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In this paper, a new force transmission index called the mean force transmission index
(MFTI) is proposed, and the force transmissibility analysis procedure is established for
parallel manipulators. The MFTI is an extended definition of the force transmission index
(FTI) introduced by the authors previously. It is shown that the FTI is a function of the
input velocity ratio (IVR) for a multi-DOF mechanism of the same configuration. To rep-
resent the force transmissibility by a definite value, the MFTI is defined as the mean value
of the normalized FTIs function over the whole range of the IVR . The force transmis-
sibility analysis of two planar parallel manipulators is illustrated using the MFTI
method. The result is compared with that of the Jacobian matrix method and the joint
force index (JFI) method. It shows that, especially for symmetric parallel manipulators,
an approximate inverse-proportionality relationship exists between the JFI and MFTI ,
and between the maximum input torque/force and MFTI . It is concluded that the MFTI
can be used as a quantitative measure of the force transmissibility performance for par-
allel manipulators. In the end, a design optimization problem is studied by taking the
global force transmission index as the objective function. © 2003 Wiley Periodicals, Inc.
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1. INTRODUCTION

Parallel manipulators have received extensive atten-
tion in the robotics society for the past two decades.
Parallel manipulators are one type of multiple
degree-of-freedom (DOF) closed-loop mechanisms
with a moving platform supported by a number of
in-parallel limbs. In general, they are characterized by
a higher structural rigidity and larger load-carrying
capacity as compared with the conventional serial-
type manipulators. The applications of such manipu-
lators are, for example, earthquake simulator, aircraft
simulator, machining center, force-torque sensor,
pointing device, etc.

Prior research about parallel manipulators fo-
cused primarily in the areas of the mechanism design,
kinematic analysis, and performance analysis. For the
performance analysis, existing studies usually deal
with the investigations of the singularity,1–9

manipulability,10–12 workspace,13–21 conditioning
index,22–24 and stiffness property.23–27 The singularity
of a mechanism which causes the instantaneous
change of DOF is determined by the Jacobian matrix.
Gosselin et al.1 first studied the singularities of
closed-loop mechanisms and suggested the separa-
tion of the Jacobian matrix into two submatrices: one
associated with the forward kinematics and the other
with the inverse kinematics. Zlatanov et al.2 later re-
defined the classification of singularity. St-Onge
et al.6 studied the singularity of the general six-DOF
platform based on analytical expressions of the deter-
minant of the Jacobian matrix. They showed that, for
a given orientation of the platform, the singularity lo-
cus in the Cartesian space is represented by a poly-
nomial of degree three. Choudhury et al.7 studied the
kinematic and force singularities of parallel manipu-
lators and closed-loop mechanisms. Park et al.10 pre-
sented a differential geometric formulation of ma-
nipulability for general closed-loop mechanisms.
Gosselin et al.22 proposed a global performance cri-
terion based on the condition number of the Jacobian
matrix for the optimization of parallel robotic ma-
nipulators. Tsai et al.24 optimized the global condi-
tioning index to obtain the well-conditioned work-
space and constructed the stiffness and inertia
properties by the Jacobian matrix. In addition to the
above performance criteria, the force transmission
performance of parallel manipulators is considered
important due to their payload capacity feature. Par-
allel manipulators with poor force transmission per-
formance can not transmit power or force to counter-
balance the external load efficiently. Denavit et al.28

and Wu et al.29 used the determinant of the Jacobian
matrix as a transmission index. Tsai et al.30 developed
the generalized transmission wrench screw to mea-
sure the transmission performance of mechanisms.
They pointed out that the transmission performance
should take into account both the transmissibility and
the manipulability of the mechanism. Takeda et al.31

introduced a motion transmission index for parallel
manipulators based on the definition of the minimum
value of the cosine of the pressure angle. Holte et al.32

pointed out that the external loads would affect the
force transmission performance of a mechanism.
They proposed the joint force index (JFI) as the ratio
of the maximal joint force to the external load. Lin
and Chang33 pointed out that the Jacobian-based per-
formance indices are configuration dependent only,
meaning that they will not reflect the effects of dif-
ferent output links and the forms of the loading. They
proposed the force transmission index (FTI) for gen-
eral single-DOF linkage mechanisms and established
a systematic analysis procedure. The FTI incorpo-
rates the concepts of power flow path, the effective
force ratio of the output link and force gain per unit
cost (input torque/force) of the input link. The analy-
sis results showed that the FTI can describe the force
transmissibility of the linkage mechanisms more ac-
curately than other methods do. The feasibility of the
FTI applied to other categories of linkages was also
investigated by Lin et al.34 and Chang.35

This paper aims to evaluate the force transmissi-
bility of the parallel manipulators by introducing a
systematic analysis procedure. The FTI introduced
previously33,34 is applicable to the single-DOF linkage
mechanisms only. In this paper, we shall extend the
FTI method by considering the effects of the input
velocity ratios, and constitute a new index called the
mean force transmission index (MFTI) for multi-
DOF mechanisms. The force transmissibility perfor-
mance analysis of two planar parallel manipulators is
illustrated using the MFTI method.

2. FORCE TRANSMISSION INDEX

We shall briefly review the definition of the FTI for
single-DOF mechanisms first. Then the definition of
the index will be extended to the multi-DOF mecha-
nisms thereafter. In this paper, we shall follow the as-
sumption that the gravitational forces, inertia forces,
and frictional forces will not be considered.

In ref. 33, an input-related joint was defined as
the joint at the output link where there is a path (a
sequence of links and joints connected in series) con-
nected to the input link. The effective force ratio (EFR)
of an output link i was then defined as the total power
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transmitted to the output link via the input-related
joints versus the potential maximum power pmax .
That is,

Ri�
� jpji

pmax
(1a)

�
� j� f jvj cos�� j��� j� cos�	 j�


� j� f jvj�� j��
, (1b)

where f j and vj denote respectively the magnitude of
the joint force and the absolute velocity of the input-
related joint J ji . � j denotes the angle subtended be-
tween fj and vj ; � j and � denote respectively the mag-
nitude of the joint reaction moment of the input-
related joint and the angular velocity of the output
link. 	 j denotes the angle subtended between � j
and �.

The EFR (Ri), ranging between −1 and +1, can be
used as the measure of the proportion of the total ef-
fective force in the output link i, which will charac-
terize the performance of the output link alone. To
measure the force transmissibility of the whole
mechanism, the capability of the input link for resist-
ing the loading should be considered. Thus we de-
fined the force transmissibility of a mechanism as the
effective force gain (in the output link) versus the
‘‘cost’’ (input force/torque) paid by the input link
with a fixed loading exerted on the output link. In ref.
33, the force transmission index was defined as the ef-
fective force ratio per unit input torque/force, with a unit
torque/force exerted on the output link i. That is,

���
�RiTout�

T in�
���Ri

Tout

T in
���Ri�MA ��

for pure moment loading and input

�RiFout�

F in�
���Ri

Fout

F in
���Ri�MA ��

for pure force loading and input

, (2)

where Ri denotes the EFR of the output link i. MA
denotes the mechanical advantage. T in� (F in� ) is the
magnitude of input torque (force) when a unit torque
(force) (Tout� �Fout� �1) is applied to the output link.
T in(F in) is the magnitude of input torque (force) when
an arbitrary amount of torque Tout (force Fout) is ap-
plied to the output. Note that we place the term
Tout� (Fout� ) in the numerator of the first term in (2) to
make the index (�) dimensionless.

The FTI is a dimensionless quantity which
ranges between zero and positive infinity. The index
can be used to describe the quality of the force trans-
missibility of the mechanism. For single-loop mecha-
nisms, when the FTI vanishes, it indicates that the
mechanism cannot transmit any effective force to the
output link due to the divergence of the input
torque/force.

The above FTI is physically meaningful; how-
ever, for the index to be more useful in representing
the force transmission performance of a mechanism,
the index should be bounded. Hence we devised a
transformation which maps the FTI to a bounded
range and preserves the original functionality. In ref.
34, an index called the normalized force transmission in-
dex (NFTI ,�n) was defined by the transformation as
follows:

�n�1�e����1�exp����Ri��MA��, (3)

where � (0<��1) is the weighting factor of the
FTI (�). Note that one should assign the same value
of the weighting factor when comparing the perfor-
mance between different mechanisms. In this paper,
the value of � is set to be one.

From (3) we may observe that �n will vanish as �
equals to zero, while �n will tend to one as � diverges.
Hence the normalized performance index is a
bounded value, ranging between zero and one. The
transformation function in (3) is a monotonic increas-
ing function of �, hence the mapping will preserve the
original functionality of the FTI . In what follows, we
shall use the bounded index, NFTI , to represent the
force transmissibility for an individual limb of multi-
DOF parallel manipulators.

3. FORCE TRANSMISSION INDEX FOR MULTI-
DOF MECHANISMS

In this section, we shall extend the definitions of the
previously introduced FTI to the category of multi-
DOF mechanisms, specifically parallel manipulators.
There are a variety of structural arrangements for
parallel manipulators. One category is the so-called
symmetric parallel manipulator, whose number of
limbs is equal to the number of the DOF, and the type
and the number of joints in all the limbs are arranged
in an identical pattern (although their physical
lengths can be different). Compared with asymmetric
parallel manipulators, the design of the symmetric to-
pologic structure is more frequently adopted. We
shall further assume that there is only one actuator in
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each limb. Hence there is only one input-related path
in a limb, and each input-related path does not over-
lap with others.

3.1. Input Velocity Ratio

For single-DOF mechanisms, the EFR is independent
of the magnitude of the input velocity since the pro-
portional factor in the numerator and the denomina-
tor of (1) can be cancelled out as the input velocity
changes. However, for multi-DOF mechanisms, the
velocity ratios between any two input velocities be-
come influential to the performance of the mecha-
nisms. That is, different values of an input velocity
ratio will result in different values of the EFR for the
mechanism at the same configuration (posture). As a
result, the force transmission performance of a multi-
DOF mechanism will also be dependent on the veloc-
ity ratios between two input velocities. In general, the
input velocity is a time-dependent function. Hence,
the velocity ratio parameters should be taken as in-
dependent parameters as we perform the force trans-
missibility analysis for multi-DOF mechanisms.

Consider an N-DOF mechanism, whose input
links are denoted by l in(i) , (i�1,2,...,N). The magni-
tude of the input velocity of l in(i) is denoted by � in(i)
for a revolute joint type input and 
 in(i) for a prismatic
joint type input. We then define the input velocity ra-
tio (IVR ,� jk) between � in(j) and � in(k) as

� jk�
� in� j �

� in�k �
for revolute input joints,

� jk�

 in� j �


 in�k �
for prismatic input joints,

j�1,2,...,N , k�1,2,...,N , j�k . (4)

For an N-DOF mechanism, there are N(N�1) com-
binations of velocity ratios. For example, for the
planar two-DOF, five-bar parallel manipulator
shown in Figure 1(a), there are two sets of velocity ra-
tios. That is,

�21�
� in�2 �

� in�1 �
�

�5

�2
,

(5)

�12�
� in�1 �

� in�2 �
�

�2

�5
.

The EFR and FTI of a mechanism at a configuration
will be dependent on the IVR .
To demonstrate the influence of the velocity ra-
tios, the planar two-DOF, five-bar parallel manipula-
tor shown in Figure 1(a) is analyzed. Let the position
of the fixed joint J12 be at the origin of the global co-
ordinate system, and the position of the joint J34 be
located at (x�5, y�5) at a specific instant. First we
perform the inverse displacement analysis to obtain
the input displacement and the position of each link.
Then we start evaluating the EFR and FTI of the
mechanism by applying (1) and (2). The functional re-
lationships between the EFR versus the IVR , and the
FTI versus the IVR , are investigated by changing the
values of the independent parameters (�12 and �21).
In each case the value of the denominator of the in-
dependent parameter is always kept at a constant in-
put velocity of 1(rad/s). Figure 2 shows the plots of
the EFR and FTI of the output link (l4) as a function
of the IVR at the specific configuration. We may con-
clude from the analysis that the EFR and FTI of a
multi-DOF mechanism at a specific configuration are
a function (instead of a fixed value) of the IVR . In
general, it is desirable to represent the performance of
a mechanism at a specific configuration by a definite
value. In what follows, we shall introduce a new force
transmission index to describe the force transmissi-
bility performance of a multi-DOF mechanism. The
index will yield a definite value for a specific configu-
ration for multi-DOF mechanisms.

Figure 1. (a) A planar two-DOF, five-bar parallel manipu-
lator. (b) The static force analysis. (c) The velocity analysis
with �2�1 rad/s and �5�1 rad/s. (d) The velocity analy-
sis with �2�1 rad/s and �5��1 rad/s. (e) The combina-
tion of the result in (b) and (c). (f) The combination of the
result in (b) and (d).
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3.2. Mean Force Transmission Index

Consider an N-DOF parallel manipulator with N
limbs, assuming that there is one actuator mounted in
each limb, hence the parallel manipulator has N in-
dependent input-related paths. According to (2), the
individual force transmissibility of the pth input-
related path (limb) can be described by

Figure 2. The performance of the mechanism in Figure 1.
(a) EFR vs �21 . (b) EFR vs �12 . (c) FTI vs �21 . (d) FTI vs
�12 .
��p ���Ri
�p �

•�MA ��p ��, p�1,..,N , (6)

where the superscript p denotes the index of the
input-related path, and the subscript i denotes the in-
dex of the output link.

Since the moving platform (output link) is sup-
ported by the N limbs, it is reasonable to think that
each individual limb will share its contribution in the
force transmissibility of the mechanism. In other
words, the force transmissibility of the parallel ma-
nipulator can be derived by summing up the indi-
vidual force transmissibility of each limb. Thus the
force transmissibility of the mechanism (at a specific
posture) can be obtained by

�� �
p�1

N

��p �. (7)

The NFTI(�n) of the mechanism is obtained by sub-
stituting � into (3), that is,

�n�1�e���. (8)

The above equation, however, does not yield a defi-
nite value, because � or � (p) is a function of the IVR
as we have known from the above paragraph. To rep-
resent the normalized force transmissibility of the
parallel manipulator by a single definite value, we
suggest to use the mean value ( �̄n) of NFTI’s func-
tion over the whole range of the IVR , that is,
(9)
where � ij (i�j) denotes the IVR , which is defined
in (4).

In computing �n , it is required to specify the ve-
locity of all input links. However, the independent
parameter � ij depends on the velocity of two input
links. Thus we need to specify the velocity of an input
link to be a constant during the computation process.
In practice, the integration in (9) is carried out by
(10)

where �n(k) denotes the normalized force
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transmissibility as the velocity of the kth input link is
set to be 1 rad/s, and the first subscript of � jk ranges
from 1 to N, but j�k .

To implement the numerical integration, the
lower and upper bounds of the integration in (10) are
taken as definite values. In this paper we set � to be
10 based on the following consideration. The func-
tional plots in Figure 2 show that the function of the
EFR or FTI will asymptotically approach to a fixed
value as the IVR diverges. Hence it is appropriate to
select a cutoff value as the lower and upper bounds
of the IVR . Figure 2 shows that the EFR and FTI
have saturated as the IVR attains �10.

The index �̄n defined by (10) is called the mean
force transmission index (MFTI) of an N-DOF parallel
manipulator. The index, ranging between zero and
one, is used to represent the force transmissibility of
an N-DOF parallel manipulator at a specific configu-
ration. For a specific configuration of a parallel ma-
nipulator, the larger the index, the better the force
transmissibility performance of the mechanism.

It follows that the MFTI of the two-DOF, five-bar
parallel manipulator shown in Figure 1(a) can be
written as

�̄n�
���

� ��n1�d�21/2�����
� ��n2�d�12/2�

2
, (11)

and the MFTI of the three-DOF, eight-bar 3-RRR
parallel manipulator shown in Figure 4 can be
written as
�̄n�
���

� ���
� ��n1�d�21d�31 /�2��2����

� ���
� ��n2�d�12d�32 /�2��2����

� ���
� ��n3�d�13d�23 /�2��2

3
. (12)
Below we summarize the force transmissibility
analysis procedure in the following steps.

S1. Perform the inverse displacement analysis to
obtain the configurations of the multi-DOF parallel
manipulator.

S2. Perform the static force analysis to obtain the
input-related joint forces of the moving platform.

S3. Apply (4) to find all the IVRs.
S4. Apply (6)–(8) to compute the NFTI (�n(k)) of

the mechanism given a constant velocity (� in(k)
�1 rad/s) of input link l in(k) .

S5. Apply (10) to yield the MFTI for the parallel
manipulator at the specific configuration.

Figure 3. A planar two-DOF, five-bar parallel
manipulator.
4. EXAMPLES

We shall illustrate the force transmissibility analysis
procedure using the MFTI method by two examples.
The result will be compared with that of two other
methods, namely, the Jacobian matrix method and
the joint force index method.

4.1. Planar Two-DOF, Five-Bar Parallel Manipulator
(An Asymmetric Manipulator Case)

For the planar two-DOF, five-bar parallel manipula-
tor shown in Figure 3, let links 2 and 5 be the input
and link 4 the output link. The link lengths are given
as follows: l1�7 m, l2�3 m, l3�6 m, l4�7 m, and
l5�4 m. By differentiating the loop closure equation
with respect to time, the relationship between the in-
put angular velocity vector and the end-effector’s ve-
locity vector can be derived as follows:

� ẋP

ẏP
��� a11 a12

a21 a22
�� �̇2

�̇5
� , (13a)

where



Chang, Lin, and Lee: Force Transmissibility Performance • 665
a11��l2 sin �2�l3h1 sin �3�l4Ch2 sin��4��C���,

a12��l3h3 sin �3�l4Ch4 sin��4��C���,
(13b)

a21�l2 cos �2�l3h1 cos �3�l4Ch2 cos��4��C���,

a22�l3h3 cos �3�l4Ch4 cos��4��C���,

and where l4C�CP, �C��PCD are depicted in Fig-
ure 3. The parameters h1 , h2 , h3 , and h4 are given as
follows:

h1�
l2 sin��4��2�

l3 sin��3��4�
,

h2�
l2 sin��3��2�

l4 sin��3��4�
,

(13c)

h3�
l5 sin��5��4�

l3 sin��3��4�
,

h4�
l5 sin��5��3�

l4 sin��3��4�
.

Eq. (13a) can be rearranged in the following form,

Jq� �̇2

�̇5
��Jx� ẋP

ẏP
� , (14a)

where

Jq�l3l4 sin��3��4�� a11 a12

a21 a22
� (14b)

is the inverse Jacobian matrix, and

Jx�� l3l4 sin��3��4� 0

0 l3l4 sin��3��4�
� (14c)

is the forward Jacobian matrix.
The determinant of the forward Jacobian matrix

can be expressed as

Det�Jx��l3
2l4

2 sin2��3��4�. (15)

In (15), we may observe that as links 3 and 4 be-
come collinear, the five-bar parallel manipulator is lo-
cated at the direct kinematic singularity, correspond-
ing to the locking position of the manipulator. The
position, also referred to as the singular position, is
conventionally regarded as the worst configuration
in motion transmissibility.

In this example two kinds of loading are exerted
on the output link individually. That is, a pure mo-
ment with the magnitude of Tout�1(N�m), and a
pure force, Fout�(�1/�2,�1/�2)N , exerted on the
centroid of link 4. Then we apply (11) to evaluate the
MFTI of the five-bar parallel manipulator within its
reachable workspace. The workspace of the two-DOF
parallel manipulator is formed by the locating all the
positions that joint J34 (point C) can reach. We have
derived the maps of the MFTI , the determinant of
the forward Jacobian matrix and the JFI . Figure 4
shows the result for one of the four possible configu-
rations. Figure 4(a) shows the map of the determinant

Figure 4. The result for a planar two-DOF, five-bar paral-
lel manipulator. (a) The determinant of the forward Jaco-
bian matrix. (b) The MFTI map with a unit moment load-
ing. (c) The JFI map with a unit moment loading. (d) The
MFTI map with a unit force loading. (e) The JFI map with
a unit force loading.
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of the forward Jacobian matrix. Figures 4(b) and 4(c)
show the maps of MFTI and JFI for the case of a pure
moment loading. Figures 4(d) and 4(e) show the
maps of MFTI and JFI for the case of a pure force
loading.

4.2. Planar Three-DOF, Eight-Bar Parallel
Manipulator (A Symmetric Manipulator Case)

For the planar three-DOF, eight-bar parallel manipu-
lator shown in Figure 5, the inverse displacement
analysis is performed to determine the input joint dis-
placements. In the example, the input angular dis-
placements, denoted by �2 , �5, and �7 , are measured
counterclockwise from the positive X-axis to the lon-
gitudinal axes of the input links. The position of a ref-
erence point P at the platform (link 4) is described by
(XP ,YP) with respect to the global coordinate system
O-XY , while the orientation of the platform is de-
scribed by the angle � measured counterclockwise
from the positive X-axis to the positive xp-axis of the
local coordinate system P-xpyp attached to the plat-
form. In Figure 5, the fixed pivots J12 , J15 , and J17
(points A, D, and G) at the base link form an equi-
lateral triangle, where �AOD��AOG��DOG
�120°. The moving pivots J34 , J64 , and J84 (points C,
F, and I) on the moving platform also form an equi-
lateral triangle, where �CPF��CPI��FPI
�120°. The three fixed pivots on the base link lie on
a circle whose center is the origin O and radius is R,
and the three moving pivots on the platform lie on a
circle whose center is the local origin P and radius is
r. The geometric lengths are given as follows: R
�3 m, r�2�3/3 m, l2�l5�l7�2 m, and l3�l6�l8

Figure 5. A planar three-DOF, eight-bar parallel
manipulator.
�3 m. By using the geometric analytical method,
given the position and orientation (XP ,YP ,�), the in-
put joint angles (�2 , �5 , and �7) can be obtained. To-
tally, there are eight configurations existing for a
given position and orientation of the moving plat-
form. The constant orientation workspace of the plat-
form can be determined by fixing the angle � at a
given value, and then verifying the existence of the
solution of the inverse displacement analysis, with a
valid position of the point P in the workspace.

Again by differentiating the loop closure equa-
tion with respect to time, the relationship between the
input velocity vector and the velocity vector of the
platform can be derived as follows:

Jq��2

�5

�7

��Jx� 
Px


Py

�
� , (16a)

where

Jq�� l2xl3y�l2yl3x 0 0

0 l5xl6y�l5yl6x 0

0 0 l7xl8y�l7yl8x

�
(16b)

and

Jx�� l3x l3y lPCxl3y�lPCyl3x

l6x l6y lPFxl6y�lPFyl6x

l8x l8y lPIxl8y�lPIyl8x

� . (16c)

The expression for the determinant of the forward
Jacobian matrix Jx is expressed as

Det�Jx��l3l6l8� lPC sin��8��6�sin��3����PC�

�lPF sin��3��8�sin��6����PF�

�lPI sin��6��3�sin��8����PI�
 . (17)

The same loadings (a pure moment and a pure
force) as in the above example are exerted on the plat-
form (link 4) individually. Then we apply (12) to
evaluate the MFTI of the eight-bar parallel manipu-
lator within its workspace. The constant-orientation
workspace is constructed by locating all reachable
positions of the point P with the orientation angle
�=0°. Figures 6 show the analysis result for one of the
eight possible configurations. Among them, Figure
6(a) shows the map of the determinant of the forward
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Jacobian matrix, Figures 6(b) and 6(c) show the maps
of MFTI and JFI for the case of the pure moment
loading, and Figures 6(d) and 6(e) show the maps of
MFTI and JFI for the case of the pure force loading.

Observing Figures 4 and 6, we find that the MFTI
and JFI can describe the singular curves (darkest ar-
eas) within the workspace as the determinant of the
forward Jacobian matrix does. In fact, the locations of
the singular curves described by the three methods
are in accordance. On the other hand, the locations of
the best-performance areas (lightest areas) described
by the three methods are different. As we have
known, the determinant of the forward Jacobian ma-
trix is configuration dependent only and will not re-
flect the influence of different types of the loading.
The map shown in Figures 5(a) and 6(a) can only pro-
vide the information about the ‘‘distance’’ away from

Figure 6. The results for a planar three-DOF, eight-bar
parallel manipulator. (a) The determinant of the forward
Jacobian matrix. (b) The MFTI map with a unit moment
loading. (c) The JFI map with a unit moment loading. (d)
The MFTI map with a unit force loading. (e) The JFI map
with a unit force loading.
the singularities but not force transmissibility perfor-
mance. Considering the behavior corresponding to
different types of loadings, both the MFTI and JFI
seem to be proper force performance indices, as we
compare between Figures 4(b) and 4(d), and Figures
4(c) and 4(e).

The JFI ,32 defined as the ratio of the maximum
joint force magnitude among all the joints of a mecha-
nism to the magnitude of the loading, is considered as
a significant representation of the static force charac-
teristics of mechanisms. Usually, as the JFI becomes
smaller, the force transmission performance tends to
be better. In what follows, we shall investigate the re-
lationship between the JFI and the MFTI , and the
maximum input torque and the MFTI . To find the
functional relationship, the MFTI , JFI , and maxi-
mum input torque are evaluated at all sampled po-
sitions uniformly distributed in the overall work-
space of the three-DOF, eight-bar parallel
manipulator. The sampled positions (including orien-
tations) of the platform are stated as follows:

Figure 7. (a) The relationship between JFI and MFTI of a
three-DOF parallel manipulator. (b) The relationship be-
tween maximum input torque and MFTI of a three-DOF
parallel manipulator.



668 • Journal of Robotic Systems—2003
S���Xp ,Yp ,����4�Xp�4, �Xp�0.5; �4�Yp

�4, �Yp�0.5; 0°���360°, ���45°�. (18)

Finally, the functional relationship of the JFI versus
MFTI , and the maximum input torques versus
MFTI are shown in Figures 7(a) and 7(b),
respectively. The plots show that the JFI and the
maximum input torque are approximately inversely
proportional to the MFTI . The above evaluation is
based on the case of a unit moment loading. A similar
result can be obtained for the case of a unit force load-
ing. The result suggests that, as a general trend, when
the maximum joint force or the maximum input
torque decreases, the force transmission performance
becomes better (as the value of the MFTI increases).
It indicates, generally, as the MFTI increases the
mechanism requires less torque/force to resist the
loading. On the other hand, as the mechanism’s con-
figuration is near a singularity, the MFTI tends to be
zero, while the maximum joint force and the maxi-
mum input torque diverge. Consequently, the MFTI
is proved to be a proper and useful index for describ-
ing the force transmissibility performance of symmet-
ric parallel manipulators. The relationship, however,
does not exist in the result for asymmetric parallel
manipulators. Note that the above inverse-
proportionality relationship is not perfectly deter-
ministic. As we observe from Figure 7(b), a configu-
ration with a larger value of the MFTI may have a
larger maximum input torque than another configu-
ration with a smaller MFTI value. That is, the JFI or
the maximum input torque alone is not good enough
to represent the force transmissibility performance of
a mechanism.

5. DESIGN OPTIMIZATION

The proposed MFTI is the quantitative measure of
the force transmissibility performance of parallel ma-
nipulators under a specific configuration. It is desir-
able to perform the design optimization by using the
global MFTI as an objective function for a parallel
manipulator. We define the global force transmission
index (GFTI) as

�g�
���̄n d�

��d�
, (19)

where � denotes the desired fine-performance work-
space of a parallel manipulator, which can be a full
workspace, a constant-orientation workspace, or a
partial area of the said workspace. �̄n denotes the
MFTI of a parallel manipulator for a specific configu-
ration, as defined in (10).

Thus the GFTI (�g) represents the mean value of
the MFTI in the desired fine-performance workspace
of a parallel manipulator. In what follows, we shall
optimize the link lengths of the symmetric planar
three-DOF, parallel manipulator mentioned in the
above section. Assume that the three input links are
equal in length, and the three coupler links are also
equal in length (refer to Figure 4), that is, l in�l2�l5
�l7 , and lc�l3�l6�l8 . The other design parameters
are the radius of the lower platform (R), and the ra-
dius of the upper platform (r). Taking R as the base
length, the nondimensional design parameters vector
can be simplified as

x�� r
R

,
l in

R
,

lc

R�T

. (20)

The desired fine-performance workspace � is given
as follows:

����Xp ,Yp ,���Xp
2�Yp

2��0.25R �2∧��0°�.
(21)

Hence the optimal design problem is stated as fol-
lows:

Maximize

f�x���g (22)

Subjected to

0.3�
r
R

�1.2, (23a)

0.2�
l in

R
�2.0, (23b)

0.2�
lc

R
�2.0, (23c)

�Det�Jx���0 for �Xp ,Yp ,���� . (23d)

The last constraint in (23d) is to guarantee that no sin-
gularity exists in the desired workspace �.

The nonlinear multi-constraint optimization
problem can’t be solved analytically. Hence we use
the sequential quadratic programming (SQP) method
to search the optimal solution. The direction search
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algorithm we used is the quasi-Newton method, and
the Hessian matrix is estimated by the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) formula. The con-
vergence tolerances are given as follows: �(design
variables)=5�10�4, �(constraint violation)=5
�10�4, and �(objective function)=5�10�8. We utilize
the MATLAB Optimization Toolbox36 to undertake
the computation.

Given the initial guess values of the design pa-
rameters as x0��0.625,0.4,0.4
T, the optimal design
parameters obtained are

� r
R � 0�0.6277,

� l in

R � 0�0.2986,

� lc

R � 0�0.3237,

with the maximum global force transmission index
�g
0�0.902 420 5.

To verify the performance of the parallel manipu-
lator with the optimal link lengths, we proceed to
evaluate the determinant of the forward Jacobian ma-
trix, the maximum input torque, and the MFTI ,

Figure 8. The performance of the planar three-DOF, par-
allel manipulator with optimal link lengths. (a) The deter-
minant of the forward Jacobian matrix. (b) The maximum
input torque (c) The MFTI map.
given R�1(m), with a unit moment loading. Figures
8(a)–8(c) show the maps of the determinant of the for-
ward Jacobian matrix, the maximum input torque,
and the MFTI , respectively. The area inside the circle
in each map represents the desired fine-performance
workspace we specified in the beginning of the op-
timization process. The result shows that there is no
singularity inside the desired workspace �, the maxi-
mum input torque in most area of � is less than
0.4(N-m) (40% of the loading), and the MFTI in most
area of � is greater than 0.8. The result confirms
our expectation of fine force transmissibility
performance.

6. CONCLUSIONS

In this paper we have proposed a new force transmis-
sion index called the MFTI and establish the force
transmissibility analysis procedure for parallel ma-
nipulators. The MFTI is derived from the definition
of the FTI introduced by the authors previously. It is
found that the FTI is a function of the IVR (in stead
of a definite value) for multi-DOF mechanisms at a
specific posture. To represent the force transmissibil-
ity of a multi-DOF mechanism at a specific posture by
a definite value, the MFTI is defined by the mean
value of the normalized FTI’s function over the
whole range of the input velocity ratio. Performance
analysis of two planar parallel manipulators is illus-
trated using the MFTI method, the determinant of
the forward Jacobian matrix and JFI methods. The re-
sult shows that the MFTI can describe the force trans-
mission performance of parallel manipulators more
accurately. In addition, especially for the symmetric
parallel manipulators, an approximate inverse-
proportionality relationship exists between the JFI
and MFTI , and between the maximum input
torque/force and MFTI . We conclude that the MFTI
is a significant force performance index for multi-
DOF parallel manipulators. Finally, the design opti-
mization problem is studied by taking the global
force transmission index as the objective function.
The performance analysis result of the optimal design
confirms our initial goal.
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