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ABSTRACT: Szemerédi’s Regularity Lemma is a well-known and powerful tool in modern graph
theory. This result led to a number of interesting applications, particularly in extremal graph theory.
A regularity lemma for 3-uniform hypergraphs developed by Frankl and Rodl [8] allows some of the
Szemerédi Regularity Lemma graph applications to be extended to hypergraphs. An important
development regarding Szemerédi’s Lemma showed the equivalence between the property of
e-regularity of a bipartite graph G and an easily verifiable property concerning the neighborhoods
of its vertices (Alon et al. [1]; cf. [6]). This characterization of e-regularity led to an algorithmic
version of Szemerédi’s lemma [1]. Similar problems were also considered for hypergraphs. In [2],
[9], [13], and [18], various descriptions of quasi-randomness of k-uniform hypergraphs were given.
As in [1], the goal of this paper is to find easily verifiable conditions for the hypergraph regularity
provided by [8]. The hypergraph regularity of [8] renders quasi-random “blocks of hyperedges”
which are very sparse. This situation leads to technical difficulties in its application. Moreover, as
we show in this paper, some easily verifiable conditions analogous to those considered in [2] and
[18] fail to be true in the setting of [8]. However, we are able to find some necessary and sufficient
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conditions for this hypergraph regularity. These conditions enable us to design an algorithmic
version of a hypergraph regularity lemma in [8]. This algorithmic version is presented by the authors
in [5]. © 2002 Wiley Periodicals, Inc. Random Struct. Alg., 21: 293-335, 2002

1. INTRODUCTION

In 1975, E. Szemerédi proved a beautiful result concerning the coarse structure of every
graph [29]. His lemma helped in proving many theorems in extremal graph theory (see,
e.g. [20], [25], and [26]). The essential concept central to Szemerédi’s Lemma is that of
an e-regular pair.

1.1. Graphs and e-Regular Pairs

Let a graph G = (V, E) be given. For two nonempty disjoint sets X, ¥ C V, we denote
by E(X, Y) the set of edges between X and Y (i.e. E(X, Y) = {{x,y} :x € X,y € T}).
We set d(X, Y) = d(Gyy) = |E(X, Y)||X|7'|¥]™" as the density of the bipartite graph
Gyy = (X U Y, EX, Y)). We state the following definition.

Definition 1.1. Let positive constant € be fixed. We say that the pair X, Y is e-regular if
ld(X, Y) — d(X,, Yy)| < € holds whenever X, C X, Y, C Y satisfy |X,| = €X], |Y,| = €Y].

s

With G = (V, E) fixed, we call a partition V. = Vy, U V|, U --- U V, equitable if it
satisfies |V,| = |V,| = - -+ = |V,| and |V,| < t; we call an equitable partition e-regular
if all but €(5) pairs V;, V; are e-regular. Szemerédi’s Regularity Lemma is stated precisely
as follows.

Theorem 1.2 (Szemerédi’s Regularity Lemma [29]). Let € > 0 be given and let k, be
a positive integer. There exist positive integers N = N(¢, ky) and K = K(e, k) so that any
graph G = (V, E) with |V| = n = N vertices admits an e-regular equitable partition V =
Vo U Vi U---U V, with k satisfying ky, = k = K.

For related topics, see [19].

1.1.1. A Local Characterization of an e-Regular Pair. 1In all that follows, we consider
a fixed bipartite graph G with bipartition X U Y. For fixed positive constants « and €, we
assume d(X, Y) ~. a, where by a ~, b, we mean (1 + vy '=alb =1+ vy. We
denote by deg;(x) the number of vertices that are neighbors of x in the graph G, and by
deg;(x,, x,) the number of vertices that are neighbors of both x, and x, in G.

The property of e-regularity of G is a “global” property in the sense that it asserts a fact
about every pair of reasonably large subsets of its vertex classes X and Y. An important
development regarding Szemerédi’s Lemma showed the equivalence between this global
regularity property of G and a fairly simple “local” property concerning the neighborhoods of
the vertices in X. Given positive reals «, € and €', consider the following two properties:

G, = Gy(e), G is e-regular with density d(X, Y) ~, a.

G2 = Gz(er):
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(i) degs(x) ~. alY] for all but €'|X| vertices x € X,
(i) degs(x,, x,) ~o o«?|¥]  for all but €'|X|* pairs x,, x, € X.

It was shown in [1] (cf. [6]) that properties G; and G, are equivalent in the following
sense.

Theorem 1.3 (Alon, Duke, Lefmann, R6dl, and Yuster [1]). For any € > 0 there exists
€ > 0 such that

Gi(e) = Gy(€).
Similarly, for any € > 0, there exists € > 0 such that
G,(€') = Gy(e).

The equivalence of Properties G; and G, tells us that the notion of e-regularity is
equivalent to a condition concerning uniformity of degrees and codegrees. Since degrees
and codegrees concern only vertices and pairs of vertices, and not large subsets as in the
definition of e-regularity, Property G, is a “local” criterion for the regularity of graphs. For
related topics, see [10]. For a problem with related concepts but a different flavor, see [7].

1.1.2. An Algorithmic Version of Theorem 1.2. The original proof of Theorem 1.2
was nonconstructive. Theorem 1.3 played the crucial role in developing the algorithmic
version of Szemerédi’s Regularity Lemma [1]. We state the algorithmic version of
Theorem 1.2 precisely.

Theorem 1.4 (Constructive Regularity Lemma, [1]). For every € > 0 and every positive
integer k, there exists an integer Q = Q(e, k) such that every graph G with n > Q vertices
admits an e-regular partition into t + 1 classes for some k <t < Q and such a partition
can be found in O(M(n)) sequential time, where M(n) denotes the time needed for the
multiplication of two (0, 1) matrices of size n.

For related topics, see [3], [11], and [12]. For an additional problem using Szemerédi’s
Regularity Lemma, see [25] and [26].

1.2. Hypergraphs and (5, r)-Regular Triads

One of the main reasons for the wide applicability of Szemerédi’s Regularity Lemma is
that it enables one to find small subgraphs in “regular situations.” In [8], Frankl and Rodl
developed a regularity lemma for 3-uniform hypergraphs which admits the analogous
result that one can find small subsystems in “regular situations” (see [14], [17], [22-24],
[27], and [28]). We give a precise presentation of their hypergraph regularity lemma in the
Appendix. At this time, we focus on outlining the goals of this paper.

Just as the essential concept of Szemerédi’s Lemma is that of an e-regular pair, the
essential concept in the Frank-Rodl Regularity Lemma is that of a (8, r)-regular triad.
The definition of a (8, r)-regular triad is, unfortunately, rather technical. We therefore
defer precise discussion of it until the section to follow. (The need for this more technical
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concept, and additional parameter » describing the regularity, arises from the fact that
these regular triads obtained by the hypergraph regularity lemma of [8] are very sparse
hypergraphs).

In [2] and later in [18], equivalent conditions describing quasirandomness of hyper-
graphs were considered. These conditions were similar to G; and G, for graphs and
corresponded to a special case of (8, 1)-regularity. To cover the full case of (8, r)-
regularity, we consider analogous conditions to those studied in [2] and [18]. For general
r, we find, quite surprisingly, that these analogous conditions are no longer equivalent to
the concept of (8, r)-regularity. However, we are able to develop some implications
among these conditions, and these implications are used in [5] to develop an algorithmic
version of a special case of the hypergraph regularity lemma of [8]. We discuss these
implications as well as some open questions in detail in Section 3.

In the section to follow, we give definitions of necessary concepts. In Section 3, we
give a precise account of our theorems as well as some open questions. The remaining
sections contain details of proofs.

2. DEFINITIONS AND NOTATION

In this section, we give background definitions and notation that we use in this paper.

2.1. Graph Concepts

We begin with the following definitions.
Definition 2.1. We say that the bipartite graph G is (o, €)-regular if
all =€) <dg(X,, Yo) < a(l + ¢€)

for every pair of subsets X, C X and Y, C Y with |X,| > €X| and |Y,| > €|Y|. Here the
density d(X,, Y,) is as defined in the Introduction.

Definition 2.2. A 3-partite graph G with a fixed 3-partition (V,, V,, V3) is referred to as
a 3-partite cylinder. We write G = U,_;_;—3 G”, where G" = G[V,, V]] = {{v, v} €
G:vy €V, v € Vj} Let € > 0, € > 0 be given. We call G an (€, €, 3)-cylinder if each
bipartite graph GV, 1 <i <j =3, is (1/€, €)-regular. We also sometimes refer to an (¢,

€, 3)-cylinder as a triad.

We frequently use the following notation. For a graph G, let 5{5(G) = {{x, v, z} : {x,
v, z} is the vertex set of a triangle in G }. While we will state it precisely in Section 4 (cf.
Fact 4.1), note that when G is an (¢, €, 3)-cylinder with 3-partition satisfying |V,| = |V,|
= |V5] = n, |H;(G)| is about n’/€>.

2.2. Hypergraph Concepts

We begin with the following definitions.

Definition 2.3. We refer to any 3-partite, 3-uniform hypergraph ¥ with a fixed 3-par-
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tition (V, V,, V3) as a 3-partite 3-cylinder. If G is a 3-partite cylinder with the same vertex
partition, then we say G underlies ¥ if # C JH5(G).

Definition 2.4. Let 9 be a 3-partite 3-cylinder with underlying 3-partite cylinder G =
G2 U G» U G". Let Q = (Q(), ..., O(r) be an r-tuple of 3-partite cylinders Q(s) =
0"(s) U 0*(s) U Q"3(s) satisfying that for every s € {1,2, ..., r}, for each {i,j}, 1 =
i <j=3,0%s) C G”. We define the density dy(Q) of Q as

|9 0 UL Q6 L,
d(0) = |UZ_, H5(00s)) if|Ui=, #5(0()| >0, )

0 otherwise.

Definition 2.5. Let a positive integer r and a real 8 > 0 be given. We say that a
3-cylinder ¥ is (a, 8, r)-regular with respect to G if for any r-tuple of 3-partite cylinders

>

0 = (Q(),..., Q) as above, if

> 8|9,(G)

) (2)

U H5(0(s))

then
|di(Q) — o < 5. 3)
We say 3 is (8, r)-regular with respect to G if it is («, 8, r)-regular for some «. If the

regularity condition fails to be satisfied for any o, we say that ¥ is (8, r)-irregular with
respect to G.

2.3. Links, Colinks and More Graph Regularity

We make precise some final concepts and notation.

Definition 2.6. Let 3 be a 3-partite 3-cylinder with underlying 3-partite cylinder G =
G" U G* U G" on 3-partition V,, V,, V,. Let x € V,. We define the link graph L> of
x to be the subgraph of G* with vertex set Ngi(x) U Ngi(x) and edge set

LP={{y, 2} €G®: {x, y, 2} € %} S

For two vertices x, y € V|, we define the colink graph L?; of x and y to be the subgraph
of G with vertex set N(x, y) U Ngis(x, y) and edge set

Ly=L7NL (5)
We now define a concept of (8, r)-graph-regularity.

Definition 2.7. Let vy, 8 be positive reals, let r be a positive integer, and let L be a
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bipartite graph with bipartition (U, V). We say that L is (v, , r)-regular if for any r-tuple
of pairs of subsets ({U;, V;}))i—, U; C U, V; C V, | = j =r, satisfying

U W, x v)| > slu||v], (6)
j=1
we have
LN U, (U X V)
y(1 —=8) < < y(1 + 9). (7)

U= (U X V)

Note that (y, 8, 1)-regularity of a bipartite graph is essentially the same concept as (1,
0)-regularity (see Definition 2.1).

3. MAIN RESULTS

In this section, we present the main results of this paper.

3.1. The Local-Global Conditions and Their Implications

We begin by considering the setup we use in this paper.

Setup. Let real number € > 0 and positive integers € and n be given, where we always
assume n > ny({, €). Suppose

() % is a 3-partite 3-cylinder with 3-partition V|, V,, V;, where [V,| = |V,| = |V,] =
n,
(i1) G is an underlying (€, €, 3)-cylinder of ¥.

We consider the following two properties for a hypergraph € and graph G as in the
Setup. In what follows, H; is the “global condition” similar to G (as in the Introduction)
and H, is the “local condition” similar to G,. Let o, 6,4, 6; > 0 be given and let r,, ry
be given positive integers.

H, = H,(5,, ), 9t is (a, 8,4, ry)-regular with respect to G.
H, = Hy(3, 75):
(i) the link graph L?? is (a/€, 8, rp)-regular for all but at most dzn vertices x € V,,

(i) the colink graph L} is (a/€, 8, rg)-regular for all but at most 8zn° pairs x, y €
V,.

Remark 3.1.  For the special case € = r, = rp = 1, conditions H; and H, were proved
to be equivalent in [2] (for « = 1/2) and in [18] (for arbitrary «). Schematically, this
equivalence may be stated as follows:
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1. Va, Vég, d6,: for € = ry, = rg = 1,

H,(8,, 1) = Hy(8p, 1). ®)
2. Va, V6,, 365 for € = r, = ry = 1,

H(8, 1) = Hy(84, 1). 9

Observe that in the case € = 1, the underlying graph G is the complete 3-partite graph
K(V,, V5, V3) (which, for any € > 0, is a (1, €, 3)-cylinder).

The object of this paper is to decide how (8) and (9) extend to the general setting of
Property H,(6,4, r4).
For arbitrary ¢ and rg, the following lemma was given in [8] and [22].

Lemma 3.2 (Regularity of Links). For all positive a, 8, there exists 8, (viz. 8, = 82/9)
so that for all positive integers £ and ry, setting r, = ry, there exists € > 0 so that, in the
context of the Setup, Hy(8,, rg) implies statement (i) of Hy(8p, 1p).

In Section 5, we prove the following accompaniment to Lemma 3.2.

Lemma 3.3 (Regularity of Colinks). For all positive o and 8y there exists 8, such that
for all positive integers € and ryg, there exist positive integer r, and € > 0 so that, in the
context of the Setup, Hy(8,4, ry) implies statement (ii) of Hy(dp, 1p).

Note that in Lemma 3.3, unlike Lemma 3.2, we have that r, > rpg (cf. Question 3.7).
Lemmas 3.2 and 3.3 immediately lead to the first main theorem of this paper.

Theorem 3.4. For all positive o and & there exists 6, such that for all positive integers
€ and rg, there exist positive integer r, and € > 0 so that, in the context of the Setup,
H,(8,, ry) implies Hy(8g, 1p).

Partly due to the equivalence discussed in Remark 3.1, the authors initially thought that
Theorem 3.4 would be reversible. Schematically, observe that Theorem 3.4 says Va, Vo,
36,: VL€, Yrg, dr,, Jde:

H; (84, r4) = H,(8g, 7p).
It seemed likely that Ve, V8,, 36, V€, Vr,, drg, Je: Hy(8g, rp) = Hy(8,, ry). We

show in this paper that, surprisingly, this is indeed not the case. Schematically, we show
Ja, 36,: Vo, I€, Ir,, Vrg, Ve,

H, (85, 1) 2 H (8,4, 14).

In other words, H; and H, are not, in general, equivalent. A (technical) probabilistic
construction is given in Section 6 which proves the following theorem, the second main
result of this paper.
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Theorem 3.5. There exists o > 0 and 8, > 0 so that for all &5 > 0, there exist integers
€ and r, so that for all integers ryg, for all € > 0, in the context of the Setup, H,(8, rp)
2 H,(8,4, ). In other words, with these constants, there exist # and G as in the Setup
which satisfy Hy(8g, rg) but not Hy(8,4, r4).

We mention that Theorems 3.4 and 3.5 are the two main results of this paper. In what
follows, however, we will include discussion of some related results from [5].

Despite the inequivalence discussed above of properties H; and H,, the following
theorem, proved in [5], gives at least a partial context in which property H, may ensure
property H;.

Theorem 3.6 [S]. For all « > 0 and 65 > 0 there exists 6, > 0 such that for every
integer € there exists € > 0 such that, in the context of the Setup, H,(8g, 1) implies Hy(8,4,
1).

In [5], Lemmas 3.2 and 3.3, together with Theorem 3.6, are used to design an
algorithmic version of a special case of the hypergraph regularity lemma in [8].

3.2. Open Problems and Summary of Results

We emphasize the following open problems associated with the conditions H, and H,
above.

Question 3.7. Is it true that for any a, dg > 0, there exists 8, > 0 so that for any
integers € and rg, setting r = r, = rg, there exists € > 0 so that, in the context of the Setup,
HI(SA’ I") j HZ(SB’ r){)

Observe from Lemma 3.2, to answer Question 3.7, it suffices to answer whether H,(d,,
r) implies statement (ii) of H,(8y, r). Recall from Remark 3.1, Question 3.7 has an
affirmative answer when € = r = r, = rp = 1.

As a special case of Question 3.7, the authors believe the following is true.

Conjecture 3.8. For any a, 65 > 0, there exists 8, > 0 so that for any integer £, for
rg = 1, setting ry, = 1, there exists € > 0 so that, in the context of the Setup, H;(8,, 1)
= Hy(8p, 1).

Observe that Conjecture 3.8, if true, together with Theorem 3.6, would provide an
equivalence between properties H; and H,, in the case that r, = rz = 1. In other words,
a validation of Conjecture 3.8, together with Theorem 3.6, would provide a characteriza-
tion of (8, 1)-regularity in terms of purely local conditions.

We conclude this subsection with a summary of the theorems and questions concerning
implications among H, and H,.

Summary 3.9 (Summary for H; and H,). When r = 1, we have the following statements.

1. Vo, V6,, d85: V€, forr, = 1z = 1, Je:
H,(6;, 1) > H,(5,, 1) Theorem 3.6.
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2. Va, Vbg, 46,: VE, forr, = 15 = 1, Je
H,(5,, 1) é H,(5;, 1) Conjecture 3.8.
For general r, we have the following statements.

3. Va, Vég, 36, VI, Vrg, dr,, de
H,(8,, r,) = Hy(8p, 5) Theorem 3.4.

4. Jda, 98,, Voé5: 3¢, dr,, Vrg, Ve,
H, (85, rp) 2> Hy(84, 14) Theorem 3.5.

5. Ya, Vég, 3641 VL, Vrg, setting r = 1, = rp, Je€
H,(8,, 1) = H,(8;, 1) Question 3.7.

In Section 5, we prove Lemma 3.3. In Section 4, we supply some additional facts and
definitions we need in our proof of Lemma 3.3. In Section 6, we prove Theorem 3.5.

3.3. An Algorithmic Hypergraph Regularity Lemma

As mentioned in the Introduction, the equivalence G; < G, was crucial in developing the
algorithmic version of Szemerédi’s Regularity Lemma [1]. Despite the inequivalence of
properties H; and H,, in [5], we use Lemmas 3.2 and 3.3, together with Theorem 3.6, to
prove an algorithmic version of a special case of Frankl and R6dl’s Hypergraph Regularity
Lemma. A precise formulation of this hypergraph regularity lemma is given in the
Appendix. The following theorem is proved in [5].

Theorem 3.10. For every & and y with 0 < y = 28", for all integers t, and €, and all
Sfunctions €(€) > 0, there exist T,, Ly, and N, such that any 3-uniform hypergraph 3 C
[N]?, N = Ny, admits a (8, 1)-regular, (£, t, y, €({))-partition for some t and € satisfying
to=t=Tyand €, = € = L,. Moreover, such a partition can be found in time polynomial
in N.

4. SUPPLEMENTAL FACTS AND CONCEPTS

We begin this section with facts which pertain to graphs.

4.1. Some Graph Facts

The following fact gives precise estimates on |#;(G)| when G is an ({, €, 3)-cylinder.
Fact 4.1. For any positive integer £ and positive real 0, there exists € so that whenever

G is an (£, €, 3)-cylinder with vertex partition (V,, V,, V), where |V,| = |V,| = |V5| = n,
then
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3 3

(1 - 0) %< 9,(G)| < (1 + 6) %

Fact 4.1 is easy to prove using Definition 2.2.
The following fact is a slight variation of a fact in [8]. Let positive reals €, ¢ = 1 and
integers €, M be given. Let G be a 3-partite graph satisfying the following properties:

(a) G has 3-partition V(G) = W, U W, U W,, where |W,| = oM and |W,| = |W,]| =
M.

(b) Both bipartite graphs G’ induced by W, U W,, i = 1, 2, have the property that the
density of any subgraph induced on Wy, U Wi, Wy C W,, W, C W,, |Wy| = eM,
|W!| = eM, is between (1/€)(1 — €) and (1/4)(1 + €).

(c) for each x € W, and for each i = 1, 2, we have (1/£)(1 — €)M = |Ngi(x)| =
(1/0)(1 + e)M.

The following fact holds for graphs with these properties.

Fact 4.2. For all o > 0, for all integers €, for all 0 < € < 217, there exist My = M(o,
€, {), so that whenever G is a graph satisfying properties (a), (b), and (c) above with
constants o, €, €, and M = My, then there are at least b = ald€ vertices xy, X, . . . , X;, €
W, such that

M 2 M 2
ﬁ (1 - 6) = |NGi(-th’ -xy)| = P (1 + E) (10)

for all &) pairs u, v, 1 = u < v=b, and fori = 1, 2.

Remark 4.3. We mention the following algorithmic version of Fact 4.2. Under the
hypothesis of Fact 4.2, one may construct the promised set x,, ..., x, € W, satisfying
(10) for i = 1, 2 in time O(M?).

Indeed, under the hypothesis above, define graph I' to be the set of all pairs { x, y} from
W, satisfying that, for some i = 1, 2, [Ns(x, y)| does not satisfy (10). Observe that we
may construct I in time O(M?). It is easy to see that the maximum degree in I', A(T),
satisfies

Al < 4eM.

Indeed, fix vertex x € W,,. For i = 1, 2, by property (c),
M M
> (1 —€)= —
INg(x)| = 7 (1 e)_2€>eM.

Using property (b), the inequalities above imply that for each i = 1, 2, less than 2eM
vertices y € W, fail to satisfy

1 1
7 (1 — €)|Ng(x)| = |Nai(y) N Ngi(x)| = 7 (1 + €)|Ng(x)|. (11)
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Using property (c) to bound |Ni(x)|, over both i = 1, 2, we see from (11) that less than
4eM vertices y € W, are neighbors of x in I'.

Observe that the promised set x,, ..., x, € W, guaranteed by Fact 4.2 is just an
independent set in I'.

For a given graph F having maximum degree A, it is easy to see that one may construct
in time O(|V(F)|*) an independent set in F of size |V(F)|/(A + 1). Indeed, applying the
greedy coloring algorithm to F yields a decomposition of V(F) into at most A + 1
independent sets. Consequently, one such set must be at least as large as promised.

Applying these observations to given I', we see that in time O(M?) we may construct
an independent set of size

| W oM o
= =
AT)+ 1 4eM — 4e’

Since we may construct the graph I' in time O(M?), we conclude the promised set
Xi, ..., X, € W, guaranteed by Fact 4.2 may be found in time O(M?).

4.2. Some Hypergraph Comments

We begin with the following definition.

Definition 4.4. Let «, y, € > 0 and let r, £, n be given positive integers. Let # and G
be as in the Setup. Define a vertex x € V, to be a good vertex if it satisfies the following
two properties:

(@) 7(1 — € = [Nge(x)| = 7(1 + € and (1 — €) = |[Ngn(x)| = 7(1 + e),
(b) L? is (alt, v, 1)-regular.

Set V‘%O(’d(a, v, €, r, € n) to be the set of good vertices.

With parameters «, 6, €, r, € and n, suppose ¥ and G as in the Setup satisfy H, (95,
r). We may conclude from Lemma 3.2 that for € = €(a, 6, r, €) sufficiently small, the
set of good vertices V%"Od(a, 3V8, €, r, €, n) satisfies |V*f’°°d(a, 3V, €, r, e, n)| >
(1 — 3V&)n. We use the notation V*‘f’o"d for V%""d(a, 3V, €, r, €, n).

One crucial step in the proof of Lemma 3.3 will be to establish the regularity of mixed
links. For two vertices x, y € V,, we define the mixed link graph M(ziy) of x and y to be
the subgraph of L} induced by the vertex set Ngi2(y) U Ngis(y). Note that, unlike L,
the mixed link graph M} ) is not the same as M¢, . and we emphasize this using the
ordered pair subscript notation. The proof of the following lemma can be found in [4].

Lemma 4.5 (Regularity of Mixed Links). For all positive reals «, vy, and for all positive
integers € and r, there exists € > 0 so that whenever 3 and G are as in the Setup, for each
good vertex x € VE°%a, v, €, r, €, n), all but at most \/ en vertices y € V& satisfy that
M(Zﬁy) is (alt, 'y”3, r)-regular.

We make the following comment.
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Remark 4.6.  'We make the following comment concerning both Definitions 2.5 and 2.7.
For a hypergraph 7 (bipartite graph L), note that, to show the («, 8, r)-regularity of ¥
((vy, 8, r)-regularity of L), one must show that any appropriately given r-tuple of 3-partite
cylinders Q (pairs of subsets (U,, V,)i_,) satisfies (3) ((7)). In both (3) and (7), one must
show the corresponding density satisfies both a lower and an upper bound. In this paper,
when we assert a hypergraph 7€ (bipartite graph L) satisfies Definition 2.5 (Definition 2.7),
we often only verify that the lower bound of (3) ((7)) is satisfied. The corresponding proof
that the upper bound is also satisfied is entirely symmetric to the lower bound confirma-
tion. We therefore often omit these details.

We state the following definition related to Definitions 2.5 and 2.7.
Deﬁnitign 4.7. If hypergraph ¥ is not («, 8, r)-regular with respect to graph G, then any
r-tuple Q = (Q(1), ..., Q(r)) satisfying (2) but failing (3) is said to be a witness of the
(o, 8, r)-irregularity of 9 with respect to G. Similarly, if bipartite graph L is not (vy, 8,
r)-regular, then any r-tuple ({U;, V;})i—, satisfying (6) but failing (7) is said to be a
witness of the (vy, 6, r)-irregularity of L.
5. REGULARITY OF COLINKS
We prove the following version of Lemma 3.3.
Lemma 5.1. For all positive «, &', B there exists & such that for all positive integers €
and r', there exist positive integer r, real € > 0 and ng so that with these constants,
whenever 3 and G as in the Setup satisfy property Hy(8, r), then for all but Ven vertices
x € V& there are at most Bn vertices y € VE*°* such that Lff is not (1€, &', r')-regular.

In what follows the constants we define always satisfy the following hierarchy:

a, 8, B=o6>1/L,1/r > 1/r>e> 1/n. (12)

Proof of Lemma 5.1. We begin by first defining the constants involved.

Definitions of the Constants. Let a, 8', 3 be given. Let 8 be such that

(1 — 8Y) > 1/2, (13)
166 1 »
Ba(s) 2’ (1
and
25 ( L-o ) : 15
— > .
« « 1 — 3Bl 16\/% (15)

By
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Observe that the last inequality is satisfied for sufficiently small 6.
Let € be a given integer, let ' be given. Set!

281/262
= W’ (16)
and define
r=fr. (17)

Set 6 = 1/2. Let €, , = €, ,(6, ) be that constant guaranteed by Fact 4.1. Let €, s =
€, s(a, 8, £, r) be that constant guaranteed by Lemma 4.5. Let € > 0 satisfy

€ < min{e, ), &}, (18)
and
1 1/4 ! 10
fS4€1/2, € SB/Z, ESW, (1 +€) =1.1. (19)

With the constant « given above, & given in (13), (15), and (14), integers €, r’ given
above, r and € given in (17), (18), and (19) respectively, and n = n,, for a sufficiently large
no(e, 8', B, 8, €, r', r, €), let # and G as in the Setup satisfy the property H,. We show
that for all but €'/?n vertices x € V&°°? there are at most Bn vertices y € VE°° such that
L3 is not (a’/€, &', r')-regular.

On the contrary, assume X C V%"Od, |X| = €'?n, satisfies that for each x € X there
exists ¥ = ¥, C V5§ |Y| = Bn, such that for each y € Y, L7} is not («’/¢, &',
r")-regular. We show that as a consequence of our assumption, there exists an r-tuple of
triads Q = (Q,, Q,, ..., Q,) such that

U 9,(0,)| > 83,(G'* U G* U G, (20)
s=1
but
‘% nU 57{3(Q3)‘
= =a-o. 1)

U %0,

Thus, the proof of Lemma 5.1 will be complete since the existence of 0 satisfying (20)
and (21) contradicts the («a, 8, r)-regularity of ¢ with respect to G.

"More precisely, in the proof of Lemma 5.1, we take f = [ 28'/2¢%/(Ba8") | so that f will be an integer. However,
for simplicity of calculations which follow, we drop the ceiling notation
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We make the following remark.

Remark 5.2.  'We actually show the following slightly stronger algorithmic assertion with

regard to (20) and (21) which is needed in [5]. We assume that we are given a set X C
= ¢!,

= Bn, such that foreachy € Y, L is not (a?/€, &', r')- regular Assume, moreover,
that for each x € X, y € Y, we are glven a witness ({U?, ny}) " of the (a?/€, &',
r")-irregularity of L23 (Cf Definition 4.7). We show there exists an algorithm A which

converts {({U}”, ny}) :x € X,y € Y.} into a witness Q = (04, 05, ..., 0,) of
the («, &, r)-irregularlty of J¢ with respect to G (cf. Definition 4.7). Moreover, we show
A converts {({U}”, ny}) x €EX,y €Y, }into Q = (Q, Oy, ..., Q,) in time

O(n*). For future reference we display our algorithmic assertion.

Algorithm A.
Given: Sets X C V& and {Y, : x € X} and witnesses

Output:
In time 0(n4), a witness

0=(0,0x...,0) (23)

of the («, 8, r)-irregularity of # with respect to G is produced.
We further comment on this algorithm in Remarks 5.6 and 5.7 and in Lemma 5.8. =

In what follows, we first produce the promised r-tuple @ In Claim 5.4, we prove that
Q satisfies (20). In Claim 5.5, we prove that é satisfies (21). This concludes our proof of
Lemma 5.1.

We begin by defining r-tuple Q To that end, we use the following claim.

Claim §.3.  For f given in (16), there exists Xy = {x;, X5, . . ., X;} C X, |X,| = f. satisfying
that, for each x;, x; € X,

n n
72 (1= €7 < [Ngn(x) 0 Nen()| < 7z (1 + € (24)
and
(1 - 6)2 < |NG13()C) N NGn(x)| < (1 + 6)2 (25)

Proof of Claim 5.3. We verify that Fact 4.2 applies to G induced on X, V,, and V5. In
the context of Fact 4.2, set W, = X, W, = V,, W, = V;, and set ¢ = €"*. As G is an
(¢, €, 3)-cylinder, the density of the subgraph induced on X’ U V), X' C X, V; C V,, |X’|
= en, |Vi| = en, i = 2, 3, is between (1/€)(1 — €) and (1/€)(1 + €). As X is a set of
good vertices (cf. Definition 4.4), for each i = 2, 3 we have (n/€)(1 — €) = |[Ng;(x)|
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= (n/€)(1 + €) for each x € X. As we assume 7 is sufficiently large and € < 1/(8¢") <
1/(2€) [cf. (19)], Fact 4.2 applies to produce a set of vertices { xy, x5, ..., x,} C X, b =
€'/?/4€ satisfying (24) and (25). Since f < 1/(4€'?) [cf. (19)], we may extract the subset
{x,, xz,...,xf}. n

Fix x; € X,. Fix y;’ € Y, . By our assumption that LiA is not (a?/€, &', r')-regular,
there exist sets Uj(»i’k) C Nge(x;, yi), V}i’k) C Ngo(x;, yi), 1 = j = r' such that

> 8’|NG‘2(xi’ )’f)HNG”(xn Yi)

>

LrJ (U_;i’k) X V;i,k))

n 2
> 8’(€2> (1—e? (26)
but without loss of generality (see Remark 4.6)

. (27)

LVJ (U](i,k) X Vj(-['k))
j=1

<Ol2 K
—?(1 —9')

20 U 0 x v

Fix x; € X,. We invoke Lemma 4.5 to infer that with x; € X, fixed, all but €'/?n
vertices y;' € Y, satisfy that M?ii.y;‘) is (a/€, 3'38'°, r)-regular. In particular, as r’ =<
r [ef. (17)], we see that all but €'/?n vertices y;' € Y, satisfy that Mfi,y;,) is (a/€, 3173816,
r')-regular. Set Z, to be the set of all vertices y;’ for which Mfi,yf) is not (a/€, 3386,
r")-regular. Observe from (18) that € < €, 5, and Lemma 4.5 applies. We then conclude
from Lemma 4.5 that

|, < \en. (28)

Let Y, = Y\Z, = {y/,)%,...,y"} be the set of t = Y| —€?n=B - €?n=

gn vertices guaranteed by Lemma 4.5.

Now, fix y,' € Y,.. Note that by the definition of 1?: , every y, € 1?: satisfies

r ) ) o r X .
M(zj,,yf) N Ul (U}-”k) % V;l,k>) >? (1 — 31535 LJI (U/(l,m % VJ(_,,k)) ) (29)
j= =
As
M, 0 Ut vty = 220 U x v, (30)
Yk j=1 Jj=1

we further infer from (27) and (29) that

1-98
=41 - 3me

Lo.n U (U x vio)
j=1

20U U x vl 31)
j=1
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With x; € X, yi' € Y., fixje {1,2,..., r'}. Define

0"(i, k, j) = {yy, u} : u € UMY,
0"(i, k, j) = {{y, v} : vE VI,

Forie€ {1,2,...,f},j€ {1,2,...,r'} we set

0", j) = U 0%, k),
k=1

(32)
0", j) = IEJ 0"(i, k, j), (33)

and
0%(i, j) = L2. (34)

(cf. Remark 5.6).
Set

Note, in particular, that in both (32) and (33), we are only taking the union over y;' € I;:

0(i, j) = 0"(i, j) U V(. j) U (i, j).

Observe from (17) that fr' = r. Define the r-tuple of triads

0=(0,0s...,0)=(QG)): 1=i=fi1=j=r"). (35)
Note that if
0. k. j) = Qi kj) U Q™. kj) U L2,
then
oG, j) = U 06, k).
k=1
Observe also that
(0, ) = kU H5(0G, k, j). (36)

We now prove the following two claims.
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Claim 5.4.

’
r

f
U U 9606, )| > 8/%(G2 U G* U GY)|.
i=1 j=1

Claim 5.5.

’

C-~

H5(00G, )

j=1

H5(0G, )

1

r

IA
Q

I
2

C~ I

U

f
i=1

1

Note that these two claims prove Lemma 5.1.
We make the following remark.

Remark 5.6.  Recall in (20) and (21) that we promised to produce a witness of the («, 8,
r)-irregularity of € with respect to G (cf. Definition 4.7). Claims 5.4 and 5.5 show that
Q = (Q(1), ..., Q(r)) defined in (35) is such a witness.

In order to show the existence of the algorithm A promised in Remark 5.2, we will
construct in time O(n*) a witness (O(1), ..., Q(r)) of the (a, 8, r)-irregularity of %
with respect to G.

In order to avoid the discussion of how to construct the bipartite graphs Q'7(i, j), p =
2,3, 1=i=f1=j=7r', from(32) and (33) [recall that Q(i, j) = Q'*(i, j) U Q"3(,
7) U 0%, j)], we will consider “easily constructible” graphs Q(i, j) = 0'%(i, j) U
03, j) U 0%(i, j). The new graphs Q(i, j), | =i < f, 1 =j = ', differ from the
earlier graphs Q(i, j), 1 =i =f, 1 =j = r', very slightly. Consequently, Q(i, j), 1 =
i =f, 1 =j=r", will serve the same purpose as Q(i, j), | =i =f, 1 =j =7/,
concerning Claims 5.4 and 5.5.

More precisely, recall from (22) in Remark 5.2 that we assume we are given a set X C
veeed [1X| = Ven, so that for each x € X, we are given a set ¥, C V&4 |Y | = Bn,
so that, for each y € Y,, we are given a witness ({U}”, V}‘y})jr;l of the (a?/€, &',
r')-irregularity of L},. Using Claim 4.2, from the given set X we extracted X, = {x;,
Xa, ..., X7 © X, where f is given in (16). We then extracted the set ¥, = Y,\Z,

= {)\, ¥, ...y} guaranteed by Lemma 4.5. Recall from (28) that |Z,| < Ven.

Forp =2,3,1=i=/f1=j=r', we defined in (32) and (33)

t
0", j) = U 0", k).
k=1
Note that Q'”(i, j) can also be written as

0" j)= U 0" k).

{ky €Yy}

We now define
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ovi, = U o"ikp=0"@Ghu U 0" k). (37)

{kyyev} {kyy €2}

Since |Z,| < Ven, we only slightly extend Q'7(i, j) to 0'7(i, j).
We set

0, j) = 0"(i, j) U 0"(, j) U 0”(i, j).
We consider the r-tuple
OG, ) 1=i=f,i1=j=r"). (38)

The r-tuple (O(i,j) : 1 =i =f, 1 =j = r")also satisfies Claims 5.4 and 5.5. Indeed,
Claim 5.4 is easily seen to hold for (Q(i, j): 1 =i = f, 1 =j = r') since

f r'
U U 9,006, )

i=1 j=1

roor
U U 9,06,/)

i=1 j=1

=

It is not too hard to see that Claim 5.5 holds for (Q(i,j) : 1 =i =f, 1 =j = r'). Since
|Z.| < Ven, it easily follows that

S

f r'
U U %,006.))

i=1 j=1

=(1+ ™

f
U U a00.)

Consequently,

'
r

f
g n U U %,006.,))

i=1 j=1
o

S

f
g n U U %06, )

i=1 j=1

— =(1+¢€" 7 (39)
- (06, ) - K300, )

1 j=1

1

1

1 j=1

As we will easily show in the upcoming inequality (52) of the upcoming Remark 5.7, the
right-hand side of (39) may be bounded from above by a — 8. Consequently, (O(i,
N1 =i=f1=j=7r")is also a witness of the («, 8, r)-irregularity of ¥.

It remains to show that the witness (Q(i, j): 1 =i = f, 1 =j = r') is easily
constructible. We first discuss why the new graphs O(i, j), | =i =f, 1 =j = r', are
easily constructible. Observe from (37) that, for fixed x; € X, 1 = j = r’, all that is
needed to construct Q(i, j) is the set ¥, and the witness {U{"*, V{**'}. However, as
discussed in Remark 5.2 and (22), with x = x;, we assume that both

and

{up. vty e v} ={uf. vift rypery
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are given to us.”

Consequently, all that is needed to construct the witness (Q(i, j) :
i =f, 1 =j=r")is aconstruction of the set X, = {x;, x,, ..

311

1 =

xf} C X that we

extracted from X. However, according to Remark 4.3, X, may be found in time O(n?).

Since (Q(i, j) :
O(n®) and since (O(i, j) :

1 =i=f1=j =7r") given in (38) may be constructed in time
1l =i=f1=j=7r") satisfies Claims 5.4 and 5.5, our

algorithmic assertion of Remark 5.2 is proved.

We begin by proving Claim 5.5.

Proof of Claim 5.5. We now produce an upper bound for the quantity

xn

EJ H5(0G, j)

C1C-

7
U

i=1 j

1

H5(Q(. )

(40)

We first consider the numerator of (40). Observe

f r'
‘% n U U %003, )

i=1 j=1

From (36), we infer that for each 1 = i

¥ N ?7{3<

k=1

Observe from (34) that for 1| =i = f,

’

o

U 9 n 9,06, &, )| =
k=1

Il
M -

~
I

Il
M -

~
I

I
=2
i=1

=

f r'
U U % n %003, j)

i=1 j=1

U U %m%(U 00, k]))‘

i=1 j=1

r

U %mm(U 00, k, p)‘

(41)

=7

!

=]

U oG, &, j)) = U %N %00, k, ).

U 250 0760 0 (0 < v)

U L2 N LE 0 (U X V)

Jj=1

L0 U U x vio)). (42)
k j:l

2Observe that we are not given the set );:that is used in the original graphs Q(i, j), l = i=f, 1l =j=r".
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Thus, from (41) and (42), we infer

’

f
%OEJQfﬂmﬂ) EE

i=1 k=1

Lh.N U (U9 X ViR |

From (31), we further conclude

For
‘% n U U6 =ap—gm 81,6 33 | U (U X VD)L (43)
=1 j= i=1 k=1
We now consider the denominator of (40). Observe
f r' f r'
‘ U U6 => U (00 j)
i=1 j=1 -1 li=
-2 wammUm@w»<m
I=ii'=f

To bound the second term in (44), we first consider the quantity

(2G.jn N U a0 1)
Jj=1
for a fixed choice of 1 = i < i’ = f. Observe

2 |G23[NGIZ(-xi’ Xis Y)a NG”(xi’ Xirs y)]| (45)

yE )TOYF:

ym&mmy%&mms

Indeed, for x;, x;,, | =i < i = f, {yu v}E Ur L Hs3(03, ) N Ur L Hs(0G, )
implies that u € Ngi2(x;, X1, ¥), v € Ngis(X;, X, ¥), "and {u, v} €LY n LY C G™.
Continuing, as x;, x;. satisfy (24) and (25), we see from (19) that

|Nglz(x,-) N NGlz(x,-f)| > e€n,

]NGls(x,-) N NG13(xl-f)’ > €n.

Consequently, as G is an ({, €, 3)-cylinder, all but 4en vertices y € f:.ﬂ YT satisfy
n 3 n 3
o (1 =€) < |Ngn(x;, xi, y)| < 7 (1+ €,

n n
F (1 - 6)3 < |NG13(xi, Xirs y)| < F (1 + 6)3'
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From (19), we see that both quantities above are larger than en. We therefore conclude

that, for all but 4en vertices y € Y N Y

n

2
1
|G[NGlz(xn Xiry )7) NG”(-xn Xirs y)]| < <€3> z (1 + 6)7'

Consequently, we further infer from (45) that

2

U H:(QG ) N U W0 )| =4der® + Y, N Y, \67 (1+¢

j=1 j=1

3
= 4en’ +—(1 +¢)’

where the last inequality follows from our choice of € in (19).
Using the bound in (46), we further infer from (44) that

f

=3

i=1

3

n
_fZF'

S

U 950006, /)

j=1

f
’ U U H5(00G, )))

(46)

(47)

To bound the first order term above, consider |U ;:1 H (G, j))| for a fixed choice 1 =

i = f. We infer from (34) that

’
r

U U H5(0G, k, )| = E

k=1

(06, )| =

Consequently, we see from (47) that

3

n
f227~

’

!
U U (00 )| = N U (U0 X Vi)

EE

i=1 k=1

Returning to (40), we infer from (43) and (48) that

Lzz N U (U(’ ) V(,k))

(48)
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f fot r - .
nU U K503, ))) s > > |En L:_JI (U X iy
I 7r’ - a<1 — 3]/381/6) ; lt_ - - X
L:J L:J H5(0(, 7)) >3 *n U (U(’k) % ,k)) fz%
i=1 k=1
-9 1
a(l _ 3”36”6) , n3
e
1- o /
E 2 Lf3 nU (l];i,k) % ‘/](i,k))
i=1 k=1 Jj=1

(49)

To further bound (49) from above, we infer from (29), (30), and (26) that for fixed 1 =
i=f,l=k=r1,

2

(1 - 5”6)5' (1@ > 58 (50)

120 U @i x vy >
j=1

where the last inequality follows from (13) and (19). Consequently, we further infer from
(49) that, with t = %

N

5753(Q(i,j))

Jj=1

H5(0G, )

xn

-9 1
= a<1 _ 31/351/6> 1 — 8f1Bad

C-1C-

7
U

i=1 j

1

Using (16), we see

N

f
g% n U U 3,0006.))

j=1

!
U U 306,/

i=1 j=1

i=

| —

1-48 1
<
= 1 _ 31/381/6 1 _ 1681/2/32a2(87)2 .

As our choice of 6 in (15) guarantees

1 -9 1
a<1 — 31/381/()) 1 — 1651/2/820(2(8’)25 a—20=a—0, (51

the inequality (21) holds. Thus our proof of Claim 5.5 is complete. "

We note the following remark.



CHARACTERIZING HYPERGRAPH REGULARITY 315

Remark 5.7. Recall the definition of (O(i, j): 1 =i =f, 1 =j = r') from (38)
discussed in Remark 5.6. Recall from (39) that

for £
wn U U m(@(i,j))‘ nU U067
Us

j=1

- = (1 + ™)
U U %,006.,,)

i=1 j=1

f
_L:J 950G, /)

Consequently, from (51), we see

»

f
’% n U U 3,006, )

i=1 j=1

_— =(a—28)(1 + e =a— (52)
U U 306,/

i=1 j=1

This concludes the proof of our algorithmic assertion in Remark 5.6. n
We now prove Claim 5.4.

Proof of Claim 5.4. We show that

ror
U U %006,

i=1 j=1

> 8|%,(G" U G* U G")|.

Using (48), we see

3

n
fzﬁ-

2 2 Lmﬂ U (Uuk)x V(,k))

i=1 k=1

foor
J Uit =

Using (50), we further conclude from t = (Bn/2 that

3 3

fgaﬁ/ f€7’

[ B 1 1
:es[fgaf‘"ez‘fzw]-

L
U U %06, =

i=1 j=1

From (16), we infer

U U (06, )| =

i=1 j=1

3 3
1/4./8 — B =1/4 6 L‘% >28
BzaZ(ar)Z f% B2a2(81)2 €3 ’

where the last inequality follows from our choice of 6 in (14). We further conclude
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’

!
U U6,

3

n
= SF (1+6)=§H;(G"”UG*?UG")

s

where the last inequality follows from Fact 4.1 and our choice of € in (18). Thus, Claim
5.4 is proved. "

For future reference in [5], we state that the following variant of Lemma 3.3 discussed
in Remarks 5.2 and 5.6.

Lemma 5.8 (Regularity of Colinks—Constructive Version). For all positive reals o and
Oy there exists 8, such that, for all positive integers € and ry, there exist positive integer
ry and real € > 0 so that, in the context of the Setup, the following holds: Suppose
statement (ii) of Hy(0g, rg) fails to hold. Moreover, suppose for each x, y € V|, x # y,
where Lff is not (o*/l, 8y, rg)-regular, a witness ({U?, VIDZ, of the (1€, 8,
rg)-irregularity of L§y3 is given (cf. Definition 4.7). Then there exists an algorithm A which
in time O(n®) converts the witnesses {{U?, VPPDiZ i x # y, where Lf; is not (o*/l, 8,
rg)-regular}, into a witness Q = (Q(1), ..., O(ry)) of the (a, 8,, ry)-irregularity of ¥
with respect to G (cf. Definition 4.7).

6. COUNTEREXAMPLE

In this section, we prove Theorem 3.5, showing that the implication H, = H, is not true
in general. Our goal is to construct a 3-partite 3-cylinder ¢ with an underlying cylinder
G, as in the Setup, such that all links and co-links of ¥ are regular but F is not.

In order to define the promised constants and construct the counterexample, we need
some auxiliary lemmas. In the next subsection, we provide these lemmas.

6.1. Some Auxiliary Lemmas

Our first two lemmas are straightforward applications of the Chernoff inequality [16]. We
omit their details here and refer the reader to [4] for the complete details.

Lemma 6.1. For any positive reals o and 6y there exists an integer rq | so that for all
r = rg 1, there exists a 3-uniform 3-partite hypergraph U satisfying the following prop-
erties:

(0) T" has 3-partition
W= W| U W2 @) W3,

W1| = |W2| = |Wg| =Tr.

(i)
ar(l — &) =[] = ar(1 + 5.

(ii) For any i € W, and j € W,, ar(l — 83) = |Np(i, j)| = ar(1 + &3).
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(iii) For all i, j € W, and k, | € W, such that (i, k) # (j, ),
?r(1 — &) = |Np(i, k) N NG, D] = o?r(1 + §3).

Lemma 6.2. For all positive reals 6 and € and positive integers € and r there exist n
and a 3-partite graph G = G'* U G* U G', together with edge partitions

G'=Giu..-UGY
1 =i <j = 3, satisfying the following properties:

(0) G is an (£, €, 3)-cylinder.
(i) For any vertex x € V, and for any i € {1, 2, ..., r},

D= 8) = [N = (1 + &)
rf B — 176G —rl B

and
n R n R
= 8) = [Ngr()| = 5 (1 + 8).
(ii) For any two vertices x, y € V|, x # y and for any i, j € {1, 2,..., r},
n 3 n 3
22 (1= 8) = [Nge() N NerO)| = 5 (14 8)
and
n 3 n 3
7202 (1 -8 = |NG}3(X) N NG}3(y)| SW“ + 83).
(iii) Forany s € {1,2,...,r} and forany X C V;andany Y CV;,, 1 =i <j =

3, such that |X| = Vn, |Y| = Vn, we have

e aaten|<
ﬁ_dG!(X’Y) <E

For future purposes, we state the following fact related to Fact 4.1.

Fact 6.3. Suppose Gilz U Gslf U fo is a 3-partite graph such that each G’{A 1=i<
Jj =3, 1 =k = 3 satisfies the property in (iii) from Lemma 6.2. Then

1{n)\? n)’
5 (M> =|H(GTU G U GH)| = 2<r€) '

For our final lemma, we need the following definition.
Definition 6.4. Let €, m, and « be positive reals, and let F be a bipartite graph with

bipartition (U, V). We say that F is (, (€, m))-regular if for any U' C U, |U'| = €|U| and
forany V' C V, |V'| = €V|, we have
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a(l =m) =dg(U", V') = a(l + 7).

Although in a slightly different language, the following lemma essentially appeared as
Claim 4.10 in [21].

Lemma 6.5. Let a, & be positive reals and let r be a positive integer. There exists € >
0 so that whenever F is an («, (€, 0))-regular bipartite graph with bipartition (U, V), then
Fis («, 26, r)-regular.

We omit the proof of Lemma 6.5 and encourage the reader to see [4] and [21].

6.2. Construction of %

6.2.1. Definitions of the Constants. Let & = 1/2 and §, = 1/16, and let 5 > 0 be
given. Without loss of generality, we may assume that 6, satisfies

8, < 30" (53)
(1 —8)*>1—238; (54)
(1+8)><1+383. (55)
For our promised value €, we choose any integer € > 1/8. Let
req = rei(a, 8p)
be that constant guaranteed by Lemma 6.1. Let integer r' > € satisfy
20(1 - 12) =6, (56)
583r
(1+126)_121—5§ (57)
665" ’
1+%51+8§. (58)
6a° oy
Let
r = max{rg,, r'}, (59)
and set

ry=2ar. (60)
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Let r5, € and n, be given. Let
€5 = €s(a, 3512;, rp)
be that constant guaranteed to exist by Lemma 6.5. Let
€1 = €(¢, 1/2)

be that constant guaranteed to exist by Fact 4.1. Let € > 0 satisfy

(1 —8)*1 —16€')=1— 383, (61)
(1 +8)%(1 +32e'€) =1+ 383, (62)
o 64€’ )
(148 1+ | =1+38, (63)
, 1
€ <2r€2' (64)

[Note that (61), (62) and (63) are possible due to (54) and (55).] Note that we may assume,
without loss of generality, that

€ = min{es, €, 4, €'}. (65)
Let
Mgy = Nea(8p €, 1)
be that constant guaranteed by Lemma 6.2. Take
n=ng, (66)
to be sufficiently large (wherever needed).
6.2.2. Construction of #. We define hypergraph # with underlying cylinder G as
promised by Theorem 3.5. To that end, with & = 1/2 and &4 given above and r given in
(59), we first define an auxiliary structure. Let I" be a 3-uniform hypergraph guaranteed by

Lemma 6.1 satisfying:

(0) T" has 3-partition
W= Wl ] W2 ] W3, ’W[’ = ‘W2| = ’W3‘ =r. (67)

® w’(1 = &) = [T| = ar’(1 + 8. 68)
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(i) Forany i € W, and j € W,,
ar(l — &) = N, )| = ar(1 + &). (69)

(iii) For all i, j € W, and k, [ € W, such that (i, k) # (j, I),
a?r(1 = &) = INv(i, k) N NG, )| = o?r(1 + §3). (70)
Continuing, we now define the promised underlying cylinder G. With 6, given, €
given, and r given in (59), € satisfying (65) and n given in (66), let 3-partite graph G =
G'> U G U G, together with edge partitions
G'=Giu---UGY (71)
1 =i <j = 3, be guaranteed by Lemma 6.2 satisfying the following properties:

(0) G is an (¢, €, 3)-cylinder.

(i) For any vertex x € V, and for any i € {1, 2, ..., r},
D= 8) = N = = (1 + 8 (72)
re B Gi re B
and
n 3 n 3
¢ (1= 8) =[Ngr(x)| = 5 (1 + 87). (73)
(i) For any two vertices x, y € V, and for any i, j € {1, 2, ..., r},
n 3 n 3
21— %)= INg:2(x) N Ngr(y)| = 2z (1 7+ 8p) (74)
and
n 3 n 3
gn (1= 89) = [Nep(x) N Ngr()| = 55 (1 + 83). (75)
(iii) Forany s € {1,2,...,r} and forany X C V,andany Y C V;, 1 =i <j = 3,
such that [X| = Vn, |¥Y| = Vn we have
o den| <
ﬁ - dGl’(X, Y) < ﬁ . (76)

We now define the promised hypergraph ¢ having underlying cylinder G defined
above. For convenience in what follows, we use the following notation concerning the
graph G defined above. Forx, y,z € V, U V, U Vyand | =i, j, k = r, we use {x,
¥, 2} = {x, y, 2} to denote that { x, y, z} satisfiesx € V|, y € V, and z € V; and
{x,y} € G[*, {x,z} € G}’ and {y, z} € G; . Then we define the hypergraph % as

#H="{x,y, 2} {x,y, 2y =1{x, y, 2};x where (i,j, k) ET}. (77)

This completes our definition of € and G.
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@\

g i
TR

Fig. 1. A flow chart of proving Theorem 3.5.

We note the following remark. Observe from (77) that ds(G) = |T'|/r*. Then by (68),
we see

a(l = 8) = dy(G) = a1 + &3). (78)

6.3. Proof of Theorem 3.5

Figure 1 illustrates a flow chart of proving Theorem 3.5. The letter T represents “Theo-
rem,” the letter L represents “Lemma,” the letter C represents “Claim,” and the letter F
represents “Fact.”

We break our proof of Theorem 3.5 into three parts according to the following
propositions. Note that each of the following propositions refers to the hypergraph 7 and
graph G constructed above:

Proposition 6.6. For each x € V,, L? is (al{, 8y, rg)-regular.
Proposition 6.7. For each x,y € V,, x # y, L)z(; is (a*/€, 8y, ry)-regular.
Proposition 6.8. ¥ is not (c, 8,4, ry)-regular.

Then Propositions 6.6, 6.7, and 6.8 together immediately imply Theorem 3.5.
The proof of Proposition 6.8 is easy so we present it immediately. We then comment
on our strategy for proving Propositions 6.6 and 6.7.
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Proof of Proposition 6.8. Define

0=(GPUGPUGE: (i,j. k) ET).
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Observe from (77) that all triangles of O coincide with triples of €. Consequently,

dy(Q) = 1.

We prove that 0 is an r,-tuple of triads which satisfies

U 9,62 UGPUGP)| > 8,%,(G)

(ij.k)ET

s

but
|d:(Q) = dy(G)| = 8,
Observe by (68) and (60) and the fact that 6; < 1 that
IT| = ar¥(l + 8}) = 2ar’ = r,.

Therefore, é is an r,-tuple of triads.
To prove (79), observe that

U %62 uG6?ucGy)

(ij.k)er

(i,j.k)el

Applying Fact 6.3 to each G, U G}3 U G, (i, j, k) € T, we see

1(n)?
st uruanl=, ().

Additionally, we see from (68) that

ar’

|F|>>4§f.

We then infer from (82), (83), and (84) that

C(I’l3

>77

U s@rueruaey) >, 5

(ijk)ET

On the other hand, we see from (65) and Fact 4.1 that

195(G)| < 2(2) .

= > |H(GPUGPuUGH)

(79)

(80)

(81)

(82)

(83)

(84)

(85)

(86)
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From (85) and (86) we infer that

o
U %,G*uciucy)|> < Gl

(ij.kb)ET

Then (79) follows from the facts that « = 1/2 and 6, = 1/16.

We see (80) follows immediately by the construction of Q Recall d%(é) = 1. On the
other hand, from (78), we see a(l — 8z) = d4(G) = a(l + &z). Consequently, with
a =1/2, 6, = 1/16 and 65 < 1/4, d%(é) — dy(G)| = 8, follows. "

We now return to proving Propositions 6.6 and 6.7. To prove Proposition 6.6, we use
the following claim, proved below.

Claim 6.9. For each x € V,, Lf3 is (al€, (€, 38%))-regular.

We then see that Proposition 6.6 follows immediately from Claim 6.9, Lemma 6.5, and
our choice of € in (65). Indeed, by Claim 6.9, Lemma 6.5, and our choice of € in (65), we
see that for each x € V,, L? is (a/l, 683, rp)-regular. As 683 = &, from (53),
Proposition 6.6 follows.

Proof of Claim 6.9. Fix x € V, and let A C Ngr(x),
Ngis(x), |B| > €|Ngi(x)| be given. We show

A| > €|Ng(x)| and B C

« 2 23 « 2
¢ (1= 38)[AlB| = |LF(A. B)| = (1 + 35})|A][B]. (87)
The upcoming Facts 6.10 and 6.11 essentially prove (87). Before presenting these facts,
we prepare the following notation and terminology. For 1 = i, j = r, set
Ai=AN NGF(X),
B,=BnN NG/IS(x),

r

where graphs G2, G]!3 are given in (71). Since Uj_; Ng2(x) = Ngi(x), we see U,
A; = A. Similarly, U;_, B; = B. For 1 =i = r, we call A, big if

Al = €|Ngn(x)| (88)
and small otherwise. Similarly, for 1 = j = r, we call B, big if

B}l = €|Ngn(x)| (89)
and small otherwise. Set

Ty ={(i, j) : A; and B; are big},

Ts={(i, j) : A, or B, is small}.
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Observe that in the language above,

LY@ Bl = 3 IL7AB)l + 3 |LYA, B)|. OO

(i))ETs (ij)ETs
Facts 6.10 and 6.11 may be given as follows.

Fact 6.10. For each (i, j) € Ty,
gl 832AB<L23 <Ol 832
" (- SPANB] = LA B) = (1 + 818,

Fact 6.11.

nZ

S (allB) < 4e .

(i))ETs

We prove Fact 6.10 momentarily. Fact 6.11 follows trivially from the definition of T'g;
thus, we omit it.

We now use Facts 6.10 and 6.11 to conclude our proof of Claim 6.9. We begin with
the lower bound in (87).

Observe

ILP@A, B = 2 |LPA. Bl + 2 |LP@A, B)|= X |LY(A, B)|.

(ij)ETB (i)ETs (ij)ETB

By Fact 6.10,

o
ILP@A. B =5 (1 - &) X [A]lB].

(i)ETs

As |A||B| = E(i,j)ETB |Ai||Bj| + E(i,j)ETS |Ai||Bj

, Fact 6.11 implies

o n2
L2, Bl =5 0 - s alls] - 4 G

4e3n2/€2]

=% =)A= TS
¢ # |Al|B|

Since |A| = €|Ngn(x)| > €57 and [B| = €|[Ngi(x)| > €57 were given, we see

k]

o o
L34, B)[ = 5 (1 = 8)A||BI(1 — 16€) = (1 — 383)[A]|B

where the last inequality follows from (61).
In a way similar to above, one may show
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o
IL2(A, B)| = (1 + 8))(1 + 32€0)|A]|B].

Then the upper bound of (87) follows immediately from (62). This concludes our proof
of Claim 6.9. u

Proof of Fact 6.10. Fix (i, j) € Tg. Observe

L)253(Ais Bj) = L;zg N U G§3(A,-, Bj),

k=1
and thus

k=1
Observe from (77) that, for 1 = k = r,

G¥(A, B) if k € N:(i,))
23 23 _ k ir Pj T\t /)
Lx N Gk (Ah Bj) - {@ else.

Then we may rewrite (91) as

IL2(A, B)| = X |GP(A. B)|. (92)

KENI(ij)

Fix k € Np(i, j). Since (i, j) € T, we see from (88), (89), (72), and (73) that

n
Al = €INga(x)| = € 52> . ©3)
and
n
|B]| = €3|NGJI3(_X)| = 63 ﬁ> \/;. (94)

Using (93), (94), and (76), we infer

Al|B)
r{

A8/
rt

(1-38}) =|GP(A, B)| =

(1+83). (95)

Combining (92) and (95), we see

|Ail|B|

- o lAllB)
|Nr(l, .])| r€ (1 - 8;3) = |L33(An B])| = |Nl"(l» .])| :

r{

(1 +83).
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Then Fact 6.10 follows immediately from (69). "
Consequently, Claim 6.9 and then Proposition 6.6 are proved.

To prove Proposition 6.7, we take a similar approach to that suggested above for links
in Claim 6.9. Unfortunately, technical reasons prohibit us from merely copying Claim 6.9
for co-links (these reasons will be seen in context). To prove Proposition 6.7, we therefore
must develop the following extended strategy below. We begin with the following

definition.

Definition 6.12. For a pair of distinct vertices x, y € V,, define the 2-diagonal of x and
y as

DIAG,(x, y) = U (Ng2(x) N Ng2(y)),

where graphs G}, 1 < i < r are given in (71).

For future purposes, we give the following easy estimation that follows immediately
from (74).

Fact 6.13. For a pair of distinct vertices x,y € V|,

1
3 €2 < |DIAG;(x, y)| < 27.
We proceed with the following definition.

Definition 6.14. For a pair of distinct vertices x, y € V,, define

LB L[ Ngu(x, y)\DIAG,(x, y), Ngi(x, y)].
We remark that only later in context will it be clear why we removed the 2-diagonal.

To prove Proposition 6.7, we prove the following claims.

Claim 6.15. For each pair x,y € V|, L23 is (1€, (€, 383))-regular.

Claim 6.16. For a pair x,y € V|, if L is (a*/€, 683, ry)-regular, then L)ZC; is (a*/€,
2083, rg)-regular.

We then see that Proposition 6.7 follows from Claim 6.15, Lemma 6.5 [and our choice of
€ in (65)], and Claim 6.16. Indeed, by Claim 6.15 and Lemma 6.5 [and our choice of € in
(65)], we see that for each pair x, y € V,, L3 is (a*/€, 683, rp)- regular By Claim 6.16,
we then conclude that each ng is (a?/¢, 2083, rp)-regular. As 2083 < 8, from (53),
Proposition 6.7 follows.
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The proofs of Claims 6.9 and 6.15 are essentially identical. We sketch an outline for
the proof of Claim 6.15 (indicating precisely why we removed the 2-diagonal). We then
conclude this section with a proof of Claim 6.16.

Proof of Claim 6.15 (Outline). Fix x, y € V, andlet A C Ngu2(x, y)\DIAG,(x, y), A|
> €|Ngi2(x, y)\DIAG,(x, y)|, B C Ngii(x, v), |B] > €|Ngi(x, y)| be given. We must
show

2 2

o — o
<+ (1= 38)|A[[B| = [ LT(A, B)| = 5 (1 + 38})|A||B|. (96)

We proceed similarly to before. For 1 = i, i' = r, 1 =j,j" = r, set
Ay =AN chz(x) N NG,.‘?()’),
B;; = B N Ngn(x) N Nei(y).
For 1 = i, i' = r, define A, to be big if |A,;| > €|Ng(x) N Nga(y)| and small

otherwise. For 1 = j, j' = r, define B, ; to be big if |B; ;| > 63|NGj13(x) N NG;}(y)| and
small otherwise. Set

To={G. i, j.j): A, and B, are big},
To=1{G,i' j,J'): A,; or B;; is small}.
We proceed with the following facts.
Fact 6.17. Suppose (i,i',j,j') € Ty. Then i # i'.

Proof of Fact 6.17. Fix (i,1',j,j') € ﬂ. We show i # i’. Recall that by Definition 6.12,
DIAG,(x, y) = U (Np() N No(v).
i=1

where graphs G}z, 1 =i = rare given in (71). Recall A C NGlz(x~,y)\DIAG2(x, y).
Consequently, A;; = A N Nge(x) N Ng(y) = B. As (i,i',j,j') € Ty, |A; 0| > 0, thus,
i+ i .

Fact 6.18. For each (i,i',},]') € i,

2

o’ a
7 (1 - 8133)2|Ai,i'||B',/"| = | L)ch*(Ai,iU Bj,/')| = 7 (1 + 8;)2|Ai.i’||Bj,j’|'

J y

The proof of Fact 6.18 is similar to the proof of Fact 6.10, and we sketch it at the end
of the proof of Claim 6.15.
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Fact 6.19.

2
n
E ~|Az,i’||BJ;i’| =4¢€ Iz

(") ETs

Similar to Fact 6.11, Fact 6.19 is trivial, and we omit its proof here.
We proceed with our outline of the proof of Claim 6.15. Note that, similar to (90),

|l;2;3ZA, B)| = E ~| @Ai,i” Bj,j’)| + Z ~| L??(A,-,m B,;,")|~

(ii"jj")ETs (0.1 jy")ETs
Using Facts 6.18 and 6.19, we conclude

2 2

—_ o n
|L5A, B[ = (1 = 8)%A||B| + 4€” 4.

Then the upper bound of (96) follows from (61). In a similar way, one can show the lower
bound of (96).

In order to conclude the proof of Claim 6.15, it remains to give (a sketch of) the proof
of Fact 6.18.

Proof of Fact 6.18 (Sketch). Fix (i,i',j,j') € 7§. As with (91), observe

|L§?Azzi” B =2 |L§dﬁ G (A By)l. 97)

k=1

Observe from (77) that, for 1 = k = r,
— GP(A,, B;,) if k€ Nr(i,j) NN, j")
23 23 _ k ii's Pjj T\t T\t B
ny N Gk (Ai,i’9 Bj,j’) - {@ elSC.

Then we may rewrite (97) as

|l7x3zAi,i” Bj,j’)| = E |Gi3(Ai,i’7 BjJ’)|- (98)

kENT(i /)N (' y'")
Fix k € N(i, j) N Np(i', j"). In precisely the same way as before, we may conclude
n
|Ai,i’| = €3|NG}2(X) N NG,‘?()’)| =€ 2,202 > \/;l,

and

n
|Bj;| = €[Ngi(x) N Nei(y)| = € 22027 \n.
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Consequently, we infer

|A;s]1Bj; ]
rt

Al By,

(1= 8) =[G4, By)l = 77 (1 + 8. (99)

Combining (98) and (99), we see

A]B,;] \ | L2(A, B,y |A]B;] \
T U= IN:(Gi, ) N NG, 7)) =" {1+

As (i,1',],]") € TZ, Fact 6.17 implies i # i'. Consequently, (i, j) # (i’, j'). Therefore,
Fact 6.18 follows immediately from (70). "

We proved that, for each pair x, y € V|, Lff is (o€, (e, 38123))-regular. Recall that by

Lemma 6.5 and our choice of € in (65), we see that for each pair x, y € V|, Lﬁ; is (a?/€,
653, rp)-regular. To finish the proof of Proposition 6.7, we need to show that for each pair

x,y € Vi, if LY is (a?/€, 6583, ry)-regular, then L3} is (a’/, 2083, rp)-regular, that

is to prove Claim 6.16.

Proof of Claim 6.16. Letx,y € V, be fixed. Let V, ;, V5 ;, V, ; © Ngn(x, y), V3 ; C
Ngi(x, y), | = j = rg, be an rg-tuple of pairs of subsets satisfying

U (v, x vi,)| > 2083|Ngu(x, )|[Ngn(x, y)|- (100)
j=1
We are going to show
o’ ILZ N U, (Vo X Vy)| o
—(1-208) =" < T (14 208)). 101
€ ( B) |Ujil (szj X V3,j)| e ( B) ( )

For 1 = j = rp, set
Vi = VzJ\DIAG2(x, y).

Observe from Fact 6.13 that

n
Vi > (Vo =2 7.

We prove the following two facts.

Fact 6.20.

U (V3; X V3))

j=1

> 68;|Ngn(x, y\DIAG,(x, y)||[Ngi(x, y)|.
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Fact 6.21.

| 33 NUZ, (V;; X Vi)l LS N Uz, (Vy, X Vi)l
S 1y
Uiz, (Vs X Vi) Uz, (Vi X Vs))

(1-8p)

|L23 NUZ, (Vi X V3
Uz, (Vi X V)

=(1+8&)

Before proving Facts 6.20 and 6.21, we show how they imply (101).
Indeed, by Fact 6.20 and the (a*/¢, 682, r)-regularity of L2, we see

Xy

o? |L23 N Urs (V3 % ng)| o?
— (1 -68) = L < (14 68)). (102)
€ g Uz, (Vs X Vy)l ¢ ’
By Fact 6.21, we thus conclude
o’ |L)2; N U_;le (Vz,j X V3t;)| o

7 (1= 68)(1 - 8) = =, (L4651 + ).

|U;B:1 (Vo X V3|

Then (101) follows from (53).
Thus, to complete the proof of Claim 6.16, we prove Facts 6.20 and 6.21.

Proof of Fact 6.20. QObserve

2 X sz i X V3,j) - |N(;13(x, y)||DIAG2(x, )’)|

Using Fact 6.13, we thus conclude

U (v, xvy)| -2

Jj=1

U Vi, X V3)| =

j=1

n
W |NG|3(X, y)|

From (100), we conclude that

s

U v, xvs)

j=1

n
= 20812;|NG12()C, y)”NGu()C, y)| -2 W |NG13()C, y)|

n 1
B 1081237‘62 |NG|2()C, y)| ’

= 208§|NG'3(~X’ }’)HNG”(X, Y)| 1

Since [Ngu(x,y)| > L. we see
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U (Vi X V3))| = 208%,(1 — 5(32}’)|NG]2(X’ V)||Ngns(x, y)]
=1 B

1
= 208,23(1 - 5812;”)|N6.2(x, Y\DIAG,(x, y)||[Ngis(x, y)|.  (103)

Fact 6.20 then follows from (56). .

Proof of Fact 6.21. Observe that

=

20U v, x vy

j=1

(104)

20U (v, xvy)
j=1
and

+ |G[DIAG,(x, y), Ngus(x, y)]|.

20U (v, xvy)
j=1

= ‘ ZnU vy xvy)
j=1
(105)

We first bound (105) from above, and begin by estimating |G[DIAG,(x, y), Ng1:(x, y)]].
From [Ngu(x,y)| > o and (64), we infer [N;i3(x, y)| = en. From Fact 6.13 and (64),

we infer [DIAG,(x, y)| > en. Since G** is (1/€, €)-regular, € < 1/2, we infer

|DIAG2(X, Y)||NG'3(X» )’)|

|GIDIAG,(x, ), Non(x, »)]| <2 1

(106)

Using (106) in (105), we conclude that

[DIAG, (x, y)[[Ngn(x, y)|

=

20U (v, xvy)
j=1

Zn U1 (Vs X V)| +2
s

4

(107)
We further bound (107). Observe from |[Ngi(x,y)| < 22 and Fact 6.13 that
n2
IDIAG,(x, y)||Ngis(x, y)| < 4 g (108)
We may therefore conclude from (107) that

rB _ g n2

L:N LJ1 (Voy X V)| = [ L2 N U1 (Vi X Vs)| +8 5. (109)
j= j=

Observe
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Ul (Vo X V3))| = U (Vs X Vs) (110)
Jj= Jj=
and
U vy, xvi))| = U (vs; X v )| + IDIAG, (x, y)|[Ngis(x, ). (111)
j=1 j=1
Using (108), we infer from (111) that
B rB n2
‘U1 Vo, X V)| = U] (Vi X Va))| + 4. (112)
Jj= Jj=

We now prove Fact 6.21. We infer from (104) and (112) that

L3 MU (Vay X Vsl LT 0 U, (VX V)|

U (V. X Vs, - n’
(V72 (Vay X V) U2, (Vs X Vy))| + 4

ré

N UL (v x V) ( 4 )1
|U;i1 (VZ’,]' X V3’j)| |U;il (VZ’,j X V3.j)|

From (103) we see

L3N U (Vay X Vsl LT 0O, (Vi X V)
UIZ) (Vay X Vs)] U7 (VX V)l

16n%/re* -1

1
208@(1 - 5agr)|NG'2(x’ Y|INe(x, )|

X1+

Since [Ngi(x,y)|,

Ngr(x,y)| > %5 and by (56), we further conclude

L3 0 Ug, (Vo X Vel LT N Uz, (VX V) ( 16 )1
U VX Vil = U, (V3 X V) 635

The lower bound of Fact 6.21 then follows from (57).
Using (109) and (110), we see

ILE N UE, (Vo X Vy)) _ |0 U, (Vs X Vs )| + 82
U, (Vo x Vi)l Uz, (Vs X Vi)

Using (103) and (56), we infer
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LS 0O (Vo X Vsl _ | Ly NV, (Vay X Vs))

Uz, (Vo X Vil 7 U (Vs X Vs)
3202 /rl?

+
1
2051 = g, Nere Voot )

LZNUr, (VX V)l 32
_IL _

+ . 11
Uz, (Vs X Vi) 683r¢ (113)
Rewriting (113) and using (102), we obtain
L3 0 U, (Vo X V)l LT N UL (VX V)| ( 64 )
|U;B:1 (Vz,j X V3,j)| N |U;i| (Vé,j X V%/)| 60‘28%” '
The upper bound of Fact 6.21 then follows from (58). "
APPENDIX

A.1. The Frankl-R6dl Hypergraph Regularity Lemma

In this section, we state the Frankl-Rodl Hypergraph Regularity Lemma. First, we state a
number of supporting definitions. By K(U, V) we denote the complete bipartite graph on
bipartition (U, V).

Definition 7.1. Let V be a set with |V| = N. An (£, t, v, €)-partition P of [V]* is an
(auxiliary) partition V.=V, U V, U - - - U V, of V. together with a system of edge-disjoint
bipartite graphs B = {PL: 1 =i <j =10 = a = {; = {}, such that:

W |Vl < tand V| = V| = - =| V] = [2=p
(ii) U PY = K(V,, V) forall i,j, 1 =i <j=t
(iii) All but y(5)m* pairs {v;, vj},“vi EV,vy€V,1=1i<j=1,areedges of

e-regular bipartite graphs PY.
(iv) For all but at most y(5) pairs i, j, 1 =i < j = t, we have that |P§| = yn
and PZ is (1/€, €)-regular for all « = 1, ..., ¢

2
ij*

Definition 7.2.  If P is an (€, t, vy, €)-partition of V and the bipartite graphs P, PE, and
P7; are all (1/€, €)-regular, then a triad P = (P}, Pg, P;) of P is the 3-partite graph with
vertex set V; U V; U V{ formed by the union of these three bipartite graphs.

Note that a triad of % is an (£, €, 3)-cylinder. Also, each triad P underlies a
subhypergraph of 7€, which we denote by #(P), consisting of all triples in % that are
triangles in P. We call #(P) the 3-partite 3-cylinder of ¥ on P.

The Hypergraph Regularity Lemma will basically say that the vertex set of any large
enough 3-uniform hypergraph # has an (€, t, -y, €)-partition P such that most 3-partite
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3-cylinders #(P) of #€ will be “very regular.” To make this concept precise, we need the
following definition.

Definition 7.3. Let ¥ be a 3-uniform hypergraph with vertex set V, where |V| = N. We
say that an (€, t, vy, €)-partition P of V is (8, r)-regular for ¥ if

> {{H5(P)| : P is a triad of P, H(P) is (8, r)-irregular w.r.t. P} < SN°.

This implies, in particular, that if ¥ is a dense hypergraph [that is, |#| = Q(N?)], then
most of the triples of 7€ belong to (8, r)-regular triads of the partition . We may now
state the Regularity Lemma of [8].

Theorem 7.4. For every & and y with 0 < y =< 28*, for all integers t, and €, and for
all integer-valued functions 1(t, €) and all functions €(€) > 0, there exist T, Ly, and N,
such that any 3-uniform hypergraph % C [N]>, N = Ny, admits a (8, r(t, €))-regular, (€,
t, v, €(€))-partition for some t and € satisfying ty =t = Ty and €, = € = L,,.

REFERENCES

[1] N. Alon, R. Duke, H. Lefmann, V. R&dl, and R. Yuster, The algorithmic aspects of the
Regularity Lemma, J Alg 16 (1994), 80-109.

[2] F. R. K. Chung and R. L. Graham, Quasi-random hypergraphs, Random Struct Alg 1(1)
(1990), 105-124.

[3] A. Czygrinow, S. Poljak, and V. Rddl, Constructive quasi-Ramsey numbers and tournament
ranking, SIAM J Discrete Math 12 (1999), 48—-63.

[4] Y. Dementieva, Ph.D. Thesis, Emory University, Atlanta, GA, 2001.
[5] Y. Dementieva, P. Haxell, B. Nagle, and V. Rodl, An algorithmic version of hypergraph
regularity lemma, in preparation.
[6] R. Duke, H. Lefmann, and V. Rodl, A fast approximation algorithm for computing the
frequencies of subgraphs of a given graph, SIAM J Comput 24 (1995), 598-620.
[7] P. Frankl and V. Rodl, Near perfect coverings in graphs and hypergraphs, Eur J Combinat 6
(1985), 317-326.
[8] P. Frankl and V. Ro6dl, Extremal problems on set systems, Random Struct Alg 20(2) (2002),
131-164.
[9] P. Frankl and V. Rodl, The uniformity lemma for hypergraphs, Graphs Combinat 8(4) (1992),
309-312.
[10] P. Frankl, V. Ro6dl, and R. M. Wilson, The number of submatrices of a given type in a
Hadamard matrix and related results, J Combinat Theory Ser B 44(3) (1988), 317-328.
[11] A. Frieze and R. Kannan, The Regularity Lemma and approximation schemes for dense
problems, Proc IEEE Symp Found Comput Sci, 1996, pp. 12-20.
[12] A. Frieze and R. Kannan, Quick approximation to matrices and applications, Combinatorica 19
(1999), 175-220.
[13] J. Haviland and A. Thomason, Pseudo-random hypergraphs, Graph theory and combinatorics
(Cambridge 1988), Discrete Math 75(1-3) (1989), 255-278.
[14] P. Haxell, B. Nagle, and V. Rodl, Integer and fractional packings in dense 3-uniform
hypergraphs, Random Struct Alg, to appear.



CHARACTERIZING HYPERGRAPH REGULARITY 335

[15] P. Haxell and V. Rodl, Integer and fractional packings in dense graphs, Combinatorica 21(1)
(2001), 13-38.

[16] S. Janson, T. Luczak, and A. Rucinski, Random graphs, Wiley, New York, 2000.

[17] Y. Kohayakawa, B. Nagle, and V. Rodl, Hereditary properties of triple systems, Combinato-
rics, Probability and Computing, to appear.

[18] Y. Kohayakawa, V. Rodl, and J. Skokan, Equivalent conditions of hypergraph regularity,
submitted.

[19] J. Komlés, G. Sarkozy, and E. Szemeredi, Blow-up lemma, Combinatorica 17 (1997),
109-123.

[20] J. Komlés and M. Simonovits, Szemerédi’s regularity lemma and its applications in graph
theory, Combinatorics, Paul Erdds is eighty (Volume 2), Keszthely (Hungary), 1993, Bolyai
Soc Math Stud, Budapest, 1996, pp. 295-352.

[21] B. Nagle, Ph.D. Thesis, Emory University, Atlanta, GA, 1999.
[22] B. Nagle and V. Rodl, Regularity properties for triple systems, Random Struct Alg, to appear.

[23] B. Nagle and V. Rodl, The asymptotic number of triple systems not containing a fixed one,
Discrete Math 235(1-3) (2001), 271-290.

[24] Y. Peng, V. Rodl, and J. Skokan, Counting small cliques in 3-uniform hypergraphs, submitted.

[25] V. Rodl and A. Rucinski, Random graphs with monochromatic triangles in every edge
coloring, Random Struct Alg 5 (1994), 253-270.

[26] V.Rodl and A. Ruciriski, Threshold function for Ramsey properties, ] Am Math Soc 8 (1995),
917-942.

[27] V. Rodl and A. Ruciriski, Ramsey properties of random hypergraphs, J] Combinat Theory Ser
A 81(1) (1998), 1-33.

[28] V. Rodl, A. Rucifiski, and E. Szemerédi, in preparation.

[29] E. Szemerédi, “Regular partitions of graphs,” Problemes en combinatoire et théorie des
graphes, Proc Coll Int CNRS, J.-C. Bermond, J.-C. Fournier, M. Las Vergnas, D. Sotteau
(Editors), 1978, pp. 399-401.



