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THE CUTOFF PHENOMENON FOR RANDOMIZED RIFFLE
SHUFFLES

GUAN-YU CHEN AND LAURENT SALOFF-COSTE

ABSTRACT. We study the cutoff phenomenon for generalized riffle shuffles
where, at each step, the deck of cards is cut into a random number of packs of
multinomial sizes which are then riffled together.

1. INTRODUCTION

In this article we consider some generalizations of the standard riffle shuffle of
Gilbert, Shannon and Reeds (GSR-shuffle for short). The GSR-shuffle models the
way typical card players shuffle cards. First, the deck is cut into two packs according
to an (n, 1)-binomial random variable where n is the number of cards in the deck.
Next, cards are dropped one by one from one or the other pack with probability
proportional to the relative sizes of the packs. Hence, if the left pack contains
a cards and the right pack b cards, the next card drops from the left pack with
probability a/(a + b).

The history of this model is described in [8, Chap. 4D] where the reader will
also find other equivalent definitions and a discussion of how the model relates to
real life card shuffling. The survey [10] gives pointers to the many developments
that arose from the study of the GSR model.

Early results concerning the mixing time (i.e., how many shuffles are needed
to mix up the deck) are described in [T, 2, [8]. In particular, using ideas of Reeds,
Aldous proved in [I] that, asymptotically as the number n of cards tends to infinity,
it takes %loan shuffles to mix up the deck if convergence is measured in total
variation (we use log, to denote base a logarithms and log for natural, i.e., base e,
logarithms).

In [], Bayer and Diaconis obtained an exact useful formula for the probability
distribution describing the state of the deck after £ GSR-shuffles. Namely, suppose
that cards are numbered 1 through n and that we start with the deck in order. Let
o denote a given arrangement of the cards and let Q¥ (o) be the probability that
the deck is in state o after k¥ GSR-shuffles. Then

(1) Qhto =z (" TE )

n
where r is the number of rising sequences in o. Given an arrangement of the deck,
a rising sequence is a maximal subset of cards consisting of successive face values
displayed in order. For instance, the arrangement 3,1,4,5,7,2,8,9,6 has rising
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sequences (1,2),(3,4,5,6),(7,8,9). See [2, [ for details. By definition, the total
variation distance between two probability measures p, v on a set S is given by

It = vllry = sup {u(A) — v(A)}.
AcCS

Using the formula displayed in (I.]), Bayer and Diaconis gave a very sharp version
of the fact that the total variation mixing time is %log2 n for the GSR-shuffle.

Theorem 1.1 (Bayer and Diaconis [4]). Fiz ¢ € (—oo,+00). For a deck of n cards,
the total variation distance between the uniform distribution and the distribution of
a deck after k = %10g2 n + ¢ GSR-shuffles is

1 27¢/4/3
Vo /2c/4\/§

This result illustrates beautifully the so-called cutoff phenomenon discussed in [11
2,13, [8, 9] 14, [I7]. Namely, there is a sharp transition in convergence to stationarity.
Indeed, the integral above becomes small very fast as ¢ tends to 400 and gets close
to 1 even faster as ¢ tends to —oo.

The aim of the present paper is to illustrate further the notion of cutoff using
some generalizations of the GSR-shuffle. Along this way we will observe several phe-
nomena that have not been, to the best of our knowledge, noticed before. For a deck
of n cards and a given integer m, a m-riffle shuffle is defined as follows. Cut the deck
into m packs whose sizes (a1, ..., ;) form a multinomial random vector. In other
words, the probability of having packs of sizes a1, . .., @, is m_"al,"i'am, Then form
a new deck by dropping cards one by one from these packs with probability propor-
tional to the relative sizes of the packs. Thus, if the packs have sizes (b1, ...,bn)
then the next card will drop from pack 7 with probability b;/(by + -+ + by,). We
will refer to an m-riffle shuffle simply as an m-shuffle in what follows. Obviously
the GSR-shuffle is the same as a 2-shuffle. A 1-shuffle leaves the deck unchanged.

These shuffles were considered in [4] where the following two lemmas are proved.

e 2t + O (n=14).

Lemma 1.2. In distribution, an m-shuffle followed by an independent m’-shuffle
equals an mm’-shuffle.

Lemma 1.3. For a deck of n cards in order, the probability that after an m-shuffle
the deck is in state o depends only of the number r = r(o) of rising sequences of o
and equals Qn m(r) where

Q) =~

For instance, formula (L)) for the distribution of the deck after k¥ GSR-shuffles
follows from a direct application of these two lemmas since k consecutive indepen-
dent 2-shuffles equal a 2*-shuffle in distribution. These lemmas will play a crucial
role in this paper as well.

The model we consider is as follows. Let p = (p(1),p(2),...) be the probability
distribution of an integer valued random variable X i.e.,

PX=k)=pk), k=1,2,....
A p-shuffle proceeds by picking an integer m according to p and performing an

m-shuffle. In other words, the distribution of a p-shuffle is the p-mixture of the
m-shuffle distributions. Note that casinos use multiple decks for some games and

n—l—m—r)

n
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that these are shuffled in various ways (including by shuffling machines). The model
above (for some appropriate p) is not entirely unrealistic in this context.

Because of Lemma [[.3] the probability that starting from a deck in order we
obtain a deck in state o depends only on the number of rising sequences in o and
is given by

(1.2) Qup(r) =Y p(M)Qum(r) = E(Qn,x(r)).

Abusing notation, if ¢ denotes a deck arrangement of n cards with r rising se-
quences, we write

Qnp(0) = Qn,p(r).
Very generally, if @) is a probability measure on deck arrangements (hence describes
a shuffling method), we denote by QF the distribution of the deck after & such
shuffles, starting from a deck in order. For instance, Lemma yields

fz,m = Qn,mk'

Let U, be the uniform distribution on the set of deck arrangements of n cards.
Although this will not really play a role in this work, recall that deck arrangements
can be viewed as elements of the symmetric group S, in such a way that Q*, the
distribution after k successive Q-shuffles, is the k-fold convolution of @ by itself.
See, e.g., [1,[4] 8 [15]. Each of the measures @, , generates a Markov chain on deck
arrangements (i.e., on the symmetric group S,) whose stationary distribution is
U,.. These chains are ergodic if p is not concentrated at 1. They are not reversible.
Note that [II] studies a similar but different model based on top m to random
shuffles. See [I1, Section 2].

The goal of this paper is to study the convergence of wa to the uniform distri-
bution in total variation as k tends to infinity and, more precisely, the occurrence
of a total variation cutoff for families of shuffles {(Sy, Qn p,., Un)}{° as the number
n of cards grows to infinity and p,, is a fixed sequence of probability measures on
the integers. To illustrate this, we state the simplest of our results.

Theorem 1.4. Let p be a probability measure on the positive integers such that
(1.3) p="> p(k)loghk < cc.
1

Fiz e € (0,1). Then, for any k, > (1 + e)% logn, we have
nhjrgo HQZT,}) = Upllrv =0
whereas, for k, < (1 — e)% logn,
Tim [[Qks, — Uallry = 1.

In words, this theorem establishes a total variation cutoff at time % logn (see
the definition of cutoff in Section [2] below). If p is concentrated at 2, ie., Qnp
represents a GSR-shuffle, then y = log 2 and % logn = % logy n in accordance with
the results of Aldous [I] and Bayer-Diaconis [4] (e.g., Theorem [TT]).

The results we obtain are more general and more precise than Theorem [[4] in
several directions. First, we will consider the case where the probability distribution

p = pn depends on the size n of the deck. This is significant because we will not
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impose that the sequence p,, converges as n tends to infinity. Second, and this may
be a little surprising at first, (I3]) is not necessary for the existence of a cutoff
and we will give sufficient conditions that are weaker than (L3). Third, under
stronger moment assumptions, we will describe the optimal window size of the
cutoff. For instance, Theorem [[.T] says that, for the GSR-shuffle, the window size
is of order 1 with a normal shape. This result generalizes easily to any m-shuffle
where m is a fixed integer greater or equal to 2. See Remark [3.] and Theorem [5.4]
below. Suppose now that instead of the GSR-shuffle we consider the p-shuffle with
p(2) = p(3) = 1/2. In this case, y = logy/6. Theorem [[4] gives a total variation
cutoff at time %log /G "- We will show that this cutoff has optimal window size of
order y/logn. Thus picking at random between 2 and 3 shuffles changes the window
size significantly when compared to either pure 2-shuffles or pure 3-shuffles.

We close this introduction with a remark concerning the spectrum of these gen-
eralized riffle shuffles and how it relates to the window of the cutoff. As Lemma [T.2]
makes clear, all riffle shuffles commute. Although riffle shuffles are not reversible,
they are all diagonalizable with real positive eigenvalues and their spectra can be
computed explicitly (this is another algebraic “miracle” attached to these shuffles!).
See [4,BL16]. In particular, the second largest eigenvalue of an m-shuffle is 1/m with
the same eigenspace for all m > 2. See [13] for a stronger result implying this state-
ment. Thus, the second largest eigenvalue of a p-shuffle is 8 = >_ k= !p(k). By
definition, the relaxation time of a finite Markov chain is the inverse of the spectral
gap (1 — 8)~! and one might expect that, quite generally, for families of Markov
chains presenting a cutoff, this quantity would give a good control of the window
of the cutoff. The generalized riffle shuffles studied here provided interesting (al-
beit non-reversible) counterexamples: Take, for instance, the case discussed earlier
where p(2) = p(3) = 1/2. Then 8 = & and (1 — 8)~' = 22, independently of the
number n of cards. However, as mentioned above, the optimal window size of the
cutoff for this family is y/logn. For generalized riffle shuffles, the window size of
the cutoff and the relaxation time appear to be disconnected.

2. THE CUTOFF PHENOMENON

The following definition introduces the notion of cutoff for a family of ergodic
Markov chains.

Definition 2.1. Let {(Sy, Kp,m)}5° be a family of ergodic Markov chains where
S, denotes the state space, K,, the Markov kernel, and 7,, the stationary distribu-
tion. This family satisfies a total variation cutoff with critical time ¢,, > 0 if, for
any fixed € € (0,1),

lim sup K} (2,7) = mollvv =
n~>ooz€5

0 if kp > (1+€)tn
1 if ky < (1= e)ty.

n

This definition was introduced in [2]. A more thorough discussion is in [9] where
many examples are described. Note that this definition does not require that the
critical time ¢, tends to infinity (in [9], the corresponding definition requires that
t, tends to infinity). The positive times ¢, can be arbitrary and thus can have
several limit points in [0, co]. Examples of families having a cutoff with a bounded
critical time sequence will be given below. Theorem [[.4] above states that, under
assumption (L3), a p-shuffle has a total variation cutoff with critical time ¢, =
2 logn.
2p
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Informally, a family has a cutoff if convergence to stationarity occurs in a time
interval of size o(t,) around the critical time t,,. The size of this time interval can
be thought of as the “window” of the cutoff. The next definition carefully defines
the notion of the window size of a cutoff.

Definition 2.2. Let {(S,, K,,7,)}° be a family of ergodic Markov chains as in
Definition Il We say that this family presents a (¢,,b,) total variation cutoff if
the following conditions are satisfied:

(1) For all n =1,2,..., we have ¢, > 0 and lim b,/t, = 0.
n—oo
(2) Force R— {0} and n > 1, set

[tn +cby] ifc>0

k=k = .
() {Ltn—i—cbnj ifc<O

The functions f, [ defined by

f(¢) =limsup sup ||K,If(3:, ) = 7n|lrv for ¢ £ 0

n—oo xeS,

and
f(c) =liminf sup ||K¥(z, ) — mn |y for ¢ #0

- n—=0  zesl,

satisty
g Sl =0, D fle)=1
Definition 2.3. Referring to Definition 22 a (¢, b,) total variation cutoff is said
to be optimal if the functions f, f satisfy f(c) >0 and f(—c) <1 for all ¢ > 0.

Note that any family having a (¢, b,) cutoff (Definition 22)) has a cutoff with
critical time ¢, (Definition [Z]). The sequence (by,)$° in Definition [Z2] describes an
upper bound on the optimal window size of the cutoff. For instance the main result
of Bayer and Diaconis [4], i.e., Theorem [L.I] above, shows that the GSR-shuffle
family presents a (t,,b,) total variation cutoff with ¢, = %loan and b, = 1.
Theorem [[L1] actually determines exactly “the shape” of the cutoff, that is, the
two functions f, f of Definition Namely, for the GSR-shuffle family and ¢,, =

%1og2 n, b, = 1, we have

_ 1 27°/4/3 29
fc:fc:—/ e /24t
@=10=g= [,

This shows that this cut-off is optimal (Definition 2.3)).

The optimality introduced in Definition is very strong. If a family presents
an optimal (¢, b,) total variation cut-off and also a (s, ¢,,) total variation cut-off,
then ¢, ~ s, and b, = O(c,). In words, if (¢,,b,) is an optimal cut-off then there
are no cut-offs with a window significantly smaller than b,. For a more detailed
discussion of the cutoff phenomena and their optimality, see [7].

3. CUTOFFS FOR GENERALIZED RIFFLE SHUFFLES

In this section we state our main results and illustrate them with simple exam-
ples. They describe total variation cutoffs for generalized riffle shuffles, that is, for
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the p-shuffles defined in the introduction. More precisely, for each n (n is the num-
ber of cards), fix a probability distribution p, = (pn(1),pn(2),...) on the integers
and consider the family of Markov chains (i.e., shuffles)

{(Snv Qn,pm Un)}(fo

Here S, is the set of all deck arrangements (i.e., the symmetric group) and U, is
the uniform measure on S,,. For any x € [0, o0], set

m/4\/_
V 2T /1/4\/5

We start with the simple case where the probability distributions p,, is concen-
trated on exactly one integer m,, and use the notation @, ,, for an m,-shuffle.

(3.1) U(z) e 21,

Theorem 3.1. Let (m,,)$° be any sequence of integers all greater than 1 and set
3logn

20y, ’
Then the family {(Sn, Qn.m,,,Un)}3° presents a (tn,p, ) total variation cutoff.

Hn = IOgmna tn =

Remark 3.1. When m,, = m is constant Theorem B.1] gives a (3 log,, n,1) total
variation cutoff. In this case, for k = %logm n + ¢, one has the more precise result
that [|[QF . — Unllry = ¥(m™¢) + Oc(n~'/4). In particular, for m = 2, this is the
Theorem of Bayer and Diaconis stated as Theorem [[T] in the introduction.

Next we give a more explicit version of Theorem [3.1] which requires some addi-
tional notation. For any real ¢t > 0, set

= 1/2 ifo<t<1/2
- ko ifk—1/2<t<k+1/2forsomek=12,...,

(this is a sort of “integer part” of ¢) and

(12 ifo<t<1/2
d(t)_{ t—{t) if1/2<t< oo

Theorem 3.2. Let (m,,)5° be any sequence of integers all greater than 1. Consider
the family of shuffles {(Sn, @n.m..,Un)}$> and let pn, tn be as in Theorem Bl
(A) Assume that lim m, = oo, that is, lim p, = co. Then, we have:
n— 60 n— o0

(1) The family {(Sn, Qn,m.,,Un)}5° always has a ({t,},by) cutoff for any
positive by, = o(1), that is,

lim inf ||Qnm —Upllrv =1, lim sup ||Qnm — Up||lrv = 0.
" n—00 p. "

n—00 k<{t,}

(2) If lirn |d(tn)|phn, = 00 then there is a (tn,()) cutoff, that is,

lim inf ||Q*

n—oo k<t, n,Mn

Un”TV =1, nh~>ngo kS;ltp ||Q:.,mn - UnHTV =0.

(3) If linrgigf |d(tn)|pin < 00 then there exists a sequence (n;)° tending to
infinity such that

. tn,
v < hr_nsup ||Q;{zl,71r3n1 = Un;|lrv < 1.

i
1—> 00

0 < lim inf ||Q7{i’7,%fn. — Up,
i—00 K

7

In particular, there is no (t,,0) total variation cutoff.
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(4) If im d(t,)pn = L € [—00, 0] exists then

n— o0
(32) lim (| QLnH = Unllrv = W(e).
n— 00 v

(B) Assume that (my)5° is bounded. Then t,, tends to infinity, there is a (t,, 1)
total variation cutoff and, for any fixed k € Z, we have

0 < liminf ||Qi I+, — U, ||lov < limsup |QL}*F — U, ||+v < 1.
n—00 n—o00

MMy ,Mn,
In particular, the (t,,1) cutoff is optimal.
Ezample 3.1. To illustrate this result, consider the case where m,, = |n®] for some
fixed > 0. In this case, we have

31 3
ogn 2 as n tends to infinity.
2y, 2cr

e ~ alogn, t, =

(a) Assume that 5= € (k,k+ 1) for some k =0,1,2,.... Then |d(t,)|pn — o0
and

T |Qh, — Unlley =1, lim [[QE5 — Unllaw = 0.

(b) Assume that 5= = k for some integer k = 1,2,.... Then |d(t,)| = O(n™®).
Hence |d(tn)|tn — 0 as n tends to infinity. Theorem B:2(1) shows that we
have a (k,by,) cutoff where b,, is an arbitrary sequence of positive numbers
tending to 0. That means that

lim | fﬁi —Unpllrv =1, lim ||Qﬁ711n = Unllrv = 0.
n—roo n—oo
Moreover Theorem B.2(4) gives limp o0 [|QF ., — Un|lzv = ¥(1).

FEzample 3.2. Consider the case where m,, = |(logn)*|, a > 0. Then

3logn

tn ~ aloglogn, t, ~ as n tends to infinity.

2aloglogn
Note that ¢, tends to infinity and the window size ! goes to zero.

We now state results concerning general p-shuffles. We will need the following
notation. For each n, let p, be a probability distribution on the integers. Let X,
be a random variable with distribution p,. Assume that p, is not supported on a

single integer and set
_ 10g Xn — Hn
On '

pn = E(log X,,), o2 = Var(log X,,), &,

Consider the following conditions which may or may not be satisfied by py:

1
(3.3) lim —2" = oo

n—00 [,

(3.4) Ve>0, lim B (551{5%%#;1 1ogn}) = 0.

Condition ([B.4]) should be understood as a Lindeberg type condition. We will prove
in Lemma [T Tlthat (34) implies (B3]). Example B shows that the converse is false.
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Theorem 3.3. Referring to the notation introduced above, assume that
0< pin,0n <0

and set
3logn 1 o2logn
n = , bp=—max< 1,/ ———>.

Assume that the sequence (p,) satisfies (34). Then the family {(Sn, Qn.p,,Un)}°
presents a (t,,by,) total variation cutoff. Moreover, if the window size by, is bounded
from below by a positive real number, then the (t,,b,) total variation cut-off is
optimal.

Ezxample 3.3. Assume p,, = p is independent of n and
= Zp(k:) loghk < 00, 0% = Z | — log k|*p(k) < oo.
1 1
Then condition ([B4]) holds and

3
tn, = 2—10gn7 bn, = \/logn
I

where b,, = y/logn means that the ratio b, /logn is bounded above and below by
positive constants. Thus Theorem B.3] yields an optimal (% logn, v/logn) total
variation cutoff.

Ezample 3.4. Assume that p, is concentrated equally on two integers m, < ml,
and write m/, = my,k2. Thus p,(my) = pn(m,k2) = 1/2 and
tn = logmyk,, o, =logk,.
In this case, Condition B4 is equivalent to (B3], that is
tn = log(mpk,) = o(logn).
Assuming that (3.3]) holds true, Theorem [3.3] yields a total variation cutoff at time
3logn

n= 2logmyky,
with window size
log k,,)? 1
by = — - maxd1, [ Uoska)logn |
log Manky, log mpkn,
For instance, assume that m/ = m, + 1 with m,, tending to infinity. Then (B3]
becomes log m,, = o(logn) and we have

1/2
max{l,M}_

my, (log m., /2

ne log m.,
Specializing further to m,, ~ (logn)® with « € (0, c0) yields
N 3logn
" 2aloglogn

and
b~ (loglogn)~! if e [1/2,00)
"7 (logn)t/272(loglogn)~3/? if a € (0,1/2).



THE CUTOFF PHENOMENON FOR RANDOMIZED RIFFLE SHUFFLES 9

In particular, b, = o(1) when o > 1/2 but tends to infinity when o € (0,1/2).
Compare with Example above.

Regarding Theorem B3] one might want to remove the hypothesis of existence
of a second moment concerning the random variables log X,,. It turns out that it is
indeed possible but at the price of losing control of the window of the cutoff. What
may be more surprising is that one can also obtain results without assuming that
the first moment p,, is finite. In some cases, it might be possible to control the
window size by using convergence to symmetric stable law of exponent o € (1,2)
but we did not pursue this here.

Theorem 3.4. Referring to the notation introduced above, assume that p, > 0
(including possibly p, = o0 ). Assume further that there exists a sequence a,, tending
to infinity and satisfying

B . (logn)EZ? . logn
(3.5) an = O(logn), HIQH;OW =0, nlgxgo BY, ~ 00,
where Y, = Z, = logX,, iflog X, < ay, and Y, =0, Z, = a, if log X, > a,.
Then the family {(Sn, Qn,p,,Un)}T° presents a total variation cutoff with critical
time

_ 3logn
" 2ERY,’
Remark 3.2. In Theorem B4 if (B3] holds for some sequence (a,) then it also
holds for any sequence (da,,) with d > 0. Moreover, for all d > 0,

E ((10g Xn)]-{log Xngdan}) ~ EYn.
This is proved in Lemma below.

Ezample 3.5. Assume p,(le']) = ¢,;%i72 for all 1 < i < |logn], where ¢, =
14272437 2+...4+(|logn]|)~2. Note that ¢,, — ¢ = 72/6 as n — oo. In this case,
tn ~ ¢ tloglogn, 02 ~ ¢ 'logn and for € > 0

2 €
E §n1{§721<5,u;1 logn}:| ~ \/ loglogn

Hence the Lindeberg type condition (4] does not hold and Theorem [3.3] does not

apply. However, if we consider a,, = logn and try to apply Theorem 3.4l we have

EY,, = u, ~ ¢ tloglogn and EZ? ~ ¢ 'logn. This implies that (3.5) holds and
21

47Iogcl)§_gnn : )

The untruncated version of this example is p,(|e']) = p(let]) = ¢74i72, i =

1,2,... and ¢ = 7%/6. In this case, ju, = p = oo. Theorem B.4] applies with

w2 logn

4loglogn "

yields a total variation cutoff with critical time

a, = logn and yields a total variation cutoff with critical time

We end this section with a result which is a simple corollary of Theorem [3.4] and
readily implies Theorem [T.4

Theorem 3.5. Let X, py, in be as above. Assume that

(3.6) un = E(log X,,) = o(logn)
and that, for any fized n > 0,
(3'7) E[(IOg Xﬂ)l{loan>nlogn}] = 077(/1'71)'

Then the family {(Sn, Qn,p,,Un)}5° has a total variation cutoff at time t, = 3;‘;%.
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Ezample 3.6. Suppose p, = p and 0 < u, = p < oo as in Theorem [[4 Then
condition (3.0)-(B.7) are obviously satisfied. Thus Theorem [[.4] follows immediately
from Theorem as mentioned above.

Remark 3.3. Condition (B7) holds true if X,, satisfies the (logarithmic) moment
condition that there exists € > 0 such that

E([log X,]'*)

(logn)e = 0lyn)-

4. AN APPLICATION: CONTINUOUS-TIME CARD SHUFFLING

In this section, we consider the continuous-time version of the previous card
shuffling models where the waiting times between two successive shuffles are inde-
pendent exponential(1) random variables. Thus, the distribution of card arrange-
ments at time ¢ starting from the deck in order is given by the probability measure
H,; = e "=Qnrn) defined by
(4.1) Hy (o) = Hp4(r) =e* EQEL% (r) for o € Sy,

k=0
where 7 is the number of rising sequences of o.

The definition of total variation cutoff and its optimality for continuous time
families is the same as in Definitions 2] and 2.3] except that all times are
now taken to be non-negative reals. To state our results concerning the family
{(Sn; Hn,i, Un)}3° of continuous time Markov chains associated with p,,-shuffles,

n=1,2,..., we keep the notation introduced in Section [l In particular, we set
31
tn = E(log X,,), o2 = Var(log X,,), t, = ognj
2y,
where X, denotes a random variable with distribution p,,, and, if u,, o, € (0, 00),
log X, — pin
g = 2o
On

We will obtain the following theorems as corollaries of the discrete time results of
Section Bl Our first result concerns the case where each p,, is concentrated on one
integer as in Theorem B.11

Theorem 4.1. Assume that for each n there is an integer m,, such that p(m,) =1
Then (b, = logmy,, t, = 2?’15‘;—%& and the family F = {(Sn, Hnt,Upn)}5° presents a
total variation cutoff if and only if
. logn
lim =00
n—oo logm,

Moreover, if this condition is satisfied then F has an optimal (tn, \/tn) total vari-
ation cutoff.

Compare with the discrete time result stated in Theorem [B1] and with Example
B which we now revisit.

Ezample 4.1. Assume that P(X,, = [n%*]) =1 for a fixed @ > 0 as in Example Bl
According to Theorem 1] the continuous time family F does not present a total
variation cutoff in this case since lim, s I(Lg" = 1/a < co. Recall from Example

B that the corresponding discrete time family has a cutoff.
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Assume that P(X, = [(logn)*|) = 1 for some fixed o > 0 as in Example
In this case, the family F presents a (t,,+/t,) total variation cutoff with
th = mﬁ%' Note that the window of the continuous time cutoff differs greatly
from the window of the discrete time cutoff in this case.

Next we consider the general case under various hypotheses paralleling Theorems

B3l and B4
Theorem 4.2. Consider the continuous time family F = {(Sn, Hn+, Un)}5° as-

sociated to a sequence (X,,)3° of integer valued random wvariables with probability
distributions (pn)7°.
(1) Assume that pin,on € (0,00) for all n > 1 and that B4) holds. Then the

family F presents an optimal (t,,by) total variation cutoff, where

1 1 1
tn:3ogn, bn_—max{(un—FJn) ogn,l}.

2 Hn n

(2) Assume that i, > 0 (including possibly i, = 0o) and there exists a sequence
(an)$° tending to infinity such that BH) holds. Then F presents a total
variation cutoff with critical time

_ 3logn
" 2FRY,
where Y, = (log X)) 1110 X, <an} -

Remark 4.1. Theorem E.2(2) applies when p,, = p is independent of n and p =
>0 p(k)log k < oc. In this case, the family F = {(S,, Hn 1, Un)}3° presents a total
variation cutoff with critical time t,, = 31;# as in Theorem [[.4l If in addition we
assume that o2 = > |u—log k|*p(k) < oo then Theorem[L.2(1) applies and shows
that F has a (t,,/logn) total variation cutoff. Compare with Example 3.3}

We now describe how Theorem applies to Examples B.413.5] of Section

Ezample 4.2. Assume, as in Example[3.4] that p,(my,) = pp(m,k2) = 1/2. Assume
further that w, = log(my,k,) = o(logn). Then, by Theorem [£2(1), F presents a
(tn,+/t5) total variation cutoff, where

. 3logn
" 2logmpkn

Finally, for Example B8] both in truncated and untruncated cases, Theorem
[2(2) implies that the family presents a total variation cutoff with critical time
Zﬂ%. However, Theorem [£.2(1) is not applicable here since, in either case, the

Lindeberg type condition (4] has been shown failed in Example

5. TECHNICAL TOOLS

Two of the main technical tools we will use have already been stated as Lemma
and in the introduction. In particular, Lemma [[.3] gives the probability
distribution describing a deck of n cards after an m-shuffle, namely,

Qnm(r)=m™" <n +m — r>

n
where r is the number of rising sequences in the arrangement of the deck. The next
three known lemmas give further useful information concerning this distribution.
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Lemma 5.1 (Tanny, [I8]). Let R, ; be the number of deck arrangements of n cards
having r = n/2 + h rising sequences, 1 <r <mn. Then, uniformly in h,

Ron e—6h2/n 1
)
n! ™m/6 N

Lemma 5.2 (Bayer and Diaconis, [4, Proposition 1]). Fiz a € (0,00). For any
integers n,m such that c = c(n,m) = mn~3% > a and any r = 5+he{l,2,...,n},

we have
n 1 1 h
Qn,m(§+h) 'exp{c\/_(—h+§+0a(ﬁ>)

1 1/ h\? 1
‘—24@‘5(5) +0a (—n)}

Lemma 5.3 (Bayer and Diaconis, [4, Proposition 2]). Let h* be the unique integer
such that Qnm (% + h) > % if and only if h < h*. Fiza € (0,00). For any integers
~3/2

as n goes to infinity.
n,m such that ¢ = ¢(n,m) = mn > a, we have

* _\/_
h_24c+0(>

as n tends to co.

The statements of LemmasB.2land 5.3l are somewhat different from the statement
in Propositions 1 and 2 in [4] but the same proofs apply. The following theorem
generalizes [4, Theorem 4], that is, Theorem [[T] of the introduction. The proof,
based on the three lemmas above, is the same as in [4]. It is omitted.

Theorem 5.4. Fiz a € (0,00). For any integers n,m such that ¢ = c(n,m) =
mn~3/? > a we have
1/(4v/3¢)

Qo = Unlley = —= [
™ 1/(4V3¢)

Theorem [5.4] provides sufficient information to obtain good upper bounds on
the cutoff times of generalized riffle shuffles. It is however not sufficient to obtain
matching lower bounds and study the cutoff phenomenon. The reminder of this
section is devoted to results that will play a crucial role in obtaining sharp lower
bounds on cutoff times for generalized riffle shuffles. It is reasonable to guess that
shuffling cards with an (m + 1)-shuffle is more efficient than shuffling cards with an
m-shuffle . The following Proposition which is crucial for our purpose says that this
intuition is correct when convergence to stationarity is measured in total variation.

/21 1 o (n71/4) _

Proposition 5.5. For any integers n, m, we have

HQn,erl - UHHTV < ”Qn,m - UHHTV :

Proof. Let Ay, = {0 € Sp|Qnm(0) < 5} for m > 1. By Lemma [.0] below, we
have Ay11 C Ap and Qpom(0) < Qnom+1(0) for o € Ay 4q. This implies
HQnm —Un ”TV - Un( ) Qn m( m) > U, ( m+1) Qn m( m+1)
> Un(Am+1) = @nm+1(Am+1) = [[Qnmt1 — Unllpy, -
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Lemma 5.6. For any integers, n,m and r € {1,...,n}, we have:
(1) Qum(r) < Qum+1(r), if Qum(r) < 77
(2) Qui(r) > o for all k > m, if Qum(r) > 7.
In particular, if n,m,r are such that Q, m(r) < =, then

k— Qn)k(f‘)

is non-decreasing on {1,...,m}.

Proof. We prove this lemma by fixing n and 1 < r < n, and considering all possible
cases of m. For 1 < m < r, the first claim holds immediately from Lemma [[.3] since
Qn.m(r) =0, and no Q. n(r) satisfies the assumption of the second claim.

For m > r, consider the following map

f z+1 z—r+1
1 — 1 _ .
x»—>nog< . >+Og<x—r+1+n> YV € [r,00)

The formula of the distribution of deck arrangements in Lemma implies

s = (2.5

A direct computation on the derivative of f shows that

iy nl@2r—n—-1z—(r—-1)(r—1-n)
i) = zz+D)(z—r+1)(z—r+1+4+n)

Here we consider all possible relation between r and n. If r, n satisfy ”TH <r<
n, then the derivative f’ is positive on [r,00). This implies that f(z) is strictly
increasing for z > r. As
(5.1) lim f(z) =0,

T—r00

it follows that the function f is negative for z > r and hence Q. (1) < Qnom+1(r)
for m > r. This proves the first claim. Moreover, as

. 1
(5.2) "}E)noo Qnm(r) = 5

we have Qpm(r) < 4 for all m > r and 241 <r <n.
If r,n satisfy 1 <r < 2 et zg = % In this case, the derivative f’
satisfies
, >0 ifr<z<uzx
() . :
<0 ifx>uxo

This implies that f is either decreasing on [r,00) or increasing on [r, zo] and de-
creasing on (xg,00) according to whether xg < r or xzg > r.

On one hand, if 29 < r, that is, f is decreasing on [r, o), then (G.1]) implies that
f is positive on [r, 00), which means, in particular, that Qu m(r) > Qn m+1(r) for
m > r. In this case, (5.2) implies that Q. m(r) > 2 for m > r.

On the other hand, if xy > r, that is, f increases on [r,z() and decreases on
[0, 00), then (&) implies that f has at most one zero in [r,00). If f has no zero,
then f is positive on [r,00) and thus (by (5.2))

1
Q";W(T‘) > Qn,m—i—l(r) > E Ym >,

This proves claim (2) (claim (1) is empty in this case).



14 G.-Y. CHEN AND L. SALOFF-COSTE

If f has a zero, say z, then (B.I)) implies that f < 0 on [r,2) and f > 0 on (z, 00).
By writing z = |z + € with € € [0,1), it is easy to check that

Qn[2)(r) = @n [2)41(1) > Qnm(r), Ym =1, m & {[z], 2] + 1},

when € = 0, and

Qn,szJrl(T) > Qn,m(r)v vm > r,m 7é \_ZJ + 17

when € € (0,1). Moreover, if we set mg = |z] + 1, then the map m — Qp n(r) is
increasing on [r, mg] and strictly decreasing on [mg, 00). In the region [mg, 00), (5.2)
implies as before that Q. m(r) > % for m > myg. In the region [r,mq], let m; > r
be the largest integer m such that Qp m(r) < # Then the monotonicity of the
map m +— Qp g (r) implies that Qp m(r) < & for r < m < my and Qpm(r) >
for m; < m < mg. This proves the desired inequalities. ([

Lemma 5.7. Consider all deck arrangements of a deck of n cards.

(1) For1<r<mn, let A, be the set of deck arrangements with at least r rising
sequences. Then for all integers n,m and r € {1,...,n}, we have

UW(AT) - Qn,m(Ar) 2 0.

1 a > or integers n,m, let c = c(n,m) = mn~ >a. Let e the
(2) Fi 0. For integ ! (n,m) 3/2 Let B, be th
\/_

set of deck arrangements with number of rising sequences in [ — ——I—n4 nj.
Then

1/<4¢§c> o 1
f n, T4+ Oy (nTE ).
kln ( n(Be) = Qun.k( ) ﬁ/l/ 4\/§c + (n )

Proof. As Q. m(r) is non-increasing in r, we have either @, m(c) < = for all
o€ A or Qpm(o) > % for all 0 € S,, — A,.. The inequality stated in (1) thus
follows from the obvious identity

Un(Ar) - Qn,m(Ar) = Qn,m(sn - Ar) - Un(Sn - Ar)

To prove (2), let hg = —% + ni. By Lemma [5.3] since hg > h* for large n, we
have Qp.m(0) < & for o € B.. Lemma 5.6 then implies

inf ( n(Be) — Qn,k(Bc)) =U,(B:) — Qnm(B:) for n large.

k<m

By Lemmas 5.1l 5.3] we have

} (0280 = unB0)) = Qi = Unll| <

1 h[)\/ 12/n
V2 S V12/n
The equality in (2) then follows from Theorem [£.41 O

e_tz/zdt—i— o (n_%> =0, (n_i> .
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6. PROOF OF THEOREM [3.1],

The following lemma is a corollary of Theorem [54l Tt is the main tool used to
prove Theorems B.1] and

Lemma 6.1. Forn €N, let m, € N and ¢,, = m,n=/2. Set

liminfc¢, = L, limsupec, =U.
n—00 n—00

(1) If L > O(including possibly the infinity), then
Hm sup || Qn,m,, — Unllvv < W(L7H).

n—o00
(2) If U < oo(including possibly 0), then

tsninf | Qo — Uy > BT,
(3) If U =L € [0,00], then

T [ Qo — Unllay = BT,

Proof. Note that (3) follows immediately from (1) and (2). As the proofs of (1) and
(2) are similar, we only prove (1). Assume first that 0 < L < oo. Let € € (0, L) and
choose N = N (¢) such that ¢,, > L — e for n > N. This implies that for n > N,

1Qn.m, — Unllov < sup  [|Qnx — Unllry
k>(L—e)n3/2

=U(L-—e)" Y40, (n‘”“) ,

where the last equality follows from Theorem (.4l Letting n tend to infinity first
and then € to 0 gives (1).

If L =00, let C € (0,00) and choose N = N(C) so large that ¢, > C' if n > N.
As in the previous case, for n > N,

|@usn, = Unlly < W(C™Y) +Oc (n711))

Now letting n, C tend to infinity yields (1) again.

Proof of Theorem 3.1l For n > 1 and c € R, let ¢, = —3;;’%” and

[tn +cu, ] ife>0

k=k = .
(n,¢) {Ltn—i-cu;lj ife<O

This implies

k=32 >ef ife>0
" <e® ife<O

Let f, f be the functions introduced in Definition By Lemmas and [6.1] we
have

fle) <T(e™®) ife>0,
and
fle)>T(e ) ife<O.

Letting ¢ tend respectively to oo and —oo proves Theorem B.11 O
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Proof of Theorem In this proof, k always denotes a non-negative integer.
We first assume that m,, tends to infinity. Note that
>t+1/2 ifk>{t}
Ed<t—1/2 ifk<{t}andte[1/2,00).
=0 if k< {t}andte (0,1/2)
This implies
>my/? itk > {t,)
mﬁn_?’/2 < m;1/2 if k< {t,}and t, >1/2
=n"3/2 ifk < {t,} and t, € (0,1/2)
Theorem [B.2[(1) thus follows from Lemmas [[L2] and

The proof of Theorem [32(2) is similar to the proof of (1) but depends on the
observation that

- .
k{_t+|d(t)| k>t N

<t—|dt)| ifk<t

which implies

< exp{—|d(tn)|pn} if k <tp.
For Theorem [B.2(3), by assumptions

> d(tn)|pn if k> t,
— {_exp{u i} i k>

liminf |d(¢,)|pn < 00, lim p, = oo.

Thus we can choose M > 0 and a sequence (n;)$° tending to infinity such that
|d(tn,)|pn; < M and t,, > 1/2 for all i > 1. Since {t} =t — d(¢t) for t > 1/2, we
have that for all ¢ > 1,

e™M < m;{,i"i}n;g/z < eM,
By Lemmas and [6.I] this implies that

. tr.
limsup [|Q75, — U,

i—00

v < U(eM) <1,

and
{tn;}

liminf ||Qn. . — Un, [lrv > T(e™™) > 0.
i—00 °

For Theorem B2(4), if L < oo, then the fact, lim,, o 4, = 00, implies that
tn, > 1/2 for large n. In this case, {t,} = ¢, — d(t,) € Z and

(6.1) mitn} = p¥/2e=dtn)un,

Then the desired inequality ([B.2]) follows from Lemmas [[.2] and

If L = oo, let (n;)7° be a sequence such that ¢, > 1/2 if and only if n = n;
for some i. Observe that if n ¢ {n;|i = 1,2,...}, then |{¢,}] = 0, and hence (32)
follows immediately. For the sequence (tn,)$°, since (G holds in this case, the
discussion for L < oo is applicable for t,, and hence (8.2) holds. This finishes the
proof of (4).

We now assume that (m,,)$° is bounded and let N be an upper bound of m,,.
The proof in this case is similar to the proof of (3) after observing that

tn+k—1<{tp}+k<tp,+k+1,
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and

min{2F~1, N1} < mpftnd+hp=3/2 < max{ok+1 NEF1}

7. PROOF OF THEOREM B3]

We start with the following elementary but crucial lemma.

Lemma 7.1. Let {Y,,}5; be a sequence of nonnegative random variables. Set

Yn_ﬂn

On

pn = E[Y,], o = Var(Ya), & =

Suppose that (a,)5% 1 is a sequence of positive numbers such that the Lindeberg type
condition

(7.1) Ve>0, lim B [Eligs ] =0
holds. Then
2
lim a, =oc0 and lim 2” =0
n—o00 n—00 (17 O,

Proof. Note that E [57211{539%}} < eay, for all € > 0. By (1)), this implies

liminfa, > e 'E[¢3] = ¢!

n—00

Hence lim,,_, o, a,, = co. Next, fix € > 0. As Y,, is nonnegative, we have

\/—:una’n«

02 ’

2 0
ElGle.<n] < 5 <
for all n large enough, and

€uZan

2
On

E [§Zl{o<gng\/m}] <o, \ea,E[(Ys — ) o<, < yeamy] <

Let L = liminf y2a, /0?2 € [0, 00]. Combining both inequalities and letting n — oo
n—oo
imply

1< Ve(L+VL).
Letting € — 0 shows that L = oo, that is, 02 /(u2a,) — 0. O
Recall the generalized model of riffle shuffle defined in (I2). For n > 1, let p,, be

the distribution of an integer-valued random variable X,, and consider the family
{(Sn; Qn,pn; Un)}(fo Where

Qn,pn( ) Qn Xn Z pn Qn m )
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Let X, 1, Xn,2,... be a sequence of i.i.d. random variables sharing the same distri-
bution as X,,. Then, for a,k > 0,

) k
||Q'Z,pn - Un”TV S Z P <H Xn,i = m) HQn,m - Un”TV

m=1 i=1

(7.2) <P <ﬁ Xpi < n3/2a> +P (ﬁ Xy > n3/2a> (\If(a_l) +0, (n—1/4))

i=1 i=1
k
=(T(a ) —1)P {HX’” > n3/2a} +1+0, (n_1/4) ,
i=1

where the first inequality comes from the triangle inequality and the second in-
equality follows from Theorem [£.4]

Consider the set B, defined in Lemma [£.7], that is, the subset of S, containing

permutations with numbers of rising sequences in [§ — AR VES n]. Lemma [5.7]

24a
then implies that

k
HQﬁ,pn = Unllrv = Z P {Han = m} (Un(Ba) = Qn,m(Ba))
i=1

m<n3/2aq

(7.3) k
>U(a )P {HX"Z < n3/2a} 10, (n71/4) '
i=1

Proof of Theorem For ¢ € R — {0}, let

[t +cby] ifc>0
|ty +cby| ifc<0’

k:k(n,c)z{

where ¢, = 3;;% and b, = Hinmax{l, 1/%}. By hypothesis, (3.4]) holds.
Thus Lemma [Z.I] implies
(7.4) lim t, = oo, by = o(ty).

n—oo

By Definition [Z2] to prove a (t,,b,) total variation cut-off, we have to show that
lim f(c) =0 lim f(c)=1,
c——00 —

c—00

where

F(e) = timsup QK ~ Unllrv, f(e) =liminf @, — Unllrv.

n—oo

Note that b,, > Wln (1 + 1/%). This implies

2logn | <0 ife>0
1 3/2,¢/2 _kn+f On = '
og(m7e"™) —ku 2 Hn >0 ife<0

Hence, we have

k k
P HXn,i >n2e?} > P iz 108 Xni = Kitn > g, [len forc>0
i=1 onVk 2\ kunp




THE CUTOFF PHENOMENON FOR RANDOMIZED RIFFLE SHUFFLES 19
and

k k
P HXn,z‘ <n3e?) >p 2iz 108 X — Kt <-Z logn for ¢ < 0.
i=1 onVk 2\ kun

For fixed ¢ € R — {0}, consider a triangular array of random variables whose
k-th row consists of

log X, 1,10g X, 2, ..., log Xy, k.

In this setting, k ~ t,, and (34) is equivalent to the well-known Lindeberg condition
for such an array. Hence the central limit theorem (e.g., [I6l Theorem 1, page 329))
yields

(1 + \1/(2\/§c)) if ¢ > 0,

N =

k
3
.. N AN
hnrgng{-”anﬂ >nze } >
and

k
1
lim inf P {Hxn < n360/2} >3 (1 + \1/(—2\/§c)) if ¢ < 0.

n—o0 .
=1

Then, by (Z2) and (Z3]), we have

Fle)<1-— % (1 - \1/(6*0/2)) (1 + \1/(2\/50)) for ¢ > 0,

and )
fle) > 5\11(6_0/2) (1 + \If(—2\/§c)) for ¢ < 0.
Hence the (¢, by,)-cutoff is proved by letting ¢ tend to co and —oo respectively.

For the optimality of such total variation cutoff, we need to estimate f(c) for
c<0and f(c) for ¢ > 0. Assume that b, > b > 0 for all n > 1. Then we have

)t cbn] >tp by —1 >ty 4+ (c=b" b, ife<O
) [t 4 cby] <tp+cbp+1<tn+(c+b b, ifec>0"

Arguing as in the proof of cutoff above, we obtain

n—r oo

k
- 1
lim inf P {Hxn > pdelcd 1>} > 2 (1 U420 - c))) for ¢ < 0,
1=1

and

k
lim inf P {HXM- < nge(”bl)} > % (1 —U(4V2(b7 + c))) for ¢ > 0.

n—oo .
i=1

Hence, the functions f, [ are bounded by

Ve<0, Fle)<1— % (1 - \y(e@”—c))) (1 — AV — c))) <1,
and
Ves0, f(o)> %\p(e%b”ﬂh (1 - wEvED + ) > 0.

By Definition 23] the family {(Sn,@n p,.,Un)}:° has an optimal (¢,,b,) total
variation cutoft.

O
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8. PROOF OF THEOREMS [3.4],

To work without assuming the existence of p,,, we need the following weak law
of large numbers for triangular arrays. See, e.g., [12].

Theorem 8.1. (Weak law of large numbers) For each n, let Wy, 1, 1 < k < mn, be
independent. Let by, > 0 with by, — 0o, and Wy, = Wy k1qw, ,|<b,}- Suppose that
(1) >, P{{Wp k| > b} = 0, and
(2) b2 >0, Eng — 0 as n — oo.

If we set Sy, =Wy 1 + ... + Wa and put s, = > p_y EW,, k, then

Sn_sn

— 0 in probability.

n

Proof of Theorem B.4L For 0 < |¢| < 1, let

[(1+e)t,] ife>0
|(14+e)t,] ife<0’

k:k(n,e):{

By ([T2) and [Z3), to prove a total variation cutoff with critical time t,, it suffices
to prove that for all a > 0

n—roo

k

(8.1) lim P{Hxn,izné‘a} =1, ife> 0,
=1

and

k
(8.2) lim P{HXn,ignia} =1, ife<0.

n—o00 -
i=1

Indeed, if these limits holds true then (Z.2) and (Z3) give

limsup Q) , = Unllrv < ¥(a™') fore>0
n—oo
and
lim inf ||Qflp ~Upnlloy > ¥(a™t) for e <O0.
n—00 e

The total variation cutoff is then proved by letting a tend to infinity and 0 respec-
tively.

To prove B1)-(®2), note that EZ2 = EY,?2 + a2 P{log X,, > a,}. By the second
part of assumption [B.3]), we have

(8.3) (1+e)t,P{logX, >a,}—0 and (1+¢€)tya,’EY,? =0, asn — 0.
In order to apply Theorem Rl for fixed € € (—1,1), consider
Wi =1log Xo 1, ..., Wi = log Xy &

as the k-th row of a triangular array of random variables. Then (83]) shows that
the hypotheses (1) and (2) in Theorem [R1] hold. Hence

k
(8.4) a;’! (Z log X, — (1+ e)tnEYn> — 0 in probability.
i=1
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Note also that for a > 0, a;,* (log(n*/%a) — (1 + €)t,EY,,) ~ =% Hence the
first part of assumption (B3] implies that

limsupa,! (log(ng/Qa) —(1+ e)tnEYn) <0 ife>0,
(8-5) n—r oo
liminf a,* (log(n3/2a) -1+ e)tnEYn> >0 ife<O.

n—oo

Combining both ([84]) and (B3] proves (81 and (B.2]). O

Proof of Theorem Let X, be integer valued random variables such that
P{X, =k} =ppk) fork=1,2..
and satisfying (3:6), (31). Let a,, = logn in Theorem [34] so that
Y, = (log X)1ji0g x<logn}s Zn = Yn + (10g7)1 {105 X >log n}-

Set L, = log X,,. By B.1), we have E(L,1{1,>10gn}) = 0(f1n). Hence E(Yy,) ~
and the third condition of (8] follows from (B:6]). To apply Theorem[B4] it remains
to show

EY? P{L,, > logn}logn
nee EYylogn 0 niseo EY, )
or equivalently,
EY? P{L, > 1 1
lim —EYn _ ¢ gy DiLe>lognplogn

n—oo 1, logn n—00 Hn
The hypothesis [B7) gives
P{L,, > logn}logn < E(Ln1{L,>l0gn}) =o(1)

fin Lin
which proves the second desired limit. For the first limit, for any n € (0, 1), write
BY? = BIL3 11, <niogn}] + E(L71{yt0gn<L, <iogn})
< Nn logn + E(Lnl{Ln>nlogn}) logn
< (n+o0y(1))pin logn
where we have used (B77) again to obtain the last inequality. Thus

Y2
anlogn 1+ o,(1)
Letting n tend to infinity and then n tend to 0 shows that the left-hand side tends
to 0 as desired. (]

The next lemma deals with condition (3.5) appearing in Theorem [3.4] and plays
a role in the proof of Theorem .2](2).

Lemma 8.2. Forn > 1, let an, b, > 0 and X,, be a non-negative random variable.
According to the sequence (an);° and ¢ > 0, set Y, = Xpl¢x,<ca,} ond Z, =
Yo + canlix,>ca,}- Consider the following conditions.
b,EZ? . bn,
n00 G2EY, 0, lim 7y

Then (88) holds for some ¢ > 0 if and only if it holds for any ¢ > 0.

(8.6) an = O(bn),

= Q.
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Proof. On direction is obvious. For the other direction, we assume that (88]) holds
for some ¢ > 0. The second condition in (8.8]) implies

EY, EY? EY,
(8.7) P{Xn>can}—o<bn), e _o<bn).

Let d > 0 and Yé = an{XnSdan} and Zvlz = Y,: + danl{Xn>dan}- Then (m
and Chebyshev inequality imply

ca, P{Y, > da,} ifd<c
da,P{X, > ca,} ifd>c

—0 <aann> — O(EYH),

and
|EZ? — EZ2| < |d* — a2 P{X,, > (d A c)a,}
=|d* — |a (P{Y, > (d A c)a,} + P{X, > ca,})

EY? a’EY,
<Id2 — 2|42 n _ nt¥n )
<|d® — ¢la ((d/\ 0)2a2 + P{X, > can}) 0 ( ™ )

n

/ b E(Z,)?
Hence we have EY, ~ EY,, and Fager — 0. O

9. PROOFs OF THEOREMS 1] AND

In this section we are concerned with the continuous time process whose distri-
bution at time ¢, Hy 4, is given by ([@1), that is

Hn,t = eft HQZ;Pn'
k=0
Let X, 1, Xn,2, ... be a sequence of independent random variables with probability
distribution p,. Let X,, be an integer valued random variable whose probability
distribution p,, is given by
e~ PAXna#1} if I =1

(9.1) ﬁn(l):P{X":l}:{e12?%P{H{Xm—l} 1> 1

With this notation , we have

oy = E(Q, 1,) = Qnp,
and
Hn,k:E( i)”(): fhﬁn’ k:1,2,
Let h be any nonnegative function defined on [0, c0) satisfying ~2(0) = 0. Fubini’s
Theorem yields

9.2 B(h(log %)) = ™ 3 SE((X, ),

where )_(n,j =log X,1+ - +log X, ;. Thus, if we assume that p,,o0, < oo and
let h(t) =t (vesp. h(t) = t?), we obtain

E(log X,,) = pty and  Var(log X,,) = 02 + p2.
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Proof of Theorem[4.7]l Here, we deal with the case where, for each n, p,(m,) =1
for some integer m,,. Observe that for any integers n, M and time t > 0,

. 1 _ 1
”Hn,t - Un“Tv = Hn,t(ld) i >e - =

n! n!

M .
_ Z t

||Hn,t - Un”TV S (& t 5 + ||Q%pn - UnHTVa
i=0

where id is the identity of S,,, that is, represents the deck in order.
Assume that

2lognyg <
[
M. Let (t;)$° be an arbitrary sequence of positive numbers. Then, by Theorem

3.1l and the observation above, we have

Let M be an integer and (ny)7° be an increasing sequence such that sup;

lim ||Hp,t, — Unyllrv = 0 <= lim t;, = oc.
k— o0 k— o0

This means that the subfamily {(Sy,, Hn,t, Un,)}3°, and thus F itself, does not
present a total variation cutoff.
Assume now that

. logn
lim =0

n—00 [y

Then t,, = 3;‘;% tends to infinity and thus ¢,, ~ |¢,]. Clearly, a (t,,/t,) cutoff for

H,,+ is equivalent to a (t,,+/t,) cutoff for wa;n. We now prove the desired cutoff

by applying Theorem B3l to @y, 5,. To this end, we need to show that ([B4) holds
% & 1 Xn_ n 1 3

for X,,. Set &, = Ogaiﬁ:i' Then ([@.2)) implies

—1,2
= . e ]
E({nl{éixlﬁn}) = E 7(],_‘_1)! —0 asn — oo,

. [clogn
7> Hn

for any € > 0 and n > my/®. Hence (B4) holds for X,, and, by Theorem B3] the
family {(Sn, @Qn.5.,Un)}5° presents, as desired, an optimal (¢,,by,) total variation

cutoff with b,, = \/logn/ . O

Proof of Theorem [4.2)(1). As in the proof of Theorem 1] the desired cutoff for
the family {(S,,, Hn.t, Upn)}5° is equivalent to the same cutoff for {(Sy, Qn.p,, Un) }$°
because cutoff time and window size tend to infinity. Hence, the desired conclusion
will follow from Theorem B3] if we can show that X,, at (1) satisfies (34). Set

En = %. Then ([©.2) implies

~, _ 1 ()Z'n,7 _,UJH)Q
(9.3) E (fil{§%>€%}> —e 1; —E <— 0-72:_|_ILL721—1{(X7“17“")2 >El°"fn"}> ,

o2 +pu2
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if e, logn > 1. Fix €,8 > 0 and let M = M(§) € N, N = N(e, M) € N such that
253 ,1 & <0 and /<" > 907 if n > N. In this case, (Z3) implies tha
(9.4)
M o 2
Ing _ 1 (Xn ] _ﬂn)
21 1 1 J
E(§"1{£%>e‘i%}) Sote Zj!E 02 + 12 1{ Kpj—in \/T}
=t N AT

To bound the expectation in the right hand side, we consider the following sets.
For1 <i<j<M,let

1 2 21
Anij= {loan)i > 3 (Mn + W)}

fin
B {(loanﬁi — pin)? N elogn }
o o2 AM2puy,
Then
Xn,j — Un elogn
(9.5) {\/m>,/ } UAMJ
and

An,i,j C Bn,i if EIZ)& >2M.
This implies that for n > N, 1 <i<j < M,

Xn‘—l Xni2 1 Xni_ n2
§2E(( j — log ,)1Bn1i)+2E((og , u)le)

o+ i o2
2 (G —Don+ (G —1)*) 21
= P Bnl 2E elogn
R (B} #28 (6l e )

<3F (gil{gﬁp logn }) if n is large.

4M2pun

Now, using (@3] and these estimates in ([@.4)), and applying the hypothesis that
X, satisfies (34), we obtain

limsup (§n1{£2> logn}) <46 Vb,e>0.

n—oo

Hence (B4) holds for X,,. By Theorem B3} the family {(S,,, Hy., Un)}5° presents

an optimal (3;;&, bn) total variation cutoff, where

2 4,2
b, = L max (0n+un)logn,1
fin [in
(note that b, always tends to infinity). O

Proof of Theorem [.2/(2). The proof is similar to that of part (1) except that
we will use Theorem B4 instead of Theorem Let

i/n = (]‘Oan)l{logf(ngan}’ Z” = i/" + a’”l{logj(n>an}'



THE CUTOFF PHENOMENON FOR RANDOMIZED RIFFLE SHUFFLES 25

By ([@.2), we have
oo 1 7
= \.
9% L[ DolTiE ) EISRN |
j=1 i=1

It is apparent that EY, < EY,,. For 7 > 0, we have

j j
(Zl k’gX"xi) Lisy logxn,i<an}] 2 Z{E (logX"’il{loan,is“T“})
J
e %)

k=1
KA
/EYn > J.

=]

By Lemma (or Remark B.2) and (81), we have

J
(Z log Xn,z) 1{2{ log Xp i<an}
=1

lim inf E/

n—oo

Hence, for k£ > 0
o1
min Z

Letting k — oo implies EY,, ~ EY,,.
To apply Theorem B4 it remains to prove that the second part of (B.5) holds
for Y,, and Z,, that is,

2
soy _ (@ EYn ~ ([ EY,
E(Yn)—o( o ) P{loan>an}—o<1ogn .

Note that, by the hypothesis that X,, satisfies (3.0]), we have

2
oy _ [ @ EYn ([ EY,
E(Yn)—o( logn ), P{loan>an}—o(logn .

Then (@.2]), Lemma and the above observation imply
2

- < 1 J
2y . _—1 X i
E(Y?) =e ZﬁE (Zloan,z> L5 1o X s <an)
j=1 i=1
2

J
712 <Zl 10an1 l{loan ¢<an}>

2 Y,
= EY? 4 (EY,)2 <2EY2 =0 (“"—)
logn

and

. < 1 J
P{log X,, > an} = e ! Z TP {Zloan,i > an}
4!

j=1 i=1

-1 lo Xn>a—"}.
Zy—l {g j

7j=1
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Since, for j > 1,
P {loan > a_n} = P{log X,, > an} +P{Yn > a—"}
J J

i2EY? EY,
_P{loan>an}—|—]a—2n—j2><0< >7

2 logn
we have By
P{log X,, > a,} = r).
{log X, > 0.} o ({22
By Theorem [34] the family {(Sy, @n ., Un)}1° presents a total variation cutoff
with critical time ?élé’)g," Hence the same holds for {(Sy, Hpnt, Un)}$°. O
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