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Abstract

We study the Hamilton cycle Maker-Breaker game, played on the edges
of the random graph G(n,p). We prove a conjecture from [13], asserting
that the property that Maker is able to win this game, has a sharp thresh-
old at 105 2. Our theorem can be considered a game-theoretic strengthen-
ing of classical results from the theory of random graphs: not only does
G(n,p) almost surely admit a Hamilton cycle for p = (1 + ¢) loi ™. but
Maker is able to build one while playing against an adversary.

1 Introduction

Let X be a finite set and let F C 2% be a family of subsets. In the positional
game (X, F), two players take turns in claiming one previously unclaimed ele-
ment of X. The set X is called the “board”. In a Maker/Breaker-type positional
game, the two players are called Maker and Breaker and the members of F are
referred to as the “winning sets”. Maker wins the game if he occupies all el-
ements of some winning set; otherwise Breaker wins. We will always assume
that Maker starts the game. We say that a game (X, F) is a Maker’s win if
Maker has a strategy that ensures his win in this game against any strategy
of Breaker, otherwise the game is a Breaker’s win. Note that X and F alone
determine whether the game is a Maker’s win or a Breaker’s win.
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The study of graph games, that is, games whose board is the edge set of a
(complete) graph, was initiated by Lehman [11]. In particular, he proved that
Maker can easily win the (E(K,,),7,) game, where the family 7,, consists of the
edge sets of all spanning trees of K,,. Here by “easily” we mean that Maker can
win on a much smaller board: for him it is sufficient that the game is played
on the edge set of any n-vertex graph that contains two edge-disjoint spanning
trees minus an edge. In fact, this is a characterization of the boards on which
the spanning tree game is a Maker’s win.

In another classical game Maker’s goal is to build a Hamilton cycle. Chvétal
and Erd6s [5] proved that Maker can win the game (E(K,,), H,) for sufficiently
large n, where H,, consists of the edge sets of all Hamilton cycles of K,,. Though
Maker’s winning strategy they have presented is not as simple as the one for
the spanning tree game, one should not be surprised by the result itself, as by
the end of the game Maker owns many, roughly n?/4, edges. Had the board
contained less edges, Maker’s job would have clearly been a harder one. How-
ever, there is very little known about those graphs whose edge set allows Maker
to build a Hamilton cycle. This is in contrast with the spanning tree game,
where Lehman’s Theorem provides a full characterization. In the present paper
we make progress in terms of a probabilistic characterization of the Hamilton
cycle game.

Following [13], we give Breaker more power by randomly making the board
smaller before the game starts. In particular, we are interested in games played
on the random graph G(n,p). For many of the well-studied games, such as
7, and H, above, Maker wins on the edge set of G(n,1), while any (non-
trivial) game played on the edge set of G(n,0) is a Breaker’s win. The threshold
probability pr for a sequence of games on graphs F = F,, is defined to be the
probability at which an almost sure Breaker’s win turns into an almost sure
Maker’s win, that is,

Pr[F, played on E(G(n,p)) is Breaker’s win] — 1 for p = o(px),
and
Pr[F, played on E(G(n,p)) is Maker’s win] — 1 for p = w(px),

when n — co. Such a threshold pr exists [4], as being Maker’s win is clearly a
monotone increasing graph property.

It was observed in [13] that the threshold probability of the spanning tree
game is 10%; moreover, this threshold is sharp and coincides with the thresh-
old of connectivity, determined by Erdés and Rényi in 1960. The threshold
probability for the perfect matching game was also determined, and for the
Hamilton cycle game it was proved that the threshold probability satisfies
loi" <pp, < lognn. It was conjectured that the threshold should be the same as
the threshold probability of hamiltonicity in G(n,p). This was verified in [12],
where a strategy that enables Maker to build a Hamilton cycle on G(n, 5.410%)
almost surely, was given. However, this method does not seem to extend for a

proof of the sharpness of the threshold. Using a different approach, we prove




that the threshold is indeed sharp and even obtain some bound on the second
order term.

Theorem 1 There exists a constant £ > 0 such that the Hamilton cycle game
on G(n, M) is almost surely a Maker’s win.

It should be stressed that the probabilistic part of the statement refers to the
creation of a random board and not to the strategies of the players; once a
graph G is generated according to the G(n,p) model, the game is completely
deterministic and is either Maker’s win or Breaker’s win.

Theorem 1 is obviously very close to being best possible, as
G(n, log"+310gnl°gn7w(l)), where the w(1) term tends to infinity with n arbi-
trarily slowly, almost surely has at least three vertices of degree at most three,
and so Breaker easily wins by forcing Maker to build a graph with minimum

degree at most one.

It is instructive to compare Theorem 1 with known results on Hamiltonicity
of random graphs. Komlés and Szemerédi [10], and Bollobés [3] proved indepen-
dently that if p = p(n) = & nHOgiLOg nte® where w(1) is any function tending
to infinity arbitrarily slowly with n, then G(n, p) is almost surely Hamiltonian;
this estimate is easily seen to be essentially tight. Thus, Theorem 1 can be
considered as a strengthening (with a slightly weaker bound on the error term)
of the above stated classical result: for p(n) = (1+¢) brgl " not only does G(n, p)

admit a Hamilton cycle a.s., but Maker is a.s. able to build one while playing
against an adversary.

The rest of the paper is organized as follows: in Section 2 we mention some
known results and notation that will be used later on. In Section 3 we prove
Theorem 1. Finally, in Section 4 we present some open problems.

2 Preliminaries

For the sake of simplicity and clarity of presentation, we do not make a par-
ticular effort to optimize the constants obtained in our proofs. We also omit
floor and ceiling signs whenever these are not crucial. Most of our results are
asymptotic in nature and whenever necessary we assume that n is sufficiently
large. Throughout the paper, log stands for the natural logarithm. Our graph-
theoretic notation is standard and follows that of [6]. In particular, we use the
following.

For a graph G, let V(G) and E(G) denote its sets of vertices and edges
respectively; and let v(G) = |V(G)| and e(G) = |E(G)|. For aset A C V(G), let
E¢(A) denote the set of edges of G with both endpoints in A, and let eq(A) =
|Ec(A)|. For disjoint sets A, B C V(G), let Eg(A, B) denote the set of edges of
G with one endpoint in A and the other in B, and let eq(A, B) = |Eq(A, B)|.
For a set S C V(G), let Ng(S) = {u € V(G)\ S : Jv € S,{u,v} € E(G)}
denote the set of neighbors of S in V(G) \ S. For a vertex w € V(G) \ S let
da(w,S) = [{u € S : {u,w} € E(G)}| denote the number of vertices of S that



are adjacent to w in G. We abbreviate dg(w, V' \ {w}) to dg(w) which denotes
the degree of w in G. The minimum vertex degree in G is denoted by §(G).
Often, when there is no risk of confusion, we omit G from the notation above.

The following classical theorem, due to Erdds and Selfridge [7], is a useful
sufficient condition for Breaker’s win in the (X, F) game.

Theorem 2 Let (X,F) be an arbitrary hypergraph. If

a1
Z2A<2,

AcF

then Breaker has a winning strategy for the (X, F) game.

In order to prove that Maker’s graph will indeed be Hamiltonian, we will
use the following theorem.

Theorem 3 [8] Let 12 < d < eVI'n and let G = (V,E) be a graph on n
vertices satisfying the following two properties:

o Forevery S CV, if [S] < g8 d_ then [N(S)| > d|S);

e There is an edge in G between any two disjoint subsets A, B C V with

log 1 logd
’A’7 ‘B’ > 413318§n01g0g1<())§10gn'

Then G is Hamiltonian, for sufficiently large n.

In the proof of Theorem 1 we will use the following Chernoff type bounds.

Lemma 4 [1, Lemma 2.1] If X ~ Bin(n,p) and k > np then Pr(X > k) <
(enp/k)".

Note that the bound given in Lemma 4 is especially useful when k is “much
larger” than np.

Lemma 5 [9, Corollary 2.3] Let X ~ Bin(n,p) and let 0 < ¢ < 1. Then
Pri{|X —np| > enp] < 2exp{—%np}.

Lemma 6 [9, Theorem 2.10 and Corollary 2.4] If X is a random variable with

hypergeometric distribution, ¢ > 1, and x > ¢-E(X), then Pr(X > z) < efclx,
where ¢ =loge—1+1/c.

3 Building a Hamilton cycle one-on-one

In this section we are going to prove Theorem 1, by describing Maker’s strategy,
and then proving that it is a winning one.



Let
logn + (loglogn)*
p=p(n) = ;

n

and let
cnloglogn

4130logn ’
where ¢ = £ —4. The value of the constant ¢, and thus also of £, will be assumed

to be sufficiently large throughout the proof. We make no effort to optimize
this constant; for our calculations, ¢ = 3 - 10!7 is large enough.

k=k(n)=

Before proving Theorem 1, we state and prove some auxiliary lemmas.

Lemma 7 The random graph G = G(n,p) = (V,E) satisfies the following
properties a.s.:

(P1) §(G) > (loglogn)t?;

(P2) Ewvery subset A CV of cardinality |A| < 4500k/(loglogn)® spans at most
|A|(loglog n)*! edges in G;

(P3) For every two disjoint subsets A, B C'V of cardinality | A| < 4500k /(loglog n)¢
and |B| = |A|(loglogn)¢, the number of edges between A and B does not
exceed | A|(loglogn)<t2/600;

(P4) For every two disjoint subsets A, B of V' of cardinality k/1000 < |A|, |B| <
k, we have 0.999|A||B|p < e(A, B) < 1.001|A||B|p.

Proof Properties P1 - P4 follow by standard first moment calculations and
standard bounds on the tail of the binomial distribution.

P1: Let X be a random variable that counts the number of vertices of
degree at most (loglogn)“™2. Then

(log log n)°+2 1
nooy, (nz )pi(l—p)"_l_i
=0
(log log n)°+2

n Z n' (%)Z exp {—p (n — 2(loglog ”)C+2)}

- n
1=0
(loglog n)ct2
n Z ((1 + 0(1)> logn)ieflognef(loglogn)”‘le!}logn(loglogn)c+2/n
=0
< e(1+o(1))(log logn)°¢t3 —(log log n)°t++

o(1).

It follows by Markov’s inequality that Pr[X > 0] = o(1).

E(X)

IN

IN

IN

P2: Let A C V be any subset of size 1 < a < 4500k/(loglogn)®. Let X4
be a random variable that counts the number of edges with both endpoints in



A. Then X4 ~ Bin((3),p) and thus E(X4) = (5)p. In order to bound the
probability that X 4 is much larger than its expectation, we use Lemma 4.

Then we have

Pr[3A CV with 1 < a < 4500k/(loglogn)¢ and X4 > a(loglogn)“™]
4500k /(log log n)¢

n

< Pr[X4 > a(loglogn)“t?
S S B Lt

4500k /(log log n)¢ | a (loglogn)et17 @
I (el
- o a \ a(loglogn)ct!
3 4500k/(1§10gn)0 _ﬂ alogn (loglog n)e+17 @
- = a n

4500k /(loglogn)©
< Z [exp {1 + log(n/a) — (loglog n)*1 (log(n/a) — loglog n)}]a

a=1

= o(l),

where the last equality follows from the upper bound on a.

P3: Let A C V be any subset of cardinality 1 < a < 4500k/(loglogn)°
and let B be any subset of V' \ A of cardinality b = a(loglogn)¢. Let Xap
be a random variable that counts the number of edges with one endpoint in
A and the other in B. Then Xup ~ Bin(ab,p) and thus E(X,p) = abp =
a’p(loglogn)€. Let E denote the event “there exist two disjoint subsets A, B C
V', of sizes 1 < |A| = a < 4500k/(loglogn)¢ and |B| = b = a(loglogn)®, such
that e(A, B) > a(loglogn)“*2/600”. Using Lemma 4 we get

4500k / (log log n)° n\ /n
> () <b)Pr[XAB > a(loglogn)**2/600)
a—1
4500!@/(120%1% n)¢ _ﬂ (ﬂ) (loglog n)® eabp
2 a \b a(loglogn)<*+2/600
4500k/(120‘:310g n)® _@ (@) (loglogn)® (g logn
a=1 a b "
4500k /(log log n)®
S lexp{l +log(n/a) + (loglogn)* (1 + log(n/a))
a—1
(loglogn)c+?

- (o8I0 051 — Loglogm)

= o(),

where the last equality follows from the upper bound on a.

PrlE]

IN

IN

) (log log n)°+2/600] a

IN

> (log log n)c+2/600] @

IN



P4: Let A,B C V be any two disjoint subsets of sizes k£/1000 < a,b < k
respectively. Let Xa4p be a random variable that counts the number of edges
with one endpoint in A and the other in B. Then X p ~ Bin(ab,p) and
thus E(Xap) = abp. Let E denote the event: “there exist two disjoint subsets
A,B CV, of sizes k/1000 < a,b < k respectively, such that |e(A, B) — abp| >
0.001abp”. Applying Lemma 5 we obtain

k k
priE] < Y Y <Z> <Z> Pr{|Xap — abp| > 0.001abp]
a=k /1000 b=Fk /1000
k b en\e sen\?b abp
< 35 () () e {5
a=k/1000 b—k/lOOO
k2p
< K2 A
= (k/lOOO) Xp{ 3. 1012}
k
< (ex im0+ 10 eeen )
< k7 (ex {Qloglogn 34130 1012 loglogn}
= )7
where the last equality follows by choosing ¢ to be sufficiently large. O

Lemma 8 Let G = (V, E) be a graph, satisfying property P4; then, for every
pair of disjoint subsets A,B C V of cardinality |A| = |B| = k, there exist
subsets A1 C A and B1 C B such that

e e(Ay, By) > 0.197k>p;
o Fvery a € Ay satisfies 0.4kp < d(a, By) < 1.1kp;
e Fvery b € By satisfies 0.4kp < d(b, A1) < 1.1kp.

Proof Let A, B C V be any two disjoint subsets of cardinality k each, and let

X = {a€A:d(a,B)>1.1kp},
Y = {beB:db A)>11kp}.

It follows by property P4 that |X|,|Y| < k/1000. Indeed, otherwise we would
have
|X]| - 1.1kp < e(X, B) < 1.001|X||B|p,

a contradiction; a similar argument applies to Y. Let 4g = A\ X, By = B\Y,
and let Hy be the bipartite subgraph of G with bipartition (Ag, By). By the
aforementioned upper bound on | X| and |Y| we have, 0.999k < |Ay|,|Bo| < k.
It follows by property P4 that

|E(Hy)| > 0.999| Ag||Bo|p > (0.999)3k%*p > 0.997k>p.

Now, start with H; = Hy, and keep deleting vertices of degree at most 0.4kp
until there are none left. Altogether we delete at most 0.4kp(|Ag| + |Bo|) <



0.8k%p edges, so the resulting graph H; has at least 0.197k%p edges and all
degrees are between 0.4kp and 1.1kp; denote its parts by A; and Bj. This
concludes the proof of the lemma. O

Lemma 9 Let G = (V, E) be a graph on n vertices satisfying properties P1
and P4; then E can be split into two disjoint sets E = FEy U Es such that,
denoting G1 = (V, E1) and G2 = (V, E2), we have

e 5(G1) > (loglogn)“t2/100;

o For every two disjoint subsets A, B of V, such that |A| = |B| = k, we
have
ec,(A, B) > 0.1k%p .

Proof For each vertex v € V we choose exactly (loglogn)¢*?/100 of the edges
incident with it, uniformly at random and independently of the choices for other
vertices. We put an edge e = {u,v} in E; if and only if e is chosen at u or v
(or both). Set By = E\ Ey. Clearly, 6(G1) > (loglogn)t2/100.

Let A, B be disjoint subsets of V' of cardinality k, and let Ay C A, B; C B,
be the subsets whose existence is guaranteed by Lemma 8.

For every a € A1, denote by X, the random variable that counts the number
of edges from a to Bj, that were chosen by a. Then {X, : a € A;} are
independent hypergeometric random variables with parameters dg(a), d(a, B)
and (loglogn)¢*2/100 (that is, exactly (loglogn)¢*t2/100 elements of {{a,u} €
E : u € V} are chosen uniformly at random without replacement, and we count
how many of them are in the set {{a,u} € E': u € B;}). Hence by P1

oglogmn)ct?2
d(a, By)tesloen) _ d(a, By)

E[X,] = 0.02kp
Xl de(a) = Tq00 SOV
and thus, applying Lemma 6 we obtain
k
Pr[X, > 0.03kp] < exp{—0.07-0.03kp} < exp {—%} :

Hence, the probability that there are at least 0.01k vertices in A; such that at
each one we chose at least 0.03kp edges leading to Bj, is at most

| Asl kp k*p
——-0.01k ; < - .
(0.0lk: P\ T 600 =P T 108
Similarly, the probability that there are at least 0.01k vertices in By such that
at each one we chose at least 0.03kp edges leading to A; each, is at most

| B kp k*p
—— - 0.01k ; < — .
<0.01k: “P\ T 600 =P T 7 108
Thus, the probability that there exist subsets A, B C V of cardinality &, for
which there are at least 0.01% vertices of A; such that at each one we chose at




least 0.03kp edges leading to B1, or there are at least 0.01k vertices of By such
that at each one we chose at least 0.03kp edges leading to A, is at most

2 2 2

n k*p en\ 2k k<p
2exp | — < (DY 2expd -

<k> eXp{ 7-104} = (k) eXp{ 7-104}

kp k
< [exp {210glogn ~ 7108 H

= o(1),

where the last equality follows by choosing ¢ to be sufficiently large.

It follows that there exists a choice of edges for the vertices, such that for
every A, B C V the total number of edges chosen between A; and Bj is at most

0.01k - 1.1kp + |A;| - 0.03kp + 0.01k - 1.1kp + |By| - 0.03kp < 0.09kp .

Hence, for such a choice

eGQ(A7B) > er(AlﬂBl)
eq(A1, By) — e, (A1, Br)
> 0.197k%*p — 0.09k2p
> 0.1k%p.
This concludes the proof of the lemma. O

Lemma 10 Let H be a graph of minimum degree d; then in a Maker-Breaker

game played on H, Maker can bwild a spanning graph M with minimum degree
at least |d/4].

Proof Let H* be the graph, obtained from H by adding a new vertex v* and
connecting it to every vertex of odd degree in H (if all the degrees in H are
even, then set H* = H). Since all the degrees in H* are even, it admits a

Eulerian orientation H*. For every v € V(H), let E(v) = {{v,u} € E(H) :

(v,u) € E(H*)}. Clearly, |E(v)| > |du(v)/2] and the sets E(v),v € V(H) are
pairwise disjoint. Using an obvious pairing strategy, Maker can claim at least
||E(v)|/2] edges from every set E(v). O

Lemma 11 Let G = (V,E), where |V| = n, be a graph that satisfies prop-
erties P2, P3. Let My be a spanning subgraph of G of minimum degree

c+2

(M) > %. Then in My, every subset A C V of cardinality 1 <

|A| < 4500k /(loglogn)€, satisfies |[Nar, (A)| > |A|(loglogn)©.

Proof Let A be a subset of V' of cardinality 1 < |A| < 4500k /(loglogn)¢. By
property P2 we have ey, (A) < eq(A) < |A|(loglogn)t!, and thus there are

at least
|A|(log log n)“+2

600

O(M)|A] = 2enr, (A) >



edges leaving A in M;. Thus |Nyg (A)| > |A|(loglogn)¢, as otherwise we get a
contradiction with property P3. O

We are now ready to describe Maker’s strategy. From Lemma 7 we have
that G(n,p) satisfies properties P1 - P4 a.s.; hence, from now on, we assume
that the board is the edge-set of a graph G that satisfies all these properties.
Before the game starts, Maker splits the board into two parts, Gy = (V, E7) and
Go = (V, E3), as in Lemma 9. He plays two separate games in parallel, one on E;
and the other on Fy. Whenever Breaker claims some edge of F;, i = 1,2, Maker
plays in E; as well (except for maybe once if Breaker has claimed the last edge
of E;). Let M denote the graph built by Maker and let My = (V, E(M) N E1),
My = (V, E(M) N EQ).

The game on Fj is played according to Lemma 10 and so at the end of the

c+2
game, Maker’s graph M; will have minimum degree at least (logl+g). Since

G satisfies properties P2 and P3, it follows by Lemma 11 that every A C V of
cardinality at most 4500k /(loglogn)¢ satisfies | Ny, (A)| > |A|(loglogn)©.

Playing on FE5, Maker’s goal is to claim an edge between every two disjoint
subsets A, B C V of cardinality k. To do that, he can simply adopt the role of
Breaker in a different game, played on the hypergraph H whose set of vertices
is Fy and whose hyperedges are the edge sets of all bipartite subgraphs of Go
with both parts of size k. Using Theorem 2, we get

2
Z o—IDI < <”> 9—0.1k%p
- \k

DeH
(ﬂ)”“ o~ (0110g2)k2p
2

< exp{k(2loglogn — (0.1log 2)kp)}
= o(1),

where the last equality follows since c is sufficiently large.
It follows that Maker can build a graph M = (V, E(M;)UE(Mz)), for which
e Every subset A C V of cardinality at most 4500k /(loglogn)¢ satisfies

[Nar(A)] = [Al(loglog n)*;

e There is an edge between every two disjoint subsets A, B C V of cardi-
nality |A| = |B| = k.

Thus, the Hamiltonicity of M follows from Theorem 3 by substituting
d = (loglogn)¢, for sufficiently large n. O

10



4 Open problems

In [13] it was conjectured that, provided that Breaker starts the game, essen-
tially the only reason for Maker to lose the Hamilton cycle game on G(n,p) is
that the graph has a vertex of degree 3. One can formulate this conjecture pre-
cisely in the model of the random graph process: the hitting time of the event
that Maker has a winning strategy in the Hamilton cycle game is equal to the
hitting time of the event that the minimum degree of the graph is 4 (provided
that Breaker starts the game).

A less ambitious goal would be to prove that the second order term of the
threshold probabilities coincide asymptotically.

Conjecture 1 Suppose that Breaker starts the game. Ifp > 2 n+310gnl°g ntw)

where the w(1) term tends to infinity with n arbitrarily slowly, then a.s. Maker
wins the Hamilton cycle game on G(n,p).

If true, then this statement could be viewed as a game theoretic analog of
the famous theorem of Komlds and Szemerédi [10] and of Bollobés [3] on the
Hamiltonicity of the random graph.

Min-degree-game. We think that the problem considered in Lemma 10 is
very interesting in its own right. In Lemma 10, it was proved that, playing on
the edge set of any graph with minimum degree d, Maker can build a graph
with minimum degree at least |d/4|. For d > logn it is known (see, e.g. [2])
that Maker can build a graph with minimum degree d/2 — o(d). It would be
very interesting to decide whether this is true for constant d as well. Let my
be the largest integer such that, playing on any graph with minimum degree d,
Maker can build a graph with minimum degree at least my. Lemma 10 then
asserts that my > |d/4| holds for every d.

Problem 1 Determine my.

Acknowledgments

The authors would like to thank the referees for their valuable comments, which
improved the quality of this paper.

References

[1] J. Beck, On size Ramsey number of paths, trees and circuits. I, J. of Graph
Theory, 7 (1983) 115-129.

[2] J. Beck, Combinatorial games: Tic-Tac-Toe theory, Cambridge Uni-
versity Press, New York, 2008.

11



[3]

[4]

B. Bollobds, The evolution of random graphs, in Graph Theory and Com-
binatorics (Cambridge, 1983), Academic Press, London, (1984), 35-57.

B. Bollobas and A. Thomason, Threshold functions, Combinatorica 7
(1987), 35-38.

V. Chvéatal and P. Erdds, Biased positional games, Annals of Discrete
Math. 2 (1978), 221-228.

R. Diestel, Graph Theory, Springer New York, 2"¢ ed. 1999.

P. Erd6s and J. Selfridge, On a combinatorial game, J. of Combinatorial
Theory, Ser. A 14 (1973) 298-301.

D. Hefetz, M. Krivelevich and T. Szabd, Hamilton cycles in highly con-
nected expander graphs, to appear in Combinatorica.

S. Janson, A. Luczak and A. Rucinski, Random graphs, Wiley, New
York, 2000.

J. Komloés and E. Szemerédi, Limit distributions for the existence of Hamil-
ton circuits in a random graph, Discrete Mathematics 43 (1983), 55-63.

A. Lehman, A solution of the Shannon switching game, J. Soc. Indust.
Appl. Math. 12 (1964), 687-725.

M. Stojakovi¢, Games on Graphs, PhD Thesis, ETH Ziirich, 2005.

M. Stojakovi¢ and T. Szabd, Positional games on random graphs, Random
Structures and Algorithms 26 (2005), 204-223.

12



