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Abstract

We study sincere-strategy preference-based approvalgv¢BP-AV), a system proposed
by Brams and Sanver|[1] and here adjusted so a&rceadmissibility of the votes (rather
than excluding inadmissible votaspriori), with respect to procedural control. In such con-
trol scenarios, an external agent seeks to change the oeitsbam election via actions such as
adding/deleting/partitioning either candidates or v@t&P-AV combines the voters’ preference
rankings with their approvals of candidates, where in @astwith at least two candidates the
voters’ approval strategies are adjusted—if needed—tooapef their most-preferred candi-
date and to disapprove of their least-preferred candiddtis. rule coerces admissibility of the
votes even in the presence of control actions, and hybsdineeffect, approval with pluralitiy
voting.

We prove that this system is computationally resistant, bxe corresponding control prob-
lems are NP-hard) to 19 out of 22 types of constructive anttuletsse control. Thus, SP-AV
has more resistances to control than is currently known igr ather natural voting system
with a polynomial-time winner problem. In particular, SR-A (after Copeland voting, see
Faliszewski et al.[]Z,13]) the second natural voting systeith an easy winner-determination
procedure that is known to have full resistance to constrictontrol, and unlike Copeland
voting it in addition displays broad resistance to destveatontrol.
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1 Introduction

\oting provides a particularly useful method for prefereraggregation and collective decision-
making. While voting systems were originally used in poétiscience, economics, and operations
research, they are now also of central importance in varéwaas of computer science, such as
artificial intelligence (in particular, within multiagesystems). In automated, large-scale computer
settings, voting systems have been applied, e.qg., for pigrB] and similarity search [6], and have
also been used in the design of recommender systems [7] akihgaalgorithms|[8] (where they
help to lessen the spam in meta-search web-page rankingssu€Eh applications, it is crucial to
explore the computational properties of voting systems angarticular, to study the complexity
of problems related to voting (see, e.g., the survey by Faliski et al.[[9]).

The study of voting systems from a complexity-theoreticspective was initiated by Bartholdi,
Tovey, and Trick's series of seminal papers about the coxitplef winner determination[[10],
manipulation [[11], and procedural control [12] in elecBonThis paper contributes to the study
of electoral control, where an external agent—traditiypnaalled the chair—seeks to influ-
ence the outcome of an election via procedural changes teléwtion’s structure, namely via
adding/deleting/partitioning either candidates or vo{see Section 2.2 for the formal definitions of
our control problems). We consider batbnstructivecontrol (introduced by Bartholdi, Tovey, and
Trick [12]), where the chair’s goal is to make a given cantidhe unique winner, andestructive
control (introduced by Hemaspaandra, Hemaspaandra, ahe R&]), where the chair’s goal is to
prevent a given candidate from being a unique winner.

We investigate the same twenty types of constructive antiudise control that were studied
for approval voting([1B] and two additional control typesragduced by Faliszewski et al. [14] (see
also [2]), and we do so for a variant of a voting system thatpvaposed by Brams and Sanver [1] as
a combination of preference-based and approval votingrévgh voting was introduced by Brams
and Fishburn([15] as follows: Every voter either approveslisapproves of each candidate, and
every candidate with the largest number of approvals is a&vinOne of the simplest preference-
based voting systems is plurality: All voters report theiefprence rankings of the candidates,
and the winners are the candidates that are ranked first-plathe largest number of voters. The
purpose of this paper is to show that Brams and Sanver's cmdlsystem (adapted here so as to
keep its useful features even in the presence of contrarejticombines the strengths, in terms of
computational resistance to control, of plurality and appt voting.

Some voting systems amamuneto certain types of control in the sense that it is never jpessi
for the chair to reach his or her goal via the correspondingrobaction. Immunity to any type of
control unconditionally shields the voting system agaihist particular control type. However, like
most voting systems approval votingsigsceptiblgi.e., not immune) to many types of control, and
plurality voting is susceptible to all types of conttbHowever, and this was Bartholdi, Tovey, and
Trick’s brilliant insight [12], even for systems suscefilbo control, the chair’s task of controlling
a given election may be too hard computationally (namelyHdRi) for him or her to succeed. The

1A related line of research has shown that, in principle, afiral voting systems can be manipulated by strategic vot-
ers. Most notable among such results is the classical woBldfard [16] and Satterthwaite [17]. The study of strategy-
proofness is still an extremely active and interesting amesocial choice theory (see, e.g., Duggan and Schwari3 [18]
and in artificial intelligence (see, e.g., Everaere ef &J)[1



| Number of | Condorcet| Approval | Llull | Copeland] Pluralty | SP-AV |

resistances 3 4 14 15 16 19
immunities 4 9 0 0 0 0
vulnerabilities 7 9 8 7 6 3

| References | [12,[13] | [12,[13] | [2,114/3

[2,14/3] | [12,[13[2]14]

Theoren[S]l\

Table 1: Number of resistances, immunities, and vulnétigsilto our 22 control types. (Regarding
the “Condorcet” column, see Footnaie 3.)

voting system is then said to esistantto this control type. If a voting system is susceptible to
some type of control, but the chair’s task can be solved igrmohial time, the system is said to be
vulnerableto this control type.

The quest for a natural voting system with an easy winnegrdehation procedure that is uni-
versally resistant to control has lasted for more than 15syeaw. Among the voting systems that
have been studied with respect to control are plurality,ddocet, approval, cumulative, Llull, and
(variants of) Copeland voting [12, 13,120,121 14] 3| 22, 2nadkg these systems, plurality and
Copeland voting (denoted Copel&Rdn [2,[3]) display the broadest resistance to control, yenev
they are not universally control-resistant. The only systeirrently known to be fully resistant—to
the 20 types of constructive and destructive control studhef13,[20]—is a highly artificial sys-
tem constructed via hybridizatioh [20]. (We mention thas thystem was not designed for direct,
real-world use as a “natural” system but rather was intertddedle out the existence of a certain
impossibility theorem([20].)

While approval voting nicely distinguishes between eactenv® acceptable and inacceptable
candidates, it ignores the preference rankings the votagsirave about their approved (or disap-
proved) candidates. This shortcoming motivated Brams amde$ [1] to introduce a voting system
that combines approval and preference-based voting, aydiéfined the related notions of sincere
and admissible approval strategies, which are quite nategairements. We adapt their sincere-
strategy preference-based approval voting system in aatatay such that, for elections with at
least two candidates, admissibility of approval strate@see Definition 2]1) can be ensured even in
the presence of control actions such as deleting candidatkpartitioning candidates or votérs.
The purpose of this paper is to study if, and to what extetd, dhstem inherits the control resis-
tances of plurality (which is perhaps the simplest prefeeemased system) and approval voting.
Denoting this system by SP-AV, we show that SP-AV does comhihthe resistances of plurality
and approval voting.

More specifically, we prove that sincere-strategy prefegdmased approval voting is resistant to
19 and vulnerable to only three of the 22 types of control wmred here. For comparison, Table 1
shows the number of resistances, immunities, and vulrgiadito our 22 control types that are

2Note that in control by partition of voters (see Secfiod 22)run-off may have a reduced number of candidates.



known for each of Condorc@tapproval, Llull, pluralit)E] and Copeland voting (see [12,/113[ 2] 14,
3]), and for SP-AV (see Theorelm B.1 and Tdble 2 in Seétion 3).

This paper is organized as follows. In Sectionh 2, we define disduss sincere-strategy
preference-based approval voting, the types of contraliestuin this paper, and the notions of
immunity, susceptibility, vulnerability, and resistande Sectior B, we prove our results on SP-AV.
Finally, in Sectiori 4 we give our conclusions and state sopea@roblems.

2 Preliminaries

2.1 Preference-Based Approval Voting

An electionE = (C,V) is specified by a finite s& of candidates and a finite collectidhof voters
who express their preferences over the candidat€s where distinct voters may, of course, have
the same preferences. How the voter preferences are refwésgepends on the voting system
used. In approval voting (AV, for short), every voter drawigia between his or her acceptable and
inacceptable candidates (by specifying a 0-1 approvabveathere 0 represents disapproval and 1
represents approval), yet does not rank them. In contrasty mther important voting systems (e.qg.,
Condorcet voting, Copeland voting, all scoring protocateluding plurality, Borda count, veto,
etc.) are based on voter preferences that are specifiedfasdiknear orderings of the candidates.
As is most common in the literature, votes will here be regmésd nonsuccinctly: one ballot per
voter. Note that some papers (e.@.,/[23, 2,[14, 3]) also densiuccinct input representations for
elections where multiplicities of votes are given in binary

Brams and Sanvelr[1] introduced a voting system that corstaperoval and preference-based
voting. To distinguish this system from other systems thasé authors introduced with the same
purpose of combining approval and preference-based v{i2d]y we call the variant considered
here (including the assumption of sincerity as explainddvb@nd including Ruléll below, which
will coerce admissibility)sincere-strategy preference-based approval vofBig-AV, for short).

Definition 2.1 (Brams and Sanver [1])Let (C,V) be an election, where the voters both indicate
approvals/disapprovals of the candidates and provide drée linear ordering of all candidates.
For each voter \e V, anAV strategy ofv is a subset SC C such that v approves of all candidates
in S, and disapproves of all candidates in-CS,. The list of AV strategies for all voters inV is

3 Note that TablE]1 lists only 14 instead of 22 types of conwoldondorcet. The reason is that, agin [13], we consider
two types of control by partition of candidates (namely,hnand without run-off) and one type of control by partition of
voters, and for each partition case we use the rules TE (éliesnate”) and TP (“ties promote”) for handling ties that
may occur in the corresponding subelections (see Sdct®)n Plowever, since Condorcet winners are always unique
when they exist, the distinction between TE and TP is not nfadéhe partition cases within Condorcet voting. Note
further that the two additional control types in Secfion.Z.¢hamely, constructive and destructive control by adding
limited number of candidates|[2,114]) have not been consiiésr Condorcet voting [12, 13].

4Regarding the references given in Table 1 for pluralityidzawski et al.[[2["14] note that plurality is resistant
to constructive and destructive control by adding a limitednber of candidates (see Section 2.2 for the definition of
this problem). Hemaspaandra et al.|[13] obtained all otksults for destructive control within plurality, and foreth
constructive partitioning control cases in models TE and Tl remaining results for plurality are due to Bartholdi et
al. [12].



called anAV strategy profile for(C,V). (We sometimes also speak 05V strategy profile for
C.) For each &= C, let scorec v (C) = [[{v €V |c € S }|| denote the number of c’'s approvals. Every
candidate c with the largest scogg,)(c) is a winner of electior{C,V).

An AV strategy Sof a voter ve V is said to beadmissibleif S, contains v's most-preferred
candidate and does not contain v's least-preferred cartéaG, is said to besincereif for each
c € C, if v approves of ¢ then v also approves of each candidatkecigher than c (i.e., there
are no gaps allowed in sincere approval strategies). An Astey profile for(C,V) is admissible
(respectivelysincerg if the AV strategies of all voters inV are admissible (regpely, sincere).

Admissibility and sincerity are quite natural requirentern particular, requiring the voters to
be sincere ensures that their preference rankings andappiovals/disapprovals are not contra-
dictory. Note that sincere strategies for at least two aatds are always admissible if voters are
neither allowed to approve of everybody nor to disapprovevefybody (i.e., if we require votexs
to have only AV strategieS, with 0 # S, # C), an assumption adopted by Brams and Sarvdi [1].
Henceforth, we will assume that only sincere AV strategyif@®are considered, which—assuming
that the trivial caseS§, = 0 andS, = C are excluded—necessarily are admissible whenever there ar
at least two candidatébA vote with an insincere strategy will be considered void.

The following notation was used by Brams and Sanver for aeudifft election system [24],
but is useful for SP-AV as well: Preferences are represelyed left-to-right ranking (separated
by a space) of the candidates (e&.b ¢, with the leftmost candidate being the most-preferred
one, and approval strategies are denoted by inserting igtdtiane into such a ranking, where all
candidates left of this line are approved of and all canéwslaight of this line are disapproved of
(e.0.,'a | b ¢’means thatis approved of, while both andc are disapproved of by this voter). In
our constructions, we sometimes also insert a subseC into such approval rankings, where we
assume some arbitrary, fixed order of the candidats(ng., ‘a | B ¢’ means thatis approved
of, while all b € B andc are disapproved of by this voter).

2.2 Control Problems for Preference-Based Approval Voting

The control problems considered here were introduced bihBlali, Tovey, and Trick[[12] for con-
structive control and by Hemaspaandra, Hemaspaandra, athe [RL3] for destructive control. In
constructive control scenarios the chair's goal is to malkewarite candidate win, and in destructive
control scenarios the chair’s goal is to ensure that a dedjgiandidate does not win. As is common,
the chair is assumed to have complete knowledge of the vqieaference rankings and approval
strategie@ and as in most papers on electoral control we define the d@rtsblems in the unique-

5Brams and Sanver[1] define an AV strategy to be admissibtdsfriot dominated in a game-theoretic sefise [15],
and note that “admissible strategies under AV involve abwayting for a most-preferred candidate and never voting for
least-preferred candidate.” Since we do not focus on theegilweoretic aspects of AV strategies, we define admigsibili
as in Definitior Z.1L.

6 Brams and Sanver actually preclude only the G&se C for sincere voters by stating that “sincere strategies are
always admissible if we exclude ‘vote for everybody!’ [1].otdever, an AV strategy that disapproves of all candidates
obviously is sincere, yet not admissible according to D&@in[Z.1, which is why we also exclude the caseSpE= 0.

"Note that an AV strategy is never admissible for less thandavaidates.

8A detailed discussion of this assumption can be found in.[18]a nutshell, one justification of this assumption
is that it is realistic in many (though certainly not in aljuations, particularly in those involving small-scalevate
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winner modefl In this model, the chair seeks to, via the control actiorheziimake a designated
candidate the unique winner (in the constructive case) @révent a designated candidate from
being a unique winner (in the destructive case).

To achieve his or her goal, the chair modifies the structureaofiven election via
adding/deleting/partitioning either candidates or v&teBuch control actions—specifically those
with respect to control via deleting or partitioning caratik or via partitioning voters—may have
an undesirable impact on the resulting election in that thight turn admissible AV strategies into
inadmissible ones. That is why we define the following rulg ttoerces admissibility (even under
such control actions):

Rule 1 (AV Strategy Rewrite Rule)If in an election(C,V) with ||C|| > 2we have $=0o0r S,=C
for some voter = V, then each such voter's AV strategy is adjusted to apprévesoor her top
candidate and to disapprove of his or her bottom candidate.

This rule coerces & S, # C for eachv € V whenever there are at least two candidates. That
is, though it is legal for a voter to cast an inadmissible ythe SP-AV system will rewrite this
vote to make it admissible. In Sectibn 2.3 below, we will fiyigliscuss the SP-AV system and, in
particular, some subtle points regarding Rule 1.

We now formally define our control problems, where each mwbls defined by stating the
problem instance together with two questions, one for thesttactive and one for the destructive
case. These control problems are tailored to sinceresgirgireference-based approval voting by
requiring every election occurring in these control protdg(be it before, during, or after a control
action—so, in particular, this also applies to the subgastin the partitioning cases) to have a
sincere AV strategy profile. Note that when the number of whaids is reduced (due to deleting
candidates or partitioning candidates or voters), applimes may have to be moved in accordance
with Rule[d.

To avoid unnecessary repetition, when defining the 22 cbatenarios and problems consid-
ered in this paper, we will omit (or only very briefly sketchgtmotivation of these control scenarios.
Note, however, that each scenario considered has a natatalorld interpretation—ranging from
“get-out-the-vote” drives (control by adding voters) ovete suppression or disenfranchisement
(control by deleting voters) to gerrymandering (control g@rtitioning voters) for voter control,
and similarly natural real-world interpretations haverbdiscussed in detail for the single cases of
candidate control. These real-world interpretations antivating examples have been described
at length in a number of previous papers on control, such2s13,[2/ 20]. (Note that the journal
version of [20] appears in the same special issue as thenpresger.)

elections and in those involving large-scale electionsragrsnftware agents that cooperate in a multiagent envirahme
and have an incentive to reveal their preferences over ea gilternatives. Another justification is that this papeuses
on proving control resistances of (i.e., NP-hardness tefof) SP-AV, and an NP-hardness result in the more reistict
setting of complete knowledge clearly implies the corresjiog NP-hardness result in the more flexible setting ofiglart
knowledge (see [13] for more discussion of this point).

9Exceptions are, e.gl, [P11,[2,314], whérd |2, 3, 14] condidéh the unique-winner model and the nonunique-winner
model.



2.2.1 Control by Adding Candidates

In this control scenario, the chair seeks to reach his or bal gy adding to the election, which
originally involves only “qualified” candidates, some neandidates who are chosen from a given
pool of spoiler candidates. In their study of control fornallity, Condorcet, and approval voting,
Hemaspaandra, Hemaspaandra, and Raothe [13] considengdhentase of adding annlimited
number of spoiler candidates (which is the original varigfrthis problem as defined by Bartholdi,
Tovey, and Trick[[12]). We consider the same variant of thisbgem here to make our results
comparable with those established[inl[13], but for compless we in addition consider the case of
adding alimited number of spoiler candidates, where the prespecified Igpiart of the problem
instance. This variant of this problem was introduced bysEeivski et al.[[2] 14,]3] in analogy
with the definitions of control by deleting candidates andafitrol by adding or deleting voters.
They showed that, for the election system Copéelatity investigate, the complexity of these two
problems can drastically change depending on the paramegere [2] 3].

We first define the unlimited variant of control by adding ddatks.

Name Control by Adding an Unlimited Number of Candidates.

Instance An election(CUD,V) and a designated candidate= C, where the se€ of qualified
candidates and the dBtof spoiler candidates are disjoint.

Question (constructive) Is it possible to choose a sub$2tC D such thatc is the unique winner
of election(CUD',V)?

Question (destructive) Is it possible to choose a subg&tC D such that is not a unique winner
of election(CUD',V)?

The problem Control by Adding a Limited Number of Candidatedefined analogously, with
the only difference being that the chair seeks to reach higeeoigoal by adding at mosgtspoiler
candidates, wheréis part of the problem instance.

2.2.2 Control by Deleting Candidates

In this control scenario, the chair seeks to reach his or baf lgy deleting (up to a given number
of) candidates. Here it may happen that inadmissible AMesgias are created by the control action,
but Ruld1 will coerce admissibility again (by moving thedibetween some voter's acceptable and
inacceptable candidates to behind the top candidate orftwebthe bottom candidate whenever
necessary).

Name Control by Deleting Candidates.

Instance An election(C,V), a designated candidate= C, and a nonnegative integér

Question (constructive) Is it possible to delete up tbcandidates fron® such that is the unique
winner of the resulting election?

Question (destructive) Is it possible to delete up tbcandidates (other thar) from C such that
is not a unique winner of the resulting election?



2.2.3 Control by Partition and Run-Off Partition of Candida tes

There are two partition-of-candidates control scenarinoth scenarios, the chair seeks to reach
his or her goal by partitioning the candidate €einto two subsetsC; andC,, after which the
election is conducted in two stages. In control by partittdrcandidates, the election’s first stage
is held within only one group, sa9;, and this group’s winners that survive the tie-handlinge rul
used (see the next paragraph) run against all membé&sinfthe second and final stage. In control
by run-off partition of candidates, the election’s firstgaas held separately within both grougs,
andCy,, and the winners of both subelections that survive thedisdhing rule used run against each
other in the second and final stage.

We use the two tie-handling rules proposed by HemaspaaHéraaspaandra, and Rothe|[13]:
ties-promote (TP) and ties-eliminate (TE). In the TP modklkhe first-stage winners of a subelec-
tion, (C1,V) or (Cp,V), are promoted to the final round. In the TE model, a first-staig@er of a
subelection(C3,V) or (C,V), is promoted to the final round exactly if he or she is that kdtien’s
unique winnetr.

Note that partitioning the candidate $&into C; andC; is, in some sense, similar to deleting
C, from C to obtain subelectioriC;,V) and to deletingC; from C to obtain subelectioriC,,V).
Also, the final stage of the election may have a reduced nuwbesndidates (which depends on
the tie-handling rule used). So, in the partitioning cagesay again happen that inadmissible AV
strategies are created by the control action, but Rule lcadlce admissibility again.

Name Control by Partition of Candidates.

Instance An election(C,V) and a designated candidate C.

Question (constructive) Is it possible to partitiol© into C; andC, such that is the unique winner
of the final stage of the two-stage election in which the wisre subelectionC;,V) that
survive the tie-handling rule run against all candidateSiwith respect to the votes )?

Question (destructive) Is it possible to partitiol© into C; andC, such that is not a unique winner
of the final stage of the two-stage election in which the wisred subelectionCy,V) that
survive the tie-handling rule run against all candidateS,ifwith respect to the votes M)?

Name Control by Run-Off Partition of Candidates.

Instance An election(C,V) and a designated candidate C.

Question (constructive) Is it possible to partitiorC into C; andC, such that is the unigque win-
ner of the final stage of the two-stage election in which theners of subelectioCy,V)
that survive the tie-handling rule run (with respect to tlo#eg inV) against the winners of
subelection(Cy,V) that survive the tie-handling rule?

Question (destructive) Is it possible to partitiorC into C; and C, such thatc is not a unigue
winner of the final stage of the two-stage election in whighhinners of subelectiofCy,V)
that survive the tie-handling rule run (with respect to tlo#eg inV) against the winners of
subelection(Cy,V) that survive the tie-handling rule?



2.2.4 Control by Adding Voters

In this control scenario, the chair seeks to reach his or bat lgy introducing new voters into a

given election. These additional voters are chosen fronvengpool of voters whose preferences
and approval strategies over the candidates from the atiglaction are known. Again, the number
of voters that can be added is prespecified.

Name Control by Adding Voters.

Instance An election(C,V), a collectionW of additional voters with known preferences and ap-
proval strategies oveZ, a designated candidatec C, and a nonnegative integér

Question (constructive) Is it possible to choose a sub&gt C W with ||W’'|| < ¢ such that is the
unique winner of electioiC,V UW')?

Question (destructive) Is it possible to choose a sub%&t C W with |W’|| < ¢ such that is not a
unique winner of electioiC,V UW')?

2.2.5 Control by Deleting Voters

The chair here seeks to reach his or her goal by suppressirtg éuprespecified number of) voters.

Name Control by Deleting Voters.

Instance An election(C,V), a designated candidate= C, and a nonnegative integér

Question (constructive) Is it possible to delete up td voters fromV such thatc is the unique
winner of the resulting election?

Question (destructive) Is it possible to delete up tb voters fromV such thafc is not a unique
winner of the resulting election?

2.2.6 Control by Partition of Voters

In this scenario, the election again is conducted in twoestagnd the chair now seeks to reach his
or her goal by partitioning the voteks into two subcommittees/; andVs,. In the first stage, the
subelectiongC,V;) and(C,V-) are held separately in parallel, and the winners of eachlesctizmn
who survive the tie-handling rule move forward to the secand final stage in which they compete
against each other.

As in the candidate-deletion and the candidate-partitiases, also in control by partition of
voters it may happen that inadmissible AV strategies aratedeby the control action, since the
final stage of the election may have a reduced number of caredidHowever, if that happens then
Rule[1 will again coerce admissibility.

Name Control by Partition of Voters.

Instance An election(C,V) and a designated candidate C.

Question (constructive) Is it possible to partitiorV into V1 andV, such thaftc is the unique win-
ner of the final stage of the two-stage election in which theners of subelectiofiC,V;)
that survive the tie-handling rule run (with respect to tlo#eg inV) against the winners of
subelection(C,V,) that survive the tie-handling rule?

9



Question (destructive) Is it possible to partitiorv into V4 andV, such that is not a unique win-
ner of the final stage of the two-stage election in which theners of subelectiofiC,V;)
that survive the tie-handling rule run (with respect to tlo#eg inV) against the winners of
subelection(C,V,) that survive the tie-handling rule?

2.3 A Brief Discussion of SP-AV

The notion of SP-AV, as defined here, slightly differs frore ttefinition proposed in this paper’s
precursors[[4, 25]. For examplé, [4] specifically required ingle-candidate elections that each
voter must approve of this candidate. In the present papedrap this requirement, as it in fact
is not needed (because the one candidate in a single-céneiéation will always win—even with
zero approvals, i.e., SP-AV is a “voiced” voting system).

The other definitional change is more subtle. [Ih[[4, 25], wepaeld Brams and Sanver’s as-
sumption that voterg are required to have admissible AV strategies (i.e., onlysdtegiess, with
0+ S, #C were aIIowedE By this assumption, any vote with an inadmissible AV strategs
considered void, and we applied our rule of rewriting inashitile AV strategies to coerce admissi-
bility only when a control action had turned an originallynadsible vote into an inadmissible one.
One problem with this approach was that this rule dependddmhcould be viewed as redefining)
control rather than being an integral part of the voting eysitself. In contrast, we now allow vot-
ers to cast inadmissible votes, and RHudle 1 will turn them auimissible votes the same way it will
coerce admissibility for votes that became inadmissiblthéncourse of a control action. The in-
preparation bookchapter [26] elaborates on this point anotloer points regarding the definitional
changes SP-AV has undergone in the course of its developmpetat its final form in the present
paper. We stress that none of the two changes mentioned hhewaesevere impact on our findings
or their proofs.

Another issue to be addressed is that the choice of [Rule 1treégm to be purely a matter of
taste, at first glance. For example, given an inadmissibles#gtegy of the formj a b ¢ d(re-
spectivelya b c d |), why don’t we change it into an admissible vote of the foray,a b | ¢ d
rather than, according to Rule 1, irdo| b c¢ d(respectivelya b ¢ | d)? The reason is that, once
we have agreed that it is desirable to coerce admissihilitychoice of Ruléll is the most sensible
way, as this is the minimally invasive rule to coerce adrbitist among all possible such rules: We
do change the voters’ approval strategies, but we wish thidart the least harmful way.

2.4 Immunity, Susceptibility, Vulnerability, and Resistance

The following notions—which are due to Bartholdi, Toveydarrick [12] (see also [13, 20, 2] 3,
14])—will be central to our complexity analysis of the caitproblems for SP-AV.

Definition 2.2. Let& be an election system and tetbe some given type of control.

1. & is said to bammune tod-control if

10except that[[1] excludes only the caSg+ C, see Footnotel 6.
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(a) ®is a constructive control type and it is never possible fer¢hair to turn a designated
candidate from being not a unique winner into being the uaiginner via exertingb-
control, or

(b) @ is a destructive control type and it is never possible forahair to turn a designated
candidate from being the unique winner into being not a uaigunner via exerting
@-control.

2. & is said to besusceptible tab-controlif it is not immune tab-control.

3. & is said to bevulnerable tab-controlif & is susceptible té-control and the control problem
associated withb is solvable in polynomial time.

4. & is said to beesistant tap-controlif & is susceptible t@P-control and the control problem
associated withb is NP-hard.

For example, approval voting is known to be immune to eightheftwelve types of candidate
control considered iri_[13]. The proofs of these results iatlycemploy the equivalences and im-
plications between immunity/susceptibility for varioumntrol types shown iri [13] and the fact that
approval voting satisfies the unique version of the Weak #Axad Revealed Preference (denoted
by Unique-WARP, se€ [13, 12]): If a candidatds the unique winner in a s& of candidates,
thenc is the unique winner in every subset®@fthat includesc. In contrast with approval voting,
sincere-strategy preference-based approval voting datesatisfy Unique-WARP, and we will see
later in Section_3]1 that it indeed is susceptible to each tffrontrol considered here.

Proposition 2.3. Sincere-strategy preference-based approval voting doesatisfy Unique-WARP.

Proof.  Consider the electiofC,V) with candidate se€ = {a,b,c,d} and voter collectiotV =
{v1,Vv2,v3,v4}. Removing candidatd changes the profile as follows according to Rule 1:

vi: bcald bc| a
w: c|adb is changed to c|lab
v3: abc| d (by removingd): ab|c
vs: bac]| d balc

Note that the approval/disapproval line has been moved tersw;, v3, andv, according to
Rule[1. Althoughc was the unique winner dC,V), cis not a winner of{a,b,c},V) (in fact, b is
the unique winner of{a,b,c},V)). Thus, SP-AV does not satisfy Unique-WARP. 0

3 Results for Sincere-Strategy Preference-Based Approvabting

Theoren 311 below (see also Table 2) shows the complexititsegarding control of elections
for SP-AV. As mentioned in the introduction, with 19 resrgtas and only three vulnerabilities, this
system has more resistances and fewer vulnerabilitiesrtvaifor our 22 control types) than is
currently known for any other natural voting system with &pomial-time winner problem.
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Plurality SP-AV AV

Control by Constr. [ Destr. || Constr. [ Destr. Constr. [ Destr.
Adding an Unlimited Number of Candidate R R R R | \
Adding a Limited Number of Candidates R R R R | Vv
Deleting Candidates R R R R \ ]
Partition of Candidates TE: R TE:R || TE:R TE: R TE: V TE: |

TP:R TP:R || TP:R TP: R TP: | TP: 1
Run-off Partition of Candidates TE:R TE:R || TE:R TE:R TE:V TE: |

TP:R TP:R || TP:R TP:R TP: | TP: 1
Adding Voters \ \ R \ R Vv
Deleting Voters \ \ R \ R Vv
Partition of Voters TE: V TE:V || TE:R TE: V TE:R TE: V

TP:R TP:R || TP:R TP: R TP:R | TP:V

Table 2: Overview of results. Key: | means immune, R mearistee®, V means vulnerable, TE

means ties-eliminate, and TP means ties-promote. ResuBPkAV are new; their proofs are either
new or draw on proofs from_[13]. Results for plurality and A¥ated here to allow comparison,
are due to Bartholdi, Tovey, and Trick [12] and to Hemaspeandemaspaandra, and Rothel[13].
(The results for control by adding a limited number of caatid for plurality and approval voting,

though not stated explicitly in [12, 13], follow immediageirom the proofs of the corresponding

results for the “unlimited” variant of the problem, see Famit[4.)

Theorem 3.1. Sincere-strategy preference-based approval voting hasdbistances and vulnera-
bilities to the22 types of control defined in Sectibn12.2 that are shown in T2ble

3.1 Susceptibility

By definition, all resistance and vulnerability results arfcular require susceptibility. In the fol-
lowing two lemmas, we prove that sincere-strategy prefardrased approval voting is susceptible
to the 22 types of control defined in Sectlon]|2.2. To this enelwill make use of Theorems 4.1,
4.2, and 4.3 of Hemaspaandra, Hemaspaandra, and Rothehft3jrovide susceptibility equiv-
alences and implications for various control ty@s. For the sake of self-containment, we give
these results below, stated essentially word-for-wordhd&3]. In particular, Theorerin 3.2 (which
is [13, Thm. 4.1]) gives four equivalences between susgdiptito constructive/destructive control
by adding/deleting candidates/voters; Theofenmh 3.3 (whidi.3, Thm. 4.2]) gives four implica-
tions that link susceptibility to control by (run-off) pardn of candidates/voters with susceptibility
to control by deleting candidates/voters; and Thedremh ®Hich is [13, Thm. 4.3]) states that
every “voiced” voting system is susceptible to constrietdontrol by deleting candidates and to
destructive control by adding candidates, and that for @aated voting system susceptibility to
destructive control by partition of voters (in model TE or)Tilplies susceptibility to destructive
control by deleting voters. A voting system is said tovogcedif in every one-candidate election,
this candidate wins.

LIAlthough [13] does not consider the case of control by adaitigiited number of candidates explicitly, it is imme-
diate that all proofs for the “unlimited” case in [13] worksalfor this “limited” case.

12



Theorem 3.2(Thm. 4.1 of [13]) 1. A voting system is susceptible to constructive control by
adding (either a limited or an unlimited number of) candieif and only if it is susceptible
to destructive control by deleting candidates.

2. A voting system is susceptible to constructive contralddgting candidates if and only if it
is susceptible to destructive control by adding (eithernaited or an unlimited number of)
candidates.

3. A voting system is susceptible to constructive controadiging voters if and only if it is
susceptible to destructive control by deleting voters.

4. A voting system is susceptible to constructive contraliddgting voters if and only if it is
susceptible to destructive control by adding voters.

Theorem 3.3(Thm. 4.2 of [13]) 1. If a voting system is susceptible to constructive corlityol
partition of voters (in model TE or TP), then it is suscemitd constructive control by delet-
ing candidates.

2. If a voting system is susceptible to constructive coriyopartition or run-off partition of
candidates (in model TE or TP), then it is susceptible to ttantve control by deleting
candidates.

3. If a voting system is susceptible to constructive coriyopartition of voters in model TE,
then it is susceptible to constructive control by deletintgys.

4. If a voting system is susceptible to destructive contyopartition or run-off partition of
candidates (in model TE or TP), then it is susceptible tordeste control by deleting can-
didates.

Theorem 3.4(Thm. 4.3 of [13]) 1. If a voiced voting system is susceptible to destructive co
trol by partition of voters (in model TE or TP), then it is saptible to destructive control by
deleting voters.

2. Each voiced voting system is susceptible to constructwéol by deleting candidates.

3. Each voiced voting system is susceptible to destructiotrat by adding (either a limited or
an unlimited number of) candidates.

We start with suscepitibility to candidate control for SP-AV

Lemma 3.5. SP-AV is susceptible to constructive and destructive obhyradding candidates (in
both the “limited” and the “unlimited” variant of the problm), by deleting candidates, and by
partition of candidates (with or without run-off and for éam both tie-handling models, TE and
TP).
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Proof. From Theoreni_3l4 and the obvious fact that SP-AV is a voicdthgasystem, it im-
mediately follows that SP-AV is susceptible to construetoontrol by deleting candidates and to
destructive control by adding candidates (in both the ‘i and the “unlimited” variant of the
problem).

Consider the electioiC,V) with candidate se€ = {a,b,c,d,e f} and voter collectiorV =
{v1,V2,...,Ve} and the following partition o€ into C; = {a,c,d} andC, = {b,e, f}:

(C,\V) is partitioned into  (C1,V) and (Cp,V)
vi: abc|def ac|d b|ef
v: bc| adef c|ad b|ef
vz: ac| bdef acl|d b|ef
vs: bac|def acl|d b|ef
vs: abdec]|f ad]|c bel|f
Ve: aed fcl|b ad]| c ef|b

With six approvalsg is the unique winner ofC,V). However,a is the unique winner ofC;,V),
which implies that is not promoted to the final stage, regardless of whether eéhesTE or TP tie-
handling rule and regardless of whether we employ a partaf@andidates with or without run-off.
Thus, SP-AV is susceptible to destructive control by partibf candidates (with or without run-off
and for each in both tie-handling models, TE and TP). By Tee8.3, SP-AV is also susceptible
to destructive control by deleting candidates. By Thedre®r8turn, SP-AV is also susceptible to
constructive control by adding candidates (in both the it and the “unlimited” variant of the
problem).

Note thata is not the unique winner dfC,V ), asaloses toc by 5 to 6. However, if we partition
CintoC; = {a,c,d} andC, = {b,e, f}, thena is the unique winner ofC;,V) andb is the unique
winner of (Cy,V). Since both subelections have a unique winner, it does ntiemahether the TE
rule or the TP rule is applied. The final-stage electio{& b},V) in the case of run-off partition
of candidates, and it i§{a, b, e, f},V) in the case of partition of candidates. Sirc@ins againsb
in the former case by 4 to 2 and in the latter case by 5 to 4 éamtl f do even worse thain this
case),a is the unique winner in both cases. Thus, SP-AV is susceptibtonstructive control by
partition of candidates (with or without run-off and for &ao both models, TE and TP). [

We now turn to susceptibility to voter control.

Lemma 3.6. SP-AV is susceptible to constructive and destructive obbjyradding voters, by delet-
ing voters, and by partition of voters in both tie-handlingatels, TE and TP.

Proof. Consider the electiofiC,V) with candidate se€ = {a,b,c,d,e, f} and voter collection
V = {vi,Vp,...,vg} and partitionV into V3 = {vi,vo,v3,va} andV, = {vs,Vs,Vv7,vg}. Thus, we
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change:

(C,V) into (C,Vh) and (C, V)
vi: abc| def abc|def
vw: ac|bdef ac|bdef
v3: cbad|ef cbad|ef
vi: ab|decf abl|decf
vs: adc| bef adc| bef
Ve: ebcd| af ebcd|af
vw: decf| ba decf|ba
vg: d f | bace df|bace

With six approvalsg¢ is the unique winner ofC,V). However,a is the unique winner ofC,V;) and
d is the unique winner ofC,V,), which implies that is not promoted to the final stage, regardless
of whether we use the TE or TP tie-handling rule. (In the fstage electiori{a,d},V ), awins by
5to 3.) Thus, SP-AV is susceptible to destructive controphstition of voters in models TE and
TP. By Theoreni_3]4 and since SP-AV is a voiced system, SP-AlNsis susceptible to destructive
control by deleting voters. Finally, by Theorém]3.2, SP-A\lso susceptible to constructive control
by adding voters.

Now, if we leta andc change their roles in the above election and argument, wihae8P-AV
is also susceptible to constructive control by partitiorvatfers in models TE and TP. By Theo-
rem[3.3, susceptibility to constructive control by pastitiof voters in model TE implies suscepti-
bility to constructive control by deleting voters. Agairy, Bheoreni 3.2, SP-AV is also susceptible
to destructive control by adding voters. O

3.2 Candidate Control

Theorems$ 3]7 arld 3.110 below show that sincere-strateggrprafe-based approval voting is fully
resistant to candidate control. This result should be egit#d with that of Hemaspaandra, Hema-
spaandra, and Rothe [13], who proved immunity and vulnéralior all cases of candidate control
within approval voting (see Table 2). In fact, SP-AV has thme resistances to candidate control
as plurality, and we will show that the construction preedrih [13] to prove plurality resistant also
works for sincere-strategy preference-based approvatg/an all cases of candidate control ex-
cept one—namely, except for constructive control by detptiandidates. Theordm 3110 establishes
resistance for this one missing case.

All resistance results in this section follow via a reductfoom the NP-complete problem Hit-
ting Set (see, e.g., Garey and Johnson [27]):

Name Hitting Set.
Instance A setB = {by,by,...,by}, @ nonempty collection” = {S,S,,...,S,} of subsetsS C
B and a positive integde < m.

120ur assumption tha?” be nonempty (i.e., that> 1) is not explicitly specified in Garey and Johnson [27]. Heere
itis clear that requiringn > 1 does not change the complexity of the problem.
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Question Does.” have a hitting set of size at mdsti.e., is there a s C B with ||B’|| < k such
that for each, SN B # 0?

Note that some of our proofs for SP-AV are based on constmgtpresented in [13] to prove the
corresponding results for approval voting or plurality,eséas some other of our results require new
insights to make the proof work for SP-AV. For completensgs,will present each construction
here (even if the modification of a previous constructioratber straightforward), explicitly stating
whether it is based on a previous construction from [13], iusd, we will state in each case on
which construction it is based and what the differencese¢adtated previous construction are.

Theorem 3.7. SP-AV is resistant to all types of constructive and destraatandidate control de-
fined in Sectiof 2]2 except for constructive control by dedetandidates (which will be handled
separately in Theorem 3.1.0).

Resistance of SP-AV to constructive control by deletingdidates, which is the missing case
in Theoreni 3.I7, will be shown as Theorém 3.10 below.

The proof of Theoren 317 is based on a construction for ptyrat [13], except that only
the arguments fadestructivecandidate control are given there (simply because plynakts shown
resistant to all cases of constructive candidate contrehdly by Bartholdi, Tovey, and Trick [12] via
different constructions). We now provide a short proof skaif Theoreni 3]7 and the construction
from [13] (slightly modified so as to formally conform withetSP-AV voter representation) in order
to (i) show that the same construction can be used to edtatlibut one resistances of SP-AV to
constructivecandidate control, and (ii) explain why constructive cohtsy deleting candidates
(which is missing in Theorein 3.7) doast follow from this construction.

Proof Sketch of Theorem(3.¥. Susceptibility holds by Lemnia 3.5 in each case. The registan
proofs are based on a reduction from Hitting Set and emplays€@octior 3.B below, slightly mod-
ified so as to formally conform with the SP-AV voter repres¢ion.

Construction 3.8 (Hemaspaandra et al. [13]).et (B,.,k) be a given instance of Hitting Set,
where B= {by,by,...,by} isaset.” ={S,S,...,S} is a nonempty collection of subsetsSB,
and k< m is a positive integer. Define the electi@V ), where C= BU {c,w} is the candidate set
and where V consists of the following voters:

1. There ar&(m—Kk) 4+ 2n(k+ 1) + 4 voters of the form: ¢ w B.

2. There ar&n(k+ 1) 4 5 voters of the form: w| ¢ B.

3. Foreach il <i<n, there are2(k+ 1) voters of the form: S| ¢ w (B—S).
4. For each j,1 < j <m, there are two voters of the form:; b w ¢ (B— {b;}).

Since

SCOI’Q{C’W} V) (C) — SCOI’Q{C.W}’V) (W)
= (2(m—Kk)+2n(k+1)+4+2nk+1)) — (2n(k+ 1) +5+2m)
— 2K(h—1)+2n—1

16



is positive (because aof > 1), cis the unique winner of electiof{c,w},V). The key observation is
the following proposition, which can be proven as[ini[13].

Proposition 3.9(Hemaspaandra et al. [13]) 1. If . has a hitting set Bof size k, then w is the
unique SP-AV winner of electigB’ U {c,w},V).

2. Let DC BU{w}. If cis not the unique SP-AV winner of electiéb U {c},V), then there
exists a set BC B such that

(@) D=BU{w},
(b) wis the unique SP-AV winner of electit® U {c,w},V), and
(c) Bis a hitting set of of size less than or equal to k.

As an example, the resistance of SP-AV to constructive asttulgive control by adding candi-
dates (both in the limited and the unlimited version of thebem) now follows immediately from
Propositior 3.9, via mapping the Hitting Set instariBe.”, k) to the set{c,w} of qualified candi-
dates and the s&of spoiler candidates, to the voter collectddnand by having be the designated
candidate in the destructive case and by hawinge the designated candidate in the constructive
case.

The other cases of Theorém13.7 can be proven similarly. O Theoreni3J7

Turning now to the missing case mentioned in Thedrem 3.7eabéhy does Constructidn 3.8
not work for constructive control by deleting candidates®#oidmally put, the reason is thatis
the only serious rival ofv in the election(C,V) of Constructiori 3.8, so by simply deletirmgthe
chair could makev the unique SP-AV winner, regardless of whetl¥#rhas a hitting set of sizk.
However, via a different construction, we can prove resstaalso in this case.

Theorem 3.10. SP-AV is resistant to constructive control by deleting cdates.

Proof.  Susceptibility holds by Lemnmla_3.5. To prove resistance, veeige a reduction from
Hitting SefHd Let (B,.#,k) be a given instance of Hitting Set, wheBe= {bs,b,,... by} is a set,

7 =1{5,9,...,S} is a nonempty collection of subsefsC B, andk < mis a positive integ@
Define the electioriC,V), whereC = BU {w} is the candidate set and is the collection of
voters. We assume that the candidate8 ire in an arbitrary but fixed order, and for each voter
below, this order is also used in each subseB.ofor example, iB = {by,by,bs,bs} (Where the
elements oB are ordered ab, by, bz, bs) and some subs& = {b;, bz} of B occurs in some voter

then this voter prefers; to bz, and so does any other voter whose preference list corffains
V consists of the following A(k+ 1) + 4m— 2k + 3 voters:

1. For each, 1<i <n, there are &+ 1) voters of the form: § | (B—S) w.

2. For each, 1<i <n, there are &+ 1) voters of the form: (B—§) w | S.

13In contrast, Bartholdi, Tovey, and Trick [12] gave a redotirom Exact Cover by Three-Sets (which is defined in
the proof of Theorer 3.11) to prove that plurality is resista constructive control by deleting candidates.

1“Note that ifk = mthenB is always a hitting set of size at mdstprovided thats contains only nonempty sets—a
requirement that doesn't affect the NP-completeness gbthielem), and we thus may require that m.
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3. Foreachj, 1< j <m, there are two voters of the formb; | w (B— {b;}).
4. There are @n— k) voters of the form: B | w.
5. There are three voters of the fornw | B.

Since for eaclb; € B, the difference
scorgcy) (W) — scorgcy) (bj) = 2n(k+1) +3— (2n(k+1) + 2+ 2(m—k)) = 1—2(m— k)

is negative (due t& < m), w loses to each member Bfand so does not win electid,V ).

We claim thats has a hitting seB’ of sizek if and only if w can be made the unique SP-AV
winner by deleting at mosh— k candidates.

From left to right: Suppose” has a hitting seB’ of sizek. Then, for eaclb; € B,

SCOrggLwy,v) (W) —SCOregwy vy (bj) = 2n(k+1) + 2(m—Kk) +3— (2n(k+1) +2+2(m—K)) = 1,

since the approval line is moved fofr@— k) voters of the third group according to Rlle 1, thus
transferring their approvals from member$Bof B’ tow. It is easy to see that the approval line is not
moved in any of the other voters according to Rule 1; in paldic the approval line is not moved
in any of the voters from the first and second group, sBlceS # 0 for eachi, 1 <i <n. Sowis
the unique SP-AV winner of electiofB’ U {w},V). SinceB’U{w} =C— (B—B'), it follows from
||B|| = mand||B'|| = k that deletingn— k candidates fron makesw the unique SP-AV winner.

From right to left: LetD C B be any set such thdD|| < m—k andw is the unique SP-AV
winner of election(C—D,V). LetB = (C—D)— {w}. Note thatB’ C B and that we have the
following scores iNB' U {w},V):

scorggqwyv)(W) = 2(n—£)(k+1)+2(m—||B'||) +3,
scorgguwyv)(bj) < 2n(k+1)+20(k+1)+2+2(m—k) for eachb; € B,

where/ is the number of set§ € .7 that are not hit byB/, i.e.,B'NS = 0. Recall that for each
1<i<n, allofthe 2k+1) voters of theformS§ | (B—S) w in the first voter group have ranked
the candidates in the same order. Thus, for éatk< i < n, wheneveB’' NS = 0 one and the same
candidate irB’ benefits from moving the approval line according to Rule Inely the candidate
occurring first in our fixed ordering @&'. Call this candidat® and note that

scorgguwy vy (D) = 2n(k+1) +20(k+1) +2+2(m— k).

Sincew is the unique SP-AV winner dB’' U {w},V), w has more approvals than any candidate in
B’ and in particular more tham Thus, we have

SCOr8mu{w} V) (w) — SCOr@mufw} V) (b)
= 2(n—0)(k+1)+2(m—||B||) +3—2n(k+1) — 2¢(k+1) —2—2(m—K)
= 1+2(k—||B)—4/(k+1) > 0.
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Solving this inequality fo¥, we obtain

1+2(k— B 4+ 4k
< =
0<é< 4(k+1) < 4(k+1) !

Thus? = 0. It follows that 1+ 2(k— ||B'||) > 0, which implies||B’|| < k. Thus,B’ is a hitting set of
size at mosk. 0

3.3 \Voter Control

Turning now to control by adding and by deleting voters, knewn from [13] that approval voting
is resistant to constructive control and is vulnerable tstrdetive control (see Tablé . Their
proofs can be modified so as to also apply to sincere-strapedgrence-based approval voting. We
here provide only proof sketches; more details of the preoésprovided in the technical report
version [25].

Theorem 3.11. SP-AV is resistant to constructive control by adding voterd by deleting voters
and is vulnerable to destructive control by adding voterd by deleting voters.

Proof Sketch of Theorem 3.1ll. Susceptibility holds by Lemn{a_3.6 in all cases. To provesresi
tance to constructive control by adding voters (respelgtivey deleting voters), the construction of
[13, Thm. 4.43] (respectively, of [13, Thm. 4.44]) works, difted only by specifying voter prefer-
ences consistently with the voters’ approval strategiaed,(an the deleting-voters case, by adding
a dummy candidate who is disapproved of and ranked last by exaer in the construction to
ensure an admissible AV strategy profile). These constmstprovide polynomial-time reductions
from the NP-complete problem Exact Cover by Three-Setsatgehnby X3C; see, e.g., Garey and
Johnsonl[27]), which is defined as follows:

Name Exact Cover by Three-Sets (X3C).

Instance A setB = {by,by,...,bsn}, m> 1 and a collection? = {S,,S,..., S} of subsets
S C Bwith ||S|| = 3 for eachi.

Question Does.” have an exact cover fd@, i.e., is there a subcollectior’ C . such that every
element ofB occurs in exactly one set i&r’?

The polynomial-time algorithms showing that approval rgtis vulnerable to destructive con-
trol by adding voters and by deleting voters|[13, Thm. 4.28) be straightforwardly adapted to
also work for sincere-strategy preference-based appvotalg, since no approval lines are moved
according to Rulg]l in these control scenarios. O

15Meir et al. [21] proved in their interesting “multi-winnerhodel (which generalizes Bartholdi, Tovey, and Trick’s
model [12] by adding a utility function and some other parters) that approval voting is resistant to constructiveticsn
by adding voters. According to Footnote 13 [of [13], this staice result immediately follows from the corresponding
resistance result in [2B, 13], essentially due to the feat ittwer bounds in more flexible models are inherited fromemor
restrictive models.

1860ur assumption than > 1 is not explicitly specified in Garey and Johnsonl[27]. Hoereit is clear that requiring
m > 1 does not change the complexity of the problem.
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We now prove that, just like plurality, sincere-strateggfprence-based approval voting is re-
sistant to constructive and destructive control by pariitf voters in model TP. In fact, the proof
presented in [13] for plurality in these two cases also wdoksSP-AV with minor modifications.
In contrast, approval voting is vulnerable to the destuectiariant of this control type [13].

Theorem 3.12. SP-AV is resistant to constructive and destructive cortiyopartition of voters in
model TP.

Proof Sketch of Theorem(3.IR. The proof is again based on Construction 3.8, but the restucti
is now from Restricted Hitting Set, which is defined just atinly Set (see Sectidn 3.2) except that
n(k+1)+1 <m-—Kkis required in addition. Restricted Hitting Set is also Nitaplete [13]. Now,
the key observation is the following proposition, which ¢enproven as i [13].

Proposition 3.13(Hemaspaandra et al. [13])et (B,.#,k) be a given Restricted Hitting Set in-
stance, where B- {by,by,...,bpn} isaset, ={S,S,...,S} is a nonempty collection of subsets
S C B, and k< m is a positive integer such thatkH 1) + 1 < m—k. If (C,V) is the election
resulting from(B,.~, k) via Constructiori_3.8, then the following three statementseguivalent:

1. . has a hitting set of size less than or equal to k.
2. V can be partitioned such that w is the unique SP-AV wirmenadel TP.
3. V can be partitioned such that c is not the unique SP-AV evirmmodel TP.

The theorem now follows immediately from Proposition 3.13. 0 Theoreni 3.1

Finally, we turn to control by partition of voters in model TEor this control type, Hema-
spaandra et all_[13] proved approval voting resistant irnctivestructive case and vulnerable in the
destructive case. We have the same results for sinceteggtrpreference-based approval voting.
Our resistance proof in the constructive case (see the pfobiieoreni 3.14) is similar to the cor-
responding proof of resistance in_[13]. However, while oalypomial-time algorithm showing
vulnerability for SP-AV in the destructive case (see theopraf Theoren[3.15) is based on the
corresponding polynomial-time algorithm for approvalimgtin [13], it extends their algorithm in
a nontrivial way.

Theorem 3.14. SP-AV is resistant to constructive control by partition ofaers in model TE.

Proof.  Susceptibility holds by Lemnia 3.6. The proof of resistarcbdsed on the construction
of [13, Thm. 4.46] with only minor changes. Let an X3C inst&fiB,.”) be given, wherdB =
{b1,by,...,b3m}, m> 1, is a set and” = {S,S,...,S} is a collection of subset§ C B with
IIS|| = 3 for eachi, 1 <i < n. Without loss of generality, we may assume that m. Define the
valuelj = {S € ¥ | bj € S}|| for eachj, 1 < j <3m.

Define the electioriC,V ), whereC = BU{w,x,y} UZ is the candidate set with the distinguished
candidatev, Z = {#,2,...,2,}, and wheré/ is defined to consist of the following mvoters:

1. For each, 1 <i <n, there is one voter of the formy § | w ((B—S)U{x}U2Z).
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2. For each, 1<i <n, there is one voter of the formy z | w (BU{x}U(Z—{z})).

3. For each, 1 <i < n, there is one voter of the formw (Z—{z}) B | x y z (B—B;),
whereB; = {b; € B|i <n—/¢;}.

4. There are+ myvoters of the form: x | y (BU{w}UZ).

Note thatscorgcy)(bj) = n for eachb;j € B. Since the above construction is only slightly
modified from the proof of [113, Thm. 4.46], so as to formallynéarm with the SP-AV voter repre-
sentation, the same argument as in that proof showsihlaas an exact cover f@& if and only if w
can be made the unique SP-AV winner by partition of voters @udeh TE. Note that, in the present
control scenario, approval voting and SP-AV can differ oimthe run-off, but the construction
ensures that they don't differ there.

From left to right, if.# has an exact cover fd@ then partition the set of voters as followg;
consists of thenvoters of the formry § | w ((B—§) U {x} UZ) that correspond to the sets in the
exact cover, of tha+ mvoters who approve of only, and of then voters who approve of andz,
1<i<n. LetV, =V —V;. Itfollows thatw is the uniqgue SP-AV winner of both subelecti(\ V5,)
and the run-off, simply because no candidate proceeds tautieff from the other subelection,
(C,V1), in whichx andy tie for winner with a score ofi+ meach.

From right to left, supposw can be made the unique SP-AV winner by partition of voters in
model TE. Let(V4,V>) be a partition ofV such thatw is the unique SP-AV winner of the run-
off. According to model TEw must also be the unique SP-AV winner of one subelection, say
of (C,V1). Note that each voter of the formz | w (BU{x}U(Z—{z})) has to be irv, (oth-
erwise, we would havecorgc,)(w) = scorgcy,)(z) for at least ond, and sow would not be
the unique SP-AV winner ofC,V1) anymore). However, if there were more thamvoters of
the formy § | w ((B—S§)U{x} UZ) in V, thenscorgcy,)(y) > n+m, and soy would be the
unique SP-AV winner of the other subelectid@, \>). But then, also in the SP-AV modsiwould
win the run-off againstv becausescorg y,y; v)(y) = 3n+m > n = Scorgy,, v)(W), which con-
tradicts the assumption that has been made the unique SP-AV winner by the partifanVs).
Hence, there are at most voters of the formy § | w ((B—S)U{x}UZ) in V,, and thesan
voters correspond to an exact coverByfsince otherwise there would be at least e B with

SCOI’QCML) (bj) =N= SCOI’QCN:L) (W) o

Theorem 3.15. SP-AV is vulnerable to destructive control by partition ofars in model TE.

Proof.  Susceptibility holds by Lemma_3.6. To prove vulnerabilitye describe a polynomial-
time algorithm showing that (and how) the chair can exertrdesve control by partition of vot-
ers in model TE for sincere-strategy preference-basedoggbpvoting. Our algorithm extends the
polynomial-time algorithm designed by Hemaspaandra ¢13].to prove approval voting vulnera-
ble to this type of control. Specifically, our algorithm addsp 2 below to their algorithm, and we
will explain below why it is necessary to add this second loop

Let (C,V) be an election, and for each votee V, let S, C C denotev's AV strategy. In each
iteration of Loop 1 in the algorithm below, we will considérée candidates, b, andc. Define the
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following five number&]

We=|{veVl]a¢s, b¢S,ceS}, Le=[{veV]aeS,beS, cgS}|
Da=|{veV|acS, b¢S, c£S}, Dp=|{veV|a¢S, bes, c£S}|, and
Dac=|{vEV]aeS, b¢S, ceS}.

In addition, we introduce the following notation. Given deation (C,V) and two distinct
candidate,y € C, let diff (x,y) denote the number of voters Wh who preferx to y minus the
number of voters iV who prefery to x. DefineB to be the set of candidatgs# c in C such that
diff (y,c) > 0.

The input to our algorithm is an electigi€,V), where each votev € V has a sincere AV
strategyS, (otherwise, the input is considered malformed and outrigjetcted), and a distinguished
candidatec € C. On this input, our algorithm works as follows.

1. Checking the trivial cases: can be done as in the case of approval voting, see the proof of

[13, Thm. 4.21]. In particular, i€ = {c} then output “control impossible” and halt, since
cannot help but win. I€ contains more candidates than onlgut c already is not the unique
SP-AV winner of(C,V) then output the (successful) partitiod, 0) and halt. Otherwise, if
IC|| = 2 then output “control impossible” and halt, @& the unique SP-AV winner diC,V)

in the current case and so, however the voters are parttjaneust win—against the one
rivalling candidate—at least one subelection and alsouheoff.

2. Loop 1: For eacha,b € C such that||{a,b,c}|| = 3, check whethe¥ can be partitioned
into V1 andV; such thascorgcy,) (@) > scorgey,) (C) andscorgey,) (b) > scorgeyy,) (C). As
shown in the proof of [13, Thm. 4.21], this is equivalent tecking

If (B.1) fails, thisa andb cannot prevent from being the unique winner of at least one
subelection and thus also of the run-off, so we move on taleshexta andb in this loop.
If (8.1)) holds, however, output the partitigh;,V,) and halt, wher&/ consists of the voters
contributing toDj, of the voters contributing t®,c, and of min\W;, D,) voters contributing
toW;, and where/, =V —V;.

3. Loop 2: For eacld € B, partitionV as follows. Let/; consist of all voters iv who approve
of d, and letV, =V —V;. If d is the unique winner ofC,V;), then output(Vy,V,) as a
successful partition and halt. Otherwise, go to the WextB..

4. Termination: If in no iteration of either Loop 1 or Loop 2 a successful gaoti of V was
found, then output “control impossible” and halt.

1"This notation is adopted frori [1.3] and adjusted here to thé\®Bystem.W. is the number of votes in whiahwins
one approval against bothandb, L is the number of votes in whiohloses one approval against bethndb, andDa,,

Dy, andDy are the numbers of votes in which the candidate(s) in thecsipbgain one approval against the candidate(s)

not in the subscript (thus decreasing ttdsficit).
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Let us give a short explanation of why Loop 2 is needed for SH»Astressing the difference
with approval voting. As shown in the proof 6f [13, Thm. 4.2ifhone of the trivial cases applied,
then condition[(3.]1) holds for sona@eb € C with ||{a,b,c}|| = 3 if and only if destructive control by
partition of voters in model TE is possible for approval agti Thus, for approval voting, if Loop 1
was not successful for any suatandb, we may immediately jump to the termination stage, where
the algorithm outputs “control impossible” and halts. Imtast, if none of the trivial cases applied,
then the existence of candida@andb with ||{a,b,c}|| = 3 who satisfy[(3.l1) is1ot equivalent to
destructive control by partition of voters in model TE bepusgsible for SP-AV: It is a sufficient, yet
not a necessary condition. The reason is that even if therecacandidatea andb who can prevent
¢ from winning one subelection (in some partition of votensyl &rom proceeding to the run-off, it
might still be possible that loses or ties the run-off due to moving the approval line adiog to
Rule[1.

Indeed, if Loop 1 was not successfud,will lose or tie the run-off exactly if there exists a
candidated # ¢ such thatiff (d, c) > 0 andd can win one subelection (for some partition of voters).
This is precisely what is being checked in Loop 2. Indeede tio&t the partitior(V1,V2) chosen
in Loop 2 ford € Bg is the best possible partition fdrin the following sense: Ifl is not a unique
SP-AV winner of subelectioriC,V;) then, for eachW C V, d is not a unique SP-AV winner of
subelectionC,W). To see this, simply note thatdfis not a unique SP-AV winner dfC,V;), then
there is some candidatewith scorgc,,)(X) = scorgcy,)(d) = [|V1|, which by our choice o¥;
impliesscorgc ) (X) > scorgc ) (d) for each subsev C V. 0

4 Conclusions and Open Questions

We have shown that Brams and Sanver’s sincere-strateggrenefe-based approval voting sys-
tem [1], when adjusted so as tmerceadmissibility (rather than excluding inadmissible voges
priori), combines the resistances of approval and plurality gotinprocedural control: SP-AV is
resistant to 19 of the 22 previously studied types of contal the one hand, like Copeland voting
[2,[3], SP-AV is fully resistant to constructive control tyalike Copeland it additionally is broadly
resistant to destructive control. On the other hand, likeagity [2,[(12,[13] 14], SP-AV is fully
resistant to candidate control, yet unlike plurality it diehally is broadly resistant to voter control.
In conclusion, for these 22 types of control, SP-AV has mesgstances and fewer vulnerabilities to
control than is currently known for any other natural votsygtem with a polynomial-time winner
problem (see Tablel 1). However, when comparing approvahgand SP-AV, it should also be
noted that the former is even immune to nine of these 22 clotypes, whereas the latter has no
immunities at all. Since immunity may be seen as a perfedeption against control and resistance
provides protection to control only in a computational sgmse should carefully evaluate the pros
and cons of both systems. The result of such an evaluatidcevihinly depend on which particular
types of control one wishes to be protected against.

As an interesting task for future research, we propose tarekfhe study of SP-AV with respect
to other computational properties than its behavior raéggrgrocedural control (see, e.d.l [9) 26]),
and to investigate also its social choice properties in noatail. In addition, we propose as an
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interesting and extremely ambitious task for future work #tudy of SP-AV (and other voting
systems as well) beyond the worst-case—as we have done harktewards an appropriate typical-
case complexity model; see, e.¢..1[29] 30,[31,32, 33] faredting results and discussion in this
direction.
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