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THE COUNTING LEMMA FOR REGULAR i-UNIFORM HYPERGRAPHS

BRENDAN NAGLE, VOJTECH RODL, AND MATHIAS SCHACHT

ABSTRACT. Szemerédi’s Regularity Lemma proved to be a powerful tool in the area of extremal graph
theory. Many of its applications are based on its accompanying Counting Lemma: If G is an ¢-partite graph
with V(G) = V1 U--- UV, and |V;| = n for all i € [{], and all pairs (V;,V}) are e-regular of density d for
1<i<j </, then G contains (1 + fg(E))d(g) x nt cliques Ky, where fy(¢) — 0 as ¢ — 0.

Recently, V. R6dl and J. Skokan generalized Szemerédi’s Regularity Lemma from graphs to k-uniform
hypergraphs for arbitrary & > 2. In this paper we prove a Counting Lemma accompanying the Rodl-
Skokan hypergraph Regularity Lemma. Similar results were independently and alternatively obtained by
W. T. Gowers.

It is known that such results give combinatorial proofs to the density result of E. Szemerédi and some of
the density theorems of H. Furstenberg and Y. Katznelson.

1. INTRODUCTION

Extremal problems are among the most central and most extensively studied in combinatorics. Many
of these problems concern thresholds for properties concerning deterministic structures and have proven to
be difficult as well as interesting. An important recent trend in combinatorics has been to consider the
analogous problems for random structures. Tools are then sometimes afforded for determining with what
probability a random structure possesses certain properties.

The study of quasi-random structures, pioneered by the work of Szemerédi [46], merges features of deter-
ministic and random settings. Roughly speaking, a quasi-random structure is one which, while deterministic,
mimics the behavior of random structures in certain important points of view. The (quasi-random) combi-
natorial structures we consider in this paper are set systems or hypergraphs. We begin our discussion with
graphs.

1.1. Szemerédi’s Regularity Lemma for graphs. In the course of proving his celebrated Density The-
orem concerning arithmetic progressions, Szemerédi established a lemma which decomposes the edge set of
any graph into constantly many “blocks”, almost all of which are quasi-random (cf. [24, 25, 47]). In what
follows, we give a precise account of Szemerédi’s lemma.

For a graph G = (V, E) and two disjoint sets A, B C V, let E(A, B) denote the set of edges {a,b} € E
with a € A and b € B and set e(4, B) = |E(A, B)|. We also set d(4, B) = d(Gagp) = e(A, B)/|A||B| for the
density of the bipartite graph Gap = (AU B, E(A, B)).

The concept central to Szemerédi’s lemma is that of an e-regular pair. Let € > 0 be given. We say that
the pair A, B is e-regular if |d(4, B) — d(A4’, B’)| < € holds whenever A’ C A, B’ C B, and |A’| > ¢|A]|,
|B'| > ¢|B].

We call a partition V =V, UV, U--- UV, an equitable partition if it satisfies |V1| = |Va| = --- = |V4| and
[Vo| < t; we call an equitable partition e-regular if all but 5(5) pairs V;, V; are e-regular. Szemerédi’s lemma
may then be stated as follows.

Theorem 1 (Szemerédi’s Regularity Lemma). Let ¢ > 0 be given and let to be a positive integer. There
exist positive integers ng = no(e,to) and Ty = Ty(e, to) such that any graph G = (V, E) with |V| =n > ng
vertices admits an e-reqular equitable partition V = Vo U Vi U--- UV, with t satisfying to <t < Ty.

Szemerédi’s Regularity Lemma is a powerful tool in the area of extremal graph theory. One of its most
important consequences is that, in appropriate circumstances, it can be used to imply a given graph contains
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a fixed subgraph. Suppose that a (large) graph is given along with an e-regular partition V = VUV U. ..UV,
and let H be a fixed graph. If an appropriate collection of pairs Iy C ([;]) have each {V;,V;}, {i,j} € In,
e-regular and sufficiently dense (with respect to ¢), one is guaranteed a copy of H within this collection of
bipartite graphs E(V;, V), {i,j} € Ir. This observation is due to the following well-known fact which may
be appropriately called the Counting Lemma.

Fact 2 (Counting Lemma). For every integer £ and positive reals d and  there exists 6 > 0 so that the
following holds. Let G = U1§i<j§€ G" be an (-partite graph with £-partition V1 U. . .UV, where GV = G[V;, V}],
1<i<j<{t and|Vi| =...=|Vi| = n. Suppose further all graphs G* are e-regular with density d. Then
the number of copies of the £-clique Ky in G is within the interval (1 £ ’y)d(g)ne.

Unlike Szemerédi’s Regularity Lemma, Fact 2 is fairly easy to prove.

1.2. Extensions of Szemerédi’s Lemma to hypergraphs. Several hypergraph regularity lemmas were
considered, in part, by various authors [2, 5, 9, 13, 33]. None of these regularity lemmas seemed to admit a
companion counting result (i.e. a corresponding generalization of Fact 2). The first attempt of developing a
hypergraph Regularity lemma together with a corresponding Counting Lemma was undertaken in [10]. In
that paper, Frankl and Rodl established an extension of Szemerédi’s Regularity Lemma to 3-graphs, hereafter
called the FR-Lemma (see [20, 6] for an algorithmic version).

Analogously to the feature that Szemerédi’s Regularity Lemma decomposes a given graph into an e-
regular partition, the FR-Lemma decomposes the edge set of given a 3-graph into constantly many “blocks”,
almost all of which are, in a specific sense, “quasi-random”. The concept of 3-graph regularity which plays the
analogous role of the e-regular pair is, unfortunately, considerably more technical than its graph counterpart.
As well, it is not necessary at this time to know this precise definition in order to understand the current
Introduction. We therefore postpone precise discussion until later.

Just as Fact 2, the Counting Lemma, is an important companion statement to Szemerédi’s Regularity
Lemma, most applications of the FR-Lemma require a similar companion lemma - the “3-graph Counting
Lemma”. Analgously to Fact 2, the 3-graph Counting Lemma estimates the number of copies of the clique
K é?’) (i.e., the complete 3-graph on /¢ vertices) contained in an appropriate collection of “dense and regular
blocks” within a regular partition provided by the FR-Lemma. This 3-graph Counting Lemma was estab-
lished in [10] for the special case K f) and subsequently fully established by Nagle and Rodl in [28] (see [32]
and [30] for alternative proofs). Unlike the case for graphs, the proof of the 3-graph Counting Lemma in [28]
was technical and rather lengthy, suggesting that the effort to fully develop hypergraph regularity methods
may not be straightforward.

Recently, Rodl and Skokan [40] established a generalization of the FR-Lemma to k-graphs for k > 3
(see Section 3.2). We will refer to this lemma as the RS-Lemma. In [39], they also succeeded to prove a
companion Counting Lemma in the special case of K é4). In this paper,

we prove the k-graph Counting Lemma corresponding to the RS-Lemma.
Our Counting Lemma, the main theorem of this paper, requires some notation. Therefore, we defer its
precise statement to Section 2.3 (see Theorem 9).

Last, but not least, we mention that a Regularity Lemma as well as a corresponding Counting Lemma for
k-graphs was recently proved by Gowers [17]. Tt is likely that his approach is different from the one taken
in [40] and this paper.

1.3. Quasi-random hypergraphs. A related line of research is the study of quasi-random hypergraphs,
some topics of which play a crucial role in our proof. We feel a few words on quasi-random hypergraphs at
this time are appropriate.

Haviland and Thomason [19] and Chung and Graham [3, 4] were the first to investigate systematic
properties of quasi-random hypergraphs. In particular, Chung and Graham considered several quite disparate
looking properties of random-like hypergraphs of density 1/2 and proved that they are, in fact, equivalent.
An important concept in their work is the deviation of a hypergraph. It is proved in [3, 4] that for fixed
integers £ > k, a k-graph of density 1/2 with small deviation contains asymptotically the same number of
copies of the clique K, ék) as the random hypergraph of the same density. This result can be viewed as a
Counting Lemma for that notion of quasi-randomness.
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This research was continued by Kohayakawa, Rodl, and Skokan [23] whose approach was based on the
concept of discrepancy of a hypergraph. Discrepancy is more compatible with respect to the type of reg-
ularity a typical “block” exhibits in a partition obtained from the RS-Lemma. One particularly relevant
result in [23] is a ‘dense Counting Lemma’ for hypergraphs with small discrepancy (cf. Theorem 16 in
Section 3.1). Unfortunately, the counting needed to match the RS-Lemma deals with a ‘sparse’ and more
difficult environment. However, the ‘dense’ ancestor of our result plays an important role in this paper.

Our attempt for proving the Counting Lemma (corresponding to the RS-Lemma) is to reduce, in an
appropriate sense, the harder sparse case to the easier dense case. Our ‘reduction’ employs the RS-Lemma
itself.

1.4. Applications of the Regularity Method. Szemerédi’s Regularity Lemma together with its corre-
sponding Counting Lemma, Fact 2, has numerous applications (see [24, 25] for excellent surveys). The
FR-Lemma and the companion 3-graph Counting Lemma [28] were exploited in a variety of extremal hyper-
graph problems (cf. [10, 21, 22, 27, 34, 35, 45]).

We believe that the main result of this paper will enable one to apply the RS-Lemma to a variety of
hypergraph problems. Some applications combining the RS-Lemma with the Counting Lemma are already
considered in [38]. In particular, a conjecture of Erdés, Frankl and Rodl [7] (see also [10] for similar problems)
is confirmed in [38].

Theorem 3. Let t > k > 2 be fized integers. Suppose that a k-uniform hypergraph H*®) on n vertices
contains at most o(n') copies of Kt(k). Then one can delete o(n*) edges of H™*) to make it Kt(k)-free.

Theorem 3 has several interesting consequences which we briefly outline below.
Density Theorems.

(1) It was shown in [10] (see also [38]) that Theorem 3 implies Szemerédi’s well-known Density Theo-
rem [46] concerning integer subsets without arithmetic progressions of prescribed length (cf. [14, 18]
for other alternative proofs).

(2) In [45], Solymosi pointed out that Theorem 3 also gives the following multi-dimensional version of
Szemerédi’s Density Theorem originally due to Furstenberg and Katznelson [15]:

Let k and d be fived integers. If S C [n]? = {1,...,n}? is a subset not containing z + j[k]¢ for
any z € [n]? and j € [n], then |S| = o(n?).

(3) The following theorem of Furstenberg and Katznelson [16] is also a corollary of Theorem 3 (see [37]
for details):

Let q and d be fized integers and V' be an n-dimensional vector space over a finite field of order
q. If S CV is a subset not containing an affine d-dimensional subspace, then |S| = o(q").

(4) It is also shown in [37] that another theorem of Furstenberg and Katznelson [16] can be deduced

from Theorem 3:
Let G be a finite abelian group and let S C G™ be a subset of the product group of n copies of G.
If S contains no coset of a subgroup of G™ which is isomorphic to G, then |S| = o(|G|™).
In [37], both theorems discussed in (3) and (4 ) are derived from a more general density result about modules
of finite rings.

It is worth mentioning that so far the only known proofs of the theorems of Furstenberg and Katznelson [15,
16] discussed in (2)—(4) above involve ergodic theory. The purely combinatorial proofs based on the RS-
Lemma and the main result of this paper (or similarly proofs based on the recent results of Gowers) give the
first quantitative proofs of those theorems. We make no attempt, however, to give any bounds here.

Combinatorial Number Theory and Geometry.

(5) In [43] Solymosi gave an alternative proof of the Balog-Szemerédi Theorem [1] which implies the

affirmative answer to a conjecture of Erdés:

For every 6 > 0 and integer t > 3 there is an ngy so that the following holds. If A C Z contains
§|A|? arithmetic progressions of length 3 and |A| > ng, then A contains an arithmetic progression of
length t.

Unlike the original proof of Balog and Szemerédi, Solymosi’s proof is entirely based on Theorem 3
and does not use the well-known theorem of Freiman [11, 12] (see also [41] for a shorter proof of
Freiman’s Theorem).



(6) In [44] Solymosi applies Theorem 3 to a geometric problem. Roughly speaking he proves that if the
number of incidences between hyperplanes and points in dimension d is “close” to the maximum
possible, then there are always “dense” subsets, i.e., large point sets such that any d of them are
incident to a hyperplane from the arrangement.

(7) In [38] it was shown that Theorem 3 also implies the affirmative answer to a geometric problem of
Székely [26, p.226].

Extremal Hypergraph Results. In [29] the authors give a few applications of Theorem 3. For example:

(8) We give a simple (based on Theorem 3) proof of the following Ramsey-type theorem due to Nesetiil
and Rodl [31]:

For every integer x > 2 and every fized k-uniform hypergraph F*) there exists a k-uniform
hypergraph H*®) such that every x-coloring of the edges of H®) yields a monochromatic and induced
copy of FF).

(9) We also extend Turdn-type results from [7, 8, 27| concerning the asymptotic number of labeled
hypergraphs not containing any copy of a hypergraph from a fixed family.

We intend to give some further applications of the Regularity Method for hypergraphs in the near future.
Finally, we discuss a way to bridge the methods of this paper with the RS-Lemma to produce a new
variant of the regularity lemma for k-uniform hypergraphs in Section 8.

2. STATEMENT OF THE MAIN RESULT

2.1. Basic notation. We denote by [¢] the set {1,...,¢}. For aset V and an integer k > 1, let (‘;) be the set
of all k-element subsets of V.. A subset G*) C (‘2) is a k-uniform hypergraph on the vertex set V. We identify
hypergraphs with their edge sets. For a given k-uniform hypergraph G*), we denote by V' (Q(k’)) and (g(k))
its vertex and edge set, respectively. For U C V (g<’€>), we denote by G*¥)[U] the subhypergraph of G®*)
induced on U (i.e. G®[U] = GH* n (Z)) A k-uniform clique of order j, denoted by K;k), is a k-uniform
hypergraph on j > k vertices consisting of all (i) many k-tuples (i.e., K](k) is isomorphic to ([i]))

The central objects of this paper are ¢-partite hypergraphs. Throughout this paper, the underlying vertex
partition V.=V, U---UV,, |Vi| = --- = |V,| = n, is fixed. The vertex set itself can be seen as a l-uniform
hypergraph and, hence, we will frequently refer to the underlying fixed vertex set as G(Y). For integers
¢ >k > 1 and vertex partition V3 U--- UV, we denote by Kék) (V1,...,Vp) the complete ¢-partite, k-uniform
hypergraph (i.e. the family of all k-element subsets K C Uie[é] V; satisfying |V; N K| < 1 for every i € [{]).
Then, an (n, £, k)-cylinder G*) is any subset of Kék) (V1,...,Vi). Observe, that |V (g<’€>)| = { x n for an
(n, £, k)-cylinder G¥). Observe that the vertex partition Vi U--- UV} is an (n, £, 1)-cylinder G, (This
definition may seem artificial right now, but it will simplify later notation.) For k < j < £ and set A; €
([5])7 we denote by G*)[A;] = G [UAeAf V,] the subhypergraph of the (n, ¢, k)-cylinder G®) induced on
UAeAi Vi

For an (n, £, j)-cylinder GY) and an integer j < i < ¢, we denote by ICZ(.j) (Q(j)) the family of all i-element
subsets of V (g<i>) which span complete subhypergraphs in GU) of order i. Note that |IC£j) (g(j)) ‘ is the
number of all copies of Ki(j ) in W,

Given an (n,/,j — 1)-cylinder GU=Y and an (n, £, j)-cylinder G\9), we say an edge J of GUY) belongs to
GgU-bif Je K;jfl)(g(j_l)), i.e., J corresponds to a clique of order j in GU—Y. Moreover, GV~ underlies
G if gU) C IC§.j71) (GU=Y), ie., every edge of G belongs to GU~. This brings us to one of the main
concepts of this paper, the notion of a complex.

Definition 4 ((n,¢,k)-complex). Let n > 1 and ¢ > k > 1 be integers. An (n,{, k)-complex G is a
collection of (n, ¥, j)-cylinders {g@};?:l such that

(a) G is an (n,{,1)-cylinder, i.e., GV =V, U--- UV, with |V;| = n fori € [¢],

(b) GYU=Y underlies GY) for 2 < j < k.



2.2. Regular complexes. We begin with a notion of density of an (n, ¢, j)-cylinder with respect to a family
of (n,£,7 — 1)-cylinders.
Definition 5 (density). Let GU) be an (n, ¢, j)-cylinder qnd suppose QU1 = {ngfl), e ijfl)} be a
family of (n,,j — 1)-cylinders. We define the density of GU) w.r.t. the family QU1 a5
’gmﬁUse[r] KG9~ (Qu=1)
Do (@8 )

i U K90 (907 > 0

otherwise.

d (g(j),g(ﬁl)) —

We now define a notion of regularity of an (n, j, j)-cylinder with respect to an (n, j,j — 1)-cylinder.

Definition 6. Let positive reals 0; and d; and a positive integer r be given along with an (n, j, j)-cylinder
GY) and an underlying (n, j, j — 1)-cylinder GU=Y. We say GUY) is (;,d;,r)-regular w.r.t. GU~Y) if whenever
Q(j_l) = {ng_l), cee ng_l)}, ng_l) cgl-Y se [r], satisfies

U
s€[r]

We extend the notion of (3;,d;,r)-regularity from (n, j, j)-cylinders to (n, ¢, j)-cylinders G,

KUY (QgH)) ' >4, (/cy"” (g(fl))‘ _then d (g(j>|g<j—1>) —d; £

Definition 7 ((d;,d;, r)-regular). We say an (n, ¢, j)-cylinder G is (05,d;,7)-regular w.r.t. an (n,¢, j—1)-
cylinder GU—1) ifAfor every A; € ([E]) the restriction GU[A;] = GU) [UAeA,- Vi is (8;,d;,7)-regular w.r.t. to
the restriction GU~V[A;] = GU~Y [UAeAj Vil
We sometimes write (0;,7)-regular to mean (6j, d (gU‘) |g<i—1>) ,r) -regular for cylinders G and GU—1.
Finally, we close this section of basic definitions with the central notion of a regular complex.

Definition 8 ((d,d,r)-regular complex). Let vectors § = (da,...,0;) and d = (da,...,dy) of positive
reals be given and let r be a positive integer. We say an (n, ¥, k)-complex G = {g<i>}§:1 is (8, d,r)-regular
if:

(a) GP is (8o, da, 1)-regular w.r.t. G and

(b) GY) is (;,d;,r)-regular w.r.t. GU~V for 3 < j < k.

2.3. Statement of the Counting Lemma. The following assertion is the main theorem of this paper.

Theorem 9 (Counting Lemma). For all integers 2 < k < £ the following is true: Yy > 0 Vdi > 0 30, >
0 Vdg—1 >0 30,1 >0 ... YVdy >0 393 > 0 and there are integers r and ng so that, with d = (da, ..., dy)
and § = (02,...,0k) and n > ng, whenever G = {g(h)}fl:l is a (0,d,r)-reqgular (n, £, k)-complez, then

k 4
‘Kék) (g(k))‘ — (147) H d}(lh) wnl
h=2

For given integers k and ¢ we shall refer to this theorem by CLy ,.

Observe from the quantification Vv, dy 30 Vdr_1 F0k_1 ... Vda I, the constants of Theorem 9 can
satisfy 0, > dp_1 for any 3 < h < k. In particular, the hypothesis of Theorem 9 allows for the possibility
that

Yydg > 0k > dp—1 > 0p—1>> ... dp > 0p > dp_1>...> do > 0s. (1)

Consequently, the Counting Lemma includes the case when complexes {g<h>}’g=1 consists of fairly sparse
hypergraphs. It seems that this is the main difficulty in proving Theorem 9.

2.4. Generalization of the Counting Lemma. The main result of this paper, Theorem 9, allows us to
count complete hypergraphs of fixed order within a sufficiently regular complex. For some applications, it is
more useful to consider slightly more general lemmas.

The first generalization enables us to estimate the number of copies of an arbitrary hypergraph F*) with
vertices {1,...,¢} in an (n, ¢, k)-complex G = {(](j)}?:l satisfying that GU)[A;] is regular w.r.t. GUTY[A]
whenever A; C K for some edge K of F (k) Rather than counting copies of K ék) in an “everywhere” regular
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complex, this lemma counts copies of F*) in the complex G satisfying the less restrictive assumptions above.
We introduce some more notation before we give the precise statement below (see Corollary 12).
For a fixed k-uniform hypergraph F®*), we define the j-th shadow for j € [k] by

Aj(F®Y={J: |J]=jand J C K for some K € F®} .

We extend the notion of a (8, d, r)-regular complex to (8, >d,r, F(¥))-regular complex.

Definition 10 ((8, >d,r, F*))-regular complex). Let § = (Ja,...,6;) and d = (da, ..., dy) be vectors of
positive reals and let r be a positive integer. Let F*) be a k-uniform hypergraph on ¢ vertices {1,...,¢}.
We say an (n, £, k)-complex G = {Q(j)}?zl with GM) =V, U+ UV, is (8, >d, r, F®)) -regular if:

(a) for every Ay € Ay(F®), the (n,2,2)-cylinder GP[Ay] is (8o, do, 1)-regular w.r.t. G [Ay] ,
(b) for every A; € Aj(F®), the (n,j, j)-cylinder GV [A;] is (8;,d;, r)-regular w.r.t. GU=Y for3 < j <k,
and
(¢) for every Ay € F®) the (n,k, k)-cylinder G*¥)[Ag] is (61, dn, ,r)-regular w.r.t. G*=Y) with da, > dy.
The ‘>’ in a (8, >d,r, F (k))—regular complex indicates that we only enforce a lower bound on the densities
in the k-th layer of G (cf. part (¢) of the definition). This is the environment which usually appears in
applications. We also observe that the Definition 10 imposes only a regular structure on those (m,k, k)-
subcomplexes of G which naturally correspond to edges of F () (i.e., on a subcomplex induced on Vi, ..., Vy,,
where {\1,..., A} forms an edge in F*)). We need one more definition before we can state the corollary.

Definition 11 (partite isomorphic). Suppose F*) is a k-uniform hypergraph with V(F*)) = [{] and
G®) is an (n, ¢, k)-cylinder with vertex partition V(G®*) =V, U---UV,. We say a copy fék) of F*¥) in g(¥)
is partite isomorphic to F*) if there is a labeling of V(]—"(gk)) = {wv1,...,v¢} such that

(1) v € V, for every o € [{], and

(ii) vo +— « is a hypergraph isomorphism (edge preserving bijection of the vertex sets) between }"ék) and
Fk),

Corollary 12. For all integers 2 < k < ¢ and Vv > 0 Vdg, > 0 36, > 0 Vdg_1 > 0 61 >0 ... Vdo >
0 392 > 0 and there are integers r and ng so that the following holds for d = (da, ..., dx), d = (d2,...,0k),
and n > ng. If F®) is a k-uniform hypergraph on l-vertices and G = {g(h)}szl s a (6, >d,r, f(k))—regular
(n, ¢, k)-complex with G =V, U---UV,, then the number of partite isomorphic copies of F*) in G*) is at
least

k—1 k
Ap(F® A (F®
(1—7)Hd|hh’(}- BN H dAkanZ(l—y)Hd‘hh(]: s nt,
h=2 AR €F (k) h=2

Corollary 12 can be easily derived from Theorem 9. Below we briefly outline that proof. The full proof
can be found in [42, Chapter 9].
The idea of the proof consists of two basic parts. For 2 < j < k, for each A; = {\1,...,\;} & A;(F®),

we replace the (n, j, j)-cylinder g(j)[Aj] with the complete j-partite j-uniform system K](j)(VAl, o W)
Doing so over all 2 < j <k and all A; & Aj(F (k) clearly results in an “everywhere” regular complex, let us
call it ‘H, whose cliques Kék) correspond to copies of F**) in G.

One now wishes to apply the Counting Lemma, Theorem 9, to the complex H to finish the job. The
only minor technicality in doing so is that, unlike the hypothesis of Theorem 9, the complex H potentially
has, for each 2 < j < k, (n,j,j)-cylinders H(j)[Aj], A € ([fl), of differing densities. This is handled,
however, by “randomly slicing” the (n, , j)-cylinders HU[A;], A; € ([f]), into appropriately many pieces

of the same density as formally required in Theorem 9. Consequently, we create a series of pairwise K| ék)-
disjoint complexes H1,Hs, ..., each of which satisfies the hypothesis of the Counting Lemma. Theorem 9
applies to each of the newly created complexes H;, i > 1, and so we add the resulting number of cliques to
finish the proof of Corollary 12.
The second extension of the Counting Lemma allows us to estimate the number of “non-crossing” copies
of a fixed hypergraph F*). For that we recall the notion of a homomorphic image of a hypergraph.
6



Deﬁpition 13 (hypergraph homomorphism). Suppose F®) and F*) are k-uniform hy]gergraphs. We
say F*) is an homomorphic image of Fk) if there exist a surjective map ¥: V(F®) - V(F®) such that
for every edge K € E(F®)) we have 9(K) = J,cx 9(v) € E(F®). We say ¥ is a homomorphism from F*)
to F).

In other words, ¥ is a homomorphism from F ) to F*) jf it is an edge-preserving map between the vertex
sets of F*) and F*),
Definition 14 (J-partite isomorphic). Suppose F*) js a k-uniform hypergraph with V(F®)Y = [0, F*)
with V(F®*)) = [f] is a homomorphic image under ¥: [{] — [(] and G*) is an (n, £, k)-cylinder with vertex
partition V(G(k)) =ViU---U f/g. We say a copy fék) of F®) in G js Y-partite isomorphic to F*) if there
is a labeling of V(]-"ék)) = {wv1,...,v¢} such that

(i) va € Vg(a) for every « € [{], and
(i1) vq — « is a hypergraph isomorphism between fék) and F*),
We now state the second extension of Therorem 9 considered here.

Corollary 15. For all integers 2 < k < ¢ and ¥y > 0 Vdg, > 0 3, > 0 Vdg_1 > 0 61 >0 ... Vdo >
0 392 > 0 and there are integers r and ng so that the following holds for d = (ds, . ..,dy) and § = (62, e ,5k)
and n > ng.

Suppose F*) is a k-uniform (-vertex hypergraph and F*®) is a homomorphic image with |V(]}(k))| 1
under the homomorphism 9. If G = {é(h)}ﬁzl s a (5, >d,r, ﬁ(k))-regular (n, ¢, k)-complex with G
ViU---U f/g, then the number of V-partite isomorphic copies of F*¥) in G™*) is at least

1 — H |’l9 - X HdlAh (F* ))l H dAk xn > 1 — H |19 . % Hd‘Ah ]:(k))|

Beld) AeF ) Beld)

Corollary 15 easily follows from Corollary 12. However, the proof is somewhat technical and is given
in [42, Chapter 9].

3. AUXILIARY RESULTS

In this section we review a few results that are essential for our proof of Theorem 9 in Section 4.

3.1. The Dense Counting Lemma. We recall that Theorem 9 is formulated under the involved quan-
tification Vdy 30k Vdg_1 F0gk—1...Vds 302 and that the Counting Lemma owes its difficulty in proof to the
sparseness arising from this quantification. If the quantification can be simplified so that
min d; > max §; (2)
2<j<k 2<j<k
is ensured, then the so-called Dense Counting Lemma (see Theorem 16 below) is known to be true. This was
proved by Kohayakawa, R6dl, and Skokan (see Theorem 6.5 in [23]). Observe that (2) represents the ‘dense
case’ in contrast to the ‘sparse case’ (1), since all densities are bigger then the measure of regularity maxd;.

Theorem 16 (Dense Counting Lemma). For all integers 2 < k < £ and any positive constants dag, . .. ,dy,
there exist € > 0 and integer mq so that, with d = (da,...,dy) and € = (g,...,e) € RF™! and m > my,
whenever H = {H(j)};’?zl is a (e,d,1)-regular (m, £, k)-complez, then

‘]C(k (k) ) =(1 igu ﬁ d}(lh

where gi ¢ (e) = 0 as e — 0.

While the quantification of the main Theorem, Theorem 9, does not allow us to assume (2), Peng, Rodl,
and Skokan in [32] used Theorem 16 to prove Theorem 9 for k = 3 by reducing the harder ‘sparse case’ to
the easier ‘dense case’. This is also the idea of our current proof. The reduction scheme used here, which is
entirely different, is somewhat simpler and allows an extension for arbitrary k.
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3.2. The Regularity Lemma. One of the major tools we use in our proof of Theorem 9 is the recently
developed regularity lemma of Rédl and Skokan [40] for k-uniform hypergraphs. Our plan is to apply the
regularity lemma to the (n, £, k)-cylinder G*) in the (n, ¢, k)-complex G = {GU}*_, from the hypothesis
of Theorem 9. Since G¥) is (-partite with (-partition G = Vi U ... UV}, the regularity lemma below is
formulated for ¢-partite hypergraphs.

The regularity lemma of Rédl and Skokan provides well-structured partitions of all complete (n,?, j)-
cylinders K}j) (Vi,...,Vp) for j € [k — 1]. We later refer to the family of these partitions by Z =
Z(k—1,a,¢) = {9 ;:11 where ¢ = (¢1,...,9k—1) is a family of functions which describes the par-
titions of Z and a = (ay,...,ar—1) describes the image sets of . In what follows, we use the language
of [40] to give the precise definitions of these concepts.

3.2.1. Partitions. Let V1 U--- UV, be a partition of V' with |Vy| = n for every A € [¢]. Let k be an integer
and for every j € [k — 1], let a; € N and let ¢; be a function such that

Note, for every A € [¢], mapping ¢; defines a partition Vy = Vi1 U---UV) 4,, where V) o = <p1_1(oz) NV, for
all a € [a;]. Here, we only consider functions ¢ such that

T H (@) VAl = T H @) VAl = [[Vaal = Vawl| <1 (3)
for every A € [{] and «, &’ € [a1]. Consequently, we have |n/a1] <|Vio| < [n/ai1].
Remark 17. For convenience, we delete all floors and ceilings and simply write |V) o| = n/ay for every

A €[] and « € [ay].

Let ([f])< ={(A1,...,Aj) € [J7: Ay < --- < \j} be the set of vectors that naturally correspond to the
totally ordered j-element subsets of [¢]. More generally, for a totally ordered set II of cardinality at least j,
let (?)< be the family of totally ordered j-element subsets of II. For j € [k — 1] we consider the projection
m; of Kéj)(Vl, ..., Vi) onto [£];

j 14
e I(lgj)(‘/laa‘/f)H ([]]> ’
<

mapping J € Klgj)(Vl, ..., Vi) to the totally ordered set 7;(J) = (A1,..., ;) € ([ﬁ])< satisfying |[JNV),| =1
for every h € [j]. Moreover, for every h € [|J]], let ®1,(J) = (¥, () = ‘ph(H))He(i)' In other words, ®p(J)
is a vector of length (lil) and its entries are indexed by elements from (”"}(LJ)) _. For our purposes it will be
convenient to assume that the entries of ®,(.J) are ordered lexicographically w.r.t. their indices. Observe
that for h >0 .

Oy(J) € [an] x -+ x [an] = [an]®) .
We define

V() = (m;(1), 21(J), -, ®;(])).
Note that <I>(j)(J) is a vector with j + 27 — 1 entries. Observe that if we set a = (a1, as,...,ax_1) and

A(j,0) = ([§])< . E[ahﬁi),

then ®9)(.J) € A(j, a) for every set J € Klgj)(Vl, ..., Vz). In other words, to each edge J of cardinality j we
assign 7;(J) and a vector (zr, (m))Hcs with each entry ., () corresponding to a non-empty subset H of .J
such that z,, () = ¢n(H), where h = |H|.

For two edges Ji, Js € Kéj)(Vl7 ..., Vi), the equality ®9)(.J;) = ®)(.J,) defines an equivalence relation
on Kéj)(Vl, ..., Vp) into at most

At < (1) = hrillaﬁ”

parts. Now we describe these parts explicitly using (j + 27 — 1)-dimensional vectors from A(j, a).
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For each j < k we define a partition 27) of Kéj)(Vl, ..., Vp) with partition classes corresponding to the
equivalence relation defined above. This way each partition class in ZU) has a unique address ) € A(j, a).

While ) is a (j + 27 — 1)-dimensional vector, we will frequently view it as a j + 1-dimensional vector
(xo,1,...,x;), where &y = (21,...,2,) € ([f])< is a totally ordered set and x;, = (Z‘E):e(mo) € [ah](ir) for
2e(%0).

1 < h < j. For each address /) € A(j, a) we denote its corresponding partition class from Z9) by
RO (D) = {R e KOWVi,...,Va): ®9D(R) = w(j)},

This way we will ensure some structure between the classes from 2() and 2 ~1. More formally, for each
partition class RU)(x()) € 2 there exist j partition classes R(lj_l), e ,Rg-j_l) e #Y~Y such that for
RU-D(x0)) = Uhe[j] jo_l) we have R (20)) C IC;j_l) (R(jfl)(w(j))). In other words RU—1 (2(4)) forms
an underlying (j — 1)-uniform j-partite hypergraph of RU)(x()) consisting of (jzl) classes from ZU~1.
Given /) € A(j,a) (and the corresponding R (2()) € 2U)) we give a formal definition of RU—1 (1))
below. In fact, for h < j we introduce a notation for the h-uniform j-partite hypergraph R (%)) which
consists of ({L) partition classes of Z(") and satisfies R\ (2()) C lC;h) (R (2(9))).

To that end, we need the following notation. Let 1) = (zo,...,=;) € A(j,a) with =, = (zT)Te(mug) €

X <
[au](i) for 1 < u < j. Given an ordered subset £ C xg (recall &y € ([f])<) where |Z| = h < j. For
1<u<h=|Z <jlet

T, = (xY)Te(§)<

be the (Z) -dimensional vector consisting of those entries of x,, which are labeled with the ordered u-element

subsets of =. For each £\ = (zg, z1,...,2;) € A(j,a) and for each h € [j], we then set
RM ()= | {R e KMWw,... . Vi): ®M(R) = (8,25, .. ,xf)} : (4)
=e ().

Using the language above, the following claim holds.

Claim 18. For every j € [k — 1] and every V) = (x, x4, . .. ,x;j) € A(J,a), the following is true.
(a) For all h € [j], R(h)(w(j)_) is an (n/a1, j, h)-cylinder;
(b) R(xW)) = {R(h) (ac(j))};:l is an (n/a1, j, j)-complex.
To give a precise description of the family of partitions of K éj )(Vl, ..., Vo), we summarize the notation

above in the following Setup in which we work.

Setup 19. Let k < ¢ and n be fized positive integers, let GV = Vi U--- UV, be a (n, 2, 1)-cylinder, and
a=ag = (a1,as,...,ax_1) be a vector of positive integers. Let

¢ ! -
atia) = (U1) < [T,
T/ < w5
and for every j € [k—1] let p;: Kéj)(Vl, ..., Vi) = la;] be a mapping . Moreover, suppose that o1 satisfies (3)
for every A € [{] and a, o/ € [a1]. Set ¢ = {p;: j € [k—1]}.

We now define the family of partitions of Kéj)(Vl, oo Vo).

Definition 20 (Partition). Given Setup 19, for every j € [k — 1], define apartition %7 ofKéj)(Vl, Ve
by
B — {Ro)(x(j)): 2@ e A(j,a)}.
We also define the family of partitions Z = %Z(k — 1, a, ) = {%U)}f;ll and the rank of #Z by
rankZ = |A(k — 1,a)]|.
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3.2.2. Polyads. The e-regular pair played a central role in the definition of a regular partition for graphs
(cf. Szemerédi’s regularity lemma, Theorem 1). In order to define a regular partition % for a k-uniform
hypergraph, this concept was extended in [40] by introducing polyads. Given Setup 19, let Z(k — 1, a, )
be the family of partitions as defined in Definition 20. Polyads are (n/a1,j,j — 1)-cylinders consisting of
selected j members of Z\9) for j = 2,..., k. The precise definition of a polyad (which we give below) requires
some notation. _

Recall that for each edge J € KIE])(Vl, ...,Vy) and h € [j — 1], we defined ®5(J) as the (})-dimensional

vector @5, (J) = (pn(H)) e e(?): We also defined 7;(.J) to be the totally ordered set (A1,...,\;) € ([f])< such
that |J NVy,| =1 for every h € [j]. We set

YY) = (1), 1), ..., j_1(J])) .

Note that ‘i'(j_l)(J) is Just the projection of ) (.J) onto its first j vector coordinates. As such, 3V~ 1)(J)
is a vector having j + Z ( ) = j + 27 — 2 entries.
We define the set A(j — 1,a) of (j + 27 — 2)-dimensional vectors for j € [k — 1] by
A —1,a) ( ) H
Observe that then i’(jil)( J) € A(j —1,a) for every edge J € Kéj)(Vl, oo Vo).
Let 2071 € /1(] —1,a). We write the vector #0071 = = (&o,&1,...,&;_1), where &g € ([§1)< is an ordered

set and &, = (1) ye(a) € [au](2) for 1 < w < j — 1. Given an ordered set E C &g with 1 < h = || < j,
0 _
we set for 1 <u<h

< [1]

Ty = (@r)ye(s) - ()
u/i<

For each j € [k], 8V~ = (&0, &1,...,%;_1) € A(j — 1,a), and h € [j — 1] we define R(" (@U DY by

RO@) = | {RekMW,... V) @M(R) = (=5,
ze (%)
Note that if x0) = ((:f:(jfl),a)) for some a € [a;] and 1 < h < j, then R (2\9)) defined in (4) and
RM (£~ defined in (6) are identical. '
We also set ’fl(zfc(j*l)) = {ﬁ(h)(:f:(jfl))}i:l. Similarly to Claim 18, we can prove the following.

(6)

3‘ [1]

Claim 21. For every vector 20U~ = = (&0, &1,...,&j-1) € A(j —1,a), the following statements are true.
(a) For all h e [j—1], R™(@Y™YY) is an (n/ay, j, h)-cylinder;
(b) R(&V~V) = {ﬁ(h)( G- ))}h:1 is an (n/ay,j,j — 1)-complex.

In this paper, (n/a1,j,j — 1)-cylinders RU- D& = 1)) will play a special role for 1 < j < k and we will
call them polyads.

Definition 22 (Polyad). Given the Setup 19, let Z(k — 1,a,¢) be a family of partitions as defined in
Definition 20. Then, for each 1 < j < k and each vector 89~ € A(j — 1, a), we refer to the (n/a1,j,j — 1)-
cylinder RU=D (£~ as polyad.

For every polyad RU~1 there exists a unique vector &0 ¢ /1( j—1,a) so that RUE-D = ﬁ(j_l)(:ﬁ(jfl)).
Hence, cach polyad RU~Y uniquely defines an (n/as, j, j — 1)-complex R(&V~Y) {ﬁ(h)(.’i(jfl))}i;ll such
that RU—D = RG-D(z0~Y),

Remark 23. For j = 2 the set A(1,a) consists of 2-dimensional vectors 89 = (&, &), where & =
(A1, A2) € ([g])< and & = (a1, a2) € [a1]?. Consequently, a polyad R™M (&1 is the bipartition Va, o, UVx, .

Every polyad ﬁ(jfl)(i:(j_l)) is an (n/a1,j,j — 1)-cylinder that is the union of j appropriately chosen
partition classes of ZU~1. We describe these elements using the vectors 207 ¢ fl(] —1,a).
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Let 2979 = (&, &1, .. L&) € A(j — 1,a) be given. Then, for every u € [j — 1], vector &, can be
written as &, = (zy: T € (“;0) <), i.e. its entries are labeled by the ordered u-element subsets of the ordered

set &g € ([ﬁ])< in lexicographic order w.r.t. the indices. For every ¢ € [j], we set

Dy = (xT: Ye (”EOU\ L><> . (7)

In other words, vector 0,2, contains precisely those entries of &, which are labeled by the u-element subsets
of &¢ not containing ¢. Note that, in view of (5), 0,&, = &, with = = &g \ ¢. Clearly, 0, %, has (];1) entries
from [a,]. Furthermore, we set

aL:ﬁ(Jil) = (aL:ﬁ17 8L:ﬁ27 s 78Lij—1)
and observe that 9,87~ is a (j — 1+ 27=1 — 1)-dimensional vector belonging to A(j — 1, a).

3.2.3. Regular Partitions and the Regularity Lemma. The regularity lemma of Rédl and Skokan provides a
family of partitions & with nice certain properties. Loosely speaking, for “most” 21 ¢ A(k‘ —1,a) the
(n/a1, k, k — 1)-complex R(&* V) is regular (cf. Definition 8).

In the two definitions, below we introduce two concepts central to regularity. We use the notation &', d’
and 7’ to be consistent with the context in which we apply the Regularity Lemma (Theorem 26 below).
Definition 24 ((u,d’,d’,r’)-equitable). Let p be a number in the interval (0,1], let 8’ = (d5,...,6;,)
and d’ = (dj,...,d)) be two arbitrary but fixed vectors of real numbers between 0 and 1 and let v’ be
a positive integer. We say that a family of partitions Z = %(k — 1,a,) (as defined in Definition 20)

is (p,8',d’,r")-equitable if all but un* edges of Kék) (V1,..., Vi) belong to (8’,d’,r")-regular complexes
. n k—1 X
R(&F) = {R(J)(:f:(’“’l))} where 85~V € A(k — 1, a).

j=1

Before finally stating the regularity lemma, we define regular partitions.
Definition 25 (regular partition). Let G*) be a (n, ¢, k)-cylinder and let Z = Z(k — 1,a,¢) be a
(1, &', d’, 1" )-equitable family of partitions.

We say % is a (0}, r')-regular w.r.t. G™) if all but at most §i.n* edges ofKék)(Vl7 ..., V) belong to polyads
RE=D (&%= such that G*) is (6}, r")-regular with respect to R*=1 (*~1).

We now state the Regularity Lemma of Rodl and Skokan. In what follows, D = (Da,...,Dk_1) is a
vector of positive real variables.

Theorem 26 (Regularity Lemma (¢-partite version)). For all integers £ > k > 2 and all positive reals §,
and p and any positive functions

(5, (D) = (6,’6_1 (Dk—l) geeey 5é (DQ, NN 7Dk—1)) 5 ’I"/ (Al,D) = T’/ (Al, D27 . 7Dk'—1) s
there exist integers ny and Ly such that the following holds.

For any (n, ¢, k)-cylinder G¥) with n > ny, there exists a (u, o'(d),d ' (ay, d’))—equitable (5;6,7"'(a1, d'))—
reqular family of partitions Z = % (k — 1, a, @) of density d’ = (d’Q, cee dk,l) with rtank Z = |A (k. — 1,a)| <
L.

In the upcoming Corollary 28, we state an easy modification of Theorem 26 whose formulation is convenient
for us in our proof of Theorem 9. Before stating Corollary 28, we outline the main differences between
Theorem 26 and its corollary below. For that we need the following definition.

Definition 27 (refinement). Let {G™}/ _ be an (n,{,j)-complex and let # = #(j, a,¢) = {# M} _,
be a family of partitions of Kéh)(Vl, ..., V) for h € [j]. We say Z refines {G"}] _ if for every h € [j] and
every ™ € A(h, a) either R () C g or RM (M)yng = &,

Moreover, adding an additional layer GUtD C IC§J+)1(QU)) to {GMY _ |, we will also say that # =
{# M} _| refines the (n,{,j + 1)-complex {g<h>}{_1 UGU*Y if # refines {Q(h)}izl,

It is a well known fact that the proof of Szemerédi’s regularity lemma not only yields the existence of a
regular partition for any graph G = G®), but also shows that any given intitial partition G =V, U---UV,

of the vertex set V =V (g (2)) has a regular refinement. Similarily, the proof of Theorem 26 (which is proved
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by induction on k) yields immediately the existence of a regular and equitable partition % which refines a
given partition of the underlying structure. In particular, regularizing the k-th layer G*) of a given (n, £, k)-
complex G = {g<ﬂ'>}§:l, one can obtain a partition Z = Z (k — 1, a, ¢) satisfying the following property:
forany 1< j<k—1 and every xV) € A(j,a), either RV (sc(j)) CGY or RY (:I:(j)) NG = &. In other
words, Z refines the partitions given by G UG = KU) (V;,... V,) for every j € [k — 1].

One can maintain yet another property of the (u,d’ (d'),d’,r’)-equitable family of partitions % with
density vector d’. In the proof of Theorem 26 (cf. [40]), the d’ are chosen explicitly and there is a large
freedom to choose them (more precisely there is no necessary lower bound on each d}, 2<j<k-1).
Hence, we shall assume, without loss of generality, that for any given fized o, ...,0r_1, we may arrange the
constants d}, 2 < j < k — 1, so that the quotients 0;/d}, 2 < j <k — 1, are integers.

Summarizing the discussion above we arrive at the following Corollary 28 (stated below) of Theorem 26.
The full proof of Corollary 28 is identical to the proof of Theorem 26 with the two minor adjustments
indicated above (see [40, Corollary 13.1]).

Corollary 28. For all integers ¢ > k > 2 and all positive reals oa,...,05_1, 0}, and p and all positive
functions
5/ (D) = ((5;71 (Dkfl) seeey (Sé (DQ, ey Dkfl)) s ’I’/ (Al,D) = T‘/ (Al, DQ, ey Dkfl) 5

there exist integers ny, and Ly such that the following holds.

For every (n, £, k)-compler G = {QU)};?:l satisfying n > ny, there ezists a (p,8'(d’),d’,r'(ar,d’))-
equitable (8}, (a1, d’))-regular (w.r.t. GR)) family of partitions # = % (k —1,a,¢), d' = (db,...,d, ),
such that

(i) Z refines G,
(i) o;/d; is an integer for j =2,....k—1, and
(#i) rank Z = |A(k —1,a)| < Ly.

3.2.4. Statement of Cleaning Phase I. The proof of the main theorem, Theorem 9, presented in Section 4
uses the following lemma, Lemma 30, which follows from Corollary 28 and the induction assumption on
Theorem 9.

We use Lemma 30 in the proof of Theorem 9 instead of Corollary 28 since it allows a simpler presentation
of the later arguments. For k = 2, Lemma 30 is a straightforward reformulation of Szemerédi’s theorem and
reduces to the statement that for any graph G?) = (V, E), there is a graph G®@ for which |g(2)A G®2 ’ is small
and where G = (V, E) admits a “perfectly equitable” partition, i.e., V =V, U---UV; with |V;| = --- = [V{]
and all pairs (V;,V;) are e-regular for 1 < i < j < t. Lemma 30 will generalize this concept for G*) with
k> 2.

The following definition reflects the “almost” ideal situation when, for each 2 < j < k, there is just one
uncontrolable (but very small) “garbage partition class”. Similarly to Definition 24 and Definition 25, we
use tilde-notation in the next definition to be consistent with the context in which it is used.

Definition 29 (almost perfect (g,d,f,b)—family). Let & = (52,...,5;6,1) and d = (dg,...7dk,1) be
vectors of reals, 7 > 0 be an integer and b = (by,...,by_1) be a vector of positive integers. Set

b= (by,by+1,bs,... b5 1) .

We say that a family of partitions &2 = P(k — 1,b,4) (as defined in Definition 20) is an almost perfect
(5 ,d, T, b) -family of partitions if the following holds:
(i) chbj =1 iSj/ch for every 2 < j <k -1, and
(it) for every 2 < j < k—1, for every 20 D e A (4 — 1,b) and for every (3 € [b;], the (n/b1, j, j)-cylinder
PO((@Y=1,8)) is (8;,d;,7)-regular w.r.t. PU=D (20-1).

An almost perfect family of partitions & has the property that for every xz(*~1) ¢ A(k — 1,b) the
(nN/bl,k - 1,k 7~1)—com~plex Pl (gpk-1) = {77(]')(a:(k*1))};:11 (cf. Claim 18) is ’garbage free’, i.e.,
((52, cey 0k—1), (da, ..o dg—1), f)—regular. In other words, all addresses x(*~1
parts of the partition & are in A(k —1,b) \ A(k — 1,b).
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The statement of the next lemma is very much tailored for its application in Section 4.4. While the
constants d3,...,d; are inessential for the proof of the following lemma, they allow a more convenient
notation.

Lemma 30 (Cleaning Phase I). For every vector d = (da,...,dy) of positive reals, for every choice of

03, -..,0k, for any positive real 8 and all positive functions
3(D) = (Skq(Dkfl), . ~752(D27~-~,Dk71)) , #(B1,D) =#(By,Ds,...,Dy_1),
there exist integers ny, ik, a vector of positive reals € = (Ca,...,Cr—1) and a positive constant d3 so that the
following holds:
For every (6 = (42, Or), d, 1)-regqular (n, £, k)-complex G = {gU)}?:l with m > ny there exist an
(n, ¢, k)-complex G = {G J)}] 1, @ vector d= (dg, .. .,Jk_l) componentwise bigger than €, and an almost

perfect ( (d),d,r(bl, ~), ) -family of partitions & = & (k — 1,5,1/)) = {32(7)}?;11 refining G so that:

i) G s ~k,f 1, 1 -reqular with respect to D(k—1) (g (k= or every £\° 7 € A (k — ,b),
G s (84,7 (b1, d ! h P=1) (k=1 1 k=1 e A(k—1,b
(1) GV =gW G@ =G and GV C GW for every 3<j <k,

11) for every 3 < j < k and every 7 <1 < {, the following holds:

i) f 3<j53<kand | < i< ¥, the following hold

(iv) for every 2 = (M, N2),(01,02)) € A(l,b), the graph Q(Q)[VAlﬁl,V)\Q@] 18 (Eiég,dg,l)—regular
w.r.t. 'P(l)(A ) V,\hg1 U V)\zﬁz; and
(v) rank & < Ly, and consequently |A(k —1,b)] < (Ly)*.

In the proof of Lemma 30 (see Section 5) we construct an (n, ¢, k)-complex G admitting an almost perfect
family of partitions &2. Moreover, G is almost identical to a given (n, £, k)-complex G (see (ii) and (iii) of
Lemma 30). In particular, G =g (2), while we allow a small difference between G() and GU9) for 7 > 3. For
the special role of G® we have to allow “garbage classes” in Z2(2). These “garbage classes” are contained
in 5 ! (by + 1). Note that the integer vector b differs from b only in the second coordinate.

On the other hand, note that the partition & given by Lemma 30 is perfect in the sense that for 2 < j < k
every j-tuple of G\ belongs to a regular polyad of 2. This feature will later give us a significant notational
advantage. On the other hand, Lemma 30 (i) ensures that the two complexes G and G differ by few cliques
only.

3.2.5. The Slicing Lemma. The following lemma whose proof is based on the fact that randomly chosen
subcylinders of a regular cylinder are regular was proved in [40]. We will find it useful in this paper as well.

Lemma 31 (Slicing Lemma). Suppose g, § are two real numbers such that 0 < §/2 < o < 1. There is an
mo = mg (0,0) such that the following holds. If PU-D is an (m, j,j—1)-cylinder so that ‘/C;jfl) (ﬁ(j_l))’ >
m? /Inm and if FU9) C IC§-j71) (ﬁ(j_l)) is an (m, j, j)-cylinder which is (9, o, rs1,)-reqular w.r.t. PU-D | then
for every 0 < p < 1, where 36 < po andu = |1/p], there exists a decomposition of F\9) = Féj)ufl(j)u- CUFD
such that }'i(j) is (36, po,rsi)-reqular w.r.t. PU-D for1<i<u.

Moreover if 1/p is an integer then féj) =0

4. PROOF OF THE COUNTING LEMMA

The proof of the Counting Lemma, Theorem 9, is based on upcoming Theorem 34 stated in the Section 4.2.
In Section 4.2, we prove Theorem 9 follows from Theorem 34. The remainder of the paper is devoted to the
proof of Theorem 34, an outline of which is given in Section 4.3.

The proof of Theorem 34 splits into four lemmas, Lemmas 30, 37, 38 and 40. In Section 4.4, we show how
Theorem 34 follows from these four lemmas. We defer the proofs of these lemmas to Sections 5-7.

The structure of the proof of the Counting Lemma outlined here will be summarized in Figure 1. Some
further consequences of Theorem 34 are discussed in Section 8.

13



4.1. Induction assumption on the Counting Lemma. We prove the Counting Lemma, Theorem 9, by
induction on k. For k = 2, the Counting Lemma, i.e, Fact 2, is a well known fact (see, e.g., [24, 25]) and
for k = 3 it was proved by Nagle and Rodl in [28]. Therefore, from now on let k > 4 be a fixed integer. (For
the inductive proof presented here it suffices to assume Fact 2 as the base case.)

Induction Hypothesis. We assume that
CL;,; holdsfor2<j<k—1landi>j. (8)

We prove CLy ¢ holds for all integers ¢ > k. For that, throughout the proof, let £ > k be fixed.

Rather than quoting various forms of our induction hypothesis CL;; (for varying 2 < j < k — 1 and
J < i < {) involving different ¢’s and +’s, we summarize all such statements in one. The following statement,
which we denote by IHCj,_; ¢, is a reformulation of our Induction Hypothesis.

Statement 32 (Induction Hypothesis on Counting). The following is true: ¥n > 0 Vdp—1 > 0 o1 >
0 Vdi—2 >0 3d,_2 >0 ... Vdy > 0 302 > 0 and there exist integers r and my_1,¢ so that for all integers j
and i with 2 < j < k—1 and j <i </ the following holds.

If G ={g" 7, isa ((52, oo 05),(da, . dj),r) -reqular (m, i, j)-complex with m > my_1,¢, then

‘ng)(g(j))‘ _ (1 in) H d£h) < mt

h=2
The following fact confirms that Statement 32 is an easy consequence of our Induction Hypothesis in (8).
Fact 33. If CL;; holds for all integers 2 < j <k —1 and j <i < ¢, then IHCy_, ¢ holds.

Note that Fact 33 is trivial to prove and only requires confirming the constants may be chosen appropriately;
when given 1, di—1,0k—1,...,0;41 and d;, choose §; to be the minimum of all §;’s from the statements CLy, ;
with j <h <k —1and h <3 <{, where §; appears. Similarly, we set r and my_1 ¢ to the maximum of the
corresponding constants in CLy, ;.
As a consequence of the induction assumption stated in (8) and Fact 33, we may assume for the remainder
of this paper that
IHCk_l)g holds. (9)

4.2. Proof of Theorem 9. The proof of the Counting Lemma, Theorem 9, consists of two main parts. The
first part is Theorem 34, stated below, which receives input an (n, £, k)-complex G = {GW}F_, from the
hypothesis of the Counting Lemma, Theorem 9. Theorem 34 then guarantees the existence of an (n, ¢, k)-
complex F = {FM 1}k _ having the following properties.
(a) The complex F differs only slightly from G. In particular, the number of /-cliques in G*) and F(*)
are essentially the same (see property (iii) of Theorem 34).
(b) The complex F is “ready” for an application of the Dense Counting Lemma, Theorem 16.

The proof of the following Theorem 34 is based on the induction hypothesis, IHCj_1 ; (cf. Statement 32).
In the formulation below, the integer k is already fixed (cf. Section 4.1) according to our induction hypothesis.

Theorem 34. Let { > k be a fizxed integer. The following is true: ¥y > 0 Vdi > 0 30 > 0 Vdi_1 >
0 F0p—1 >0 ... Vdo > 0,e > 0 b2 > 0 and there exist integers v and ng so that, with d = (da, ..., dx)
and & = (8a,...,0;) and n > ng, whenever G = {GMWYk_ is a (8,d,r)-regular (n, ¢, k)-complex, then there
exists an (n,{,k)-complex F = {FMYk_, such that

(i) F is (e,d,1)-regular, with e = (¢,...,e) € RE=D,

(ii) FO =G and F® =G and

(i) [P (G A KD (FOY| < (/2 TTE_y di) x n.

We mention that Theorem 34 has some interesting implications of its own which we discuss in Section 8.
We present a proof of Theorem 34 in Section 4.4. In the immediate sequel, we give the proof of the
Inductive Step for the Counting Lemma based on Theorem 34 and Theorem 16. We note that this proof of
CLy ¢ does not directly use the induction hypothesis IHCy,_; ¢, but we will use IHCj_; ¢ in the proof of
Theorem 34 (see Figure 1).
14



Proof of the Induction Step. We begin by describing the constants involved. With the exception of €, The-
orem 9 and Theorem 34 involve the same constants under the same quantification. Hence, given v and dj
from Theorem 9, we let & be the d (Thm.34(% dk)) from Theorem 34. In general, given d;, j =k, ..., 3,
we set

5j = 5j (ThIIlBZl(’}/7 dk, 5k7 dk—h ce ,5j+1, d])) .
Having fixed 7, dg, 0k, dg—1, - - - , 64, d3, 03, now let do be given by Theorem 9. Next, we fix € for Theorem 34
so that

e <e(Thm.16(da, ..., dr)) and gk (e) < g , (10)
where gy, ¢ is given by the Dense Counting Lemma, Theorem 16. Moreover, let mq (Thm.16(d2, ceey dk)) be
the lower bound on the number of vertices given by Theorem 16 applied to ds, ..., dk.

Then, Theorem 34 yields
(52 (Thm34(*y, dk, (Sk, ey (53, dg, 8)) 5 T(Thm.34('y7 dk, 6k7 PN ,53, d27 E)) 5

(11)
and ng (Thm.34(fy, di, 0k, ...,03,do, 5)) .

Finally, we set d2 and r for Theorem 9 to its corresponding constants given in (11). Also, we set ng for
Theorem 9 to

ny = max {no (Thm.34(’y, di, 0Ky« -, 03, da, 5)), mo (Thm.16(d2, ceey dk))} .
Now, let G be a (8, d, r)-regular (n, ¢, k)-complex satisfying n > ng. Then, Theorem 34 yields an (g, d,1)-

regular (n, ¢, k)-complex F satisfying (i)—(éii) of Theorem 34. Consequently, by (10) and (%), we may apply
the Dense Counting Lemma to F. Therefore,

k
(k) (k)| — gl () o e
e (FO) = (1 2) [T xn
h=2
and Theorem 9 follows from (7i) of Theorem 34. O

We note that the proof of Theorem 9 did not use the full strength of Theorem 34. In particular, we made
no use of (#7) here. However, (ii) is important with respect to further consequences of Theorem 34 discussed
in Section 8.

4.3. Outline of the proof of Theorem 34. Given an (n, ¢, k)-complex G = {g“)};?:l, Theorem 34 ensures
the existence of an appropriate (n, ¢, k)-complex F = {F (j)}?zl. This complex is constructed successively
in three phases outlined below.

The first phase we call Cleaning Phase I and is a variant of the RS-Lemma (see Theorem 26). The lemma
corresponding to Cleaning Phase I, Lemma 30, was already stated in Section 3.2.4. Given a (6, d, r)-regular
input complex G with § = (d2,...,0;) and d = (da, ..., d), we fix

Sk <é <<min{57d2,...,dk}. (12)

Lemma 30 alters G slightly (this is measured by 03) to obtain an (n, £, k)-complex G = {G¥) }2?:1 together with
an almost perfect (8(d), d, 7(d), b)-family of partitions which is (8, 7(d))-regular w.r.t. G*) (cf. Lemma 30
and Figure 2 in Section 4.4.2). Importantly, Lemma 30 (7) will ensure that

‘Kék) (g(k))AlCék) (Q(k))’ is “small”. (13)

Cleaning Phase I enables us to work with a complex G admiting a partition with almost no irregular
polyads. These details are done largely for convenience to help ease subsequent parts of the proof.

We next proceed to Cleaning Phase II with the complex G and an almost perfect (8(d), d, 7(d), b)-family
of partitions 22 = P (k — 1,b,1), rank 2 < Lj, (cf. Lemma 30). Since G differs from G only slightly (this
is measured by d;), it follows from the choice of constants (argued in Fact 44) that G inherits (28, d,r)-
regularity from G. Moreover, the choice of r ensuring r > Ly, (cf. (29)) implies that the density d(QNU) |75(j_1))
is close to what it “should be”, namely, d;, for “most” polyads PU-D from P with PU-D C g1,

The goal in Cleaning Phase II is to perfect the small number of polyads having aberrant density. More
specifically, Cleaning Phase II constructs “unidense” (n, ¢, k)-complex F = {f(j)}é?:l where d(]:(j)|75(j*1))
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is the same and equal to d; for every polyad PU-D from £ with PU-1 C FU-1_ The importance of
“unidensity” is that it allows us to apply the Union Lemma, Lemma 40. Then the “final product” of the
Union Lemma, the (n, ¢, k)-complex F, will satisfy (i) of Theorem 34. We now further examine the details
of Cleaning Phase II.

Cleaning Phase II splits into two parts. In Part 1 of Cleaning Phase IT (cf. Lemma 37), we correct
the first k& — 1 layers of possible imperfections of G = {Q(j)};?:l, 7 < k, by constructing a “unidense”
(n, £,k —1)-complex HE-D = {H(j)}g;ll. For the construction of H*~1) | we need to count cliques in such
a complex and use the powerful tool IHC_; ¢ which we have available by the induction assumption (CL; ,
for2<j<k-1).

We next remedy imperfections on the k-th layer G™*). However, in the absence of our Induction Assumption
herein, we have to proceed more carefully.

We first construct a still “somewhat imperfect” (n, £, k)-cylinder H*) so that H = {H) H_yisan (n, £, k)-
complex and d(H® [P#=1)) = dj, + /3, for every polyad PU~D from £ with PU~D C HE—=D. While G*)
satisfies that for “most” P*~1 C G(:=1) its density is close to dj, the new H®*) has density close to dj, for
“all” Ppk—1) C HE-D), Moreover, we can construct H®*) in such a way that

(G A K (1O)] s “sma. (14)

Part 2 of Cleaning Phase II deals with H(*), the k-th layer of the complex . In this part, we construct
unidense (w.r.t. H*~Y and 2*+~1) (n, ¢, k)-cylinders H™ and ’Hgf) (with densities dy — /9%, and dy + /95,
respectively) and F*) where each of these cylinders, together with HE-D = {H(j)};:ll, forms an (n, ¢, k)-
complex. In the construction, we will also ensure that

HP cH® c HP) HY c 7B c 1P (15)

We then set FU) = H) for j < k and F = {FO}k_,.

We now discuss how we infer (i) and (444) of Theorem 34 for F (property (i) is somewhat technical and we
omit it from the outline given here). For part (i) of Theorem 34, we need to show that FU) is (¢, d;, 1)-regular
wr.t. FU-D 2 < j < k. To this end, we take the union of all “partition blocks” from Z2) (which are
subhypergraphs of FU )). Note that all these blocks are very regular (w.r.t. their underlying polyads (which
are subhypergraphs of FU~1)) and have the same relative density (due to the unidensity). In fact, these
blocks will be so regular that their union is (¢/,d;, 1)-regular and therefore also (e, d;, 1)-regular (cf. (12)).
Consequently, as proved in the Union Lemma, Lemma 40, we obtain that F is ( (,...,€),d, 1)-regular which
proves (i) of Theorem 34.

We now outline the proof of part (#ii). Observe that

K268 K50 (FO)| < [ (6) 8 K49 (G) |+
+ KG9 A K (H®) |+ (16)
+ [ () kP (7).

The first two terms of the right-hand side are small as mentioned earlier (see (13) and (14)). Let us say a
few words on how to bound the third quantity.
Because of (15), we have

k k k k k k k k k k
K (1) 2 1P (F0)| < [ (1) 210D (O] = [ ()| = P ()] am
Since both complexes H and H_ are unidense, we can show that H, is ((5’7 cony ), dy, 1)—regular for

x € {+,—} where dy = (da,...,dg_1,d}) and df = dj + /O for x = + and dj = di, — VO for x = —.
Similarly to the proof of (i), where the Union Lemma was applied to F, we can use it here for H and H_.
Consequently, owing to (12), we can apply the Dense Counting Lemma, Theorem 16, to bound the right-hand
side of (17) and thus the right-hand side of (16). This yields part (%) of Theorem 34.
The flowchart in Figure 1 gives a sketch of the connection of theorems and lemmas involved in the proof
of CLg ¢, Theorem 9. Each box represents a theorem or lemma containing a reference for its proof. Vertical
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Theorem 9
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Theorem 26
RS-Lemma

Lemma 31

Statement 32

Prop. 47 Prop. 49
[40] [40] Section 4.1 Section 7.1 Section 7.1

I I
I I
: Slicing Lemma IHC) 1. :
I I
I I
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Theorem 9
CL;,2<j<k,j<i<l{t
induction assumption

FIiGURE 1. Structure of the proof of Theorem 9

arcs indicate which statements are needed to prove the statement to which the arc points. The horizontal
arcs indicate the alteration of the involved complexes outlined above.

4.4. Proof of Theorem 34. In this section, we give all the details of the proof of Theorem 34 outlined in the
last section. The proof of Theorem 34 splits into four parts. We separate these parts across Sections 4.4.1—
4.4.4.

4.4.1. Constants. The hierarchy of the involved constants plays an important role in our proof. The choice
of the constants breaks into two steps.

Step 1. Let an integer £ be given. We first recall the quantification of Theorem 34:
V’y, dk 351@ de—l . 3(53 Vdg, 3 3(52, r,mng.

Given v and d we choose 0 such that
0 << min{~y, di} (18)
holds. Now, let di_1 be given. We set
n=1/4. (19)
(Our proof is not too sensitive to the choice of 7, representing the multiplicative error for IHCy_;1 ,.) We
then choose d;—; in such a way that 0p_1 <€ min{dx,dr—1} and dop—1 < 5k_1(IHCk_1)g(77,dk_1)) where
5k_1(IHCk_u(77, dk—1)) is the value of d;_1 given by Statement 32 for n and di_;. We then proceed and
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define d; for j = k —2,...,3, in the similar way. Summarizing the above, for j =k —1,...,3 we choose §;
such that

(Sj K min{éjﬂ, dj} and (Sj S 5]' ( IHCk,Le(’I], dk,h (5]@,1, dk,Q, e ,5j+1, dj)> . (20)

We mention that after ds is revealed, we pause before defining do.
Indeed, next we choose an auxiliary constant &’ so that

¢ < min {E(Thm.lﬁ(dz, oy dy,dy — 61/%)), e (Thm.16(ds, . . ., dy—1, di + 5,1/2))} ,

(21)
¢’ <€ min {63, do, 5} , and gre(e) < O,
where g, ¢ is given by the Dense Counting Lemma, Theorem 16. We then fix 7, v, and ok to satisfy
£>>qi>>v>>46,  and  0p <1/8. (22)

This completes Step 1 of the choice of the constants. We summarize the choices above in the following
flowchart:

dk . d3 d2,<€
VU v (23)

FSS S S>> 83 > &> o> v b

Step 2. The definition of the constants here is more subtle. Our goal is to extend (23) with the additional
constants dj, §; (for j =k —1,...,2), 7, L35, and r so that

di_1 (ig dQ
O > Gp1 S -3> 03 3> 00, 1/F > LG, 1/

In our proof, we apply Lemma 30 to the (n,£, k)-complex G = {GU) ?:1' Lemma 30 has functions
5j(Dj, ceoyDg—q) for j =2,...,k—1 and 7#(Ds,...,Dg_1) in variables Ds, ..., Dy_1 as part of its input.
The application of Lemma 30 results in an almost perfect (8(d), d, 7(d), b)-family of partitions & with some
d= (Jg, cee Jk_l). We want to be able to count cliques within the polyads of the family of regular partitions
& by applying IHC,_1 ¢. Therefore, we choose the functions Sj (Dj,...,Dy_1) for Lemma 30 in such a way
that they comply with the quantification of IHCj,_; ¢, Statement 32.

To this end let Sk_l(Dk_l) be a function satisfying Sk_l(Dk_l) <« min{gk,Dk_l}, 5k_1(Dk_1) <
6k,1(IHCk,1’g(f],Dk,1)) and (14 Sk,l(Dk,l)/Dk,l)(kfl) < (1 +v)/*=2. We next choose the function
Sk_Q(Dk_Q, Dy._1) in a similar way, making sure that

Ok—2(Dy—2, Dy_1) << min {3y_1(Dy—1), Dy—2} ,

Ok—2(Di—2, D—1) < Sp—o(THC,_1,¢(}, Di—1,05—1(Dy—1), Di—2)) ,
and

< (k22)
(1 n 5k—2(Dk—2,Dk—1)> < (14 p)/h2
Dy

(Since bx_1(Dy_1) is a function of Dy_; and 7 was fixed in (22) already, we indeed also have that the
right-hand sides of the first two inequalities above depend on the variables Dy_o and Dy_; only.) In general
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for j =k —1,...,2 we choose Sj(Dj, ..., Dg—1) so that
~j(Dj7 . ,Dkfl) <K min {D], 5j+l(Dj+1, . ,Dkfl)} s

i(Dj,...,Dr_1) < 5j(IHCk71,Z(77»Dkflagkfl(Dkfl)aDkaa o051 (Djans - ., Di-1), Dy))
and (24)

< ()
(1 N 9;(Dj, .b._7Dk_1)> < (14 v) /42,

We may assume, without loss of generality, that the functions defined in (24) are componentwise monotone
decreasing. Since for every h > j + 1 the 8, was constructed as a function of Dy, ..., Dy_1 only, as before,
we may view the right-hand sides of the first two inequalities of (24) as a function of Dj,..., Dy_; only.
Consequently, Sj is a function of Dj,..., Dy_1, as promised. Furthermore, we set #(Ds,...,Dr_1) to be a
componentwise monotone increasing function such that

’I:(Dg, RN Dk71) >> max {1/D2, 1/53(D3, e ,Dkfl)} and

N _ . (25)
T’(DQ, ey Dk—l) Z T(IHC]C_Lz(T], Dk—la 5k—1(Dk—1), v DQ)) .

As a result of Lemma 30 applied to the constants d = (ds,...,dy), d3,..., 0, %, and the functions
5k,1(Dk,1), .. .,SQ(DQ, ...y Dg—1) and 7(Dag,...,Dg_1) we obtain integers 7, Ly, a vector of positive re-
als € = (é2,...,06—1) and a constant 65°™-3°.  (Here we did not use the variable B; for the function
7(Day...,Dg—1).) Next, we disclose d and r promised by Theorem 9. For that we apply the functions
02(Ds,...,Di_1) and 7#(Ds, ..., Dy_1), defined in (24) and (25), to & We set &5 and r so that

(L}65) << min {52(6)7 1/f(5)} b2 < 82 (THCk—1,0(n, di—1, 6k—1,dk—2, - . ., 03, d2)) (26)

and
7 > max {1/52(6), 7(é), 2@@} r> T(IHCk,l,g(n, dip—1,06—1,dk—2,...,03, dg)) . (27)

Finally, we set ng so that
no 3> max {fig, 1/82, v, mo Lmy_1,6, Lii_1,0} , (28)

where
Mo = max {mo (Thm.lﬁ(dg, ey dy — (5,1/2)),7710 (Thm.16(d27 ey dy + 5]1/2))}

is given by Theorem 16 applied to ds,...,dr—1 and dj — 5,1/2 and dy, + 5,1/2, respectively, and similarly
mi—1,0 = Mi—1,0(THCk_1,¢(n, di—1, 0k -1, ... ,d2,02)) and
1,0 = mi—1,e(THC_1,¢(7, Ex—1, Or1(Ck_1), ..., Ca, 52(5)))

come from Statement 32.
We now defined all constants involved in the statement Theorem 34. Moreover, we defined the functions
and constants needed for Lemma 30. This brings us to the next part of the proof, Cleaning Phase I.

4.4.2. Cleaning Phase I. Let G = {Q(j)}g?=1 be a (d,d,r)-regular (n,¥, k)-complex where n > ng and § =
(02,...,0k), d = (da,...,d) and r are chosen as described in Section 4.4.1. We apply Lemma 30 to G
with the constant 0y, the functions (D) = (dg_1(Dx_1),...,02(Ds,...,Dx_1)) and the function 7#(D) as
given in (22), (24) and (25). Lemma 30 renders an (n, £, k)-complex G = {QN(j)};?:l, a real vector of positive
coordinates d = (da, ..., d,_1) componentwise bigger than é and an almost perfect (8(d),d, 7, b)-family of
partitions &2 = Z(k — 1,b,) refining G (cf. Definition 27 and Definition 29). Note that the choice of r
in (27) and (v) of Lemma 30 ensures that for 2 < j <k,

r> 2Ly > 2 |A(k — 1,b)| > |A(j — 1,b)|. (29)
For 2 < j < k — 1, we finally fix the constants

gj :SJ(JJ,,d’Vk_l) and f:f(d-)
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From the monotonicity of the functions b5 and 7, we infer

by = 02(d) > 62(&) >> 6, and 7 =7(d) < 7(&) <« 7. (30)

For future reference, we summarize, in Figure 2, (18)—(27) and (30).

dk d3 d2>5
\ \/ 7
Y>> & > ->>> 6 > €
\/
7
v
\%

v Cik_l Jg dé

v v v vV

\% v % v

Ok 3> Ok > 3> by > b,k

\

L362,2

FIGURE 2. Flowchart of the constants

For the remainder of this paper, all constants are fixed as summarized above in Figure 2.
Observe that by the choice of the functions &; in (24) and part (i) of Definition 29, we have for every
2<j<kandj<i</
i ; J L (;) J
[T (dnbn)® =] (1 + 5h/dh) =[[a+n)/ =140, (31)
h=2 h=2 h=2
Remark 35. Observe that the last two “equality signs” in (31) are used in a non-symmetric way. For
example, the last equality sign abbreviates the validity of the two inequalities
J J
—v gH l/k 2 and H(1+V)1/k_2§(l+y).
= h=2
We will use this notation occaszona]ly in the calculations throughout this paper.

Part (44) of Lemma 30 bounds the difference of the number of K Vs in G and Gk

~ ¢ [
ok H dflh) x n' <« 8, H dfj‘) x nt. (32)
h=2 h=2
For future reference, we summarize the results of Cleaning Phase I.

Setup 36 (After Cleaning Phase I). Let all constants be chosen as summarized in Figure 2 so that also (29)
and (31) hold. Let G be the (8,d,r)-regular (n, ¢, k)-complex from the input of the Counting Lemma, The-
orem 9. Let G be the (n, £, k)-complex and P = P(k —1,b,%) be the almost perfect (S,Li, 7, b)-family of
partitions refining G given after Cleaning Phase I, i.e., after an application of Lemma 30.

We now mention a few comments to motivate our next step in the proof. The family of partitions &
given by Lemma 30 (cf. Setup 36) is an almost perfect family (cf. Definition 29); moreover, by (i), G**)
s (0, 7)-regular wr.t. PED(@EFD) for every 2571 € A(k — 1,b). However, while every component
of the partition is regular, it is possible that the densities d(gN(j) ’ﬁ(j _1)(§:(j 71))) may vary across different
2971 € A(j —1,b) for which PU-D(gU-Y) c gu-1),

The goal of the next cleaning phase is to alter G to form a complex F where all densities are appropriately
uniform. Importantly, we show that the two complexes G and F share mostly all their respective cliques.
(For technical reasons, we will also need to construct two auxiliary complexes Hy and H_)
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4.4.3. Cleaning Phase II. The aim of this section is to construct the complex F = {‘7-"(3')}?:1 which is
promised by Theorem 34. For the proof of part (iii) of Theorem 34, we se two auxiliary complexes H4 =

{ng)}g?:l and H_ = {H(j)}f:l. Later, in the final phase (see Section 4.4.4), our goal is to apply the Dense
Counting Lemma to these auxiliary complexes.

The construction of Hy, H_ and F splits into two parts. First (cf. upcoming Lemma 37), we construct
an auxiliary (n, ¢, k)-complex H = {H(-j)};?:l which will have the required properties for 1 < j < k (we have
HY = 1Y) = FO = HO) for 1 < j < k).

In the second part, we use upcoming Lemma 38 to overcome a ‘slight imperfection’ of H*) and con-
struct HY, H™ | and F® so that Hy and H_ (as we will later show in Lemma 40) satisfy the as-
sumptions of the Dense Counting Lemma. Moreover, Hf) and ch) will “sandwich” F*) and H® (i.e.
HE 2 F® > H® and 1P o F® > 1),

We need the following definition in order to state Lemma 37. For a (j — 1)-uniform hypergraph HU-D),
we denote by A (H(j_l),j -1, b) - A(j — 1,b) the set of polyad addresses #97Y such that

plU-1) (@(i*ﬂ) CHU-D (33)

Lemma 37 (Cleaning Phase II, Part 1). Given Setup 36, there exists an (n, £, k)-compler H = {H(j)}jzl
such that:
(a) HV =G0 =GW (and consequently A (HW,1,b) = A(1,b)) and H® =G =g®,
(b) For every 2 < j < k, the following holds:
(b1) Forany&Y~—Y c A (H(j_l),j —1,b), there is an index setl(ﬁ:(rl)) C [b4] of size |I(£(371))’ =
d;b; such that

HO AU D(PUD @Dy = ] pW ((‘,;ju—l)’a)).
acl(@0D)

(b2) For every j <i </,

”ng) (H<j)) ALY (gu))‘ <l (,11 d}(:i)) ni

¢) Finally, the (n, ¢, k)-cylinder H*) satisfies the following two properties:
(c)
(¢1) For every 2 ¢ A('H(kfl), k—1, b), HF) s (5k, d_k(ﬁl(k_l)), f) -reqular w.r.t. ﬁ(kfl)(i(k_l))
where dj, (a?:(k_l)) =dj, £ /0y

(c2)
(k) ®) (5 s (17 /0 e
K (H®) Ak (6®) <0/ T] i | '
h=2
We prove Lemma 37 in Section 6.2.
Consider the subcomplex HE-D = {HU )}f;ll. The complex HED g ‘absolutely perfect’ by having
the following two properties for every 2 < j < k:
perfectly equitable (PE): For every #07Y ¢ A(H(j_l),j —1,b) and every 8 € I(:i(j*l)), the
(n/b1, 4, )-cylinder PU) ((:%(Jfl), B)) is (6;,d;, 7)-regular w.r.t. its underlying polyad 73(74_1)(37:(]71)).
uniformly dense (UD): For every 207D ¢ A(HU-D j —1,b),

d(HD|PUD(@UD)) = (d;by)(d; £ 55) - (34)

The property (PE) is an immediate consequence of the fact that &2 is an almost perfect (5, d,r, b)-family
of partitions. Property (UD) easily follows from (b1) combined with (PE).
We now rewrite the right-hand side of (34) in a more convenient form (cf. (35)). Using (i) from Defini-
tion 29, we infer
AHD[PU=D(@YU)) = d;(1 £ 6;/d;) £ b;o; = d; + (6;/d; + b;d;) .
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As a consequence of Definition 29 (i) and d; > ;, we have b; < 2/d;. Due to the choice of the constants
(cf. Figure 2) 6; <« d;. We therefore infer

A(HO PO (@) = dj &+ (3;/d; + b;6;) = d; + 35,/d; = d; + /5. (35)

For each 2 < j < k consider HU) as the union
HU) = U {H(j) N 75(]'—1)(:%(]’*1)): A= A(H(j_l),j —1, b)} )

From property (PE) and (35) we will infer that H() is (S;/3,Jj, 1)-regular (and, therefore, also (¢',d;,1)-
regular) w.r.t. HU~1) (this will be verified in the proof of Lemma 40 in Section 7.2). This means, however,

that the complex HED g ‘ready’ for an application of the Dense Counting Lemma, Theorem 16.
The proof of (b2) is based on the induction assumption (cf. THCy_ ;). The treatment of H*) will

necessarily have to be different. We shall construct two (n, ¥, k)-cylinders Hf) and H" so that Hf) 2
H® D H"). Moreover, we construct F*) incomparable with respect to H*), but with Hf) D F® o H.
To this end, we use the following lemma whose proof we defer to Section 6.3.
Lemma 38 (Cleaning Phase II, Part 2). Given Setup 36 and the (n, ¢, k)-complex H from Part 1 of Cleaning
Phase II, Lemma 37, there are (n, £, k)-cylinders 'H(,k) c Ftk) C H(f) such that:
(@) H_ = {HWO}] uH™, Hy = {HO}! UHf), and F = {HOYZL U FR) are (n, 0, k)-complexes
and H* € H®) < 1P,
(B) For every Ve A (H(kfl), k—1, b), the following holds:
(81) H®) s (35k, d, — /3%, F) -reqular w.r.t. to P*+=1) (:&(’“_1)) and
(82) Hf) 18 (SSk, di + Ok, F) -reqular w.r.t. to P*+—1) (58(]%1));
(B3) FH®) s (215k,dki) -regular w.r.t. to 75(’“_1)(:%(}“71)).

Cleaning Phase II is now concluded. For future reference, we summarize the effects of Cleaning Phase II.

Setup 39 (After Cleaning Phase II). Let all constants be chosen as summarized in Figure 2 so that (29)
and (31) hold.
o Let P = P(k —1,b,1) be the almost perfect (S,J, 7,b)-family of partitions given after Cleaning
Phase I, i.e., after an application of Lemma 30.
o Let H be the (n, £, k)-complex given from Part 1 of Cleaning Phase II, Lemma 37. For every 2 < j <
kand 971 ¢ A(HU-D j—1,b), let [(2Y~Y) C [b;] be the index set satisfying (b1) of Lemma 87.
e Moreover, let Hy, H_, and F be the (n,¢, k)-complexes given by Part 2 of Cleaning Phase II,
Lemma 38.

4.4.4. The Final Phase. We now finish the proof Theorem 34. The first goal is to show that H and H_
satisfy the assumptions of the Dense Counting Lemma. To this end, we use the upcoming Union Lemma,
Lemma 40, stated below. After stating the Union Lemma, we finish the proof of Theorem 34.

Lemma 40 (Union lemma). Given Setup 39 and x € {+,—}, the complex H. is (€', ds,1)-reqular where
g =(e,....e) ERF1 and di = (ds, ..., d}) with
d if 2<j<k-1
dj =S di+Vo, if j=k andx=+ (36)
dp — V0, if j=kand*x=—.
Similarly, the (n,{, k)-complex F = {H(j)}?;ll UF® s (e’,d,1)-reqular where ' = (¢,...,¢') € R¥=! and
d=(ds,....dy).
We give the proof of Lemma 40 in Section 7. We now finish this section with the proof of Theorem 34.

Proof of Theorem 34. Set FU) = HU) for 1 < j < k and let F*) be given by Lemma 38. Consequently,
F = {]-"(j)}f:l is an (n, ¢, k)-complex and Lemma 40 gives (i) of Theorem 34. Moreover, due to part (a) of
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Lemma 37, we have G(V) = H() = F(U) and G@) = H@ = F@) which yields (ii) of Theorem 34. It is left to
verify part (i) of the theorem.
As an intermediate step, we first consider ICék)('H(k))A Kl(gk)(f(k)). Since Hf) D H® UFF) and H*F) N
F® > H® (cf. Lemma 38), we have
k k k) (7, (k k k
[ () A kP (FO)| < K (1) \ kP (). (37)

We infer from Lemma 40 and the choice of ¢’ in (21) and ng in (28) that H4 and H_ satisfy the assumptions
of the Dense Counting Lemma, Theorem 16. Consequently,

06 < (1) (e Vo) T o < (1 V) (12 1) Y00) T

(38)
1/9) 17 o
< (1+5k/ ) Hdhh x nt.
h=2
Similarly,
k £
K (1®)| = (1-6) TT d) st (39)
h=2
Therefore, from (37), (38) and (39), we infer
k k s ()
K (D) 2k (FO)| < 26, T i > (40)
h=2
We now prove (#i4) of Theorem 34. Using the triangle-inequality, we infer
K (g®) A K (FO)| < i (69 A kP (G0) |+
+ [P (@) Ak (1) |+ (41)
+ [ () A kP (7).
Then (32), (¢2) of Lemma 37, and (40) bound the right-hand side of (41) and, hence,
k £
\/cg’“) (G Ak (f““)‘ < (o +30°) I1 d{) x n. (42)
h=2

Part (éii) of Theorem 34 now follows from v 3> §, (cf. Figure 2). This concludes the proof of Theorem 34. O

5. PROOF OF CLEANING PHASE I

The proof of Lemma 30 is organized as follows. We first fix all constants involved in the proof (as usual).
We then inductively construct the almost perfect family of partitions & and the complex G promised by
Lemma 30. Finally, we verify that & and G have the desired properties.

5.1. Constants. Let d = (do, ...,d) be a vector of positive reals and let Js,. .., dy satisfy 0 < §; < d;/2
for j = 3,...,k. Moreover, let & be a positive real and let §(D) and #(By, D) be the arbitrary positive
functions in variables D = (D, ..., Dx_1) and By given by the lemma. The proof of Lemma 30 relies on the
Regularity Lemma, and more specifically, on Corollary 28. The proof also relies on the Induction Hypothesis
on the Counting Lemma (IHCj_q ), Statement 32, with ¢ = k. Therefore, for the proof of Lemma 30
presented here, we assume that IHCy_; ¢ holds (cf. (9)).

We set

. . N k

dy if j=2 .

n=7 o]:{z o and 6, = = % I (43)
h=2

1 if 3<j<k—1 T oltk
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We also fix functions in variables D, ..., Dy for j =k —1,...,2 so that

[ D; - D3 D?
5; (Dj,...,Dk_l) < min J(Sj (D]’,...,Dk_ﬁ,f] < 2
18 36 9 (44)

D,
85 (Dy,...,Dp_1) < KJ%(IHCk—u(Tl,Dk—1752—1(Dk—1),Dk—2, oy 05 Dy ..., De_1), Dy))

Observe that the right-hand side of the last inequality is a function in variables D;, ..., Dr_1.) Similarly,
J
we set

’I"I (Bl,D) Z ’I:(Bl,D),

(45)
' (By, D) > r(IHCk,M (11, Di—1,64_1(Di—1), D2, -, &)1 (Dyy1 -, Dy_1), D;))

where, without loss of generality, we may assume that the functions given in (44) and (45) are monotone.
Corollary 28 then yields the integer constants nj and L. Next we define the constants promised by Lemma 30
as follows

. 1 , - . .
cj:mforjzz...,k—l, ¢=(Cay...,Cu—1),

SN - (46)
7 04k 7 k- 1 ’ 5(€)
Ly =2k 1H<5-> and  dy = 2E2 :

j=2 > k

Finally, let mj_1 ¢ be the integer given by Statement 32 applied to the constants 7, ¢;_1, 5;6_1(61%1), ..., Co,
05(¢) and set fy, = max{ng, Lymy_1,¢}.

5.2. Getting started. Let G = {g<ﬂ'>}§:1 be an (n,?, k)-complex with n > 7fi;,. We apply Corollary 28
to G to obtain a (u, 5'(&),&, r’(J))—equitable (5;,r’(d~))—regular family of partitions Z = Z (k — 1,a,¢p) =
{29 5;11 refining G (cf. Definition 27) where d= (d~2, cee Jk_l) is the density vector of the partition Z.
Note that it follows from our choice of ¢; in (43) that

dy/dy and, for all j =3,....k —1, 1/d;, are integers. (47)
We now make a few preparations concerning notation. Having d = (czg, .. ,J;g,l) as an outcome of
Corollary 28, we derive the constants 537 0 for j=2,...,k—1and s’ and 7 from the functions given in (44)

and (45) by setting
(5; = (5;((%, . .,Cikfl) < gj = Sj((ij, . .,dkal) and 7’/ = 7’/(0,1,(?) 2 'F(al,(i) = ’F,

(the inequalities above follow immediately from (44) and (45)). Moreover, we set 8’ = (d5,...,6;_,) and
6:(527"'76k—1)' ) R ) ~
Forany j=2,...,k—1land gV~ Y € A(j—1,a), let ay® = agcg(g}(]_l)) be the number of (8}, d;, ')-regular

(n/ay, 7, j)-cylinders belonging to ﬁ(j’l)(ﬁ(j_l)). We then observe that

a;eg _ a;eg(g(j—l)) < — < . (48)
J Y J
Finally, we fix the integer vector b = (by,...,bx_1). We set
1 2 1
bi=a, by=|—— | <= and b;T Zforj=3,.. . k-1. (49)
dy+ 90, /dy | ~ dj d

We then define b = (by,ba + 1,b3,...,b,_1).

Before constructing the promised almost perfect (S,
{9(-7)}5;11 (cf. Definition 29) and the (n, ¢, k)-complex
observation.

7,b)-family of partitions 2 = & (k —1,b,) =

d,
G = {G (7 )}é?:l, we proceed with the following simple
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Observation regarding ‘bad’ j-tuples. Since Z is a (u,é’,d, r’)-equitable (8}, r’)-regular partition,
all but at most un® crossing (w.r.t. GM) k-tuples belong to (8’,d,r’)-regular (n/a1,k,k — 1)-complexes
R+ V) = {ﬁ(j)(a“c(k_l))}j;ll given by the family of partitions Z. We assert that

B\ .
for each 2 < j < k, at most u( ,)n] crossing j-tuples belong to

J
(6., 05 ), (da, ... dj_1), r')-irreqular (n/ay, j,j — 1)-complezes of %.

(50)

Indeed, a j-tuple belonging to an irregular (n/ay,j,j — 1)-complex can be extended to ( _j)nk*j crossing
k-tuples and at most (]) such j-tuples can be extended to the same k-tuple. Each such k-tuple necessarily
belongs to an irregular (n/aq, k, k — 1)-complex.

Itinerary. We define complex G and family of partitions 2 = 2 (k—1,b,1) so that & is an almost perfect
family of partitions refining G. Our plan is to alter the family of partitions Z = Z(k — 1, a, ) into the
family of partitions 2 = Z(k — 1,b,v) = {PU )}2?;11. The families & and #Z will overlap in the regular
elements of Z. The elements of #Z which are not regular are substituted by random cylinders.

We construct 2 and GU) inductively for j = 1,...,k — 1. First set G = G Since by = ay, we have
A(1,a) = A(1,b) = A(1,b) and A(1,a) = A(1,b) = A(1,b). We set ¢; = ¢y and define 2(1) = (). In
other words, both % and & split the sets V) for A € [¢] into the same pieces V) = Vy 1 U--- U Vyy,.

For 2 < j < k, we shall define 22(9) and G in such a way that the following statement (C;) holds:

(C;) There is a partition 20) = 9 rlg u 2y of K(J)(Vl7 ..., Vy) where, for x € {orig, new}, we define
PO = J{PW: PO e 20},
and an (n, £, j)-cylinder G) C Kéj)(Vl, ..., Ve) such that (I)—(III) below hold:
) 28, = {ROY): 9 € A(j.a) and RV (yP) = {RW ()}

orig
is a ((0,...,0%), (dg,...,d;), r')-regular (n/al,j,])—complex},
- (2) if j =2
Gy _ )Y ‘ it
(II) g - {Q(J) N Pc(jl)g _ g(J) \'PI(]'Q;V i 3 S] <k and

(IT1) the family of partitions 2; = {2W) ... 2} is an almost perfect
((985/da, ..., 98} /d;), (da, . .., d;), 7', b)-family.
Before we give an inductive proof of statement (C;), we list a few of its consequences in Fact 41. The

properties (1)-(5) of Fact 41 will be derived directly from (C;). They are utilized in our proof, in particular,
we use Fact 41 with j — 1 to establish (C;).

Fact 41 (Consequences of (C;)). Let 2 < j < k — 1 be fized. If (Cj) holds for 2 < j' < j and if P2
refines G2, then the following is true:

(1) g(a Cg(a
2 = {GM} _, is an (n Z . j)-complex and for each 2 < h < j, GM) C IC(h 1)(9(}‘71)),

) G
) P; refines the complex Q
) forevery] <3</,

(
(3
(4

‘K:(J)(g ) K(J g(j) ‘ H , and
(5) for every 29 e A(j, b),

K9, (P @) 120 [T ) (> > S



Proof of Fact 41. Part (1) follows clearly from (II). We prove (2) by induction on j. For j = 1 or 2 there is
nothing to prove. Let j > 3. Suppose (C;) is true for 2 < ¢ < j and suppose, by induction, (2) holds for j —1,
5(E—1)

ie, G is an (n, ¢, j — 1)-complex. We show that every j-tuple J € GU) satisfies J € IC?‘”(QU*U).
Let J € GU) be fixed. Tt then follows from (II) of (C;) that
@) (@)
J €GP NPy - (51)
We first confirm
(-1 (pG-1)
JEeK; (Porg ) - (52)
To that end, since J € Pgi)g, it follows from (I) of (C;) that there exists y\9) € A(j, a) such that J € R (y))

and the complex R (y@)) = {RM (y@))} _ s ((85,...,5%), (da, ... ,Jj),r’)—regular. Consequently, J €
K§j71) (RU=D(y))) and by (I) of (C;_1) we have that RU~D (y@)) C Péfigl). This yields J € KEjil)(Péfigl))
as claimed in (52).

Now from (51) and (52), we infer that J € K;jfl)(g(j_l) ﬂ?gi?)) (since G is a complex), and so by (II)
of (Cj_1) we have J € Kg.j*l)(é(j—l)), This completes the proof of (2).

Next we show part (&), again by induction on j. The statement is trivial for j = 1. It holds for j = 2
by assumption of Fact 41. So let 7 > 3 and assume that &?;_; refines {_C';(h)}g;i. We have to show that
either PU) C G or PU) N GU) = & for every PY) € 20). So let PU) € 2U) be fixed. If PU) € gzr(é)w,
then PU) N GU) = & by (1) of (C;). Therefore, we may assume that PU) € @éﬁl)g Now, if PV NGW = g,
then again by (II) of (C;) we infer P NG = @. On the other hand, if P N GW #£ @, then PW) C G
since P € ng)g,
Therefore, PU) C GU) N Pgi)g =G by (1) of Fact 41. This verifies (3) of Fact 41.

Next we show (4) of Fact 41. From (50) and (I) and (II) of (C;) we infer that

(I) of (Cj), and the fact that the original family of partitions Z refines the complex G.

o N E\ .
GDAGD| = |69\ GV < u(j>n]-
Consequently, by the choice of p in (43)
W) (GONA D (Gl BN i (0 s < 5 TTdW)
K’ (g(J))AKz'j (g(J))‘ < M( .)nj X ( ,)n"_J < oy H dy" xn',
J vt h=2
which yields (4).
Finally, we note that (&) follows from (III) and THCy_; ¢ (cf. (9)) since j < k — 1. In particular, (5) is a
consequence of the choice of 0% and 7" in (44) and (45), (III) of (Cx-1), and (9). O

5.3. Proof of Statement (C;). As mentioned earlier, we verify (C;) by induction on j.

5.3.1. The Induction Start. In the immediate sequel, we define 22 = i@r(é‘)ﬁ i@éfi)g of Kf) V1,...,Va) .
In our construction, we use that due to (44) and (46), our constants satisfy
a%ég < Li&g < ii&g < (5é < CZQ < dy (53)
and also use that dy/dy is an integer (see (47)). Before constructing the partition 22, we require some
notation.
Notation. Recall that the partition 2 = {R®) (y?)): y? € A(2,a)} refines the partition G*) U
G@ (here, G = Kéz)(Vl,...,Vg) \ G@). Therefore, for cach gV = (LX), (8,8) € A(1,a), there
exist disjoint sets of indices I5°® = IX°8(§() and T,° = T, *(§") so that {R@)((g(”,a))}agreg and
~ 2
{R® ((g(l), @) }aejgeg are the collections of all (&5, do, 1)-regular graphs R(?) (y(?)) = R(2) ((g“), )) whose
edge sets are subsets of G (y()) = GV, s U Vi ] and G2 (y() =V 5 x Vi 5\ G respectively.
Plan for constructing Z(). We now outline our plan for constructing 22 = {P®) (). 23 ¢
A(2,b)}. Later we fill in the technical details. With & = g = (WX, (8,8)) € A(1,a) = A(1,b)
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fixed, we define a partition 2 (1) of IC (ﬁ(l)(A )) Vg X V. More precisely, with ) = g
defining a pair of sets V) g, Vi g/, we consider all regular subgraphs of V) g x Vi g from the partition %’(2)
and leave them in the “original part” (32(2.) @&D)) of 2@ (&M). In other words, for 2 = §V) we set

orig
@) ((5
Y {R ((y ’a))}aefgeg(@u))' (54)

Zin@ ") = {R? (3", 0))}

QI (2(D)

This collection of graphs consist of all subgraphs of Vi gx Vas 5 belonging to 2 which are (5, dy,1)-regular.
In order to simplify the notation, we set

PO (3W) = U{p@ P e 72 (3 <1>)},

For the construction of the partition of Vi g x Vi g \ P we will use the Slicing Lemma to introduce

o1r1g7

new (945/ do, d, 1)-regular graphs that do not belong to Z?) . We shall call the collection of those graphs
e@r(liw( 1)) We now provide the technical details to the plan described above.

Technical details for constructing 2@, Let 21 = (WN),(8,8)) € A(1,a) remain fixed. Let
Gia@ ") = P,@ ") ng?
be the union of all graphs P C G2 in 32(2) ( (1)) Similarly, we define

2@Y) =P, @) NG®
Note that while Qreg( Dy and greg(:% )} are disjoint, they are not not necessarily complements of each
1)) is the union of i = [I28(2W)| < a5®(2V) < 2/dy (see (48))
(84, da, 1)-regular graphs. Consequently, r(gg)(i(l)) is (20} /dy, a’8dy, 1)-regular (cf. Proposition 47). Simi-
larly, r(.fg)( (1)) is (264 /dy, ay®dy, 1)-regular, where ay™® = [Ty *(&1)].

Since G®@) is (83, dy, 1)-regular by the assumption of Lemma 30, we infer that G (&) = GOV sUVi 5]
is (a285, dy, 1)-regular. Therefore, G (&) is (8}, dy, 1)-regular by (53). Consequently, since 284 /dy 4 6 <
364 /dy we have that G (M) \ Q(Q)( MY is (364 /dy, dy — aEdy, 1)-regular. We now apply the Slicing
Lemma, Lemma 31, to g(2>( M)\ gt 2)( 1)y,

To this end, recall da/dy is an integer (see (47)) and set p = dg(dg — ng) so that 1/p = dy/dy — o®
is an integer. We apply the Slicing Lemma with ¢ = d2 — ab®dy, § = 384/dy, p as above and 75, = 1 to

other. Moreover, observe that greg)(

decompose G (& )\Q(2 (@) into 1/p = dy/dy — a8 pairwise edge-disjoint (98} /ds, da, 1)-regular graphs.
Denote the family of these bipartite graphs by (@nezN g(2)( (1)).

The partition 22 __(&W) of GO (& (1>)\gr ) (&) will be defined similarly. Indeed, the graph G2 (1)

a2
is (a2d,1—d>, 1)- regulir since it is the complement of the (a102, d2, 1)-regular graph G@(zW). By (53), the
graph G® (1) is then also (8}/da, 1 — da, 1)-regular. Furthermore, Gi2)(#(1)) is (26} /d, @®ds, 1)-regular
(since ng)(:%“)) is the union of @y™® disjoint (84, do, 1)-regular graphs and @y® < aX® < 2/dy by (48)).
Consequently, G2 (&) \ng( (1)) is (38} /da, 1 — dy — ay 8y, 1)- -regular.

We apply the Slicing Lemma with o = 1 — dy — @y 8y, § = 305 /do, p = da/p and rg;, = 1 to decompose
G &W) \9(2)( M) into a family @( ) (2)( &) of bipartite graphs. We conclude that all but at most
one of which are (9} /dy, dy, 1)- regular. Indeedlnotg that since (47) guaranteed that dy/dy is an integer, we
are unable to ensure that 1/p = (1 — do — @y ®ds)/ds is an integer as well. Consequently, the application of

the Slicing Lemma may admit at most one sparse bipartite graph.
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For &1 = ((\, ), (8, ), set

~ 2 2
Pin@V) = 20, g0 @D (@)
and
22 @0) = 22, @V)u 22 @D).

Also set z(&Y) = | 2@ (&1)]. The partition 2@ (1) has the following properties:

(A) 2@ (&) is a partition of Vy B X Vi g
(B) (:fc Dy e {b2,b2 + 1}. Indeed, since all graphs but at most 1 from 2@ (£1)) have density within
5 & 904 /dy, it therefore follows that

; 2(& (1)> ; +1. (55)
dy + 98, /dy ~ dy — 964 /dy
It follows from (44) that 96 /dy < (dy/2)? yielding (dy — 965 /da) ™" — (da + 904/dy) ™" < 1. Conse-
quently, z(2") € {by, by + 1} follows from (49).
(C) 2@ (&W) refines G = G® in the sense that for every o € [2(&")] either 79(2)((53(1),a)) cg®
or P2 ((a‘:(l), a))NG=02.
(D) All graphs but at most one from 2@ (") are (98} /dy, dy, 1)-regular. Moreover, the exceptional

graph belongs to 9( ) (1)) - 3” @ ( (1)) and we may assume with an appropriate addressing

g(2)(
the exceptional graph is always P2 ((zf; 1), by + 1))

Now, we set
g @ M) = J{P® e 2@(@M): PO cg®}, ¢ = J{gP(@"): 2V € A1,B) = A(1,a)} (56)

and we set

22, =J{Z2.@): & e b},

72 —U{@éfgg(@m) 2 e A1 } and 2® = 22 v P

orig new orlg

It is left to verify (I)~(III) of the statement (C3). Due to (54) and the definition of I3°(2™")) and T5 (&),
for every &1 € A(1,b), we infer that

orig

P2 _ {R(Q)(y@)): R (y?) is (8}, da, 1)—regu1ar} ,

which yields (I) of (Cz). Owing to (C) from above and (56), we have G® = G (which is (II)) and
PP refines G . (57)
Finally, from (B) (cf. (55)) and &, < d265/18 (cf. (44)), we infer
5o (44) g2 (35) . (55) g2 (44) 5
2 < 2 gy < =2 — < 142, (58)
dsy d3 + 96} d3 — 96} dy
Now, (58) and (D) yield that 22 = {21, 22} is an almost perfect (985 /da, da, 7, b)-family (see Defini-
tion 29), which gives (IIT) of (Cs).

We again remind the reader that we choose the addressing of the partition classes 23 in such a way
that for e@cth(z) € A(2,b), the graph PP (x(?)) is (964, /dz, da, r')-regular. The graph P (2(?)) may not
be (964, /dy, da, r')-regular if and only if () € A(2,b) \ A(2,b).

This concludes the construction 0~f Z2) which satisfies (C) and, therefore, we established the induction
start of our construction of & and G. Also note that we additionally verified (57).

28



5.3.2. The Inductive Step. We proceed to the inductive step and construct partition 20U*Y and (n,¢,j+1)-
cylinder GUHY) which will satisfy (I)~(ITI) of (Cj41). Moreover, we assume that 2 and G(*) satistying (Cy,),
2 < h < j, are given. Moreover, due to (57), we assume Fact 41 holds as well for 2 < h < j.

Our work in constructing Z2U+1 will be quite similar, albeit easier, than our work for constructing 22(2)
This is in part because we do not require that U+t = gU+D for 7 > 2. It will be necessary to construct
2+1) before constructing GUTY) as the partition ends up defining the hypergraph.

Construction of 20+ and GU+). We set the partition 20+ = g U(@éigl) fK(J'H)(V s V)
separately for each family ICJ(.]J})1 (ﬁ(j)(i(j))) of (j + 1)-tuples with #9) € A(4,b).

Fix #) € A(j,b). We define the partition 20+ () = 9,(123#)(:%(])) @éﬁﬂ)( )) of IC(J) (”ﬁ (& ])))
by distinguishing three cases.
Case 1 (2 € A(j,b) \ A(j,b)). Observe that P (&) touches at least one of the exceptional graphs
from the construction of 2(?). For the sake of consistency only (i.e., the partition 22U+1) should contain a
(n/by,j+1,j+1)-cylinder PUTY (2U+D) for every 20+ € A(j+1, b))7 we split ICy_Bl (P@(&Y))) arbitrarily
into bj41 possibly empty classes. Clearly, all the (n/by, j+1, j+1)-cylinders PUFD (2(0+1D)) constructed in this
way satisfy 01 € A(j+1,b)\ A(j+1,b). The collection of these b, disjoint (n/by,j+ 1,7+ 1)-cylinders
defines 205V (&1)). We set ,@(Hl)( (j)) =g

orig
Case 2 (89 € A(j,b) and there exists 1 < s < j + 1 so that PO (9,87 e @r(lﬁzv) We appeal to (5) of
Fact 41 for j. Indeed, observe that IC(]) (73 ) (& (j))) is (6,1, r)-regular w.r.t. P@ (&9 for any positive § and
integer r. Consequently, we may apply the Slicing Lemma, Lemma 31, with o =1, p = cij_H, d= 35§+1/Jj+1,
and rgp, = 1’ to FUD) = IC§J_21 (ﬁ(j)(i(j))). (Observe that 36 = 9/d; 11 < djz1 = po by (44).) Since
1/p=1/dj+1 = bj41 by (49), we obtain a collection of 1/d; 1 pairwise edge-disjoint (96} 1/d;+1,dj+1,7")-
regular (n/by,j + 1,7 + 1)-cylinders PU+D (29 a)) with a € [bj11]. Denote by

P20 @9) = {PU (@2, 0)): o € byl }

the family of (n/b1,7 + 1,7 4+ 1)-cylinders newly created. Again, set QZ(J +1)( £()) = @. This concludes our

treatment of Case 2.
Case 3 (2 € A(j,b) and PO (9,&8)) 6 g@gl)g for every 1 < s < j + 1). By the assumption of this case

and ( ) I) of (C;), we infer that there exists §/ ) € A(j, a) such that RD) (§\) = PG (29)). Recall the definition
of af = aj (Y @) (preceding (48)). Without loss of generality, let {’R(Hl)((g(j),a))}

enumeration of the (67 4, dji1,7")-regular (n/by, j+1, j+1)-cylinders (regular w.r.t. RO (§W)) = PG (50))).
We set

e [areg be an

P () = {R<J'+1>((g<-f>,a))} and (59)
aE[(LZ-‘fl]
PU (30 = U{rp(]+1 PUD € UV (g (j))}: U RIO(@D,a).
046[11;?_%1]

Observe that P Hl)( @y is (a a8 0%, J+1dﬂ+1’ 1')-regular w.r.t. PO (29)) (cf. Proposition 47) and, as

orig ) o . _
a consequence of (4 2, also (35j_~_1/dj+17 j+1dj+1, r’)-regular. Then, Kﬁ{glA(P(J)(gi?(]))) \Pgi:)( @)y s
(35’4_1/d]+17 — aj P dj1,7")-regular. We apply the Slicing Lemma to ICE-Ql (P(j)(:i(]))) \Pgi;’g_l)( @)y with

0o =1- ]Hdﬁl, p =dji1/0, § = 36;+1/(Zj+1 (vielding 30 < po by (44)) gnd rs;, = r’. Note that
1/p=o/djt1 =1/dj1—a}F i~s an i~nteger by (47). We thus obtain collection 25" (81)) of 1/djy1 —alh
pairwise edge-disjoint (9 ,+1/dj+1,dj+17 r")-regular (n/by,j + 1 j —|— 1)-cylinders P(j-i-l)((:%(J) @)). Setting
,9”(~j+1)(9%(j)) = @(]H)( U ,@(ﬁfgl)( () yields a partition oflC (77 (& (J))) into 1/d;11—a aih+alE =
1/dj+1 = bjq1 (by (49)) disjoint (9 jﬂ/dﬁ_l,dﬁl, r’)-regular (n/b17 + 1,5 + 1)-cylinders. This concludes
our treatment of Case 3.
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Now, we set

GU+D (3 U{'p(J-H) e 20D (30)y, pU+D) C g(j+1)}

orig
GU+D — U{ (J+1) ): 70) EA(j, E)}
and we set
2@ =\ {280 @D): @9 € 4GB}
pU+ _ U{gz(jfl)( D). &) e A(j b)} and P2UH) = U+ U Ut
or ) .

orig ig orig
It is left to verify (I)—(III) of statement (C,11).
Confirmation of (Cj;1). First we verify (I). To this end, we establish the equality of sets in (I) by
decomposing the equality into its respective ‘C’ and ‘O’ parts, and begin by considering the former.

We verify the ‘C’ component of the equality of the sets in (I) of (Cj41). Let PU+Y) = PU+D ((ﬁs(j+1), ®)) €
(@(J'H)

orig

Case 3, we know that P (9,871 e 2Y9) for every s € [7+1]. Consequently, from (I) of (C;) we infer that

orig

for each s € [j+1], there exists ygj) such that R (yg]) = {R(h ygj)) L isa ((5’2, ey 00, (dg, cee Jj), 7"’)—
regular (n/aq, j, j)-complex and R(j)(ygj)) =P (9,2 V). Clearly,

Owing to the construction of 2U*1 above, PU*T1) originates from Case 3. By the assumption of

j
{ U R(h)(ygj))} is ((6,...,0%), (da,...,d;), r')-regular (61)
selj+1] h=1

and PO (zV)) = Usepit] R(j)(ygj)) Moreover, by the construction in Case 3 and PU+TY ¢ 2 ifgrl) there

exists RUTD e 20+D such that PUtD = RU+D and RUHD ig (5j+1,dj+1, r’)-regular with respect to
Usepit) R(j)(ygj)) = P (29)). Then (61) yields the ‘C’ component of the equality in (I) of (Cjy1).
We now verify the ‘2’ component of the equality in ( ). To that end, let §) € A(j,a) and o € [a;+1] be

given so that R(Hl)((A(‘) )) = {RW((yW, ) 2:1 is a ((0y,...,05,4), (da, ... 7(1J~+1),7“’)-1reg111a1r com-

plex. Hence, RU+1 (9, A(J)) 2Y9) for every s € [j + 1] by the induction assumption (more precisely

orig

by (I) of (C;)). Moreover, the (n,j + 1,j + 1)-cylinder 7'\’,7'*1)((‘(4),04)) is (53+1,Jj+17r’)—regular (i.e.,
a € [a?igl(a“:(j))]) and, consequently, R(j“)((@(j),a)) € ﬁgél) (cf. (59) in Case 3). This concludes the
proof of (I) of (C;).

Since j+ 1 > 3, part (II) follows directly from (60) (recall, that we defined G®@ glightly differently in (56)
so that G(® = g<2>).

In order to verify (III), we appeal to the induction assumption, and in particular, to (III) of (C;). Observe
that we only need to consider PU+D (2U+D) for 2U+1) € A(j + 1,b). Hence, it suffices to consider the
constructions from Case 2 and Case 3. It is clear from the construction that in both of these cases we
partitioned ICSQl (PU)(21))) into b;i1 different (95}+1/Jj+1, djs1,7")-regular (n/by,j + 1,5 + 1)-cylinders.
Consequently, (IIT) of (C;+1) holds and (Cj41) is verified.

This finishes the inductive proof of statement (C;) for 2 <i <k — 1.

5.4. Finale. Having inductively defined partitions 2U) and hypergraphs C;(j), 2 <j < k-1, we proceed
to construct the promised hypergraph G*) (see (62) below) Then we shall show that the conclusions of

Lemma 30 hold for 2 = {2 ... 2¢*-1DY and G = {GU }k
Let Areg( Oflgl) GF k-1 b) denote the set of 7Y € A( —1,b) for which 75(]’“_1)(:%(’C b ) C Poflgl)
and G is (8, 7)-regular with respect to P*=D (&%) We set
G® = [J{g® nief D @ED @R D)) 20D € A (P, 0 k- 1,8) | (62)

It is left to verify that the earlier constructed family of partitions & = {Q(j)}?;ll and G = {QN(-j)}?:l
satisfy the conclusion of Lemma 30.
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Recall that for 2 < j < k — 1, we constructed ) and GV so that (C;) and (57) holds. Consequently, by
Fact 41 assertions (1)—(5) hold for every j = 2,...,k — 1. The verification of Lemma 30 will rely on these
assertions.

We first show that _

G is an (n, ¥, k)-complex . (63)
By (2) of Fact 41 for j = k— 1 we see that {Q(j)}?;ll is an (n, £, k —1)-complex. Now, let K € G*). We have
to show that K € K,(Ckfl)(g(k_l)). From (62), we infer that K € K,(ckfl)(g(k_l) ﬂ’Ptgfigl)) and, consequently,
by (II) of (Cx—1), we have K € K,(ckfl)(g(k_l)). Therefore, G~ underlies G*) and (63) follows.

Now we show that _

d is componentwise bigger than €. (64)
Suppose d} < ¢; for some 2 < j < k — 1. Recall, that d was given by Corollary 28 as the density vector of
Z(k —1,a,p). Moreover, Ly, > |A(k — 1,a)| and hence |A(j — 1,a)| < 2°Lf for j = 2,..., k. Therefore, the
assumption d; < & = 1/(2°F1L¥) (see (46)) implies that the number of j-tuples in (6, d;,r")-regular polyads
of Z is at most 2°LE(d; + 85)nd < 2¥1Lénd = nd /2. On the other hand, by (50), all but at most u(l;)nj
crossing j-tuples belong to (7, Czjm’)—regular polyads of #Z. Since (1/2 4+ u(];))nj < (f) nJ the assumption
d; < & must be wrong and we infer that d; > &; for every 2 < j < k — 1, as claimed in (64).
Summarizing the above we infer that d; > &; for every 2 < j < k — 1, as claimed in (64).
Using (III) of (Cx—1) combined with (44) and (45) yields that

P = Pj_1 is an almost perfect (8,d, 7, b)-family of partitions. (65)
Moreover, (3) of Fact 41 for j = k — 1 states that
P = Py_; refines G . (66)

From (63)—(66) we infer that it is left to show (i)—(v) of Lemma 30, only. We observe that (7) is immediate
from the construction of G*) in (62). Also, due to (62), (IT) of (C;) for j = 2,...,k — 1 (see also (1) of
Fact 41), and the definition of GV = G(V) we have (i) of Lemma 30.

Now we verify (4ii) of Lemma 30. For 3 < j < k it is given by part (4) of Fact 41. For j = k, we recall
the definition of C;(k) in (62) and consider g \G(k). There are two reasons for a k-tuple K € G®) to be in
G*) \ G¥). Either K ¢ IC,(f_l)(Péfigl)) or K belongs to a polyad P*~1) such that G is (8, 7)-irregular
w.r.t. PE-1),

Consider a k-tuple of the first type, i.e., K ¢ K,(Ckil)(P(kf

Origl)). Owing to (I) of (C—1) we see that K belongs
toa ((5’2, e 0_1), (JQ, e ,czk_l), r')-irregular (n/aq, k, k—1)-complex of the original family of partitions 2.
Consequently, by (50) (with j = k) there are at most un” k-tuples K of the first type (K & /C,(Ck_l)(Péfigl))).

Now consider a k-tuple K, which is not of the first type, but of the second type. In particular, K €
K,gk_l)(Péfigl)) and G¥) is (5k, 7)-irregular w.r.t. PE=1) the underlying polyad of K in the family of parti-
tions Z. From (I) of (C_1) we infer that P~V corresponds to k different (n, k — 1, k — 1)-cylinders, which
are all elements of 21, Since Z is a (5}, )-regular partition w.r.t. G*) and &), > &}, and 7 < 7 (cf. (44)
and (45)), there are at most dj,n* k-tuples K € G*) N IC,(Ckfl)(Péfi;)
to the underlying polyad P of K.

Summarizing the above, we infer that

GPAGPI=16MN\GW| < (u+ it E 2y
Consequently, by the choice of §, in (43), the following holds for every k <i < ¢,

) so that G is (&, 7)-irregular w.r.t.

. —k\ @ Lo .
KW@WMWWWQW“GZWks@H#Rm
;i
h=2

which completes the verification of (éii) of Lemma 30. )
We further note that (iv) of Lemma 30 is an immediate consequence of by = a1 < rankZ < Ly < Ly
(cf. (46)), G® = G and the assumption of Lemma 30 that G is a (8, d, 1)-regular complex.
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Finally, we show (v) of Lemma 30 as follows:

rank,@:A(k—l,Eﬂ:( ¢ )bk Ly +1) H j(

k—l)
J

¢ k 1 — ’ (k 1 b k=1 1 (
< 1(20,) < 2+2 Lyt
< (i1 et Tl ;)

Then (v) follows from & < d and the choice of Ly, in (46).
This completes the proof of Lemma 30.

6. PROOFS CONCERNING CLEANING PHASE II

We prove Lemma 37 and Lemma 38 in this section. We work in the context of Setup 36, the environment
after Cleaning Phase I (after an application of Lemma 30) with the constants from Figure 2. The main
objective of this section is to construct the complexes Hy and H_ stated in Lemma 37 and Lemma 38. We
prove these lemmas in Section 6.2 and Section 6.3, respectively. The following section, Section 6.1, contains
some preliminary facts, which are immediate consequences of the choice of constants given in Section 4.4.1
(see Figure 2).

6.1. Preliminary Facts. We start with the following facts which we apply liberally in the remainder of
this section. The first two facts are immediate consequences of IHCy_; , and the choice of constants in
Section 4.4.1 (applied to differing setups).

Fact 42. For all integers 2 < j <k and j < i < ¢ and every A; € ([ ])

J

‘,CZ(J‘) (g(j)[AiD‘ —a+n]] d i (67)
h=2
"Cz@ (g(j)[AZ.D‘ = (1 + (n+ Sk)) H d}(fi) x nt. (68)
h=2

Consequently, by the choice of n in (19) and &, < 1/8 in (22),
1—1/4—10; ‘
14+1/4
Proof. Due to the choice of § = (d2,...,d0,—1) and r (cf. (20), (26), and (27)) for 2 < j < k, the com-

plex ¢ = {g(h)}izl satisfies the assumption of THCy_1 . As such, we conclude that (67) holds. Since G
is given by Lemma 30, it satisfies (4) of that lemma and (68) follows. O

"Cl(j)(g(j)[Ai])’ > ICz(j)(g(j)[Ai])‘ > %‘/ng)(g(j)[/\i])‘- (69)

In the following fact, ﬂ(j_l)

represents an arbitrary regular (n/by,i,j — 1)-complex arising from an
application of Lemma 30 (i.e., the complex 'Ft(J

™ s “built from blocks” of the partition &2).

Fact 43. If1<j—-1<kandj <i</{ and A = {HMWY " is a ((62,+ -, 0j-1), (day ..., dj_1),7)-
reqular (n/by,4,j — 1)-complezx, then

j-1 . i
’ICEJ’”(’F{U—U)‘ SEETN a?,(lh) x (:) . (70)
1
h=2
In particular, for every 1 < j — 1 < k and every £9~Y € fl(] —1,b),

',Cu D (PU-D (30D '—H:n Hd ( )j. (71)
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Proof. Similarly as in the proof of Fact 42, by the choice of 7j and & = (dy, ..., 0r_1) and 7 (cf. (22) and (24)),

we infer that ﬂ(j_l) for 2 < j—1 <k —1 satisfies the assumptions of IHCj,_; ¢ and, consequently, (70) of
Fact 43 holds. O

Recall that G is a (9, d, r)-regular complex where by (é¢) and (74) of Lemma 30 (with ¢ = j)

J j
G = G, g = G and ‘g(j) \gu)‘ <& ] d}(lh) xnd for3<j<k. (72)
h=2

Since 0y, is significantly smaller than d;, 3 < j <k (cf. Figure 2), we infer the following fact by a standard
argument.
Fact 44. The (n, £, k)-complex G is (20,d,r)-regular.
Proof. By the choice of the constants in Section 4.4.1, we infer that G®? = G®@ (see Lemma 30 (ii)) and
hence G = G?) is (83, dy, 1)-regular w.r.t. G = G,

We now show that GU) is (20;,d;,r)-regular w.r.t. GU=D for each j > 3. Let j and Aj e ([j]) be fixed.
Let QU1 — {ngfl)}se[r] be a family of subhypergraphs of GU~1 [A;] € GU~V [A;] such that

U Ky (ng—l)) ’ > 24; ‘Icﬁ-j*l) (Q(j_l) [Aj]))-

s€lr]

From (67) and (69), we then infer

|J k6 (ng—n) ’ > §; ‘,ng—n (g(j—l) [Aj])‘ > 6;(1—n) ﬁ a{) . (73)
h=2

s€(r]

Since @Y1 is a family of subhypergraphs of GU—1) [A;] and since G [A;] is (8;, d;, r)-regular with respect
to GUTY [A;], we see

g0 0 U K9 (050) | = @24

s€[r]

On the other hand, (72) and (74) imply

J ey (e ) ‘ (74)

s€(r]

. , , . , NN ,
‘g(i) [A;]N U ]C;J—l) (an—l)) EAIHE) [A;] N U /Cj(? 1) (an—1)> ’ + 3, H d}(zh) % i
s€[r] s€lr] h=2
(74) j—1 j . () ;
=(d; £ 4;) | J kY (Q?_”) ‘ o [[ a3 = o
selr] h=2
i—1 i
= (d; +20;) | | IC§.J ) (ng 1)) ‘,
s€(r]
where the last equality uses (73) and 0xd; < 05(1 —n) for j > 3. O

6.2. Proof of Lemma 37. The proof of Lemma 37 will take place in stages. Setting HD = G and
H®?) = G® satisfies part (a) of Lemma 37. We prove part (b) of Lemma 37 in Section 6.2.1 and part (¢) in
Section 6.2.3.

6.2.1. Proof of Property (b) of Lemma 37. We prove part (b) by induction on j.

Induction Start. Recall that we set H?) = G . Consequently, the symmetric difference considered in
part (b2) of Lemma 37 is empty. Hence, (b2) holds trivially for j = 2 and it is left to verify (b1). To that
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end, let Y = (A1, \2), (B1,32)) € A(HW,1,b) = A(1,b) be fixed. From part (iv) of Lemma 30, we infer
d(g( )(37;(1))) = dy + L36,. From (ii) of Definition 29, we then infer

72 72
w < ‘I(ﬁ}(l))) < w
ds + 02 dy — 0o
As such, to verify (b1), we may show that the left-hand side of the last inequality is bigger than daby — 1

and the right-hand side is less than dsbs + 1. Consequently, it suffices to verify

(dQ + 52)(d2b2 — 1) < dy — ii(SQ and do + ii&g < (dgbg + 1)(6[2 — 52) . (75)

The proofs of both inequalities are similar and we only present the details for the first one here.
We consider the left-hand side of the first inequality in (75) and see

(da + 62)(daby — 1) < dadabs — dy + dadabs < do(1 + b3/ds) — dy + d2by < do + b3/dy — dg + 02by . (76)

where we use (i) of Definition 29 for the last inequality. Again, from (i) of Definition 29 and dy > 0q, we
know by < 2/ dy. Therefore, using 6y << do gives the following bound for the right-hand side of (76)

d2+(§2/d276i2+(§2b2<d27(i2+3(§2/622<d27622+ 52. (77)

Summarizing (76) and (77), the first inequality of (75) follows from the choice of constants dy 3> d9 3> L2,
(see Figure 2), by

(d~2 + SQ)(deQ — 1) < dy — JQ + 52 < dy — Ei(sg .
Induction Step. Assume that for' 2 < j < k, part (b) of Lemma 37 holds for j — 1 with inductively
defined complex HU™Y = {HMY L. We construct the sets I(& =0y gUu-b ¢ A(HU=Y 5 —1,b),
and hypergraph HU) satisfying (b1) and (b2). We first define the following set of indices crucial for our

constructions. _ .
For a vector 2V~ € A (H(j_l),j -1, b)7 set

J(#9D) = {ﬁ € [b;]: PO (&0, 3)) C g(j)} , (78)
For #9~Y € A (H(j_l),j -1, b), observe
‘g(i) n ]Cglj_l)('p(jfl)(j}(j—l)))‘ - ¥ ‘p(j)((c;;(j—l)yﬁ))‘ , (79)
BeJ(@U-D)

Now we construct the sets (27 ™) for every #7~1 in A(HU=D, j —1,b).
. If’J 53(3—1))| > d;b;, then (&Y~ 1)) is defined by removing ’J a:(J 1) |—djbj arbitrary indices from
J(& (j—l))
o If |J(& - 1))| < djbj;, then I(& £~V is defined by adding d;b; — |J(& 0~ 1))| arbitrary indices of
B\ J(@97) to J(@Y7Y).
This defines the sets I(£771).

For upcoming considerations, we define the set BU~1 of addresses 7~V € A(HU~Y j —1,b) for which
|J(@U ") AT(@Y~Y)] is ‘too big’. More precisely, we define
BOD = {3070 € AMO,j~1,8): [J@T)A1@IV)] > Vo, | (80)

We prove the following claim in Section 6.2.2.
Claim 45. ‘B(ﬂ ) ’ < 2/5 TIZL (dnbi) ™) x ) .

We define hypergraph H) as

HU) = U {7)(])(( -1, a)): £0-1 ¢ AMHYUD j—1b) A e ](53(%1))}_ (81)
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We now prove Property (b) of Lemma 37, and to that end, we establish both parts (b1) and (b2). Note,
however, that with 7(2V~1), 2U~Y € A(HU-Y j —1,b), and HY constructed above, Property (b1) of
Lemma 37 follows immediately. Thus, it remains to prove Property (62).

Let j < i < ¢ be fixed and consider the set ICEj)(H(j))A ICEj)(_C';(j)). Clearly, for every i-tuple Iy €
ICz(j)('H(j))A Kz(j)(g(j)), there exists a j-tuple Jy € (IJ”) such that Jo € HWAGU. We note that one
possibility for Jo € HWAGY) is that J € K;jfl)(’H(j_l))A K§j71)(g~(j_1)). Since we have some control
over the cardinality of K§j_1)(H(j71))A /clg.j‘”(QU*l)) (by the induction assumption on (b1)), it is natural
to split the i-tuples Iy € Ing)(H(j))A ICEj)(Q(j)) into two parts, ﬁgj)(l) and ﬁgj)(Q), depending on whether
there is a Jy € (I;’) as described above. More precisely, we define

) ) ) N T . ) PN
&9 1) = {10 S (/CE”(H(J))A /c§J>(g<J>)): 3y € (j?) so that Jo € (;cy RGNy o ”(g<“>))}

and

872 = (KD H) KD GD)\ 87 0)
_ {Io & (K ALPG)): Vo € <§0> o ¢ (/c§j1>(H(J'—1>)A/c§j”(g“ﬂ"”))}.
Observe that we may rewrite Rl(.j )(2) as
A7(2) = {10 e (KDHD)AKD (GD)): vy € (go) Jo € (kYD (HU=) mxgj—1>(é<f1>))}. (82)

Indeed, for the equality (of sets) in (82), the inclusion ‘D’ is obvious. The opposite inclusion ‘C’ follows
from the fact that IC(J)(H NA IC(”(g(ﬁ) C /C (H ) U ngj)(C;(j)) and, consequently, for every considered
Iy and Jy € (j?’), we have Jy € ICj] D(HU-D)u ICJ(»j Y(GU=1). The ‘C’ inclusion then follows. Note that
from (82), we infer
ﬁgj)(2) C K:(J'*l)(H(j—l)) K:(jfl)(g(j—l)) (83)
We now consider a subdivision of ﬁgj )( 2). From (82), we infer that all Iy € R(J )( 2) only ‘touch’ polyads
PU-D(20-D) with 29D € A(HU-D,j — 1,b). Let 87)(2,1) be the set of all I € £7)(2) which ‘touch’
a bad polyad PU=1(£9~Y) (bad in the sense of Claim 45) with £V~1 ¢ BU-1 C A(HU-D j —1,b).
Formally, set

ﬁgj)(Q,l) = {Io € ﬁgj)(Q): 3 Jy € (I9> and 291 e BUVso that Jy € ICg»j_l)(P(jl)(;%(j_l)))}.
J

The remaining Iy € ﬁgj )(2) \Rz(.j )(2, 1) ‘touch’ only good polyads. However, as observed earlier, for every
such Iy, there exists a Jy € (IJO) such that Jy € HW A GUW. Recall that the union of the sets J(& (J 1)) with
20D ¢ A(HU=D j —1,b) represents G N K5 G=1) (HG=D) (cf. (78)) and similarly the union of I(£Y~1)
represents H) (cf. (81)). Consequently, J (&Y~ 1 NAI(#97Y) represents the difference of G and H@) on
the underlying polyad having address 1. Hence, we infer that for every Iy € ﬁ( 4)( )\ﬁ(j ) (2,1), there exist
aJoe (), 8V e AU, j—1,6)\BUV and a € J(@Y)AT(@Y™V) s0 that Jo € P (Y71, a)).
We therefore set

00,2 = {ne s 3ae (1), 8970 € A - 1o\ B9
and a € J(@Y"NAT(2Y7Y) so that JOEP(J)((Q(jl),a))}.

Note that 87 (2,1) and 8Y)(2,2) are not necessarily disjoint. However, 87 (2) = &7 (2,1) U &%) (2,2) and
therefore ' _ _ _ _
KD (1) A KD (G)] < (87 ()] + |89 2,1)] + |87 2. 1)) (84)
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In what follows, we derive an upper bound for each term of the right-hand side of (84) which all combined
yield part (2) of Lemma 37.

Bounding |R§j )(1)|. The upper bound on \Rl(.j )(1)| follows from the induction assumption on part (b) of
Lemma 37. First, observe that

&7 (1) c kY (RO A KD (GUY) (85)

Indeed, if Iy € ﬁl(-j)(l), then (immediately) Iy € ICZQ)(’H(J))AIC ”(g )). Assume, without loss of generality,
that Iy € /CEJ)(HU)) \ICEJ)(Q(j)) (the other case is symmetric). Since, ICZ-j)(H(J)) C ICEJ 2 (H(] D) we have
Iy e K¢V (HU=D). (86)

On the other hand, due to the definition of ﬁz(-j )(1), for each such Iy there exists Jy € (170) satisfying
€ K§j_1)(H(j71))AK§j_1)(g(j’1)). From (86), we also have Jy € ICj(-j_l)('H(j*l)) and hence Jy &
K§j71)(g(j_1)). Consequently, Iy ¢ lCEjfl)(QN(j_l)) and thus Iy € ICZ(jfl)(H(j_l))A ICl(jfl)(QN(j_l)) which

yields (85).
Now the induction assumption on (b2), with j replaced by j — 1, gives the following:

-1,
W] < ey o) <ot (T )< o (T140) o o)
h=2

where the last inequality follows from the choice of constants summarized in Figure 2 ensuring d; 1/3 IR
1/3 4(;)

6;'7d"

Bounding |8)(2,1)|. By Property (b1), there are (f:g)(H%;;(dhbh)(i)_(i,))bi_j different ways to com-

plete any given PU—1 (20 ~Y) with 2V~1 € A(HU-D j—-1,b) toa ((02,...,6;-1), (da, . .. ,dj_1), 7)-regular

(n/by,i,j — 1)-subcomplex mUTY = {HMY Y of HU=. Then, (70) of Fact 43 yields that for each such

HG-D),
1) it A= n\' P n'
KD (RO < (4 4) <h]:[2d£)> <b1> 32(;:[26[’(1)) (bl> '

Using (83) and Claim 45 (for the second inequality below), we therefore see

j 560 (O (TT s @0 ) 57 w2 (TT0) ()
&9 (2,1)| < |B¢ )‘x(i_j) (hl—[?(dhbh)() ()>b1 ><2<hl:[2dh )(m)

< 4(5_5)@ CHQ dnb) ) <Hd " ) (f:3>ﬁ (ﬁ(dhbhdh)(i)> n,

J h=2

and so, by (31) and the choice of §; <« d;, we have the upper bound

[89(2,1)| < 4(5 j)u G, (ﬁ d,@) ni < éa;/?’ (ﬁ d,@) ni. (88)
h=2 h=2

Bounding |ﬁ(j)(2 2)|. First, let V7Y € A(HU-D j—1 b)\é(j D and a € J(@Y")A I(2YY) be fixed
and consider the (n/by, 7, j)-complex implicitly given by PU) (& =1, @)). By Property (b1), there are

(1) J<ﬁ<dhbh><z><z>) b7 7O (1) [T

t=J h=2 h=2

ways to complete any PU) ((a‘:(j_l),oz)) to a ((32,-..,0;), (d,...,d;),7)-regular (n/b1,i, j)-complex AP —

{HM}] _| in such a way that {H™}/_] is a subcomplex of HUD,
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Then (70) of Fact 43 yields

3) (170 ~ ! +(r) n\’
e 0| < v TL4, < (1)

for every such H). Now, summing over all choices VY A(H(jfl),j -1,b) \B(j’l) C A(H(j’l),j —-1,b)
and o € J(2Y~ 1))AI( =1 gives

e e L EE e
“() €=\ s J i\_(J } i
O (s ) - won (f) ()

o1 = () (T ®) 2.

h=2

(89)

By Property (b1),

Also note that for each £~ ¢ BU-1), ’J(aﬁ(jfl))A 20D ‘ \/0;d;b;. Consequently, the right-hand
side of (89) is less than

a0 (5) (ﬁ ‘Jf) V(1 +7) (ﬁ(dhbhcm(i)) n

J J h=2

Now, using (31), the choice of 77 and §; < d; yields

(22‘ %j (Hdh)i (90)

Finally, (84) combined with (87), (88), and (90) yields part (b2) of Lemma 37. In order to complete the
proof of part (b) of Lemma 37 we still have to verify Claim 45.

6.2.2. Proof of Claim 45. The proof is rather straightforward in the genre of hypergraph regularity. We first
split the set BU—1) into two parts Bf_l) and BY™Y as follows:

BYY = {a070 e AU, 1,0): |39 > (14 /) dib; }

AH(i—1) j—1 n i—1 j—1 (91)

BUY = {3070 e AUV G- 1,): [7(@070)| < (1= /) dibs )
We prove the following claim which in view of Fact 44 is a slightly stronger statement than Claim 45.
Claim 45’. If for some x € {+,—},

’By_l)‘ >\/0; (H(dhbh)(i)> by,
h=2
then GY) is not (20;,d;,7)-regular w.r.t. Gu-u,
Proof. We prove the case * = — only with the other case very similar. We assume there exists an ordered
set Aj € ([e]) such that
_ 5 [ j ;
)| = {4)7 (H(dhbw(h) v (92)
J h=2

where B(j*l)[Aj] is the set of 8971 = (&,...,&;_1) € BY™Y such that & = A;.
We show that (92) implies that G is irregular. Note that the polyad addresses #U7Y in B(f_l)[Aj]

considered in (92) correspond to subhypergraphs of HU=1 and not necessarily to subhypergraphs of GU—1).
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The set [V~ [A;] which we define below is the subset of those polyad addresses of BY G- 1)[Aj] which corre-
spond to subhypergraphs of G 70=1) as well. Only those addresses are useful to verify Claim 45’'. We therefore
set

POV = BOTV AN A(GYY, 5~ 1,b) (93)
and

QU—U:{ﬁ(rn(@(j—n) £0-1 ¢ pU-D [y ]} {Q(J - ,Agj—n}

where t = |f(_j_1) [A;]]- In what follows, we show

U {2 et () o

s€E[t]

and '
4 (690" ™) <d; 25, (95)
From (29), we see that r > |A(] —1,b)| > t. Therefore, establishing (94) and (95) proves Claim 45'.
We first verify (94). Observe that due to the definition of f‘(_j_l)[Aj] in (93),

BUTVANTUTV A € AHOD, 5 - 1.8)\A(GYV.5 - 1.0)
CAMHYU=D j —1,b)AA(GYUV, 5 —1,b)
and since 22U~ respects HU 1) (cf. part (b1)) and 2U~Y respects GU— (cf. Setup 36),
U{ KD (PU-D(g0D)): 207D e A(HU=D j—1,b)A A(GED, j — 17b)}
= K7V (D) AR (GIY). (97)
Combining (96) and (97) with the induction hypothesis on (b2) for j — 1 yields

‘ U {}Céj_l) (ﬁ(]’*l)(:&(j—l))) c20-D ¢ B(_j_l)[Aj] \f‘(—j_l)[AﬂH
) . . . Uil
< [PV (D) APV (GU )| < 0} (H d,g")> nd
h=2

Consequently, we have

U {,C](j—n QU= }‘ ‘U{’CU V(U1 (20-)). :;;(j—nef(_j—l)[/\j]}‘

sE(t]
> Z{’]Cy—l)(’]ﬁ(j*l)(ﬁj(j—l)))’: :%(j—l) c B(] 1)[ } 1/3 <H d )

Applying (71) of Fact 43 to each term in the sum above yields the further lower bound

‘B(_j_l)[/\ﬂ‘(l—ﬁ) (ﬁd}ﬁi)) <:1> 5112 (Hd )

Finally, from our assumption (92) and inequality (31), we infer

0 ) o () )

sSEt]

; <<§>_1( )(1 = v)\/6; - 51/3> (ﬁ dff')> nl > 63/ (ﬁ d,(f)) n

where the last inequality follows from the choice of 7, v, and d; >> §;_1. Now, (94) follows from (98)
combined with (68) of Fact 42 for j — 1 and ¢ = j.

(98)
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It is left to verify (95). First, observe that from the definition of Q(j_l)

‘gm "

elt]

and (79), we have
K00(Q4)| = L {[60) kD (o0 ) s U e 1Yl )

_ZZ{‘P(]) ~(—1) ﬁ))‘ 30— ¢ pU- 1)[ A;], Be (@ (5— 1))}.

Recall that by Definition 29, part (ii), every P(J)((i(jfl),ﬁ)) is (0;,dj,7)-regular w.r.t. PG (FU-D),
20V ¢ f‘(,jfl)[[\j] and g € J(#Y~Y). Consequently, from (71) of Fact 43, we note

‘P(j)((i(jq)’ﬁ))‘ < (jj + Sj) (1+7) (ﬁ J,%)) (ZZ)J

for every #97Y and 3 considered in (99). Consequently, we may bound (99) using that for every #07Y ¢

PUDIA] € BYTY 7@V D) < (1= /8;)d;b; (cf. (91)) as

) B B J
Z—1>[Aj]’ x (1= /85) dyy (5 +3;) (1+7) (Hd ) ( > . (100)
On the other hand, we infer again from (71) of Fact 43 that

U IC§j—1)(ng1))‘ _ Z {’,ng—l)(ﬁ(jfl)(i(j—l)))’: #0-1 ¢ fx(_j—l)[Aj]}

sE(t]
T (Traw) (Y
[Ag]] x (1= 7) (hlldh )(bl) . (101)
Comparing (100) and (101) yields

( J)|Q(] 1) dj(l—\/@) (bjldi;bjéj) (1+17)

(99)

From (31) and 7) << 0; (observe j > 2 here), we infer
iy a(i—1 ~
a (6910 ™) <d; (1-8%) (14 v+ 56, . (102)

Finally, we observe that by Definition 29 (i) and d; > d; we have b; < 2/d;. Therefore, (95) follows
from (102) and the choice of constants §; >> v >> d; >> ¢;. This completes the proof of Claim 45'. O

6.2.3. Proof of Property (c) of Lemma 37. In this section, we define the promised hypergraph H® and
confirm the Properties (c1) and (¢2). We first observe that the hypergraph G*) ‘almost’ satisfies the prop-
erties of the promised H*). In particular, due to Lemma 30 (), the hypergraph G(*) is (Sk, 7)-regular w.r.t.
every polyad P*-1 (2%~ for #*~1 ¢ A(k — 1,b). However, the relative density d(g(k)|75(k71)(:f:(k_1)))
of G¥) w.r.t. 75(’“*1)(3“8(1"_1)) may be ‘wrong’ (that is, differing substantially from dj) for some 21 ¢
A(H(}“’l), k —1,b). We intend to replace G™ on those polyads. To that end, define

B-1 — {oz““*” € A(H*Y k—1,b): ‘d ( N (53(’“’1))) - dk‘ > \/ﬁ}

is small.

Similarly as in Section 6.2.1 (cf. Claim 45), we claim ’B(’“’l)

Claim 46. ‘BUH)( < 2R TIE2L (dnbn) ) 5 b

The proof of Claim 46 follows the lines of the proof of Claim 45. Observe that in the proof of Claim 45, we
used the Counting Lemma for (j — 1)-uniform hypergraphs (cf. (71) of Fact 43). In a proof of Claim 46, we
would do the same with j — 1=k — 1.
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We prepare to define H¥). To that end, we first define auxiliary hypergraphs S*) (ﬁc(k_l)) for #F1 ¢
A(H(j i1, b). While our work below is straightforward, we do need to distinguish two cases depending
on whether 251 € B*=1 or 2=D ¢ A(HUG-D j—1,b)\ BE-D,

Case 1 (2" € A(H®D k—1,b)\ B*~1). We set
S0 (&(-D) = GO [ =D (Pl (g*-1))) (103)
Case 2 (2*~1 ¢ B(*=1), Observe that
1) _ bi)k
(=D (Pk=1) (kD) (n/b1
‘ k (P (:L' ))‘ > ln(n/bl)
by (71) of Fact 43. Therefore, we may apply the Slicing Lemma, Lemma 31, with m = n/by, p=dg, 0 =1,
0 = 6x/3 and rg;, = 7, and conclude that for every #*~Y ¢ BE-1) there exists a hypergraph
S(k)( (k— 1)) C IC(k 1) (P(k: 1)( (k—l))) (104)

which is (8, dy,, 7)-regular w.r.t. PE=1(zH 1)y,
We now define the promised hypergraph H®*) as

H® = [ J{s®@*D): ¢ e AMED, k-1,6)}. (105)

With H®*) defined above, we claim that property (cI) of Lemma 37 is immediately satisfied. Indeed,
Property (c1) is clearly satisfied whenever #*~1 ¢ B*=1)_ On the other hand, by Property () of Lemma 30,
for any £~V € A (H(k Dk — l,b) G is (5k, 7)-regular with respect to P(k b ( (k= 1)). Moreover, by
the definition of B*~1 above and H®) in (105), for every *~Y ¢ A(H*+=D k —1,b)\ B¢,

d (Hw)’ﬁ(kfl)(i.(k—l))) —d (5 A(kfn@(k—l))) —d (g A(k—n@(k—l))) = dy + /0y

Thus, property (c1) is satisfied with H*) as defined above. The remainder of this section is therefore devoted
to the proof of property (¢2) for H®*).
The proof of property (¢2) is similar (but somewhat simpler) than the proof of (2). Here, we partition

the {-tuples L € Kék)(H(k))A /Cgk)(g(k)) into

AP ) = {Lo e (/cg’“>(H<k>)A K§k>(é<k>)): 3K, € (Lk0> st. Ko € (K,gk’l)(H(’“‘l))A /c,g’“”(gN(k—l)))}
89@) = (K )8 KOG\ /9 0) -

{L c (,C(k)(H )AK(k)(g(k))): VK, € (Lko> Ko € (]C](Ck—l)(H(kfl)) mlc}(j’—l)(g(kl)))}.

The last equality follows from an argument similar to the one given after (82).

Let Lo be in &) (2). Observe that Ly € K* "V (HE=D) 0 FD(GED) (ie., every Ko € (4 ) ‘touches’
polyads PE-1 (2% 1) with &+~ € A(H*D k —1,b) only) and Ly € KM (HE)A icy“)(g )). Recall
H®*) and G*) only differ on ‘bad’ polyads (see the construction of H*) in (104)-(105)). Consequently, there
exists Ko € (%) that ‘touches’ some ‘bad’ polyad P*#~D (%) with £#~) € B*~1. Summarizing the
above, we observe

5 L
ﬁék)(Q) = {LO c (lcék)(H(k))A /Cék)(g(k))) . 3K, € < ko) and

(106)
2%~ ¢ B*D g0 that K, € K,(Ck_l)(ﬁ(kl)(i(k_l)))} :
By definition, ﬁék)(l) U ﬁgk)(2) is a partition of ICEk) (HEN)A K§k)(é(k>) and so we have
k k) (5 k k
[ (1) 2 K (G9) | = [/ )] + |8 2)]. (107)

We now bound |ﬁgk)(1)’ and |J§E,k)(2)| to obtain part (¢) of Lemma 37.
40



Bounding |R§k)(1)\. The upper bound again easily follows from (b2) of Lemma 37 for j =k — 1 and ¢ = ¢.
Indeed, observe ﬁf) (1) C ICék_l) (HE=D)A ICyC_l) (g~<’H>) holds by the same argument presented after (85).

We therefore see
k
1 14
&P )] < o1/ (H i/ ) nt < okl (H dgh>) nt, (108)

where the last inequality follows from 5k <« 51/ dy, as given in Figure 2.

Bounding |R(k)( 2)|. As a consequence of (b1) for 2 < j < k and 2"V € B*1 we infer there are
Hh Q(dhbh)(h) (1) x befk ways to complete ﬁ(kfl)(:ﬁ(k_l)) to a ((527...,5k,1), (czg,...,cik,l),F)—regular
(n/b1, £,k — 1)-subcomplex AN = {HM}=1 of H* =1 Note that (70) of Fact 43 applied with i = ¢

and j = k yields
o n\* k—1 ) n\?
D) < (1) Hd (1> <2([[d" (bl)
h=2

for each such H*~1. Since this holds for every 2D ¢ B*=1 the last inequality combined with (106)
and Claim 46 yields

1 k-1 : - k—1 () (n ¢
) < [0 (T @ )2 (TLE) (1)

- k-1,
< 4\/5, (H dbrdy)( ) nt'< 4\F 14+v (H dfﬁ) n'
h=2 h=2

and so by the choice of §; <« dj we have

Lass (17 40
‘ﬁ,(f)@)‘ < 55;/3 (H " ) nt. (110)
h=2

Combining (107) with (108) and (110) yields part (¢2) of Lemma 37.

(109)

6.3. Proof of Lemma 38. Lemma 38 follows from a simple and straightforward application of the Slicing
Lemma, Lemma 31. Recall Setup 36 and that H = {7‘[(h)}ﬁ:1 is the (n, ¢, k)-complex given by Lemma 37.

Proof of Lemma 38. Recall that by part (¢) of Lemma 37, for every 2 ¢ A(’H(’“l), k—1,b), the (n, ¢, k)-
cylinder
HE (gHF=1y = H*) ﬂlC,(Ckil)(ﬁ(k_l)(i(kfl))) is (0g, (@), 7)-regular (111)

w.rt. PED (@R where d(2*F V) = dy + 0k
Construction of H_. For £~ Y ¢ A(H(kfl),k — 1,b), apply the Slicing Lemma, Lemma 31, with
o=d@"* V), p=(dp — Vr)/0, § = b and rgp, = 7 to H® (&%) to obtain a (30, dy — /3, 7)-regular
hypergraph S(k)( (k= 1))

Note that the assumptions of the Slicing Lemma are satisfied. This is due to the fact that the fam-
ily of partitions 2 is an almost perfect (8,d, 7, b)-family and, consequently, the polyad 75(’“_1)(37:(’“71)) is
((52, o 0ke1)s (day . di—), 7)-regular. Hence, by (71) of Fact 43 (Wlth i=k),

for every 271 € A(H*+D k —1,b).
We then set
HE = J{sW (@*1): a4 e A k- 1,)}.

Obviously, H™ has the desired properties () and (1) by construction.
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Construction of H. The construction of Hf) is similar and follows by an application of the Slicing
Lemma to the complement of H*). More precisely, for every &~ € A(H(k’l), k—1,b), set ﬂ(k)(:f:(k_l)) =
K,gk_l) (ﬁ(i(k_l)))\H(k). Note that, due to (111), " (@&* V) is (g, 1—d(2* ), 7)-regular. Consequently,
we can apply the Slicing Lemma to ﬂ(k)(:ﬁ(kfl)) with ¢ = 1 — d(&*~ 1)) p=(1—-dp— \ﬁ)/g, 5 = o
and rgr, = 7 to obtain a (3&, 1 — di, — /O, 7)-regular hypergraph g(f)( ~1). We then set S ( (k=1)) =
K,(Ckfl)(ﬁ( )) \ S ( k=1 Clearly, S k)( (k=1)) i (35k,dk + /0, 7)-regular and SJr @*Yy o
H®) (2#~D). Finally, we define 'H+) to be the union of all S ( (k=1 constructed that way.

Construction of F. The construction of F*) is more involved owing to the requirement ch) c Fh) C
HP.

Let H* and H(k) be given as constructed above and for * € {+,—} and 2%~ € A(H*=Y k—1,b), let
Hﬁk)(.’i(k Dy = H(k OIC(k 2 (P(k D (g 1))). Due to (81) and (32), Hgk)(zfc(kfl)) is (305, d, 7)-regular
where d;, = dj, — /0, and d; = dj, + /8. Moreover, Hf) @*1y o H™ (#*~Y) and, consequently,
Hf)(ﬁz(k_l)) \ H* (&%) is (6d),2/0%,7)-regular. We now apply the Slicing lemma to Hf)(:ﬁ(k_l)) \
H(k)(“(k_l)) With 0 =20 p=0r/o=1/2, 6 = 66, and rg, = 7 to obtain a (180, /8, 7)-regular
hypergraph S ( k=1 Now define F®(&*1) to be the disjoint union ch)(:?:(kfl)) U S;k)(:?:(kfl)).
Clearly, H(k)( ph—1) c 7k (gD Hf)(cﬁ(k_l)). Moreover, it is straightforward to verify that F*) is
(216, d,, 7)-regular w.r.t. PE=D(2*~Y) and, consequently,

Flk) — U {f(k) (:%(k-—l)) . pk=1) c A(H(kfl)’ E—1, b)} ,

has the desired properties. O

7. PROOF OF THE UNION LEMMA

7.1. Union of regular hypergraphs. Below we present some useful facts regarding regularity properties
of the union of regular (m, j, j)-cylinders. We distinguish two cases depending whether the (m, j, j)-cylinders
in question have the same underlying polyad or not.

The first proposition says that we may unite disjoint regular (m, j, j)-cylinders of the same density which
share the same underlying (m, j,j — 1)-cylinder without spoiling the regularity too much.

Proposition 47. Let j > 2, t and m be fized positive integers, let & and d be positive reals and let
Pfj), e ,Pt(]) be a family of pairwise edge disjoint (m, j, j)-cylinders with the same underlying (m,j,j —1)-
cylinder PU=Y_ If for every s € [t], the hypergraph PY) s (8, d,1)-regular with respect to PU=1) then
PU) = Use[t] PY) s (0, td, 1)-regular with respect to pU-1,

The proof of Proposition 47 is straightfoward and short and we therefore omit it. The next proposition

gives us control when we unite hypergraphs having different underlying polyads. Before we make this precise,
we define the setup for our proposition.

Setup 48. Let j > 3, t and m be fized positive integers and let § and d be positive reals. Let {’P(J 2 }
be a family of (m,j,j — 1)-cylinders such that

/c§j‘1)< U 75§j1>> — JKOPIY)  and
selt] selt] (112)
KIDPEN PP =2 for1<s<s <t.

s€E(t]

From (112), Uy K= (755971)) is a partition of the j-cliques of U ¢, PYUD | Let {ng)}

J s€(t]
of (m, j,j)-cylinders such that PYIY underties P for any s € [t]. Set PU-D = Use[t} U gnd PU) =

Use[t] PS(])

be a family
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Proposition 49. Let {Ps(j)}se[ and {775] 1)} selt] satisfy Setup 48. IfP(J) (6,d, 1)-regular w.r.t. P~
for every s € [t], then PU) is (2\[, d, 1)-regular w.r.t. PU=1,
Proof. Let QU= C PU-1 be such that

K7 (@) > ﬁ!/ﬁ“‘”(?“ﬂ"”ﬂ : (113)
For every s € [t], set OV~ = U1 A PYY  Since Useg K
Use[t] 73(] 1 , USe j ”(ng 1)) is a partition of the j- chques of QU—1) = Use[t] ng_l). As such,

Z ‘K:;jfl)(g‘(sj—l))‘ _ ‘Kﬁjfl)(é(j—l))‘ _ (114)

sSEt]

B )( A§j*1)) is a partition of the j-cliques of

Define 4
T:{se[t]: ‘Ing_l) QU—1) ‘>5'/C(J D (pl- 1))’}

Observe that

, o . L (113
5 [k (@u-0)| < [k (pu=n)| "L Vi [k (@uh)|. (115)
s¢T
Consequently (113), (114) and (115) give
> [y 2 [k QU — s kT PO 2 (1= VE) [T ae)

If s € T, then the (4, d, 1)-regularity of P(j) w.r.t. 75(j71) implies
PG AKID (U1 \ = (d+4) ‘/c =1 Qgﬂ’*))‘ .

Consequently,
PO A ,Cy—l)(gufl))‘ -3 ’p(j) n ,C§j—1>(QAgj71>)‘
s€(t]
:Z‘pg)mcj(j—l)( oY) ‘+Z‘pu NP (U= 1)’
seT
— (d=+0) Y KV (V) ‘+Z(P§J>mc]ﬂ*1 (QU1)|.
seT s¢gT
We then see

(@d-5)Y ‘Ky*l)(égj—l))‘ < "p(j) mcyfl)(gu—l))‘ < (d+9) ‘,Cﬁ_jfl)(Q(j—l))‘JrZ ’,Cg_a‘fl)(ggj—l))‘_
seT s¢T

In view of (115) and (116), we infer
(d—0)(1—V6) <d(PPQU-) <d+5+ V6
from which Proposition 49 follows. 0

7.2. Proof of Lemma 40. Before proving Lemma 40, we recall some notation. For % € {+,—}, let
H, = {H(j)}f;ll UHP = {H(j)}k 1 be given by Lemma 38. It follows that for each j = 2,...,k — 1,
the set A(H(Jfl),j 1,b) of polyad addresses with P(#Y~1) C HU-D satisfies that for each £V~ €
A(Hij Vi1 ,b), there is an index set I(#Y 1) C [b;] of size d;b; such that

'Hij) n ,C§J—1)(p(afl (53(1—1))) — U p(j)((@(j—l)’a)) _
acI(20-1)
Moreover, d(H. (@*7)) = d;, where df is defined in (36). Recall that for A; = (Ar,..., ;) €
(ViJ)<, we denote by H&J)[Aj] the subhypergraph of HY induced on Va, U---UVy,.

J
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Due to Lemma 37, we know that for j = 2,... k—1, for every Y1 € A(HU=D, j—1,b), the set I(2V )
satisfies |I(2V~1)| = d;b;; moreover, for every a € I(@&Y~Y), the (n/by, ], j)-cylinder PU) (& A @)) is
(5, d, 7)-regular w.r.t. 75(3'71)(37;(]'_1)). Inductively on j, we aim to show that H&j)[Aj], which is the union of
all PO(071 ), with 89~V = (&0, 21,...,8;_1), #0 = A; and o € I(2Y V), is regular w.r.t. HYV[A]].
Proof of Lemma 40. We only prove the statement about H, here. The proof for F is identical. Consider
the following statement:

(S;) HAj=(M,...,0) € ([ji])< then H[A;] is a ((¢/,...,€),(ds,....d}),1)-regular (n,j, j)-complex.
Lemma 40 then follows from (S%).

We prove statement (S;) by induction on j. Suppose j = 2 and let Ay € ([gl)< be given. By (a) of
Lemma 37, we have G® = H® = 1 Consequently, H*” [A2] is (02,d2,1)-regular w.r.t. Hil)[Ag] and
(S2) follows from dy <« &’ (cf. Figure 2).

We now proceed to the induction step. Assume 3 < j < k and (S;_1) holds. Let A; = (A1,...,\;) € ([f])<

be arbitrary but fixed. The proof of (S;) consists of three steps and we begin with the easiest.

Step 1. Let X(A;) C A(HS Doj—1, b) be the set of all polyad addresses 291 = (&, &1,..., &;_1) with
Zo = A;. In Step 2, we consider

HI (@U~) = HD A ey (U (30D (117)
for every U1 € X(A;). To that end, fix a 207D ¢ X (A;). This (and only this) step splits into two cases,

depending on whether j = k or not.
Case 1 (3 < j < k). We apply Proposition 47 to

PU-D(EUDY  and {’p(ﬂ (@Y, 0)): ael(@9™ 1>)}
with § = &, d = d; (since j < k), and t = |I(2 (G=1)y )| =d;b; = = djb;. Consequently, for every &V e X(A)),
H&ﬂ)(@(]—l)): U p(a)(( (43— 1) )) zHSf) ,C(J 1)(73(3 1( (43— 1)))

acl(#G—1)

s ((d;bj)gj, (d*b-)d}, 1)-regular w.r.t. PU-D(2YV). Since b;jd; < 20;/d; << v and from (31), each such
ng)(a“:(jfl)) (2v, s, 1)-regular w.r.t. ﬁ(j_l)(ﬁ;(jfl)).
Case 2 (j = k). Here, we infer from () of Lemma 38 that HH (A(kfl)) HP IC,(ffl) (75(’“_1)(:%(1671)))
is (30, df, 1)-regular with respect to PE-D(z*R=1) Hence, HF ( =1y is also (2v,dj, 1)-regular w.r.t.
Pl=1) (=1,

Summarizing the two cases, we infer that for every V=" € X(A;), the (n/by, j, j)-cylinder H(J)( A
as given in (117), i

(2v,d;,1)-regular w.r.t. PU~Y (& -1y, (118)

) J?
Step 2. In this step, we apply the induction assumption (S;_1). For every ¢ € [j], set
Aj (L) = ()\1, .. -a)‘L—la/\L—i-lv .. .,Aj) .
We apply (Sj—1) to the (n,j,j — 1)-complex ’Hij_l)[/\ ()] for every ¢ € [j]. As a result, we infer that

HGDN] = | MG { U H™A } -

L€[) L€[5] h=1

isan ((¢/,...,€),(d5,..., d;_1), 1)-regular (n, j,j — 1)-complex.

Step 3. Finally, as the last step, we show that the disjoint union
U #P@) =1V
#U-DecX(Ay)
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is (5',d;,1)—regu1ar w.r.t. H&j_l)[/\j] (see (117)). Recall that Hﬁj)(fc(j‘”) is (2v,dj,1)-regular w.r.t.

ﬁ(jfl)(i(j_l)) for each &V~ ¢ X(Aj), as shown in Step 1 (cf. (118)). A moment of thought yields that
BGi—1)(a—1

{p(a D (g0 ))}@H*UEX(AJ-) :

with 6 = 2v, d = d}, and t = |X(Aj)| for the families

{ﬁ(jfl)@(j—l))}

Therefore, it follows from Proposition 49 that H [Aj] = Ui(j—l)EX(Aj) Hg)(i‘(j_l)) is (2v2v,d}, 1)-regular
w.r.t. Uq*,(j—l)ej((A].) PU-D(z0-1) = ’H&j_l)[Aj]. Then (5;) follows from 2v2v < ¢’ (cf. Figure 2). O

satisfies (112). Consequently, the assumptions of Proposition 49 are satisfied

and {Hij)(:f:(j_l))} .

0-VeX(A)) 86-DeX(A)

8. CONCLUDING REMARKS

In the course of writing this paper, the authors realized that the methods used here, combined with the
result of [40], yields a hypergraph regularity lemma that would be simpler to state and likely more convenient
to use. For 3-uniform hypergraphs, such a result immediately follows from Theorem 34 and the RS-Lemma
with k& = 3 (equivalently, the FR-Lemma).

Theorem 50. For every positive real v and a positive real-valued function €(Ds), there exist integers Ls
and ng such that for any 3-uniform hypergraph H®) on n > ns vertices there exists a 3-uniform hyper-
graph F®) and a (V,E(dg), da, 1)-equitable family of partitions # = # (2, a, ) = {#Y, %3} such that

(i) for every @ € A(2,a)

3
((H@)Af(?’)) nky (7%(2)(@@)))‘ < vd} (:1) : (119)
(i) all but at most vn® edges of K belong to some polyad R (@) where F®) is (e(dy), 1)-regular
w.r.t. R (&P, and
(4ii) rank Z < Ls.

We omit the techincal details of the proof of Theorem 50 (a proof based Theorem 34 and the RS-Lemma
with k = 3 is given in [42, Chapter 10]).

There is an important single difference between Theorem 50 and the FR-Lemma (or, equivalently, RS-
Lemma with k = 3); Theorem 50 provides an environment sufficient for a direct application of the Dense
Counting Lemma, Theorem 16. Indeed, unlike the the output of the FR-Lemma where one has constants d3,
da, d2(d2) and 7, so that d3 > da > d2(dz), 1/r, Theorem 50 admits sufficiently small £(dy) with e(dy) < do
and no formulation of r such that both the 3-uniform hypergraph F) and the graphs from the underlying
partition 2(?) are £(dy)-regular.

The only cost of the cleaner environment Theorem 50 renders is that our original input hypergraph H®)
is slightly (albeit negligibly) altered to the output hypergraph F@).

In [36] we prove a generalization of Theorem 50 to k-uniform hypergraphs. The proof of that generalization
is more technical and requires a restructuring of the arguments from [40] and this paper.

REFERENCES

[y

. A. Balog and E. Szemerédi, A statistical theorem of set addition, Combinatorica 14 (1994), no. 3, 263-268. MR 95m:11019
. F. R. K. Chung, Regularity lemmas for hypergraphs and quasi-randomness, Random Structures Algorithms 2 (1991), no. 2,
241-252. MR 92d:05117

3. F. R. K. Chung and R. L. Graham, Quasi-random hypergraphs, Random Structures Algorithms 1 (1990), no. 1, 105-124.
MR 91h:05089

, Quasi-random set systems, J. Amer. Math. Soc. 4 (1991), no. 1, 151-196. MR 91m:05138

5. A. Czygrinow and V. Rodl, An algorithmic regularity lemma for hypergraphs, SIAM J. Comput. 30 (2000), no. 4, 1041-1066
(electronic). MR 2001j:05088

6. Y. Dementieva, P. E. Haxell, B. Nagle, and V. R6dl, On characterizing hypergraph regularity, Random Structures Algorithms
21 (2002), no. 3-4, 293-335, Random structures and algorithms (Poznan, 2001). MR 1 945 372

7. P. Erdés, P. Frankl, and V. Rodl, The asymptotic number of graphs mot containing a fized subgraph and a problem for

hypergraphs having no exponent, Graphs Combin. 2 (1986), no. 2, 113-121. MR 89b:05102

45

[\




8.

13.
14.
15.
16.
17.
18.

19.

20.
21.

22.

23.

24.

25.

26.
27.

28.
29.
30.
31.

32.

33.

34.

35.
36.
37.
38.
39.
40.

41.
42.
43.
44.

45.
46.

P. Erdés, D. J. Kleitman, and B. L. Rothschild, Asymptotic enumeration of K, -free graphs, Colloquio Internazionale sulle
Teorie Combinatorie (Rome, 1973), Tomo II, Accad. Naz. Lincei, Rome, 1976, pp. 19-27. Atti dei Convegni Lincei, No. 17.
MR 57 #2984

. P. Frankl and V. Rodl, The uniformity lemma for hypergraphs, Graphs Combin. 8 (1992), no. 4, 309-312. MR 94a:05157
10.
11.
12.

, Extremal problems on set systems, Random Structures Algorithms 20 (2002), no. 2, 131-164. MR 2002m:05192
G. A. Freiman, Nachala strukturnoi teorii slozheniya mnozhestv, Kazan. Gosudarstv. Ped. Inst, 1966. MR 50 #12943

, Foundations of a structural theory of set addition, American Mathematical Society, Providence, R. 1., 1973,
Translated from the Russian, Translations of Mathematical Monographs, Vol 37. MR 50 #12944

A. Frieze and R. Kannan, Quick approzimation to matrices and applications, Combinatorica 19 (1999), no. 2, 175-220.
MR 2001i:68066

H. Furstenberg, Ergodic behavior of diagonal measures and a theorem of Szemerédi on arithmetic progressions, J. Analyse
Math. 31 (1977), 204-256. MR, 58 #16583

H. Furstenberg and Y. Katznelson, An ergodic Szemerédi theorem for commuting transformations, J. Analyse Math. 34
(1978), 275291 (1979). MR 82¢:28032

, An ergodic Szemerédi theorem for IP-systems and combinatorial theory, J. Analyse Math. 45 (1985), 117-168.
MR 87m:28007

W. T. Gowers, Hypergraph reqularity and the multidimensional Szemerédi theorem, submitted.

, A new proof of Szemerédi’s theorem, Geom. Funct. Anal. 11 (2001), no. 3, 465-588. MR 2002k:11014

J. Haviland and A. Thomason, Pseudo-random hypergraphs, Discrete Math. 75 (1989), no. 1-3, 255-278, Graph theory and
combinatorics (Cambridge, 1988). MR 90d:05185

P. E. Haxell, B. Nagle, and V. Rodl, An algorithmic version of a hypergraph regularity lemma, manuscript.

, Integer and fractional packings in dense 3-uniform hypergraphs, Random Structures Algorithms 22 (2003), no. 3,
248-310. MR 1 966 544

Y. Kohayakawa, B. Nagle, and V. Rodl, Hereditary properties of triple systems, Combin. Probab. Comput. 12 (2003), no. 2,
155-189. MR 1 967 402

Y. Kohayakawa, V. Rodl, and J. Skokan, Hypergraphs, quasi-randomness, and conditions for reqularity, J. Combin. Theory
Ser. A 97 (2002), no. 2, 307-352. MR 1 883 869

J. Komlds, A. Shokoufandeh, M. Simonovits, and E. Szemerédi, The regularity lemma and its applications in graph theory,
Theoretical aspects of computer science (Tehran, 2000), Lecture Notes in Comput. Sci., vol. 2292, Springer, Berlin, 2002,
pp. 84-112. MR 1 966 181

J. Komlés and M. Simonovits, Szemerédi’s reqularity lemma and its applications in graph theory, Combinatorics, Paul Erdds
is eighty, Vol. 2 (Keszthely, 1993), Bolyai Soc. Math. Stud., vol. 2, Jdnos Bolyai Math. Soc., Budapest, 1996, pp. 295-352.
MR 97d:05172

J. Matousek, Lectures on discrete geometry, Springer-Verlag, New York, 2002. MR 1 899 299

B. Nagle and V. Radl, The asymptotic number of triple systems not containing a fized one, Discrete Math. 235 (2001),
no. 1-3, 271-290, Combinatorics (Prague, 1998). MR 2002d:05091

, Regularity properties for triple systems, Random Structures Algorithms 23 (2003), no. 3, 264-332. MR 1 999 038
B. Nagle, V. Rodl, and M. Schacht, Extremal hypergraph problems and the regularity method, in preparation.

, A short proof of the 3-graph counting lemma, submitted.

J. Nesettil and V. Rodl, A structural generalization of the Ramsey theorem, Bull. Amer. Math. Soc. 83 (1977), no. 1,
127-128. MR 54 #10027

Y. Peng, V. Rodl, and J. Skokan, Counting small cliques in S-uniform hypergraphs, Combin. Probab. Comput. (2004), to
appear.

H. J. Promel and A. Steger, Ezcluding induced subgraphs. III. A general asymptotic, Random Structures Algorithms 3
(1992), no. 1, 19-31. MR 93d:05065

V. Rodl and A. Ruciriski, Ramsey properties of random hypergraphs, J. Combin. Theory Ser. A 81 (1998), no. 1, 1-33. MR
98m:05175

V. Rodl, A. Rucinski, and E. Szemerédi, Dirac’s theorem for 3-uniform hypergraphs, manuscript.

V. Rédl and M. Schacht, Regular partitions of Hypergraphs, in preparation.

V. Rodl, M. Schacht, E. Tengan, and N. Tokushige, Density theorems and extremal hypergraph problems, manuscript.

V. Rédl and J. Skokan, Applications of the regularity lemma for uniform hypergraphs, submitted.

, Counting subgraphs in quasi-random 4-uniform hypergraphs, submitted.

Vojtéch Rodl and Jozef Skokan, Regularity lemma for k-uniform hypergraphs, Random Structures Algorithms 25 (2004),
no. 1, 1-42. MR MR2069663

1. Z. Ruzsa, Generalized arithmetical progressions and sumsets, Acta Math. Hungar. 65 (1994), no. 4, 379-388. MR
95k:11011

M. Schacht, On the Regularity Method for Hypergraphs, Ph.D. thesis, Department of Mathematics and Computer Science,
Emory University, May 2004.

J. Solymosi, Arithmetic progressions in sets with small sumsets, manuscript.

, Unavoidable substructures in extremal point-line arrangements, manuscript.

, A note on a question of Erdés and Graham, Combin. Probab. Comput. 13 (2004), no. 2, 263-267.

E. Szemerédi, On sets of integers containing no k elements in arithmetic progression, Acta Arith. 27 (1975), 199-245,
Collection of articles in memory of Jurii Vladimirovi¢ Linnik. MR 51 #5547

46



47. , Regular partitions of graphs, Problemes combinatoires et théorie des graphes (Colloq. Internat. CNRS, Univ. Orsay,

Orsay, 1976), CNRS, Paris, 1978, pp. 399-401. MR 81i:05095

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NEVADA, RENO RENO, NV 89557, USA
E-mail address: nagle@unr.edu

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, EMORY UNIVERSITY, ATLANTA, GA 30322, USA
E-mail address: {rodl|mschach}@mathcs.emory.edu

47



