NEW RESULTS ON THE CONVERGENCE OF THE CONJUGATE
GRADIENT METHOD
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Abstract. This paper is concerned with proving theoretical results related to the convergence of
the Conjugate Gradient method for solving positive definite symmetric linear systems. New relations
for ratios of the A-norm of the error and the norm of the residual are provided starting from some
earlier results of Sadok [13]. These results use the well-known correspondence between the Conjugate
Gradient method and the Lanczos algorithm.
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1. Introduction. The conjugate gradient (CG) method of Hestenes and Stiefel
[3, 4] was originally developed in the early 1950s for solving a linear system of equa-
tions

Ar=b, Ac R zcR",beR" (1.1)

where A is a symmetric positive definite (SPD) matrix.

Let xg be an initial approximate solution of (1.1), the CG method first computes
the initial residual rg = b — Axg and generates a sequence of approximate solutions
1, Tg,...such that the residual vector r; = b — Ax; can be written in the form

T, = H(A)Tm

where P; belongs to m; the space of i-th degree polynomials satisfying the relation
P;(0)=1.

The CG polynomial P; is chosen such that the error ¢; = x — x; which satisfies
. . e e . 1

the relation Ae; = r; is minimized in the A-norm, defined as ||y||a = (yT Ay)z. The

A-norm of the error is therefore given by

leilla = gnin |17:(A)eo]l. (12)

In exact arithmetic, the residuals r; obtained by the CG method are orthogonal.
The remainder of this paper is organized as follows. In section 2, we describe
the Petrov-Galerkin orthogonality conditions that define the CG iterates. Using the
relationship between CG and the Lanczos algorithm [5], [6], this leads to obtaining
some new relations for the error A-norm and the residual norm, depending essentially
on Krylov matrices whose columns are the vectors of the natural basis of the Krylov
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subspace based on A and the initial residual. In section 3, using the QR-factorizations
of these Krylov matrices (which are closely linked to the Lanczos algorithm), some
new expressions are derived for ratios of the norms of the error and the residual.

In this paper we will assume exact arithmetic. For a summary of results when
using CG in finite precision arithmetic, see [8] or [9]. Throughout this paper, e; will
stand for the j-th vector of the canonical basis.

2. The Conjugate Gradient method. Let us consider the linear system (1.1)
with the SPD matrix A. Let v € R” and Kj(A,v) = span{v, Av, ..., A*"1v} be the
Krylov subspace constructed from A and v. According to (1.2), the iterates xj are
defined by

Tk — o € Kp(A, o) = Ki, (2.1)

and the so-called Petrov-Galerkin orthogonality conditions

T = b— Axk = Aek J_ICk (22)
It follows from (2.1) that
k .
€L — €0 — Zai Al_lr(). (23)
i=1

where a; € R, 1 < i < k. The orthogonality condition (2.2) can be written as
(Alrg)TAep, =0, 0<i<k—1. (2.4)
In an equivalent matrix form, using the Krylov matrix
Ky, = [ro, Arg, ..., AF"1rg],
the orthogonality condition writes as
(KFAKy)a = K'ro, (2.5)

with a = (a1, as, - ,ak)T. Of course, in practice, zj is not computed by solving the
system giving a at each iteration k. The most usual form of the Conjugate Gradient
algorithm (see for instance [2] or [8]) is given as:

Conjugate Gradient Algorithm
e Init: rg:=b— Axg, po :=ro.
e Tterate: Until convergence do,
L = (rj,r5)/(Apj, p;)
2. jy1 =i+ YD
3. mit1 =1 — v Ap;
4. Biy1 = (rjp1, 1)/ (rj,75)
5. pjt+1 = rjp1 + Bi41p;
This algorithm needs only a matrix-vector product, vector additions and two
inner products per iteration. In the following, we derive expressions for the A-norm
of the error |lex||4 and the norm of the residual ||ry||.
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2.1. The norms |eg|la and ||7x||. We start by giving expressions of ||ex]la
involving the Krylov matrix K.

THEOREM 2.1. Let ¢, = x — zp, be the Conjugate Gradient error. Then, if the
matrices Kk AK; and Kk+1A 'Kyy1 are nonsingular,

det(KT A" Kiy1) 1

2
lella = (ex, Ack) det(KTAKy) T(KT A T Kip1) tey

Proof. Since A€y, =y, it follows from (2.3) that
(6ka Aek) = (rkn ek)

k
= (T, €0 — Z a; A" 'rg)
i=1

By using condition (2.4), we obtain
(ex, Aex) = (rk.€0) .
= (ro,€0) — Z ai(A" g, o) (2.6)
= (ro, €0) — (7" ,Kka)
(

where a is given by solving the system (2.5), that is a = (KI AKy) 'Klry. We
observe that the right hand side of (2.6) is a Schur complement for the matrix

rdeo rd K,
KA Ky =
Kfrg KFAK;,
Cramer’s rule gives that
rfeo rd Ky,
lexll% = det /det(KTAK}),
KFrg KFAK,,

where det(B) stands for the determinant of the matrix B.
Note that Kiy1 = [ ro, AKj ] and A7 Ky = [ €0, K ] Therefore

el = QUL A K
A= T et (KT AKy,)

Using the hypothesis that K, +1A*1K k+1 is nonsingular and by using Cramer’s rule
for computing the (1,1) element of the inverse of KZHA_lKkH, the following result
holds

det(KT AK},) 1

TpeT  A-1 -1
K. AT K = ’
€1 ( k+1 k'H) €1= det(Kg+1A71Kk+1) (GlmAfk:)

O
Since €9 = A™! K41 €1 we have (g, Aeg) = (€o,70) = el K,Z:rl A7'K; 1 e;. Conse-
quently

lewll 1
leolln el (KE AKyii)er ef (KL A7 K1)~ ten
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By using the Kantorovich inequality [16] we obtain the following lower bound.
THEOREM 2.2.

lella - 2 \/H(KkTHA‘lKkH)
leolla = w(K[ AT Ky qq) + 17

where k denotes the condition number.

This last result shows that there is no CG convergence as long as the matrix
Kl A7 Ky41 is well-conditioned.

It is well known that the CG algorithm has a close relationship with the Lanczos
algorithm which is the following:

Lanczos Algorithm

70

" ol
e For j=1,2,...k:

1. wj = AUj — MNV5-1
a; = (wj, ;)
'U}j = wj — ij'Uj
j+1 = [|wjllz-
If nj11 = 0 then Stop

6. Vj41 = wj/nj+1.

The Lanczos algorithm generates matrices V; whose columns are the Lanczos

vectors v;, 2 = 1,...,j and a tridiagonal matrix T},

e Set v = ,v9=0

Gt D

Qi 72
2 Q2 Uk
Tk

Mk—1 Q-1 Nk
Nk o7

It is easy to see that we have the following well known properties
VIV, =1I,, where Vi=[v1,..., 0],
that is V}, is an orthonormal matrix and
AV = Vi Ty + Nps1 Vky1 €5 - (2.7)

Multiplying relation (2.7) by VkT implies that Ty = VkTAVk. The Lanczos algorithm
can be used to solve linear systems by defining iterates xx = xo+Viyr. The coefficients
yr are computed by requiring orthogonality of the residuals. They are obtained by
solving

Tryr = |lrolles.

The relationship between CG and the Lanczos algorithm is given in the following
theorem, see for instance [8].

THEOREM 2.3. If x¢ and vy with ||v1]] = 1 are such that ro = b — Axg = ||ro||v1
the Lanczos algorithm started from vy generates the same iterates as the CG algorithm
started from xg when solving the linear system Ax = b with A SPD and we have the
following relations between the coefficients

1 Br—1

p— —|— B
Ve—1 Vie—2
4

&75 ﬁO = Oa Y-1= 17



n k
k+1 — 5
Ve—1

and the Lanczos vectors are related to the CG residuals by

Tk
)F
7l

Ve+1 = (—

As seen previously, the A-norm of the error shows the important role played by
the matrix (KEA_lKk)_l. Using the QR decomposition of the Krylov matrix Ky,
we obtain K = Vi Ry, where VkT Vi = I, and Ry is an upper triangular matrix. This
orthonormal matrix Vj is the same as the one constructed in the Lanczos algorithm,
see [8]. Consequently

(KFAT'K) "t = RM(VE A Vi) R, = R R, T,
where Tk is defined as
Tk = (VkT A1 Vk)_l.

In the next section we will study the interesting properties of the matrix T. We will
prove that its eigenvalues, which in the sequel will be called the Petrov-Galerkin values
(since (2.2) is a Petrov-Galerkin condition) are approximations to the eigenvalues of
the matrix A, as those of the Lanczos matrix T} which are known as Ritz values.

2.2. Properties of the matrix T In this section we study the structure of
the matrix 7). We will first prove that this matrix is tridiagonal. We will also show
that Tj is nothing but the matrix T} except for the (k:,]c) diagonal element, that is
Ty is a rank-one modification of Ty. The eigenvalues of T} behave as the Ritz values.
Some interlacing relations between both sets of approximations will be given.

To prove the next theorem we need the following lemma which is proved in Zhang
[16].

LEMMA 2.4. Let U be an orthogonal matrix. If the eigenvalues of the SPD matriz
A are ordered such that N\, < ... <\ then Vy € € R™, we have

1L O0<y"(UTAU)y —y"(UT AT U) "y < (VA = VA%,
AL — )2
2. 0<yT(UT A2U)y —yT(UT AU)? y < %

In the following result we characterize the matrix T

THEOREM 2.5. Let Ay, ..., \1 be the eigenvalues of the matriz A arranged as in
Lemma 2./, then

/fk = Tk — TkCk 6%, (28)

where T, s a positive real element such that

0< 7 < (VA — V)

Proof. Invoking relation (2.7) we deduce that

I, = VkTA_lvak + 77k+1VkTA_1’Uk+1€£,
Ty =Ty + M1 T ViE A o yael
Ty =Ty + uy 6{,
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where u; = nk+1kakTA*1vk+1. Since fk and T} are symmetric, it is obvious that
Ug, ez is also symmetric. Hence uy ez = TLeL ez and fk is tridiagonal.

In Lemma 2.4, we set, U = V; and y = e; to obtain the second part of the
theorem. O

Theorem 2.5 shows that the only unknown parameter of T k is 7. Indeed we have

ay 12
2 Q2 N3
Ty = (VI AL vt =
Nk—1  Ok—1 Nk
Nk O — Tk

Let 91(16) and égk) be the eigenvalues of T}, (Ritz values) and T}, (Petrov-Galerkin
values) respectively. We arrange them as
o) <. <ol <P and 0% < .. <o) < g
In the following theorem we gather some interlacing properties relating the eigen-
values of the three matrices T}, T} and A.

THEOREM 2.6. There exist nonnegative real numbers my, ..., my such that
é\gk) = Hgk) — TR M,
k
with m; > 0 and Z m; = 1. Moreover

i=1
1ok <g® <o® . ie{1,... k—1}
2)0 <o <o ez, k),
30" <o)V <o, ie{2.. k),
4) Ai-‘,—n—,’c < (/g\fk) < Z(k) < )\za (XS {L 7k}

Proof.

1) and 2). The matrix T}, is obtained by perturbing the matrix Tj by a rank-one
matrix. From theorem 8.1.5 of [2, p. 412], we obtain the first two statements.

3) The matrix Tj_; is a square submatrix of order (k — 1) of T} obtained by
deleting the last row and the last column. Hence by using the interlacing Cauchy
theorem for eigenvalues [2, p. 411], we get the inequalities given in 3).

4) Finally, for the last part, we use the relation T . 1=V, A='V, and Corollary
4.4 of [14, p. 198] to deduce that

0% € Moopris ] for  di=1,...k,

which completes the proof. O

3. Relationship between ||r;| and ||ex]|4a. When using CG, we are concerned
with the A-norm of the error because it corresponds to the energy norm occurring in
some problems arising from partial differential equations and also because this norm
is minimized at each CG iteration. We have the following result which appears to be
new.



THEOREM 3.1. Let €x_1 and € be the errors obtained by the Conjugate Gradient
method at steps k — 1 and k respectively. We have

lels 1 _ _det(fk)il ﬁg(k) r—
lex—1l% det(V, AVy,) det(V,F A=1V) det(Ty) L) RO e Tk

(3.1)
Proof. Since A7 ' Kjy1 = [ A™'rg, Kp—1, A* 'rg |, we deduce that,
rd A= rg rE K1 rd Ak=1p,
KL AT Ky = | KF ro  KI AKy K[ AFrg
rfAk=1lry T AFK, ,  rl A% 1pg

Applying Sylvester’s identity [1] to the matrix K,CTHA’IK;CH, we obtain

det(K A Kypq) det(K[ AKy—1) = det(KI A7 Ky) det(KD A Ki)—det(K} Ky)2.

(3.2)
By using Theorem 2.1, the following result holds
leela —_ det (K Kp)? (3.3)
lex—11% det(K [ A1 K},) det(Kf AK}) '
By using the QR-factorization of K}, we obtain
el | det(T
feeal ~ 0 ded(T <k>
Relation (2.8) also gives
det(T}),) = (o — 7x) det(Th—1) — n2 det(Tj_o). (3.4)

By using the fact that det(T}) = ay det(Tx—1) — 17 det(Tk—2), we deduce that

det(Tk) det(Tk) — Tk det(Tk 1)
det(Tk) det(kal)

det(Ty)  F det(Ty)

The proof is completed by using (3.3). O
Remarks:
1. If kK =1, it is easy to show, by using the fact that
lexll% 1

leol2 (v Avy) (o] A=1oy)

and the Kantorovich inequality, that an optimal bound is given by

leala 1

lleolla — An
142 ———
MRS




2. Using Theorem 2.6, we deduce that

Now, we recall a result proved by Sadok in [13].
THEOREM 3.2. Let ri_1 and ry be the residuals obtained by the Conjugate Gra-
dient method at steps k — 1 and k respectively, we obtain
[I7xl det(Tj—1)

T—1
= _— = T .
T Mke+1 det(Tx) Me+1 €Ly €k

Using this theorem we can give a new bound for the (possible) increase of the
residual.
THEOREM 3.3. Let rp_1 and ry be the residuals obtained by the Conjugate Gra-
dient method at steps k — 1 and k respectively, we obtain

Il _ n4) —1
frieall =72

where k(A) = A\ /A, is the condition number of A.
Proof. Formula (2.7) can be rewritten as

T,
AVi = Ven ( 77k+11€€£ > ’
Multiplying this relation by its transpose we find
VI A2V, = (VEAVR)? + iy rened
Using the second part of Lemma 2.4, we deduce that

A1 — A
2 )

N1 <

then, by the Courant-Fischer Minimax Theorem, Theorem 2.5 and Theorem 3.2, we
conclude that

||’I“k|| < )\1 — >\n < )\1 - /\n
Te—1|| o n .
el = 260~ 2A

By considering Theorem 3.1 and Theorem 3.2, we have

_ ekl Jireall
llew—all% [Irell

k+1-

The following result relates the A-norm of the error to the norm of the residual.
THEOREM 3.4. Let ri be the residual obtained at the k-th step, €, and €;_1 the
CG errors obtained at k-th and (k — 1)-th steps respectively. Then
1.

det(Thi1)

” ||2 _ HEkH?A
det(Tk)

Irll2 = p—
€1 Tppr €41
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P el T

Proof. Tt was proved by Sadok in [13] that
det(KT Ky) det(KT,, Kii1)
det (KT AK ;)2

Il =

From Theorem 2.1, we see that

||'r' ”2 . det(K,?Kk) det(KE+1Kk+1)
"7 det(KTAKy) det (KT, A=V Kyi1)

(Ek, A&k)

Using the QR decomposition of the Krylov matrix Kj = Vi R, we obtain
det((V A7 Vi) ™)

2
l7xl det (VT AVL) (€r, Aer)
Consequently
det(Tig1)
2 +
= ————(ex, Aeg).
HrkH det(Tk) (eka Gk)

The second part of the theorem is obtained by bounding det(Ty1)/ det(T}). O
THEOREM 3.5. Let 1, be the residual and €5, be the CG error obtained at the k-th
step. Then

”rkHZ = Q+1 — Tk+1 I — Tk 1:i—7'k 1
HGkH,%x " " 7% —1]] " Yk *

Proof. Using Formula (3.4), we have

det(fkﬂ):a e det(Ty_1)
det(T}) LT IR T T et (T))

The assertion follows from Theorem 3.4. O

Finally, we relate our results using Krylov matrices to a formula for difference of
the squares of the A-norm of the error in successive iterations proved in Hestenes and
Stiefel [3].

THEOREM 3.6. Let ri be the residual obtained at the k-th step, €, and €;_1 the
CG errors obtained at k-th and (k — 1)-th steps respectively. Then

Tek—1||-|ITk
L o g
Nk+1
det(Ty—
with yg_1 = M’ the parameter computed in CG.

Proof. By using (3.2), we deduce

det(KT K},)?
det(KkT_lAKk,l) det(KkTAKk)

ler—1ll% — llexld = = Y1 [re—1l?,

det(K} Ky) det(K_ | AK 1)  det(Th_1)
det(KFAKy) det(K) [ Ky—1)  det(T))
9

where v,_1 =



4. Conclusion. In this paper we have established new expressions for the A-
norm of the error and the norm of the residual for the CG algorithm. We have shown
that T}, = (VFA=1V,)~! is a tridiagonal matrix and a rank-one modification of the
Lanczos matrix T). This modification is characterized by an important parameter 7
which is involved in the ratio of A-norms of the error at successive CG iterations and
in the ratio of the norm of the residual to the A-norm of the error.

It remains to be seen if we can, at least, compute good approximations of the
parameter 73 during CG iterations. This will be considered in a forthcoming paper.
It could lead to complementing the bounds on the A-norm of the error that can be
cheaply obtained using Gauss quadrature, see [8] for a summary of these techniques.
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