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Abstract

This paper is concerned with the convergence analysis of an extended variation of the locally optimal precondi-
tioned conjugate gradient method (LOBPCG) for the extreme eigenvalue of a Hermitian matrix polynomial which
admits some extended form of Rayleigh quotient. This work is a generalization of the analysis by Ovtchinnikov
(SIAM J. Numer. Anal., 46(5):2567-2592, 2008). As instances, the algorithms for definite matrix pairs and hy-
perbolic quadratic matrix polynomials are shown to be globally convergent and to have an asymptotically local
convergence rate. Also, numerical examples are given to illustrate the convergence.
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1 Introduction

Given a Hermitian matrix polynomial
m
F(A) =) A"k, (1
k=0

of degree m, where A, € C"™" for k = 0, ..., m, and an interval T = (A_, A,). Suppose F(4_) is negative definite.
For some nonzero x € C”, consider the equation

MFA)x=0, 1€l )
Let D denote the set of all x for which (2) has at lease one root A = p(x) in Z, while C" \ D is the set of all x for
which (2) has no root in Z. For any x € D, define

m—1

o(x) := xHF'(p(x))x = Z(m — k)Akp(x)m—k—l‘
k=0
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Suppose that o(x) > 0 for any x € D. Then (2) has only one root in 7, which is called the Rayleigh quotient of
F(A) at x. Suppose the matrix polynomial F(4) has £ eigenvalues in Z, namely 4; < --- < 4,, while for any matrix
X € C™* with a proper constraint, the projected polynomial XHF(1)X has #y < ¢ eigenvalues in I, namely
Ax < -+ < 4y, x. Furthermore, suppose the eigenvalues of F(4) admit min-max principles, such as

1. the Wielandt-Lidskii min-max principle:

k k
min max Ay = Z A 3)
ch...cxk ijXj e~ Jj.X & ’j’
dim&;=i; X=[x,....x]'" J=
rank(X)=k
proper X
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2. the Courant-Fischer min-max principle obtained by setting k = 1 in (3) and noticing p(x) = 4 x:

min max p(x)= 4 4
dimX=i xeX p(x) P @)
proper x

3. the Fan trace min principle obtained by setting i; = j in (3):

k k
min_ Y Ay =) A 5
rank(X )=k 4 X ‘ J ©
proper X J=1 J=1

4. or the extreme eigenvalue characterization obtained by setting i = 1 in (4) or k = 1 in (5):

min_p(x) = 4y, ©)

proper x

where the phrase “proper X in the min/max means that the minimum/maximum is obtained under some proper
constraint.

These min-max principles motivate us to use the Rayleigh-Ritz procedure and gradient-type optimization meth-
ods, such as the steepest descent method (SD) or the conjugate gradient method (CG), to obtain several smallest
eigenvalues and their corresponding eigenvectors. In this view, the locally optimal block preconditioned (extended)
conjugate gradient method (LOBP(e)CG) has been developed to solve some kinds of eigenvalue problems. Locally
optimal CG for nonlinear optimization was first described by Takahashi [25]. Later, Knyazev [7] established LOBPCG
for the generalized Hermitian eigenvalue problem A — AB, where A > 0. Because of its efficiency, this method has
been used to solve different kinds of eigenvalue problems. Nevertheless, up to now, the convergence analysis of this
method has been incomplete. As far as we know, current results on the estimate for the convergence rate fall into two
categories. Ovtchinnikov [22, 23] dealt with the convergence rate of a standard form for LOBPCG applied to stan-
dard Hermitian eigenvalue problems and generalized Hermitian eigenvalue problems (A — AB)x = 0 with a positive
definite B. He analyzed the convergence rate of LOBPCG by constructing a relationship to SD and then bringing in
the convergence rate of SD by Samokish [24]. On the other hand, also for those two types of eigenvalue problems,
Neymeyr and his co-authors derived the convergence rate of a special form named “sharp estimate” for preconditioned
inverse vector iteration (PINVIT) and (preconditioned) SD in a series of works [19, 8, 21, 20, 2]. In this paper, we
will consider several instances of the generalized eigenvalue problem and try to apply the developed ideas to them
for the algorithm LOBPCG for computing the extreme eigenvalue, which means the block size is 1, or equivalently,
a vector version of LOBPCG. The problems are:

1. Definite matrix pair F(4) = AB — A, which means there exists 4, € R such that F(4;) < 0. Let T = (4, +o0)
and D = {x € C" : xHBx > 0}, and let the proper constraint be X" BX = I, satisfying the assumptions above
(see, e.g. [10, 18, 16, 14]). Here, the investigated algorithm coincides with the algorithm given by Kressner et
al [11, Algorithm 1].

2. Hyperbolic quadratic matrix polynomial F(1) = A>A + AB + C, with A > 0 and assuming there exists
Ay € R such that F(4,) < 0. Let T = (4, +o00) and D = C", and let the proper constraint be rank(X) = k
or XHAX = I, satisfying the assumptions above (see, e.g. [4, 17, 6, 15]). Here, the investigated algorithm
coincides with the algorithm given by Liang and Li [15, Algorithm 11.2].

The rest of this paper is organized as follows. First, some notation is introduced. Section 2 presents the generic
framework of LOBPeCG for any kind of Hermitian matrix polynomial satisfying the assumptions at the beginning of
the paper, and also its convergence analysis. Section 3 applies this convergence analysis to the two problems listed
above. In Section 4, two numerical examples are given to illustrate the convergence rate. Some conclusions are
provided in Section 5. Appendices A and B are used to take care of detailed and difficult estimates in the proof of the
convergence analysis in Section 2.



Notation. Throughout this paper, I, (or simply I if its dimension is clear from the context) is the n X n iden-

tity matrix, and e; is its jth column. 1, = Z;’zl e; (or also simply 1 if its dimension is clear from the context).

diag(a, ... , a,) is a diagonal matrix whose diagonal entries are a, ... ,a,. X' is the conjugate transpose of a vector
or matrix X, and || X|| is its spectral norm, X' is the Moore-Penrose inverse of a matrix X.
Given a matrix A and a vector x, the (m+1)-dimensional Krylov subspace is denoted by K, (4, x) = span{x, Ax, ..., A"x},

and R(A) denotes A’s column subspace.

We use A > 0 (A > 0) to indicate that A is Hermitian positive (semi-)definite, and A < 0 (A < 0)if —4A > 0
(—A > 0). For A > 0, A'/2 is the unique positive semidefinite square root of A.

For a Hermitian matrix A, its eigenvalues are denoted by

Amin(A) < A2 (A) < < AP (A), o AW (A) < 0 < AD) (A) < Ay (A).

For any two functions f(x), g(x), by f(x) ~ g(x) we denote the case that 7, f (x) < g(x) < 7, f(x) for some 7;,7, > 0
and all x in the joint domain of f and g. Similarly, by f; ~ g; we denote the same situation for two sequences
{f;}.{g;}. Clearly “~” is an equivalence relation.

Recall the matrix polynomial F(A) from (1). Define the corresponding residual vector r(x) := F(p(x))x. Then
xHr(x) = 0 and

r(x) = =300V p(),

because
0 = VI F(p(x)x) = x"F(p(x)xV p(x) + 2F (p(x))x = o(x)Vp(x) + 2r(x).

Denote the divided difference by
F(py) = F(py)
D(p), py) 1= ——2
pL— P2
Then for any nonzero x, define
. xxHd(py, py)

“Peee T He(py, py)x

and
v . . H
F/’l»l’z(p’x) T <I_P )F(p) (I_PX’Pla/’z)'

X,P1-P2

It is easy to check that

2

_ H _ H —
Px,pl,pzx =X X (p(pl’pZ)Px,ﬂl,pz = x"®(py, p2)s Px,p],pz - Px,pl,pz’

ie., P

.01, 18 an (oblique) projection.

2 Generic LOBPeCG Framework

First we present a framework for LOBPeCG, namely Algorithm 2.1. Note that in the shortcut LOCG(n,, m,), n,
represents the block size, i.e., the number the eigenpairs to compute simultaneously, while m, indicates the size of
the subspace extension so that m, + 1 is the dimension of the Krylov subspace.

We will deal with LOCG(1, m,) in the following. Since j = 1, we can omit the index j safely.

In every iteration of the algorithm, computing the proper eigenpairs of ZHF(1)Z is equivalent to solving the
following optimization problem:

piv1 = p(Ziy) = min p(Z;y), (7
where Z; is a basis of span{x;, K; F(p,)x;, ..., (K;F(p))" 'x;, x,_; }.

Theorem 2.1. Let the sequences {p;}, {x;},{r; := F(p;)x;} be produced by LOCG(1, m,). Suppose that for all i, y;
is a stationary point of p(Z,y).

1. Only one of the following two mutually exclusive situations can occur:



Algorithm 2.1 Locally optimal block preconditioned extended conjugate gradient method: LOCG(n,, m,)

Given an initial proper approximation X, € C"™", and an integer m, > 1, and a series of preconditioners {K;,; }, the
algorithm computes the approximations of the eigenpairs (4;,u;) for j € J, where J = {1 < j < n,} for computing
the few smallest eigenpairs.

1: solve the projected problem for X (I){F ()X to get its eigenpairs (py.;, ¥;);

20 Xo(=1[... s X0z ) v D= Xulys ... ,ynb], X_1=0J={1<j<n};

3: fori=0,1,... do

4: construct preconditioners K;.; for j € J;

5: compute a basis matrix Z; of the subspace Zjej K, (Kij F(pi.), xi.5) + R(X;_);

6: compute the n, proper eigenpairs of ZHF(4)Z;: (Pit1:> Viy) for j € Jand let 2, = diag(..., p;y1.j5---)
whose diagonal entries are those for j € J;

7: Xy (=L x4y - D= Z;Y;, where Y; = [..., y;.;, ... ] whose columns are those for j € J;

8: end for

9: return approximate eigenpairs to (4;,u;) for j € J.

(a) For some i, r; =0, and then K,, (K;F(p;), x;) = span{x;} for m, > 2. Then we have

Pi = Pig) = oo XpZ Xy = ey I =y =00 =0, ®)

and (p;, x;) is an eigenpair of F(A).

(b) p; is strictly monotonically decreasing, and p; — p € [A_, A ] asi — oo, and r; # 0 for all i, and no two
x; are linearly dependent.

2. xl.Hri =0, Z,-H’"i+1 =0.
3. in the case of Item 1(b), if {x;} is bounded under the proper constraint, then

(a) r; #0forallibutr; > 0asi— oo,

(b) pis an eigenvalue of F(A), and any limit point X of {x;} is a corresponding eigenvector, i.e., F(p)x = Q.

Proof. The proof is nearly the same as its analogue by Liang and Li [ 15, Theorem 8.1]. First by (7), clearly p; | < p;.
There are only two possibilities: either r; = 0 for some i or r; # 0 for all i. If r; = F(p;,)x; = 0 for some i,
then R(Z;) = span{x;,x,_;}. Note that R(Z,_,) = span{x;_, K, F(p)x;_{» ..., (K;_  F(p;))" 'x;_|,x;,_,} and
X; =Z;_1yi_1 € R(Z,_1). Then R(Z;) C R(Z,_), which implies p;,,; = p; and x;,,; = x; and thenr; ; =r; = 0.
Thus, (8) holds. Now consider r; # 0 for all i. Note that r; # 0 implies Vp; # 0, and so p(x; — v{K;Vp,) < p(x;) for
some v; with sufficiently tiny |v,|. This in turn implies p(x; + v,r;) < p(x;) for some v, with sufficiently tiny |v,]|.
Note that x; satisfies the proper constraint and the constraint is continuous, which implies x; + v, r; satisfies the proper
constraint. Thus,

pHﬁ=qmmZm)5MM+Vﬂ9<p@J

Therefore p; is strictly monotonically decreasing. Since p; is strictly monotonically decreasing and bounded from
below since p; > A_, it is convergent and p; — p € [A_, A, ] because p; = p(x;) € [A_, A,] for all i. No two x; are
linear dependent because linear dependent x; and x; produce p; = p;. This proves Item 1.

For Item 2, easy to see x'r; = xZ F(p,)x; = 0. Since y, is a stationary point,
o(x;y1) o(x;11) o(x;41) dp(Z;y)
Z}'ri = =52 Vpain) = == 2V p(Zyy) = - = o =
For Item 3(a), we have ||r;|| = [|F(pp)x;|l < [Xio 1Al A" ] lIx;1l so {r;} is a bounded sequence. It suffices

to show that any limit point of {r;} is the zero vector. Assume, to the contrary, {r;} has a nonzero limit point 7, i.e.,

ri, = 7, where {rij} is a subsequence of {r;}. Since { x,.j} is bounded, it has a convergent subsequence. Without loss

H

of generality, we may assume x; itself is convergent and x; — X as j — oo. We have #"X = 0 and X satisfies the
J J



proper constraint because r?xi

~=0and x; satisfies the proper constraint. Now consider the projected problem for
J J J

Fon o YRRy - xng(A)x,j ng(A)r,.j
i/( )= i 4 i r?_F(/l)xij r?_F(ﬂ)rij ’
J J
where Y,-j = [xl-j, r,-j]. Since r?x,-j =0, rank(Y,.j) = 2, and thus Fl-j(ﬁ) still satisfies the assumptions at the beginning
J
of the paper. Denote by ;. its eigenvalues. It can be seen that

’1—<11 S/‘j;l S:“J‘;ZS)”L”' (9)

Then 4, < Pi+1 S K- Let
F(3) = lim F, (4)
j—ooo

whose eigenvalues are denoted by fi;. By the continuity of the eigenvalues with respect to the entries of coefficient
matrices, we know u;.; — fI; as j — oo, and thus

Ao <A <y <y <Ay (10)

Notice by (9) and (10)
MEpaSH = A<A4 SISy (11)

On the other hand, by (9), we have

A 1 1 0 rl.Hrl-j 0 fo
F p) = i F . =i J =
() ,Lngo ’j(p’j) Jggo riHr,.j r?F(p,.j)r,-j e AF(p)?
J J
which is indefinite because 717 > 0. But by (11), F (p) <0, a contradiction. So # = 0, as was to be shown.
For Item 3(b), since ||x;|| = 1, {x;} has at least one limit point. Let X be any limit point of x;, i.e., X, = X.
Taking the limit on both sides of F(p,-j)x,.j =r yields F(p)x = 0, i.e., (p, X) is an eigenpair. ]

Theorem 2.1 shows that LOCG(1, m,) converges globally, but provides no information on its convergence rate.
In order to obtain such a rate, we proceed as follows: first, a relationship between the quantities of two successive
iterations is established in Theorem 2.2; then, by this relationship, LOCG(1, m,) is compared with SD(1, m,) in The-
orem 2.3, where SD(1, m,) is the block preconditioned steepest descent method; finally, the rate follows from this
comparison in Theorem 2.4. These three theorems are reminiscent of the theorems by Ovtchinnikov [22, Theo-
rem 2.6,Theorem 4.1, and Theorem 4.2], respectively. Our theorems are more general than those w.r.t. three aspects:
they hold for any Hermitian matrix polynomial F(4) satisfying the assumptions in Section 1, other than only the stan-
dard Hermitian eigenvalue problem F(A) = Al — A; they allow for any m, in LOCG(1, m,), other than only m, = 1;
the estimates are somewhat refined.

Theorem 2.2. Let x # 0,r(x) #0,p #0, and S = [s(l) s(k)], which satisfy pir(x) # 0, SHr(x) = 0. Suppose

that [x p S ] is of full column rank, and (., by ) is a stationary point of the function p (x +a(l — P, Plop)s o)) lp + Sb] >
Write
§=p+Sbyy, d=a,,(I— Px’p(xopl),p(x))s, Xopt =X +d.

Then, for the nontrivial case that Xopt + X,

Uopt 70, rop L span{x, p,S,s,d}, 12)
and
=- Pr(x) AU (p(egp)d (13)
Xopt = SHF (p( ); X) - I’(x)Hp
p(xopt)vp(x) P xOpt 5 X)S



|r(x)Hp|? dUF (p(xop)d

P(Xop) — p(x) = . == ; (14)
[xH(p(p(xopt)’ p(x))x] [SHFP(XOPI),p(x)(p(xopt); x)s] X (P(P(xopt), p(x))x

r(xop[) - r(x) = Fv‘p(xop‘)’p(x)(p(xopt); x)d’ (15)

bOPt == [S TF p(xom),p(X)(p(xOPt); x)S] SUF, p(xopt),p(x)(/’(xom); x)p + 0, (16)

where v is a vector satisfying
Fp(xopl)’p(x)(p(xopt); x)Sv L span{x,p, S,s,d}, 17

as long as
xH¢(p(xopt)9 p(x))x ;é O’ SHFp(xopt),p(x)(p(xop[); X)S ?é O’

Besides, (13)—(16) also holds for the trivial case that Aopy = 0,d =0, Xopt = X, p(xopt) = p(x), r(xopt) = r(x).
Proof. Write

xchDOPt
cpopt = Q(P(Xopt), p(x)), Popt = X,p(Xopt )sP(X) = XH(Doptx.
Recall from the end of Section 1 that we have
r(xopt)onpt =0, r(x)Hx =0, r(x)HPOpt =0, xH<150ptPOpt = chbopt.

Since (g, bope) 18 @ stationary point of the function p,

d H
0= —p (x+ agu( = Pop)(p + Shyp)) = (Vo(x + @ = Pop)s))” @I = Pop)S

-’
2a
opt H
=— I1-P.)S, 18
= (xopt)r(xopt) ( opt) (18)
and 4
H
0= o PX + Aoy (I = Popy)s) = (Vo(x + T (I = Popt)s)) (I = P,y)s

2 H
=—-—= I-P)s, 19
U(Xopt)r(xol:)t) ( th)s ( )

which means r(xopt)Hd = 0. Then r(xopt)Hx = r(xopt)H(x0 . —d)=0and r(xopt)HPOpt = 0. Thus, r(xopt)Hs = 0 by
(19) and r(xopt)HS = 0 by (18), so that r(xopt)Hp = r(xopt) (s — Sbopt) = 0. Then (12) holds. According to (19),

0 = x{ F(p(xop))I = Popy)s
= XTF(p(xop ) = Pop)s + Uop s F ) () (P(op )i )s. (20)
Note that d* F(p(xop))d = lagp |*s™ Fys, )y (P(Cxop); X)s and
XMF(p(xou)UI = Pypy)s = X [F(p(xgp)) = F(p())] (I = Pyp)s + XM F(p())UI — Pyy)s

= [p(xopt) = POOIXT D (I = Popy)s + () (I = Pyyy)s
= r(x)s = r(x)p. 1)

Then by (20), we have (13). Since

F(Xop) = 1(x) = F(p(Xgp))Xgp = F(p(x))x
= F(p(xop))Xopi = F(p(Xop))X + F(p(xop))x = F(p(x))x

= aoptF(p('prt))(I - Popt)s + [p(x()pt) - p(x)]¢optx9 (22)
by (21), we get
xH(r(x()pt) - r(x)) - aoptxHF(p(xopt))(I - Popt)s aoptr(x)Hp
p(xopt) - p(x) = XH@Oth =~ chDOptx (23)

6



Together with (13), we obtain (14). Further,

o0 PCop)s X)d = agpy (I = PEOF (p(xop )T = Popy)s

dioptxxH
= (xopt F(p(xop[))(l - Popt)s - mF
op

(Pt — Popos)

r(x)fp
= F I-P -D x— by (21
Xopt < (p(xopt))( opt)s optX dejoptx > y (21)

p(xopt) - p(x)

= Aopy <F(p(xopt))(1 = Pop)s + @y x ) by (23)

Xopt

= r(xop) = r(x), by (22)

hence we obtain (15). Thus,

Copt = 0 Fp .0 (P(Xop)s X)) Xgpt = X) = (F(Xgpy) = r() (xgp = X)

= —r(x)H(xopt —Xx) = —(xoptr(x)H(I — Popt)s = —aoptr(x)Hp.
Finally,

0= SH(T = PR)(r(xop) —r(x)) by (I8)

=SsH( - P;;t)Fp(xop‘)’p(x)(p(xopt); X)agp(I = Pop)(p+Sb) by (22)

= aoptSHFP(XOPI)’p(X)(p(xopt); x)(p+ Sb), by the definition of F

which implies (16), and SHFP(XOP‘M()C)(/J(xOpt); x)Sv = 0. Note that SHF, yd = SH[r(x ) —r(x)] = 0 by (15),

(Xopt)-P(x
and Fp(xnpt)’p(x)x = F(p(xopt))(I - Popt)x = 0. It is easy to obtain (17). ]
Theorem 2.3. Suppose A; < p; < A,. Assume that KI.I/ZF’(,DZ-)KI.I/2 is positive definite in the search subspace, or

equivalently, ZI.HK.I/ZF’(pi)K.l/zZi > 0. If p,_y — Ay is sufficiently small, then for LOCG(1, 1), either p; — p; ;1 >

1 1
VPi-1~ Pi OF
1 1 1 +O(\/Pi _pi+1)+O(Pi—1 - p;)
+ = ,
Pi = Pir1 Pic1— P pi — P?H

(24)

where pf.’+1 is the minimal value of p(x) in the subspace ICme(K,-F Py x;).

Remark 2.1. If the case that p; — p; | > +/pi_; — p; occurs, the ith iteration improves the approximation a lot, so it
is very exceptional.

Proof. Assume that p; — p;.; > 1/p;_; — p, fails, namely

Pi = Pit1 < \/Pi—1 — Pi- (25)

For a general K; > 0, the ith iteration is just equivalent to the ith iteration of the algorithm applied to Kl.l/ ’F (A)Kil/ 2
without a preconditioner, and then everything below can be easily examined. Thus, in the following we assume
K, =1.

To use Theorem 2.2, without loss of generality, suppose we normalize x; in every iteration to make the first

element of y; (in Step 6 of Algorithm 2.1) be 1. Then in the ith iteration, write

g=pi—4, 6;,=—(pip1—p)20, di=x;—x;, F,=F(py), F,-/ = F’(Pi)’
Qi =P(iy1: ). B = PxisPiJrlsl’i’ k= Fl’i+1»/7i(pi+1;xi)'



Clearly a’H i = 0. Note that o(x;) = x F!x; > 0. Thus,

X[ P, olx,) N i (=6 xTFB ()%, o(x))

= + 0(6;) > 0.
H H ! H H i
xilx; xjx; = K x;'x; xx;
Without loss of generality, we assume chD x; =1.
If the notations in Theorem 2.2 are adopted, then
x;=x, ri=rx), p;=px), Xig1 = Xopt>  Fig1 = r(xopt)’ Pis1 = P(Xjyy)-

For

#H
= -P) <1— —>[ . Flr],
r r

we obtain r?S i = 0. p;; can be recognized as p,, in Theorem 2.2 as we let

p=r Sz[xi—l Sl] =:§

. Xi_ Si] is of full column rank, otherwise we can delete the last several
columns of .S;, which will not affect the search process. Thus, by (14) and (16),

Without loss of generality, assume [r-

s |r?"i|2
i =P~ Piv1 = T -
[xHa,x;1[s Fps;]
where
< ~H T ’”H Qo <
s;=r =SS F, ,) Fir; + S v;, F;S;v; L span{x;,r;,S;,s;,d;}.
To describe the search process in the subspace K., (KiF(p;), x;), we use the superscript “-°” for certain terms,
which gives
o _ 0 o _ o o _ 0 o __ [0
61 = —(PH_I - P,) > Oa F}+1 = F(pi+l)’ d)i - ¢(pi+1’ pi)’ F)l - PX,—,P?H,,O,-’ F; - :+l l’z(pl+1’ )
Xy = xgpt’ P = r(xgpt)’ P = P,
Similarly, p?, | can be recognized as p ot in Theorem 2.2 as we let
pP’=r, S°=S,.
Thus, by (14) and (16),
6 = pi— pl), = il (26)
i i i+1 [xf{@:)xl][(le)HF‘lole] ’
where

$O=r, = S(SPFPS)TSHFor, + 8,00, FPS;0? Lspan{x;,r;, S, s°}.
The rest of the proof is to estimate the ratio of 6; and ;. Let
67 x?@ixi sl.Hl:"isi

K‘:=5—= Hoo o .
. o} 0.0
i X DYx; (SOHF? s

Clearly, k < 1.
First, we prove that
SHF i+15; and SiHFl.‘jrlSi are nonsingular. 27)

Write

T, = S(SPF.S)™'SHF, = S,(SPF,,S)™' SPF,, (I - P),
= S,(SHF*S) ' SHF° = Sy(SHF? LSHFS (I -P).

i+1 l) i+1



Clearly, P,S; =0, BT, =T,P, =0, P°T’ = TP’ = 0, and
THE, =THET, (I -THEUI-T)=FI-T)=U1-THE,.

We have v? = 0 and
O =r; — S,(SHFCS) ' SHEr; = (I = TO)r,.

On the other hand, it is easy to see that §l.H FIE, is nonsingular if and only if

T, .= XFI_]FV‘I(I — T})xi_l ;é 0, (28)

1

and when it is nonsingular, that

1 1 H

v v —1
H H - —=w:
(§HF§)—1_ xi_llrixi—l xi_IESi _ T; T !
PR T S Ex, SPES | T | -Ltw Lwuwl 4+ (SHES) T
i TiXim i Lini Wi T‘_wiwi i Livi

i

(SI.HI:",-S,-)_ISI.HI:“,»xi_l satisfying S;w; = T;x;_;. Actually, (28) is guaranteed by the claim (31) below.

~

where w; =
Thus, SI.HFZ- ; is nonsingular,

~ v o~ v _ 1
S(SUES)™ISH = s,(SHF.s)~ ' sH + —U - T)x,_yxB (1 =T,
i

and
S =7T;— Li(g?ﬁigi)_lg,nﬁiri
=r;— S;(SPF.S) ' SHFr; - %(1 —T)x;_xit (I =T Fyr,
]
M F =T,
=U-T) |r— 7%-1
Write

e =Tr; =Ty, B =xit F(I=T)ry,

i i - -1

so that s? +¢; = (I — T))r; and

s; =5 +e — &(I —T)x;_;.
i
Let H H - H H
K= 5_’0 = X @iy ()7 Fisy (7 + e Filsy + e S Fisi = KKyK3K (29)
b O (DHFYSY OPEs) (e e
First, observe that
=z =— 1 - L _1,004).
Moy, o(x)+0()  1+0()
We assume for now that
Ky =14+0(0;), k3=1+0(,). (30)
For ky, since (I — T F,(I - T;) = F,(I - T)) = (I — TY)F}, we get then
H MET -T)r, - b 2
s Fis; it ek - B;
Ky = - = — =1-—.
(s? + ei)HF,-(s? +e;) r?Fi(I - T)r; rir}{Fi(I —T)r;
We claim that
1/2
7, == |1+ 00, )+ 0(5)| 6y, (31)



1/2
i—1

1/2

b= [1+06. ) +065 D] 2 + |06, + 068 )| Il (32)

and
- EI = T)r; ~ ri'r; = 0(6)). (33)

Recall (25), namely 6,_; > 51.2. Therefore,

1/2
==[1+06 D6 A= [1+0G )] Il +OG_lr.
Thus,
2
o g _ (0@l + [1+ 06, p] lir11?)
ar B =Tore —5_ |1+ 06! D] i Fa - T,
[T+ 06 D] Nl + 06Dl P + 067 D2
_5F1[1+cxaﬂiﬂr?ﬁ(l—795
|1+ 06D Il + 0GP + 02 lir I
ﬂsi—l”?ﬁ'“ =T)r;
1+0G62) e 12
= . +0(5,"%) + 0(5,_).
Si-1 MEU-T)r,
By (26) and (29), .
& nll?
K1K2K3 r?ﬁ}([—]—})ri’
which implies
1+0@6% 60 12
11—k, = +0(8,"%) + 0(5;_).
01 NLL]

Since (1 — k4y)k krk3 = K1 Kok3 — kK = 1 — k + O(6;), we obtain

57 1/2 2 1/2 _
5 +0(5,") 5 +0(5,"") + 0(6;_1) + 0(5;) — (1 — k) =0,
i-1

i—1

which implies

6° 2
’ =<1Pa@%iwkwg+m$%+o@qn40—mb

S \2
=mm+o@@H0wHH4u—m+mmﬂﬁ¢m#%+0@qnwu«)
=1-k+06"") +06,._)).

With s
11406 +06,.)
5 8° 6.

we arrive at (24).
We defer the proofs of the claims (27), (30), (31), (32), and (33) to Appendix B, as these consist of rather technical
calculations and estimations. ]

We summarize the findings of this section in the following theorem.

10



Theorem 2.4. Suppose Ay < py < A,. Let {p;} and {p{} be produced by LOCG(1, m,) and SD(1,m,) with a fixed
preconditioner K > 0, respectively. Assume that ZiHKl/zF’(ﬂl)Kl/zZl- > 0. If p,_; — Ay is sufficiently small,
provided

p?+1 — Ay S 1,(p = Ap) + O((p) — /11)3/2), forallianda givenn, < 1,

then
Piv1 = A1 S (pisy = A) + OWpicy = 4, (34)
where
n= =0
2—-n,
Proof. The proof is exactly the same as its analogue by Ovtchinnikov [22, Theorem 4.2]. O

3 Application to Definite Pairs and Hyperbolic Quadratic Polynomials

3.1 Definite Matrix Pair

As we stated in Section 1, the definite pair F'(1) = AB — A for the special case that F(4;) < 0, T = (4¢, +0), and the
smallest positive-type eigenvalue is chosen here. This setting satisfies the assumptions needed to apply tthe results
from the previous section. However, with little effort, we see that any definite pair or any type of eigenvalues could be
transformed into the case mentioned before. For example, for F(4;) < 0, T = (-0, 4), we consider F (1) =F(=A)
and T = (=4g, +00); for F(4g) > 0, T = (4, +00), we consider ﬁ(/l) = —F(1) and I=1.

Theorem 3.1. Let {p;}, {x;} be produced by LOCG(1, m,) with a fixed preconditioner K > 0 for the definite matrix
pair F(A) = AB — A. Suppose AT < py < A3. Assume that ZiHKl/zF'(ﬂl)Kl/zZi > 0.

1. Asi — oo, p; monotonically converges to /IT, and x; converges to the corresponding eigenvector in direction,
i.e, F(p)x; = 0.

2. Denote by y and I’ the smallest and largest positive eigenvalue of the matrix —K F(A). If p; — /IT is sufficiently

small, then
piy1 — AT <P (pisy — A + O(piy — A1)/, (35)
where
R B VL S s
A2me 4 A2 V-1 v’

Proof. For a definite matrix pair, the optimization problem (7) is

Piv1 = pP(Z;y;) = min yHZiHAZ,-y.
WZHBZy=1

Using Lagrangian multipliers, it is equivalent to
pipr =min L(y, ) = min " ZHAZy - u(O"ZRBZ,y - 1).
The minimal point (y;, ;) must satisfy:

0L(y;, u;)

5 =2Z"AZy, - 24, Z}'BZ,y, =0, (36a)
y

oL(y;, u;

—(ay;ll M) HzHBZy —1=0. (36b)

Left multiplying (36a) by y! gives y; = p(Z,y,), and then ZPr(Z,y,) = ZHF(p(Z,y,)Z;y; = 0. Thus, df’%y” =

ZI.HV p(Z,;y;) = 0, which means y; is a stationary point of p(Z,y). Besides, under the constraint x?Bxi =1,

XP(A_B — A)x; = (A_ — p)xi'Bx; = A_ — p;.

1

11



Since A_B— A <0, ||x;]| < Aminp(iA_j;, B < /{mi:((ZjL B’ which implies that ||x;|| is bounded. To sum up, by Theo-
rem 2.1, Item 1 holds.

For Item 2, first, under the assumption ZHK/2F'(A)K'/?2Z; = ZHK'/2BK'/2Z; > 0, it is easy to check that
Theorem 3.4 in Golub and Ye [5] still holds, even if the matrix pair (A, B) is definite, rather than restricted to the
case that B > 0. Then we choose the mth Chebyshev polynomial of the first kind as the polynomial p in the theorem.
Similarly to the discussions by Li [12, Section 2], an upper bound of ¢,, in the theorem results. Then, together with
this theorem, by Theorem 2.4, Item 2 holds. OJ

3.2 Hyperbolic Quadratic Eigenvalue Problems

As we stated in Section 1, the hyperbolic quadratic polynomial F(1) = A>A + AB + C for the special case that
1 = (4g,+o0), and the smallest positive-type eigenvalue is chosen as what we need, satisfies the assumptions on
a generic F(1). However, with little effort, we know the negative-type eigenvalue or the largest eigenvalue could
be transformed into the case mentioned before. For example, for the largest eigenvalue lying in 7 = (—o0, 4),
we consider F (4) = F(—=A) and 7= (—Ag, +00); for the largest eigenvalue lying in T = (4, +0c0), we consider
F(A)=—F(=A) and T = (—c0, 4y).

Theorem 3.2. Theorem 3.1 holds for the hyperbolic quadratic polynomial
F(A)=A*A+iB+C.
Proof. The optimization problem (7) is

Piv1 = P(Ziy) = " Fr;nZl}y: P,

Using Lagrangian multipliers, it is equivalent to
piy1 = min L(y, u) = min p(Z;y) = uY" Z1AZ;y = 1).

The minimal point (y;, ;) must satisfy:

OL(y,, u; VALV
(yz Ml) 1 i i 2MIZIHAZly! _ 0’ (373)
oy O'(Ziyi)

oLy

(ay—;”’) =y1ZHAZy, —1=0. (37b)

Left multiplying (37a) by yiH gives y; = 0, and then Zl.Hr(Ziyl-) = 0. Thus, %y”y") = Z’.HVp(Zl-yl-) = 0, which means
1
Amin(A)

y; is a stationary point of p(Z,y). Besides, under the constraint xl.HAx[ =1, x| < and then ||x;|| is bounded.

To sum up, by Theorem 2.1, Item 1 holds.
Item 2 holds by Theorem 2.4, together with a theorem by Liang and Li[ 15, Theorem 9.1]. g

4 Numerical Examples

In the section, we will provide two examples to illustrate the proven convergence rate. We use the code by Li [13]
and make small modifications to it to do calculations in the examples below. All experiments are done in MATLAB
R2017a under the Windows 10 Professional 64-bit operating system on a PC with a Intel Core 17-8700 processor at
3.20GHz and 64GB RAM.

Example 4.1 ([ 15, Example 12.1]). This is the problem Wiresawl in the collection NLEVP [3]. It is actually a gyro-
scopic quadratic eigenvalue problem coming from the vibration analysis of a wiresaw [28], which we can transform
to the following hyperbolic quadratic matrix polynomial:

1 (V% — )2

A==I, C= diag(12,22, ..., n?),

12



eigenvalue approximate absolute error
I I I

computation approximation
— — — prediction by the bound

'
o
I

—_
o
I

19102 V1A, )

151

.20 | |

iteration

Figure 1: Example 4.1: calculation and prediction for LOCG(1, 1).

4ij . .
vy—-1——, ifi+jisodd,
B=(b,) with b= 2_j2 /
0, otherwise,

where v is a real nonnegative parameter related to the speed of the wire.

In this example, we use LOCG(1, 1) in Algorithm 2.1 with X; = randn(n, 1) for n = 1000, v = 0.1, with the
preconditioner K = C~! to get the smallest positive-type eigenvalue of the problem. For the projected problem
in every step, the stopping criteria is that the normalized residual is no bigger than 0.1 or the number of CG steps
reaches 10. In Figure 1, the final approximation is treated as the exact eigenvalue A, and then: the solid line is the
real approximation error; the dash line is the result predicted by (compared with (35))

2 \/E+1 T
=

Pt —h =i =4, A=

V-1 y
At least we see that in this example, this kind of prediction is appropriate.

Example 4.2. This example is constructed by the MATLAB function gen_hyper?2 in the collection NLEVP [3].
Here, we generate a small-scale problem of size 10 with eigenvalues +1,+2, ..., 410, and a mid-scale problem of
size 1000 with eigenvalues +1, +2, ..., +1000. The other parameters are chosen randomly. Thus, we know the exact
eigenvalue 4, = 1.

We use different values of m for SD(1, m) and LOCG(1, m) to calculate the smallest positive-type eigenvalue, with
the preconditioner K = C~!. For the projected problem in every step, the stopping criteria is that the normalized
residual is no bigger than 0.1 or the number of CG steps reaches 10. In Figure 2, the left figure shows the relative
error of the approximations; the right figure shows the normalized residuals

”Q(Pi)xillz
(LAl P2 + Bl o] + DX

of the approximations.
In this example, we can see that

o LOCG is much better than SD, especially for mid/large-scale problems;
e increasing the dimension of the Krylov subspace indeed accelerates the convergence to the eigenvalue, though

not so significantly;

13



eigenvalue approximate error
T T T T

eigenpair approximate error
T T T .
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— — —SD(1,1) — — —SD(1,1)
LOCG(1,1) LOCG(1,1)
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LOCG(1,2) LOCG(1,2)
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104 F ——-sD(15 |1 108 F \ RN ——-SD(15) |7
LOCG(1,5) = . ~ LOCG(1,5)
S . \
_ he]
< 10°F g 10°}
= °
3 g
= q08F T 1010 F
10 £ 10
o
2
1070 1012 F
1012 F 1014k
1014 1078
1016 1018 . . . . . . .
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LOCG(1,3) 104 LOCG(1,3)| 1
— ——sD(1,4) — ——sD(1,4)
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< T 1010k
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~ 14 L
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\\ N
104 F 3 10716
1016 . . . . . . 1018 . . . . . . .
0 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
iteration iteration
(b) n = 1000

Figure 2: Example 4.2: different dimenions m of Krylov subspaces.

e increasing the dimension of the Krylov subspace perhaps slows down the convergence of the normalized resid-
uals.

Thus, to balance the computational cost per step and the convergence, maybe the best choice is LOCG(1, 1).

5 Conclusions

We have performed the convergence analysis of an extended LOBPCG algorithm for computing the extreme eigen-
value of Hermitian matrix polynomials, including two common instances — definite matrix pairs and hyperbolic
quadratic matrix polynomials. This analysis was considered out of reach by Kressner et al [11, Subsection 3.2] or by
Liang and Li [15, Subsection 11.2] for the vector version of LOBPeCG. However, it is quite natural to ask whether
there exists any kind of convergence analysis for the block version of LOBPeCG. It is likely that some analogues
would hold, but this remains likely to be a difficult and complicated task for future work.

A A lemma on the inertia property

For any Hermitian matrix A, the inertia of A, denoted by inertia(A), is a triple of integers which are the number of
negative/zero/positive eigenvalues, respectively.

14



For any real 4, F(4) is a Hermitian matrix. So we can discuss its inertia, the result is Lemma A.1. Actually, the
lemma is obvious for AB — A when B > 0; for a definite matrix pair or hyperbolic matrix polynomial F(4), it can be
found in many works (see, e.g. [26, (0.7)], [1, Corollary 2.3.7], and [9, Section 3]).

Lemma A.1. Given a Hermitian matrix polynomial F (1) satisfying the assumptions at the beginning of Section 1.
Then
inertia(F(p)) = (n—1i,0,i), forany u € (4;, Ai41), (38)

where i is an index to make A; < A;;.

Proof. First, forany u € (4;, 4;,1), F(A) is nonsingular. For y; and p, making F(yu,) and F(u) have different inertia,
at least one positive (or negative) eigenvalue of F(u,) has to become a negative (or positive) eigenvalue of F(u,).
Since the eigenvalues of a matrix, as functions of the matrix entries, are continuous, there exists y; between y; and p5,,
such that F'(y3) has at least one zero eigenvalue, or equivalently, there exists a nonzero vector x, such that F(u3)x = 0.
This implies y5 is an eigenvalue of F(4). Thus, for any interval in which no eigenvalue lies, the inertia is invariant.
Without loss of generality, we assume the eigenvalues are simple. Since F(4; — €) < 0, by the continuity of
eigenvalues of a matrix, inertia(f(4,)) = (n — 1,1,0). Write the corresponding eigenvector of A, is u;, and then
uII{F(/ll + e)u; > 0. Then, also by the continuity, inertia(F(4, + €)) = (n — 1,0,1). Similarly, we have (38)
recursively. O

B Claims in the proof of Theorem 2.3
Before proving the claims, we first establish two bound estimates, which will be used later.
One is that x; is bounded. Note that
Ik noghl
F, = F(A)+ kz_; k—’!F<k)(,11), @, = F'(A) + kz_; ’k—!F(">(,11).

Since ¢; is sufficiently small, Z"F'(p;)Z; > 0 implies Z1®,Z, > 0, ZHF'(4))Z; > 0. Let Q;, = Z(Z"Z,)71/* be
the orthonormal basis of R(Z;). Then QY F'(p)Q; > 0,01'®,0, > 0, 0" F'(1)Q; > 0. Write x; = Q;%;, and then

H <H HH . H 22
I=x7@x; = %70, @0 %; 2 Anmin(Q; P;ODIIX; 7

which implies

1 1
;112 < 11%11% < < +0(5,).
l l Amin(Q,H@iQi) /lmin(Q?Fi,Q,‘) l
The other is:
—tl.HFit,- ~ t?(biti ~ tl.Hti, for any ¢, = Q,f; # 0 satisfying tl.H<Dix,- =0. 39)

In fact, since QF'®,0; > 0, @1, = MOUD, 0,7 ~ 7, ~ 1M1, For the rest, since x®,x; = 1, xFx; = 0, using
the min-max principles (5) for the definite matrix pair (—Q?FiQi, Q?Q-Q,-),
MOl FOif;  H-0'FO)i;  %'(-QI'FO)%,
o 0f  Ol®0f  %0P0%
> Amin(—[01®,0,171 201 F,0,[0%"®,0,17/%) + 42) (-[01®,0,17/20" F,0,(0"®,0,171/%)

=0+ A2 (—[Q"F'(1))0,17'* QM F(1)Q,[0M F' (4))0,17/%) + O(e)).

By (4),

Ao (IO F' )07 2O F ()OO} F' (4)Q, 1)
_ —uH[OUF' (40,172 QR F(A)Q, [0 F'(4)0,17u
= min max
dim U'=2 uel’ uHy,
(write v = [ F'(4))0,17'/%u, and then u = [O" F(4))0,1'%v)

15



—UHQIHF(/ll)QiU H

— min ma vu (write w = Q)
dim V=2 UEV UHQ}.-IQiU UHQ?IF,(/II)QI'U :
. - F(A)w ot
= min max
dmw=2wew  whw  HOHF’(1))Q,v
. —UHF(/II)U 1
> min max = T
dim V=2 vey vv Amax(Qi F (ﬂl)Q,)
2
A (=F(4y))
Amax(QFF'(ADQ)
— A (F(41)

B AmaX(F (/11)) Bl
Thus,
—HFy. MONF0;1,
= — HH’ > w+0() > 0.

(40)
On the other hand, — Fit; < || F;||tf't; ~ 1@z, In total, —t?Fiti ~ 1,
Now we can begin to prove those claims.

Proof of (27). Note that R(S;) C R(Z;) and SP®,x; = 0. By (40), —ISHF,.S;7, > (w + O(¢)) i SH®d,S,7,. Hence
Amin(=SPF.S) > (@ + O(€)) Apin (ST D)) = (0 + O(€)) Ay (QF @,0)) A1y (STS)) > 0.

Note that SHF,, | S; = SHF.S, — 5,5,@,S;. It is clear that A

min(=SPF11S) = @Apin(QVF'(4)0)) + O(g;) > 0,
which 1mp11es that S 1S is nonsingular. It is similar that SHF o lS, is nonsingular.

O
Proof of (33). Since (I — P)(I —T;)r; € R(Z;) and x?(Di(I — P){I -T,)r; =0,by (39)
—rfIFi(I -T)r; = —r?([ — TiH)I:",-(I —-T)r; ~ r?ri
For the rest, let pisfl be the minimal value of p(x) in the subspace span{x;,, r;}, then
5P = —— SDIr L l; = > = —5§D[x§‘q>§Dxl]r"HI:+SDr" = 0(5)). O
[x; @ x;1r F>7r] rir

Proof of (30). Consider k.

(sO)HF;s (OHI = PHF, (I — P)s°
T OHFesS  (ONU = (POMFY (I = PY)s?
(sOHU = PRYF(I - P)s® - ,-+1(s°>H(I - PHao,(I - P)s?
 GOR( = (B F(T = PO)sy = 6%, (SR — (PO = PO)sy”

1+l

Since (I — P)s® € R(Z;) and (I — PH)®,x; = 0, by (39),

~GHNU = PHFU = P)sy ~ )T = PHD( = P)sy;
since (I — (P;’)H)s? € R(Z;)and (I — (P;’)H)(P;’xi = 0, then similarly to (39), we have

(NI = (POYNFU = PO)s? ~ (sHU — (PP — P)s?.
Thus
[1+ OISO = PHF(I — P)s?

2T T+ 0EIIGHIT — (PO — PO)s;”
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Note that
0> (s?)H(I - PiH)F,-(I - P)s) = (s?)HF,-s? - 29{(s?)Hd>,-xixiHF,-s? + (s?)HcDix,-x?Fix,-x?ch?
= (sOMFs® = 27 R(sO D, x;,
and a similar expansion of (s?)H(I - (PI.O)H)Fi(I — P?)s? holds. Then
(s;?)HFis? - 2riHri2R(s?)Hd5,-x,~
(sOHF;s° — 2 R(sO)HD0x;
2rir R(sOHH[@° — @],
(sHHF;s? - Zr?riﬂi(s?)HQI‘.’xi]
2rHr R (s [0 — @i]xi]

=[1+ 0(5,)] [1+ : =
[1+ O(@)IOHFOs?

Ky = [1+0(5,)]

= [1 4+ 0(5))] [1 +

It is easy to see that
OMFs? = (I = (TOFXUI = TO)r, = i For, — i FO S (ST FPS) T S Fr,.
Similarly to the proof of (27), we know — [S, r|" EC[S, r] = =[S, (I —POr]" Fo [S; (I —P)r] is

positive definite. Thus, since riHS,. = 0, by a matrix version of the Wielandt inequality (see Wang and Ip [27,
Theorem 1]),

) 2
Amax(_F(’ll)) - Amin(_F(il))
Ao (=F(A) + A2 (=F(4) )

min

H H o ¢ \—1 oH H 7 _
= FPS, (ST FYS) ™ ST Fr < =[x + Oe)lr Firy, ¥ =

which gives —(s)HF°s® ~ —rHFor,. Note that by (39), = For; ~ rHr,, —(sOHFs® ~ (s°)Hs°. Thus,

i i

- rIHFI.Ori ~ r?ri ~ (s?)Hsi ~ —(s?)HI:"ios?, 41)
and
Ky =[1+0@)] (1 + ORGP — @,]x;) .
Noticing that
OMDY = @,1x,| < I 116, = 6 [IF" (ol + 0@ ;1| = 057),
we have

i

Ky = [1+0(5,)] (1 + 0(53/2)> =1+ 0G)).
Consider k3. By the Sherman-Morrison-Woodbury formula, letting D; = Fi‘) - F,

e; = SSPFCS) ' SHFr, — S((SHF,S) ' SHFr,,
= s, (S S) ST - (SUES)SIE]
=S, [(STES)™ = (STES) ™' SIDS(STF Sy~ ) STFY - (S F.S)™ S E] ry
=S, [(SPF.S)™'SID, — (SP'F,.S)"' SHD,S,(SHF°S)™ SHF°] r,
= S,(SHF,S)~'SAD, [I - S(SPF°S)~' SHF?] r,
= S,(SHF,8)~' SHD;s°.

Since S;(SHF,S) I SHF,(s° + ;) = T,(I — T))r; = 0, we have e Fy(s° + ¢;) = 0. Thus,

(S?)HFI-S? (s?)Hl:",-s? (s?)HF,- 57

(s +e)HFi(s° +¢) | eHFe, | (sOHD,S;(SHF,S) "' SHD,s°
](‘3= = — .
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First we estimate S,-(SI.H}V'“,»S,.)‘ISI.H. Let S; = O¢Rg be its QR factorization, and then

v . _ -1
SiSHES)™ S = 05(Q5F,05)7' 0% = 05 (05U — PHYF, (I - P)Qs) ™ OF.
Since R((I — P,)Qg) C R(Z;), similarly to the proof of (27), we have

1
®Ain(Q5F'(A))Qs) + O(e))

IS, (SHE.S)~ sH|| < 42)

Then turn to D;. Noticing (I — P,))Og = Oy,

04D, = 0% [ = (POYNFS (I = PY) = (I = PYF, (I = P)]
= O [(PF = (PYDFS, (I = P+ FS (I = PY) = Foyy (I = P
= Q5 [ = PYIFS (I = PP) + F (P = P) + (F = Fiy ) = P))
=04 (@, - DO)x,x]'F (I = PY) + F2 x,;x} (@, — D) + (F | — F,)(I — P)]

i+1707
and then
105 D,1I < (8, = 8 [(ILF" (o)l + O)) X IPIF2 N (I = PPNl + 1) + (IIF'(p) + O@) I = PI] = O)).
Thus, to sum up, together with (41),
L (sOMD,050US,(SHF,5)™' S0 01D,s°
(SHHEF;s?
OMII0D;IP1Is711?

=1+ =1-0(5?). O
lIs2112 @)

K3=

Proof of (31). Since Fyx;_; = F,(x; — d;_)) = —=Fd,_; and F,(I = T)) = (I - TY)F,,

T, = xlﬂ_lﬁi(l —T)x;_ = d,'lilﬁ'i(l =T)d;_;.

First
Fo=(I ~PHF,(~P)
= PF P~ P'F ~ Fy P+ Fy — F+ F,
= Fipy = F;+ @x,xX] oy Xpx] @ — Dpx,xE Fryy = Fiyx,x '@, + F
= —5,®; — §,®,x,;x; ®; — B, x;x}(F; — §,®,) — (F, — §,D)x,;x; &, + F,
=F,— ®x;ri — rixi®, — ,@,[1 — x;x1'd,]. (43)

xl i [ has
AR ]
Since rll.{d[_l =0 by (12),

1

dl Fd,_, =d! Fd,_, —d} ®xrd_, —d} rxi®d,_, —5d’ &1 - P)d,_,
=d Fd,_ —6&d" &, - P)d,_,

= 4L Fidiy + 0G)lld; I”
Then, noticing that x?_lqﬁi_ldi_l = xiH_lgpi_l([ —P_))d,_, =0,by (14),

H H
di_IEd-_l = —5i_1xi

i L Diixin = =6 (x; — di_ Do, (x;—d,_))

= —5i—1(x,~H¢i—1xi - dilil(pi—ldi—l)

= =6 (x]'®;x; —diL | ®;_yd;_; + O(5;_))
=-5,_(1-d}! ®,_d,_| + O(5;_))).
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Similarly to (39), —d}! | Fd;_; ~ d}! ®,_,d,_,, which implies

5.
A Fd_ =——"L 4L 0@ ) =—6,_, + 02 ),
i—17i%i-1 1+O(5,'_1) ( 1_1) i—1 ( 1_1)

i—

and §,_; ~d! @;_yd;_; ~d d,_;. Thus

d \Fid,_y =—6,_,[1+0(5,_,) + 0()]. (44)

1

Then, by (43),

dEIETid-q = d,'lilFiTidi—l - d,'}ildjixir,HTidi—l - d,'H_lrix,H@iTidi—l - 5idE1@i[I - xix;H@i]Tidi—l

1
=d! FTd,_, - 6d" &[I—xx'®]Td,_,.

Since | ;|| < [IS,(SEES)™ SENIFIIIT - P12 by (42),
d,-}L FTd,_ , = d,-IL FTd,_ +0(5;6,_).
Then, also using (42),

d' FTd,_y =[x, — x, 1" FS, (ST ES) ™ ST F (I = P)lx; — x,4]
=[x; — xi—l]HESi(SiHFiSi)_lS,HF:'H[XJ(X?QXI'—Q = X;_1]
=[r,—(F_ — 51—1¢1—1)xi—1]HSi(Si}IESi)_1SiH[(Fi - 5i¢i)xi(x?¢ix'—l) = (Fiy = 61Dy — 6;@)x;_4]

1

=[P = 5 @, 1S(SPES) T ST (r — 6,0,x)(1 + OB D) = ri_y + 6,1 @1 x,_y + 6,P,x,_,]

- — 1/2
= [l + 6,1 X1 @, 1S,(SPFS) T S —ri ) + 6,1,y x,_, — 8,,(d;_; + x,0(5, / )

n - 3/2
=i Si(SHES) LS +06).

Since r'F/ r, | =0forj =1,...,m, by (12) and then

H pi, _ H (pj _ -1 _ j-1
rakir =L 6 FL @iy — 6P B

2 pi2g2
+O_ F_ @+l

j 3/2
= FL r 4 06, )l lirdl = 0@ DI,
together with
P = (o +dio) =1t di = 06, )),
we have
1A Sl = Nrt (0 = xxP e, = rrB e ™) [Fry oo FMer] Il = 0@, plirl- (45)
Similarly to the proof of (27),
ISHES)™ | = odlr ™. (46)
Thus, | S,(SPE,S)~" SHr,_, = 082 ) and d" | FT,d,_, = 0(5."?). Thus,
d FTd,_, = 5,_,106,) + 0()1. @7)
Then (44) and (47) give (31). O

Proof of (32). Since Fix;_; = Fy(x; — d,_)) = —=Fd,_, and F,(I - T)) = (I - T"F,,

B = x?_lﬁi(l ~T)r; = d}EIF,.(I —T)r,.

By (43),

d F(I = T)r; =d? F(I - T)r, — d? @x,/ I = T)r; — d rixB,(I - Tyr, — 6,d @,(I — P)I - T)r;

i—-171 A i—1" 17 17i—1

=d? F(I -T)r, - d}jlqs,.x,.rf‘r,. - 5id,.H_1<p,.(I - P)I - T)r,

i—-171
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2 1/2
=d" F (I = Tyr, +d FP_(I = Tyr, — d @x,rfr, + 06,6, D).
By (15),d}!| F_ (I = Tyr; = (r; —ri_pid = Tr; = rr, +ri1 Tir;. Note that
Q,_ (I -T)r;

H
i—1

X
d FP_ (I -Tyr, = d" Fx,_—

X Pioy X

H

xt @, (I =T)r,
-1 1

=(x; — xi—l)Hl X1 — l —

X1 Pio1Xio

i-1
x?_l(pi—l(I = Tr;

H
i—1

= —xH Fix;_,
i—17 1
X Dioixi
H
x @I -T)r;

H
xi_1¢i—1 Xi—1

= _X?—1(Fi—1 = 6;1Di_)x;y

= 5i—1x?_1¢i—1(1 = T)r;

=00, _plirll-
Thus,
F(I T)r; = r T+ (1 —dH 1 Dix; )r r; +[0(6;_)) + O(5;6 1/2)]||r l|.
Note that 6,_; ~ dl._ltpidi_ d ~,d;—y and then |lx;_|| = |lx; — d;_; |l < |Ix;ll + O(5;_;) which means x;_; is

bounded. Also, note that riir; = 0(5,) and x! @, ,d,_, = 0. Thus,
i—-171 !

X =d} &+ X Dd;_
= 0@, + x| @, ldi—l + (8,1 — 6p)x;  F(A)d,_
= 0(5,_) + 0(5;5%).

By (45) and (46), noticing that |S,1| < ||[Fr; ... F™r]| = ODIr,]l, we have

Ir T = 1/ Sy (SHF S)T SHE (I - P)ryl
<A SANSTF S)T IS F (T = Prill = Ol

Then, to sum up, we have (32). ]
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