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AUXILIARY SPACE MULTIGRID METHOD BASED ON ADDITIVE SCHUR
COMPLEMENT APPROXIMATION

JOHANNES KRAUS, MARIA LYMBERY, AND SVETOZAR MARGENOV

ABSTRACT. In this paper the idea of auxiliary space multigrid (ASMG) methods is introduced. The
construction is based on a two-level block factorization of local (finite element stiffness) matrices
associated with a partitioning of the domain into overlapping or non-overlapping subdomains. The
two-level method utilizes a coarse-grid operator obtained from additive Schur complement approxi-
mation (ASCA). Its analysis is carried out in the framework of auxiliary space preconditioning and
condition number estimates for both, the two-level preconditioner, as well as for the ASCA are de-
rived. The two-level method is recursively extended to define the ASMG algorithm. In particular,
so-called Krylov-cycles are considered. The theoretical results are supported by a representative
collection of numerical tests which further demonstrate the efficiency of the new algorithm for
multiscale problems.

1. INTRODUCTION

Partial differential equations (PDE) play a key role in the modeling of various processes that
occur in fields as diverse as physics, chemistry, biology, economics, engineering, and life sciences.

The numerical solution of PDE based on discretization techniques such as finite difference, finite
volume, and finite element methods typically reduces a continuous problem to a discrete problem
that finally is represented in the form of one or more systems of linear algebraic equations.

In many applications the arising linear systems are sparse and very large. Hence it is important to
construct efficient iterative solution methods that converge uniformly with respect to problem size
and parameters. The most successful approaches for achieving this goal are domain decomposition
(DD), see, e.g., [18, 23], and multigrid /multilevel methods, see, e.g., [9, 24, 25].

As has been shown in [8, 23] two-level DD methods are robust as long as the variations of the co-
efficients of the scalar elliptic equation are bounded inside coarse grid cells. Recently this robustness
has been achieved also for problems with general coefficient variations using coarse spaces based
on local generalized eigenvalue problems, see. [6, 7]. The latter approach has been generalized for
the mixed form and the stream function formulations of Stokes’ and Brinkman’s equations, see [5].
Other related techniques for constructing suitable coarse spaces for PDE modeling heterogeneous
media have been considered in [21, 22].

Regarding computational complexity, multigrid (MG) methods have asserted to be most efficient
since they have been demonstrated to be optimal with respect to the problem size, see [9, 25] and the
references therein. However, their design needs careful adaptation for problems with certain “bad”
parameters in the PDE model. From this perspective it is desirable to enhance their robustness in
the sense of covering wider problem classes, see [15].

The algebraic multilevel iteration (AMLI) framework provides useful tools to achieve this goal,
e.g. more general polynomial acceleration techniques or Krylov cycles resulting in nonlinear so-
called variable-step preconditioners, see [2, 3, 4, 16].
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In the present paper a non-variational multigrid algorithm for general symmetric positive definite
problems is introduced. The method is based on exact two-by-two block factorization of local
(stiffness) matrices that correspond to a sequence of coverings of the domain by overlapping or
non-overlapping subdomains. The coarse-grid matrix is defined via additive Schur complement
approximation (ASCA), see [12, 13, 14]. Its sparsity can be controlled by the size and overlap of
the subdomains. The coarse-grid correction step, as used in classical multigrid methods, however
is replaced by a correction that involves the application of an auxiliary space preconditioner. For
that reason the method studied in this paper is referred to as auxiliary space multigrid (ASMG)
method. The idea of integrating domain decomposition techniques into multigrid algorithms was
performed as early as in [17].

The remainder of the paper is organized as follows. In Section 2 a fictitious space preconditioner
based on ASCA is constructed and analyzed and further complemented by a smoothing process
defining an auxiliary space two-level preconditioner and a related stationary two-grid method. In
Section 3 a condition number estimate of the auxiliary space preconditioner is proven followed
by a theorem characterizing the ASCA. The recursive extension of the auxiliary space two-grid
method is defined and described algorithmically in Section 4. As known from the AMLI theory,
see [2, 3, 11, 20], the convergence of the multilevel algorithm depends on uniform two-level estimates.
In the present context the decisive quantity, analogous to the CBS constant in the hierarchical basis
methods, is given by the energy norm of a certain projection operator. Its efficient computation
by a multilevel algorithm is addressed in Section 5. Finally several numerical tests are presented,
addressing both, the performance of the ASMG method on a collection of challenging high-frequency
high-contrast problems as well as the computation of the spectral bounds of interest.

2. AUXILIARY SPACE TWO-GRID METHOD

2.1. Fictitious space preconditioner. Let {Q¢, : i =1,2,...,ng} be a covering of the domain
2 by non-overlapping or overlapping subdomains (¢, i.e.,

ng
(2.1) Q=J%,
i=1
where G = {G; : i = 1,2,...,ng} denotes a set of macro structures which correspond to the

adjacency graphs associated with the subdomains Qg,. The construction is such that the global
stiffness matrix A can be assembled from small-sized (local) symmetric positive semi-definite (stiff-
ness) matrices Ag, corresponding to the subdomains €, see [13]. Then A can be written in the
form

ng
(2.2) A= Z RgiAGiRGi

i=1

where the operator R, restricts a global vector v € V' = IRY to the local space Vi, = IR"%i related

to the subdomain €2¢;.
Consider a partitioning of the set D of degrees of freedom (DOF) divided into two subsets

(2.3) D =Dt ® D,

where Dy consists of fine DOF and D, is the set of coarse DOF. Let the cardinalities of these sets
be denoted by Nj :=|D¢| and Ny := |D.|.

Further, let ng,.1 and ng,.2 be the number of fine and coarse DOF respectively that are associated
with the subdomain Qg,. The dimension of the local space dim(V,) = ng, then can be presented
as the sum

(24) ng; = nag;:1 + ng;:2-
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Next the auxiliary (fictitious) space V =R" of dimension N = (-0 ng;1) + N is introduced

and a surjective mapping I15 : V' — V' is defined via the relations

Ry

Ro. ~ ~
(2.5) RT = S I -y [ }81 102 } , Iz =(RDR")"'RD,

Rng:l

where Rip is of size ( ?:91 nea,1) X N1, the identity matrix I is of size Nax Na, and R and Il are
of dimension NxN. Here, D is a block diagonal matrix of size N x N to be specified later.

Given the introduced splitting of the DOF into fine and coarse the matrices Ag,, ¢ =1,...,ng
and A can be written in a two by two block form

A1 Agpa2 | . Anr Agg
2.6 Ag = | 4 i —1,...,ng, A= .
(2:6) Gi Agio1 Ag22 ! g Agr Ao

The NxN symmetric positive definite auxiliary matrix A is defined by

Agy1 Agya2Ri2
AGym Agy12R2:0
(2.7) A= :
AGpg 1 AG,g12Rng:2
| RipAcior RisAcuat - R oAG. 21 20 RlyAGRio |

and since the matrices Ag.; are SPSD with Ag,.;1 SPD, A is SPD and introduces an energy inner
product on the auxiliary space V.

Moreover, from (2.5) and (2.7) it follows the relation
(2.8) A= RAR".

Note that the addition of any fine DOF to the dimension of Ais equal to the number of subdo-
mains to which it belongs, whereas the blocks that correspond to the coarse DOF are identical for
both the original matrix A and the auxiliary matrix A, i.e.,

ng
(2.9) Agy = Agy = RE A9 RG,0.
i=1
The matrix 211 has a block diagonal structure with blocks of size ng,.1 Xng,.1 forit =1,2,...,ng

which allows for a cheap computation of the energy minimizing interpolation

_ —21_111112
po] ]

The exact Schur complement of A then defines the Galerkin coarse grid matrix of the corre-
sponding variational two-grid method, i.e.,

Ac = PTAVP = SA' = AVQQ - A}lgl_llglg == Q
It is important to note that A, can be determined without computing the (global) triple matrix
product. Instead, the coarse grid matrix can be assembled from its subdomain contributions, the
corresponding local Schur complements, which can be computed in parallel for all subdomains, i.e.,
ng
AC = Z Rgi:2(AGi:22 - AGi521AE¥1-1;11AG’¢:12)RG’1-:2-
i=1
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The number of nonzero entries in A, can be controlled by limiting the size ng, of the subdomains
Q¢, which guarantees the sparsity of the coarse grid matrix.

Remark 2.1. In [12, 1] it has been shown that under reasonable assumptions the Schur complements
Sa and S3 of A and A respectively are spectrally equivalent to a uniformly bounded condition number
/1(55{1514). In a more recent paper, [13], it has been demonstrated that by using a proper overlap

of the subdomains, the bound is even robust with respect to arbitrary jumps of a piecewise constant
coefficient in the scalar elliptic model problem.

In the following, let C' denote the fictitious (auxiliary) space preconditioner defined via the
relation

(2.10) Cli=NpA~'NEL

The idea of fictitious space preconditioning goes back to Sergei Nepomnyaschikh, see [19]. An
important tool for deriving condition number estimates in this context is the so-called fictitious
space lemma ([19]), which for the sake of self-containedness is presented below in its simplest
(algebraic) form.

Lemma 2.1. Let V' be a Hilbert space equipped with inner product {-,-), and A : V — V an SPD
(w.r.t. (-,-)) linear operator. Let V be a second Hilbert space (auziliary space) equipped with inner
product (-, )~ and A:V =V a second SPD linear operator. Further let 11 : ViV bea surjective
mapping satisfying the following conditions:

(a): For all v €V there exists v € 1% such that Ilv = v and C{AV, V) < (Av, V).
(b): (Alln,IIa) < c(Aq,q). forallueV.

Introduce the adjoint operator II* : V +— 1% by
(IIa,v) = (@,II"v). forallueV,veV.
Then
(2.11) (A 'u,u) < (HA ' T*u,u) < ¢ (A" u,u)  for allue V.
Proof. The right hand side inequality follows from

(A=Y20T%u, W)

(HA ' T u,u)/? = ||A~'?1II*u|. = max =
weV Wi~
(IT*u, ¥) (A=12u, AV2IIV)
= max ————; = max =17
eV (Av, V) vev (Av, V)
ATV
< HA_l/zuHmag( H V”

veV (Av, \7'>1N/2

S TTo)1/2
= HA_1/2U_” max <A1}V7HV1'>2
vev  (Av, )Y

V(A a, u) 2,

IN
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At the same time

A0, w) (u,v)

A~1/2 - <7’ - S A

A7 ull = max VeV [A2y]|
(IT*u, v)

mevev [[Al2v]|
(A1, A125).
—veV A2

- j1/2{,”
A—l/QH* ” ~
| ull max Sy

IN

1~
< —(IIA 'T*u,u)/?,
< \/,EV( )

which demonstrates the left hand side inequality. O

In the present context the following corollary can be proven.
Corollary 2.1. Consider the Hilbert spaces V.= RY and V= IRﬁ, assuming that N > N, and
the inner products (w,v) := SN ww; for allu,v € V and (@,v)~ := SN 0; for all &, € v,
respectively. Further, let 11 = Il be defined as in (2.5) where D € RVN s an SPD matrix,

D € IRN N Then the fictitious space preconditioner defined according to (2.10) with auziliary
matriz A according to (2.7) satisfies

(2.12) (A™ha,u) < (AT w ) < rpll (A7 ) for allue V.

Proof. The estimate (2.12) follows from Lemma 2.1 because in the present context Assumptions (a)
and (b) hold with constants ¢ =1 and ¢ = ||7Tl~)\|121:

(a): For all v e V =TRY define v := R”v. Then
IIv = (RDRT)'RDv = (RDR") 'RDR"v = v.
Hence
(Av,v) = (RARv,v) = (RAV,v) = (Av,RTv).. = (AV, V).
and thus Assumption (a) holds with ¢ = 1.
(b): Further, since
(Allza,1za) = (RART(RDRT)'RDu,(RDR")"'RDu)
— (ART(RDR")"'RDu, R"(RDR")"'RDu).
=: <E7Tf)ﬁ,7rf)f1>N
where 77 1= RT(RDRT)™'RD, we see that the inequality (b) is sharp for
(ATgza, mya)

(2.13) ¢ = sup — DD " Hﬂf)H%,

which completes the proof.

Remark 2.2. The operator mp = RT(RDRT)"'RD is a projection, i.e.,

2 _ o
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Moreover, due to Kato’s Lemma,
Imsllz =11 =75l 5
where || - || 5 is the A inner product norm, that is,

19115 := / (A9, 9)~
for allv € V.

Remark 2.3. Note that 75| 7 is related to the cosine vy of the angle between the two spaces
Range(r) and Range(I — 75) in the A inner product, i.e.,

D 1

ol i

Hence, the Ielatz’ve condition number k(C~'A) of the fictitious space preconditioner defined via
c:= Hf)A_IH% can be estimated by

I

1
L=y
The idea of fictitious space preconditioning has been further developed in the setting of auxiliary

space preconditioning by incorporating an additional smoother hence relaxing the constraints on
the choice of the auxiliary space V. For details, see [26].

K(CT'A) <c= ||7T5||} = 5-

2.2. Two-grid method. The proposed auxiliary space two-grid method determines a stationary
iterative procedure

(2.14) Xk+1 — Xk + B_ll‘k

where the k-th iterate and the k-th residual have been denoted by xj and rj respectively and the
two-grid preconditioner is defined by

(2.15) BL ="'+ (- MTACNI - AMTY).
Assume that M is an A-convergent smoother, i.e.,
[T —M7TAl4 < 1.
Then the symmetrized smoother M = M(M + MT — A)=* M7 is also A-convergent, i.e.,
1 _ _
11 =M " Alla= (I - M~TA)(I — M A)|a < 1.

As T — B A= (I - MTA(I - C71A)(I — M~'A), the two-grid preconditioner B defines a
convergent stationary iterative method, i.e.,

(2.16) II—B A4 <1,
if the auxiliary space correction is non-expansive in A norm, i.e.,
(2.17) |11 —C A4 < 1.

From Corollary 2.1 we have
1 1 ~
EVTV < EVT(Hf)A 1HT5)AV <vlv vweVv
and thus (2.17) and finally (2.16) are satisfied, for example, if the matrix C' in (2.15) is defined by
(2.18) Cl =7 MIpAT L
where 7 is a scaling parameter satisfying

(2.19) T>c= ”7‘(’5“%.
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Another way of defining B~! is via the product matrix

o[ M O] (M+MT A" 0 MT Allg
T OfA I 0 rA o I |-
Then
A1 MT —M-TAIl= M+ MT—A 0 M1 0
B~ = b = T An -1
0 1 0 1Al —HEAM I’
and

Bl=[1 Hﬁ]é—l[ﬁ’z].
D

Note that the preconditioner (2.15) can also be written in the form

(2.20) B =M '+ mA
where
(2.21) I=(-AM "Iy =(I-AM ") (RDR")"'RD.

Comparing classical two-grid methods with the proposed auxiliary space two-grid method the
main difference is that in the latter the coarse grid correction step is replaced by a subspace
correction with iteration matrix I — C~'A where C is the fictitious space preconditioner defined
in (2.18).

Remark 2.4. From the XZ-identity, [27], we have the following relation
vIBy = miny_win wlrW AW + (MTw + AT 5w)T (M + MT — A)~Y(MTw + All5w)]

= minv:w—l—l‘[ﬁ‘Tv[THWH% + HMTW + AHEWH%M_,_MT_A)fl]'

3. CONDITION NUMBER ESTIMATES

A condition number estimate of the two-grid preconditioner B defined by (2.20) and (2.21) can
be based on the following assumptions. For the smoother assume that

(3.1) c(v,v) < pA<M_1V,V> < é(v,v)
and
(3.2) lApTv|? < v

PA

where pg = Amax(A) denotes the spectral radius of A and 7 is a non-negative constant. Further let
the operator II defined in (2.21) satisfy

(3.3) V% < enlv]} WevV,
which due to [[IT*II|| = ||TIIT*|| is equivalent to

(34) V|5 <enlvlh vveV,
where

(3.5) I = A7’ 4,

denotes the adjoint operator, i.e.,

(3.6) (i, v)a = (@,I1"v); VaeV,veV.

Then the following theorem holds, see [26].
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Theorem 3.1. Under the assumptions (3.1)—(3.3) the two-grid preconditioner B defined in (2.20)
and (2.21) satisfies

(3.7) )\maX(B_lA) <c+en/T
and

1
3.8 Amin(B71A) > ———
(38) (B2

that is, k(B~YA) < (¢ + e /T)(T + n/c).

Proof. Using (2.20), (3.1), (3.4), and (3.5) it follows that

(3.9) (B Av,v)x = (M "Av,v)4+ 7 {IA T Av,v) 4
- (M_IAV, v)a + 17 YT, T*v) 7

IN

c CII
(v ) + v

< (@+en/TvI,
which proves (3.7).
On the other hand, using (3.6), the Cauchy-Schwarz inequality, (3.2) and (3.1), together with
the identity in (3.9), one obtains
(viv)a = (v— HRTV? via+ (HRTV7 v)A
(AM™"v,v)a + (R"v,II*V)

< JAMTV|AV] + 1BV T 5
N
< Vo YPATE Av, AV 1 vl 5
N N
< (nfe+1)2(B  Av, V)2,
which proves (3.8). O

Remark 3.1. Note that when no smoothing is applied (B = C') the condition number estimate
provided in Theorem 3.1 reduces to kK(B~'A) < cpp = c = ”7TDH2

Now the following theorem can be proven.

Theorem 3.2. Let D be a two-by-two block-diagonal SPD matriz, i.e.,
b [P 2]
0 Do
and
(HEA_ll_[:gu, u) < (A u,u)

for allu € V where ¢ = ||
Then

5%

(3.10) lo<g<s

The lower bound in (3.10) is sharp for
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Proof. Since

~ ~ N, pT N, pT—1
(311) HQD: — DRT(RDRT)—I _ |: DllRl (RlDllRl) 0 :| 7

0 Iy
. 0 .
with u = ( W ) it follows that

(8 mm(2)-(4) 4 (£) @

Moreover, u” A='u = (S~'w, w), and thus Corollary 2.1 implies the estimate (3.10).
In the remainder of the proof let

= _[An 0

b= [ 0 I } '
Then in view of (3.11) and the relations Ay = ngllRlT, Ag = le{lg, and Aoy = zzglR{,

M-A-17 = [ (RAWRT) 'RiAn —(RiAnRT) ' RiAss gl_ll 0
b D i 0 I 0 Q!
% Aflle{(RlAflle{)_l 0 :|
I —AglR{(RlAHR{)_l I
_ [ Ay +A1_11A12Q_111421A1_11 — A AQ™! }
—Q_1A21A1_1 Q!
and hence
T A-11T« — T I —A1_11A12 Al_ll 0 1 0
(3.12) v AT v =v [ 0 7 0 O A AT T v
and
7,1, 1| I —AG A A0 I 0
(3.13) vViAT T v=v [ 0 7 0 g1 A AT T V.
Now, let ¢ = || f)HiI > 1. Then from Corollary 2.1 it follows that
(3.14) V(AT —TIAT I )v >0 YveV
and there exists v € V, v # 0, such that (see (2.13))
v (cA™ T AT )V = 0.
Next, by using (3.12) and (3.13) in (3.14) it can be seen that
T -1
W1 (C — 1)A11 0 Wi > o W1

(315) |: W :| |: 0 CS_l o Q_l W = 0 VW = Wy € V
and further there exists

_ | W

o-[i] e

for which (3.15) holds with equality. Moreover, since Aj; is SPD and (¢S~ — Q') is SPSD,
as (3.10) has already been proven, it follows that w; = 0 and

Wi (ST —Q Wy =0

for a certain vector wg = Vg — A21A1_11\71 # 0. This, however, finally results in Apnax(Q1S) = ¢,
proving the sharpness of the lower bound in (3.10).

The right hand side inequality in (3.10) is also a consequence of the energy minimization property
of the Schur complement, see, e.g., [12, 13, 15]. O
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4. AUXILIARY SPACE MULTIGRID METHOD

Consider the sequence of auxiliary space stiffness matrices gk, k=0,1,...,£—1. In an exact
factorization form they are as follows:
(4.1) (AEN=1 = (LENT D) (k)
where
~ I ~ (g(k))—l
4.2 Lk = oy~ D) — 11
- o 1) o

and the index k refers to a particular level of mesh refinement. The matrix Q*) is associated with
the stiffness matrix on the next coarser level, i.e.

(4.3) AR = QW)

At any given level k < /, the algebraic multilevel iteration (AMLI)-cycle auxiliary space multigrid
(ASMG) preconditioner B (k) approximates A® ™ and is defined as follows:

(4.4) B® .= %™ 4 (1 — p®T AW (LENT DO LR T (1 ARy,
where
Ak —1
(k) A
(15) o | DT ]
and
(4.6) BYW .= B = 40~

For k < £ —1, in the linear AMLI-cycle B,Skﬂ) is a polynomial approximation of the inverse of
the coarse-level matrix AW+ = Q) je.,
BV = (71— p(k)(B(k+1)_1A(k+1)))A(k+1)_1
q(k)(B(k+1)_IA(k+1)))B(k+1)_17

where p(k)(t) is a scaled and shifted Chebyshev polynomial of degree v, and

_1-p®) 1

pPPOo)y=1,  ¢P): - -

Y

~~

see, e.g., [4, 16].

In case of the nonlinear AMLI-cycle multigrid method the action of BYT = B,Skﬂ)[-] on a
vector defines a nonlinear mapping which is realized by v iterations of a Krylov subspace (here
a generalized conjugate gradient) method, thereby utilizing the preconditioner B+ from the
coarse level. The resulting nonlinear AMLI-cycle is therefore sometimes referred to as a K-cycle,
cf. [20]. The convergence analysis of the multiplicative nonlinear AMLI method has first been
presented in [11]. A description in the multigrid framework and comparative analysis can be
found in [10, 20, 25]. The numerical results presented in Section 6 were obtained on the basis of
implementing Algorithms 4.1 and 4.2.

Given a nonlinear preconditioner B®) [-], the action of v steps of the preconditioned generalized
conjugate gradient (GCG) preconditioner Bg%G7V['] at level k on a vector d € V¥ is defined as
follows, cf. [10].
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Algorithm 4.1. Generalized conjugate gradient (GCG) preconditioner: Definition of Bgée,u[d]

Step 1: U) = 0, ') = d, Po) = E(k) [I’(O)]

_ _ (r©0),pw) _ B .
@0 = % u) = aop), () = r) — ad®p,

Step 2: Fori=1,2,...,v—1
Bij = (B®[r(;)], A®p;))

~<1;(j)vA(k)P(j>> -
P = BW[re)] — Y520 Bipg)
(P(iy, AB)p(yy)

r(isn) = 1) — aApg)

Step 3: Bg%GW[d] =gy

i =

Finally, let
BO[] = (A9)~!

and define the action B [d] of the nonlinear AMLI-cycle auxiliary space multigrid (ASMG) pre-
conditioner B [1: V®) V) at level k < £ on a vector d € V*) via the following algorithm.

Algorithm 4.2. Nonlinear AMLI-cycle ASMG preconditioner: Definition of B,Sk) [d]

Pre-smoothing: u=M®""q
A
a \ _ ~ _ 7T k
< & ) =G =1L, (d - APu)
_ ~(k)\—1 ~
P1 = (A§1)) 'an _
Auziliary space correction: p2 = ngé!(}:ig — :4%);31)]
i =DP1— (Agl))_1A§2)f’2
92 = P2
Post-smoothing: B [d] :==v+ M(k)_T(d — Ak)y)
At a given level k the nonlinear AMLI-cycle ASMG method employs the GCG method with the
particular preconditioner B[] := B,(,k+1)[-] at the coarse level k + 1.

Remark 4.1. For the exact two-level method the auziliary space correction step (at level 0) updates
the approximation u according to

u<u-+ Hf)(o) (E(O))_IHTE(O) (d — A(O)u)

5. ESTIMATION OF |7 50) %)

In order to estimate ||7T[~)H% it suffices to find an upper bound A for the maximum eigenvalue
Amax Of
W%gﬂ'ﬁf/ = AV
Then A > A\pnax implies Hﬂ'ﬁ”% <A.
Since
A=>"RLAcR
Geg



12 JOHANNES KRAUS, MARIA LYMBERY, AND SVETOZAR MARGENOV

for a certain set of restriction matrices {ﬁg} local estimates can be derived by computing the
maximum eigenvalues Ag max of the low-rank generalized eigenvalue problems

(5.1) TERGAGRaTEv = A\gAv, VG €,

which results in

(52) )\max < I(I;lgé( )\G,max Neolor = A,

where neglor is the coloring constant for the adjacency graph of subdomains; two subdomains are
adjacent if and only if they share at least one degree of freedom.

As the auxiliary matrix A is symmetric and positive definite the generalized eigenvalue problems
(5.1) can be equivalently written as

~ ~ 1 1o
(5.3) A72nL REAZAZRGmpA™3% = MgV, YG €6

Finding the non-zero eigenvalues of (5.3) however is equivalent to finding the eigenvalues of the
small-sized eigenvalue problems

1 ~ ~ 1
(5.4) AGRemp AT\ nERGAGVG = A\gva, VG EG.

The primary remaining difficulty is the efficient inversion of the auxiliary matrix A. A cost-
efficient upper bound can be computed based on the following multilevel procedure.
Consider equation (5.4) for a fixed level kg € {0,...,¢ — 1}, i.e.,

1 1
2 D A(ko)\—1_T nT 2 k k
(5:5) Al Rt T puwe) (A" 1T ) Ry Adag Vato = Mgt Vo, YGH) € G,

where 75, is the projection operator for level ko and G*0) are the related subdomains.
In order to estimate the largest eigenvalue of (5.5) the auxiliary matrix (A®*0))~1 can be replaced
by a ”larger” matrix (B*0))~1 i.e.
LT Ak)G > T pko)g, v eV,

thus considering the eigenvalue problems

1 1

2 p Sko—1.T pT 3 k k
(5:6)  Aduwo Bato im0 (B 560 Ring Al Vot = gt Ve, YGH) € gH).
Then, given the exact factorization (4.1)~(4.3) of the auxiliary matrix A*0) j.e.

(5.7) (Ao}~ — (FtkolyT (Al | @,

Alko+1)~
the left hand side inequality in (2.12) implies that the following estimate holds on all levels
(5.8) vi(AWY~ly < VTHB(k) (g(k))_lﬂg(k)v, VweV, k=0,...,0

Therefore the matrix

(E(kg))—l — (z(ko))T (ﬁﬁO))—l _ (E(ko))
Hf)(k0+1)(A(k0+l))_1HT5(ko+1)
~(ko)\—
5.9) = @y [! J| o, ]
Hf)(k0+1) (g(ko—l—l))—l Hﬁ(koﬂ)

can be used in (5.6). Note that the matrix in the middle of the right hand side of (5.9) is of greater
dimension than the auxiliary matrix at level kg.

Moreover, if (5.8) is further applied recursively in (5.9) for k = kg + 1,...,¢ — 1, the following
multilevel estimate is obtained.
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Let

ywT Z |1 2w = [ 1 k= kot Lkot2,... 1, YO =, zk) = o)

— I~ ) — L(k) ) — R0 yRo+2, ..., ) — 4, — )

D(k)
and
(ko) —
@t
(A7)t

x (ko) —
(A9~
Then the matrix to be used in (5.6) can be also defined as

k=ko

Remark 5.1. Note that the computation of (E(ko))_1 requires the inversion of block-diagonal ma-
trices with a small, uniformly bounded, semi-bandwidth and a small-sized coarse grid matriz only.
Hence solving the eigenvalue problems (5.6) is computationally much cheaper than solving the prob-
lems (5.5).

A numerical example comparing the estimates (5.2),

(511) Smax < G({)I)laé((o) SG( 0) max Tcolor =* =,
and |7 50 (1%, 5 1s presented in the following section.

6. NUMERICAL TESTS

The presented numerical tests refer to the second-order elliptic boundary-value problem

(6.1a) V- (k(x)Vu(z)) = f(x) in 9,

(6.1b) u = 0 on T

where the polygonal domain € is defined in IR?, f is a function in Lo(2) and
k(x) = a(x)I.

Note that the imposed Dirichlet boundary conditions upon the entire boundary are not a restric-
tion as for other boundary conditions the numerical results are quite similar.

The considered covering of the domain, (2.1), consists of subdomains composed of 8 x 8 elements
(Examples 6.1- 6.2), see Fig. 6.1, or 4 x 4 elements (Example 6.3) that overlap with half of their
width or height.

In order to discretize (6.1) continuous piecewise bilinear functions have been used resulting in
the linear system of algebraic equations

(6.2) Au=f.

The considered mesh is uniform and consists of NxN elements (squares) where N = 2042 e,
N =8,...,512.
The right hand side vector of (6.2) has been chosen to be the vector of all zeros and the outer
generalized conjugate gradient (GCG) iteration has been initialized with a random vector.
Subject to numerical testing are four representative cases of problems characterized by a highly
varying diffusion coefficient «, namely:
[a] A random diffusion coefficient o = 10Prand, p...q0 € {0,1,2,...,q}, i.e. Qmax/Omin = 107
where a, is constant on the given element e;
[b] Alternating layers of high (aax) and low (1) permeability;
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[c] Islands of high permeability am,ax = 107 against a background as in [a], see Fig 6.2;
[d] Islands of high permeability amax = 107 against a background as in [b], see Fig 6.3.

Note that the test cases [b] and [d] in the present setting of full coarsening result in highly anisotropic
coarse grid problems and thus add an additional difficulty for robust preconditioning to the one

introduced by the high-frequency high-contrast coefficient.

b—T—O—l

BB

ane

FIGURE 6.1. Two subdomains composed of 8 x 8 elements each overlapping with

half of their width.

(a) Fine mesh 64 x 64 nodes

(b) Fine mesh 256 x 256 nodes

FIGURE 6.2. Islands of high permeability am,.x = 107 against a background as in [a]

(a) Fine mesh 64 x 64 nodes

(b) Fine mesh 256 x 256 nodes

FIGURE 6.3. Islands of high permeability am,.x = 107 against background as in [b]
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Two variants of the surjective mapping Il as defined in (2.5) are tested numerically:

[1] D = diag(A). Note that this choice of D leads to a cheap computation of II5 as the
matrix RDRT to be inverted becomes diagonal;

[I1] D= blockdiag(g), where the blocks are chosen in accordance to the groups of fine DOF
associated with different macro structures; in rows corresponding to coarse DOF D =
diag(A). The efficient computation of (RDRT)~! then requires a uniform preconditioner.
A possible choice is the one-level additive Schwarz preconditioner RD-RT.

Example 6.1 (Auziliary space two-grid method). The first set of numerical tests, presented in
Tables 6.1-6.2, shows the performance of the auziliary space two-grid method as described and
analyzed in Sections 2-3 for the test cases [c] and [d] and Il as in [I]. The size of the coarse and
the fine grid respectively have been denoted by h and H where H = 2h and h takes values from the
set {1/16,1/32,1/64,1/128,1/256}. In order to fully confirm the robustness of the auziliary space
preconditioner no additional smoothing has been performed.

2-Level Method: H = 2h (case [c][I])

qh 1/16  1/32 1/64 1/128 1/256
0 9 9 9 9 9
1| 10 10 10 10 10
2 | 10 10 10 10 10
3010 11 11 11 11
4010 11 11 11 11
5 10 11 11 11 11
6 | 10 11 11 11 11

TABLE 6.1. Number of iterations for residual reduction by 10°

2-Level Method: H = 2h (case [d][I])

qh 1/16 1/32 1/64 1/128 1/256
0 9 9 9 9 9
1| 9 10 9 9 9
2 | 9 10 10 9 9
30110 10 10 9 9
41 10 10 10 9 9
51 9 10 10 9 9
6 | 10 10 10 9 9

TABLE 6.2. Number of iterations for residual reduction by 10°

Example 6.2 (Nonlinear AMLI-cycle ASMG method). The second set of numerical tests illus-
trates the performance of the nonlinear algebraic multilevel iteration (AMLI)-cycle auziliary space
multigrid (ASMG) method based on the recursive application of an auziliary space preconditioner
and a point Gauss-Seidel smoother for different test cases and mapping operators. The coarsest
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level is ¢ = 1 which corresponds to a uniform mesh with 272 x 2142 = 64 elements and 81 coarse
grid nodes.

The finest mesh is obtained by performing £ — 1 = 1,...,6 steps of uniform mesh refinement.
For ¢ =T the finest mesh is composed of 512x512 bilinear elements with (512+1)x(51241) nodes.
The (-level V-cycle, W-cycle and 3-fold V-cycle methods are tested with different choices of the
parameter m indicating the number of pre- and post- point Gauss-Seidel smoothing steps per one
GCG iteration on each grid (except on the coarsest one where an exact solve is performed). That
1s m = 0 corresponds to the case in which no smoothing is applied.

Tables (6.3)—(6.8) demonstrate the performance of the algorithm with the mapping operator [I]
for the test cases [a] and [c]. As it can be seen for a moderately oscillatory coefficient (¢ < 3)
no additional smoothing is required in order to achieve a uniformly convergent multigrid method.
Further, the application of a point Gauss-Seidel smoother significantly improves the performance
of the algorithm. This finally leads to an optimal order solution process for the nonlinear 3-fold
AMLI V-cycle independently of the magnitude ¢ of the maximum contrast.

Nonlinear AMLI V-cycle (case [a][I])

m=1 m =2 m=3
q€234567234567234567
0 |456 67 84455 6 734456 6
1 |556 6 7 8 445 5 6 74445¢6 6
2 |566 77 84555 6 744556 6
3 |1567 8 88455 66 644556 6
4 |578 899456 6 7 745566 6
51579101013} 457 8 710145 6 7 6 8
6 | 6 7914141856 71010134 5 7 8 810

TABLE 6.3. Number of iterations for residual reduction by 10°

Nonlinear AMLI W-cycle (case [a][l])

m=20 m=1 m=2
q€234567234567234567
0 91010101010 4 5 5 5 5 5|4 4 4 4 4 4
1 /1010101111115 5 5 5 5 5|4 44 444
2 [101111111111{5 56 6 6 6|4 44555
3 (1011111212125 6 6 6 6 64 55 55 5
4 (101112131517 56 6 6 7 71455555
5 1101113192122 5 6 7 8 7 8 455656
6 (1011142132406 6 71012115 5 6 7 7 8

TABLE 6.4. Number of iterations for residual reduction by 10°

Table 6.9 presents a comparison between variant [I] and variant [II] of the ¢-level W-cycle with
2 pre- and post- smoothing steps for the test case [b].

The obtained numerical results clearly demonstrate how crucial the choice of D in (2.5) and
respectively of the surjective mapping Il5 is. As it can be observed, for variant [I] the high-
contrast deteriorates the performance of the method. In some cases the multilevel algorithm does
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Nonlinear AMLI 3-fold V-cycle (case [a][I])

m=20 m=1 m =2
q£234567234567234567
0 91010101010| 4 5 5 5 5 5| 4 44 4 4 4
1 |/101010101010| 5 5 5 5 5 5|4 44 4 4 4
2 1010111111111 556 6 6 6{4 45555
3 1011111111111 56 6 6 6 6{ 455555
4 (1011111212135 6 6 6 7 7,455 555
5 1101112151716 5 6 7 7 7 7145555 5
6 (1011121527281 6 6 7 7 8 8 555 6 6 6

TABLE 6.5. Number of iterations for residual reduction by 10°

Nonlinear AMLI V-cycle (case [c][I])

m=1 m =2 m=3
q€234567234567234567
0 |456 67 844556 7, 34456 6
1 |556 6 7 8 44556 7,4445¢6 7
2 |556 77 845556 744456 6
3 |1566 778 45666 744556 6
4 1567 8 8945567744556 6
51567 910124577710, 44666 8
6 | 6 7812121755 7 8 91214 46 7 7 10

TABLE 6.6. Number of iterations for residual reduction by 10°

Nonlinear AMLI W-cycle (case [c][I])

q€234567234567234567
0 910101010101 4 5 55 5 5|44 4 4 44
1 |1010101011 11|15 5 5 5 5 5444444
2 101111111111} 55 56 6 6|4 44455
3 |1011 111112125 6 6 6 6 64 5 5 5 5 5
4 1101111121515 5 6 6 6 6 6|4 5 5 5 5 5
5 (1011131921225 6 6 6 7 84555 56
6 (1012142433466 6 6 81010| 5 5 5 5 6 8

TABLE 6.7. Number of iterations for residual reduction by 10°

not reach the prescribed accuracy within 250 iterations (denoted by * in Table 6.9). At the same
time the proposed ASMG algorithm with variant [II] shows a completely robust behavior.

In Tables 6.10-6.11 the ¢-level V-cycle and W-cycle methods are tested for the case [d] with a
mapping operator variant [II] with different choices of the parameter m .

The numerical results in (6.11) show the robustness of the W-cycle.



18 JOHANNES KRAUS, MARIA LYMBERY, AND SVETOZAR MARGENOV

Nonlinear AMLI 3-fold V-cycle (case [c][1])

m=20 m=1 m =2
q£234567234567234567
0 91010101010| 4 5 5 5 5 5| 4 44 4 4 4
1 |/101010101010| 5 5 5 5 5 5|4 44 4 4 4
2 /101010111111 5556 6 6|4 44455
3 1011111111111 56 6 6 6 6{ 455555
4 (1011111111125 6 6 6 6 6|45 5 555
5 1101112141717 56 6 6 7 704555 5 6
6 (101112172436 6 6 6 7 8 8 5555 5 6

TABLE 6.8. Number of iterations for residual reduction by 10°

Nonlinear AMLI V-cycle, m = 2 (case [b])

1 i)
q€234567234567
0 4 4 4 4 4 4|14 44444
1 4 4 4 4 4 4|14 44444
2 4 4 4 4 4 4|14 44444
3 4 5 6 7 7 7444555
4 4 9 14 19 21 20| 4 4 4 4 4 5
5 4 20 54109 * *| 4 4 4 4 4 4
6 4 25 51114 * *| 4 4 4 4 4 4

TABLE 6.9. Number of iterations for residual reduction by 10°

Nonlinear AMLI V-cycle (case [d][II])

m=1 m =2 m =3
qE 23456 723456 7234567
0 |455 6 8 84455 5 73445 66
1 1556 7 884455 7 7344567
2 |557 8101004467 81013456 79
3 |568101112(4 5 7 8101113 4 6 8 910
4 156810121414 5 7 911113 4 7 91011
5 | 56810121514 5 7 911133 4 7 91113
6 |56 810121514 5 7 911133 4 7 91113

TABLE 6.10. Number of iterations for residual reduction by 10°

). Finally an example demonstrating the accuracy
2

Alkg)
q = 4, fived level kg = 0 and mapping operator 15 as defined according to [I] and [II].* The fine

Example 6.3 (Recursive estimate of || 5k, H%(ko)

of the proposed multilevel technique for estimating |7z || is provided for test case [a] with

*Mathematica(© has been used in the presented computations.
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~—

Nonlinear AMLI W-cycle (case [d][II]
1

m=20 m = m=2
q£234567234567234567
019999 9 9555555444444
1 91010101010 5 5 5 5 5 5|4 4 4 4 4 4
2 91010101010 5 5 5 5 5 5|4 4 4 4 4 4
3 91010101010 5 55 5 6 6|4 44455
4 91010101111 555 5 6 6444555
5 91010101111 555 6 6 6|4 44555
6 91010101111 55 5 6 6 6|4 44555

TABLE 6.11. Number of iterations for residual reduction by 10°

mesh in this example consists of 16 x 16 elements and 49 overlapping subdomains. One recursive
step in (5.10) has been performed.

On Fig. 6.4 and Fig. 6.5 the sparsity patterns of the original and of the auxiliary matrices at
different levels are shown.

(a) Original matrix (b) Auxiliary matrix
FIGURE 6.4. Sparsity pattern of the fine grid matrices

The coloring constant in this example is n¢o1or = 9. In order to obtain a tight upper bound for the
maximum eigenvalue in (5.5) and (5.6) one can assume that the subdomains touching the boundary
further overlap with degenerated subdomains of smaller size. Note that in this case n¢or does not
change. Further, it is sufficient to solve (5.5) and (5.6) only for the non-degenerated subdomains,
i.e., the number of local eigenvalue problems does not increase.

On Fig. 6.6 the maximum eigenvalues of (5.5) and (5.6) are depicted for the two variants [I] and
[IT] of projection operators for which it is found that

1 o (1] _
%12%( )\Gmax = 0.515764, Iélgé(fc;mwx = 0.590758,

max A\l — 0450956,  maxel! = 0.464827,
Geg Geg
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The computed norms of the projections are

(7] 2 _ (1] 2 _
17 50 500y = 2189339051486, 17 5 5000y = 1:9827749765716.

Evaluating the respective estimates gives
A = 464184,  AUT = 4.058604,
=l = 5.316822, =) = 4183443,

where Zl/l and E/) correspond to (5.6) whereas AUl and AU are for (5.5), see also (5.2).

7. CONCLUSIONS

A new multigrid method employing an auxiliary space and an additive Schur complement approx-
imation (ASCA) has been introduced. The presented condition number estimate for the two-grid
preconditioner implies robust convergence of the related two-grid method. Also established has
been the spectral equivalence between the ASCA and the exact Schur complement. The upper
bound in this relation is sharp. The lower bound is given in terms of the energy norm of the elliptic

817\ L L L L
1 0 ) 60 81

(a) Original matrix (b) Auxiliary matrix

FIGURE 6.5. Sparsity pattern of the coarser grid matrices

0.60 0.60
055 - 055 -

050 050 -

-

045 - 045 -

-
<o

040 [ 040 [

0.35 [~ 035

030 [ 030 [

10 20 30 40 50 10 20 30 40 50

(a) Variant [I]. (b) Variant [II].

FIGURE 6.6. Distribution of the maximum eigenvalues of (5.6) (thick line) and
of (5.5) (dashed line).
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projection associated with an SPD block diagonal matrix D. Further, for a particular choice of D
also the lower bound has shown to be sharp. Its efficient computation has been addressed and a
particular multilevel algorithm has been proposed for this purpose.

A main contribution of this work is the definition and formulation of an algebraic multilevel itera-
tion (AMLI)-cycle auxiliary space multigrid (ASMG) method which differs from classical multigrid
methods in replacing coarse grid correction by auxiliary space correction. A representative collec-
tion of numerical tests has been presented. The obtained numerical results not only demonstrate
the efficiency of the proposed algorithm but also reveal possibilities for further development, e.g.,
incorporating different smoothers and transfer mappings or shifting the focus to different problem
classes.

Although not in the scope of this study, it should be mentioned that the proposed auxiliary space
multigrid method is suitable for implementation on parallel computer architectures.
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the Bulgarian Science Fund, Grant DCVP 02/01, and the Project AComIn, Grant 316087, funded
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