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In this paper we propose a Kripke-style semantics for second order intuitionistic propositional logic and we
provide a semantical proof of the disjunction and the explicit definability property. Moreover, we provide a
tableau calculus which is sound and complete with respect to such a semantics.
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1 Introduction

We propose a Kripke-style semantics for second order intuitionistic propositional logic. Our semantics can be
viewed as a secondary semantics with nested domains in the sense of Skvortsov [6]. Namely, let F be a Kripke
frame, that is a partially ordered set, and let D(F) be the Heyting algebra of the upward-closed subsets of F. In
principal semantics, quantifiers ranges over all the elements of D(F) and, as proved in [6], the set of formulas
valid in such a semantics is non-recursively axiomatizable (according to [4] such a set is even non-arithmetical).
On the other hand, in secondary semantics propositional quantifiers range over proper subsets of D(F), and in
[6] some examples of axiomatizable logics with a secondary semantics are given.

The logic Ipl? generated from our semantics corresponds to Hy of [6] and can be seen as a variant of the ones
of Gabbay [2, 3] and Sobolev [7]. Such a semantics has an impredicative character connected with the distinction
between pseudomodels and models, the latter being pseudomodels where every closed formula is simulated by
an appropriate propositional constant. The domain of every element of a model is a set of propositional constants
and propositional quantifiers range over these sets.

In this paper we prove that Ipl* meets the disjunction property (AV B € Ipl® implies A € Ipl® or B € Ipl?)
and the explicit definability property (3p A(p) € Ipl® implies A(H/p) € Ipl? for some formula H). Our proof
is semantical and, as far as we know, no semantical proof of constructivity for a secondary semantics has been
given in the literature. In the paper we also provide a tableau calculus 7-Ipl? for Ipl? obtained by adding to a
standard tableau calculus for intuitionistic propositional logic (see, €. g., [1]) the rules for quantifiers and a special
rule. In the last section of the paper we show that 7-Ipl? is sound and complete.

2 Preliminaries

In this paper we consider the propositional second order language £ generated by a (possibly empty) countable
set C of constant symbols, the set of logical constants A, V, —, 1, 3, V and a denumerable set of propositional
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variables V; a,b, ... (possibly with indexes) denote propositional constants and p, q, ... denote propositional
variables. The set of second order propositional formulas (wff’s for short) is defined as follows: L, any propo-
sitional variable and any propositional constant is a wff; if A and B are wff’s and p is a propositional variable,
then ANB, AV B, A — B, dp A and Vp A are wif’s. Moreover, we use —A as an abbreviation for A — 1 and
A < B as a shorthand for (A — B) A (B — A).

The notions of free and bounded variable and the notions of open and closed wff are the usual ones. If A

is a wff, A(p1, ..., pn) means that A contains at most the free variables p1, ..., p, and A(H1/p1,... ,Hy,/pn)
denotes the simultaneous substitution of all the free occurrences of p1, . . ., p,, in A with the wif’s Hy, ..., H,, re-
spectively. Given a wff A, we denote with VA the universal closure of A, that is the wif Vp; ... Vp, A(p1, ..., Dn),
where p1, ..., py are all the free variables occurring in A.

Let £ be a language for second order propositional logic generated by a (possibly empty) countable set of
propositional constants C; a pseudomodel for L is a quadruple K = (P, <, D, F), where

1. P = (P, <) is aposet;

2.D:P— 25, where C is a set of constants including C, is the domain function such that, for every o € P,
C C D(«) and, if o < 3, then D(«r) C D(B);

3. F C PxD,where D =, p D(ev), is the valuation relation such that, if (, a) € F then a € D(wv), and
if a < 3, then {3,a) € F.
We associate with each element o of K the language £ (o) built over the set of propositional constants D(«).
Since the model has nested domains, v < § implies £ C Lk (o) C Lk (F). We denote with L the language
UaEP ‘CK(O‘)

The forcing relation |- between an element o« € P and a closed wff A € Lx () is inductively defined as
follows:

1. alF ciff (a, ) € F;

La L

.alFAANBiffalF Aand o IF B;

.alF AV Biffalk Aoralk B;

. alF A — Biff, forall 5 € P suchthata < G, if 8 I+ A, then § I+ B;

. aIF 3p A(p) iff there exists ¢ € D(«) such that « I+ A(c/p);
7. a |- ¥p A(p) iff, for all G € P such that o < 8 and for all ¢ € D(B), 8 IF A(c/p).

Given an open wif A € Lx (o), o IF A iff o forces its universal closure, i. e., o IF VA.
It is easy to check that the forcing relation meets the monotonicity condition:
Proposition 2.1 (Monotonicity condition) Let K = (P, <, D, F) be a pseudomodel and let « € P. For each

wif A € Lk(a), if alk A, then 31+ A for every 3 € P such that oo < (.

The semantics based on the above notion of Kripke pseudomodel is a principal semantics, according to the
classification of [6]. Indeed, pseudomodels correspond to n-structures (where upward-closed subsets are iden-
tified with propositional constants) and the set of formulas valid in every pseudomodel coincides with the logic
H 2+ of [6], which is non-recursively axiomatizable. In [4] it is also proved that H. 2+ is non-arithmetical.

To get a secondary semantics we introduce the following notion which corresponds to Sobolev completeness
(see [6]).

Definition 2.2 Let K = (P, <, D, F) be a pseudomodel for L. K is a model for L iff, for every « € P and
for every closed wif A € L (), there exists ¢ € D(«) such that o - A < ¢.

Given A € L, Aisvalid, and we write F A, iff, for every model K = (P, <, D, F) for £ and for every « € P,
o |- A. Fixed a language £, we denote with Ipl? the set of all the valid wff’s of L.

The logic Ipl? coincides with the logic H» of [6] axiomatized by adding to a Hilbert-style calculus for intu-
itionistic propositional logic the following axioms and rules:

AN L AW

Bernays’ schemata: Vp A(p) — A(c/p) and A(c/p) — Ip A(p), where ¢ is any term.
Comprehension schema: Jg (¢ <« A), where ¢ is not free in A.

A—B B— A
JpA— B’ DB-—VpA’

where p is not free in B.
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3 A tableau calculus for Ipl®

We introduce a tableau calculus 7-Ipl? for second order intuitionistic propositional logic using the signs T
and F. A signed formula (swff for short) is a string of the form SA, where S € {T,F} and A is a closed wff.

The meaning of the signs T and F is explained in terms of realizability. Given a model K = (P, <, D, F)
and o € P. Then « realizes TA iff A € Lk (o) and a I+ A, and « realizes FAiff A € Lk (o) and o ¥ A.
Given a swff H we write o > H to mean that « realizes H; « realizes a set S of swff’s (and we write o > .5)
iff a > H forevery H € S. A set S of swff’s is realizable iff there is an element o of a model K such that
a > S. A configuration is any finite sequence S1| ... |S;|...|S, (with n > 1), where every S; is a set of swff’s;
a configuration is realizable iff at least an S; is realizable. S is contradictory if either T_L € .S or there exists a
wif A such that {TA,FA} C S. The following fact is immediate:

Proposition 3.1 If a set of swff’s is contradictory, then it is not realizable.

The rules of the calculus 7-Ipl? are the following:

S, T(AAB) S,F(ANA B) S, T(AV B) S,F(AV B)
————— - TA, FA, TV, —————>FV,
S, TA,TB S,FA | S,FB S, TA | S,TB S,FA FB
S, T(A— B) - S,F(A—)B)F
SSFATA—-B)| SSTB '  S;,TAFB
S, TVp A(p) S, FVp A(p) .
TV, ——————— = Fv with a new,
S, TA(c/p), TVp A(p) St,FA(a/p)
S, T3p A(p) . S, FIp A(p)
————=~ 713 with a new, F3,
S, TA(a/p) S,FA(c/p), FIpA(p)
m special with H any closed wff, a new and not occurring in H.

In the above rules we use the notation S, H, where S is a set of swff’s and H is a swff, to denote the set S U { H }.
Every rule of the calculus but the special-rule applies to a main swff, which is the swff that is in evidence in the
premise of the rule. As an example, T(A A B) is the main swif of the rule TA while FIpA(p) is the main
swif of the rule F3. The rules F — and FV narrow the set S of swff’s to the certain part of S, that is the set
St ={TX:TX € S}.

Given a set S of swff’s, a rule R of 7-Ipl? is applicable to S if S contains a swff that can be used as main
swff of an application of R. A proof table is a finite sequence of applications of the rules of the calculus 7-Ipl?,
starting from some configuration. The rules FV, T3 and special introduce as a parameter a new propositional
constant symbol a, that is a constant symbol not occurring in the previous configurations of the proof.

A proof table is closed iff all the sets S; of its final configuration are contradictory. A proof of a wff B in
T-Ipl? is a closed proof table in 7- -Ipl? starting from the configuration {FVB}.

As an exercise, the reader could build the proofs of the wff’s

Vp((A—p)— (B—p) —p)—AVB and Vp(Yq(A(q) — p) — p) — Iq Aq).

Such wff’s are the non trivial sides of the equivalences showing that in Ipl® the logical constants \ and 3 can
be expressed in terms of — and V. We remark that the proofs of such formulas use in an essential way the
special-rule.

Definition 3.2 (Consistent set) A set of swff’s S is consistent iff no proof table starting from any finite subset
of S is closed.

As we show in Section 5, the calculus 7 -Ipl? is valid and complete with respect to our semantics. In particular
we prove the following version of the Completeness Theorem:

Theorem 3.3 (Completeness Theorem) Let S be a countable set of swff’s. S is consistent iff S is realizable.
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We point out that, as a consequence of Completeness Theorem and the definition of consistent set of swff’s,
the Compactness Theorem holds:

Theorem 3.4 (Compactness Theorem) Let S be a countable set of swff’s. S is realizable iff every finite subset
of S is realizable.

4 Disjunction and explicit definability properties

In this section we prove that Ipl? satisfies the disjunction property (if AV B € Ipl?, then A € Ipl® or B € Ipl?)
and the explicit definability property (if 3p A(p) € Ipl?, then A(H /D) € Ipl? for some wff H). We remark that
the syntactical constructivity proof for first order tableau calculus for intuitionistic logic (see, e. g., [5] cannot
be extended to 7-Ipl? for the presence of the special-rule. Indeed, a closed tableau proof for F3p A(p) might
not start with an application of the F3-rule. Our proof is semantical and, as far as we know, no semantical
constructivity proof for a secondary semantics has been given in the literature.

For the sake of simplicity we prove the disjunction property and the explicit definability property for closed
wif’s; the results can be easily generalized to the open case.

Theorem 4.1 If AV B € Ipl?, with AV B a closed wff, then either A € Ipl® or B € Ipl®.

Proof. Let £ be the language over the set of constant symbols C. Let A V B be a closed formula of £ such
that A ¢ Ipl® and B ¢ Ipl?; we prove that AV B ¢ Ipl®. Let K, = (P;, <1, Dy, F) be a model for £ with
root g1 such that p; W A, and let K, = (P, <o, D3, F3) be a model for £ with root g3 such that g, ¥ B. We
can assume, without loss of generality, that P; N P, = (). Let ¢ be an element not belonging to P; U P, and let
t* be a constant symbol not belonging to Lz, U L. We define the structure K = (P, <, D, F) as follows:

P=P UP U{p} <=<; U <o U{(p,) : x € P}

(D1(e1) x Da(02)) U {t*} U C if a = o,
D(a) =14 Di(a) U (D1(01) x Da(02)) U {t*} ifa € P,
Dy(a) U (D1(01) X Da2(02)) U {t*} ifa € P,
F= F UFU{{x(c,d): a€ Pand{a,c) € Fi}
U{{a,(c,d)) : o € Pyand {a,d) € Fo} U {{,1*) | @« € P}.

It is easy to check that K is a pseudomodel for £. Now, let H be an intuitionistically valid wff. Since o, I+ H
in K, and K, is a model, there exists ¢t € D1(p1) such that o; IF H < t; in K, and hence (p1,t1) € Fi;
similarly, there exists to € Da(p2) such that (gs,t2) € Fa. Let o« € P such that o7 < a and H € Lk (o),
we denote with 71 H the wif of Lg, (a) obtained by replacing every occurrence of t* in H with ¢; and every
occurrence of (¢, d) in H with ¢. Analogously, given oz € P such that g < o and H € Lx (), we denote with
T2 H the wff of L () obtained by replacing every occurrence of ¢* in H with ¢, and every occurrence of (c, d)
in H with d. It is easy to prove, by induction on the structure of H, the following facts:
(i) For every a € P such that oy < aandevery H € Lk (a), alF Hin K iffa - 7 H in K.
(ii) For every o € P such that g < a andevery H € Lk (o), o l- Hin K iff a IF 7o H in K.

To prove that K is a model for £ we have to show that, for every o € P and every closed H € Lg(«), there
exists a constant ¢y € D(«) such that a I+ H < ¢y in K. Let us suppose that p; < «a. Since K, is a model and
7 H € L (), there exists ¢ € Dy (a) such that o IF 7y H « cin K. Since 71(H « ¢) = 1 H « ¢, by (i) it
follows that o IF H < ¢ in K. The proof is similar if g5 < a. Now, let us suppose that « = p. If o IF H in K,
then ¢y = ¢* is the required constant. Let us assume that o ¥ H. Since H € Lk (01) N Lx(02), by the above
discussion there exist ¢ € D(p1) and d € D(p2) such that o1 IF H < cin K and g2 IF H < d in K. Since
T1(H < ¢) =71 (H < (¢,d)), by () we get 01 IF H < (¢,d) in K; similarly go IF H < (¢,d) in K. Let us
prove that ¢ IF H < (¢,d) in K. Let o« > p such that « |- H; then o > 91 or & > g9, hence a I (¢, d). Let
a > psuch that « IF (¢, d); then (by definition of F) av > g1 or & > g9, hence « IF H in K. This proves that K
is a model. To conclude the proof we must show that o ¥ AV B in K. But, o1 ¥ A by (i) (being 1 A = A) and
02 ¥ B by (ii) (being 7o A = A); therefore p ¥ AV Bin K. O
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We remark that, differently from the case of first order intuitionistic logic, the above proof cannot be directly
extended to the case of explicit definability. We need some auxiliary definitions and results. Given a wff A, we
denote with A[H /c| the wif obtained by replacing every occurrence of the constant symbol ¢ in A with the wff H.
This notation extends in the obvious way to swff’s and sets of swff’s. It is easy to prove the following result:

Lemma 4.2 Let K be a model, let S be a set of swff’s and let H1, Ho be any two wff’s. For every element o
of K, a> S[Hy/c), T(Hy < Ha) implies o > S[Ha/c].

In the proof of explicit definability we use the following fact:

Lemma 4.3 Let S be a set of swff’s, let H be a closed wff and let ¢ be a constant symbol not occurring in H.
S[H/ (] is realizable iff S, T(H < c) is realizable.

Proof. Let K be a model and « an element of K such that o > S, T(H « ¢). From Lemma 4.2 it immedi-
ately follows that S[H/c] is realizable in K. Conversely, let K = (P, <, D, F) and « € P such that o> S[H/c].
Since K is a model, there exists d € D(«) such that o I H < d. If d = ¢, by Lemma 4.2 we get « > S,
hence S, T(H « c) is realizable in K. If d # ¢, let ¢ be a constant symbol not occurring in Lx and let
K' = (P,<,D', ') be the model where D’ and F’ are defined as follows:

D) = {g(v) , ifcd P(v)»
(v) U {c} otherwise,
(,b) € F' iff one of following cases holds: b # cand b # ¢’ and (v,b) € F,
b=cand (v,d) € F,
b= and (y,c) € F.

Given a wif A of Lk, let us denote with 7 A the wif of Lx obtained by replacing every occurrence of ¢ with d
and every occurrence of ¢’ with c. It is easy to check that, for every 5 € P and for every closed A € L/ (),
B+ Ain K'iff 8 IF 7Ain K. Since a IF H < din K and 7(H « ¢) = H « d (indeed, ¢ and ¢ do not
occur in H), we get a I H < cin K'. Since a > S[H/c] in K and 7(S[H/c]) = S[H/c] (indeed, ¢ and ¢’
do not occur in S[H/c]), we get o > S[H/c] in K'. From Lemma 4.2 we deduce that o 1> S in K’ and hence
a>S,T(H < c)in K'. O

To prove the explicit definability property, we show how to construct a countermodel for a closed wff 3p A(p)
of L over the set C of constant symbols, assuming that

(i) For every closed wff H of £, A(H/p) ¢ Ipl>.

We assume, without loss of generality, that C is denumerable.

Our proof shows how to build a countermodel for Ip A(p) starting from a family C of countermodels for the
formulas A(H/p). The essential point of the proof is to select the countermodels of C in such a way that, for
every closed formula H of L there exists a constant ¢y such that H < cp is valid in every model of /. This
means that every closed wff H is simulated by the same constant symbol cy in every model of K. To build up
the countermodel K for Ip A(p), we glue together the models of X adding a root ¢ whose domain contains the
constant symbols cy.

Let Hy, Ho,... be an enumeration of the closed wff’s of £. Since C is denumerable, we can define the set
of swff’s S = {T(Hy, < ¢1), T(H2 < c2),...}, where ¢y, ¢z, ... are constant from C and, for every n > 1,
¢n, does not occur in Hy < ¢1,... ,Hy,—1 < ¢p—1, Hy, and in Ip A(p). We remark that S establishes a one-
to-one correspondence between the closed formulas of £ and the constant symbols of C. Let dq,ds,... be an
enumeration of the constant symbols of C. For every n > 1, let S,, = {FA(d,/p)} U S. We prove the following
non-trivial fact:

(ii) Forevery n > 1, S, is realizable.

Indeed, let us suppose that .S,, is not realizable. Then, by the Compactness Theorem, there exists £ > 1 such that
® ={FA(d,/p), T(H1 < c1),... ,T(Hg < cx)} is not realizable. We have two cases.
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Case 1.d, #c1,...,d, # c,. By Lemma4.3, {FA(d,/p)} is not realizable, hence A(d, /p) € Ipl? and
this contradicts (i).

Case 2.d, = c;j forsome 1 < j < k. In this case ® can be rewritten as
® = {FA(c;/p), T(H1 < c1),... ,T(Hj < ¢j),... , T(Hp < c)}
If j > 1, we can apply Lemma 4.3 to get the non realizable set
{FA(cj/p), T(Hy > ca),. .. ,T(H; e ¢j)ye, T(HE < cx)l,

where, forall 2 < i < k, H} = H;[H;/c1]. We can iterate the above procedure (j — 2) times (for instance, in
the next step ¢z does not occur in H2) until we get the non realizable set

(FA(e;/p), T(HI ™" o ¢),... ) T(H] ™" o e}

(note that, if j = 1 this set coincides with ®). Applying Lemma 4.3 one more time (noticing that c¢; does not

occur in Jp A(p)), we get the non realizable set {FA(Hj_l/p), T(H]J.;r1  ¢jr1)s- ., T(H] < cx)}. Since

Cj+1,- .. ,cr do not occur in A(H jJ -t /p), further applications of Lemma 4.3 allow us to deduce that the set
{FA(H]]f*l/p)} is not realizable. Thus A(ijl/p) € Ipl? against (i). This concludes the proof of (ii).

We use the sets .S, to define the family of countermodels K. By (ii), for every n > 1 there exists a model
K, = (P, <p, Dy, F,) with root g, such that g, > S,, in K,,. Let K = (P, <, D, F) be the structure defined

—n
as follows:

P =U,>1 Pn U {0} wheregisanew element, <=U,>1 <n U{(0;a) 1 a € P},
Dp(a) ifa€ P, .

D(OL)Z . _ f:UnZIfn U {<ch >}7
C lfa = 0,

where ¢* is the constant symbol of C such that T(Vp (p — p) < c¢*) belongs to S (note that ¢* is the only
constant forced in o).

It is immediate to check that K is a pseudomodel for £. Moreover, for every o € P, and B € Lk («),
alF Bin K, iff o IF B in K. Let us prove that K is a model for £, that is, for every o € P and every closed
wif B of Eﬁ( ), there exists a constant b € D(«) such that o |- B < bin K. If @ € P, the assertion holds
since K, is a model. Let us assume that o = p. If p IF B in K, then b = ¢* is the required constant. Let us
assume that g ¥ B. Since B is a closed wff of L (0) and L (9) = L, there exists k > 1 such that B = H}, and

T(Hy, < c) € S. It follows that B is simulated by ¢, in all models K, ; indeed, g, > S in K, for every n > 1,
hence g, I+ Hy < ¢ forevery n > 1. Let @ > p such that « I Hy. Since o # p, there exists j > 1 such that
0j < a, hence a IF ¢,. Let o > p such that «v I ¢. Clearly ¢, # ¢* (since Hy, # Vp (p — p)), hence g; < «
for some j > 1; thus a IF Hy. This implies that o I Hy, < ¢, hence K is a model for L.

Now, let us assume that g |- Ip A(p). Then there exists b € D(p) such that o I+ A(b/p). On the other hand,
there exists j > 1 such that b = d;, hence g, I- A(d;/p). But this yields a contradiction since FA(d; /p) € 5,
and g; > S;. We can conclude:

Theorem 4.4 If 3p A(p) € Ipl?, with 3p A(p) a closed wff, then there exists a closed wff H such that
A(H/p) € Ipl®.

5 Soundness and completeness of 7 -Ipl?

To conclude the paper we prove that the tableau calculus 7 -Ipl? is sound and complete with respect to Ipl?.

As usual, the main step of the Soundness Theorem consists in proving that the rules of the calculus preserve
realizability.

Lemma 5.1 Let S be a set of swff’s, let K = (P, <,D,F) be a model, and let « € P such that « 1> S. If R

is a rule of T-Ip)? applicable to S, then there exist a set S’ in the configuration obtained by applying R to S, a
model K' = (P', <", D', F'), and 3 € P’ such that 31> 5.
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Proof. The proof requires a careful analysis of the various rules; we only analyze some relevant cases.
Special-rule: Let S, T(H < a) be the configuration obtained by applying the special-rule to S. Here we
assume, without loss of generality, that « is not a constant symbol of L. Since H is a closed wiff of Lx («) and
K is a model, there exists a constant ¢ € D(«) such that a - H < ¢. Now, let us consider the pseudomodel
K' = (P,<,D',F') where
D(y) = {D”’ et POL p o F U)o e A

D(y) U {a} otherwise,

It is easy to check that, for every v € P and every B(p) € Lk (7y) such that a does not occur in B(p),
v I+ B(a/p) in K" iff v I B(c/p) in K. This implies that, for all B € Lk (), v I+ Bin K'iff v IF B in K.
It follows that K’ is a model. Moreover o > S in K’ and o I- H «+ a in K’ and this concludes the proof.
FV-rule: We have to prove that Sp, FA(a/p) is realizable. Let us assume, without loss of generality, that a is
not a constant symbol of Lg . If a > FVp A(p), then o ¥ Vp A(p). Hence there exist 8 > « and ¢ € D(5) such
that 8 ¥ A(c/p) (clearly 3 > St). Now, let us consider the pseudomodel K’ = (P, <, D’, F') where D’ and F’
are defined as above. Reasoning as in the previous case, we can prove that K’ is a model and 3 > S, FA(a/p)
in K'. O

From the previous lemma it immediately follows that, if a configuration is realizable, then the configuration
obtained by applying to the former configuration one of the rules of 7-Ipl? is realizable. This leads to the
Soundness Theorem. Indeed, let us assume that S is not consistent. Then there exist a finite subset S’ of S and
a closed proof-table for S’. If S is realizable, then there exist a model K = (P, <,D,F) and « € P such that
a > S. Hence a > S’ and, by Lemma 5.1, a contradictory set of swff’s is realizable against Proposition 3.1.

Theorem 5.2 (Soundness) Let S be a set of swff’s. If S is realizable, then S'is consistent.

The Completeness Theorem has the following form: If a countable set S of closed swff’s is consistent,
then there is a model K together with an element o of K such that o > S. Our proof is based on a general
method allowing us to build up, for every consistent set S of swff’s, a model K (S) whose root realizes S. The
construction of K () consists of two main steps. In the first step, starting from a consistent set of swff’s S, we
construct two sets S* and S, called the sarurated set of S and the node set of S, respectively. The set S will
be the root of the model K (S), and the swff’s in S will determine the forcing relation in S. In the second step
we construct the successor sets of S. The model K () will be constructed by iterating the two steps on the new
elements, and so on.

Given a swif H, we call extension(s) of H the set(s) R};, ... , R% (wheren € {1,2}) coinciding with the sets
in the configuration obtained by applying the rule related to H in 7-Ipl? to the configuration {H?}. Moreover,
given a set S of swff’s we denote with II(S) the set of the constant symbols occurring in the swff’s of S.

Given a countable and consistent set .S of closed swff’s and a set II of constant symbols including II(S), let
C’ be a denumerable set of constants such that II N C’ = (). We take from C’ the constant symbols needed to
build up the saturated set of S. It is easy to check that under the above assumptions C’ contains enough symbols
to construct such a set.

Let £ be the language over the set of constants IT U C’ and let us consider an enumerationeg: Ay, ..., A,, ...
of the swff’s of S and an enumeration ez: ®1,...,®P,,... of the closed wif’s of L. We inductively define a
sequence {S; }ic., whose elements are sets of closed swff’s as follows: Sy = 0. Given S; = {Hy, Ha, ...} and
given ¢ € C' such that ¢ does not occur in IT U TI({J,,, Sr) and in ®; 1, then

Sivr =Up,es, UHj, i) U {Aip1, T(®i1 < )},
where, setting

Si=U(Hy,i) U -~ UU(Hj—1,i) U {Hj,Hj1...,Aiy1, Aiga, ... },
I =11 U H(Up<; Sn) U ILU(H1,0) U -+ UU(Hj—1,4) U {c} U II({®i41}),

the set U (H;, 1) is defined as follows:

© 2004 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



Math. Log. Quart. 50, No. 2 (2004) / www.interscience.wiley.com 209

1. If Hj is a swif of the kind T(AAB), F(AAB), T(AVB), F(AVB) or T(A — B), thenU(H;,i) = Ruy;,
where Ry, is any extension of Hj such that (S} \ {H;}) U Ry, is consistent.
2. 1f Hj = TVp A(p), then U(H,, i) is {TVp A(p), TA(c1/p), TA(c2/p), - - . }, where {c1, ca, ... } =TI},
3. 1f H; = F3p A(p), then U(H}, i) is {FIpA(p), FA(c1/p), FA(c2/p), . . . }, where {c1, ca, ... } =TI,
4. If H; = T3p A(p), thenU(H},4) is {TA(d/p)}, where d € C' and d ¢ 1T
5. In all the other cases U(H, i) = {H;}.
It is easy to prove, by induction on ¢ > 0, that if .S is consistent, then every S; is consistent. Hence, it is always
possible to find a set U (H, i) satisfying the above conditions.
The saturated set of S w. r. t. ILis the set S* = | J,~, S;. We remark that such a set is not unique since different
choices of the enumerations €5 and ez give rise to different S*.
Given a set of swff’s V, we say that a swff H € V' is final in V' iff one of the following cases holds:
- H is either of the form Tc or Fe, with ¢ a constant symbol or ¢ = L;
- H is either of the form F(A — B), TVpA(p) or FVp A(p);
- Hisof the foom T(A — B)and TB ¢ V.
The node set of S w.r.t. Il is the set S = {H : H is final in S*} We also call S the node set related to S*.

Since any finite subset of 'S is contained in some .S;, it follows that .S is consistent.
Given a node set S of a consistent set of swff’s S, the successor sets of S are defined as follows:

- If F(A — B) € S, then S U {TA,FB} is a successor set of S.

- If FVp A(p) € S and c is a constant symbol such that ¢ ¢ T1(S*), then St U {FA(c/p)} is a successor set
of S.

Given a consistent set S of closed swff’s of £, the structure K (S) = (P, <, D, F) is defined as follows:

- Let S be a node set of S w.r.t. II(S), then S € P and D(S) = I1(S*).

- For every I € P and every successor set U of T', let U be a node set of U w.t.t. D(T') U II(U). Then U
belongs to P, U is an immediate successor of I and D(U ) = II(U™).

. < is the transitive and reflexive closure of the immediate successor relation.

- Forevery I' € P and forevery c € D(T), (T, c) € Fiff Tc € T.

It is easy to check that K (.S) is a pseudomodel for £. In particular, I' < A implies D(T') C D(A). Indeed, if A
is an immediate successor of T', then A is the node set w.r.t. D(T") U II(A) of a successor set A of I'. Hence, the
set A* contains a swff of the kind T'(c < d) for every constant symbol ¢ € D(T'), thus D(T') C II(A*) = D(A).
As for the valuation relation, if (I', ¢) € F, then Tc € I and, being Tc € ', Tc belongs to every successor set
U of T'. Moreover, since Tc € U implies that Tc is final in U*, Tc € U. Thus, (I, ¢) € F implies (A, ¢) € F
forevery A > T.

Now, we prove the main lemma:

Lemma 5.3 Let S be a countable and consistent set of closed swff’s and let K(S) = (P, <,D,F) be the
pseudomodel defined above. For every I' € P and for every swff H € I'*, ' > H.

Proof. The proof is by induction on the structure of H.

Basis. If H = Sc € S* with ¢ a constant symbol and S € {T, F}, then, since Sc is a final swif in I'*, Sc € T.
If S is T, then Te¢ is realized in T by the definition of forcing; if S is F, then, since T is consistent, T'¢ cannot
belong to I, hence I If* ¢, which implies that Fc is realized in T

Step. The proof goes on by cases according to the structure of H. Here we only give some illustrative
examples.

Case H = T(A — B). We have to prove that, for every Asuchthat T' < A, either A I Aor A I B. Let
us consider A > I'', we have two cases:
1. If FA € A* then, by induction hypothesis, A [/ A.
<

2. IfFA ¢ A*, then there exists © € PsuchthatT
By induction hypothesis © > T B, hence A I+ B.

O <A,{T(A— B),TB} CO©*and T(A — B) ¢ O.
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Case H = Fvp A(p). Since H is final in I'*, H belongs to I'. By construction there exists an immediate
successor A of I' which is the node set of a successor set A of I' containing a swff FA(c/p). Since FA(c/p) €
A*, by induction hypothesis A > FA(c/p) and hence I' ¥ ¥p A(p). O

Now, given a consistent set S of closed swff’s, let I' be any element of K (S) and let A be any closed wff
of L (s)(I'). By construction of I'* there exists a constant c of Lg(gy(I') such that T(A < ¢) € I'*. By the
previous lemma T > T(A « ¢), hence T' IF A « c. Thus we have:

Lemma 5.4 Let S be a countable and consistent set of closed swff’s. The structure K(S) = (P,<,D,F)
defined above is a model.

By Lemmas 5.3 and 5.4 it immediately follows:
Theorem 5.5 (Completeness) Let S be a countable set of swff’s. If S is consistent, then S is realizable.
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