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HOW MUCH SWEETNESS IS THERE IN THE UNIVERSE?

ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

ABSTRACT. We continue investigations of forcing notions with strong ccc prop-
erties introducing new methods of building sweet forcing notions. We also
show that quotients of topologically sweet forcing notions over Cohen reals are
topologically sweet while the quotients over random reals do not have to be
such.

0. INTRODUCTION

One of the main ingredients of the construction of the model for all projective sets
of reals have the Baire property presented in Shelah [, §7] was a strong ccc property
of forcing notions called sweetness. This property is preserved in amalgamations and
also in compositions with the Hechler forcing notion D and the Universal Meager
forcing UM (see [, §7]; a full explanation of how this is applied can be found in
Bl). Stern [I0] considered a slightly weaker property, topological sweetness, which
is also preserved in amalgamations and compositions with I and UM. We further
investigated the sweet properties of forcing notions in [6, §4], where we introduced
a new property called iterable sweetness and we showed how one can build sweet
forcing notions. New examples of iterably sweet forcing notions can be used in
constructions like [@, §7], [0, but it could be that there is no need for this — the
old forcing notions could be adding generic objects for all of them. In ] we proved
that this is exactly what happens with the natural examples of sweet forcing notions
determined by the universality parameters as in [6] §2.3]: a sequence Cohen real —
dominating real — Cohen real produces generic filters for many of them.

In the present paper we show that sweetness is not so rare after all and we give
more constructions of sweet forcing notions. In the first section we present a new
method of building sweet forcing notions and we give our first example: a forcing
notion Q7 associated with scattered subtrees of 2<%. We do not know if the
iterations of “old” forcing notions add generic objects for Q7 ", but in Proposition
we present an indication that this does not happen. In the second section we
use our method to introduce two large families of sweet forcing notions, in some
sense generalizing the known examples from [6]. This time we manage to show
that some of our forcing notions are really new by showing that we have too many
different examples (in Theorems 2289 ET7)).

In the last section of the paper we investigate the preservation of topological
sweetness under some operations. We note that a complete subforcing of a topolog-
ically sweet separable partial order is equivalent to a topologically sweet forcing (in
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Proposition BH). We also show that the quotient of a topologically sweet forcing
notion by a Cohen subforcing is topologically sweet (Theorem BT), but quotients
by random real do not have to be topologically sweet (Corollary BIT).

0.1. Notation. Our notation is rather standard and compatible with that of clas-
sical textbooks (like Jech [2] or Bartoszynski and Judah [I]). In forcing we keep the
older convention that a stronger condition is the larger one. Our main conventions
are listed below.

(1)

For a forcing notion P, I'p stands for the canonical P-name for the generic
filter in P. With this one exception, all P-names for objects in the extension
via P will be denoted with a tilde below (e.g., 7, X).

The weakest element of P will be denoted by (p (and we will always assume
that there is one and that there is no other condition equivalent to it).
The complete Boolean algebra determined by a forcing notion P is denoted
by BA(P). For a complete Boolean algebra B, Bt is B\ {Op} treated as
a forcing notion (so the order is the reverse Boolean order). Also, for a
formula ¢, the Boolean value (with respect to B) of ¢ will be denoted by
[]e-

Ordinal numbers will be denoted be the lower case initial letters of the Greek
alphabet (a, 8,7,6...) and also by 4, j (with possible sub- and superscripts).
Cardinal numbers will be called &, A, p.

For two sequences 1, v we write v <I  whenever v is a proper initial segment
of n, and v < n when either v < n or v = 7. The length of a sequence 7 is
denoted by 1h(n).

The quantifier (3°°n) is an abbreviation for (Vm € w)(3In > m).

The Cantor space 2% and the Baire space w® are the spaces of all functions
from w to 2, w, respectively, equipped with the natural (Polish) topology.

0.2. Background on sweetness. Let us recall basic definitions related to sweet
forcing notions.

Definition 0.1 (Shelah [7, Def. 7.2]). A pair (P, E) is model of sweetness whenever:

(1)
(i)

(iif)
(iv)

(v)

P is a forcing notion,

E = (E, :n < w), each E,, is an equivalence relation on P such that P/E,,
is countable,

equivalence classes of each E,, are <p—directed, E,,+1 C F,,

if {p; : i <w} CP, p; E; p, (for i € w), then

(Vn € w)(3q = pu)(q En po & (Vi > n)(pi < q)),
if p,g € P, p<qand n € w, then there is k € w such that
(0’ € [ple,)(3d € ], < d).

If there is a model of sweetness based on P, then we say that P is sweet.

Definition 0.2 (Stern [I0, Def. 1.2]). A model of topological sweetness is a pair
M = (P, B) such that P = (P, <) is a forcing notion, B is a countable basis of a
topology 7 on P and

(1)
(i)

()p is an isolated point in 7,

if a sequence (p,, : n < w) C P is 7—converging top € P, ¢ > p and W is a
T-neighbourhood of g, then there is a condition r € P such that

(a) re W, r >gq,



HOW MUCH SWEETNESS IS THERE IN THE UNIVERSE? 3

(b) the set {n € w: p, < r} is infinite.

If there is a model of topological sweetness (P, B), then the forcing notion P is
topologically sweet.

Lemma 0.3 (See [0, Lemma 4.2.3]). Assume that (P,B) is a model of topological
sweetness.

(1) If p,q e P, p< q and g € U € B, then there is an open neighbourhood V of
p such that
(VreV)3 eU)r<r').
(2) If m € w, p e U € B, then there is an open neighbourhood V' of p such that
any po, - --,Pm €V have a common upper bound in U.

Definition 0.4 (See [0 Def. 4.2.1]). Let B be a countable basis of a topology on
a forcing notion Q. We say that (Q, B) is a model of iterable sweetness if
(i) B is closed under finite intersections,
(ii) each U € Bis directed and p < qe U = pe U,
(iii) if (p, : » < w) C U and the sequence (p, : n < w) converges to p, (in
the topology generated by B), then there is a condition p € U such that
(Vn <w)(pn < p)-

Proposition 0.5 (See [6, Proposition 4.2.2]). If P is a sweet forcing notion in
which any two compatible conditions have a least upper bound, then P is iterably
sweet.

1. SW—CLOSED FAMILIES AND SCATTERED TREES

In this section we present a new method of building sweet forcing notions. This
method is, essentially, a generalization of that determined by the universality pa-
rameters of [6, §2.3].

Definition 1.1. (1) A treeis a family T of finite sequences such that for some
root(T') € T we have

(Vv e T)(root(T) <v) and root(T)dv<dneT = vel.
(2) If n is a node in the tree T then

sucer(n) = {veT:n<v&lh(v)=1h(n)+1} and
T = {veT:nv}.
(3) For a tree T, the family of all w—branches through T is denoted by [T], and
we let

max(7T) def {v € T: there is no p € T such that v < p}
and '
split(T") f {v eT: |succr(v)| > 2}.
(4) A tree T is normal if max(T) = 0 and root(T) = ().
Definition 1.2. Suppose that 7 is a family of normal subtrees of w<%. We say

that T is sw—closed whenever

(1) if Ty € T, To C Ty and T is a normal tree, then T € T,
(2) if Tl, T € T, then 77 UTs € T, and
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T is such that (Vn < w) (T, N WS =T, N wS”),

Definition 1.3. For a family 7 of normal subtrees of w<% we define a forcing
notion Q7 as follows.
A condition in Q7 is a pair p = (NP, TP) such that N? < w and T? € T.
The order <gpr of Q7 is given by
p <qT q if and only if
NP < N9, TP CT9 and T NwN" = 77 WV,

The relation between the forcing Q7 and the family 7 is similar to that in the
case of the Universal Meager forcing notion UM and nowhere dense subtrees of
2<W. Note that Q7 does not have to be ccc in general, however in many natural
cases it is.

Proposition 1.4. Assume that T is an sw-closed family of normal subtrees of w<%
such that every T € T is finitely branching. Then Q7 is a sweet forcing notion in
which any two compatible conditions have a least upper bound (and consequently
Q7 s iterably sweet).

Proof. One easily verifies that Q7 is indeed a forcing notion and that any two
compatible conditions in Q7 have a least upper bound.
For an integer n < w let E,, be a binary relation on Q7 defined by

qFE,p if and only if

Nt =NPand T9NwS N'+n —pras NT+n,
and let £ = (E, : n < w). We claim that (Q7,E) is a model of sweetness.
Conditions [IIi-iii) should be clear. To verify [ILIliv) suppose that p; € Q7 for
n < i <w are such that p; F; p, (for i <w). Thus, for n < i < w, NP = NP« and

Tpimngpi‘f'i:pr mngpw‘i‘i'

Put N = NP~ and T = |J{T? : n < ¢ < w}. It follows from [CA3) that T € T,
and plainly ¢ = (N,T) € Q7, ¢ E,, p,, and (Vi > n)(p; < q), finishing justification
of MKiv).

Finally, to check [IT(v) suppose that p, ¢ € Q7, p < gand n < w. Let k = N%+n.
It should be clear that (Vp' € [plg,) (3¢ € [d]E&,)® < ). O

Now we are going to present our first example of an sw—closed family: the family
of scattered subtrees of 2<%,

Definition 1.5. (1) For aclosed set A C 2% let rk(A) be the Cantor-Bendixson
rank of A, that is

rk(A) = min{a < wy : A = A>T

where A% denotes the a'" Cantor-Bendixson derivative of A.

(2) We say that a tree T C 2<% is scattered if it is normal and [T is countable.
The family of all scattered subtrees of 2<% will be denoted by 7.

(3) For a scattered tree T C 2<% let g7 : [T] — tk([T]) and AT : [T] — w
be such that for each n € [T'] we have

9" (n) = min{a <xk(T) :n ¢ [T]°*'}
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and
T (n) =min{m <w: (W e [T])(vim=nm = n=v Vv g"(v) <g"(n)}.

Proposition 1.6. Let T C 2<% be a normal tree. Then T is scattered if and only
if there is a mapping ¢ : T — wy such that

(®)3)T (Vn, vE T) (1/ an = o) > <p(77)), and
@b (Y0 esplit(T)) (e(n™(0)) < @(n) V ¢n™(1)) < ¢(n)).

Proof. It should be clear that if there is a function ¢ : T — w; such that (®)3,T +
(@);)T holds true, then the tree T' contains no perfect subtree and hence 7' is
scattered.

We will show the converse implication by induction on rk(7T').

Suppose that T is a scattered tree. Choose {ng: ¢ < n} C [T], n < w, such that

& {nethT(ne) : £ < n} is a front of T and let

def
A= {peT: (3<n)(h"(n) <n(p) & pI(lh(p) = 1) < ne & p A me) }-
Note that if £ < n, v € [T)\ {n¢} and v[hT (n) = nelhT (ne), then gT'(v) < g% (ne).
Hence (Vp € A) (rk(T!)) < rk(T')), so by the inductive hypothesis for each v € A
we may choose ¢, : TI"l — w; such that (@)2} o T (®); 70 holds true. Put
a* = sup{p,(v) v € A} <wq, k* = max{hT(ny) : ¢ <n}+1andlet ¢ : T — w;
be defined by

a* + k* —1lh(n) if no initial segment of 1 belongs to F, and

() = a*+1 if an initial segment of n belongs to F
wun = but no initial segment of n belongs to A, and
v, () ifreAandv dn.

One easily verifies that the function ¢ (is well defined and) satisfies (®)% 7+ (®)}, 7-

Proposition 1.7. 75 is an sw-closed family and consequently Q7" s iterably
sweet.

Proof. Plainly 7°° satisfies the conditions (1) and (2) of [C2A
To verify [CA(3) suppose that (T, : n < w) C T3 is a sequence of scattered trees

such that (Vn < w) (Tw N2sn — 7, N 2§”). Let T = |J T,,. We are going to
n<w
show that T is a scattered tree, and for this we have to show that [T] is countable.
Note that if n < w, v € 2<%\ T,, and lh(r) < n, then v ¢ T,. Therefore, if
v € 2SW\ T, then [v]N[T] € U{[T,] : n < 1h(v)}, so [v] N [T] is countable. Hence
[T]\ [T.] is countable and thus (since [T,,] is countable) so is [T7].
The “consequently” part follows from [ (remember that members of 75 are
subtrees of 2<% so finitely branching). O

Recall that a forcing notion P has Nj—caliber if for every uncountable family
F C P there is a condition p € P such that Hq eF:q< p}’ =Ny (see Truss [I1).

Proposition 1.8. (1) If a forcing notion P has Ry —caliber, then in VT there
is no tree T C 2<% such that

(a) for every a < wy there is a countable closed set A C 2% coded in V
such that tk(A) = a and A C [T], and
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(b) T includes no perfect subtree from V.
Consequently, P does not add generic object for Q7.

(2) If b > Wy, then neither the Hechler forcing notion D nor its composition
D % C with the Cohen real forcing add generic objects for QT .

Proof. (1) Suppose toward contradiction that P has an 8;—caliber, p € P and T
is a P-name for a subtree of 2<% such that the condition p forces that both (a)
and (b) of [LY(1) hold true for T Then for each o < wy we may choose a scattered
tree T, € 2<% and a condition p, € P such that (T, € V and)

tk([Tow]) =a and p<p, and polrp “T, CT 7.

Since P has an Rj—caliber we find a condition p* € P such that the set
Ydﬁf{a<w1 i pa <P}

is uncountable. Put T* = |J T,. Clearly T* is a non-scattered tree and (T* € V
acY
and) p* IF T* C T, contradicting (b).
Concerning the “consequently” part it is enough to note that if 7°¢ is the canon-
ical Q7 "—name for a subset of 2<% such that

“‘QTSC « TSC = U {Tp pe FQTSC} 77,
then IF* T%¢ is a tree satisfying [L8(1)(a,b) 7.

(2) If the unbounded number b is greater than N;, then both D and D % C have
the Ny—caliber, so part (1) applies. O

Remark 1.9. The forcing notion Q7 is somewhat similar to the universal forcing
notions discussed in [0 §2.3] and H]. However it follows from [CJ(2) that if MA
holds true, then the composition CxD#C does not add generic real for Q7. This is
somewhat opposite to the result presented in [l Theorem 2.1] and it may indicate
that the answer to the following question is negative.

Problem 1.10. Can a finite composition (or, in general, an FS iteration) of the
Hechler forcing notions add a generic object for Q7 ?

2. MORE SWEET EXAMPLES

In this section we will present two classes of sw—closed families of trees, producing
many new examples of sweet forcing notions. Let us start with extending the
framework of universality parameters to that of sw—closed families.

The sweet forcing notions determined by the universality parameters were in-
troduced in [6, §2.3]. In H] we showed that, unfortunately, the use of them may
be somewhat limited because the composition of, say, the Universal Meager forcing
notions adds generic reals for many examples of the forcing notions determined by
universality parameters. However, as we will show here, families of universality pa-
rameters may determine forcing notions which cannot be embedded into the known
examples of sweet forcing notions.

Let us start with recalling definitions concerning universality parameters and the
related forcing notions. We will cut down the generality of [6, §2.3] and we will
quote here the somewhat simpler setting of [4]. Let H be a function from w to w\ 2.
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Definition 2.1. (1) A finite H~tree is a tree S C |J [] H(:) with N < w,
n<N i<n
root(S) = () and max(S) C [] H(:). The integer N may be called the
i<N
level of the tree S and it will be denoted by lev(S).
(2) An infinite H—tree is a normal tree T C |J [] H(%).

n<wi<n
Definition 2.2. A simplified universality parameter p for H is a pair (GP, F?) =
(G, F) such that
() elements of G are triples (S, 7dn, nup) such that S is a finite H-tree and
an < i < lev(9), ({0},0,0) € G;
(B) if: (8% n3,,nop) € G, S1is a finite H- tree, lev(S?) < lev(S?), and
Stn JI H@G) €S and ng, < nd,, nd, < nj, <lev(Sh),
i<lev(S9)
then: (S',nj,,nl,)e€q,
(7) F € w" is increasing,
(0) if:
o (8% nf,,nb,) €§ (for £ < 2), lev(S?) = lev(S?),
e Sisa ﬁnlte H-tree, lev(S) < lev(S%), and S*n  [] H(i) C S (for
i<lev(S)
< 2),
e lev(S) <nf,, nd, < nén, F(n},) <lev(S'),
then: there is (S* ndn, i) €G such that
o nh, =nd,, ni, = F(ny,), lev(S*) =lev(S°) =lev(S'), and
e SPUSTC S*and S*N [ H@)=S.
i<lev(S)
Definition 2.3. Let p = (G, F) be a simplified universality parameter for H. We
say that an infinite H-tree T is p—narrow if for infinitely many n < w, for some
N = Ngn < Nyup We have

(T N U H H ndn7 nup) g
n<nyp+1i<n
The family of all p—narrow infinite H-trees will denoted by 7*(p, H).
Proposition 2.4. If p is a simplified universality parameter, then T*(p,H) is an

sw—closed family (of finitely branching normal trees). Consequently, Q7 ®H) js an
iterably sweet forcing notion.

Proof. Tt is should be clear that 7*(p, H) satisfies [LA(1,2). The proof of [CA(3) is,
basically, included in the proof of [6, Proposition 4.2.5(3)]. O

The examples of simplified universality parameters include the following.
Definition 2.5 (Compare [, Definition 1.7, Example 1.9(2)]). Suppose that the
function H is increasing and g € w® is such that (Vi € w)(0 < g(i) < H(i)). Let

A € [w]¥. We define gfi{“ as the family consisting of ({()},0,0) and of all triples
(S, ndn, Nup) such that

(a) S is a finite H-tree, nan < nyp < lev(S), AN [nan, nup] # 0, and
(B) for some sequence (w; : i € AN [Ndn, Nup)) such that w; € [H(z)]gg(’) (for
i € AN [nan, nup)) we have

(Vn € max(S))(3i € AN [nan, nup)) (n(i) € w;).
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Proposition 2.6. Assume that H,g, A are as in[Z3, and F(n) = [] H(i)? (for
i<n
n € w). Then pi’{’A ef (glg_iA, F) is s simplified universality parameter (and even it

is a reqular universality parameter in the sense of [A Definition 1.14]).

The universality parameters pﬂA from P20 are related to the strong PP—property
(see [8, Ch VI, 2.12*%], compare also with [, §7.2]). Note that an infinite H-
tree T is pﬂAfnarrow if and only if there exist sequences w = (w; : i € A) and
= (ng : k < w) such that

o (Vie A)(w; CH() & |w;i| < g(i)), and
e np < npy1 <w for each k < w, and
o (Vne[T])(Vk <w)(3i€ AN [nk, niks1)) (n(i) € w;).

It should be clear that the intersection of a family of sw—closed sets of normal
trees is sw—closed. So now we are going to look at the intersections of the families
of pﬂAfnarrow trees.

Definition 2.7. Let H, g be as in ZH and let 0 # B C [w]%.

(1) Put T(B) = T4(B) € N{T* (4", H) : B € B} and P = Q7®).
(2) Let Tz be a Pg—name such that

ey “ T =|J{TP:peTss} "
(3) For a set A € [w]“ put

Sa={ne |J []HG : (Vi €lh(n) nA)(n(i) =0)}.
n<wi<n
Lemma 2.8. Suppose that H, g are as in[Z2.
(1) Let A,C € [w]. Then the tree Sa is p%C narrow if and only if AN C is
infinite.
(2) Let 0 # B C [w]¥. Then, in VE5, Tg is an infinite H-tree such that
(a) if T € V is an infinite H—tree which is pﬁBfnarmw for all B € B,
then there is an n < w such that
(Vv € T)(Yn € T)(n=1(v) <Ih(n) = v yln,h(n)) € Ts),
(b) if an infinite H—tree T € V is not pﬂB -narrow for some B € B, then

(Vn <w)(3n € T)(h(n) > n & (Vv € [ HE) (v ln,Ih(n) ¢ Ts)).

i<n

Theorem 2.9. Suppose that P is a ccc forcing notion, IFp“ 28 =k 7, k < 22"
Then there is a family B C [w]% such that P does not add the generic object for the
(iterably sweet) forcing notion Pg.

Proof. Note that if ¢/ is a uniform ultrafilter on w, then (VA, B € U)(|AN B| = w)
and hence, by EZ8(1), for every A € U and every B € U, the tree S4 is pﬁBfnarrow.
Also by ZR(1), for every A € [w]“ the tree S4 is not pﬁw\Afnarrow.

Now, if U, U" C [w]*¥ are two distinct uniform ultrafilters on w, then we may
pick A € [w] such that A € U’ and w\ A € U”. Then the tree Su

o is pﬂBfnarrow for every B € U’, but

e is not pﬂw\Afnarrow, w\Ael".
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Therefore, by Z§(2), the interpretations of the names T/, Ty by the correspond-

ing generic filters must be different. Since there are 22" yltrafilters on w we easily
get the conclusion. (I

Corollary 2.10. There exists an iterably sweet forcing notion Q which cannot be
embedded into the forcing notion constructed in [1, §7].

Let us present now a different class of sw—closed families of normal trees and
corresponding forcing forcing notions.

Definition 2.11. The sw—closure cI°™(T) of the family 7 is the smallest family
T* of subtrees of w<% which includes T and is sw—closed.

Clearly, cI®™(T) is well defined for any family 7 of normal subtrees of w<%.

Lemma 2.12. (1) Suppose that T* is a normal subtree of w<Y and let T*
be the family of all normal subtrees of T*. Then T* is sw—-closed. Conse-
quently, if T C T*, then cI®™(T) C T*.

(2) Assume that T is an sw—closed family of normal subtrees of w
A Cw¥ is a closed set. Let
T (A) ={T €T :[T]NA is nowhere dense in A}.

Then T~ (A) is sw—closed.

(3) If T is a family of normal subtrees of w~%, T C w<% is a normal tree and
(VT € T)(IT) N [T"] is nowhere dense in [T]),
then T ¢ cI®V(T).
Proof. (1) Should be clear.

(2) Clearly T~ (A) is closed under finite unions. Assume now that 7, T, € T~ (A)
are such that (Vn < w) (Tw NwSN =T, N wgn) and let T = |J T,. We want

n<w
to show that T' € T (A). Since T is sw—closed we see that T € T, so we need to
show that [T] N A is nowhere dense in A. To this end let S € w<% be a normal
tree such that A = [S] and suppose that v € S. Since T,, € T~ (A), we may find
1o € S such that v < g and 7y ¢ T,,. Then, by our assumptions on (T, : n < w),
also for each k > lh(ng) we have ny ¢ T). Since T,, € T (A4) (for n < 1h(no)), the
set |J [Tn]N A is nowhere dense in A and hence we may find n € S such that

<W gnd

n<lh(no)
n<<nandn¢ |J T, Then wealsohavev <npe Sandn¢T.
n<lh(no)
(3) Follows from (2). O
Definition 2.13. (1) For aset A € [w]¥ let T4 be the collection of all normal

subtrees T' of 2<% such that (Vv € split(T)) (Ih(v) € A).
(2) For a family A C [w]¥ let Ty = ™ (U{T* : A € A}).

Theorem 2.14. Suppose that P is a ccc forcing notion, IFp “2%0 =k 7, k < 22"
Then there is a family A C [w]¥ such that P does not add the generic object for the
(iterably sweet) forcing notion Q74.

Proof. Let us start with some observations of a more general character.

Claim 2.14.1. Assume that T is an sw-closed family of subtrees of 2<% such that
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(®) for everyn € 2% and T € T we have
T—on® {ve2<¥ v+, (h(v) eT}eT.
Let TT be a Q7 —name such that
bor “TT = J{TP:peTyr} "

Then, in VQT, T7 is a subtree of 2<% such that

(1) for every T € T there is an n < w such that
if g € TN2", vy € TTN2", and vy < n € T, then v1 n[[n,lh(n)) € T7,
(2) for every normal tree T C 2<% such that T ¢ T, T € V, we have

(Vn<w)(3Fn e T)(lh(n) > n & (Vv € 2™)(v [, lh(n) ¢ T7)).
Proof of the Claim. (1) Suppose that p € Q7 and T € T. Let (n, : £ < 2N")

list all elements of 2% which are constantly zero on [N?,w). It follows from our
assumption (®) that
(Ve <2V ) (T —2meeT & TP —ane €T).
Since T is sw—closed we may now conclude that (by [CA(2))
L% |J (T —2n)u |J @7 —2m)eT,
L<2NP L<2NP
and hence also (by [C2(1))

T (neTy: (h(n) < NP & neT?) v (Ih(y) > NP & nIN? € TP)} € T.

Now, letting N¢ = N? and T? = T} we get a condition ¢ € Q7 stronger than p and
such that
gIF (Yoo € T 2N (v € T7 N 2N (v € T (1, 7] [N9, Ih(n)) € TT).

(2) Now suppose that p € Q7, n < w and T C 2<% is a normal tree which does

not belong to 7. Let N = NP +n and let (n, : £ < 2VV) list all elements of 2% which

are constantly zero on [N,w). It follows from (®) that Tg def U @P—an)eT

L<2N
and since T' ¢ T we may conclude by [LA(1) that T\ To # (. Pick n € T\ Ty # 0
and note that necessarily lh(n) > N > n. Letting N? = lh(n) and T = T we get
a condition ¢ € Q7 stronger than p and such that

g - (Vv € 2™)(wnlln,Ia(n)) ¢ T7)).
(]

Claim 2.14.2. If T is a collection of normal subtrees of 2<% such that the demand
in [ZII(®) holds for T, then also cI*™(T) satisfies this condition. Consequently,
for each A C [w]¥, (®) of B-IZ1] holds true for Tx.

Proof of the Claim. Should be clear. O
Claim 2.14.3. Suppose that A € [w]* and A C [w]¥ are such that

(VB € A)(|A\ B| = w).
Then T4 Z Ta.
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Proof of the Claim. Let T = {v € 2<% : (Vn < lh(v))(v(n) =1 = n € A)}.
Plainly 7 € T4. Also, for every B € A and T" € TB the set [T] N [T"'] is nowhere
dense in [T, so by ETA(3) T ¢ cI*V (U{T?® : B€ A}) = Ta. O

Now choose a family Z C [w]* of almost disjoint sets, |Z| = 2%0.

Suppose that A, B CZ, A+# B,say A€ A\ B. Then (VB € B)(|A\ B| = w) and
hence (by Claim EZZIZ3) we get 74 ¢ Tp, so we have a normal tree T € T4 \ 5.
Now look at Claim EETZI— by ELTZA it is applicable to Q7+, Q7% and we get from
it that if T4, T C 2<% are trees generic over V for Q74, Q75 respectively, then

e (In<w)(VweTan2™)(VneT)(lh(n) >n = vyln,lh(n)) € Ta),
o (Vn<w)(3neT)(lh(n) >n & (Vv € 2™)(vnl[n,1h(n)) & Tp).

Hence T4 # Tp. Since P satisfies the ccc and IFp“ 280 =k ” and k < 22N°, we may
find a family F of subsets of Z such that |F| = k and

IFp ¢ for no A C T with A ¢ F, there is a Q74 -generic filter over V 7.
O

One should note that the examples of sweet forcing notions which cannot be
embedded into the one constructed in [l §7] which we gave in this section are not
very nice — it may well be that the parameters A, B needed to define them are not
definable from a real. Even the candidate for a somewhat definable example from
the previous section, the forcing notion Q7 ", is not Souslin. Thus the following
variant of [6, Problem 5.5] may be of interest.

Problem 2.15. Is there a Souslin ccc iterably sweet forcing notion Q such that no
finite composition of the Universal Meager forcing notion adds a Q-generic real?
Such that the forcing of [, §7] does not add Q—-generic real?

3. SUBFORCINGS, QUOTIENTS AND LIKES

Topological sweetness, as defined in[IL2 is a property of particular representation
of a forcing notion. It is only natural to ask if a forcing notion having a topologically
sweet dense subforcing is topologically sweet, or, in general, if a forcing notion
equivalent to a topologically sweet one is topologically sweet. We start this section
with some results in these directions.

Definition 3.1. We say that a forcing notion P has a GLB—property provided that
for every po,...,pr € P, k < w, there is ¢ € P such that

(o) q¢ < p; for i <k, and

(8) if ¢* € P satisfies (Vi < k)(¢* < p;), then ¢* < q.
Remark 3.2. If B is a Boolean algebra, then BT is a forcing notion with the GLB-
property. Also the forcing notions R and A defined in later have this property.

Proposition 3.3. Suppose that a forcing notion P has the GLB-property and Q C
P is its dense subforcing. If Q is topologically sweet, then so is P.

Proof. Let (Q, B) be a model of topological sweetness and let 7 be the topology on
Q generated by B. For sets Uy, ...,Ux € B, k < w, define

W(Uo,....Us) ={peP: (Vi< k)3qeU)p<q)},

and let
B* = {W(Uo,...,Ux) 1 k <w & Uy,...,U € B} U {{0p}}.
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It should be clear that

e 3% is closed under finite intersections, and

e it is a countable basis of a topology 7* on P, and

e ()p is an isolated point in 7*.
We are going to show that the topology 7 satisfies the demand of [LZ(ii). So
suppose that a sequence p = (p, : n < w) C P is 7*—converging to p € P and
g > p and W is a 7*-neighbourhood of ¢. Pick Up,...,Ur € B such that ¢ €
WUy, ...,Ux) CW and let ¢; € U; (for i < k) be such that ¢ < ¢;. Furthermore,
for i < k, let {V! : n < w} be a basis of T—neighbourhoods of ¢; € Q such that
(V?’LO <ng < w)(qi € V;l - V,:O - Ul)

Since p € W(V2, VL ... VF) € B* (for each n < w) and the sequence p 7"~
converges to p, we may choose an increasing sequence (m,, : n < w) C w such that
(Vn < w)(pm, € WV, V,L,...,VF)). Then we may also pick Py (for n < w
and i < k) such that p,, < p;,; € Vi Fix i < k and look at the sequence
D = (p:‘” i n < w): clearly it 7—converges to ¢;. Consequently, we may easily
choose (be repeated application of [L(ii) for 7) conditions ¢f € Q such that

o g <gqgecU fori<k,and
o (F*n<w)(Vi <k)(ph,; < q)
Since P has the GLB—property we may pick ¢* € P such that
(o) ¢* < g for i <k, and
(B) if r € P is weaker than ¢f,. .., g, then r < ¢*.
Then, plainly, ¢* € W(Uy,...,Ux) and ¢ < ¢* and (3°n < w)(pm,, < q). ]

Proposition 3.4. Assume that P is a topologically sweet forcing notion. Then
there is a model (P, B*) of topological sweetness such that all members of B* are
downward closed.

Proof. Let (P,B) be a model of topological sweetness. For U € B put W(U) =
{peP:(3qgelU)p <q)}, and let B* = {W(U) : U € B}. Note that if p €
W(Uy) N W (Uy) and p < py € Uy, p < p1 € Uy, then there is V' € B such that
peVand V C W(Uy) N W (Ur) (remember [L3(1)). Hence we easily conclude that
B* is a base of a topology 7* on P. Similarly as in one shows that (P, B*) is a
model of topological sweetness. O

Proposition 3.5. Assume that P is a topologically sweet and separative partial
order, Q is a forcing notion. Suppose also that

(Vg e Q)(3p e P)(plrp “there is a Q—generic G C Q over V such that ¢ € G 7).

Then Q is equivalent to a topologically sweet forcing notion.

Proof. Tt follows from our assumptions on IP that it is (isomorphic to) a dense subset
of BA(P)" and hence, by B3H3A there is a model (BA(P)*, B) of topological
sweetness such that all members of B are downward closed. By the assumptions
on Q,P we also know that BA(Q) is a complete subalgebra of BA(P); let 7 :
BA(P) — BA(Q) be the projection. Put

B ={UNBA(Q)":U € B}.

We claim that (BA(Q)",B’) is a model of topological sweetness. It is easy to
verify (i), so let us only argue that [Z(ii) holds true. To this end suppose that a
sequence p = (p, : n < w) C BA(Q)" converges to p € BA(Q)" (in the topology
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generated by B’) and let p < ¢ € UNBA(Q)™, U € B. Then also p converges to p
in the topology generated by B on BA(P)™, so we may find »r € BA(P)" such that
g<reUand (3°n < w)(p, <r). Let r* = 7(r) € BA(Q). Then we have

e ¢ < r* (as 7 is the projection and ¢ € BA(Q)™, ¢ < r),
o (I%°n < w)(p, < r*) (as 7 is the projection and p, € BA(Q)™),
o r* € U (as U is downward closed, r* <r € U).
(I

The sweetness and topological sweetness are important properties because they
are preserved in amalgamations of forcing notions. Since the amalgamation can be
represented as the composition with the product of two quotients (see, e.g., [B] on
that), one may ask if sweetness is also preserved in quotients.

Definition 3.6. Let P, Q be forcing notions and suppose that Q < BA(P). The
quotient (P : Q) is the Q—name for the subforcing of P consisting of all p € P such
that p is compatible (in BA(P)) with all members of I'g. Thus for p € P and ¢ € Q,

glFg “pe (P:Q)” if and only if
(Vr € Q)(¢ <r = r,p are compatible in BA(P)).

Theorem 3.7. Let C be the standard Cohen forcing notion (so it is a countable
atomless partial order). Suppose that (P, B) is a model of topological sweetness and
C < BA(P). Let B® be the C-name for the family {U N (P:C):U € B}. Then

”

IFc ((]P’ : (C),BC) 18 a model of topological sweetness

Proof. First note that, in V€, BC is a countable basis of a topology on (P : C),
and (p.cy = Op is an isolated point in this topology. Thus the only thing that we
should verify is the demand in [L2(1)(ii).

Suppose that n € C and C—names (pi 11 <w), p,q and W are such that

nlke “pipge(P:C), WeB® p<geW and
the sequence (]31- ;i < w) converges to p in the topology generated by Bt

Passing to a stronger than n condition in C (if necessary), we may assume that for
some p,q € P and W € B we have

nkc “p=p&g=q&W=Wn(P:C)".

Then also 7 lk¢“ p,g € (P: C) ” and p < g € W. Let us choose a condition ¢* € P
which is (in BA(PP)) stronger than both ¢ and 7, and let U € B be a neighborhood
of g% such that any two members of U are compatible in P (remember [L3(2)).
Next, choose W+ € B such that ¢ € W C W and every member of W has an
upper bound in U (possible by [L3(1)).
Pick V; € B (for i < w) such that {V; : i < w} forms a neighbourhood basis at p
(for the topology generated by B) such that for each i < w:
(@) pe Vi1 CV,
(8) any i+ 1 elements of V;;+1 have a common upper bound in V;.
[The choice is clearly possible; remember (L3
Clearly n k¢ “{V;N(P:C) : ¢ < w} forms a neighbourhood basis at p (for the
topology generated by B®) ”. Hence, without loss of generality, we may assume
that n lFc“ p; € V; 7 (as we may change the names p; reflecting a passage to a
subsequence)i Let us fix a list {vy : £ < w} of all conditions in C stronger than 1,
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and for every i,/ < w let us pick p; ¢ € P such that v, lff'c “ p; # pi¢ 7. Note that
then p; ¢ € Vi, so by clause (3) above we may choose pf € V; such that for each
1 > 0 we have

(V€ < 9)(pit1,e < p7)-
The sequence (p} : i < w) converges to p so (by ILA1)(ii) for (P, B)) there are a
condition » € P and an infinite set A C w such that

reW?' and ¢<r and (Vi€ A)(p; <7).

By the choice of W, the condition 7 has an upper bound in U and hence (by
the choice of U) r,qt are compatible in P. Therefore, as g% is stronger than 7 (in
BA(P)), there is v € C stronger than 7 such that v IF¢“r € (P: C) 7. Now the
proof follows from the following Claim.

Claim 3.7.1. vlFc (3% < w)(pi <7) 7.

Proof of the Claim. If not, then we may find v/ € C stronger than v and i’ < w
such that v/ IF¢“ (Vi > ')(p; £ 7) 7. Let £ < w be such that v/ = vy and let i € A
be larger than £+’ + 1. Look at our choices before - we know that:

(i) p; <,

(i) pit1,e <,

(iil) ve lFc “ piv1 # piv1e 7
Therefore some condition v* € C stronger than v, forces that p;11 < r, contradict-
ing the choice of v/ = v, (as i+ 1 > ¢'). ) O

O

In the rest of this section we are going to show that the result of BX7 cannot
be very much improved: when taking a quotient over a random real forcing we
may loose topological sweetness. Let us start with recalling some notation and
definitions, which we will need later.

Definition 3.8. (1) The Lebesgue (product) measure on 2% is denoted by
uleb. Borel(2¥) is the o—field of Borel subsets of 2% and L is the o—ideal
of Lebesgue null subsets of 2%. The quotient complete Boolean algebra
B = Borel(2¥)/L is called the random algebra.

(2) The random forcing notion R is defined as follows:
a condition in R is a closed subset of 2% of positive Lebesgue measure,
the order of R is the reverse inclusion.

(3) The amoeba for measure forcing notion A is defined as follows:
a condition in A is a closed subset F of 2% such that p™*(F) > 1,
the order of A is the reverse inclusion.

Of course, B = BA(R). Let us also recall that both R and A are topologically
sweet (see [10, 1.3.3]).

Proposition 3.9. (1) kg “ AV is not topologically sweet ”.
(2) IFg “RY is not topologically sweet ”.

Proof. (1) Suppose toward contradiction that
[ there is a model of topological sweetness based on AV ]y # 0.

Since the random algebra is homogeneous, we may assume that we have B-names
U,, for subsets of AV such that
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(*)o IFg“ (AV,{U, : n < w}) is a model of topological sweetness ”

: | 2t m; —i
For i < w let m; = | 10g2(1_2721+1)J +2, 50 H > a1 2 2T and thus

()1 (1—272""ymi/28 < 9=i,
Let p be the product Lebesgue measure on the space [[ m;, and let p* be the
1<w
corresponding outer measure.
Define (n; : i < w) by ng =0, nj11 = n; +m; - 271 and for i < w, j < m; put

t; déf {0‘ c 2[ni7ni+1) . (3[ < 2i+1)(0(ni +] . 2i+1 +£) — 1)}
Note that
(%)% if jo < j1 < ... < jr < my, then

tont N | = (1—272 ) gme2
For x € [[ m; let

i<w

» = e 2 (Vi< w)(nllni,nin) € thy) )

and note that Z, is a closed set and pu“*(Z,) > %, s0 Z, € A. For each z € ] m;
i<w
and n < w we may pick a Borel set B(z,n) C 2% such that [Z, € U,]s = [B(x,n)|L.
Next, for each k < w (and z € [] m; and n < w) choose a clopen set C(z,n, k) C
i<w

“ such that p*(B(z,n) A C(x,n,k)) < 27*. Now, for n < w, consider a binary

relation ~,, on [] m; given by
i<w

z~ny ifandonlyif (Vk, € <n)(C(x,lk)=Cl(y, ¢ k).

It should be clear that (for each n < w) ~,, is an equivalence relation on [[ m;
i<w
such that
(%) Tr~pp1y = x~py  (for each z,y € [] my), and
i<w
(%)% TI mi/ ~n is countable.
i<w
Consequently we may pick z* € [ m; such that for each n < w we have
i<w
p({ze [[miall=a"1 & xr~ya*})
lim A

Jes p({z € I m;:xlt = z*|(})

i<w

=1

So now we may choose an increasing sequence (¢; : ¢ < w) C w such that for i < w
we have

{xGHmJ: 1 =a"[l; & x o~y x})> u{IGHmJ: [l; = x* 5})
Jj<w j<w
and then for each i < w we may choose v; C my, and (y} : k € v;) C [[ m; such
J<w
that
($)6 Yl = x*1;, y3.(¢;) = k and yj, ~; «* for k € v;.
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It follows from the definition of the relations ~,, and from (x)j that for each k € v;
and all ¢ < i we have

p e (B(z*,0) & By, 0)) <27

Thus, for each i < w, we may pick a partition (Bf : k € v;) of 2% into disjoint Borel
sets such that for all k € v; we have

(1)7" pleb(B}) = i, and

()5 uP(BL N (B(xj,0) & Blyk,0))) < 2'7/|v| for all £ < i.
Let z; be a B-name for a member of V.N [[ m; such that

j<w
(Vk € vi) ([2: = yile = [BilL)-
Claim 3.9.1.
g “ (Vn < w) (VX <w)(Ze» €Un = Zg, € Un).

Proof of the Claim. Note that for n,7 < w we have
[Ze, ¢ Unls = | U Bi\ Bl .
kev;

and thus [Z,- € Up & Zy, ¢ Unls = [ U (B(z*,n) \ B(y;,n)) N Bi], . Tt follows
k€w;

from (x)g" that (for n < i < w) we have
1 (| (BG™.n)\ Byi.n) N BY) <217
k€wv;
Hence for, each n < w,

d (N U (U (BG"m)\ Blim) nBi)) =o,

m<wi>m kev;
SO
[[(EOO’L < w)(Zm* S Un & chl ¢ Un]]]B = Og,
and the Claim follows. [l

It follows from (x)o and B9l that
[GF € AY)(F C Z,- & (3% <w)(F C Z,,))]s = 18,

and therefore we may find F' € ANV such that /' C Z,« and a of [(3*i < w)(F C

Zg, )]s # Op. For i < w put
w;={k€v,: FCZ,;} and C;= (] B
kEw;
Plainly, a = [ | U Ci] so (as a # 0p) Y u™*(C;) = 0o, and hence the set
m<w i>m =1
1 {i <w:pP(Cy) > 2177}

is infinite.
Fix 7 € I for a moment. Then

—i e e i |w1|
2T <G = Y W (BY) =

kew;
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and thus (by (x){)

lw;| > |v;] -2 > 3 M 217 >y, /24,

Hence, by (x){', we get (1— 2’2(1’“)'“”| < 2% < 27% Now (for our i € I) consider

the closed set Y; =

def
(1 Z,; and note that

kew;

Vi € {ne€2¥: (Vk € wi)(nllng,ne,+1) € )}

Thus, by ()5, we may conclude that (for our i € I)

| N

T
2me
Since I is infinite and for every i € I we have F C (1 Z,; =Y; we may now
kew; g
conclude that p°P(F) = 0, contradicting F € A.
(2) The same proof as for (1) works here too. O

Putting together and B9 we may easily conclude the following.

Corollary 3.10. Both R x R and A x A are topologically sweet, but

=

=

(10]

11]

kg “no dense subforcing of (R x R:R) ((R x A : R), respectively)
is topologically sweet 7.
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