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Abstract

In this paper, we are concerned with the inversion of circulant matrices and their quantized
tensor-train (QTT) structure. In particular, we show that the inverse of a complex circulant matrix
A, generated by the first column of the form (ao,...,am-1,0,...,0,a_n,...,a—1)  admits a QTT
representation with the QTT ranks bounded by (m + n). Under certain assumptions on the entries
of A, we also derive an explicit QTT representation of A~*. The latter can be used, for instance,
to overcome stability issues arising when numerically solving differential equations with periodic
boundary conditions in the QTT format.

1 Introduction

Tensor-train (TT) decomposition [20] is a nonlinear representation of multidimensional arrays (tensors)
that in many cases leads to significant compression ratios while maintaining high approximation accuracy.
Notably, TT can also be applied to low-dimensional data. For example, a vector (one-dimensional array)
from C2" can be reshaped into an element of C2%**2 ( L-dimensional tensor) and then TT decomposition
becomes applicable. This idea was proposed in [19, 14] and is known under the name quantized TT
(QTT) decomposition. QTT decomposition has proven useful in various applications and in particular,
for approximating functions and solving partial differential equations (PDEs) [15].

QTT decomposition can also be applied to linear operators in the form of matrices. This is essential
for constructing solvers for linear systems when the right-hand side is given in the QTT format and the
goal is to approximate the solution also in the QTT format with the desired accuracy. In this paper, we
are interested in studying the QTT representation of the inverse of a band circulant matrix:
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which we will also denote as A = circ(ag,...,am—-1,0,...,0,a_p,...,a_1). We are concerned with ob-

taining accurate QTT rank bounds for A=! and its explicit QTT representation when N = 2. We



emphasize the fact that the considered QTT ranks of matrices are not related to the standard matrix
rank and, hence, small QTT ranks do not imply that the matrix under consideration is singular. The
QTT rank bounds of A~! can be useful, e.g., for obtaining rank bounds for the solution of linear systems
with A, while the explicit QTT representation of A~! can be used for constructing efficient solvers.

To formally introduce the QTT decomposition of a matrix, let us first introduce QTT decomposition

L_ L . g . 1,...,1
of a vector x = {x; ?:0 LeC?". Let us represent  as a multidimensional array X = {X;,  ;, }Zl =0 €

C2x*2 by the following bijection between an integer i = 0,...,2% — 1, and L binary indices (iy,...,ir):
L
i=1p...41= ZzL*kz‘k,
k=1

which is similar to a binary representation of <. Then we apply the TT decomposition to X:

T15--sTL—1

_ _ 1) ~©2 (L-1) (L)
miL...il :Xilm’iL - Z GilalGaliQQQ ...G(XL_QiL_laL_lGaL_liL7
at,..,ap—1=1
where the minimal values of rq,...,7._1 are called TT-ranks. Storing the so-called core tensors G*),

k=1,...,L requires O(Lr?) bytes (here r = maxy, 7). We note that the total storage depends linearly
on L (assuming r is independent of L) and, hence, logarithmically on the vector size N = 2. For
function-related vectors, one can obtain bounds on the rank r, see [15] and the reference therein.

Similarly, we introduce QTT decomposition of a matrix B = {B; ; }f?;& € CQLXQL, by binarizing two
indices: ¢ =iy ...%1, J = jr ...J1 and merging iy, ji into pairs:
B S e (L-1) ()
1 2 L—1 L
BiL---ihjL---jl = Z Gi1j1a1Ga1i2j2a2 T GaL—giL—le—1aL—1GaL—H'LjL' (2)

at,...,ap—1=1

As an example, one can consider an identity matrix I € (C2LX2L, whose elements can be expressed in
terms of the Kronecker delta d,g as follows:

TL-i1,dL g1 6i1j15i2j2 t 5iLjL’

i.e., without any summation. Hence, the QTT ranks of the identity matrix are all equal to 1, even though
the matrix is of full rank.

Asymptotically, representation (2) leads to the same number of bytes in the core tensors GH),
k = 1,...,L as for the QTT representation of a vector: O(Lr?). Fortunately, matrices arising after
discretization of PDEs are also often of low rank [12]. Having access to both matrices and vectors in the
QTT format, one can construct efficient algorithms for solving, for example, linear systems that avoid
forming full matrices and vectors (see, e.g. [5]).

To derive the QTT rank bounds of B = A™1, where A is as in (1), we show that the elements of its
first column b have the form (Section 2):

bi =Y Pu(i)z, 3)
k=1

where z;, are the roots of g(z) = 0 and h(z) = 0:

m—1 m—1
g(z) = Z apz"tT, h(z) = Z apz™ kL (4)

k=—n k=—n

located inside U = {z : |z] < 1}, and where Py(%) is a certain polynomial of ¢ with the degree less than
the multiplicity of z. We note that in [6], the same formulas were obtained, but for the roots with all
multiplicities equal to 1 and in, e.g., [26] multiplicities greater than 1 were considered, but only for the
case m = 2, n = 1. To overcome these limitations, we have generalized the result to the case of arbitrary
multiplicities. We impose only one restriction on A that is fundamental to the proposed approach: the



polynomials ¢g(z) and h(z) from (4) must not have roots with absolute value 1, as it happens for singular
matrices (but not only for them).

The structure of (3) is utilized to estimate the QTT ranks of B = A~!, which appear (Section 3) to
be bounded by (m + n). As an alternative, one may derive the QTT representation of b and apply the
result from [10] to generate a QTT representation of a circulant matrix from its first column in the QTT
format. Nevertheless, we note that such an approach leads to overestimated QTT rank values of B. The
developed techniques are applied to several examples of circulant matrices (Section 5), including the case
of pseudoinverses.

In the case of simple roots zx, we additionally derive explicit formulas for the QTT representation of B
(Section 4). Finally, we test the stability of our formulas numerically (Section 6) on the example of a one-
dimensional convection-reaction-diffusion boundary value problem with periodic boundary conditions.
The numerical results suggest that we can apply the proposed explicit formulas for large values of L
without any stability issues. This is by contrast to naively applying T'T solvers for linear systems directly
to the matrix A, explicitly assembled in the QTT format.

Related work. For the QTT approximation of function-related vectors, we mention [14, 3, 8, 28]. The
techniques for deriving explicit QTT representations of QTT matrices were developed in [12] and applied
to specific matrices, arsing in discretization of the Laplacian operator on a uniform grid. In [12], there
were also provided the inverses of these matrices in special cases of Neumann and Dirichlet boundary
conditions. In the case of a Fourier matrix, no low-rank QTT representation exists, but the matrix-vector
product can still be approximated efficiently in the QTT format [4]. In [10], the QTT rank bounds and
explicit formulas were derived for multilevel Toeplitz and circulant matrices. The rank bounds for band
Toeplitz matrices were obtained in [22].

In [23, 11, 2], it was observed that the straightforward application of TT optimization-based solvers to
linear systems arising from PDEs with matrices in the QTT format, leads to severe numerical instabilities.
This problem was formalized in [1] and originates from both ill conditioning of discretized differential
operators and the ill conditioning of the tensor representations themselves. To overcome these issues,
an explicit QTT representation of BPX-preconditioned systems was proposed in the same work, which
was later used for multiscale and singularly-perturbed problems in [13, 17]. In [25], a robust and efficient
solver based on the alternating direction implicit method (ADI) and explicit inversion formulas for tridi-
agonal Toeplitz matrices was developed. This solver was applied to three-dimensional Schroedinger-type
eigenvalue problems [16].

To the best of our knowledge, no QTT rank bounds or explicit QTT formulas were derived either
for inverses of general band circulant matrices or their special cases, such as one-dimensional Laplacian
discretization with the periodic boundary conditions.

2 Circulant matrix inverse

In this section, we derive formulas for the inverse of a band circulant matrix, without imposing a QTT
structure. The main results of this section are Theorem 2.1 and Corollary 2.1. This section is mostly
based on [6], but we also take into account multiplicities of polynomial roots.
Let us consider a nondegenerate circulant matrix A € C¥*N of the form (1) with the additional
assumption that
m>1,n>0, anp_1#0, a_, #0.

Let B € CN*N denote the inverse of A: B = A~L. Tt is well-known [27] that the inverse of a circulant
matrix is also a circulant. For j =0,..., N — 1, let b; be the j-th element of the first column of B, i.e.,
B, o. Using definition of the inverse, we may write for all k,¢ € {0,..., N — 1}:

N-—-1

1, k=2,
> Ak jBji =60 = {
=0

0, otherwise.

For circulants A and B this system of equations is equivalent to

N-1

A(k—j) mod N,0 B(j—#) mod N0 = Oke, k£ €1{0,...,N =1}
=0



or
N

—

A=) mod N,0 0(j—) mod N = Ok, k, £ €{0,...,N —1}. (5)
=0

<

Next, we consider a biinfinite Toeplitz matrix A(>) with the elements

(c0) _ ) @ivjy if —n<i—j<m-1,
J 0, otherwise.

In other words,

ag a1 ... a_, 0
ai
Al) —
Am—1
0
Consider the equation
A = 5, (6)

where ¢ and 8 are biinfinite vectors with the elements &; = b; moa v and

Bj =

1, if j mod N =0,
0, otherwise.

The notation A(°)¢ implies biinfinite matrix-by-vector multiplication:

oo

Br=Y A, kel

j=—o00

Note that these series are not truly infinite, as there are no more than m + n nonzero elements in each
row of A(°). Thus, each of these series is convergent. We can also rewrite equation (6) in a more verbose
and, possibly, comprehensible form:

bo 1
b1 0
A() : -
bn_1 0
bo 1
Lemma 2.1. Equations (5) and (6), considered as equations for by, ...,bxy_1 are equivalent.
Proof. See the proof in Appendix A. O

We will denote by U the unit circle on the complex plane, i.e. U = {z € C: |z| = 1}. Let us consider
the Laurent polynomial f(z):

f)=a_pnz "+ 4+az ttagtarz 4+t amo12™ (7)



Let us additionally assume that f(z) does not have roots on U (i.e. f(z) # 0 for all z € U). Note that
this implies the same property for Laurent polynomial f(z~'), as if f(2~') = 0 for some z_ € U, then
f(zy) =0 for z; = 2= € U. Now consider biinfinite matrix B(>) with the elements:

(c0) 1 23714,

By =5 T (8)

Lemma 2.2. Matriz B(°®) is the right inverse of A(>):

A (o) _ f(s0)

where I(°) is a biinfinite identity matriz: I,g?;) = O 0-
Proof. See the proof in Appendix A. O
Now we can prove the main result of this section.

Theorem 2.1. Let m and n be nonnegative integers such that m > 2 and A € CN*N be the circulant
matriz of the form (1). Denote by g(z) and h(z) the polynomials

m—1 m—1
g(z) = Z arzFt h(z) = Z apz™ kL

k=—n k=—n
Assume that g(z) does not have roots on the unit cirle U. Denote z1,. .., zs the roots of g(z) located inside
U and p1,...,px their respective orders. Similarly, denote wy,...,w; the roots of h(z) located inside U
and q1,...,q their respective orders.

Under these conditions A is invertible and its inverse is the circulant matric B € CN*N with the
elements Bj ¢ = b(j_¢) mod N

s pr—1 ¢ gl
b= corp(—j+n— 14 NE TN L NNy (G +m—2)T w2
=t p/:O k=1 q/:O
where
S (pe=1-7) (1)
1 pr—1\[(p 1 1
Cg,k,p/ = Z _'( ) ( / — _N 3 gk(z) = H (Z — Zm)pm’
p=p’ (pk 1) P p gk(z) |Z:zk 1 z |z:zk b
~ (ax=1-0) (a-a)
1 qa.— 1\ [ ¢q 1 1
Ch,k,q" = Z ( ) < — . he(z) = H (2 — wm)P*,
q=q’ (Qk - 1)! q q h, (Z) |Z:wk 1-2 |Z:wk m#k

where (f(z))(p)L:w denotes the p-th derivative of f(z) at z = w and MT denotes the falling factorial:

gt ifr =0,
S\ MM —1)...(M—r+41), otherwise.

Proof. Note that the Laurent polynomial f(z) corresponding to A does not have roots on U, because
g(2) = f(2)z" by the Theorem’s condition does not have such roots. Thus, the matrix B(°®) is defined
correctly. Moreover, it means that h(z) also does not have roots on U.

Let us express the elements of B(>) through the roots of g(z) and h(z). As B(*) is a (biinfinite)
circulant, it suffices to compute only its first column. First, let us perform the substitution w = 2! in

the integral (8):

(c0) 1 277z 1 wtl —dw 1 w ™ dw

W om Jyo f(z) 0 2mi Uf(w_l).wzﬁ v flw™h)



Note that there appeared two minuses (one from the differential d(w~!) and one from the change of the

)

integral direction) that gave a plus. Now we can split the formula for Bj(?; into two cases:

1 2771, 1 f ZItn=ld, £ <0
P E s P —— > iy )

B _ 2mi Ju o f(2) 21t Jy g(2)
S Y C S § Gl
omi Ji f(z7Y)  2mi Jy  h(z) J=5

Note that g(0) = a_,, # 0 and h(0) = a;m—1 # 0, so zero is not a root of g(z) and h(z). Moreover, as
m > 2 and n > 0, both powers j+m — 2 and —j + n — 1 are nonnegative for the corresponding values of
j. Thus the integrands above have singularities only at the roots of g(z) and h(z) respectively. We will
transform the expression for j < 0, as the case of j > 0 is handled analogously.

Using the residue theorem and the formula for the residue at the pole of order pg, we can write (for

Jj<0):
- 1 —j+n—1q s —j+n—1 s 1 —jt+n—1\ (Px—1)
B;O):—,jgiz Z:ZRes(z ’Zk>:Z (Z ) .
’ 2mi Ju o g(2) g(2) (pr — !\ gr(2)

k=1 k=1 |z:zk

Using the higher order product rule, we obtain

o) pr—1 P — ) 1 (pr—1-p)
B\ — —Jj+n—1\(p . ( ) .
J,0 Z pkf 1 ! Z < ) ) | k gk(Z)

|Z:Z}€

For j > 0 the formula is very similar:

(c0) t qr—1 s — (@) 1 (gr—1—q)
B = gem=2y@| _ .
B - (M) )e i ()

Qk - |Z:wk

Let us now demonstrate that £ = B(>) 3 is a solution of (6) and is N-periodic. First,
()  5(0) ()
Z B(‘,é Pe= Z BJ(Né Z B —N£,0°
l=—0c0 l=—00 l=—0c0

The periodicity of this expression is obvious: if j = j; + Nja, we can write using the change of the
summation variable:

g _ N~ gl
> BN = 2. Binumg Z B0
{=—00 {=—00 {=—o00
Thus, it is sufficient to consider the case 7 = 0,..., N — 1. For these values of j we split the sum in the
following way:
o] 0
S B =S Bt Y B
t=—oc0 =1 f=—o0

In the first sum the row index j — N/ is negative for all values of £ and in the second sum the row index
is nonnegative for all values of £. Thus, we can use the formulas for B; ¢ obtained above to write

pr—1 or—1 1 (pr—1—p)
ZBJ NEO—Z k—l'z< )( ) Z AR p)|z zk+

= (2 ) |omm i
Ean s O B o



As |z] < 1and |wg| < 1, the series > ;2| P(£)z~9HNtn=1 and Y72 ) P(£)27+N4m=2 converge uniformly
in the (small enough) neighbourhood of z; and wy respectively for any polynomial P(¢). Thus, the
summation and the p-th derivative can be swapped, so we can obtain

o) ij+n71+N (p) p , 1 (p—p")
Z —j+NLl+n— 1 )‘z—z I _ Z D (Z7j+n71+N)(p )‘z—z s ]
=%k 1— ZN | _ p’ 7k 1-— ZN | _
/=1 Z=Zk p':O Z=Zk
The other series is computed in the same manner:

[e%e] q
m— q +m— 4 1
Z O Z (q/) (2 tm=2y(@)|, _ (1 - zN>

=0 q’'=0

(a—q")
|z:wk
Plugging these expression in (9), we finally get

s pr—1l p k_l P 1 (pe—1-p) 1 (p—p") 1N ()
> s X3 ot ("N () i) () e

f=—c0 k=1 p=0 p'=0 9k (2) |z=2i o=z

=1 q (gr=1-q) (g—d")
SE e atw(" )0 o), () e
Ly L k—l q h(2) ) |z, \1 =2V ) |, '

Changing the summation order and using the formula for ¢y, and cp ¢, We can write:

o s pr—1 t qr—1
(o0) —9 —14+N / i+m—2 ’
2 : BJ Ne,0 — E : E : C!Lkm’(z e )(p)|z:Zk + E E chJc,q’(ZJ " )(q )‘Z:wk
l=—00 k=1 p’=0 k=1 q¢’=0

Now, the p’-th derivative of a monomial can be written using the falling factorial:
(zHn N )| = (—j = 14 N Aot

the similar holds for (z/+™=2)@)|,_, . So finally we come to

0o s pr—l1 t gqe—1
Z B(Ooz)vzo Zch,k,pr(—jﬁ—n—l—kN)p —j+n—1+N—p’ +chhkq (G +m— 2) ]+m 2-q"
l=—00 k=1 p’=0 k=1 q'=0

Note that we have implicitly shown that the series ), Bj(-io\,)z converge and, therefore, the biinfinite

vector £ = B(*®) g is correctly defined (its N-periodicity has been shown above). Now it remains to
demonstrate that € is the solution of (6):

Al ¢ = A(OO)(B(OO)Q) - (A(OO)B(OO))B =13 =4.

We have used the fact that multiplication of biinfinite matrices A(>), B(°) and f is associative. Generally,
such multiplication is not associative, but in our case multiplication by A(°®) involves only finite number of
summands for each element of the product, so the associativity property holds. Application of Lemma 2.1
finishes the proof. O

Corollary 2.1. Under the conditions of Theorem 2.1, if both g(z) and h(z) have only simple roots inside
the unit circle U, then A is invertible and its inverse is the circulant matric B € CN*N with elements

Bjaf = b(j*() mod N *

1 1
b, = —j+n—1+N + J+m—2’
T a1 ,;hk(wk)(l—wiv) :
where ) hz)
gz B z
o) = L1, o) =



We have proven that if f(z) (or, equivalently, g(z) or h(z)) does not have roots on U, then A is
invertible. The reverse, however, is not generally true, as is demonstrated by the following result and a
counterexample.

Proposition 2.1. The circulant A € CNXN s invertible if and only if the corresponding polynomial g(z)
does not have roots of the form e_%s, se€{0,...,N—1}.

Proof. 1t is well known that the eigenvalues A; of A are the elements of column Fy A. o, where Fy € CNxN
is the Fourier matrix: (Fy)s: = e~ %5t Thus,

N-1 m—1 -1
As = e F Ao = Z e~ A, 0+ Z e FIWNH) Ay o =
t=0 t=0 t=—n
m—1 -1

_2mi

A is invertible if and only if As # 0 or, equivalently, f(e="~ %) £ 0 for all s =0,..., N — 1. This property
is equivalent to the statement that g(z) = 2™ f(z) does not have roots of the described form. O

Example 2.1. Let us also construct a counterexample. Consider the following circulant:
1 0 1
A=1|1 1 0
0 1 1

It is invertible:

But f(z) =14 z has a root (—1) € U, so Theorem 2.1 is not applicable.

3 QTT rank bounds of circulants

This section is devoted to the derivation of QTT rank bounds of the circulant matrix inverse. The
following theorem gives us a general result for tensor rank bounds of circulants with a specific first
column, which belongs to a low-dimensional space of discrete functions.

Note that in the current and following sections we use letter ¢ to denote indices instead of imaginary
unit in contrast to Section 2. For the latter we will use the notation /—1.

Theorem 3.1. Consider a function f : Z — C and let fo(i) = f(i + q) for every fized ¢ € Z. Assume
that the following linear space of functions is finite-dimensional:

V =span{f, | ¢ € Z}.

Consider a circulant A € CIN1N2)X(NuN2) wyith the elements A;j = f((i—j) mod N1N3), and a following
“reshaped” matriz A € CNIxN3

~

A\ Nijryis Natjo = Aiy Notvin,ji Notjar 01,71 € {0,..., N1 — 1}, 2,52 € {0,...,No —1}.

Then R
rank A <1+ dimV.

Proof. Let us transform the formula for an element of A:

o~

Aiy Ny +iyia Notia = f(((i1N2 +i2) — (j1N2 + j2)) mod NlNz) =

= 7(((r = 32)Na + (12— 52)) mod NiNy ) =
= f((A1N2 + Az) mod N1 Ns),



where
Ay = Ay (i, 1) =1 — Jr,
Ao = Ay (ig, jo) = iz — jo.
Note that Ay € [—N1—|—1,N1—1] and Ay € [—Ng—i—l,NQ—l]. Thus, A1 No+As € [—]\/vlj\/vg—i-l,]\71]\72—1]7

SO
ANy + Ay, if Ay >0,
(A1N2+A2) mod N1N2 = A1N2+A2+N1N2, if Al < O,
AQ mod Nl, 1fA1:O

Now it can be seen that the row u = 2i1N1+j1,:a corresponding to any A # 0 (i.e. 41 # j1) has the form

Uiy No+jo = f(AQ(i2vj2) + @(Al)) (10)
for some (A1) € Z. Let us fix a basis {g"),..., g™} of the function space V. Each row u of the
form (10) can be expressed as a linear combination of columns v, ... v(") € CN?

’Ui(;)Nz-l‘jz = 9(2) (AQ (ig, ]2))

On the other hand, the rows of A corresponding to A; = 0 (i.e. i3 = j1) are all equal to each other
and to the vector v+ € CN3 with the elements

”g;\r/ﬂh = f(Aa(ig, j2) mod Ny).
We have proven that Im(A) C span{v(), ..., v"*1}. Thus, the rank of A does not exceed 1+dim V. [

Corollary 3.1. If under the conditions of Theorem 3.1 the circulant A is of shape 2F x 2L for some
positive integer L, then it admits a QTT representation with the ranks not greater than 1+ dim V.

Proof. First, we recall the fact that the k-th QTT rank of A, k = 1,...,L — 1, is equal to the rank of

unfolding matrix Aj, € C2* 2" (gee [20]):

\ —
(A’C/jkik.“jlil, JLIL - Jkt1tkt+1 AiL-nih Jr.-Jg1’

Let us denote Ny = 2%, Ny = 2L=% and consider the matrix A, € CN**N3 from Theorem 3.1:

\ _
(Ak}ikmhjk~~j1,iL~~ik+1jL~~~jk+1 - AiLmih JL.-J1°

From the Theorem it follows that rank A < 1+dimV. It remains to notice that Aj. can be obtained from
Ak by permuting its rows and columns. In other words A, =P Akpg where P; and P, are permutation
matrices of appropriate size. Thus, rank Ay = rank Ak <dimV + 1. O

Corollary 3.2. Let A € C2"*2" be a circulant with elements f((i — j) mod 2%) where

() = > Puli)z
k=1

for some polynomials Py(3),...,Ps(i) of degrees p1,...,ps respectively, and z1,...,zs € C. Then QTT
ranks of A do not exceed s+ 1+ p; + -+ + ps.

Proof. Note that
Fi@) =fi+7) =Y Puli+i)z = Pujli)zp
k=1

k=1
for some polynomials Py, ; (i) of degrees p1,...,ps respectively. Thus, the set of functions
N P P NS P TP
contains the basis of space V, so dimV < (1+p1) + -+ + (1 + ps). O



Corollary 3.3. Fiz an arbitrary positive integer L and let A € C2"*2" be g circulant satisfying the
conditions of Theorem 2.1. Then the QTT ranks of A~ do not exceed m + n.

Proof. From Theorem 2.1 it follows that (A=1);; = f((i — j) mod 2¥), where

s pr—1 t oqr—1
. : ! _—itn—14+N-p’ . ! itm—2—¢
f(i) = g g Cohp (—i+n — 14 Nz NP g g Chkg (i +m —2)L ™20
k=1 p’=0 k=1 ¢’=0

We can rewrite this equality in the following way:

s i t
. . 1 N
£ =3 Pili) () 3 Quliu,
2k
k=1 k=1
pr—1 , ,
P =Y gy N (it n— 14 N,
p'=0

qr—1
Qr(i) = Z Ch’k’qlw;n_2_q/ (t+m— 2)2/.
q’'=0

Obviously, Px(i) and Q(i), viewed as functions of 4, are polynomials of degree py — 1 and ¢ — 1
respectively. From Corollary 3.2 it follows that QTT ranks of A~! do not exceed

s t
L+ pe+ Y an (11)
k=1 k=1

Consider all roots of g(z): =z1,...,2s,2s41,-..,2s with their respective multiplicities: pi,...,Ds,
Dsi1s---,Ps- Here zp lies inside the unit circle U for k < s and outside of it for s < k < s’. Next
we note that h(z) = g(z71)z" "~ Together with the facts that degh(z) = degg(z) and a,,_1 # 0 and
a_, # 0 it implies that the roots of h(z) are z;*,.. .,zs_l,z;rll, .. .,zs_,l (with respective multiplicities
Diy---3DssPs+1,---,Ps ). Thus we can conclude that s’ = s+t and for some permutation o € S; we have
W = Z;Jra-(k) and dk = Ps+o(k)-

As the sum of multiplicities of roots of a polynomial of degree (m +mn — 1) equals (m +n — 1), we can
use (11) to state that QTT ranks of A=! do not exceed

s t s’

1+Zm+2ps+g(k)=1+Zpk:1+(m+n—1):m+n.
k=1 k=1 k=1

4 Explicit QTT representation

To derive an explicit QTT representation of a matrix, it is convenient to introduce the so-called strong
Kronecker product [12]. Before we define it, let us introduce the core matrices Qy, associated with the
k-th core G k=1,...,L, as follows:

GHF(1,::,1) ... G®(1,:,:,1)
O = : : € C2rr—1X2ri (12)
G®) (rp_1,5:51) oo G¥(rp_1,:, 1)
The strong Kronecker product, denoted as X, is defined for such block matrices.

Definition 4.1. Let A and B be block matrices, both with p x q and q X r blocks An~, Byg of the size
2x2 wherea=1,...,p, B=1,....,r, vy=1,...,q. Their strong Kronecker product A x B is ap X
block matrixz with the blocks of the size 4 x 4 such that:

q
(4w By =Y A0 @By,

y=1

10



Now we can write the matrix B, given by its QTT cores G*) and the respective core matrices Qy,
(Eq. (12)) in terms of the strong Kronecker product as [12]:

B=Qi®Qax- - xQr.

Lemma 4.1 ([12],[20]). Let By = le) Mo X Q(Ll) and By = Qgg) X oeee X Q(LQ). Then for ¢y1,co € C,
the QTT representation of cy By + coB can be written in terms of its core matrices as

(1) oW
X - X L-1 X L %’2) .
c20) L
A direct consequence of Lemma 4.1 is that the QT'T ranks of a sum of two QTT matrices are bounded
by the sum of the QTT ranks of the summands.

Next, let us move to the derivation of the explicit QTT representation of a circulant matrix inverse.
Let us introduce a cyclic permutation matrix

(1)
ol @[
2

(2)
1

0 1

P |t e R %2

1 0
which allows us to naturally represent any circulant in terms of the powers of Pr:

: 2k 1
circ(co,c1,...,cor 1) =col + 1P+ +co P; 7.

The following explicit QTT representation holds for the i; .. .7y -th power of Py.

Lemma 4.2 ([10], Lemma 3.2). Let L > 2. Then P;/*"" admits a QTT representation with the ranks
(2,2,...,2):

Pt =U;, mV; Moo Vi, e Wi

where
UO:[I H], Ul_[H I},
I ! A
VO = |: t’]:| ) ‘/1 = |:1]] I:| )
I J’
WO - |: :| b Wl - |:J:| b
and

1o ! , oo
R A I E ]
Corollary 2.1 provides an explicit formula in case of the simple roots of g(z) and h(z), which allows

us to write b; as a weighted sum of the exponents of the form zti 7. The next proposition provides an

explicit QTT representation in this case.
Proposition 4.1. Let L > 2 and consider a circulant By, € c2ix2* defined by its first column
(BL); = arw] + -+ ayuwl,

where ay,wy € C, t =1,...,7, are given constants. Then By admits an explicit QTT representation with
the ranks (2,7 + 1,7+ 1...,r+1):

Br=0Q1 xQ2x---xQr,

11



where

Ql = [[ H] ’
0y = I Kio ... Kpp
MLQ e MT,Q ’
I K - Ky
My i,
Qk: . ’ k:3a"'7L_1a
Mr,k
L
(Or ) I+ (3, awwe) J' + (Zt ayw; 71) J
QL = OélwlMl,L
Oérwer,L

and where for allt=1,...;r, k=1,...,L

k
Ky =J 44, %),
Mk = qpl + qikJ’ +J,
2L—k
gtk = Wy

Proof. See the proof in Appendix B. O

Despite the fact that Proposition 4.1 provides explicit QTT formulas for the circulant inverse in the

case of simple roots, it is not robust in this form. Indeed, some of the exponents will have the form w, 7,

j=0,...,25 — 1, and since |w;| < 1, we will get |wt_2L| > 1 for large L. To avoid this issue, we modify
Proposition 4.1 as follows.

Corollary 4.1. Let L > 2 and consider a circulant By, € c2hx2” defined by its first column

. . L . .
(Br); = aqwd + -+ + Wl +612? 4. +/87‘222L_J

T2 ?

where ag,wy € C, t =1,...,r1 and B,z € C, t = 1,...,r2, are given constants. Then By admits an
explicit QTT representation with the ranks (2,711 +ro+ 1,711 +1r2+1...,r + 1o+ 1):

Br=0Q1 xQax - X Qp,

12



where

Ql_[l H]7
0y |1 Kr2 o Kno Kz ... K.,
MLQ Mr1,2 MLQ M,«Z’Q ’
1 Ky -+ Ky fNﬁ,k f(m,k_
My g
Qr = Mk ., k=3,...,L—1,
M i,
L MTZJC_
(1L 4 yo '+ 3J]
w1 My g,
QL = aleTL]vWTl,L

5121M1,L

L ﬂrzzrzMrz,L J

and where

—k

_ 2k 2 _ 2 s _ 2k
Kip=J+q, °J, Mipg=qpl +ai ) +J, qe=w;

L—k

Ky =G +J, Mye=quil+J + @Gt Q=2
T1 T2 L
n=Y o+ Y Bz,
=1 =1
1 2 L
Yo = Zatwt + Zﬁt?«’f -1
=1 =1

71 T2
_ 2l 1
V3 = QW + Bzt
t=1 t=1

)

Proof. Let us denote r = r1 +75 and 3] = Btsz, 2 =z 1. Now we can apply Proposition 4.1 and obtain
a QTT decomposition with the desired ranks:

B =Q1 % Q5 x-- x Q.

Note that the cores Qf, ..., Q% _; already have the required structure, but instead of IN(;W and Mk,t we
have Kl/c,t and M,’C’t:

PR _oL 4 gL—k+1 ,  _  _oL—k _oL—k+1 _,
t,k:J +Zt + J, Mt,k:’zt I+Zt :] +J

Note the following identities:

> gt 2bolREl o gk 9

Kty = Kt,kzt =Bk

o , ol—k+1 , t.k

My = My 2t =Mk oe-1 5

Qi k-1

13



Thus,

1 1
, 1 1
X ~ok_9 = ~pk=1_o X Q.
k i d1 -1
~ok_2 ~pk—1_2
L Qry k| L Dry k-1
Propagating the above diagonal matrix from right to left, we can prove that
" -
/ / 1
QlM"'MQL—lb(I oL-1_o :Qlw"'MQL—l-
d,p-1
~pLl-1_9
L 4ry,n—-1

Now consider Q. Its elements differing from those of @, are ,B'zt_lMt”L = sz_‘lﬁtth\Z,L. It remains

L—1 L
to notice that (:ff L—1_2 =22 so
_1 -
. 1
QL= k=1 X Qr.
41,01
~L-1_9
L 9ry,1—-1 |
Thus, B, =Q] X -+ X QF =Q1 X -+ X Q. O

5 Inversion of one-dimensional stiffness and mass matrices

In this section, we consider several well-known examples of matrices, arising from the discretization of
second order one-dimensional periodic boundary value problem with constant coefficients on uniform
grids and piecewise linear finite elements. Namely in this section, we consider the inversion of a mass
matrix Ay, € RVXYN and a stiffness matrix Ag € RV*N | shifted by s > 0:

Ay =circ(4,1,0,...,0,1), Ag+sl=circ(2+s,-1,0,...,0,-1).
Note that Ag is singular, so we consider its pseudoinverse separately in Section 5.3.
5.1 Inversion of the mass matrix A,
To apply Theorem 2.1, we first write down the polynomials ¢g(z) and h(z). Obviously,
g(z) =1-2+4- 2 +1.-22
Note that due to the symmetry of matrix Ays, we have g(z) = h(z). The roots of g(z) are

21:72+\/§ and 22:72—\/5.

14



The root z; lies inside the unit circle, 25 lies outside, so according to Corollary 2.1, we get

1 . 1 .
A—l i _ Z—H—N + ZZ _
A== T mema—an

1 N—i 7
T 21— (V3-2)Y) (V-2 (/5 -27).

Thanks to Corollary 3.2, the QT'T ranks of AJ_Wl do not exceed 3 (if N = 2%) and we can directly apply
Corollary 4.1 to obtain the explicit QTT representation of A;;.

5.2 Inversion of the shifted stiffness matrix Ag + s/, s > 0

Now consider the discretization of a shifted periodic Laplacian operator:

Ag +sI =circ(2+s5,-1,0,...,0,—1) e RNV 5> 0.

This circulant is also symmetric, so g(z) = h(z) = —s® + (2 + 5)z — 1. The roots are:
142 52+5 =142+ 52+5
Z1 = _ — —_ = — [ .
! 2 47 2" V1

Again, z; lies inside U and zs lies outside of it (this holds for any s > 0: obviously, zo > 1, and the
product 2129 must be equal to 1 by Vieta’s formulas).

1 1 —t L
(As +sI)7h), o= (21— (1) e —(z1 — 22)(1 = 2IY)
1

Vs +4s(1 — 2) (

Due to Corollary 3.2, the QTT ranks of (Ag + sI)~! do not exceed 3 (if N = 2L) and we can directly
apply Corollary 4.1 to obtain the explicit QTT representation of (Ag + sI)~1.

z] =

Z{V_i—kzi).

5.3 Pseudoinversion of the stiffness matrix Ag

In this section, we discuss the rank bounds of the explicit pseudoinverse of Ajg'. The explicit formula for
the pseudoinverse is by no means new, and is available, e.g., in [24]. Nevertheless, we still provide the
derivation to illustrate that the proposed approach of finding pseudoinverses can be automated with the
help of Sympy Python package [18] or Wolfram Mathematica [9].

We start with the well-known formula [7]:

AT = lim (A*A+al)tA% (13)
a—0+

If the circulant A*A + of satisfies the conditions of Theorem 2.1, we can find an explicit formula the
elements of (A*A+al)~! and then for (A*A+al)~1A*. Computing the limit for « — 0+ is a tedious but
solely technical task, and the aforementioned symbolic algebra libraries can facilitate it. In particular,
we have used Sympy for this purpose.

To elaborate on the proposed idea, we need to understand the form of Laurent polynomial of the
product of circulants A and B with known polynomials f4(z) and fp(z). The proof of this proposition is
technical and straightforward, but for completeness we provide it in Appendix C since we have not been
able to find the proof in this specific setting of the proposition.

Proposition 5.1. Let A, B € CN*N be circulants of the form (1) (with parameters ma,na and mg,np
respectively). Moreover, let’s assume that N > ma +na +mp + npg. Then the circulant C = AB also
has form (1) with parameters m = ma+mp andn =na+npg and its corresponding Laurent polynomial
of the form (7) is fo(z) = fa(z)fB(2), where fa(z) and fp(z) are Laurent polynomials corresponding to
A and B.
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Proof. See the proof in Appendix C. O

Corollary 5.1. Let A € RN*N be a real symmetric circulant of the form (1) with corresponding Laurent
polynomial fa(z). If N > 2(m +n), then C = A*A+ ol is a real symmetric circulant of the form (1)
with m = 2ma, n = 2np and Laurent polynomial fo(z) = (f(2))? + a.

Now we can demonstrate the steps of the proposed method on Ag. The corresponding Laurent
polynomial is fs(z) = 2 — 2 — 271, According to Corollary 5.1, the polynomial corresponding to R, =
AtAs +a'l'is fr(z) = (2—2z—271)2 4+ a* (obviously, we can use a? in the equation (13) instead of
a). To apply Theorem 2.1 we need to solve the equation fr(z) = 0 (it is equivalent to fr(z)z% = 0). It
reduces to two equations fs(z) = 4ia?. The resulting roots are

.
o=1—oy/Fli—a?2+ 5 =1+
, 9 B )
It is not difficult to check that for all sufficiently small o > 0 the roots z; and zs lie inside the unit circle
U, whereas z3 and z, lie outside of it. Moreover, it is obvious that all four roots are distinct for any
a > 0, so to compute the elements of R, ! we can apply Corollary 2.1:

. 2
&Vt — a2+
2 2

SN—it LN—it
(R3io = 7 - + K 2 n
(1—2N) (21— 22) (21 — 23) (21 — 24) (1= 22") (=21 + 22) (22 — 23) (22 — 24)
N Zi+1 Z;-i-l

(1—2]) (21 — 22) (21 — 23) (21 — 24) * (1—20) (=21 + 22) (22 — 23) (22 — 24)

Reducing to a common denominator, we come to

(2N —1) (21— 23) (21 — 2z2) (257" + 27N — (2 — 1) (41" + 207 (22 — 23) (22 — 24)
(2 = 1) (25 = 1) (21 — 22) (21 — 23) (21 — 2a) (22 — 23) (22 — 24)

The first column of RS is simply

(R31S).0 = 2(R3").0 — (RZY)a — (RG)in—1,

(RyY)io =

and the explicit expression for it can be written down. After this we have used the Sympy library to
compute the Taylor series of both the numerator and denominator. It turned out that the numerator is
N (96v/2i? — 96v2Ni + 16v2N? — 16v2) V-1 5
a’ +0(a®)
24
and the denominator is (8v/2N%y/—=1)a” 4+ O(a®). Here v/—1 denotes the imaginary unit. Dividing and

taking limit of (R;'S9); for a — 0 we conclude that (S*); o = (6i> — 6Ni + N? — 1)/(12N). Thus, we
arrive to the same expression as in [24].

Proposition 5.2. The pseudoinverse of Ag is a circulant AL with elements (A%); ; = f((i — j) mod N)
where

) 6i2 —6Ni + N2 — 1
fli) = :
12N
Corollary 5.2. For any positive integer L the QTT ranks of pseudoinverse A; of stiffness matriz
2L ol
As eR do not exceed 4.

6 Numerical experiments

6.1 Omne-dimensional convection-reaction-diffusion equation

The goal of these numerical experiments is to justify the robustness of the derived explicit QTT formulas
for large values of L. As an example, we consider the one-dimensional convection-reaction-diffusion
boundary value problem with periodic boundary conditions:

—u"(z) + v/ (x) + u(z) = f(x), z€(0,1)

u(0) = u(1). (14)
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Figure 1: Relative Lo-errors against the number of grid levels L (the total number of grid points is
2L) for the solutions obtained by solving Apu; = fi, using the AMEn solver and by directly computing
up = A,:l frn as a QT'T matrix-by-vector product using the proposed formulas for A;l.

In particular, we set u(x) = cos(2rz) and obtain the right-hand side:
f(x) = (47 + 1) cos(2mx) — 2 sin(27x),

which we use to recover the u(z).

The finite-difference discretization of (14) on a uniform grid with the grid step size h = 27% and
forward differences applied to the convection term v’ leads to the following system of 27 linear equations:
Apup = h%f, where

Ap =circ(2 —h+h? —-1,0,...,—1+h)

is a non-symmetric circulant matrix. The right-hand side fj is assembled in the QTT format using
the cross approximation method [21]. If we obtain a QTT decomposition for the matrix Agl, the
solution uy, = A;l frn may be found efficiently through QTT matrix-vector product, which admits explicit
representation in terms of the QTT cores of both A;l and fp, [20].

Thanks to Theorem 2.1, we know that the first column of A;l has elements b; = ¢; z{v 4+ cow] where
c1,Co, 21 and wy can be found analytically. Next, we apply Proposition 4.1 to construct the explicit QTT
decomposition of A;l with the ranks (2,3,...,3).

The comparison of the black-box optimization-based TT solver AMEn (alternating minimal energy
method) [5] with the proposed approach is shown in Figure 1. As expected, the proposed approach
appears to be stable for a wide range of L, while the AMEn solver, applied to Apu, = fi, becomes
unstable for L 2 20. We note that the instabilities arising for AMEn are not related to the solver itself,
but rather to the ill conditioning of Ay, .

Remark 6.1. To construct the cores of the QTT decomposition of A;Ll, we need to compute the numbers
of the form 2™ for z =1 — vy h + y2h% + O(h3). For large values of M (e.g. M = 2¥) and small values
of h (e.g., h &= \/Emachine ), the direct computation of M gives rise to the error of the order V/Emachine- 1t
happens as the yoh? term is “lost” during the computation of z, whereas the following shows that it has
O(h) impact on 22

L
22

S

z

1
= exp (h In(1 — y1h + y2h? + O(h3))) =

= exp (ot 0F = DI+ 0% ) = exp(—m + (2 = -+ 00,

To retain accuracy of order emachine, We have used the above expansion instead of the naive computation
of zM.
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Figure 2: Relative Lg-errors (left) and maximum ranks of the solution (right) against the number of
grid levels L (the total number of grid points is 23%) to solve the discretized equation (15) with periodic
boundary conditions. ADI stands for the solver [25] in the TQTT format, combined with the proposed
circulant inversion formulas. The AMEn solver is performed in the QTT format. For both solvers the
rank truncation parameter € = 107? is utilized.

6.2 Three-dimensional screened Poisson equation

For z = (x1,22,73) € R3, let us denote |z| = /2% + 22 + 3. We consider a three-dimensional screened
Poisson equation:
—Au+u=2zte ?l, zeQ=(-q,a) (15)

with periodic boundary conditions on all opposite faces of the cube 2. It can be straightforwardly verified
that u(x) = e~ |*l satisfies (15). To ensure that it also satisfies boundary conditions with high precision,
we select a = 40, which implies that both values and gradients of u(z) on 9 are zeroes up to machine
epsilon: e 40~ 4.2-10718,

We discretize the equation using finite difference method on a uniform 2% x 2% x 2= grid, which leads
to a linear system with a matrix of the form

A=AsQI@I+TIRAsRI+IRIRAs+h I@I®I, Ag=circ(2,-1,0,...,—1), (16)

where h = 2a/2Y. The right-hand side is assembled using exponential sums as described in [25]. To
robustly solve equation with the matrix (16), we utilize the idea from [25] and apply the tensor version
of the alternating direction implicit (ADI) method. This method is based on explicit inversions of shifted
discretized one-dimensional operators in the QTT format. In our case, to run the ADI method, we
need to have access to the explicit QTT representation of matrices of the form (Ag + sI)~!, s > 0,
which we have already derived in Section 5.2. The explicit inversions are then used to construct the
ADI transition operator [25] in the combined Tucker and QTT (TQTT) format, which is more efficient
for three-dimensional problems compared with the original QTT format. The code for the TQTT-ADI
method with the proposed explicit formulas is available at https://bitbucket.org/rakhuba/qttcirc.

In Figure 2, we present Lo-errors with respect to e ~1#I and maximum ranks for the TQTT-ADI method
(combined with the proposed circulant inversion formulas) and the AMEn solver, applied to (16) in the
QTT format. Similarly to the one-dimensional case, the errors from the AMEn solver start increasing
after a certain number of grid levels. At the same time, the proposed approach is capable of maintaining
the desired accuracy level for large L. The plot with maximum rank values also shows that the ranks using
the ADI method stabilize, while for the AMEn solver they start increasing in the region of instabilities.
We also note that the AMEn solver is available only for the QTT format. This explains why the rank
values are larger even in the region with no stability issues. The fact that QTT ranks are larger than
those in the TQTT format was also observed in [16, 25].

In Figure 3, we present computation times of the TQTT-ADI method for different rank truncation
parameters €. The figure suggests that for L = 25 we are able to solve the system within a minute
of computation time for all considered . At the same time, in the given range of L it was not even
possible to run methods that require storing full tensors: for L = 10, 25 storing a single tensor of the size
2L x 2L x 2L would require ~ 8 Gb and 3 - 10'* Gb respectively.
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Figure 3: Computation times of the ADI method in the TQTT format with the proposed circulant
inversion formulas against the number of grid levels L (the total number of grid points is 231) to solve
the discretized equation (15) with periodic boundary conditions. Different lines correspond to different
rank truncation parameters .
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A Proofs of Section 2

Lemma A.1l. For any function f(j):{0,...,N —1} — C and integers s,t the following holds:

s+N—-1 t+N—-1
Y f(GmodN)= > f(jmodN).
Jj=s Jj=t

Proof of Lemma A.1. For any integer s the sequence
(smodN,...,(erNfl) modN)

is obviously a permutation of (0,..., N — 1), thus

s+N—1 N—-1 t+N—1
Y fGmod N)=Y" f(i)= > f(jmodN).
Jj=s j=0 j=t

Proof of Lemma 2.1. We start from (5) and substitute the summation index with j' = j — £:

N—-1—¢

Z A((k—0)—j7) mod N,0 Dj’ mod N = O, k,£€{0,...,N —1}.
j=—t

We can apply Lemma A.1 to the left part of the equality as the summed expression is indeed a function
of 3/ mod N. Therefore, we obtain:

N-1

Z A((k*f)*j’) mod N,0 bj/ == (5k,,€, k,g S {O, .. 7Z\] - 1}
§/=0

The left part of the equality depends only on (k — £) mod N and thus instead of N? equations we can
equivalently write only N:

N-1
Z A(k—j) mod N,0 bj :5k70, 0<k< N—l, k,fe {O,...,N— 1}
=0

If we substitute the summation index with j” = k—j and take into account that z; = §; for 0 < j < N—1,

we obtain
k

5 Ajr mod N,o Ek—j» = k0

7"'=k—m—n+1

We again apply Lemma A.1 (the biinfinite vector ¢ is N-periodic and thus depends only on j” mod N):

m—1

E Ajr mod N0 k—j7 = Ok,0-

jl=—n

It is obvious that for —n < j” < m — 1 it holds that A;» med N0 = Ag‘,’,‘% Moreover, Ag?loz) — 0 for
j" & [-n,m — 1], so we obtain

> AT Gy = b0

j'=—00

Change the summation index back to j =k — j":

> A6 = 3 A 6= 05k

j=—o0 j=—o0
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Now take any k' € Z and represent it as ¥’ = k+ Ngq, where ¢ and k are integers such that 0 < k < N —1.
By changing the summation index to 7' = j — Nq we can write:

Z A(OO) Z Ak’ /+Nq§3’— Z A(OO) = k0
j=—o0 j'=—o0 jl==oo

Therefore, the system of equations (5) is equivalent to the infinite system of equations

Z A(OO) 5km0dN07 kEZ

Jj=—00
which is the same as A(®)¢ = 3. O

Proof of Lemma 2.2. Let us compute an element of matrix A(>) B(>):

ZAJ ZAkJO M ZaJ/BkJE_

j=—o0 j=—o0

_ ij{ b Z aj/zl7k+j/,1dz _ L]{ @Zlfkfldz'
i o 30 2 3t i 9(c)

2mi, if ¢ = —1,
29z = )
U 0, otherwise.

But for any integer ¢ it holds:

Therefore, we finally obtain

o0

ST ATIBYY =61 = AIBO) = (),
j=—o00
O
B Proofs of Section 4
Proof of Proposition 4.1. First, we represent the circulant using the powers of permutation matrix P:
L— 17’ i
R S N
21 ’LL =0 t=1
Then use the result of Lemma 4.2 for PLil""iL and the polylinearity of the TT decomposition:
& G e i)
B = Z Zatzt Uiy X Vi X Vi, Wy, =
i1,0in=0 t=1
L—1- 1 .
(S ) e (w3 ) -
’LL_O i1:0
2L71 2L72 21
:Z(UO—th Ul) M (VO—th Vl) M <Vo+zt V1> M (g (Wo + 2W71))
t=1

:@1 N@z X N@d,

where thanks to Lemma 4.1, the cores @k are block matrices of the block size 2r x 2r for k =2,...,L—1,

1x2rfork=1and 2rx1fork = L, i.e., it is an explicit QTT representation with all ranks equal to 2r. In
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the next steps, our goal is to find linear dependencies and reduce the rank values to (2,7+1,...,r+1). For
the ease of presentation, we provide the proof for r = 2. The generalization to r > 2 is straightforward.
We have

@1 = [I+Q1,1H H+qal I+qqH H+ Q2,1I]

1 q1,1 1 2,1
=|I H|x ’ ’
[ ] [fh,l 1 g 1 }

Next, by denoting Q1 = [I H], we have

A A 1 q1,1 1 g2,1 -~ 1 q1,1 1 q2,1 ~
X = X ’ ’ X — X ’ > X
Q1 X Q2 <Q1 [‘Il,l 1 gy 1 Q2= g 1 gy 1 Q- |,

where
I+q i)' J!
> q1.xJ J+aq ! B -
Qk_ I+q2’k<]/ J/ 5 k—277L 1. (17)

qo.kJ J+q il
Using the fact that g1 = g7, for all ¢, we get:
1 q1,1 1 Q2 1
’ X
[(Jm 1 ¢ Q:
I+Q12J +q12:] J+q12<]+quI I+q22<] +QQ2J J+QQ2J+Q221
(J121+CI12J/+Q12J Q12J1+J+912I (I22[+(I22J +Gq22J (I22JI+J+Q22I

3 3
{I J/+Q1 2J JI+Q2 o ! %2 ! %2

1
O q12I+Q12J +J QQ21+q22J’+J X q1,2 O O
0 0 g2 1

In the last equation we obtained a factorization into a product of 2 x 3 block matrix, which we denote as
@2, times a 3 x 4 matrix, which we propagate further to Q3 (see (17) for Q3):

I+q 3] J'
boda 1oda] o L s 1dis ol Tl
q1,2 1 O 0 X Q?) = q%,3 1 0 0 X ’ ’ I+q . J/ Jl
0 0 g2 1 0 0 ¢35 1 2,3

q2,3J J+qo3l
[ T+ qi3) JFQI,?)J J +q?,3J+qI,3I I+ q23J' Jrqg,sj J' +q§73J+ qg,sf

= |Gl +@ 3] +qs) GsJ +J+aqs]

Gl + @330 + 23] G5 +J+qosl

1 I+ gt 5T J 44557 1 oq; 1 4 1 ¢ 1 433
= a3l +aist +J X gz 1 0 0 |=Qsx|@s 1 0 0
Q3]+ 330 +J 0 0 g3 1 0 0 g3 1

By propagating it further, we obtain the following recurrence:

1 q%kk 11 ! 1 qg,kl:fl ~ 1 qikk b qg,kk !
Qh1 1 0 0 MQr=Qr X |qp 1 0 0 |
0 0 42,k—1 1 0 0 42,k 1
where
I I+ T+ ¢2 2
Q=1 qrl+a,J +J

Qo d + g5, 0" + T
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For the last core we obtain:

_ 9L—=1_1 oL-1_1 oL _o oL _o aq (I+Q1,LJ/)
q1,L-1 1 92,01 ~ 21 hiL L6 o1qr,Ld
QL= |q,01 1 0 0 QL= 14, 1 0 0 ag (I + ;12 LJ’)
0 0 g2,1—1 1 0 0 %L 1 Q2 L:]
r ’ 2l 1 2l 1
(1 + )] + (a1qi, + azqe,))’ + (a1gy + gy )J
= g (J+ael +qiJ)
i 0242, 1, (J + g2l + q%LJ’)
O

C Proofs of Section 5

Proof of Proposition 5.1. Let us compute the first column of the circulant C' = AB.

N-1 N-1
Os,O = § As,tBt,O = § As—t mod N,0 Bt,O =
t=0 t=0
mB—l —1
= E As_t mod N0 B+ E A (N+t) mod N0 BN+t,0-
t=0 t=—np

If we denote a; and b, the coefficients of Laurent polynomials fa(z) and fg(z) respectively, we can

simplify the above expression:
mp—1

Cs,O = § Asft mod N,0 bt«

t=—np

Now we split the set of row indices s into three parts:

Slz{o,...,mA—FmB—Q},
Sgz{mA—l—mB—1,...,N—nA—nB—1},
SSZ{N—HA—HB7...,N—1}.
If s € S1, then (s —t) € [-ma,ma+mp —2+np] and we can write As_¢ mod n,0 = @s—¢ (here we imply
that a; = 0 for i & [—na,mp—1]). Next, if s € So, then (s—t) € [ma, N —na—1], thus A;_¢ mod N0 = 0.

Finally, if s € S3, then (s—t) € [N—na—ng—mp+1,N —1+ng| and As_; mod N0 = Gs—t—n. Taking
the three cases together and using the notation m = ma + mp, n = na + np, we can write

mB—l

=y @s—tbt, if s € [0,m — 1],
Cs0 =10, if s € [m,N —n—1], (18)
el Gy nby, ifs€[N—n,N-1]

So the circulant C is indeed of the form (1) with parameters m and n (the properties ¢,,—1 # 0 and
c_pn # 0 will be checked a bit later). Moreover, as for s € [—n, —1] we have by definition ¢; = Cn4s0,
from (18) it follows that the general formula for ¢, is

mel
cs = Z as—tby forall s € {—n,...,m —1}.

t=—npg

This is exactly the formula for product of Laurent polynomials f4(z) and fg(2).
Finally, we need to prove that ¢,,—; and c_,, are non-zero. By (18), ¢;n—1 = @m,—1bmz—1 7# 0 as
Gm—1 and by, ,_1 are non-zero. Similarly, c_, = a_p, b_n, # 0. O]
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