded by 3-cycles.
We will first show that such a plane graph G may belong to D P if some face of G is bounded by
a 4-cycle.

Corollary 5.1 Let G be any 2-connected plane graph in which each 3-cycle is the boundary of some
face of G. If at least two faces of G are not bounded by 3-cycles and one of them is bounded by a
4-cycle, then G € DP-—.

Proof. We can choose a shortest sequence of faces Fy, F1,--- , F; in G, where t > 1, Fp is bounded
by a 4-cycle and F} is bounded by more than 3 edges, such that F; is bounded by a 3-cycle for each
i € [t — 1], and faces F;_; and F; share an edge e; on their boundaries for each i € [t]. An example
of the subgraph consisting of vertices and edges on boundaries of faces Fy, F1,--- , F} is shown in
Figure [7, where t = 8.

If t = 1, then lg(e;) = 4 and thus G € DP. by Theorem Now assume that ¢t > 2.
As Fy,Fy,--- F; 1 are all bounded by 3-cycles, e; and e;11 have a common end-vertex for each
i € [t —1]. Thus, e; can be written as e; = w;v; for all i € [t] such that either u; = u; 41 (i.e., u; and
u;+1 are the same vertex) or v; = v,y foralli € [t—1]. Let Vi = {w; : ¢ € [t]} and Vo = {v; : ¢ € [t]}.
Then E* :={e; : i € [t]} C Eq(V1, Va).

As Fy is bounded by a 4-cycle, G has a 4-cycle C with |E(C) N E*| = 1. But, as each 3-cycle in
G must be the boundary of some face of G, there is no 3-cycle C' in G with |E(C)NE*| = 1. As the

dual edges of the edges in E* actually form a shortest path connecting vertices F{j and F} in the
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Fy

Figure 7: The graph consisting of vertices and edges on the boundaries of faces Fy, Fi,--- , Fg

dual plane graph G* of G, there is no 3-cycle C in G with |E(C) N E*| = 3. Therefore, {g(E*) = 4.
Thus, by Corollary [[7, G € DP~, and the result holds. O
It is not difficult to generalize Corollary [5.1] as stated below.

Corollary 5.2 Let G be any 2-connected plane graph. If Fy, Fy,--- , F; are faces in G, wheret > 1,
which satisfy the following conditions, then G € DP.:

(i) only Fy and F; are not bounded by 3-cycles, Fy is bounded by an even cycle C, and Fy is

bounded by a cycle not shorter than r;
(i) for each i € [t], faces Fi_y and F; share an edge e; on their boundaries; and

(i) for E* = {e; : i € [t]}, if C is a cycle in G with E(C) N E* # 0, then |E(C)| > r holds

whenever either Fy or Fy is within cycle C'.

By Corollarys and [5.1] it is interesting to notice that quite many graphs in D P. have their
structures with a doughnut shape, as shown in Figure [§ where E* C Eg(Vy, Va) for two disjoint
vertex sets V) and Va, and C is a shortest cycle in G such that |E(C) N E*| is odd and |E(C)| is

even.

However, for some other plane graphs which also look like doughnuts, we still don’t know whether
they belong to DP or DP.. For example, for a 2-connected plane graph G which is not a near-
triangulation, if ¢g(e) = 3 for all e € E(G), and those faces in G not bounded by 3-cycles have
respectively q1,qo, - ,q; edges on their boundaries, where 4 < ¢; < g2 < --- < ¢ and g; is even
whenever ¢; < ¢; and g; is even, it is still unknown if G belongs to DPx or DP.. For the particular

case that ¢; is odd for all i € [t — 1], we guess G belongs to D Px.
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