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Abstract

The notion of the Drazin inverse of an even-order tensor with the Einstein product was
introduced, very recently [J. Ji and Y. Wei. Comput. Math. Appl., 75(9), (2018), pp. 3402-
3413]. In this article, we further elaborate this theory by producing a few characterizations
of the Drazin inverse and the W-weighted Drazin inverse of tensors. In addition to these, we
compute the Drazin inverse of tensors using different types of generalized inverses and full
rank decomposition of tensors. We also address the solution to the multilinear systems using
the Drazin inverse and iterative (higher order Gauss-Seidel) method of tensors. Besides this,
the convergence analysis of the iterative technique is also investigated within the framework
of the Einstein product.

Keywords: Einstein product, Tensor inversion, Drazin inverse, W-weighted Drazin
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1. Introduction

The Drazin inverse plays an important role in various applications in singular differential
[17] and difference equations [22], Markov chains [6, 22], investigation of Cesaro-Neumann
iterations [9], Cryptography [14], and iterative methods [24, 130]. Specifically, the Drazin
inverse extensively used to solve the system of linear equations, where the iterative schemes
lead from matrix splitting. However, many interesting physical systems are required to store
huge volumes of multidimensional data, and in recognition of potential modeling accuracy,
matrix representation of data analysis is not enough to represent all the information. Ten-
sors are natural multidimensional generalizations of matrices, which efficiently solve these
problems. In this context, Ji and Wei [11] introduced the Drazin inverse of an even-order
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tensor through the core-nilpotent decomposition to solve singular tensor equations. It will
be more applicable if we study the characterization of the Drazin inverse of tensors, and
hence this inverse of tensors will open different paths in the above areas.

On the other hand, the concept of tensor-structured numerical methods have opened
new perspectives for solving multilinear systems, recently. Many computational and theo-
retical problems require different types of generalized inverses when a tensor is singular or
arbitrary order. The authors of [5] discussed the representations and properties of the ordi-
nary tensor inverse and introduced tensor-based iterative methods to solve high-dimensional
Poisson problems in the multilinear system framework. This interpretation is extended to
the Moore-Penrose inverse of tensors in |3, [17] and discussed the solution of multilinear
systems and tensor nearness problem associated with tensor equations. Using such theory
of Einstein product, Liang et al. [19] investigated necessary and sufficient conditions for
the invertibility of tensors, and proposed the LU and the Schur decompositions of a tensor.
Further, Stanimirovic et al. [28] introduced some basic properties of the range and null
space of tensors, and the adequate definition of the tensor rank (i.e., reshaping rank). In
view of reshape rank, Behera et al. [2] discussed full rank decomposition of tensors via
Einstein product. The vast work on the generalized inverse of tensors [3, [10, [12, 28, 129]
and its applications to the solution of multilinear systems [5, [11], motivate us to study the
characterizations of the Drazin inverse, W-weighted Drazin inverse and iterative technique
in the framework of tensors.

In this paper, we further study the Drazin inverse of tensors. This study can lead to
the enhancement of the computation of the Drazin inverse of tensors along with solutions
of multilinear structure in multidimensional systems. In this regard, we discuss different
characterizations of the Drazin inverse and W-weighted Drazin inverse of tensors. In addition
to these, some new methods for computing the Drazin inverse of a tensor is proposed.
Since the reduction of spatial dimensions and the generalized inverse of tensors needs to
solve tensor-based partial differential equations, here we concentrate on the tensor iterative
method (higher order Gauss-Seidel) and its convergence analysis using the theory of Einstein
product.

1.1. Organization of the paper

The rest of the paper is organized as follows. In Section 2, we discuss some notations and
definitions, which are the necessary ingredient for proving the main results in Sections 3-5.
Several characterizations of the Drazin inverse are discussed in Section 3. Besides these, we
have computed the Drazin inverse of tensors with the help of other generalized inverses. The
notion of W-weighted Drazin inverse and a few properties of this inverse are introduced in
Section 4. Then taking advantage of the Drazin inverse of tensors, we discuss the solution
of multilinear systems in Section 5. In addition to these, the convergence analysis of the
iterative technique is also investigated within the framework of the Einstein product. In
Section 6, we conclude this paper with some remarks.



2. Preliminaries

2.1. Some notations and definitions

For convenience, we first briefly explain some of the terminologies which will be used here
onwards. Let RJIXJ?X“'XJN((CJlXJ?X'“XJN) be the set of order N and dimension J; X Jy X
--x Jy tensors over the real (complex) field R(C), where Jy, Jo, - - - , Jy are positive integers.
An order N tensor is denoted as A = (aj, j,... jy). Note that throughout the paper, tensors
are represented in calligraphic letters like A, and the notation (A)j, jo. jn = Qjrjorin
represents the scalars. We use some additional notations to simplify our representation,

j(N):{]h]Qa7]N|1§]k§Jk7k:17277N}7 and J(N):J1XJ2X"'XJN-

Further, we denote J(N) = {J;, Jo, -+, Jy}. Let the tensor A € ClxIvx-xInxJixJaxxJx
In connection with these notations, the tensor A = (i, i, in i1 iy N<in<Ip1<ji<Js k =
1,2,---,N and [ = 1,2,--- N, is denoted by A = (ajn)jn))- The Einstein product
[8] AxyB € CHVIXIWN) of tensors A € CIVIXKWN) and B € CRWV)XIWN) g defined by the
operation via *p

(AxnB)iwv)jv) = Z Qi inkr ke Ok ki = Zai(N),k(N)bk(N),j(N)
Ei..kn k(N)

In particular, if B € CK™)_ then AxyB € C'™) and

(A*NB)i(N) = Z Ai(N)k bk

k(N)

The Einstein product is used in the study of the theory of relativity [§] and in the area of
continuum mechanics ([13]). Using such theory of Einstein product, the range space and
null space of a tensor A € CHM)>*IWN) wwas introduced in [11, 28], as follows.

RA) = {Asy X0 X € RTMY and N(A) = {X : AsyX = 0 e R}

where the tensor O denotes the zero tensor, i.e., all the entries are zero. As a consequence
of the definition of the range space and null space of a tensor, it is clear that N'(A) is a
subspace of CT™) and 9R(A) is a subspace of CI*). The relation of range space and some
properties of range and null spaces are discussed in [11, 128]. Here, we collect some known
results which will be used in this paper.

Lemma 2.1 (Lemma 2.2, [28]). Let A € RIM>XIWN) - B ¢ RIM)XEKL)  Then R(B) C R(A)
if and only if there exists U € RINI*KWL) sych that B = AxnU.

Adopting the definition of range space and null space, Ji and Wei [11] discussed the index
of a tensor, as follows.

Definition 2.2. [11] Let A € CIN)XIWN) " and k be the smallest nonnegative integer such
that, R(A*) = R(A**1). Then k is called the index of A and denoted by ind(A).
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We now move to the definition of the Drazin inverse of a tensor, which was studied in
Theorem 3.3 [11] in the context of range space of a tensor, as follows.

Definition 2.3. Let A € CINXIWN) pe g tensor with ind(A) = k. The tensor X € CIN)*I(N)
satisfying the following three tensor equations:

(1) AkJrl*NX = Ak,
(3) AsnX = Xy A,

is called the Drazin inverse of A, and is denoted by AP. Specifically, when k = 1, AP is
called the group inverse of A and denoted by A*.

At the same time, the authors of [11] discussed the existence of the Drazin inverse of a
tensor. In view of this, we have the following result for the uniqueness of the Drazin inverse
of a tensor.

Theorem 2.4. Let A € CIN)XIWN) pe ¢ tensor with ind(A) = k, then the Drazin inverse
AP is unique.

Proof. Suppose X and Y are two Drazin inverses of A. Now
X = Xy Asny X = Xy Asn Xy Axy X = Xy Xy Asn Axy X = X2y A% 0 X. (2.1)
Repeating k times the Eq. (2.1)), we obtain

XY — XkJrl*NAkJrl*NX _ XkJrl*NAk — XkJrl*NAk*Ny*NA
= XMy ARy Yy Asy Yy A = Xy AR Ty Y2y A
= ALy AT V2 n A = Axy Xy Vv Asn)

APk Xy Y? = APk Xy Yy ).

Now substituting ) as VxyAxy) and repeating it k — 2 times, one can obtain X = ). O

In connection with range space and null space, Ji and Wei [11] discussed the characteri-
zation of the Drazin inverse of tensors, as follows.

Theorem 2.5 (Theorem 3.4, [11]). Let A € CIM>IWN) gnd ind(A) = k. Then for | > k,
the following holds
(a) R(AP) = R(AF) and N(AP) = N (A*),
(b) R(AxnAP) = R(AY), N (AsxyAP) = N (A¥), R(I — AxnyAP) = N(A¥) and N (I —
Axy AP) = R(AF).

Theorem 2.6 (Theorem 3.2, [11]). Let A € RIVXIN) " [find(A) = k, then R(A') = R(AF)
and N (AY) = N (A) for any positive integer | > k.
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We next present the definition of the diagonal tensor which was introduced earlier in
[5, 29].
Definition 2.7 (Diagonal tensor, Definition 3.12, [A]). A tensor D = (dj) jn)) € RIV)IN)
is called a diagonal tensor if all its entries are zero except for dip). in)-

The definition of an upper off-diagonal tensor and lower off-diagonal tensor are defined
under the influence of Definition 3.12, [29], as follows.

Definition 2.8 (Upper off-diagonal tensor). A tensor U = (uiny o)) € RIVIN) 45 called
an upper off-diagonal tensor if all entries below the main diagonal are zero, i.e., Uiy n)jn) =
0 for jx < ix, where k =1,2,---N.
Definition 2.9 (Lower off-diagonal tensor). A tensor £ = (Liny jvy) € RIMXIN) s called
a lower off-diagonal tensor if all entries above the main diagonal are zero, i.e., liyn)jn) =
0 for iy < jg, where k =1,2,---N.

Using the notation of diagonal tensor we define diagonal dominant tensor, as follow.

Definition 2.10 (Diagonally dominant tensor). A tensor A = (aiyn)jn)) € RIVIN) g
called diagonally dominant if

@il = Y laigol- (2.2)
J(N)Fi(N)
I(N)
We recall the definition of an eigenvalue of a tensor as below.

Definition 2.11 (Eigenvalue of a tensor, Definition 2.3, [17]). Let A € CIN>*IWN) A complex
number A € C is called an eigenvalue of A if there exist some nonzero tensor X € CIN)

such that AxyX = \X.

The nonzero tensor X is called eigen vector of A and we define the spectral radius p(.A)
of A, be the largest absolute value of the eigenvalues of A. As a consequence of the definition
of eigenvalue, the following lemma easily holds.

Lemma 2.12. Let A € CINXIWN) If X is an eigenvalue of A, then for m € N, \™ is an
eigenvalue of A™.

Let A = (asn)jv)) € CINXIN) - Then we have klim A* = lim [(Ak)i(N)J(N)} . In view
—00

k—o0
of this fact, we next present the definition of the convergence of a tensor.

Definition 2.13 (Convergent tensor). A tensor A € CIN)XIWN) s cqlled convergent tensor
if A¥ = O as k — 0.

We now introduce the definition of convergence of a power series of tensor, which is a
generalization of the power series in matrices [21].
o

Definition 2.14 (Tensor series convergent). Let A € CIN)XIWN)  The series chAk is
k=0

convergent if Z k(A" vy is convergent for every i(N) and j(N).
k=0
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2.2. Reshape rank and decomposition of a tensor

The reshape operation systematically rearranges the entries of an arbitrary order-tensor into
a matrix [28]. This operation is denoted by rsh, and implemented by means of the standard
Matlab function reshape.

Definition 2.15 (Definition 3.1, [28]). The 1-1 and onto reshape map, rsh, is defined as
rsh : CIM)XIWN) s CIXN gyith

rsh(A) = A = reshape( A, M, N), (2.3)
where A € CIM>IWN) the matriz A € C™N 9 = Hf\il I; and N = vazl J;. Further, the
inverse reshaping is the mapping defined as rsh™ : CY>*M — CIM)*JIWN) yyith,

rsh™(A) = A = reshape(A, Iy, -+, Ing, J1, -, In), (2.4)

where the matriz A € C™% and the tensor A € CIM)*JIIN),
Further, Lemma 3.2 in |28] defined the rank of a tensor A, denoted by rshrank(A), as
rshrank(A) = rank(rsh(A)). (2.5)

Adopting the reshaping operation, Behera et al. [2] defined the Moore-Penrose inverse of
an arbitrary order tensor. Whereas, the authors of |29] was introduced this Moore-Penrose
inverse for even-order tensors, which is recalled next.

Definition 2.16 (Definition 2.2, [29]). Let A € CIN)XIN)  The tensor X € CIN)*IN)
satisfying the following four tensor equations:

is called the Moore-Penrose inverse of A, and is denoted by A'. In particular, if the
tensor X satisfies only first equation, then X is called {1}-inverse of A and denoted by AW).

On the other hand, using reshape rank of a tensor A, Behera et al. [2] discussed full
rank decomposition of a tensor, as stated below.

Theorem 2.17. [Theorem- 2.22 [4]] Let A € CIN>IN)  Then there exist a left invertible
tensor F € CIN)*HE) gnd q right invertible tensor G € CHWR)XIN) gych that

where rshrank(F) = rshrank(G) = rshrank(A) = r = H(R).

In connection with the Moore-Penrose inverse of tensors, the singular value decomposi-
tion (SVD) discussed in Lemma 3.1 [29] for a complex tensor. However, the authors of |5
proved the same result for a real tensor.

Lemma 2.18. (Lemma 3.1, [29]) A tensor A € CIN)*IN) can be decomposed as
A =U * N B X V*,

where U € CINXIWN) gnd Vv e CTWNXIWN) gre unitary tensors, and B € CIN*XIWN) s ¢
tensor such that (B)ywy ) = 0, if iy # ji, where k =1,2,---N.
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3. Results on Drazin inverse of tensors

The Drazin inverse of tensors plays nearly the same role as the standard inverse of an
invertible tensor. General properties of the Drazin inverse of tensors via Einstein product
can be found in [11]. In this section, we further embellish on this theory by producing a few
more characterizations of this inverse. We divided this section into two parts. In the first
part, we obtain several identities involving the Drazin inverse of tensors. The second part
contains the computation of the Drazin inverse of tensors.

3.1. Some identities

It is worth mentioning that Ji and Wei [11] studied the Drazin inverse of tensors, which
motivates us to investigate further on the theory of the Drazin inverse of tensors. We find
some interesting identities. Some of these are used in the next sections. The very first result
of this section will numerously use in other consequential identities.

Lemma 3.1. Let A € CIWNXIN) pe o tensor with ind(A) = k. Then APxy(AP)P =
APxny A = (AP)Px AP for every positive integer p.

Proof.

(.

Vv Vv
p times p times

= Axy---xyA *N(-AD*NA*NAD)*N AD*N s *N-AD
H—/ (. v

v~

(p—1) times (p—2) times
D D
= A*N---*NA*NA *N.-.*NA
TV - A TV -
(p—1) times (p—1) times

= Asy AP = APxy A
U
Using the method as in the proof of the above Lemmal[3.T], one can show the next theorem.

Theorem 3.2. Let A € CINXIN) be g tensor with ind(A) = k. Then the following holds
(a) (A")P = (A7),
(b) If 1 >m > 0, then (AP)=™ = A™xy(AP),
(c) If m >0 and (I —m) >k, then (A)"™™ = Abxyn(AP)™.

Recall that a tensor A € CIV)XIN) ig called nilpotent if A*¥ = @, where @ € CHM)*IN)
is the zero tensor. It is trivial that, the nilpotent tensors are always singular. The next
result presents the existence of the Drazin inverse of nilpotent tensors.

Corollary 3.3. Let A € CINXIIN) pe g nilpotent tensor with index k. Then AP = O.
7



The power of the Drazin inverse and the Drazin inverse of power tensors can be switched
without changing the result. Which is discussed in the following theorem.

Theorem 3.4. Let A € CINXIWN) gnd ind(A) = k. Then for 1 € N, the following holds
(a) (AP = (AP)!,
(b) (AP)# = A%y AP,
(c) ((AP)P)P = AP,
Proof. (a) Let the tensor X = (AP)!. Tt is enough to show X is the Drazin inverse of A'.
Now

(Al)kJrl*NX = (Al)k*NAl*N<AD>l = (Al)k*NA*NAD (31)
— (Ak)l—l*NAk*NA*NAD — (Ak)l—l*NAk — (.Ak)l — (Al)k,
further,
X*NAZ*NX = (AD)Z*NAZ*N(AD)Z = (AD)I*N.A*N.AD (32)
— (.AD)FI*NAD*NA*N.AD — (AD)lil*NAD - X
and
(AD)I*NAl = AD*NA = A*NAD = Al*N<AD)l. (33)

From (3.1, (3.2) and (33)), we conclude X is the Drazin inverse of A'. Hence (A)P = (AP).
(b) Let X = A%xyAP. By Definition 2.3, we have
AD*NX*N.AD = AD*N.AQ*N.AD*N.AD = AD*N.A*N.AD = AD,
further,
XxyAPxn X = A%y APxnyAPxy A%y AP = Asxy AP sy Axy AP 5y Ax y AP 5y A
= .A*NAD*NA = .A2*N.AD = X,

and
.AD*NX = .AD*N.Az*N.AD = A*N.AD*N.A*NAD = .A2*N.AD*N.AD = X*N.AD.

Thus (AP)# = A%y AP
(¢) Consider ) = AP. Now applying the Definition of the Drazin inverse, we obtain
((AD)D)kJrl*Ny — ((AD)D)k*N<AD>D*NAD — ((.AD)D)kil*N(AD)D*N.AD*N(.AD)D

= ((A7)P)F b (AP)P = ((AP)P),

and y*N<AD>D*Ny — AD*N(AD)D*NAD — AD*NAD*NA*NAD*N(AD>D
—_ A*N(.AD)S*N(.AD)D — .= Ak—l*N(AD)k—f—l*N(AD)D
— Ak—l*N(AD)k — Ak—l*N(AD)k—l*NAD

= .A*N.AD*NAD = y

Further, we have (A”)Pxy AP = APxyn(AP)P. Hence Y is the Drazin inverse of (AP)P. O
8



Corollary 3.5. Let A € CIN)XIN) pe q tensor with ind(A) = k. Then the following holds
(a) (A)* = (AP)! for 1 > k,
(b) APxn(AP) = AxyAP.

Remark 3.6. Like the well-known property of the Moore Penrose inverse, i.e., (AT = A
(see Proposition 3.3, [29]), it is worth pointing out that the Drazin inverse is not following
the property, i.e., (APYP # A, as shown below with an example.

Example 3.7. Consider a tensor A= (aju) € RZ3%2X3 ith entries

0 1 1 0 01 000
Q3511 = 11 1/ Ai512 = 01 1) 513 = 00 1)/’

011 0 01 0 00
Q521 = 01 1)’ Q4522 = 00 1)° Q4523 = 00 0/

Then one can easily verify (AP)P # A, however AP = O = (AP)P = ((AP)P)P ¢ R?*3x253,

At this point one may be interested to know, when does the above equality property
(Remark [3.6]) hold ? The answer to this query is discussed in the next theorem.

Theorem 3.8. Let A € CINXIWN) - Then (AP)P = A if and only if ind(A) = 1.

Proof. Let A be of index 1. Now (AP)* sy A = (AP 1k y AP 5y Axy AP = (AP)F. Since
A is of index 1 so AxyAPxyA = AxyATxyA = A and Axy AP = APxyA. Conversely,
let (AP)P = A. By definition of the Drazin inverse, AxyAPxyA = A. This implies
A = A%nAP. So by Lemma 2.1 R(A) C R(A?). It is obvious that R(A%) C R(A). Thus
R(A?) = R(A). Hence A is of index 1. O

Thus, the special case of the Drazin inverse (index k = 1) gives necessary and sufficient
conditions for the equality.

Remark 3.9. The Theorem[3.]] (a) is not true if we use two different tensor A and B, i.e.,
(AsxyB)P # APxyBP, where A, B € CIWNV)*XIN) gnd A #£ B.

Example 3.10. Consider the tensor A = (aijm) € R2%3x2%3 defined in Example B and
a tensor B = (bijw) € R¥3*2X3 with entries

000 1 00 110
bijin = 000/ bijiz2 = 100/ bijis = 11 0)°
1 00 110 1 11
Then AP = BP = O = APxyBP € RZ3*23 gnd (A xy B)P = (wyu) € RPS*23 with
entries
000 1 2 0 0 0 2
Tiji1 = 00 0/ Tij12 = 1 -1 o) Lij13 = 0 —1 —1)°

0 -1 0 0 -1 -1 00 -1
Tz =19 o o) %52 \g 2 o) ¥WB=\g o 1)

Hence (AxnB)P # APxyBP.



The above remark (B.9) can be stated as reverse order law for the Drazin inverse of
tensors, which is a fundamental in the theory of generalized inverses of tensors. Recently,
there has been increasing interest in studying reverse order law of tensors based on different
generalized inverses |2, 125, 26]. In this regard, we discuss one sufficient condition of the
reverse order law for the Drazin inverse of tensors, as follows.

Theorem 3.11. Suppose A,B € CINXIN) gre each of index k. If AxyB = BxyA, then
the followings are true

(a) APxxB = Bxny AP and AxyBP = BPxy A,

(b) (AxnyB)P = BPxy AP = APxyBP.

Proof. Since
AD*NB = AD*NA*NAD*NB = (AD)Q*NB*NA = AD*NAD*NA*NAD*NB*NA

_ (AD)3*NB*NA2 — ... _ (AD)k-i—l*NB*NAk _ (AD)k-i—l*NB*NAk—f—l*NAD
(APY Ly A By AP = AP 5y As y Bry AP
and
B*NAD = B*N.AD*NA*N.AD = A*NB*N(AD)2 == .Ak*NB*N<AD)k+1
— Ak—f—l*NAD*NB*N(AD)k-i-l — AD*NAk—f—l*NB*N(AD)k—f—l
— AD*NB*NAkJrl*N(AD)kJrl — .AD*NB*N.A*NAD — AD*N.A*NB*N.AD.
So we obtain APxyB = BxyAP. Similarly, we can show AxyBP = BPxyA. Next we will
claim part (b). By using the first part, we get
BD*NAD — BD*NAD*NA*NAD — A*NBD*N(AD)2 B Ak*NBD*N<AD>k+1
— Ak—l—l*NAD*NBD*N(AD)k—i-l — AD*NAk+1*NBD*N<AD)k+1
= APxnBPxy Ay (APY = APxyBP sy Axy AP

and
.AD*NBD — AD*NA*N.AD*NBD — (.AD)2*NBD*N.A — .= (AD)k‘Jrl*NBD*NAk
— (AD)k+1*NBD*NAk+1*NAD — (AD)k+1*NAk*NBD*NA*NAD
= APxyBPxyAxnyAP.

Thus BPxny AP = APxxBP. Now let X = BPx5.AP. Since

(A*NB)k—l—l*NX — Ak—l—l*NBk-l—l*NBD*NAD _ Ak—i—l*NBk*NAD — Bk*NAk—f—l*NAD

Brin A = (AxnB)",

X*N(A*NB)*NX = BD*NAD*NA*NB*NBD*NAD = BD*NAD*NA*NB*NAD*NBD
= BPay APy Asxy AL x By BP = BP sy AL 5 By BP
= AD*NBD*NB*NBD = AD*NBD = BD*NAD — X’ and
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A*NB*NX = A*NB*NBD*NAD = .A*NBD*NB*NAD = BD*NA*N.AD*NB

Thus & is the Drazin inverse of AxyB. Hence (AxyB)P = BPxy AP = APxyBP. O

However, the converse of the above theorem need not be true, as shown below with an
example.

Example 3.12. Consider the tensor A = (aijn) € R2%3%2%3 defined in Example B2) and
a tensor B = (bjw) € R¥3*2X3 with entries

000 0 00 0 00
bijllz 20 0 abij12: 0 4 0 abij13: 00 1)’
y (003 0y ., (005, (000
1]21 - O O O I 1]22 - O O 1 I 1]23 - O O 2 .

Then AxnB = (xiji) € R2%3%x2x3 gnd Bxy A = (Yiji) € R23X2X3 yphere

0 2 2 0 0 4 0 0O
Tij11 = 02 2/ Tij12 = 00 4/ Tij13 = 00 0/’

0 0 3 0 0O 0 0O
Tijo1 = 0 3 3/ Tijo2 = 00 5/ Tijo3 = 00 0/’

and

0 3 5 0 0 5 0 0 0
Yij11 = 0 4 4)° Yij12 = 00 4)° Yij13 = 00 2)/°

0 0 5 000 000
Yijo1 = 0 4 4)° Yijo2 = 00 3/ Yijoz = 000/

We can easily see that AxyB # BxnyA but (Axy B)P? = AP xy BP = O € R2X3x2x3,
The next result presents a characterization of the Drazin inverse of product of two tensors.
Theorem 3.13. Let A, B € CINXIWN)  Then (AxyB)P = Asy[(BxnA)?|PxnB.

Proof. Let X = Axy[(B*nA)?|P*yB and k = max{ind(A*yB), ind(Bxx.A)}.

Now, we have

(A*NB)k+2*NX =

(Axy B sy Ay By Ay [( By A)? Py B

(AxnB)* sy As iy (Bry A) sy (B y A) P sy (B v A) Py B
(AxnB) sy Asy (Bry A)Prn B = Asx iy (Bxy A) ¥ sy (B y A) P sy B
= Asxy(BxyA)FxyB = (AxyB)"1,
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and

Xxn(AsyB) sy X = Axy[(BxnA)?]P sy Bxy Ax y By Axn[(Bxn A2 P+ B
= Asxyn[(BxnA)?P 5y (BryA) 5y [(BryA)?]P s B
= Asxyn[(BxyA?PxyB = X,

Further,
X*N.A*NB = A*N[(B*NA)D]2*NB*NA*NB
= A*N<B*NA)D*N<B*NA) X (B*NA)D*NB
= A*N(B*NA)*N(B*NA)D*N(B*NA)D*NB
Therefore, (AxyB)P = Axn[(BxyA)?P*yB. O

Remark 3.14. In general, the Drazin inverse of addition (resp. subtraction) of two different
tensor is not equal to individuals, i.e., (A£B)P # AP +BP, as shown below with an exzample.

Example 3.15. Consider the tensor A = (aijm) € R2%3x2%3 defined in Example B and
the tensor B = (a;jr) € R¥**2%3 defined in Example (3.10). -
Then AP = BP = O = AP + BP # (A+ B)P, where AP 4+ BP = (x11) € R¥**2%3 with

entries
0 2 2 0 0 4 0 00
Tij11 = 02 2/ Tij12 = 00 4/ Tij13 = 00 0/’

0 0 3 000 000
Tijo1 = 0 3 3)° Tijo2 = 00 5)° Tijo3 = 000/
Similarly, one can show AP — BP # (A — B)P.

At this stage one may be excited to know when does the Drazin inverse of addition (resp.

subtraction) of two different tensor will be equal to the individuals. The following theorem
answer to this question.

Theorem 3.16. Let A, B € CINXIWN) be of index k. If AxyB = BxyA = O, then
(a) (A+ B)P = AP + BP,
(b) (A—B)P = AP — BP.

Proof. Since AxyB = BxyA = O, we have (A + B)F1 = A1 4 B! and
Ay BP = Afsey Axy B« yBxy BP = Afsey Ay By BP sy BP = O. (3.4)

Similarly, we can show BfT!xy AP = 0. Now using these relations and the Theorem [3.11]
we obtain

(A+ By (AP + BP) = AF+ B = (A+ B, (3.5)
12



(AP + BP)xy(A+ B)xn (AP + BP) = AP +BP, (3.6)

and

(A+B)sy(AP +BP) = (AP + BP)xn(A + B). (3.7)
From (3H), (8:6) and [B1), we conclude AP + BP is the Drazin inverse of A + B. Hence
proved part (a). Using the similar lines, we can show (A — B)? = AP — BP. O

In case of the group inverse, we can relax one sufficient condition of Theorem [3.16] and
computes the group inverse of the tensor A + B as per the following theorem.

Theorem 3.17. Suppose A, B € CINXIWN) gre of index one. If AxyB = O, then
(A+ B)* = (I — BxnBF )xny AT + BT sy (I — Axy A7),
Proof. Let X = (I — BxxB?)xny A" + B7xxn(I — AxyA%). By using AxyB = O, we obtain
AxyXxy A = AsxyAFxy A — AxyBsyBF sy AT sy A + Axy B 5y A — AxyBF sy Ax y AT x5 A
= A+ AxyB7 sy A — Asy BT sy A = A,
and
AsxyXxyB = AsxyATxyB — AxyBxyB sy AT xyB + AxyB7 sy B — Ax yBT %y Axn A7 x B
= AFsnAxnB+ AsxyBxyB* = O.
Similarly, we can show BxyXxyB = B and BxyX*xyA = O. Also we have
XxyAxyX = (ATsyA — Bsy B sy A sy A+ B sy A — B sy Asy AT 5y A)xy
(A" — Bxy B sy A 4+ B — By Ax y AT)
= (ATsyA — BryBF sy AT sy A)x (AT — Bry B sy A% 4 B — B xy Axy A7)
= A" — BxnyBFxyA*,
and XxyBxyX = B* — B7xyAxyA*. Now using the above results, we get
(A+ B)xnyXxn(A+ B) = AxnyX sy A+ AxyXxyB + Bxy X sy A + By XxyB = A+ B,
and
Xxn(A+ B)xyX = XxnyAsy X + XxyBiy X = A — BxyBF sy AT + B — BFxy Asxy A" = X,
further,
(A+B)snX = (AxyA* — AsxyBsy BT sy AT + AxyBY — As B 5y Axy AT)
+(Bsny A" — By Bxy B sy AT+ Bxy BT — By By Axy AT)
= Axy A" + Bxy B — BxyB7 sy Ay AF
= (AFxyA — Bey BT sy AT sy A+ B sy A — B sy Axy AT 5y A)
+(A#>|<NB — By B sy AT 5B + B x B — B#*NA*NA#*NB)
= Xxny A+ XsnB = Xxn(A+ B).
Therefore, (A + B)# = (I — BxyB? )xn A% + B x5 (I — Axy A7). O
13



3.2. Computation of the Drazin inverse of tensors

Now we present the main objective of this paper, which yields the construction of the Drazin
inverse of a tensor using other generalized inverses and decomposition of tensors. One can
find the matrix version of these results in [1, 4].

Theorem 3.18. Let A € CIV)XIWN) pe g tensor with ind(A) = k. Then
AP = b (A% AP
Proof. By using the definition of the Drazin inverse, we obtain
AP = AR L AD — AR (AP)2 = = A% (AD)E = A% (AD)EL
Let X = APxn (A% Ty A%, Now

AkH*NX _ Ak+1*NAk*N<A2k+1)T*NAk _ A2k+1*N<A2k+1)T*NA2k+1*N(AD)k+1
_ A2k+1*N(AD)k+1 — Ak+1*NAk*N(AD)k*NAD — Ak—f—l*NA*NAD*NAD
— Ak+1*NAD*NA*NAD — Ak+1*NAD — Ak,

X*NA*NX — Ak*N(A2k+1)T*NAk*NA*NAk*N(A2k+1)T*NAk
Ak*N<A2k+1)T*NAZk-H*N<A2k+1)T*NA2k+1*N<AD>k+1
— Ak*N(A2k+1)T*NA2k+1*N(AD)k+1 — Ak*N(AQk—I—l)T*NAk — X,

and

AsxyX = A*NAk*N(AQk—l—l)T*NAk _ A*NAQk*N(AD)k*N(AQk—l—l)T*NAQk-f—l*N(AD)k-i-l
_ (AD)k*NA2k+1*N(A2k+1)T*NA2k+1*N(AD)k+1 _ (AD)k*NA%Jrl*N(AD)kJrl
_ (AD)k+1*NA2k+1*N<AD)k _ (AD)k+1*NA2k+1*N(A2k+1)T*NA2k+1*N(AD>k
_ A2k+1*N(AD)k+1*N(A2k+1)T*NA*NA2k*N(AD)k
_ Ak*N<A2k+1)T*NAk+1 — Xsy A

Therefore, by Definition 23] we obtain AP = X = APx (A1) Txy AR O

Further, the Drazin inverse of a tensor is constructed within the framework of Moore-
Penrose inverse, as follows.

Theorem 3.19. Let A € CINXIWN) be g tensor with index k. If  is any integer with | > k,
then AP = X1, where X = (A) sy A2 sy (ADT.

Proof. To claim the theorem, it is enough to show (AP)T = X. As AP = APxyAxy AP =
(AP2xy A = Axn(AP)2 Utilizing the fact AP = APxyAxy AP, I-times repetitively, we
obtain
AP = (AP by A = A (AP 35)
14



Now by using Eq. (3.8)), we have

.AD*NX*N-AD _ AD*N(AZ)T*NA2l+1*N<Al)T*NAD
= (AP)aen Al (AN T v ALy Aoy Al v (A Ty Al (AP
<.'4D)l+1>|<N.AI>|<1\7.A>l<]\/.z4l>l<N(./‘lD)lJrl = APxyAxy AP = -ADa

iy APsn X = (A s A2 i (A e AP (A ey A2 (AY)T
(AN oy AT g Al (AN Ay (ALY g (AD) Py A%+ (AN
(A ey A Ly A (AT ey A2 (AD)
(AN sy A APy Ay (AN Al A Ly (AD)T
= (AN ny Ay AP sy Alsey A 5y (ANT = X
Since

X*N.AD — (AZ)T*NAQZ-i-l*N(AZ)T*NAD — (Al)T*NAI-H*NAZ*N(AZ)T*NAZ*N(AD)H—l
— (AI>T*NAI+1*NAl*N(AD)l+1 — (AI>T*NAI+1*NAD — (AI)T*N.AI,

and .AD*NX — AD*N(AZ>T*NA21+1*N(AI>T — (AD)Z'H*N.Al*N(.AZ)T*N.AZ*NAHl*N(Al)T —
(AP)YF Ly Al y A L (ADT = APy AT Ly (ANT = Al (ADT. Therefore, (X*xyAP)* =
(AYTxnA)* = (ADTxy AL = Xxp AP, and (AP*xyX)* = (Al (AN = Ay (AT =
APx X . Hence (AP) = X, O

Using method of induction and definition of the Drazin inverse of the tensor, we present
another characterization for computation of the Drazin inverse of tensors, as follows.

Preposition 3.20. Let A ¢ CIW>XIWN) gnd ind(A) = k. If there exists a tensor X €
CININ) sych that AxyXFH = XF and Xxn A = A* | then for m € N, the followings
hold

(a) AF = XMsy AT

(b) XFxn Ak = Xktmyy Atm,

(C) AD — X’H_l*N.Ak.

We now discuss the method of construction of the group inverse of a tensor using a
{1}-inverse of A.

Theorem 3.21. Let A € CIM*XIWN) gnd ind(A) = 1. Then A% = Asn(A*)Wxy A, where
(AWD s an arbitrary {1}-inverse of A%

Proof. Let X = Axy(A%)WxyA. Since

A*NX*NA = AZ*N(A?’)(U*NAQ = A*NA*NA#*NA*N(Ag)(l)*NA*NA#*NA*NA
A#*NAS*N(Ag)(l)*NAS*NA# = A#*NAg*NA# = .A,
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X*NA*NX = A*N<A3>(1)*NA3*N<A3>(1) *NA = (A#)Q*NA?’*N<A3)(1)*NA?’*N<A3)(1) *NA
= (A#)Q*NA?’*N(A?’)(U*NA = A*N(Ag)(l)*NA = X,

and

= (A#)2*N.A3*N(.A3)(1)*NAs*NA# — A*N<A3)(1)*NA*NA — Xy A

Thus & is the group inverse of A. Hence A% = Axy(A3)MxyA. O

For computation of the Drazin inverse, the index-1 nilpotent decomposition plays an
important role, which we discuss in the next theorem.

Theorem 3.22. Let A € CINXIWN)  Then A has a unique decomposition A = B+ N, such
that B is of index 1, N is nilpotent, and N'xyB = BxyN = O. Further, (AP)# = B.

Proof. First we prove, if the tensor A has a decomposition, A = B+N, such that B is of index
1, NV is nilpotent, and N'*xyB = BxyN = O then AP = B#. Subsequently, the uniqueness
follows from the uniqueness of the group inverse. Since B# = Bxy(B#)?* = (B#)2xyB, so
post-multiplying by N, we obtain B#xyN = O. Similarly, N*yB* = O. Further, since
N nilpotent tensor, then there exists a positive integer k¥ such that N* = O. This yields
AF = (B+N)* = B¥+ N* = B*. Now using these results, we get A¥+ 1y B# = BF s B# =
Bf = AF, B sy AxyB* = Bxy(B7)? = B#, and AxxB* = BxxB? = B#xyA. Thus B*
is the Drazin inverse of A. Hence B = (AD )#. Now consider B = (AD )#, and prove the
decomposition A = B + N satisfies the required conditions. In view of the Theorem [3.4]
(b) we obtain NxyB = AxyA?xy AP — A2y AP sy A2y AP = A5y AP — A3y AP = O.
Similarly, one can show BxyN = O. Now to claim A is nilpotent, we consider ind (A) = k.
Then
AF = B - NF = (APYA ) - NF = A% sy (AP + NF = AR+ NE.

Thus N* = O. Hence completes the proof. O

Using the definition of reshape operation of a tensor A = FxyHxyG € CIODXIWN) e

obtain rshrank(A) < rshrank(H). On the other hand, suppose G, is the right inverse of
G and F; is the left inverse of /. Now pre-multiplying J; and post-multiplying G, to the
tensor A, we obtain H = Fyxp AxnG,. This implies rshrank(H) < rshrank(A). As a
consequence, this is stated in the next result.

Theorem 3.23. Let A € CIM>*IWN) - Suppose A = FxnHxnG, where F € CIMXKL) g
G € CKEPIN) " [f rshrank(F) = K(L) = rshrank(G), then rshrank(A) = rshrank(H).

One of its application for computing the Moore-Penrose inverse is already presented in the
recent literature [2]. The computation of the group inverse via full rank tensor factorization
is discussed in the next theorem.
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Theorem 3.24. Suppose A € CINXIWN) has the full-rank factorization, A = FxnG, where
F € CIN)xExexKe gnd G € CKoxKuxI(N) - Then A is group invertible if and only if
GxnF is nonsingular. Further, we have A% = Fxn(GxnF) 24 nG.

Proof. Let A = FxxnG and rshrank(A) = r. Now using Theorem [3.23, we obtain, rshrank(A?%) =
rshrank(GxnJF). Therefore, rshrank(A?) = rshrank(A) if and only if GxnJF is non-
singular. Hence completes first part of the theorem. To claim the remaining, let X =
Fxn(GxnF) 2xnG. Now we have

Axn Xy A = FanGunyFun(GrnF) *anGrnFrnG = FinG = A, (3.9)

Xy AsnX = Fuy(GonF) xnGrn FrnGrn Fan(GxnF) 2xnG = X, (3.10)

AxnyX = F*NQ*N}"*N(Q*N}")”*NQ = .F*N(Q*N}")*Q*NQ*N}"*NQ =XxyA.  (3.11)
Thus, from (3.9), (B.10) and B.I1]) one can conclude X is the group inverse of \A. O

4. W-weighted Drazin inverse

The W-weighted Drazin inverse, first introduced by Cline and Greville [7] for rectangular
matrices. Further, some characterization has given in [31]. Also, it extended to linear
operators [27]. In this section, we introduce the W-weighted Drazin inverse for arbitrary
order tensors via Einstein product, which is a generalization of the generalized inverses of
rectangular matrices, as follows.

Definition 4.1. Let B € CIM>*IWN) gnd W ¢ CINXIM) " If ¢ tensor X € CIM)*JIWN)
satisfying

(a) (BsayW)" s Xy W = (Bsy W) for some positive integer k,
(b) XxnWskp By Wiy X = X,
(c) Bxn Wi X = Xy Wiy B,

is called the W-weighted Drazin inverse of B and denoted by BP'W.
Using the Defintion [4.1] and Theorem [3.13 one can prove the following results.

Lemma 4.2. Let B € CIM>*IWN) gng W € CIWN)>XIM) ' pe any tensors. Then
(a) (BxnW)P = By [(WraB)?*|Pxn W,
(b) B=BPW if and only if B = Bxx Wy Bxy Wi B.

In connection with the above lemma of an arbitrary-order tensor, the following theorem
collects some useful identities of the W-weighted Drazin inverse of tensors.

Theorem 4.3. Let B € CIM>*IWN) gng W € CTWNI>IM) - Then for every positive integer p,
the following holds

(a) Win[(BsyW)PIP = (Wi B)P]P 5y W,
17



(b) Bxn[(WiaB)P]P = [(Bxy W) sy B.

Proof. By using method of induction, we will claim the first part. Let us assume p = 1. Now

by LemmalZ2l (a) and Theorem B4l (a), we get Wiy [(BxyW)|P = Wik By [( W B)?|Pxy W =
(Wit B)P s yc Wik By Wi B) Py W = (W B)P sy W, Thus the claim is true for p = 1.
Assume it is true for p = k. That is Wk [(BxyW)F]P = [(Wxy B)F]PxyWW. Next we will
claim for p = k£ + 1. Since

Wi (B W) P = Wi [(Bsy W) P sy (B W)P = (Wi B)*P 50 Wiy (Biey W) P
= [(WiuB)*1PsyWsaB) 5y W = [(Win B)P) s (Wieas B)P sy W
[(W*MB)D]k—i-l*NW — [(W*MB)]H_l]D*NW.

Therefore, Wi [(BxyW)P]P = [WxpB)P]PxyW, p € N. Using the similar lines, we can
show B n[(Wxy B)P]P = [(BxyW)P]P B for all p € N. O

We next present another characterization of the W-weighted Drazin inverse of tensors.

Theorem 4.4. Let B € CIM>*IWN) gng W € CTN>XIM) - Then for every positive integer p,
there exist an unique tensor X € CIM*IWN) gych that

(a) (BxxyW)Pxp XsyW = [(BxyW)PI®,
(b) By Wiy X = XxyWiky B,
(c) By Wik (BxxW)Pxp X = X. Further, X = Bxy[(WxyB)PIP.

Proof. Let X = Bxn[(WxB)P]P, we first claim that X satisfies all the three equations and
then will discuss the uniqueness. Let X = Bxx[(Wx,B)P]P. Now by Theorem L3, we have

(B*NW)D*MX*NW = (B*NW)D*MB*N [(W*MB)p]D * N W
(BsaW)Psar [(BiyW)P) saBsxW = [(BeaW)P]" 50 By W
= [(BewW)P]" = [(BeaW)]”,

and  BxyWsxy X' = BxyWsky Bxy [(W*MB)p]D = Bxn Wi [(B*NW)p]D * B
= By [(WinB)P]” sy Wiy B = Xy Wiy B,
B [(W MB)p]D = X. Hence X satisfies all the required equations. Let ) be another tensor

which satisfies (a) — (¢). Now Y = BxyWi (BxyW)P 5 Y = (Bxy W) Py Bxy WY =

Using the method as in the proof of Theorem [4£.4] one can prove the next theorem.

Theorem 4.5. Let B € CIM>XIWN) gng W € CTWNI>IM) - Then for every positive integer p,
there exists an unique tensor X € CIM*JIWN) gych that
(a) XxyW = Bxy W [(BxyW)P]P,
18



(c) XxyWipr(BxyW)P~lxy X = X. Further, X = Bxy[(WxyB)P]P.

By combining Theorem [£.4] and Theorem [L.5] for a particular choice of p = 2, we get the
following result as a corollary.

Corollary 4.6. Let B € CIM>*IWN) gnd W € CTNXIM) Then the tensor X = Bxn[(Wxpy B)HP
i1s the W-weighted Drazin inverse of B.

The above Corollary reflected the existence of the W-weighted drazin inverse and the
uniqueness of the W-weighted Drazin inverse is discussed in the next theorem.

Theorem 4.7. The tensor X = Bxn[WxyB)?|P is the unique solution of the following
tensor equations

(a) (B*NW)k+1*MX*NW = (B*NW)k,

(b) X = X*NW*MB*NW*MX,

(c) Bxny Wi X = Xy Wy B.
Proof. The existence of solution is trivially holds by Corollary 4.6l It is enough to show only

the uniqueness of X'. Suppose there exists another tensor ) which satisfies the conditions
(a) — (¢). Now, we have

X = (XsxayWiyB)syWipr X = (Bey W)k Xy Wik X
(B g W) 2500 (X sy W)k X = - - -
= (BsaW)Fsp (X W) Fs 0 X = (B gy W) s Ve y Wik (X5 W) P X
= VrnWipy By Wik g (X g W) P X
= VWi By Wi (Bxy W) P (X yW) P X = Yy Wik g (B y Wik X)
= ViyWsiky Xy Wik B = Vs y Wik By Wk Vs n Wik Xk n Wik B
= Vin Wiy Bxn Wi Vx N Wi Bxn Wik yg Yk n Wik Xy Wiy B
= VrxnWiy Ven Wi Bxn Wiy Yxn Wi Bxn Wi X xn Wi B
= Vrn Wiy Ven Wiy Vi n Wiy Bx y Wi B n Wik Xy Wiy B
= y*NW*My*NW*My*NW*M(B*NW)Q*MX*NW*MB
= VrxnWiky Ven Wiy YVxn Wi Bxn Wi B
= VinWiy YVin Wiy BxnWixy VxnWiy B = YVin Wiy Yy Wiy B
= VxyWiyBxsyWky Y = ).

Therefore, X = Bxx[(Wx,B)?]P is the unique solution. O

NW
NW

We conclude this section with an additional property of the W-weighted Drazin inverse,
which helps to compute the W-weighted Drazin inverse via index one tensors.

Theorem 4.8. Let B, X € CIM>*IWN) - Then X = By [WxnB)?P, for some tensor W if
and only if X = BxnyY* By Yy B for some tensor) € CIWN)XIM) itk ind(BxyY)=1=
ind (YV*uB).
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Proof. Let X = Bxn[(WxB)?|P. By using Theorem .3 and Theorem B.4] (a), we obtain

X = B*N[(W*MB)Q]D = B*N<W*MB)D*N(W*MB)D = (B*NW)D*MB*N<W*MB)D
= (BsnW)su[(Brey W)?P 0 By [(Woas B)?]P ey Wi B)
= B*N[(W*MB)Q]D*NW*MB*N[(W*MB)Q]D*NW*MB = BxyYV*uBxnYx* 1B,

where Y = [(WxyB)?|PxyW. Next we will show Bxy) and Y*yB are of index one.
As BxyY = Bxy|[(WkyB)?PsyW = [(BxyW)H Py BxyW = (BxyW)P and Yy B =
(W3 B)Y P sy Wiy B = (W B)P. Therefore, both have index one. Which completes the
sufficient part.

Conversely, let X = BxyYV#pyBrnYxy B and W = YV [(Bxn V)P = [(V*uB)?|PxnY
such that ind(B*y)) = ind(Y*,B) = 1. To claim the necessary part, it is enough to show,
X satisfies all the assumptions of Theorem for p = 2. Notice that, from W, we easily get
(W B)P = Vs B and (BxyW)P = BxyY, since Bxy) and VB are of index one. Now
XxyW = Bxn Vs By Vs BrnYV#u[(Bxny V)P = (BxnY)? #n [(BxnY)P]? = Bxy) =
(BxsxW)P = By Wiy [(BxxyW)?|P. Similarly, Wiy X = Wiy B)sn Vs BryY*yB =
(VxuB)Psn Vi Bxy VB = VB = Wiy B)P = Wiy Bxy[(Wsy B)?P. Further, we
have Xxy Wy Bxny Wiy X = Bey Vs Bxny YV B = X. O

5. Multilinear system

The main objective of this section is solving multilinear systems. In the first part, we discuss
the solution of the singular multilinear system using the Drazin inverse of tensor, and in the
second part, we address iterative method (higher order Gauss-Seidel) and its convergence
analysis, for solving high-dimensional Poisson problems in the multilinear system framework.

5.1. Drazin-inverse solution

Let A € CTW)*XI(N) and consider the following singular tensor equation
AxyX =B, X, Be CW™), (5.1)

If the tensor B € R(AF), then Eq. (5) is called the Drazin consistent multilinear system
and its solution, we call Drazin-inverse solution or simply solution. Such multilinear systems
arise in numerous applications in computational science and engineering such as continuum
physics and engineering, isotropic and anisotropic elasticity |[13]. Multilinear systems are
also prevalent in solving PDEs numerically. Let us recall the lemma of Drazin consistent
multilinear system which was proved in [11], very recently.

Lemma 5.1 (Lemma 5.1, [11]). Let A € CIM>XIN) gnd ind(A) = k. Then APxxB is a
solution of (5.1)) if and only if B € R(A¥).

In addition to this, the authors of [11] discussed the general solution of (&), as follows.
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Theorem 5.2 (Theorem 5.2, [11]). Let A € CIM*XIWN) gnd ind(A) = k. If B € R(AY),
then the general solution of (B.1)) is of the form X = APxyB+ (I — APxyA)xyZ, for any
arbitrary tensor Z € R(AF1) + N (A).

We now show the existence and uniqueness of the Drazin inverse solution in the following
theorem.

Lemma 5.3. Let A € CIVXIWN) gnd ind(A) = k. If X € R(A*), then the singular tensor
equation

.A*NX = B,
has one and only one solution, and is given by X = APxyB.

Proof. Let X € R(AF). So there exists a tensor ) € C'™) such that X = A*xy). Now
using Definition 23] we get

X - Ak*Ny = Ak+1*NAD*Ny = AD*NAk—f—l*Ny = AD*NA*NX = AD*NB

Further, in view of the Lemma [5.1] and Theorem 2 (a), we obtain X — APxyB € R(A*).
Again by Theorem and Theorem (b) we get X — APxyB € N(AF). Hence X —
APxnB € R(A*) NN (AF) = {0}. Therefore, the solution APxyB is unique. O

In case of index one (k = 1), the result is stated in the next corollary.

Corollary 5.4. Let A € CIN*XIWN) gnd ind(A) = 1. If X € R(A), then singular tensor Eq.
(51) has unique solution, and is given by X = A% *nB.

We now discuss some results concerning the equivalent multilinear systems of the Drazin
inverse of tensors. In particular, the relationship between the solutions of the multilinear
system (5.]) and the following tensor-based Drazin normal equation,

Aty X = AFsyB. (5.2)

is analyzed, i.e., if B € R(A*) and ind(A) = k, then it is easy to verify that, each solution
of Eq. (BJ)) is also a solution of Eq. (5.2]) and vice versa. In spite of this fact, we discuss
the solution of the Drazin normal equation for tensor, as follows.

Theorem 5.5. Let A € CIV>XIN) B ¢ R(AF) and ind(A) = k. Then the set of all solutions
of Eq. (B2) is given by
X = APxyB + N(A").
Moreover, X = APxxB is the unique solution of (5.2)) in R(AF).
Proof. From the definition of the Drazin inverse of a tensor A € CIV)*IN) e have
A]H—l XN (X — AD*NB) = Ak*N.A*NX — Ak*NA*NAD*NB = Ak*NB — Ak*NB = Q.

Using the Theorem 2.6] we obtain X — AP+ yB € N (A*1) = N(A*). Hence X = APxyB+

N (AF). To show the uniqueness in RR(A*), let U € R(A*) be any solution of Eq. (5.2)). Now

U— APxyB € R(AF), and ATyl — A sy APxyB = AFxyB — A*+yB = O. Thus

U — APxyB € N(AF). Therefore, U — APxnB € R(A*) N N (A*) = {0}. Hence completes

the proof. O
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One can find the matrix version of the above result in 23, 32]. Further, we discuss the
Drazin solution of another normal equation, called modified Drazin normal equation and is
defined by the following tensor equation

A% X = AbsyB, A€ CIXIN)  y B e ¢V, (5.3)

Theorem 5.6. Let A € CIN>XIWN) B ¢ R(A*) and ind(A) = k. Then, the set of all
solutions of Eq. (5.3) is given by

X = (AMPxyB+ N(A").

Proof. The tensor equation (5.3) is alwasy consistent, since A*xyB € R(A*) = R(A%*).
By Theorem 3.4 (a) and Corollary B.5, we have (A*)PxyB = (A*)#xyB € R(A*). Now
A% 55 (X — (AF)PxyB) = AR sy X — AR5y AP s (AR 5y B = AP 5y B— AFxnB = O. Hence
X — (AR)PxyB € N(A%*) = N(AF). So X = (AF)P + N (A*) is the solution of (53). O

Using the method as in the proof of Theorem (.5, one can show (A¥)PxyB is the unique
solution of Eq. (5.3) in R(AF).

In the following, we present an example to illustrate our result. In order to show how
the Drazin inverse of tensors are employed in the two dimensional Poisson problem.

Example 5.7. Consider the following partial differential equation

Pu
8_;; n 8_;; = f(x,y), (z,y) €2 =1[0,1] x [0,1] (5.4)

with Neumann boundary conditions. If we apply 5-point stencil central difference scheme on
a uniform grid with m? nodes, we obtain the following tensor equation

Axg X =8B, X = (uy) € R™™ and B = (b;) € R™™, (5.5)
and the tensor A = (a;ji) € R™<™*™X™ s of the form
A=T71,93P+QR7T,+ D, (5.6)

where I,,, € R™*™ s the second order identity tensor. The second order tensors P € R™*™
and Q € R™ ™ are of the form

0 -1 0
P = tridiagonal (—1,0,—1) = | R = Q.
0 -1 0
Further, the tensor D € R™*™*™X™ 45 q diagonal tensor, where the diagonal elements will
change with respect to number of grid points. From the representation (5.6]) (the coefficient
tensor A), it is clear that ind(A) = 1. Thus the solution of the multilinear system (5.5)
becomes X = A% x5y B. We consider a tensor B from R(A), and calculate the approzimate

solution of the partial differential equation (5.4) with different choices of m, which are pre-
sented in Figure 1.
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Figure 1: Solution of the multilinear system for different values of m.

5.2. Iterative method

Recently there has been increasing interest in developing the tensor-based iterative method
for solving multilinear systems ﬂﬁ,%, @, @, @] In case of nonsingular and positive definite
tensor, few iterative schemes such as Jacobi and biconjugate gradient (BiCG) are discussed
in ﬂa] with help of Einstein product. A general form of tensor-based iterative method for
the multilinear system (5.1]) is defined as

XD — sy x® ¢, for k=0,1,2,--- (5.7)

where X*+1) and X®are the approximations for the tensor X at the (k + 1)-th and k-th
iteration, respectively. Here H is called the iteration tensor depending on A and C. In case
of limiting, when k — oo, X* converges to the exact solution

X:A_l *NB-

Now the iteration scheme (5.7) becomes, A™! xy B = H x5 A~! x5 B + C, which implies
C=(Z—-H)*xny A txyB. Consider A = L+D+U, where L is the lower off-diagonal tensor,
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D is the diagonal tensor and U is the upper off-diagonal tensor. Then the Gauss-Seidel
iteration method gives the iteration tensor H = —(D+ L)' «xyU and C = (D + L)' xy B.
Thus our aim is to analyze the iteration tensor H.

Now, we recall the Frobenius norm ||-|| of a tensor A € CH™)
in [29], as follows.

*J(N) which was introduced

1/2
2
IAlr =1 D e
i(N).J(N)
With reference to the Frobenius norm || - ||, we define the maximum norm
1)
1+ 1loe = masc { 3 fasasim

i(NV)
Using the above definition, we now prove the following result on Frobenius norm.
Lemma 5.8. Let A € CIN*PWN) gnd B € CPN>XIWN) - Then || AxnB|lr < || Allr - 1Bl #-

Proof. By applying Cauchy-Schwarz inequality to the inner summation, we have

2y 1/2
|AxnBl||r = Z Zai(N),k(N)bk(N),j(N)
i(N),j(N) |k(N)
_ -2\ 1/2
< DD 1Dl b o)
(V)N | k(V) |
1/2
< | | 2 lamxa P D kv P
i(N).J(N) \k(N) k(N)
1/2 1/2
= Z |ai(1\r),k(N)|2 ) Z |bk(N),j(N)|2
i(N),k(N) k(N),j(N)
= [lAllr-IBlF-

In case of B = A, we obtain the following result as a corollary.
Corollary 5.9. Let A € CIN)XIN) Then ||A*|| < ||A||F for any positive integer k.
Theorem 5.10. Let A € CIV)XIWN) - Thep
(a) leIEOAk = O if |A|| <1 orif and only p(A) < 1.
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(b) the series Z AF is convergent if and only zf hm A¥ = O. Further, the series converges
k=0

to (T —A)~"
Proof. Let ||A]] < 1. Using Corollary (9] we get || klim AF|| < klim | A||¥ = 0. Therefore,
—00 —00
lim A* = O. To show the second part of (a), let p(A) < 1. In the view of the Lemma

k—o00

218, the singular value decomposition of the tensor A* can be written as AF = UsyDx V",
where U, V € CV)XIIN) are unitary tensors. The diagonal entries of the diagonal tensor
D € CHVXIN) are the eigenvalues of A*. Hence lim A* = O if and only |d iy in| < 1.

k—o0
Thus completes (a). To claim part (b), it is enough to show the necessary part since only if

part is trivial from the Definition 214l Let hm A¥ = 0. So by Theorem 510 (a), p(A) < 1.

Thus all the eigenvalues of (Z —.A) are nonzero. ThlS leads the tensor (Z—.A) is nonsingular.
Now

(ZT+A+ A+ + Ay (T — A) =T — A (5.8)

Post-multiplying Eq. (5.8)) by (I—A)_1 we get T+ A+ A%+ - 4 AF = (Z-AD)xy (T-A) 7L

By taking & — oo, we obtain Z AF = (T - A O
k=0

Theorem 5.11. The iterative scheme (B0) obtained from the tensor splitting, converges to
AN B for any initial guess X if and only if p(H) < 1.

Proof. Without loss of generality, assume X(©) = O. Then by Eq. (5.7), we obtain XV = C.
This leads X® = Han X + C = HxnC + C = (H + I)*nC. By succeeding (k + 1)-times,
we get

XD = (T H+H + -+ HF)xnC.

By taking k — oo and applying Theorem [B.10 (b), we obtain klim X*HD — (T — ) LxpC if
—00
and only if p(H) < 1. This is equivalently, klim X*HD — A-lyyBifand only if p(H) < 1. O
—00
In view of Theorem 510 (a) and BE.1T] we state the following result as a corollary.

Corollary 5.12. If |H|| < 1, then the iterative scheme (1) converges to A~ xnB for any
initial quess X,

Theorem 5.13. If the tensor A € CINXIN) s g strictly diagonally dominant, then the
Gauss-Seidel iteration scheme converges for any initial tensor X©.

Proof. The Gauss-Seidel iteration scheme is given by

XD — D4+ L) sy Usy XP 4 (D4 L) xy B
—(D+ L) xn[A= (D+ L) sy XP + (D4 L) 5y B
= [T — (D + L) sy Ay X® + (D + L)' 5y B.
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The iteration scheme will convergent if p([Z — (D + L) "*xA]) < 1. Let A be the eigenvalue
of ZT— (D + L) '*xA. Then (Z — (D + L) 'y A)xnyX = AX, which implies

(D+ L)xyX — AxyX = ND+ L) xy X. (5.9)
This can be written in term of components,

i)

- Z () j(N)Tj(N) = A Z ai(N), (V) Ti(N)> (5.10)
H(N)=i(N)+1

where j(N) from 1 to i(N), indicates {j; = 1,jo = 1,---,jny = 1} toA{jl = d1,J0 =
ig, -+ ,jn = in}. Similarly, one can represent j(N), from (i(N) + 1) to I(N). Now Eq.
(EI0) can be written as

I(N) i(N)—
MG TN = = D BT — A Z Qi(N) (V) Tj(N)
JN)=i(N)+1 J(N)=
which equivalent to,
i) i(N)—1
| Aas(ny iy i | < Z |aiv) v | |zion | + 1A Z a0 | [z |- (5.11)
J(N)=i(N)+1 j(N)=1

Without loss of generality, one can assume that ||X||o = 1. Choose indices i(N) such that
|zivy| = 1 and 3y < 1 for all i(NV) # k(N). We obtain from the above Eq. (5.11]),

i) i(N)—1
Mawim] < D0 Jaam| + 1A DY Jaiam]
J(N)=i(N)+1 j(v)=1
or )
i(N)— (V)
A fasovyion | = Z sl | < D0 e -
i(n)=1 SN +1

Since the tensor A is strictly diagonally dominant, the above inequality becomes

i)
> e
J(N)=i(N)+1
i(NV)—

|ain)iov) | — Z |ai(v)

< 1.

Al <
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The idea behind iterative methods is to save memory and operational costs for solving
multilinear systems. In light of this, the higher order Gauss-Seidel method is described
in Algorithm 1. The application of this algorithm is illustrated in the following Poisson
problem.

Algorithm 1 Higher order Gauss-Seidel Method
1: procedure GAUSS- SEIDEL(A B, e, MAX)
2 Given A € RIWXIIN) B ¢ RI(N ., and MAX
3 Initial guess X ¢ RI(N )
4: for £k =1 to MAX
5
6

for i(N )—1toI N)

for j(N j
J(N)
g (X® iy ( () — 1<N>,j<N>(X iy = D amimn (“))wv))
di(N)i J(N J(N)=i(N)+1
8: end for
9: end for
10: if (&%) — X0 <€) then
11: break
12: end if
13: X0  x*)
14: end for
15: return X'(F)

16: end procedure

Example 5.14. Consider the two-dimension Poisson problem

_v2u = f(x7y> in Q
u = 0 on 01,

where Q = {(z,y) : 0 < z,y < 1} with boundary 0X), f(x,y) is a given function, and

0’u  O%*u

2 —_ -
Vu_8x2+8y2'

Here, our aim is to compute an approzimation of the unknown function u(z,y). Using
5-point stencil central difference scheme on a discretizing the unit square domain with n
interior nodes, we obtain a multilinear system

Ay X =B, where A € R0 ¥ ¢ RV and B € R™™.
The tensor A is of the form
A=1,9P,+P,R1L,, (5.12)
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Figure 2: Residual error with respect to the number of iterations for different values of n.

where I,, is the second order identity tensor and P, is also a second order tensor of the
form P, = tridiagonal(—1,2, —1). By applying 7-point stencil formula [5] for 3-dimensional
Poisson equation with same boundary conditions, we obtain the following tensor equation

A *3 X — B’ A E RanXanXan’ X e Rnxnxn’ and B E RanXn’
where the tensor A is the following form
A=P, R, RL, +1, 9P, L, +1,RTL, ®P,. (5.13)

Extending, the same idea to 4-dimensional Poisson problem, we obtain the following multi-
linear system

8 times

——tN—
Ax, X =B, AcRVX XNy e R gnd B e RMmnxn, (5.14)
where the tensor A is the following form

A=P, 1,7, 7, +ZL,3P,RL,QL,+1,9L, 8P, RL,+71,RZL, +7I, RPpH.15)
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In the light of the above Eqs (612), (513) and (BI5) one can generate the tensor A to solve
higher dimensional Poisson problem. In order to illustrate the efficiency of the proposed
iterative method, we consider the four-dimensional Poisson problem (BI4]) and a tensor B
from R(A). The residual error with respect to the number of iterations for different choices
of n are shown in Figure-2. In addition to this, the residual error is also compared with
higher order Jacobi iterative method [5].

6. Conclusion

We have discussed some more results on the Drazin inverse of tensors via the Einstein prod-
uct to the existing theory. In particular, we have studied different characterizations of the
Drazin inverse and W-weighted Drazin inverse of tensors. Further, the concept of full rank
decomposition is used to compute the group inverse of tensors and applications of these
results discussed by solving multilinear systems. In addition to this, we have discussed the
convergence analysis of the iterative technique. The obtained results in this paper are impor-
tant for the tensor splitting theory. During our study, we obtain a few sufficient conditions
of the reverse-order law for the Drazin inverse of tensors. However, various reverse-order
laws for the Drazin inverse of tensor formulas associated with rank and block-tensor works
are currently underway.
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