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Abstract

In this paper, we introduce a new model to study network reliability with
node failures. This model, strongly connected node reliability, is the directed
variant of node reliability and measures the probability that the operational
vertices induce a subdigraph that is strongly connected. If we are restricted to
directed graphs with n vertices and n +1 < m < 2n — 3 or m = 2n arcs, an
optimally-greatest digraph does not exist. Furthermore, we study optimally-
greatest directed circulant graphs when the vertices operate with probability p
near zero and near one.

In particular, we show that the graph I' (Z,, {1, —1}) is optimally-greatest
for values of p near zero. Then, we determine that the graph I’ (Zn, {1, "TH}) is
optimally-greatest for values of p near one when n is even. Next, we show that
the graph I" (Zn, {1, 2(3_1)}) is optimally-greatest for values of p near one when
n is odd and not divisible by three and that T’ (Zn, {1, 3(2_1)}) is optimally-
greatest for values of p near one when n is odd and divisible by three. We
conclude with a discussion of open problems.

1 Introduction

Network reliability is a well studied area of graph theory and there are a variety
of models used to study this problem. The most general model is as follows. Let
G be a graph and let A be a set of elements that are independently operational
with probability p € [0,1]. Then, for some graph property P, let Relp(G,p) denote
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the probability that the operational elements of A induce a subgraph of GG that has
property P. This probability can be explicitly computed as

|4
Relp(G,p) ZF |A‘ — )

where the coefficient F;(G) counts the number of ways that ¢ elements of A can
be non-operational and the resulting induced subgraphs have property P. This is the
F-form of the reliability polynomial. Note we write F; when G is clear from context.
Similarly, we have the N-form of the reliability polynomial,

| Al
Relp(G, p) ZN — p)lAi=

where N;(G) represents the number of ways to have i elements of A operational
such that an induced graph with property P results. We write N; when G is clear
from context. It is easy to see that for 0 < i < [A], N; = Fjaj—

Since this summation is a polynomial in p, it is called a reliability polynomial. For
a recent survey on reliability polynomials see [1], and for a background on network
reliability see [6]. We now provide a brief summary on several well studied models of
reliability.

The all-terminal reliability of a graph G is the model where A = E(G), the edge
set, and P is the property that at least a spanning tree is operational (see [6], for
example). This model ensures that all the vertices of G can communicate with one
another via the operational edges. The node reliability of a graph G is the model
where A = V(G), the vertex set, and P is the property that a connected subgraph is
operational (see [6, 10, [1T] for example). The directed version of all-terminal reliability
is called strongly connected reliability and was introduced in [5] which studied the
existence of optimally-greatest digraphs for this model. Other areas of research for
this model were regarding the analytic properties [2] 4, [7].

In this paper we introduce the directed version of node reliability, the strongly
connected node reliability of a digraph, G, denoted SCNRel(G,p). We will provide
preliminary results regarding the polynomial, focus on the optimality of directed
circulants and highlight differences between the undirected and directed versions of
node reliability.

1.0.1 Strongly Connected Node Reliability

The network reliability model node reliability was introduced by Sutner et al. in 1991
[11], and in recent years has applications to the study of to social media networks.
If we let G be a graph on n vertices and m edges and assume that the vertices of G
operate independently with probability p € [0, 1], the node reliability of G, NRel(G, p)
is the probability that the subgraph induced by the operational vertices is connected.

Many real-world networks can be modelled as a digraph where vertices represent
hubs where information is processed, then transmitted throughout a network. For



example, with respect to social media, the operational vertices model users being
logged onto the social media platform, thus able to direct message each other and
get immediate responses. Relationships between users on platforms like LinkedIn and
Facebook are two way, two users must agree to follow one another. For platforms like
Twitter, TikTok and Instagram, the relationship between users may only be one way
- person A can follow person B, but person B may choose to not follow person A. We
begin with the following formal definition of strongly connected node reliability.

Definition 1.1. Let G be a strongly connected digraph on n vertices and m arcs.
Assume that vertices operate independently with probability p € [0,1]. The strongly
connected node reliability of a digraph G, denoted SCNRel(G, p), is the probability
that the subdigraph induced by the operational vertices is strongly connected.

For example, for any directed cycle C,”, n > 2 we require either exactly one
node to be operational or all nodes. Thus, SCNRel(C;”,p) = np(1 — p)"~ ! +p". In
general, considering the F-form of the strongly connected node reliability polynomial
Iy =1, Fy = n and F;, = b, where b is the number of bundles, which are pairs
of antiparallel arcs that exist between two distinct vertices. In the next section we
study the existence of optimally-greatest digraphs, which will require a study of the

coefficients of the F-form of the strongly connected node reliability polynomial.

2 Optimally-Greatest Digraphs, m < 2n — 1 Arcs

In this section we determine the existence of digraphs on n vertices and m edges
whose reliability equals or exceeds that of any other graph of the same order and size
for all p € [0, 1].

Definition 2.1. Let F be a family of graphs. We call G € F an F-graph, and say
that G 1s an optimally-greatest F-graph if for any other F-graph H we have that
SCNRel(G,p) > SCNRel(H, p) for all p € [0, 1]. Optimally-least is similarly defined.

This is a global notion of optimality. If we know that the nodes are highly reliable,
or highly unreliable, we may be interested in a more local notion of optimality. For
po = 0 or 1 we will also talk about G being optimally-greatest F-graph sufficiently
close to pp when there is an ¢ > 0 such that SCNRel(G,p) > SCNRel(H, p) for all
p € 10,1 N (po — &,po + €) and for all other F-graphs H.

In this work we will only be considering digraphs that are strongly connected, since
otherwise, if all the vertices are operational, the strongly connected node reliability
would be identically 0. The following observations from [3] will be useful.

Lemma 2.2. [3] Let G, H € F,, ,. Consider the N-form of the reliability polynomial:
SCNRel(G, p) ZN — )" SCNRel(H, p) ZN —p)" .

If there is a k such that for alli < k, N;(G) = N;(H), and fori =k, N,(G) > N,(H),
then SCNRel(G,p) > SCNRel(H, p) for values of p sufficiently close to 0.
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Lemma 2.3. [J] Let G, H € F,,,. Consider the F-form of the reliability polynomial:
n—1 n—1
SCNRel(G,p) = Y _ F(G) —p)’ SCNRel(H,p) = > Fy(H)p" (1 — p)".
=0 1=0

If there is a k such that for all i < k, F;(G) = F;(H), and fori =k, Fx(G) > F.(H),
then SCNRel(G,p) > SCNRel(H, p) for values of p sufficiently close to 1.

<2
Let D, represent the family of all strongly connected digraphs on n vertices

and m arcs, allowing bundles, and D,, ,,, the family of digraphs of size m and order
n that do not have bundles. For these two families, given a fixed n > 2, we want to
know for what values of m does there exist a digraph D that is optimally-greatest.
Clearly, if m < n—1, then a strongly connected digraph does not exist. If n = m,
then the only possibly digraph is the directed cycle, and hence is optimally-greatest

for both %)nn and

Lemma 2.4. Letn > 5 and m = 2n—k, wher63<k;<n 1 (thereforen+1 < m <

2n — 3). If an optimally-greatest digraph, G exists for Dnm then U(G) is unicyclic
and G has n — k bundles. If m = 2n — 2, then G has n — 1 bundles.

Proof: Let G be an optimally-greatest digraph %)nm Thus it is optimally-greatest
for values of p near zero, therefore by Lemma 2.2] it must have the maximum number
of bundles possible (maximize N,). Suppose that G has n — k+ ¢, £ > 0 bundles and
k — 2¢ non-bundle arcs. It follows that U(G), the underlying undirected graph of G
has n vertices and n — k +{ + k — 20 = n — ( edges.

If ¢ > 2 then U(G) is not connected, hence a contradiction as G is strongly
connected.

If £ =1 then U(G) is a tree, hence all edges correspond to a bundle in G and thus
GG has n — 1 bundles and a total of 2n — 2 arcs. If G has 2n — 2 arcs, it can have at
most 7 — 1 bundles, hence U(G) must be a tree if G is optimally-greatest.

If £ =0 then G has n — k bundles and k non-bundle arcs. This means that U(G)
has n edges, and hence is unicyclic. 0

<2
We will now use this result to prove that for D, ,, no optimally-greatest digraph
exists whenn >5and n+1<m <2n-—3.

Theorem 2.5. Ifn > 5 and m = 2n — k, where 3 < k < n — 1, then an optimally-
greatest digraph does not exist.

Proof: We will proceed by showing that if an optimally-greatest digraph exists for
n>5and n+1<m < 2n— 3, then it is unique by considering optimality for values
of p near 0. We will then find another digraph of order n and m that is more optimal
for values of p near 1.

Supposed G is optimally-greatest. From Lemma [2Z4] we know U(G) is unicyclic
and G has n — k bundles.

All potential optimally-greatest digraphs have Ny = n—k, so since G is optimally-
greatest then it has the most number of strongly connected subdigraphs of order
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3, that is has the largest possible value for N3 over all digraphs in %)nm These
subdigraphs are such that three vertices, z,y, z, induce a path with bundles between
x and y, and y and z, or they lie on a cycle of length 3 (which may or may not contain
bundles between pairs of x,y,z).

Let G, be the graph that is a directed cycle of length k, with each of the remaining
n — k vertices (call this set of vertices V) all incident to the same vertex, vy in the
cycle via a bundle. We will use i induction to show that this graph has the largest
value of N3 over all digraphs in D non—k that have n — & bundles. It is the case that
G has the largest N3 for n = 5. For illustration, the digraph Gg when n = 10 is
given in Figure 2.1]

Figure 2.1: Digraph Gg

Suppose that n > 6. In Gj let € V' be a vertex of Gi. There are n — (k + 1)
strongly connected subdigraphs of order 3 that contain z, namely, the digraph induced
by the distinct vertices x,vg, z for z € V' and ( k“)) without x, which consist of
v and two vertices from V' \ z. It should be noted if £k = 3 there is an additional
subdigraph of order 3.

Let H be another digraph with n — k£ bundles in Dngn g, for 3 < k <n-—1.
First assume U(H) is such that there exists some vertex y of degree one, hence
in H adjacent to one other vertex via a bundle. The number of strongly connected
subdigraphs of order 3 of H that contain y is at most n— (k+1) as the sole neighbour
of y must be operational and there are n — k — 1 bundles in the digraph not including
those incident to y. Note, equality is achieved only when H = Gj. Consider H — v,
this digraph has 2n —k —2 =2(n— 1) — k arcs, 3 < k <n—1 and n — 1 vertices.
If3<k<(n—1)—1=mn—2 by the induction hypothesis H — y has strictly less
strongly connected subdigraphs of order 3 than G_;. Suppose that &k =n — 1. The
induction hypothesis does not apply in this case, but H — y has n — 1 vertices and
m=2n—k—2=2n—(n—1)—2=n—1 arcs, and must be a directed cycle else H
is not strongly connected, hence H = GG}, is the unique optimally-greatest digraph in
this case. Thus H has at most n — k — 1 4+ N3(Gr_1) < N3(Gy), with equality when
H is isomorphic to Gy.

Now suppose U(H ) is has no vertices of degree 1. If H is also an optimally-greatest
digraph by Lemma [2.4] we know His unicyclic and has n — k bundles thus U(H ) must
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have 2n—k—(n—k) = n edges, so must be a cycle of order n > 6. This means that for
H all the strongly connected subdigraphs of order 3 are paths of length 3 with bundles
between adjacent vertices, thus N3(H) <n—k—2 < N3(Gy) =n—k—1+ ("_(§+1)).
Hence Gy, is the unique digraph with the largest value of V.

Let Hj be a family of digraphs also on n vertices and m = 2n — k arcs, 3 < k <
n — 1, where U(Hy) is a theta graph. Let Hy have two vertices x and y, and let there
be n—k+1 paths of length two from x to y. Therefore, we have n—(n—k+3) = k—3
vertices and 2n — k — (2n — 2k + 2) = k — 2 arcs remaining. To ensure that Hj is
strongly connected the remaining k£ — 2 arcs are used so that the remaining k£ — 3
vertices lay in a path directed from y to x. This means Hy has n — k + 1 ways to
remove one vertex and still induce a strongly connected subdigraph. For illustration,
the digraph Hg when n = 10 is given in Figure 2.2

Figure 2.2: Digraph Hg

Since G only has n — k ways to remove one vertex and still induce a strongly
connected subdigraph, thus by Lemma 2.3] H}, is optimally greater for values of p near
1, thus, no optimally-greatest digraph exists. O

Let us now consider digraphs with 2n — 2 arcs, and show to contrast Theorem 2.5,
that an optimally-greatest digraph does exist. Let S, be the digraph whose underlying
graph is a star on n vertices and each edge is replaced with a bundle.

Theorem 2.6. Let G be a strongly connected digraph of ordern > 3 and m = 2n—2.
Then SCNRel(S,,,p) > SCNRel(G,p) for all p € [0,1].

Proof: Let G be a strongly connected digraph of order n > 3 and m = 2n — 2. An
optimally-greatest graph on n vertices and 2n — 2 arcs must have the largest number
of bundles by Lemma 2.3 thus must be a digraph whose underlying graph is a tree
and each edge is replaced by a bundle.

For S, and G € D, 2,9, consider SCNRel(S,,, p) — SCNRel(G, p). We will show
that this different is positive for GG not isomorphic to S,,. We will proceed by induction
on n. It is straightforward to check that for n = 3, S3 is optimally-greatest. Suppose
n > 4.

Let v be a leaf of U(S,). Then

SCNRel(S,,p) = (1 — p)SCNRel(S,,—1,p) + p((1 = p)" " +p)

as either v operational or not. If v is operational then it is either the only vertex
operational, or the central vertex of U(S,,) must be operational. Otherwise v is non-
operational and we need S,,_; to have a strongly connected subdigraph operational.

6



We first show that G must have a cut vertex. If not, then every vertex must have
in-degree (notated by deg,(v)) (and out-degree) at least 2, which means

m=2n-—2= Z deg, (v) > 2n,
veV (D)

a contradiction. Without loss, suppose G has a vertex, x with in-degree one. Then

SCNRel(G, p) = (1 — p)SCNRel(G — x, p) + pSCNRel(G|,, p),

where G|, is the subdigraph of G where x must be operational.

First, if the degree of z is 2 then G —x has 2n —4 =2(n —2) =2((n — 1) — 1)
arcs and n — 1 vertices so SCNRel(S,,—1,p) > SCNRel(G — x,p) by our induction
hypothesis. Otherwise, suppose for some value of p € (0,1) that G — x is more
optimal than S, _; and has fewer than 2n —4 arcs. Then this implies that there exists
a digraph on 2n — 4 arcs that is more optimal than S,,_; for some value of p € (0, 1),
since we can add arcs to go from G — x to some digraph H on 2n — 4 arcs, such that
it will still be strongly connected and every induced strongly connected subdigraph
of G —x will be strongly connected in H as well. There may possibly exist even more
such subdigraphs in H, which is a contradiction to our induction hypothesis. We now
show that SCNRel(G|,,p) < (1 —p)" ! +p.

Consider G|,. Either x is the only vertex operational, which occurs with proba-
bility (1 — p)"~! or at least one other vertex is operational. Let

SCNRel(G|.,p) = (1 — p)" ' + pP(G|.),

where P(G|,) is the probability that x and the other operational vertices (of which
there is at least one) induce a strongly connected subdigraph of G. We know that
since x has only one in-neighbour, call that vertex y, that must be operational as well.
This occurs with probability p. There are two ways that  and y can be adjacent.

First, if x and y are adjacent via a bundle, then the optimal situation is that any
remaining vertex can be operational or not, which means that G is S,,_; and y is the
central vertex and P(G|,) = 1, otherwise P(G|,) < 1. Secondly if x and y are not
adjacent via bundle, then x needs an operational out-neighbour to ensure that the
resulting induced subdigraph is strongly connected, thus P(G|,) < 1.

This means

SCNRel(S,, p) — SCNRel(G,p) = (1 — p)[SCNRel(So_1,p) — SCNRel(G, p)] +

pl((L=p)" ' +p)— (1 —p)" " +pP(G,)]
= (1 - p)[SCNRel(S,_1,p) — SCNRel(G, p)] +

plp(1 = P(G.))]
> 0

Note that if G is not S, then the inequality is strict, thus for m = 2n — 2, an
optimally-greatest digraph exists and it is .5,,. O
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Consider the digraph, D,, on n vertices and m = 2n — 1 arcs which is .S,, with
an additional arc between two of the degree two vertices. This digraph has the same
reliability as .S, as the additional arc is redundant, its removal does not affect the
reliability of the digraph. For n = 3 this is an optimally-greatest digraph. Following
a very similar argument to Theorem we get the following result.

Corollary 2.7. Let G be a strongly connected digraph of order n > 3 and m = 2n—1.
Then SCNRel(D,,,p) > SCNRel(G,p) for p € [0, 1].

3 Digraphs with n vertices and 2n arcs

In this section we turn our focus to digraphs with 2n arcs. For node reliability an
optimally-greatest graph on n vertices and n edges exists, namely the cycle. Of course,
it is natural to think that the question of optimality for strongly connected node
reliability may be trivial, just replace every edge of a cycle with a bundle, but we will
show that there is no optimally-greatest digraph with n vertices and 2n arcs. If such
an optimally-greatest digraph did exist, then it would need to be optimal for values
of p sufficiently close to zero and for values of p sufficiently close to one. Lemma
and Lemma gives that for values of p sufficiently close to 0, an optimally-greatest
digraph will have the maximal number of bundles. For values of p sufficiently close
to one, a digraph with the largest vertex connectivity is most optimal.

A connected digraph G with n vertices and 2n arcs that has the most bundles is
such that U(G) is unicyclic as it will have n edges. Of those digraphs, the one with
the largest vertex connectivity is the cycle graph where every edge is replaced with a
bundle. Therefore, to show that there is not an optimally-greatest digraph, we show
that there is another digraph that is better than the bundled cycle graph for some
p € (0,1). In particular, we show that the bundled cycle graph is not optimal for
values of p sufficiently close to one, there is another digraph that is more reliable.

Consider optimality for values of p near 1 for a digraph D with n vertices and 2n
arcs. Note that if one vertex has an in-degree (or out-degree) of one, then D will not
be most optimal for values of p near 1 since it will have a cut vertex. Similarly, if D has
no vertices of in-degree (or out-degree) one, and has at least one vertex with in-degree
(or out-degree) of at least three, then 2n =3 v degy(v) > 2(n—1)+3 = 2n+1,
a contradiction to the number of arcs in the digraph. Therefore, we can restrict our
attention towards 2-regular digraphs.

As a bundled cycle belongs to the family of directed circulant graphs we turn our
attention to studying the optimality of this family. Directed circulants are defined
as follows. A generating set of a group is a subset of the group set that does not
contain the identity element such that every element of the group can be expressed
as a combination under the group operation of finitely many elements of the subset
and their inverses. Consider the cyclic group (Z,,+,) and let S be a generating set
of (Zn,+n). We will label the vertices of a directed circulant graph of order n as
Vo, V1, - - -, Un—1. Then, the associated directed circulant graph, denoted I'(Z,, S), has
a vertex for each element of GG, and there is a directed edge from v; to v;, if and only



if i — j(mod n) € S. Note, all arithmetic on the vertex subscripts is done modulo the
order of the graph, and we omit the mod n for ease of notation.

As an example, consider the additive group Zg with group operation +4. Let a
generating set of (Zg, +9) be the set S = {1,3}. Then, there is a directed edge from
vj to v; if and only if (i — j)(mod 9) = 1 or (i — j)(mod 9) = 3. The circulant digraph
['(Zgy,{1,3}) illustrating these adjacencies is shown in Figure 3.1

Vo
Ug U1

U7 V2

Vg U3

Vs ()
Figure 3.1: Digraph I'(Zg, {1, 3})

By studying directed circulant graphs, we will show that an optimally-greatest
digraph with n vertices and 2n arcs does not exist. Furthermore, we will prove which
directed circulant graph is optimal for values of p near one.

There are three properties of circulant graphs that we use throughout this paper.
The first gives a condition to determine which circulant graphs are isomorphic. This
is done by using an automorphism of a group, which is an isomorphism from a group
to itself. It is well known that the automorphisms of Z,, are of the form ¢, : Z,, — Z,,
where ¢,(1) = a and a € Z}, the multiplicative group of Z,.

Lemma 3.1 ([9]). If S and S’ are related by a group automorphism, then I'(Zy,, S)
and I'(Z,, S") are isomorphic.

The second property determines which circulant graphs are disconnected. This is
done by checking the greatest common divisor of the elements in the generating set
as well as the order of the graph.

Lemma 3.2 ([8]). If gcd(n,a,b) > 1, then I'(Zy, {a,b}) is disconnected.

The last property gives that the two in-neighbours of a vertex are also the two
out-neighbours of another vertex. This result follows directly from the definition of
the circulant graph I'(Z,,, {a,b}).

Lemma 3.3. For the digraph T'(Z,,{a,b}), the vertices v;1, and vy, are both the
out-neighbours of the vertexr v; and are both the in-neighbours of the vertex v;yqyp-

We will now determine which circulant graph of the form I" (Z,,, {a, b}) is optimally-
greatest for values of p near one. The form of the circulant graph is dependent on
the following conditions: If the order of the graph is even, if the order is odd and not
divisible by three, and lastly if the order is odd and is divisible by three.



3.1 The order of the digraph is even

In this section, we will show that if the order of the digraph is even, then the digraph
I' (Zog, {1,k + 1}) is optimally-greatest for values of p sufficiently close to one. For
illustration, the digraph I" (Zs, {1,5}) is provided in Figure

Vo U1

U7 V2

Ve U3

Us V4

Figure 3.2: Digraph I'(Zg, {1,5})

Notice for any digraph, if an operational vertex has no operational out-neighbours
or no operational in-neighbours, then the resulting induced subdigraph is not strongly
connected. An induced subdigraph formed this way is called a trivial subdigraph.
Then, since Lemma [3.3] gives that the in-neighbours of a vertex are the out-neighbours
of another vertex, in counting the number of trivial subdigraphs, it is sufficient to
either consider just the out-neighbours of the vertices or just the in-neighbours of the
vertices. In this paper, we consider the out-neighbours of the vertices.

The following lemma shows that for I' (Zag, {1,k + 1}) to have an induced subdi-
graph that is not strongly connected when two vertices are not operational the two
non-operational vertices must both the out-neighbours of a vertex. That is, the sub-
digraphs of I' (Zaoy, {1,k + 1}), in this case, that are not strongly connected are the
trivial subdigraphs.

Lemma 3.4. If two or fewer vertices are not operational and all of the operational
vertices have at least one operational out-neighbour and one operational in-neighbour,
then the resulting induced subdigraph of T (Zog, {1,k + 1}) is strongly connected.

Proof: Without loss of generality, suppose that there are two vertices that are not
operational and that vy is an operational vertex. Let i # 0 be the smallest index such
that v; is not operational. Then, there are two cases to consider. The first case is
where v;;1 is not operational and the second case is where v;, is operational.

Firstly, suppose that v;;; is not operational. Then, since all of the operational
vertices have at least one operational out-neighbour, the vertices v;,; and v;; 1 are
operational. This is because v; and v;.; are both out-neighbours of v;_; and because
viy1 and vy are both out-neighbours of v,y (Lemma B.3). Now, consider the
following sequence of vertices.

{UOa Vly oo vy Vi1, 'Ui-i-kn 'Ui-i-k‘-i-la Ui+27 'Ui-i-?n ey U2k—1, UO}

This sequence of vertices provides a directed circuit containing all the operational
vertices of the induced subdigraph. Therefore, when v; and v;,; are not operational,
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the induced subdigraph is strongly connected. For illustration, the case where vy and
vz are not operational for I'(Zg, {1,5}) is given in Figure 3.3l The directed path from
vy to vy is highlighted in red.

Vo U1

U7

Ve

Us (1
Figure 3.3: Subdigraph 1 of I'(Zg, {1,5})

Now, suppose v;1; is operational. Then, there is some vertex v;, where j > i+ 1,
such that v; is not operational. Since all of the operational vertices have at least one
operational out-neighbour, the vertices v;;; and v;4 are operational. This is because
v; and vy, are both out-neighbours of v;_; and v;4; and v; are both out-neighbours
of vj_;. Now, consider the following sequence of vertices.

{Uo, Uiy oy Vi1, Uit ky Vi1, Vig2y -+« , UVj—2, Vj—1, Vjtk, UVj41, Uj42, - -+, U2k—1, Uo}

This sequence of vertices provides a directed circuit containing all the operational
vertices of the induced subdigraph. Therefore, when v; and v;, 7 # ¢ + 1, are not
operational, the induced subdigraph is strongly connected. For illustration, the case
where v; and v3 are not operational for I'(Zg,{1,5}) is given in Figure 3.4 The
directed path from vy to vy is highlighted in red.

Vo

U7 V2

Ve

Us (1
Figure 3.4: Subdigraph 2 of I'(Zg, {1,5})

Therefore, in both cases, the resulting induced subdigraph of T' (Zgy,, {1,k + 1}) is
strongly connected. As the connectivity of T (Zog, {1,k + 1}) is 2, the only induced
subdigraphs that are not strongly connected are the trivial subdigraphs. O

The proof of the following optimality theorem is as follows. First, Lemma [3.4] will
be applied to give the exact F} and F; values for I" (Zog, {1,k + 1}). Then, we will
show that while some other circulant digraphs may have the same F} term, the I3
term for I' (Zog, {1,k + 1}) is larger.
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Theorem 3.5. If G = ' (Zoy, {1,k + 1}), then G is an optimally-greatest circulant
digraph of the form T" (Zox, {a, b}) for values of p near one.

Proof: Suppose first that only one vertex of G is not operational. By Lemma B3.4],
the resulting induced subdigraph of G is strongly connected. Therefore, the I} term
of G is maximal. Now, suppose that two vertices of G are not operational. By Lemma
3.4l if all of the operational vertices of G have at least one operational in-neighbour
and one operational out-neighbour, then the resulting induced subdigraph of G is
strongly connected. Thus by Lemma [3.3] the remaining cases left to consider are how
many ways there are to remove two out-neighbours of a vertex.

The two out-neighbours of a vertex v; are v;11 and v;1 1. However, notice that
vi+1 and v; 141 are also out-neighbours of v; . This is because (i+k+1)—(i+k) =1
and (i+1)—(i+k) = 1—k = 1+ k(mod 2k). Thus, there are only k£ ways to remove
two out-neighbours of a vertex. This is illustrated for I'(Zs, {1,5}) in Figure B.5

Vo U1

U7 V2

Ve U3

Us (1
Figure 3.5: I'(Zg, {1,5})

Since there are k(2k — 1) ways to have two non-operational vertices, and only &
of these result in an induced subdigraph that is not strongly connected, the F5 term
for G is given by F5(G) = k(2k — 1) — k = k(2k — 2). Lastly, it remains to show
that no other non-isomorphic directed circulant graphs have the property that the
two out-neighbours of a vertex are also out-neighbours of another vertex.

Consider a circulant digraph I'(Zay, {a, b}) and the vertices v, and v,. These two
vertices are both out-neighbours of the vertex vy. Now, suppose v, and v, are also
out-neighbours of the vertex v.. Then, a — ¢ = b(mod 2k) and b — ¢ = a(mod 2k),
which gives that a — b = b — a(mod 2k), which occurs when a — b = k(mod 2k).
Hence, the directed circulant graphs to consider are of the form I'(Zo, {c, ¢ + k}).

We will now show that all of the non-isomorphic circulant digraphs of the form
[(Zog, {c,c + k}) are disconnected. First, suppose that ¢ is a unit, which implies
that ¢ must be odd. Then, multiplying the elements of the set {1,k + 1} by ¢ gives
the resulting set {c,ck + ¢} = {c,k + c}(mod 2k). Therefore, when ¢ is a unit,
I'(Zaog,{c,c+ k}) and I" (Zog, {1, k + 1}) are isomorphic by Lemma B.11

Next, suppose instead that ¢ + k is a unit, which implies that ¢ + k£ + 1 is even.
Then, multiplying the elements of the set {1,k + 1} by ¢+ k gives the resulting set
{c+Ek, (c+k)(k+1)} ={ct+k,c+(ct+k+1)k} = {c+k, c}(mod 2k). Therefore, when
c+kis aunit, I'(Zgy, {c,c+k}) and T (Zoy, {1, k + 1}) are isomorphic by Lemma 311
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Recall that Lemma B.2] states that if ged(n,a,b) # 1, then the circulant digraph
['(Zy,{a,b}) is disconnected. Therefore, we will show that when both ¢ and ¢ + k
are not units, that is when ¢ shares a factor with 2k and ¢ + k shares a factor with
2k, that this condition holds. Thus, the directed circulant graphs of this form are
disconnected.

If ¢ is odd, then from properties of the greatest common divisor, it follows that
1 < ged(2k, ¢) = ged(k, ). Thus, it must be the case that ¢ and k share a common
factor r > 1. Therefore, ged(2k,c,c + k) > r > 1, which gives that the circulant
graph is disconnected.

If ¢ is even and k is even, then ged(2k, ¢, c+ k) > 2, which gives that the circulant
graph is disconnected. If ¢ is even and k is odd, then from properties of the greatest
common divisor, it follows that 1 < ged(c + k, 2k) = ged(c + k, k) = ged(c, k). Thus,
¢ and k share a common factor » > 1. Therefore, ged(2k,c,c + k) > r > 1, which
gives that the circulant graph is disconnected. U

3.2 The order of the graph is odd and not divisible by three

In this section, we will show that if n is odd and not divisible by three, then
['(Zy,{1,2(37Y)) is an optimally-greatest circulant digraph for values of p sufficiently
close to one. For illustration, the graph I'(Z, {1, 8}) is provided in Figure 3.6l

Vo

%) V2
Ug U3

U7 V4

Ve Vs
Figure 3.6: Digraph I'(Z11,{1,8})

We show that if five or fewer vertices are not operational, having an operational
vertex with no operational out-neighbours is the only way for I' (Z,, {1,2(371)}) to
have an induced subdigraph that is not strongly connected. That is, the only induced
subdigraphs that are not strongly connected in this case are the trivial subdigraphs.

Lemma 3.6. If five or fewer vertices are not operational and all of the operational
vertices have at least one operational out-neighbour and one operational in-neighbour,
then the resulting induced subdigraph of T (Z,,{1,2(371)}) is strongly connected.

Proof: Without loss of generality, suppose that five vertices are not operational and
that vy is operational. Let ¢ £ 0 be the smallest index such that v; is not operational.
Then, since all of the operational vertices have at least one operational out-neighbour,
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the vertex v;_j49(3-1) is operational. This is because the vertices v; and v;_149(3-1)
are both out-neighbours of v;_;.

Case 1: First, suppose that the vertex v;_;;43-1) is operational. Therefore, the
following directed path exists.

{U07 U1y -+ Vi1, Vi—14+2(3-1), Ui—l+4(3*1)}

Now, there are two cases to consider. Either the vertex v;,; is operational or it is
not operational. Suppose first that v;;; is operational. Then, the following directed
path exists.

{Uo, U1y ooy Vi1, Vim142(3-1)5 Vi—144(3-1), Uz’+1}

For illustration, the case where vy is not operational for the directed circulant
graph I'(Zy1, {1, 8}) is given in Figure 3.7 Also, the directed path from the vertex vy
to the vertex vs is highlighted in red.

Vo
V10 U1

Vg
Ug U3

U7 V4

Ve Vs
Figure 3.7: Subdigraph 1 of I'(Z;1, {1,8})

Next, suppose now that v; 1 is not operational and that v;, - is operational. Then,
since each operational vertex has an operational out-neighbour, the vertex v 43-1)
is operational. Therefore, the following directed path exists

{vo,v1, ..., vizy, Vi—142(371) Vi—1+44(3-1), Vit+4(3-1), Vita}

For illustration, the case where vy and vz are not operational for I'(Z;, {1, 8}) is given
in Figure 3.8 Also, the directed path from vy to vy is highlighted in red. Note that
the same arguments could be applied reiteratively if v;, v; 11, vi10, viv3, and v,y 4 Were
all non-operational vertices.

Case 2: Lastly, suppose that v;_j,43-1) is not operational. Then, v;;; must
not be operational since both of its in-neighbours, v;_1143-1) and v;, are not oper-
ational. Similarly, the vertex v;_p;43-1) must not be operational since both of its
out-neighbours, v;_1;43-1) and v;, are not operational. Also, since each operational
vertex has an operational out-neighbour, the vertex v;4y3-1) is operational.

This accounts for four of the five non-operational vertices. Note that if v;;43-1)
is not operational, then v;;o is operational and has no operational in-neighbours.
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Vo
V10 (%1

(%)
Ug

(%4 (W)

Ve Us

Figure 3.8: Subdigraph 2 of I'(Z;1, {1, 8})

Therefore, v;,4(3-1) must be operational. Thus, if v; ;5 is operational then the following
directed path exists.

{Uo, Vs v o5 Vi1, Vi—142(3-1)5 Vit2(3-1)5 Vit4(3-1), Ui+2}
For illustration, the case where vq, v3, v5, and vg are not operational for I'(Z;q, {1, 8})
is given in Figure 3.9

Vo
V10 (%1

Vg
Vg
vy Vg
Figure 3.9: Subdigraph 3 of I'(Z;1, {1, 8})

If v; 45 is not operational, then all of the non-operational vertices are determined.
Note, when n = 11, —2 4+ 4(371) = 3 (mod 11) and —1 + 4(37!) = ¢ + 4(mod 11).
Thus, the five non operational vertices {v;, viy1, Vit2, Vi—144(3-1), Vi—244(3-1) } are in fact
{vi, Viz1, Vigo, Viv3, Vira}. However, as mentioned in the first case, this is a strongly
connected subdigraph, as illustrated in Figure 310

When n > 11, the index —2 + 4(37!) = 3 (mod 11) is larger than 3. Therefore,
the vertices vi;3 and v;4144(3-1) are both operational. Thus, the following directed
path exists.

{U07 Uty v o5 Vi1, Vi—142(371)5 Vit2(3-1)5 Vit4(3-1), Vit144(3-1), Uz‘+3}

Therefore, if five or fewer vertices are not operational, and all of the operational
vertices have at least one operational out-neighbour and one operational in-neighbour,
then the only induced subdigraphs that are not strongly connected are the trivial
subdigraphs. O
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Vo
V10 (%1

Vg
Ug
U7

Figure 3.10: Subdigraph 4 of I'(Zy, {1,8})

We now show that while the Fy, Fy, F3 and Fy for ' (Z,,{1,2(37!)}) is maximal,
it may equal the Fy, Fy, F3, or Fj term for some other directed circulant graphs.
However, we will show that the F5 term for I' (Z,,, {1,2(37")}) is larger than all other
circulant digraphs. Hence by Lemma 23] T (Z,, {1,2(37!)}) will be an optimally-
greatest circulant graph near one.

Lemma 3.7. IfG =T (Z,,{1,2(3™Y)}) and H =T (Z,, {a,b}), then F5,(G) > Fy(H).

Proof: Let G =T (Z,,{1,2(3™Y)}) and H = T'(Z,,{a,b}). Suppose that only two
vertices of G are not operational. By Lemma [B.6] if all of the operational vertices
have at least one operational in-neighbour and one operational out-neighbour, then
the resulting induced subdigraph of G is strongly connected. Thus by Lemma [3.3] it
remains to count the ways to remove two out-neighbours of a vertex.

Since n is odd, the additional property that two out-neighbours of a vertex are
also out-neighbours of another vertex does not occur. Therefore, there are exactly n
ways to remove two out-neighbours of a vertex. Thus, the F} term for GG is maximal,
in particular, it is given by Fy(G) = nn=3)  However, it may be the case that H

2
obtains this maximum as well, therefore we get that Fo(G) > Fy(H). O

Lemma 3.8. IfG =T (Z,,{1,2(37Y)}) and H =T (Z,,{a,b}), then F3(G) > F3(H).

Proof: Let G =T (Z,,{1,2(37")}) and H =T (Z,,{a,b}). Suppose that only three
vertices of G are not operational. By Lemma [B.6] if all of the operational vertices
have at least one operational in-neighbour and one operational out-neighbour, then
the resulting induced subdigraph of G is strongly connected. Thus by Lemma [3.3] it
remains to count the ways to remove both out-neighbours of a vertex and one other
vertex.

Note that if we remove a vertex of G and its two out neighbours, the induced
subdigraph of G will not be strongly connected by Lemma 3.3l Thus, for each of the
n vertices of GG, there is one way for the two out neighbours to be non-operational
and then n — 3 ways to pick the other non-operational vertex. Therefore, G has at
most n(n — 2) induced subdigraphs that are not strongly connected.

Note however, that some of these are being double counted. In particular, the
vertices v;1q, Vitp, Vitoq—p can be chosen as the non-operational vertices for v; as well as
Vita—p- T'his is because v;19,_p and v;4, are both out-neighbours of v;,,_,. Similarly,
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the vertices v;q, Vitp, Virop—q can be chosen as the non-operational vertices for v; as
well as v;14_o. This is because v;19,_, and v; 4, are both out-neighbours of v;,, .
Therefore, n induced subdigraphs are being double counted. Hence, there are
n(n — 4) induced subdigraphs of G that are not strongly connected. Note that the
counting arguments applied here apply to the other circulant graphs. Thus, there are
at most (g) —n(n—4) strongly connected subdigraphs. Since G meets this maximum,

it follows that F3(G) = W — n(n — 4). However, it may be the case that H

obtains this maximum as well, therefore we get that F5(G) > F5(H). O

Lemma 3.9. IfG =T (Z,,{1,2(3°Y}) and H =T (Z,,{a,b}), then F4(G) > F,(H).

Proof: Let G = I'(Z,,{1,2(37")}) and H = T (Z,,{a,b}). Suppose that four
vertices of G are not operational. By Lemma [B.6] if all of the operational vertices
have at least one operational in-neighbour and one operational out-neighbour, then
the resulting induced subdigraph of G is strongly connected. Thus, it remains to count
the number of ways that both out-neighbours of a vertex and two other vertices can
be non-operational.

By Lemma [B.6] the two out-neighbours of a vertex are also the in-neighbours of
another vertex. So, consider a vertex v; and its two out-neighbours v;,, and v;,.
These two vertices are the in-neigbours of the vertex v; ... Therefore, if the two
other non-operational vertices are not v; and v;, 444, the resulting induced subdigraph
will not be strongly connected. Therefore, it is sufficient to consider the case when
Vi, Vita, Vi, and v; 144 are all not operational.

The resulting induced subdigraph of G will not be strongly connected if some
operational vertex has both of its out-neighbours or in-neighbours non-operational.
For instance, consider v; and v;,,. The two operational in-neighbours of v; are v;_,
and v;_p. The operational in-neighbour of v;, is v;1q_p. Thus, if a — b = —a or
a—>b = —b, then they would share an in-neighbours. However, for G, 1—2(3)7! # —1
and 1 —2(3)7! #£ —2(3)7.

Similar calculations show that the sets {v;, vis}, {Vitatp, Viza}, and {virars, Viss}
do not have any common operational out or in-neighbours. Therefore, when v;, v;14, Vi1,
and v;1 44 are all not operational, the resulting induced subdigraph of G is strongly
connected. Thus,G achieves the maximum value for F; possible. However, it may be
the case that H obtains this maximum as well, therefore we get that Fy(G) > Fy(H).

O

We have showed that the Fi, F3, F3, and F}j terms in the F-form of the strongly
connected node reliability polynomial for ' (Z,, {1,2(37")}) are the largest possible.
However, there may be other directed circulant graphs that also have this property.
The following theorem shows that ' (Z,,, {1,2(371)}) has the largest Fj term however.
This then proves that T'(Z,, {1,2(371)}) is an optimally-greatest circulant digraph
near one.

Theorem 3.10. If G =T (Z,,{1,2(37")}) and n is not divisible by three, then G is
an optimally-greatest directed circulant graph of the form T (Z,,{a,b}) for values of
p near one.

17



Proof: By Lemma 3.7, Lemma [3.8, and Lemma [3.9] the F; terms for G are maximal
for i = 2,3,4. We will now show that the Fj term for G is larger than that for any
other circulant digraph. Suppose that five vertices are not operational. By Lemma
[3.6] if all of the operational vertices have at least one operational in-neighbour and
one operational out-neighbour, then the resulting induced subdigraph of G is strongly
connected. Thus by Lemma B3] it remains to count the ways to remove both out-
neighbours and three other vertices.

So, consider a vertex v; and its two out-neighbours v;y, and v;y,. These two
vertices are the in-neigbours of the vertex v;, 5. Therefore, if the two other non-
operational vertices are not v; and v;1 44, the resulting induced subdigraph will not be
strongly connected. Therefore, it is sufficient to consider the case when v;, v;1 4, Vityp,
and v; 1415 are all not operational.

Recall from the proof of Lemma that if just vy, vi1a, Vivs, and v;1q1p are not
operational, then each operational vertex has at least one operational in-neighbour
and at least one operational out-neighbour. Therefore, by Lemma 3.6 the only way
the induced subdigraph will be disconnected, is if the other non-operational vertex
violates this property. Using the known four not operational vertices, it can be shown
that if one of the following vertices is not operational, then the property is violated:

Vi—a+b

Vi—b+a

Vi+2a—b

Vi+2b—a

Vit+2a

Vi+2b
For instance, if v;_,1; is not operational, then the vertex v;_, has no operational
out-neighbours since v; and v;_,1; are not operational. Now, for particular a and b,
some of these vertices indices are equal. Then, since all of the other counting was
equivalent, if G has the most of these indices being the same, then G will have the
fewest induced subdigraphs that are not strongly connected. Hence, G' will have the

largest F5 term among all directed circulant graphs. By equating every pair of indices,
the following information is obtained.

If a = 2(3)_15 then v;_q4p = Viyoa—p and viyop—q = Vig2q

If a = 3(2) b then v;_piq = Virop—a and Viyoq_p = Viyar

If a = 3b then v;_prq = vitop

If a = 37" then v;_q b = Vitoa

If a = —b then v;_qyp = viyop and Vi pya = Viy2a

Therefore, up to isomorphism, the two cases to consider are when a = 2(3)~!b or

when a = —b. When a = —b however, the circulant digraph I'(Z,,, {a, —a} is the one
whose underlying graph is a cycle with edges replaced by bundles. This digraph has

F5 = n, which is lower than every other connected circulant digraph. Therefore, it is
sufficient to consider directed circulant graphs of the form T'(Z,, {b,2(3)"'b}.
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If b is a unit, then b='{b,2(3)7'b} = {1,2(3)7'}. Therefore, by Lemma B.1] it
follows that T'(Z,, {b,2(3)7'b} = I'(Z,,{1,2(3)"'}. If b is not a unit, then b and n
share a common factor r > 1. Therefore, it following that ged(n,b,2(3)7'0) = r.
Thus, by Lemma [3.2] these circulant graphs are disconnected. In summary, up to
isomorphism, I'(Z,, {1,2(3)7'} has the largest F5 term. Therefore, by Lemma 2.3} it
is an optimally-greatest circulant digraph of the form I'(Z,, {a, b} near one when n is
odd and not divisible by three. O

3.3 The order of the graph is odd and divisible by three

In this section, we will show that if n is odd and divisible by three, then T'(Z,,, {1, 3(2)"'}
is optimally-greatest for values of p sufficiently close to one. We will first show
that if five or fewer vertices are not operational, having an operational vertex with
no operational out-neighbours or no operational in-neighbours is the only way for
[(Z,,{1,3(2)7'} to have an induced subdigraph that is not strongly connected.

Lemma 3.11. If five or fewer vertices are not operational and all of the operational
vertices have at least one operational in-neighbour and one operational out-neighbour,
then the resulting induced subdigraph of T (Z,,{1,3(271)}) is strongly connected.

Proof: Since n = 0(mod 3) and 3(2)~! is divisible by three, I'(Z,, {1,3(2)"'}) can
be described as 3 copies of C,,, where m = Z. The vertex v; is mapped to vy,,,., where
i =mnm + r. For example, this description of I' (Zg;, {1, 12}) is shown in Figure B.ITl
We use this alternative description of ' (Z,, {1,3(27")}) to create the directed paths
between the operational vertices.

Figure 3.11: Digraph I'(Zy, {1, 12})

Without loss of generality, suppose that five vertices are not operational and that
vp,0 is operational. The goal is to get a directed transversal from v to itself by first
visiting all of the operational vertices in the first copy of C,,. Then, we can use the
same arguments developed there to create directed transversals containing all of the
operational vertices in the second and third copy. Lastly, since each of these copies
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are connected to one another, we can connect these constructed transversals to show
the induced subdigraph is strongly connected.

To start, suppose that the first non-operational vertex is in the first copy and that
vp,; is the first nonoperational vertex. Then, since all of the operational vertices have
at least one operational in-neighbour and one operational out-neighbour, the vertex
v1,;—1 is operational.

Case 1: Suppose that the vertex vy ,;;; is operational. Then, since operational
vertices have an operational in neighbour, the vertex vy ; is operational. Thus, since
one of vy ,_1’s out-neighbours are operational, one of the directed paths exists. For
illustration, the first directed path is highlighted in green in Figure

{UO,i—la V1,i—1,V2i—1, V24, Uo,z‘+1} {Uo,i—l, V1,i—1,V1,i, V2,4, UO,i+1}

Figure 3.12: Subdigraph 1 of I'(Z;,{1,12})

Case 2: Suppose that v ;4 is not operational and that v, ; is operational. Then,
since v9; has an operational out-neighbour, the vertex vy ,;.; is operational. Using
the same reasoning, if vy ;12 is not operational, then vs ;9 is operational. Therefore,
since there are only five not operational vertices, eventually the vertex vy ;4. will be
operational, and a directed path from v to vg+. Will be obtained. For illustration,
the case where vy and vy 3 are not operational is given in Figure [3.13] Again, it is
assumed the first of the two directed paths highlighted in green is used.

Case 3: Lastly, suppose that v ;41 is not operational and vy ; is not operational.
Then, since v,; and vy, are both not operational out neighbours of vy ;_1, the vertex
v2;—1 must be not operational. Now, notice that if vy ;41 is not operational, then all
five of the non-operational vertices are decided and the operational vertex v ;42 would
have no operational in-neighbours. Therefore, the following directed path exists.

{UO,i—la V1,i—-1, V1,0 V1,i+2, U2,i+l}

For illustration, this directed path is highlighted in green in Figure [3.14]
Case 4: Lastly, if vp,42 is not operational, then all five of the not operational
vertices are decided. Therefore, vs,12 and vy ;4o are operational and the following
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Figure 3.14: Subdigraph 3 of I'(Zs, {1, 12})

directed path exists.

{UO,i—la U1,i—1, V1,0, V1,i4+2, V2,i4+1, V2,i+2, U2,i+2}

For illustration, this directed path is highlighted in green in Figure

In all cases, there is a directed path to the next operational vertex in the first copy.
Therefore, a directed transversal containing all of the operational vertices in the first
copy of (), exists. Using the same arguments, a directed transversal containing all
of the operational vertices in the second and third copy of C,, also exists. Thus, it
remains to show that these transversals can be connected.

Notice that since at most five vertices are not operational, there is at least one
operational vertex in the first copy of (), has an arc to an operational vertex in the
second copy. Similarly, there is at least one operational vertex in the second copy of
C,, has an arc to an operational vertex in the third copy. Also, there is at least one
operational vertex in the third copy of C,, has an arc to an operational vertex in the
first copy.

Hence, there is an arc from the first tranvsersal to the second, from the second to
the third, and from the third to the first. Therefore, the three transversals can all be
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Figure 3.15: Subdigraph 4 of I'(Z;, {1, 12})

connected to give a transversal containing all of the operational vertices. Thus, if five
or fewer vertices are not operational, and all of the operational vertices have at least
one operational in-neighbour and one operational out-neighbour, then the resulting
induced subdigraph of T'(Z,,, {1,3(27'}) is strongly connected. O

The same argument used for directed circulant graphs of odd order that were not
divisible by three will be used here. In fact, Lemma [B.7] Lemma [3.8] and Lemma
all have analogous versions for I' (Z,, {1,3(27!)}). That is, the F}, Fy, F3, and F}
term for I' (Z,,, {1,3(27')}) is maximal, but may be equal to that of another circulant
digraph. Thus, it is sufficient to show that the F5 term for ' (Z,, {1,3(271)}) is larger
than the other circulant digraphs.

Theorem 3.12. If G =T (Z,,{1,3(27")}) and n is divisible by three, then G is an
optimally-greatest directed circulant graph of the form T (Z,,{a,b}) for values of p
near one.

Proof: By the analogous versions of Lemma B.7] Lemma B.8, and Lemma [3.9] the
F; terms for G are maximal for ¢ = 1,2, 3, 4. We will now show that the F; term for G
is larger than that for any other directed circulant graph. Suppose that five vertices
are not operational. By Lemma [B.11] if all of the operational vertices have at least
one operational in-neighbour and one operational out-neighbour, then the resulting
induced subdigraph of G is strongly connected.

Thus by Lemma B3] it remains to count the ways to remove both out-neighbours
and three other vertices. Then, as argued in the proof of Theorem [3.10] the circulant
digraph that has the most of the following indices from the following vertices the
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same, will have the largest F5 term.

Vi—a+b
Vi—b+a
Vi+2a—b
Vit+2b—a
Vit2a

Vi4-2b

Same as before, this problem is solved by equating every pair of indices. The
same information is obtained, but for completeness, the information is provided again
below.

If a = 2(3)7'b then v;_q1p = Vizoa—s and Viyop_q = Viyoa
If a = 3(2)7'b then v;_pyq = Virop—a and Viyoq_p = Viyap
If a = 3b then v;_pyrq = V9

If @ = 37'b then v;_q1p = Vit2a

If a = —b then v;_o1p = vigop and vVi_pyq = Viy2a

In this case, the case where a = 2(3)~! does not exist because 3 is not a unit. The
two cases to consider this time are when a = 3(2)7'b or when a = —b. Again, when
a = —b the directed circulant graph I'(Z,, {a, —a} is the cycle with edges replaced
by bundles. This graph has F; = n, which is lower than every other connected
circulant digraph. Therefore, it is sufficient to consider circulant digraphs of the form
[(Zy, {b, 3(2)7'0}.

If b is a unit, then b=1{b,3(2)7'0} = {1,3(2)7'}. Therefore, by Lemma B.1] it
follows that T'(Z,, {b,2(3)7'b} = I'(Z,,{1,3(2)"'}. If b is not a unit, then b and n
share a common factor r > 1. Therefore, it following that ged(n,b,3(2)7'b) = r.
Thus, by Lemma B.2 these directed circulant graphs are disconnected. In summary,
up to isomorphism, I'(Z,, {1,3(2)"'} has the largest F5 term. Therefore, by Lemma
2.3 it is an optimally-greatest circulant digraph of the form I'(Z,, {a,b} near one
when 7 is odd and not divisible by three. U

4 Conclusions and Open Problems

In this paper, we proved that for values of p sufficiently close to zero, the digraph
['(Z,, {1, —1} is an optimally-greatest directed circulant graph of the form I'(Z,,, {a, b}.
For values of p sufficiently close to one, an optimally-greatest digraph depended on
the order of the graph. In particular, if n is even, then it was I'(Z,,, {1, 5 +1}). If nis
odd and not divisible by three then it was I'(Z,, {1,2(371)}). If n is odd and divisible
by three then it was I'(Z,, {1,3(27!)}). Combining these results provides our main
result.
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Theorem 4.1. For strongly connected node reliability, there is no optimally-greatest
digraph of the form I'(Z,,{a,b}).

It remains an open problem to extend this result to all directed graphs with n
vertices and 2n arc, and show that the circulant digraphs described are in fact the
optimally-greatest for p near one. Based on the calculations done here, there are
significant structural restrictions if a digraph other than a circulant was optimal near
1. For instance, the graph would need to be regular. Also, the graph would need
to have the property that two out-neighbours of a vertex are also in-neighbours of
another vertex. We conjecture that the circulants described in this paper are indeed
optimally-greatest for p sufficiently close to one for digraphs of order n and size 2n.
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