arXiv:1101.0693v2 [math.CO] 17 Apr 2012

The C-free process

Lutz Warnke

Mathematical Institute, University of Oxford
24-29 St. Giles’, Oxford OX1 3LB, UK

warnke@maths.ox.ac.uk

ABSTRACT. The Cy-free process starts with the empty graph on n vertices and adds
edges chosen uniformly at random, one at a time, subject to the condition that no
copy of Cy is created. For every £ > 4 we show that, with high probability as n — oo,
the maximum degree is O((nlogn)*/(“=1)), which confirms a conjecture of Bohman and
Keevash and improves on bounds of Osthus and Taraz. Combined with previous results
this implies that the Cj-free process typically terminates with @ (n*/ =1 (logn)/(¢=1)
edges, which answers a question of Erdés, Suen and Winkler. This is the first result
that determines the final number of edges of the more general H-free process for a non-
trivial class of graphs H. We also verify a conjecture of Osthus and Taraz concerning the
average degree, and obtain a new lower bound on the independence number. Our proof
combines the differential equation method with a tool that might be of independent
interest: we establish a rigorous way to ‘transfer’ certain decreasing properties from the
binomial random graph to the H-free process.

1 Introduction

The random graph process was introduced by Erdés and Rényi [10] in 1959. It starts with the empty
graph on n vertices and adds new edges one by one, where each edge is chosen uniformly at random
among all edges not yet present. Since then it has been studied extensively, and many tools and
methods for investigating its typical properties have been developed, see e.g. [5l [8 [12]. In this work
we consider a natural variant of the above process which has very recently received a considerable
amount of attention [2] 3] 111, 17, 18], 23] 24 25| 26, 27].

The H-free process was suggested by Bollobds and Erdés [4] in 1990, as a way to generate an
interesting probability distribution on the set of maximal H-free graphs with potential applications
to Ramsey Theory. Given some fixed graph H, it is a modification of the classical random graph
process, where each new edge is chosen uniformly at random subject to the condition that no copy
of H is formed. It was first described in print in 1995 by Erdds, Suen and Winkler [9], who asked
how many edges the final graph typically has (this also appears as a problem in [7]). The main
difficulty when analysing this process is that there is a complicated dependence among the edges;
the order in which they are inserted is also relevant.

The first results addressed certain special graphs, determining the typical final number of edges
up to logarithmic factors. The case H = C5 was studied in 1995 by Erdds, Suen and Winkler [9],
and in 2000 Bollobds and Riordan [6] considered H € {K4,C4}. In fact, a result of Ruciriski
and Wormald [2I] predates those mentioned above: in 1992 they considered the (much simpler)
maximum degree d-process, which corresponds to the case H = K 441, and showed that whp it
ends with |nd/2]| edges. The general H-free process was first analysed independently by Bollobéds
and Riordan [6] and Osthus and Taraz [16] in 2000. In fact, they assumed that H satisfies a
certain density condition (strictly 2-balanced), which holds for many interesting graphs, including
cycles and complete graphs. Osthus and Taraz determined the typical final number of edges up to

L As usual, we say that an event holds with high probability, or whp, if it holds with probability 1 — o(1) as m — oo.
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logarithmic factors and conjectured that whp the average degree in the final graph of the Cy-free
process is ©((nlogn)/(¢=1),

The next improvements came about ten years later. In a breakthrough in 2009, Bohman [2] obtained
the first matching bounds: he proved that the Cs-free process ends whp with @(n3/ 2\/Togn) edges,
confirming a conjecture of Spencer [22]. Next, Wolfovitz [25] slightly improved the lower bound on
the expected final number of edges for a range of graphs H. Very recently, for the class of strictly
2-balanced graphs H, Bohman and Keevash [3] obtained new lower bounds that hold whp, which
they conjectured to be tight up to the constants. In fact, their conjecture is for the maximum degree:
for the Cy-free process they conjectured that the maximum degree is whp at most D(n log n)l/ (1)
for some D > 0.

As one can see, the typical final number of edges in the H-free process has attracted a lot of
attention, and for a large class of graphs H interesting bounds are known. However, not much
progress has been made in obtaining good upper bounds. After Bohman’s result for C5, the next
case to be resolved was H = K}, for which matching bounds have been obtained by the author [24],
and, independently, by Wolfovitz [26]. During the preparation of this paper Picollelli [17, 18] also
resolved the cases H € {Cy, K, }. But despite this progress, since the upper bound for the maximum
degree d process in [2I] is immediate, one can argue that non-trivial matching upper bounds have
not been determined for any class of graphs.

The H-free process is nowadays considered a model of independent interest as well. For strictly
2-balanced H, the early evolution of various graph parameters, including the degree and the number
of small subgraphs, has been investigated in [3,27]. These results suggest that, perhaps surprisingly,
during this initial phase the graph produced by the H-free process is very similar to the uniform
random graph with the same number of edges, although it contains no copy of H. Studying the
typical structural properties, e.g. the degree, in the later evolution of the H-free process is an
intriguing problem, and so far only some preliminary results are known, cf. [11], 23].

Motivation for studying the H-free process also comes from extremal combinatorics, where its
analysis has produced several new results. For example, improved lower bounds on the Turan
numbers of certain bipartite graphs and Ramsey numbers R(s,t) with s > 4 have been established
in [2, B, 25], and Bohman [2] reproved the famous lower bound for R(3,t) obtained by Kim [I5].
One of the key ingredients for these results is an upper bound on the independence number of the
H-free process, cf. 2, 3]. So far only for the special cases H € {C3,Cy} are these estimates known
to be best possible, and it would be interesting to obtain good lower bounds for other graphs.

1.1 Main result

In this paper we prove a new upper bound on the final number of edges of the Cy-free process. In
fact, we give a new upper bound for the maximum degree, which confirms a conjecture of Bohman
and Keevash [3] and improves previous upper bounds by Osthus and Taraz [16].

Theorem 1.1. For every ¢ > 4 there exists D > 0 such that whp the mazimum degree in the final
graph of the Cy-free process is at most D(nlog n)l/(z_l).

Up to the constant our upper bound is best possible, since the results of Bohman and Keevash [3]
imply that for some ¢ > 0, whp the minimum degree is at least c¢(n log n)l/ ((=1) | The special case
¢ = 4 was proved independently by Picollelli [18]; since this manuscript was submitted Picollelli [19]
has independently also proved the case £ > 4. So, combining our findings with [3], we not only verify
the mentioned conjecture of Osthus and Taraz [16], but establish the following stronger result.



Corollary 1.2. For every £ > 4 there exist ¢c,D > 0 such that in the final graph of the Cy-free
process whp the number of edges is between cnz/(g_l)(log n)l/(g_l) and Dnz/(g_l)(log n)l/(f_l), and
whp the degree of every vertex is between c(nlog n)l/(é_l) and D(nlog n)l/“_l). O

This is a natural extension of the main result of Bohman [2] for the Cs-free process, and answers
a question of Erdds, Suen and Winkler for the Cy-free process (see [7,9]): whp the final graph has
Ot (logn)/¢=1) edges. Since this question was asked for the H-free process in 1995, this is
the first result that determines (up to constants) the final number of edges for a class of graphs.

We also obtain a new lower bound on the independence number of the Cy-free process. Indeed, as
pointed out to us by Picollelli, using Corollary 2.4 of Alon, Krivelevich and Sudakov [1], Corollary [[.2]
implies the following bound conjectured in an earlier version of this paper (together with a proof of
a weaker bound).

Corollary 1.3. For every £ > 4 there exists ¢ > 0 such that whp the independence number in the
final graph of the Cy-free process is at least c¢(nlog n)(5_2)/(5_1). O

Up to the constant this matches the upper bound established by Bohman and Keevash [3]. We infer
that whp the independence number in the final graph of the Cy-free process is O(n log n)(e—z)/ (Z_l)).

1.2 Comparison with previous work

The basic idea of the proof is similar to [16]: we show that, after a certain number of steps, every
pair (7,U) with & ¢ U and |U| = D(nlogn)'/~1) has some property that prevents U C I'(?) in
the final graph of the Cj-free process. Osthus and Taraz [I6] establish their O(n'/“~ logn) bound
for the maximum degree using a ‘static’ point of view: they couple the Cy-free process (or more
generally the H-free process) with the classical random graph process and then show that even after
deleting all edges contained in a copy of Cy, every (v,U) has the desired property. By contrast, we
obtain the better O((n log n)l/ (5_1)) bound by tracking the step-by-step effects of each edge added
in the Cy-free process, and our main tool is the differential equation method used in [24].

Our argument relates to the proof of Bohman for the Cs-free process as follows. In [2] it is shown
that every large set of vertices contains at least one edge, which implies a bound on the maximum
degree, since the neighbourhood of each vertex is an independent set. In other words, the upper
bound follows from a bound on the independence number. For the Cy-free process, £ > 4, the
maximum degree is a separate question. In particular, we need to consider a more involved event,
and thus must study the combinatorial structure of large sets more precisely.

To this end we track several random variables for every (v,U). But, when applying the differential
equation method, there are significant technical difficulties, and a simple refinement of the approach
used in [24] for the K4-free process does not suffice to overcome them. Here one crucial ingredient
is a new connection between the H-free process and the Erdés—Rényi random graph, which might
be of independent interest. More precisely, we develop a ‘transfer theorem’, which enables us to
prove certain results for the H-free process using the much simpler binomial random graph model.
This is a key tool for establishing properties of the Cy-free process which otherwise seem difficult
to derive. We believe that it will also aid in proving new upper bounds for the H-free process.



1.3 Organization of the paper

We start by collecting the relevant properties of the Cy-free process in Section 2l In Section Bl we
then introduce several probabilistic tools and the differential equation method. Section M is devoted
to the proof of Theorem [[.T. Our argument relies on two key statements, whose proofs are deferred
to Sections Bl and B We apply the differential equation method in Section Bl and introduce the
‘transfer theorem’ in Section Next, in Section [0 we collect properties of the binomial random
graph, which are then used to complete the proof in Section [§

2 The C)-free process: preliminaries and notation

In this section we introduce some notation and briefly review properties of the Cy-free process
needed in our argument. We closely follow [3] and the reader familiar with the results of Bohman
and Keevash may wish to skip this section.

2.1 Terminology and notation

Let G(i) denote the graph with vertex set [n] = {1,...,n} after i steps of the Cy-free process. Its
edge set E(i) contains i edges; we partition the remaining non-edges ([g‘}) \ E(7) into two sets, O(4)
and C(i), which we call open and closed pairs, respectively. We say that a pair uv of vertices is
open in G(i) if G(i) U{uv} contains no copy of Cy. So, the Cy-free process always chooses the next
edge e;4+1 uniformly at random from O(z). In addition, for uv € O(i) U C(i) we write Cy,(7) for the
set of pairs xy € O(7) such that adding uv and xy to G(i) creates a copy of Cy containing both uv
and xy. Note that uv € O(i) would become closed, i.e., belong to C'(i + 1), if ;41 € Cyuy (7).

With a given graph in mind, we denote the neighbourhood of a vertex v by I'(v), where, as usual,
I'(v) does not include v. For S C [n] we define I'(S) = |J,cgI'(v). Furthermore, for A, B C [n], let
e(A, B) denote the number of edges that have one endpoint in A and the other in B, where an edge
with both ends in AN B is counted once. If the graph under consideration is G(i) we simply write
Ti(+), but usually we omit the subscript if the corresponding i is clear from the context. Given a
set S and an integer k > 0, we write (*2) for the set of all k-element subsets of S.

We use the symbol £ in two different ways, following [2], 3]. First, we denote by a £ b the interval
{a+2b: —1 <2 < 1}. Multiple occurrences are treated independently; for example, Zz‘e[j}(ai +b)
and [J;ep;y(ai £ b;) mean {37;cr5(a; + @) © =1 < @y, @5 < 1} and {[[;¢1(ai + @ibi) : =1 <
x1,...,x; < 1}, respectively. For brevity we also use the convention that = a+b means z € a+b.
Second, when considering pairs of random variables and functions, e.g. Y+, Y~ and y™, y~, we
use the superscript + to denote two different statements: one with + replaced by -+, and the other
with 4 replaced by —. For example, Y*(i) = y*(t) means Y1 (i) = yT(t) and Y~(i) = y~(¢).
Finally, combinations of both ways are treated independently; for example, Y*(i) = y*(¢t) £b
means Y1 (i) =y (t) £ band Y~ (i) =y~ (t) + b.

2.2 Parameters, functions and constants

In the remainder of this paper we fix £ > 4. Following [3], we introduce constants e, u and W.
We choose W sufficiently large and afterwards € and g small enough such that, in addition to the



constraints implicit in [3] for H = Cy, we have
W > 227 > 50, e <1/(215¢%) and oWt <e. (1)

Since the additional constraints in [3] only depend on H = Cy, we deduce that p is an absolute
constant (depending only on /). Next, similar as in [3] we set

p=n"HVED = p(ogn) YD and  m o= n2ptgay = pn Y logn) VN (2)

Formally, m (a number of steps) should be defined as | n?ptmax |, say, but, as usual, we will henceforth
ignore the irrelevant rounding to integers. For every step i we define t = t(i) = i/(n’p), where,
for the sake of brevity, we simply write ¢ if the corresponding i is clear from the context. Next we
introduce the functions

q(t) = e (@) and flt)= T HOW. (3)
Now, using (), for every 0 <t < tyax, for n large enough we readily obtain

1> q(t) >n"/* and 1< f(t)q)' < f(t) <ns. (4)

2.3 Previous results for the C/,-free process

The results of Bohman and Keevash [3] imply that a wide range of random variables are dynam-
ically concentrated throughout the first m steps of the Cy-free process. For our argument the key
properties are estimates on the number of open pairs as well as bounds for the degree and certain
closed pairs. So, for the reader’s convenience we state their results here in a simplified form.

Theorem 2.1. [3] Set s, = n'/0=¢. Let T; denote the event that for every 0 < i < j, we have
|O(@)| > 0 as well as

0(0)| = (L £3f(t)/se) a(t)n?/2 and (5)
I (v)| < 3nptmax for all vertices v € [n]. (6)

Let J; denote the event that for every 0 < i < j we have

|Cun(1)| = <(€ —1)(2t)2q(t) £ 7€f(t)/se> pt for all wv € O(i) U C(i) and (7)
|Clry (i) O Coyrr ()] < n~Vep~1 for all distinct v'v',u"v" € O@i).  (8)
Then Jpy N Ty holds whp in the Cy-free process. [l

After some simple estimates, both (B]) and (6] follow directly from Theorem 1.4 in [3]. Now, using
aut(Cy) = 2¢ and (2t)*~2¢(t) < 1, which follow from elementary considerations, Corollary 6.2 and
Lemma 8.4 in [3] imply (7)) and (). (Because the ‘high probability events’ of [3] in fact hold with
probability at least 1 — n~vW we may take the union bound over all steps and pairs.) We remark
that there is a factor of 2 difference in ([7]) since we use unordered instead of ordered pairs.

In our argument we use two additional properties of the Cy-free process. The next lemma follows
from Lemmas 4.2 and 4.3 in [24], which in turn are based on Lemmas 4.1-4.3 in [3].

Lemma 2.2. [24] Let K; denote the event that for all a,b > 1 and every A, B C [n] with |A| = a and
|B| = b, in G(i) we have e(A, B) < max{4c~!(a + b), pabn?}. Let L; denote the event that for all
a>1 and d > max{16e~1, 2apn®}, for every A C [n] with |A| = a we have |D 4 4(i)| < 16e~1d 'a,
where Dy 4(i) C [n] contains all vertices v € [n] with [I'(v) N A| > d in G(i). Then the probability
that 7, holds and K,, N L,, fails is o(1). O



3 Probabilistic tools

In this section we introduce several probabilistic tools that we will use in our argument.

3.1 Concentration inequalities

The following Chernoff bounds, see e.g. Section 2.1 of [12], provide estimates for the probability
that a sum of independent indicator variables deviates substantially from its expected value.

Lemma 3.1 (‘Chernoff bounds’). Let X = > ;. Xi, where the Xi’s are independent Bernoulli-
distributed random variables. Set = E[X]. Then for all t > 0 we have

PX < p—t] <e¥/Cm), (9)

Furthermore, for all t > Ty we have
PIX >t <e " (10)

In our argument we need to estimate the probability that in G, , some subset contains ‘too many’
copies of a certain graph. R6dl and Rucinski [20] showed that exponential upper-tail bounds can be
obtained if we allow for deleting a few edges; this is usually referred to as the Deletion Lemma [13].

Lemma 3.2 (‘Deletion Lemma’). Suppose 0 < p < 1 and that S is a family of subsets from ([Z}).
We say that a graph G contains « € S if all the edges of o are present in G. Let p denote the
expected number of elements in S that are contained in Gy, p. Let DL(b, k,S) denote the event that
there exists oy C S with |Io| < b such that, setting Eo = |J,ez, @ G(n,p) \ Eo contains at most
w~+ k elements from S. Then for every b,k > 0 the probability that DL(b,k,S) fails is at most

(+3) <o)

— Xp ——— /.

w) TPk

In [24] a slightly weaker variant of the above lemma was proven for the H-free process, where H is
strictly 2-balanced. The results of Section [6] will shed some light on this intriguing phenomenon.

3.2 Differential equation method

A crucial ingredient of our analysis is the differential equation method, which was developed by
Wormald [28, 29] to show that in certain discrete stochastic processes a collection V of random
variables is whp approximated by the solution of a suitably defined system of differential equations.
Developing ideas of Bohman and Keevash [3], the following variant was introduced in [24]. It
will be an important tool for showing that certain random variables are dynamically concentrated
throughout the evolution of the Cy-free process.

Lemma 3.3 (‘Differential Equation Method’ [24, Lemma 5.3]). Suppose that m = m(n) and s =
s(n) are positive parameters. Let C = C(n) and V = V(n) be sets. For every 0 < i < m set
t =t(i) = i/s. Suppose we have a filtration Fo C Fy C --- and random variables X, (i) and Y;(i)
which satisfy the following conditions. Assume that for all o € C x V the random variables X, (i)
are non-negative and F;-measurable for all 0 < i < m, and that for all 0 < i < m the random
variables Y.X (i) are non-negative, F1-measurable and satisfy

Xoli+1) = Xo (i) = Y, (i) = Y, (). (11)

o



Furthermore, suppose that for all 0 < i < m and X € C we have an event B;(X) € F;. Then, for all
0 <i < m we define B<i(X) = Up<;<; Bj(X). In addition, suppose that for each o € C x V we have
positive parameters uy = ug(n), Ao = As(n), Bs = Bo(n), 7o = T6(n), S¢ = sg(n) and S, = Sy(n),
as well as functions x,(t) and f,(t) that are smooth and non-negative for t > 0. For all0 < * <m
and X € C, let Gi+(X) denote the event that for every 0 <i <i* and 0 = (X,j) with j € V we have

X, (i) = (xg(t) + f"(t)> S, (12)

So

Next, for all 0 < i* < m let &~ denote the event that for every 0 < i < i* and X € C the event
B<i—1(X) U Gi(X) holds. Moreover, assume that we have an event H; € F; for all 0 < i < m with
Hir1 € H; for all 0 < i < m. Finally, suppose that the following conditions hold:

1. (Trend hypothesis) For all 0 < i < m and o = (X,j) € C x V, whenever & N —B<;(X) N H,;
holds we have

he(t -
B0 | 7] = (o £ 220) %2 (13)
where yX(t) and hy(t) are smooth non-negative functions such that
t
GO =g 0O ad L) 22 [ he(r) dr+ G (14
0

2. (Boundedness hypothesis) For all0 < i <m and o = (3,j) € CxV, whenever EN—B<;(X)NH;
holds we have

, Bz Ss
YEG) < 2o .22 1
) < i3 (15)
3. (Initial conditions) For all 0 € C X V we have
X,(0) = <mg(0) 4 ff) S, (16)
4. (Bounded number of configurations and variables) We have
max {|C[,|V|} < min e". (17)
oeCxV

5. (Additional technical assumptions) For all o € C x V we have
s > max{15u;Ts (56 Ao /Bs )% 956 Ao/ B} s/(1855As/PBs) < m < s-T,/1944, (18)

m/s
sup  yE(t) < Ao, / 2 (8)] dt < A, (19)
0<t<m/s 0
m/s
ho(0) < s,hs  and / B (8)] dE < 5o (20)
0

Then we have
- < e,
P& NHp) < 4arélcaxxve

An important feature of Lemma [3.3] is that the variables in V are tracked for every configuration
3 € C. However, it only gives approximation guarantees for the variables that ‘belong’ to X as long
as the ‘local’ bad event B<;(X) fails. For more details we refer to Section 5.3 and Appendix A.1
n [24]. Here we just remark that if the above conditions 1-5 are satisfied for n large enough, H,,
holds whp and u, = w(1) for all o € C x V, then Lemma B3] implies that &,, holds whp.

7



4 Bounding the maximum degree

In this section we prove our main result, namely that whp the maximum degree in the final graph
of the C-free process is O((nlogn)"/¢=1). In Sections EI] and we first discuss the main proof
ideas and introduce the formal setup used. Section [£.3]is then devoted to the proof of Theorem [I.1]
which in turn relies on two involved statements that are proved in subsequent sections.

4.1 Sketch of the proof

The following definition plays a crucial role in our proof. Given (0,U), where ¢ € [n] and U C
[n)\ {7}, a Cy-extension for (v,U) is a path on £ — 1 vertices whose end vertices are in U and whose
remaining vertices are disjoint from U U {0}. Clearly, for every vertex ¥ € [n], in the final graph of
the Cy-free process (0,1'(0)) must not have a Cy-extension. Set

(+1

v = max {W, 180} and U = YnPtmax = yp(nlog n)l/(z_l), (21)

1
0= 602010¢”

again ignoring the irrelevant rounding to integers in the definition of w. In order to bound the
maximum degree by u = D(nlog n)l/ (=1 where D = ~p, it is enough to prove that whp every
(0,U) € [n] x ([Z}) with o ¢ U has at least one Cy-extension after the first m steps. The same
basic idea was used in [16], but our proof takes a different route, inspired by [24]. After i steps, we
denote by Oz 17(7) the set of open pairs which would complete a Cy-extension for (0, U) if chosen as
the next edge. It seems plausible that it in order prove Theorem [I.1], it suffices to show that, after
some initial number of steps, |Op y(4)| is always not too small. Indeed, this implies a reasonable
probability of completing such an extension in each step, which in turn suggests that the probability
of avoiding a Cy-extension in all of the first m steps is very small.

We now illustrate our approach for establishing a good lower bound on |Oj 7 (7)| for the case when
¢ = 5. For ease of exposition, we ignore n° factors whenever these are not crucial and also assume
that the number of steps i is large. So, in our rough calculations we will e.g. ignore whether an edge
is open or not, since |O(i)| = w(n?~¢) by @) and (@). Note that in this case we have p = n=5/4,
m ~ n®/*, |Cpy(i)| = p~! and |U| =~ np = n'/* by @), @ and @I).

4.1.1 The random variables used
We define O 1;(i) as the set of pairs 2y € Ogp(i) with z € U and y ¢ U U {0}. Observe that for
every vy € Of ;(i) there exists a path vovivy = y with vg € U\ {z} and v1 ¢ U U {9, ,y}, cf.

Figure[Il The ‘last’ edge completing a Cs-extension for (9,U) could be any one of the edges of the
path, so we expect that O%7U(i) contains constant proportion of Oj /(7).

U1
Y =y
Figure 1: A pair zy € O%U(z) Solid lines represent edges and dotted lines open pairs.

Let Z3 (i) contain all quadruples (vg, v1,v2,v3) € U x [n]2x U with {vovy, v1ve} C E(i), vovs € O(i)
and {vy,ve} N (U U{0}) = 0. Using random graphs as a guide, we expect that G(i) shares many



properties with the binomial random graph G, ;, since its edge density is roughly 2tp ~ n=3/4 = p.
So, given y, the expected number of vg € U for which there exists a path vguive = y should be
roughly n|U|p? = o(1). Hence on average xy € O%7U(z’) is contained in only one such path ending in
U, which suggests that up to constants |Z5 (i) ~ |Oj ;;(i)|. To sum up, our discussion indicates
that a reasonable lower bound for | Z; 17(7)| suffices to prove that |O3 17(7)] is large. For this we intend
to use the differential equation method and so we introduce additional variables in order to control
the one-step changes of | Z5 7()|. To this end let Y (i) be the set of all (vg, v1,v2,v3) € U X [n]2x U
with {v1,v2}N(UU{0}) = 0 that satisfy vov1 € E(i), {viv2,vav3} C O(i), and, similarly, let Xz r/(7)
contain all such quadruples with {vgvy,viv2, v2u3} C O(7).

4.1.2 Technical difficulties

One of the main problems with the approach described above is the bound on the one-step changes.
It can happen that in one step up to p~' quadruples are removed from Zp,y(i), which turns out
to be too large for applying the differential equation method directly. Indeed, pick o, U such that
{vo} UTi(w) C U, |I'iy(w)| = |U| and © ¢ {w} UU UT;(U); taking the random graph G, , as a
guide, for e;11 = wuy it is easy to see that about (np)?|U| ~ p~! quadruples (vg,v1,ve,v3) with
v € I';j(w) are removed from Z; (7). For the Cy-free process this can be resolved using ad-hoc
arguments (e.g. exploiting that every v # o satisfies |I';(v) N U| < 1 if no Cy-extension for (v,U)
exists), but for larger cycles the situation is more delicate. To overcome this issue, we consider a
different random variable T3 7(4), which is an approximation of Zj 17(i) and is defined in such a way
that the one-step changes are automatically not too large. Roughly speaking, this can be achieved
by ‘ignoring’ the steps where the one-step changes would be too large; similar ideas have been used
e.g. in [2 [3, 14l 24]. Clearly, this introduces a new difficulty: we need to ensure that we do not
ignore ‘too much’, so that on the one hand the expected one-step changes are still ‘correct’, and on
the other hand |Z; ¢7(i)| =~ |T5,(i)| holds. Consequently, we refine the tracked variables and use
more sophisticated rules for ignoring tuples.

There is another significant obstacle when applying the differential equation method: adding e; 11 =
V102 to (vo,v1,v2,v3) € Y5 (i) does not always result in an element of Z; r7(i+1), since e; 11 = v1v2
closes vavs whenever vavs € Clypy,(2) holds. This is an important difference to the Cy-free process
with £ < 4, where this does not cause any problems when bounding the maximum degree. For
example, whenever this happens for ¢ = 4, it is not difficult to deduce that at least one Cjy-
extension for (0,U) already exists. Returning to the case £ = 5, using our random graph intuition
we expect that |Y; y(i)| =~ |U[*n?p ~ n7/%. Similar calculations suggest that the expected number
of quadruples in Y 17(i) with vavs € Cl, 4, (i) should be negligible compared to |Y5 ¢7(¢)|. However, if
we pick U such that I';(w) C U and |T';(w)| = |U|, for © ¢ {w} UU UT;(U), it certainly can happen
that there are |U|? - np-n ~ |Y; y(i)| quadruples in Y3 (i) with vovg € Cyy4, (7). In other words, it
is simply not true that for all (0, U) the effect of these ‘bad’ quadruples is negligible. This is a new
difficulty in comparison to the variables tracked in the analysis of the H-free process [3]. To deal
with this issue, we substantially refine the tracked random variables, developing ideas used in [24].
Intuitively, we show that for every (o, U) there exists a slightly altered set of random variables where
the above extreme example (and other difficulties) can be avoided. Here the new ‘transfer theorem’
(Theorem [6.2)) is an important ingredient, which allows us to use the much more tractable binomial
random graph model for certain calculations (see Section [7]).
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Figure 2: The neighbourhoods NU)(S) = NU)(S, X) for j € [3], where S may also intersect with
X and the vertex classes, i.e., with X UV; UV, U V3. Furthermore, SN N(j)(S) # () is also possible.

4.2 Formal setup
We now introduce the formal setup used in our argument. In the following it is useful to keep in

mind that we intend to apply the differential equation method (Lemma [B23]).

4.2.1 Preliminaries: neighbourhoods and partitions
Recall that by ) we have u = ynptmax = yp(nlogn)/ 1. We set
k= /60 = /60 - nptmax = v1/60 - (nlogn)/ =1 and r=|n/(l—-3)]. (22)
Given X C [n], we partition {1,..., (¢ —3)r} \ X as follows: for every 1 < j </ — 3 we set
V= V(X) = fo e M\ X : (- Dr <v<jr}. (23)

With a given graph in mind, which will later be G(i) or the binomial random graph, for every
S C [n] we define its neighbourhoods wrt. X as

NOS, X)y=85  and  NUTY(S,X)=T(NY(S, X)) NV (X),
see also Figure @l Observe that all NU)(S, X) are disjoint if S € X. Furthermore, X C Y implies
V;(Y) C Vj(X) and  NU(SY)C NU(S, X). (24)

Finally, for the sake of brevity we define N(<9)(S, X) = Uo<jr<; NU)(S, X).

4.2.2 Configurations

We define the set C of configurations to be the set of all ¥ = (0, U, A, B, R) with v € [n], U € (ML{G}),
disjoint A, B € (g), and R C [n] with {0} UU C R and |R| < kn'%. Given X € C, we then set
Ty, = Ax Vi x -+ x Vyi_3 x B, where each V; = V;(R) is given by (23).

Given ¥ € C, distinct x,y € [n] and j € [(—1], let C,.,, x(4, j) contain all pairs bw € Bx N¢=3)(A, R)
for which there exist disjoint paths b = w;---w; = 2 and y = wj41---we = w in G(i). Note that
adding zy and bw completes a copy of C; containing both zy and bw. Furthermore, observe that
Cyyx(i,7) and Cy , x(i,j) may differ. So, for all zy € O(i) U C(i) we see that the intersection of
Cyy(i) with B x N=3) (A, R) is contained in Ujee—1] [Cryx(i,7) UCyex(i,j)]. Finally, note that
by monotonicity we have Cy , 5(2,7) € Cpy (i + 1,7).

10



TV Y2 TV,
v ! vl\‘ ! vl\ ,’ !
e 2 we 2 v\z‘ V2

Figure 3: Tuples (vo,v1,v2,v3) in Txo(2), Tx,1(¢) and T (i) for £ = 5, where ¥ = (9,U, A, B, R).
Solid lines represent edges, dotted lines open pairs and dashed lines pairs that are open or closed.
For the other pairs there is no restriction, i.e., they may be open, closed or an edge.

4.2.3 Random variables

For every ¥ € C we track the sizes of several sets throughout the evolution of the Cy-free process. For
brevity, given (vo,...,vi—2) € Tx, we set f; = v;j_jvj forall 1 < j <£¢—2. Forevery 0<j</{¢—3
we introduce sets T% j(i), which for 0 < j < ¢ — 3 will satisfy

T27j(i) g {(’UQ,. .. ,?}g_g) & TZ . {fl7- .. 7fj} g E(Z) A {fj+17' .. ,fg_g} g O(Z)}, (25)

and for the special case j = ¢ — 3 we will have

Tse-3(i) € {(vo, ..., ve—2) € T : {f1,..., fru3} S E(i) N fi2 € Oi)UC(i)}, (26)

see also Figure Bl Note that f,_o can be in O(i) or C(i) for Ty ,—3(i), but we will see later
that the number of tuples with pairs in C(¢) is negligible. In the following we define the T ;(1)
inductively, starting with 7%, ;(0) = 0 for j > 0 and 7% ¢(0) = T%. Now suppose the process chooses
ei+1 = xy € O(i) as the next edge in step i+ 1. For j > 0 a tuple (vo, ..., v—2) € Tx j_1(i) is added
to Ty ;(i + 1), ie., is in Tx (i 4+ 1), if f; = eix1, {fjr1,---, fi2} N Cy,; (i) = 0, and in G(i) there is

no path wg - - w; = v; with wg € A. Furthermore, for j < £ —3 a tuple (vo,...,v—2) € Tx ;(3) is
removed, i.e., not in Tx j(i + 1), if ejr1 € {fjr1,..., fra} or esp1 € Cp, (i) U--- U Cy,_,(i). For
the special case j = £ — 3, a tuple (vo,...,ve—2) € Tx ¢—3(i) is removed, i.e., not in Tx, ,_3(i + 1), or

ignored, i.e., remains in Tx _3(i + 1), according to the following rules:

Case 1. If fy_o = e;41, then the tuple (vg,...,vs_2) is removed,

Case 2. If e;11 € Cf, ,(i), then the tuple (vo,...,v—2) is
(R2) removed if there exists j € [ — 1] and z,y € [n] such that e;+1 = xy, fr_2 €
(I2) ignored otherwise.

The above definition clearly satisfies (25]) and (26). Intuitively, the rules for removing tuples from
Ty ¢—3(i) ensure that the one-step changes are ‘by definition’ not too large. Furthermore, the way
in which the tuples are added yields the following extension property Ur.

Lemma 4.1. Given i > 0, let Up(i) denote the property that for all ¥ € C and 1 < j < £ — 3, for
every (vj,...,v—2) € Vj x---Vy_3 x B there exists at most one (vy,...,vj—1) € AxX Vi x---xV;_;
such that (vo, ... ,vi—2) € Uy<; T ;(i"). Then Ur = Ur(i) holds for every i > 0. O
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The proof proceeds by induction on ¢ and j; we leave the straightforward details to the reader (it
is helpful to observe that after (vo,...,vi—2) € Tx j—1(7) is added to Tx ;(i + 1), no further tuples
containing v; can be added due to the wg---v; path). Note that by Ur every (vj,...,vi—2) €
Vj x -+ Vp_g x B is contained in at most one tuple in |J,; ; T ;(¢’). This is an important ingredient
of our argument, and we remark that a simpler variant of this property has previously been used
in [24].

Recall that our goal is to show that there are many open pairs whose addition would complete a
C-extension for (0,U). Given ¥ = (0,U, A, B, R), note that for every (vo,...,v—2) € Tx —3(3), if
fo—2 € O(i), then adding f;_s to G(i) would complete such a Cy-extension. Now, since Uy implies
that every pair f;_o = zy with € V,_3 and y € B is contained in at most one such tuple in
Tx ¢—3(i), our aim is to obtain a lower bound on the size of

Zs,0-3(i) = {(vo, ..., vi—2) € T —3(i) : fr—2 € O(i)}. (27)

4.2.4 Bad events

The following bad event B;(X) is crucial for our argument: it addresses the two main technical
difficulties outlined in Section[d.1.2l For all0 < i < m and ¥ € C we define B;(X) = B ,(X)UB2,;(%),
where

By () = in G(i) there are more than k%(np)‘~*n=% pairs (b,w) € B x N~ (A, R) for which
there exists a path b = wqg - - - wy_9 = w, and

Byi(¥) = in G(i) we have |Lx(i)| > p~'n"1/() where Ly(i) contains all zy € ([Z}) with
maxe(—1){|Cay,2 (i, )|, [Cyas (i, )|} = p~tn=30%.

Clearly, B;(X) depends only on the first i steps and is increasing, i.e., B;(X) C B;;+1(X) holds.

We now briefly give some intuition for Bj;(X) and By ;(X), which are important ingredients for
estimating the number of tuples added to T% ¢_3(i + 1) and removed from T ,_3(i). First, recall
that (vo,...,v—2) € Txy—4(i) can not be added to Ty ,—3(i + 1) if fr_o € Cy, ,(i). For such
‘useless’ tuples there exists a path vp_o = wg - - wp_o = vy_y With (vy_9,vp_4) € B X N4 (A, R)
in G(7), and whenever =31 ;(X) holds there can not be ‘too many’ such pairs. As we shall see, from
this we can deduce (using the extension property Uy) that the number of ‘useless’ tuples is small
compared to |Txs_4(i)|. Second, recall that not all tuples (vo,...,ve—2) € Tx—3(i) are removed
if ;41 € Cy,_,(7): some are are ignored. Here the key point is that e;1 € Cy, (i) \ Lx(i) is a
sufficient condition for being removed, and, with () in mind, that =By ;(¥) essentially implies that
|Lx.(4)] is small compared to |CY, ,(i)|. Intuitively, this will allow us to show that the ignored tuples
have negligible impact, i.e., that |Zs y_3(i)| = |Tx ¢—3()].

4.3 Proof of Theorem [1.1]

In this section we prove Theorem [I.I] assuming the following two statements. Intuitively, the
first lemma ensures that for ‘good’ configurations ¥ the variables |T%; ;(7)| are dynamically con-
centrated, and the second lemma essentially guarantees that for every (9,U) there exists a good
¥* = (0,U, A, B, R) for which |Ts+ _3(i)| = [Zs+s—3(i)|. Now we give some intuition for the tra-
jectories our variables follow. Using (Bl), we see that the proportion of pairs which are open or an
edge in G(i) roughly equals q(t) or 2tp, respectively, where t = i/(n?p). So, using random graphs as
a guide, it seems plausible to expect [Tk ;(i)] = ¢;(2tp) q(t) > k2rt=3, where the factor ¢; = 1/5!
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takes into account that we only count tuples created in a certain order. In the following results the
functions ¢(t), f(t) and parameters k, m, p, r, u are defined by ([2)), [B)), 1) and 22).

Lemma 4.2. For all 0 < i* <m and X € C, let Gi=(X) denote the event that for every 0 < i < i*
and all 0 < j < {— 3 we have

T () = (@07 7/t + F(0)a@) > /n*) K22, (28)

and let &; denote the event that for all 0 <i < j and ¥ € C the event B;—1(X) UG;(X) holds. Then
Em holds whp in the Cy-free process.

Lemma 4.3. Let R; denote the event that for all 0 < i < j, for every (0,U) € [n] x ([Z}) with
0 ¢ U there exists ¥* = (0,U, A, B, R) € C such that =B;_1(X*) holds and

T o—3(i) \ Zs g—3(i)| < K> (rp) ~n~%. (29)

Then R, holds whp in the Cy-free process.

The proofs of these lemmas are rather involved and therefore deferred to Sections Bl and R With
these results in hand, we are now ready to establish our main result.

Proof of Theorem [l For the sake of concreteness, we prove the theorem with D = yu. Given
v € [n],U C [n]\{0} and i < m, let X; 17; denote the event that up to step 4, there is no Cy-extension
for (0,U) in the Cy-free process. By A, we denote the event that there exists (0,U) € [n] x ([Z})
with © ¢ U for which Xj 17, holds. Furthermore, for every i < m we set A; = & NR; NT;, where T;
is defined as in Theorem 2Tl and &;, R; as in Lemmas and @3] If X, fails, then, as discussed in
Section [4.1] the Cy-free process has maximum degree at most u = D(nlog n)l/ ((=1) So, since A,,
holds whp by Theorem 2.1l and Lemmas and B3] to complete the proof it suffices to show

P[X;, N Ay = o(1). (30)

Suppose that for m/2 < ¢ < m the event A; = & N'R; N T; holds. Observe that & N —B;_1(X*)
implies G;(X), which is defined as in Lemma Using (2)) we see that m/2 < ¢ < m implies
t =i/(n?p) = w(1), so for j = £ — 3 the main term in the brackets of @28) is (2t)*3¢(t)/(¢ — 3)!
since f(t)/[n*q(t)] = o(1) by @). Thus, whenever & NR; holds, using @8), @9) and q(t) > n~/*,
it follows that for every (0,U) with U € ([”]L{f’}) there exists ¥* = (v,U, A, B, R) € C satisfying

T+ o—3(@)| > k2(2tpr)g_3q(t)/(€ — 1! and Ty« -3(i) \ Zx=—3(1)] < /<;2(2tpr)z_3q(t)n_7€.

Note that T; gives ¢(t) > |O(i)|/n? by @) and (F). So, combining our findings with Zs o_3(i) C
Ts« o—3(i), using k = u/60, r > n/¢, @2I) and t = i/(np) we see that for such * we crudely have

| Zs —3(1)] = | T o= (1) — |Tsx 0—3(i) \ Zs- o—3(3)| > K> (2tpr) 3q(t) /¢!
u?it=3 u?it=3 (31)

> 6u?(tpn) q(t) = 5wQ(7§) 2 5w|0(i)|-

Recall that Op (i) € O(i) denotes the set of open pairs which would complete a Cj-extension for
(0,U) if chosen as the next edge e;1+1. Let Ox«(i) be the set of all zy € O(i) for which there exists
(Vo, -+, Ve—2) € Zs+ ¢—3(1) with f,_o = xy. As already discussed in Section d.2.3] by construction we
have Os+ (i) € Oz (@), and Ur implies |Os+(i)| = |Zx+ o—3(i)|. Together with (BII) this establishes

‘ u2i€—3 ‘
|05,0(0)| 2 0—=-|0()]. (32)
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Using this estimate, we now prove ([B0). To this end fix (0,U) € [n] x ([Z]) with © ¢ U. We see that
Pl vm N Am] = Pl gmy2 N A2 H P[X5.0i41 NV Aip1 | X NA
m/2<i<m—1

< H Plei11 ¢ Os,u(i) | A N Al

m/2<i<m-—1

(33)

Note that A% 7; N.A; depends only on the first 7 steps of the process, so given this, the process fails
to choose e;41 from Op (i) with probability 1 — |0z 17(¢)]/|O(2)]. Now from (B32) and (B3] as well
as the inequality 1 — x < e™* we deduce, with room to spare,

u? e 5 u2mf—2
]P)[Xf),U,m N .Am] < exp —(5% Z le 3 < exp {_?W} . (34)
m/2<i<m—1

Substituting the definitions of m, u, p and ty.x into ([B4) we obtain

: Y o pm1e-1, | St —ou
PlXs vm N Ap] < exp T tax ¢ = €Xp 4§ —7 57 ulogn p < n=°,

where the last inequality follows from (21]), i.e., the definition of v. Finally, taking the union bound
over all choices of (0,U) implies (B0), which, as explained, completes the proof. [l

5 Trajectory verification

This section is devoted to the proof of Lemma L2l Henceforth we work with the ‘natural’ filtration
given by the Cy-free process, where F; corresponds to the first ¢ steps, and tacitly assume that n is
sufficiently large whenever necessary. For every 0 < ¢ < m we set H; = J; N T;, where J;, T; are
defined as in Theorem 21l Clearly, H,, holds whp. Furthermore H;.1 C H; and H; € F;, since
H; is monotone decreasing and depends only on the first i steps. We set s = n?p and apply the
differential equation method (Lemmal[3.3) with V = {0,...,¢—3}. Recalling that B;(3) is monotone
increasing, we see that B;(X) = B<;(X). For all o € C x V we define

Uy = kn'% = w(1), Ao = Ty =15, By =1, and So = So = n°. (35)
Formally, for all o = (3, j) € C x V we set X, (i) = |T%;(i)] and Y (i) = |T§E](z)|, where T;](z) =
Tz j(t+ 1)\ Tx,; (i) and Ty ;(i) = Ty ;(i) \ T%,;(i +1). But, for the sake of clarity, we will henceforth

just use |T%; ;(7)| and \Técj(z)\ Now, for every o = (3, j) € CxV we set ,(t) = z;(t), y= (t) = xf(t),
Se =8}, fo(t) = f;(t) and hs(t) = h;(t), where

w(t) = 1/41- (2tY q(t) >, Sj = k*r'0pl, (36)
F(t) = 25/ - (20 ()77, £i(t) = F@a(t) >, (37)
a2y (t) =206 =2 j)(¢ = 1)(20)" 2y (t), hy(t) = £i(t)/2. (38)

The definition of :Ej(t) might seem overly complicated, but it conveniently ensures zg (t) = 0 and
zF(t) = 2x;_1(t)/q(t) for j > 0. With the above parametrization we can restate (28] as

[T, ()] = (2;(t) £ f(t)/50) k*r' =20 (39)

The remainder of this section is organized as follows. First, in Section [B.1] we verify the trend hy-
pothesis of Lemma B3] and, next, the boundedness hypothesis in Section Finally, in Section 5.3
we check the remaining conditions of the differential equation method.
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5.1 Trend hypothesis

In order to establish (I3]), whenever & N —B;(X) NH,; holds, for every j € V we have to prove

k,2,r.é—3pj

= (40)

E(TE, ()] | 7] = (:cj%t) . hﬂ'“))

So

5.1.1 Basic estimates

The following inequalities were given in [24], and can easily be verified using elementary calculus.
Recall that a & b denotes the interval {a + zb: —1 < x < 1}, see Section 211

Lemma 5.1. [24] Lemma 7.1] Suppose 0 < x < 1/2. Then
(1+x)™' C1+22. (41)
Lemma 5.2. [24, Lemma 7.2] Suppose z,y, fz, fy,9,h > 0 and g < 1. Then f, + xg < h/2 implies
(1xg)(xz+£fy) Caxth. (42)
Furthermore, xf, +yfy + fofy + zyg < h/2 implies

(I+g)(z+ fo)(y+ fy) Cay+h (43)

5.1.2 Triples added in one step.

In this section we verify ([@Q) for 7. g (@)

The case j = 0. Clearly, adding an edge to G(i) can not create new open tuples in 7% o(¢). Thus
we always have [T ((i)| = 0 = z (¢), which settles this case.

The case j > 0. Recall that e; 1 € O(i) is added to G(i). Let Py ;_1(i) contain all (vy,...,v_2) €
T j—1(i) for which there exists a path wg...w; = v; with wy € A in G(¢). Similarly, Dy, j_1(i) C
T j—1(i) contains all tuples with {fj11,..., froa} N Cy; (i) # 0, where f; = vy_jv;. With these
definitions in hand, note that (v, ...,ve—2) € Tx ;—1(i) is added to T, j(i+1), i.e., isin T ;(i+1), if
and only if f; = e;41 and (vo,...,v—2) ¢ Py j—1(i) U Dy j_1(i), see Section A.2.3l Since the Cy-free
process chooses e;4+1 uniformly at random from O(i), whenever & N —5;(X) NH,; holds we have

E[|T3,(0)] | Fil = 3 , otm‘ (44)

(v0ye-yv—2)€Ts, j—1 (D)\[Px,j—1(1)UDs j-1(3)]

We now bound the size of Py, j_1(i). Since H; implies (@), the degree of every vertex is bounded
by, say, npn®. So, using |A| = k < npn®, j < £ —3, (np)t=2 = n!=YD and r > n/¢, in G(i) the
number of w; for which there exists a path wp...w; with wy € A is at most

|A| . (’I’Lpna)j < (npna)€—2 < nl-i—Ze—l/(Z—l) < T‘n_l/(%). (45)
Given wj, we now bound the number of (vg,...,v—2) € Tx j—1(i) with w; = v;. Observe that there
are at most k(npn®)?~! choices for such vy, ... ,vj—1, and at most rt=3=3k choices for Vjgls- -, Ve—2.

Putting things together, we deduce that

|Psj1(i)] < YO (npnf)i b i3 < B2 3 1 m1/B0, (46)
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Figure 4: The solid lines represent paths such that adding both f; = v;_jv; and f, = vp_qvp
completes a copy of Cy consisting of those paths. In other words, adding f; closes fp, i.e., fi € Cf, (7).

Turning to Dy j1(i), we first consider the case where 0 < j < £ —3. Suppose that f, € Cy, (7).
Depending on whether h = j+1 or h > j+1, there exists either a path v;_1 = wy - - - wy_1 = vy, with
Jj<h</{—2, orapathw; - w, =uvp_1 with wy € {vj,v;1}, 1 <k <l—-2andj<h—-1<{-2,
cf. Figure@dl So, in both cases, there exists a path w; - - - w, = v, with wy € {vj,vj1}, 1 <Kk <l—1
and j < x < ¢ — 2. With this observations in hand, we are now ready to estimate the number of
tuples (vo,...,v—2) € Dy ;_1(i). Recall that by #H; the degree of every vertex is at most npn®. It
follows that there are at most k(npn?)?~1r choices for vy, ... ,vj, and at most ¢? choices for h and
x. Given vy, ...,v; as well as h and z, there are at most 20(npn®)—2 < rn~ Y0 choices for v, by
(@3]). Since we already picked v, with j < & < £—2, for the remaining vertices among vj41,...,v—2
we have at most =74k choices. Putting things together, we see that for 0 < j < £ — 3 we have

|Ds;j_1(3)| < k(npnY =t p - 02 . pp VGO ptmi=Ag < p2pt=3p =1y =1/, (47)

Now we bound |Dsy; j_i(i)| for the remaining case j = ¢ — 3. Recall that f,_3 = vy_qvp_3. If
fr—2 = vg_3v—o € Cy,_,(i), then, with a similar reasoning as in the previous case, there exists a
path vy_4y = wg -+ wy_g = vp_g9, where vy_y € N(£_4)(A, R) and vy_o € B. Since —B;(X) holds, by
—Byi(X) there are at most k%(np)*~*n=% such pairs (vy_2,v,_4) € Bx N=9(A, R) in G(i). Recall
that by the extension property Uy (cf. Lemma [41]) every triple (vy_4,v¢—3,v¢—2) is contained in at
most one tuple in 7% ¢_4(7). So, since there are at most l<:2(mn)£_4n_96 choices for vy_4,vp_9, and
at most r choices for vy_3 € V;_3, using Ur we deduce that for j = £ — 3 we have

|D27j_1(i)| < k2(np)é—4n—95 < k2r€—3pé—4n—85 — k727‘€_3pj_1n_88. (48)

After these preparations, we now estimate (44]) whenever & N —B;(3) N H; holds. Observe that
& N-B;(X) implies G;(X), and so |Tx j—1(¢)| satisfies (B9). Furthermore, since #; holds, this implies
that |O(i)| satisfies (B)). In addition, note that s, = n'/(9=¢ and @) imply f(t)/se = o(1) and
fi—1(t) > 1. Substituting the former estimates and (@6])-(@8) into (@), using n'/ 30 > n¥ = w(s,),
D), = (£) = 205-1(8)/a(t) and f;(t) = £;-1(8)/a(t), we deduce that
(2j-1(8) £ fi1(t)/so) K2t 3pI~1 4 202 3p)~ 1 =8

(1 £3f(t)/se)a(t)n?/2
(zj-1(t) £ 2fj-1(t)/s0)K>r2p/ "
B (1£3f(t)/se)a(t)n?/2
C (L£6/(t)/se) - (xF (1) £ 4f;(t)/s0) - K*r*2p7 [ (n®p).

Therefore the desired bound, i.e., (40) for Tg ; (1), follows if

(L£6f(t)/se) - (] () £4F5(t)/50) C 2] (t) % hj(t)/5o- (49)

Now, using f(t) = o(s.) and Lemma [5.2] by writing down the assumptions of ([@2]) and multiplying
both sides with 2s,, observe that ([49) follows from

8fj (t) + 12xj(t)f(t)so/se < hj (t)

BTS00l | 7l =
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Using (@) and (37) we see that the second term on the left hand side is o(1). So, it suffices if
8f;(t) +1 < hy(t),

which is easily seen to be true, since hj(t) > W/4- (f;(t) +1) and W > 50 by (), @) and (B8).

5.1.3 Triples removed in one step

Next, we prove ({0) for T, ;(i). Since the rules for removing tuples from T ;(i) are different for
j<f—3and j=/{—3, we use a case distinction.

The case j < ¢ — 3. Recall that a tuple (v,...,v—2) € T (i) is removed, i.e., not in T (7 + 1),
ifejrr € {fj1,..., fe—a} oreip1 € C’fj+1(z') U---UCYy, ,(i). Since the edge e;41 is chosen uniformly
at random from O(¢), whenever & N —B;(X) N H; holds, using [{fj+1,..., fe—2}| < £ we have

Z |ij+1(i) Uu---u szfz (Z)| + E. (50)

E(|Ty ()] | Fi] = 103)|

(v0,...,v—2)€TY, ; (4)
Note that #; implies that the inequalities (G)), (7) and () hold. In particular, using n'/¢ = w(s.),
n~ =1 = (1) and f(t) > 1, this yields
|Cya () U~ UCy, (D) £ C (0= —2)[(€ = 1)(26)"2q(t) £ TLf(t)/sclp™" & Pn~ M p™ £ 4
C (6—j—2)[(0—1)(2t)2q(t) £ 9Cf(t)/sc]p™".
(51)

Since &N—B;(X) implies G;(X), it follows that [T, ;(7)| satisfies ([39). In addition, as in Section [5.1.2]
f(t)/se = o(1) holds and |O(z)| satisfies (B) by #H;. Substituting the former estimates into (50]), and
using () as well as z; (t)/z;(t) = 2(£ — j — 2)(€ — 1)(2t)*2, we obtain

(@4(t) & £5(0)/50)Kr'=5pT - (€= = 2)[(¢ = () q(t) £ 90 (2) /sclp™
(T£3 () /s0)alt)n?/2 |
C (L 67(1)/50) - (a,(8) £ £5(8)/50) - a5 ()5 (8) £ 2082 (1) (a®)5e)) - K319 ().

Therefore the desired bound, i.e., (40) for Ty, ;(i), follows if

E[|Ts ;) | Fil =

(L= 6F(t)/se) - (x(t) £ fi(t)/50) - [ (1) /(1) £ 202 f (1) (a(t)se)] € 7 (1) £ hy(t) /50 (52)

We now show (52]) using Lemma Similar as for the added tuples, by writing down the assump-
tions of ([A3]), multiplying with 2s, and then noticing that all terms containing s, contribute o(1),
we see that it suffices if

(€ =2 =5)(€ = 22 F5(8) + 1 < Iy (0),
which is easily seen to be true, since h;(t) > W/2- (t*72f;(t) + 1) and W/2 > ¢22° by (0) and (B8).
The case j = {—3. Recall that a tuple (vy, ..., v—2) € Tx ¢—3(i) is removed, i.e., not in T, y_3(i+1),
if e;41 = fo—2, or in addition to e;41 € Cy, ,(i) it is not ignored. A moment’s thought reveals that
for every (vo,...,v—2) € Tx —3(i) with e;41 € Cy,_,(4), if e;41 ¢ Lx(i) then (R2) holds, where
Ly (1) is as in the definition of By ;(X). In other words, for every (vo,...,vi—2) € Tx ¢—3(i) we see
that e;41 € Cf,_,(i)\ Lx (i) is a sufficient condition for being removed. Clearly, a necessary condition
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for being removed is e;11 € {fr—2} UCY¥, ,(i). Combining our previous findings and using that e; 1
is chosen uniformly at random from O(7), whenever & N —B;(X) NH,; holds we deduce that
Crop ()| £ [Le (i) £ 1

[0@0)]

El|Ts ()| | Fi] = >

(v0,-+v0—2) €T ¢—3(3)

Recall that H; implies the inequalities () and (§). Furthermore, since =B ;(X) holds, we have
|Lx(i)] < p~'n~Y/C. So, similar as in the previous case, using n'/(?) = w(s.), n=/)p=1 = (1)
and f(t) > 1, we obtain

1Cf, ()| £ |Le(i)| £1 C[(£ —1)(2t)2q(t) £ TLF ) /selpt £ p 0~/ D +1
C (0= 1)(2t)2q(t) £ 9f(t)/selp™",

where the final estimate equals that of (5l for j = ¢—3. It is not difficult to see that the remaining
calculations of the case j < £ — 3 carry over word by word, which yields [@Q) for Ty, ,(i). To
summarize, we have verified the trend hypothesis ([@0).

5.2 Boundedness hypothesis

Observe that in order to verify the boundedness hypothesis (15]), using (35 it suffices to show that
whenever & N —B;(X) N H; holds, for every j € V we have

T3 ()] < krPpin =20, (53)

5.2.1 Triples added in one step.

In this section we verify (B3] for T g ;(1). Recall that e;11 € O(i) is added to G(i). By construction

we always have |1, ; o(@)] = 0, and thus we henceforth consider the case j > 0. Note that a necessary
condition for (vo,...,ve—2) € Tx j—1(i) being added to Tx ;j(i + 1) is f; = e;4+1. Observe that there
are at most kr‘=3~J choices for (Vj+1s--+,v0—2) € Vjg1 X --- x Vy_g x B. So, using the extension
property Ur (cf. Lemma [A.T]), we deduce that for each e;;; there are at most Ert=3=J tuples in
Ty j—1(i) with f; = e;41. Together with ([2)), (@), 22) and j > 1 this implies

T3, 0)] < k=5 = k"= - (rp) ™ = okr'~pIn=2%), 59

as desired.

5.2.2 Triples removed in one step

Next we use case distinction to establish (B3) for Ty, ;(i).
The case j < {—3. We claim that whenever & N—B;(X) NH; holds, for all (v, ...,v—2) € Tx ;(%)

and every zy € {fj41,..., fr—2}, the number of tuples in T%; ;(i) containing xy is bounded by
Ert=tpinte. (55)
First suppose that xy = fj11. For (vjyo,...,v—2) € Vjyo X --- X Vy_3 X B there are at most

krt=477 < krt=%p’ choices, and so (55 follows using the extension property Ur (cf. Lemma ET)).
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Next we consider the case xy = fs_9. As usual, whenever H; holds, the degree of every vertex is

bounded by, say, npn®. Since for every (vg,...,vi—2) € T% ;(i) the vertices vp,...,v; form a path
starting in A, we deduce that there are at most k(npn®)’ choices for such vy, ... ,vj. Furthermore,
there are most 747 choices for (Vj41,- -5 00—4) € Vjp1 x -+ x Vy_y. Therefore the number of

tuples in T% ;(i) with zy = fy_o is bounded by k(npn®)’ - rt=477 < krf=4pin’e, as claimed by (GH).

Finally we consider the case where xy = f with j + 1 < h < £ — 2. With a similar reasoning as

in the previous case, there are at most k(npn®)’ choices for vy, ... ,vj, at most r"=3=2 choices for

Vj41,...,Up—2 and at most krt="=3 choices for Uht1,--.,Vs—2. To summarize, there are at most
k(npné)l - ph=3=2 . ppt=h=3 < 2,057 ple < =1y

tuples in Tx; j(i) with zy = f5, which establishes (B3]), with room to spare.

With the above estimate in hand, we are now ready to bound [Ty ;(¢)[. Recall that (vo, ..., ve—2) €

Ty (i) is removed, i.e., not in 7% j(i+1), if e;11 € {fj11,..., fea} or eiy1 € Oy, (D)U---UCY,_, (7)),

which is equivalent to {fj41,..., fi—2} N Ce,,, (i) # 0. In other words, such a tuple is removed if for

some j +1 < h </ —2we have f = e;j41 or f € Ce,,,(i). Recall that whenever H; holds, by (1)
we have, say, |C,,, (1) < p~'n®. So, using that (55 gives an upper bound for the number of tuples
in T, j(i) which contain fj,, we deduce that

Ty, ; ()] < (€ +[Ce,, ()]) - krt =2 pin®e < krf=4pi~In2e < krt=3p0 02 (rp),

which, with a similar reasoning as in (54)), establishes (53) for Ty, ;(z) with j < —3.

The case j = {—3. Recall that a tuple (vy, ..., v—2) € Tx —3(i) is removed, i.e., not in T, o_3(i+1),
according to different rules. In the following we bound the total number of tuples removed in one
step by each rule, which were called cases 1 and 2 in Section .23 In case 1 we have fr_o = e;11
and so, given e;41, using Ur we deduce that at most one tuple is removed under case 1.

Turning to case 2, given e;;+1 = xy, note that a necessary condition for being removed by (R2) is
that for some j € [¢ — 1] we have fy_o € Cpyx(4,7) or fo—2 € Cya2x(i,7). Recall that by Ur every

such pair f,_o is contained in at most one tuple in 7% ¢_3(7). So, since a tuple is only removed

if the corresponding Cy % (7, ) or Cy ., x(i,7) has size at most p~1n=3% we deduce that at most

20 - p~In73% tuples are removed in one step by (R2).

Putting it all together, using p~! = (np)*~2 and np < k, for j = £ — 3 we obtain
ITg _3(0)] <1+ 20p~In 30 < (np)e_zn_%é‘3 < k;(np)f—?’n—%fa’

which readily establishes the boundedness hypothesis (G3)).

5.3 Finishing the trajectory verification

In this section we verify the remaining conditions of the differential equation method (Lemma B.3]).

Initial conditions. Using (B6]), for j > 0 we clearly have |T% ;(0)| = 0 = x;(0), which settles these
cases. For the remaining case j = 0 we crudely have

IT50(0)] = |Tx| = E2(r + kn'0%®) =3 = (1 £ kn'0% /r) 3820573 C (1 £ 0(1) /50) k23,

which together with x((0) = 1, Sy = k%/~3 and 3, = 1 establishes (I5).
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Bounded number of configurations and variables. Using k = «/60 and (B3] we obtain

n n 10¢e 15¢e
|C|§’I’L< >,3u, Z ( > §n2u+kn <ekn = el
u r

r<knl0fe

which together with [V| < ¢ clearly establishes (7).

Additional technical assumptions and the function f,(t). Using s = n%p as well as (@),
1)) and (35]), straightforward calculations show that (I8) holds, with room to spare; we leave the
details to the reader. Recall that by @) we have tymax = m/s = O((logn)/¢=1). Furthermore,
using ([B6)—-(38), elementary calculus yields :ch(t) = O(t57?%) and |25 (#)] = O( 2N for t < tax.
Thus, since for all o = (3, j) € C x V we have z,(t) = z;(t) and y=(t) = xj:(t), it follows that

m/s
o yEO)=Ologm <=2, and [ (o) dr=Ologn-logn) < A
0<t<m/s 0

Recall that for all o € C x V we have hy(t) = f.(t)/2 and f,(t) = f(t)q(t)", where ¢ € {0,...,¢—3}.
Hence, using f,(0) = 1 = (., we see that

() :2/0 ho(7) dr + £,(0) :2/0 ho(7) d7 + By

Note that hy(0) = O(1) < n% = s,\, and h.(t) > 0. Pick t* = t*(¢) > 1 large enough such that
for all t > t* we have t* < f(t). Observe that h’ (t) is bounded by some constant for ¢ < ¢*, and
note that for larger ¢t we have, say, h. (t) < W3f(t)2. Putting things together, using () and (@),

i.e., m/s = O(logn) and f(t) < n®, we readily obtain

m/s t* m/s
/ ()] dt < / Wy di+ | WA dt < 0(1) + O(log n - n%) < 0 = s, A,
0 0 t*
To summarize, we showed that (I4]) as well as the additional technical assumptions (I8)—(20) hold,
and this completes the proof of Lemma O

6 A ‘transfer theorem’ for the H-free process

In the H-free process there is a complicated dependency among the edges, and thus standard
concentration inequalities are not directly applicable. In this section we show how to overcome
this problem for decreasing properties by establishing a ‘transfer theorem’. Roughly speaking, this
allows us to ‘transfer’ results for decreasing properties from the binomial random graph model to the
H-free process, at the cost of only slightly increasing the ‘expected’ edge density. In our argument
this will be a crucial tool for establishing Lemma (.3l

6.1 Relating the H-free process with the uniform random graph

We start by relating the H-free process with the more familiar uniform random graph. In the H-free
process the set of open pairs O(i) is defined in the obvious way: it contains all pairs zy € ([g}) \ E(7)
for which G(i) U {zy} remains H-free. The following estimate is not best possible, but it suffices
for our purposes and keeps the formulas simple.
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Lemma 6.1. Suppose Q is a decreasing graph property and that X = A(n) > 2 is a parameter.
Then for every 1 <i < (Z) /A, setting M = i\, we have

P[G(i) ¢ Q and |O(i)| > n® /] < PG ¢ Q) +e /", (56)
where G(i) denotes the graph produced by the H-free process after the first i steps.

Proof. We sequentially generate the edges eq, ea, ..., where each edge e;11 is chosen uniformly at
random from E(K,) \ {e1,e2,...,€e;}. On the one hand, the edge-set {e1,ea,...,en} clearly gives
Gpn,v- On the other hand, we obtain the graph produced by the H-free process by sequentially
traversing the e; and only adding those edges which do not complete a copy of H. First, for every
1 < j < M we define the indicator variable X; for the event that e; is added to the graph of the
H-free process, and, furthermore, define the random variable

X=X,

1<5'<j
which counts the number of edges in the graph produced by the H-free process after traversing

e1,-..,ej. Next, for every 1 < j < M we define

and YI = Z Y.
1<5'<g

{1, if |O(X91)| < n2/A,
Yj =

Xj, otherwise,

If |O(X771)| > n? /X holds, we have Y; = X; by construction. In this case the next edge is added to
the graph of the H-free process with probability at least |O(X771)|/(3) > 2/A. Otherwise Y; = 1
holds, and so we conclude that P[Y; = 1| Y3,...,Y;_1] > 2/A, which implies that Y™ stochastically
dominates a binomial random variable with M trials and success probability 2/X. With this in
mind, standard Chernoff bounds, see e.g. (@) of Lemma B}, give

PYM < 2i — ] < e /140, (57)

In the remainder we prove (Bl). To this end first observe that
P[G(i) ¢ Q and |O(i)| > n%/\ < P[G(i) ¢ Q and XM > i] + P[|O(3)| > n?/X and XM < 4]. (58)

Note that by construction X > i implies G(i) C G, u, and, since Q is a decreasing graph property,
in this case G(i) ¢ Q implies G, i ¢ Q. It follows that

P[G(i) ¢ Q and XM > i] <P[G, ¢ Q]

Furthermore, since O(i) is decreasing, if both |O(i)| > n?/X and XM < i hold, then this implies
YM = XM <. So, by (57) we have

P[O(i)| > n?/X and XM < i] <P[YM < i] <e /4
Substituting these bounds into (58) gives (B6), completing the proof. O
If we relax the additive error in Lemma Bl to o(1), then for [O(i)] > (3)/X a slight modification of

the above proof works with M = i\ + w(1)A\V/i; we leave these details to the interested reader.
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6.2 A ‘transfer theorem’ for decreasing properties

Using Theorem 2] and (@), we see that |O(m)| > n?>~/2 holds whp in the Cj-free process. So,
setting A = A\(n) = nf/2 and using the ‘asymptotic equivalence’ of the uniform and the binomial
random graph for monotone graph properties (see e.g. Section 1.4 of [12]), Lemma [6.T] readily gives
the next theorem. A similar idea is used in [26] for H = Kj. Observe that the edge-density of G(m)
is roughly 2ptax = ©(p(log n)/ =) in the Cy-free process. Intuitively, the following theorem thus
states that for decreasing properties, G(m) is ‘comparable’ with the binomial random graph with
only slightly larger edge density pnc.

Theorem 6.2 (‘Transfer Theorem’). Define m = m(n) and p = p(n) as in [2)). Suppose that € is
chosen as in ([{l) and that Q is a decreasing graph property. Then for the Cy-free process we have

PIG(m) ¢ Q < P[Grpne ¢ Q) + o(1). O

In fact, this result also holds for the H-free process, where H is strictly 2-balanced, if m, p and ¢ are
chosen as in Sections 1.2 and 1.3 of [3], since then |O(m)| > n?~5/2, with room to spare. We believe
that the above ‘transfer theorem’ will significantly aid in the future analysis of the H-free process,
since for decreasing properties it often allows us to work with the much easier binomial random
graph model, which has been extensively studied and for which e.g. sophisticated concentration
inequalities are available.

7 Properties of random graphs

In this section we introduce several decreasing graph properties, which are key ingredients in our
proof of Lemma 43l Using the ‘transfer theorem’ of Section [6] it suffices to prove that they hold
whp for the binomial random graph G,, ,; with p’ = pn®, where p is defined as in (2]) and ¢ is chosen
as in ([I). We remark that essentially all results in this section are not best possible, but suffice for
our purposes. For example, in an attempt to keep the formulas simple, we have not optimized the
multiplicative n® factors involved (their contribution in our later arguments will be negligible).

7.1 Basic properties

Lemma 7.1. Let N denote the event that for all pairs of distinct vertices z,y € [n] we have
T'(z)NT(y)| <9. Then N holds whp in G,, .

Proof. Using £ > 4, @) and @), i.e., p=n"Y/ED < n=2/3 and e < 1/20, we deduce that

P[] < (7;) (nl—o 2) (pn©)? < n?(np?n?)10 < n2(n~1/3+2)10 _ (1),

as claimed. O

The following result states that every set of size at most u contains a large independent subset. A
similar argument was used by Bollobds and Riordan in [6].

Lemma 7.2. Let Z denote the event that for every U C [n] with |U| < u there exists an independent
set S C U with |S| > |U|/6. Then I holds whp in Gy, .
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Proof. Let £ denote the event that every U C [n] with |U| < u spans less than 3|U| edges. We have

n) ((3) ne\r (we)s £)3e 2p33¢)
P[-€] < Z < ><3$>(pn )3 < Z (;) (E> (pn®) <Z nu p°n
1<zx<u 1<z<u
Using ¢ > 4, (@), @) and @), i.e., u < npn®, p = n~ VD < n=2/3 and e < 1/60, we see that
which implies P[-€] = o(1). Suppose that £ holds. Then every set of at most u vertices induces a
graph with minimum degree less than six. Given U C [n] with |U| < u, we set W = U. Now, by

iteratively selecting a vertex v € W with at most five neighbours in G[W] and removing {v} UT'(v)
from W, we obtain an independent set with at least |U|/6 vertices, and the proof is complete. [

7.2 Bounding the numbers of certain paths

The results in this section give estimates for the numbers of certain paths. Their statements will
contain certain exceptions, and, as we shall see, many of these complications are in fact necessary.

7.2.1 Preliminaries: the size of certain neighbourhoods

The following crude upper bound on the degree of every vertex readily follows from standard
Chernoff bounds (Lemma [B.T]) — we omit the straightforward details.

Lemma 7.3. Let D denote the event that for every v € [n] we have |I'(v)| < npn?¢. Then D holds
whp in G . ]

With similar reasoning it is also not difficult to see that whp for all large sets S, in G,, ,y we have,
say, |[I'(S)| > |S|np, which is much larger than |S|. Intuitively, the next lemma thus implies that for
most reasonable sized A C [n], only a small proportion of I'(S) is contained in N(E6=3)(A4, S U A).

Lemma 7.4. Let M denote the event that for all disjoint A, S C [n] with |A|,|S| < kn>® we have
e(S, NEI(A, S U A)) < kn'le, (59)
Then M holds whp in Gy, .

Proof. Let ¥ contain all pairs (4,S) with disjoint A,S C [n] satisfying |A[,|S| < kn°¢. Given
Y = (A,5) € ¥, let M, denote the event that (59) holds, and let ) contain all ¥ C AU
Ui<gers Va(SUA) with |Y| < (npn®)f=2n’. Given ¢ = (A,S) € U and Y € Yy, let Ny y denote
the event that N(=¢-3) (A, SUA) =Y. Using k < npn®, it is not difficult to see that whenever D
holds, then for every ¢ € ¥ some Ny y with Y € ) holds. Furthermore, =M clearly implies that
some M, with 1) € W fails. So, we obtain

P[-M] < P[-D] + Z > PMy NNy
=(A,9)eTr Yey,

5e

Note that for every ¢ = (A, S) € ¥ the events Ny are mutually exclusive. So, using |¥| < n2"
and that D holds whp by Lemma [(.3] to finish the proof it is enough to show that for every
Y =(A,5)e¥andY €} we have

P- M, | Nyy] < n~okn™), (60)
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Observe that we can find Y = N(&3) (4, S U A) by starting with N© (A, S U A) = A, and then
iteratively testing vertices in V(S U A) to see whether they are adjacent to N(@=1D(A, S U A), up
tod = /¢ — 3. Since S is disjoint from A and all V(S U A) with 1 < d < ¢ — 3, this exploration has
not revealed any pairs between S and Y. We deduce that, conditioned on N, y, all edges between
S and Y = N(E-3)(A, S U A) are included independently with probability p’ = pn®. Now, using
(np)*=2 = p~! and £ > 4, the expected number of these edges is bounded by

|S]- Y] ,p/ < knoe . (npn2a)6—2n56 pnt = kn (2+7)e < kn (41

Thus standard Chernoff bounds, see e.g. (I0)) of Lemma Bl imply (60), completing the proof. [

7.2.2 Paths ending in the neighbourhood of another set

We start with a technical lemma, which will be used in the subsequent proofs of Lemmas and [Z.8]

Lemma 7.5. Let Q; denote the event that for all v € [n] and A, X C [n] with A C X and
|A],|X| < kn®, for every2 < j <l —1 and 0 < d < { — 3 there are at most at most (np)?~'n%
vertices w € NS (A, X) for which there exists a path

V=wo W =W with {wo, ..., wj_1} N NED(A X) = 0. (61)
Then Q1 holds whp in Gy, .

Proof. Let ¥ contain all tuples (v, A, X, j,d) withv € [n], A, X C[n],2<j</l—land0<d< /(-3
satisfying A C X and |A|,|X| < kn®*. Given ¢ = (v, A, X,j,d) € ¥, by Q, we denote the event
that there are at most (np)?~'n% vertices w € N(S9 (A, X) for which there exists a path satisfying
(@©1). Clearly, —Q; implies that some Qy with ¢ € U fails.

Next, given ¢ = (v,4,X,j,d) € ¥, we denote by ), the set of pairs (Y,Z) with ¥ C AU
Uicgreqg Var(X) and Z C [n]\Y satisfying |Y| < (npn?)4+1n5% and | Z| < (npn®)7~!. Furthermore,
for every Y C [n] and v € [n] we inductively define

O y)={w}\Y and T, Y)=TTO@w,Y))\Y. (62)

Given ¢ = (v,A,X,j,d) € Vand ¢ = (Y,Z) € Yy, let Ny 4 be the event that NEDAX) =Y
and F(j_l)(fu,Y) = Z. Whenever D holds, using k < npnf it is easy to see that for every v € ¥
some Ny, » with ¢ € Yy, holds. Putting things together, we obtain

P[-Q1] < P[-D] + > > PQy NNyl

w:(U,A7X,j7d)E\Ij ¢:(Y7Z)€y1[;

Since D holds whp by Lemma [7.3] using |¥| < n3%7° and that for every ¢ € W the events Ny, 4 are
mutually exclusive, to complete the proof it suffices to show that for every ¢ = (v, A, X, j,d) € ¥
and ¢ = (Y, Z) € Y, we have

]P)[_‘Qilf ‘Nw,qﬁ] < n—w(knoeg)' (63)
Recall that on Ny, 4 we have Y = N(S) (A, X) and Z =TV~ (v,Y). Every w € Y for which there

exists a path satisfying (61 is contained in I'(Z), and so whenever Q,; fails we deduce [['(Z)NY| >
(np)?~'n% which in turn implies

e(Y,Z) > (np)~tn%:. (64)
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Next we analyse the distribution of the edges between Y and Z conditional on Ny 4. We can
iteratively determine ¥ = N(S(A, X) as in the proof of Lemma [Z4l Then, given Y, we can
similarly find Z = T'U~1(v,Y); by 62) this can clearly be done without testing any pairs between
Y and Z. It certainly can happen that during the first exploration, i.e., when determining Y, we
have already revealed some pairs between Y and Z, consider e.g. the case where Z N Vi(X) # 0.
However, by construction all such pairs are non-edges. Therefore the number of edges between
Y and Z is stochastically dominated by a binomial distribution with |Y| - |Z] trials and success
probability p’ = pn®. Using d < £ —3 and j < £ — 1 as well as (np)¥™! < (np)©=2 = p~!, the
expected value of the corresponding binomial random variable is at most

’Y‘ . ‘Z‘ 'p/ < (npn2€)d+1n5és . (npn2€)j—1 cpnf < (np)j—ln(5£+2d+2j+1)€ < (np)j—ln(%—l)e.

So, since j > 2 and k < npn®, standard Chernoff bounds show that (64]) holds with probability at
most e~ F1* see e.g. (I0) of Lemma [BIl This establishes (63]) and thus completes the proof. O
Given a vertex v € [n], we expect that roughly (np')!=2 vertices w € [n] are endpoints of a path
v = wy---wp_g = w. Loosely speaking, the next lemma states that there are significantly fewer
such vertices w if we only count endpoints in a certain restricted set and forbid some exceptional
paths. For the argument of Section [§]it is important to observe that P; is monotone decreasing.

Lemma 7.6. Let Py denote the event that for all disjoint A, S C [n] with |Al,|S| < k there exists
X C [n] with |X| < kn®®%, such that for every v € S there are at most (np)*~3n' vertices
w € NE3)(A, X) for which there exists a path

V=W W9 =W with wy ¢ A. (65)
Then Py holds whp in Gy, p .

Proof. By Lemmas [7.3] [[.4] and [Z.5] the event D N M N Q1 holds whp. In the following we are going
to argue that for every graph G satisfying those properties, P; holds as well. As this claim is purely
deterministic, it suffices to prove it for fixed disjoint A, S C [n| with |A[, |S| < k. By M there are at
most kn*‘s edges between S and N(S(=3)(A4, S U A). Let Vg 4 contain the endpoints of those edges
and define

X=AUSUVg4. (66)

Note that | X| < kn®%. Given v € [n], by W, we denote the set of w € N“=3)(A, X) for which there
exists a path satisfying (65)). To finish the proof, it suffices to show that for every v € S we have

Wl < (np)~>n'%. (67)

Fix v € § C X. Since SN A = (), for every path v = wq - - - wy_p = w with w € N3 (A, X) there
exists 1 < j </ — 2 such that

{wo, ..., wj 1 }NNEDAX)=0  and  w; e NS4, X). (68)

Recall that by assumption w; ¢ A. So, by (24]) and (66]) we may restrict our attention to the case
j > 2, since S has no neighbours in N(==3)(A4, X) \ A. Now, as Q; holds, considering d «+ £ — 3,
for every 2 < j < £ — 2 we deduce that there are at most (np)/~'n%* vertices w; € N(EE3 (A X))
for which there exists a path v = wyq - - - w; satisfying (G8). Recall that the degree of every vertex

25



IS

U1 Vi w1 U1 w1 Vi
Vy N Va
V2 = W2 V2 = W2

Figure 5: Examples of (2,2)-paths for ¢ = 5. As usual, solid lines represent edges; for the other
pairs there are no restrictions. Note that w; may be in AU B or the vertex classes V; U V5.

is at most npn* by D. So, given wj, there are at most (npn?)t=7=2 vertices w € N(Z_g)(A,X) for
which there exists a path w; ---w;_o = w. Putting things together, we deduce that

W,| < Z (np)j‘ln% . (npn25)£—j—2 < (np)z_?’nl%.
2<j <2

As explained, this implies P, and the proof is complete. O

Note that in Lemma a condition of the form w; ¢ A is necessary. Indeed, standard Chernoff
bounds imply that whp every vertex has degree Q(np’). Furthermore, e.g. with a similar argument
as in the proof of Lemma 10.6 in [5], one can show that whp for all choices of A, S, X, forall Z C A
with |Z| > np we have, say, |INU=3)(Z, X)| > |Z|(np)*~2 > (np)*~2. So, by picking A € ([Z}) such
that it contains at least np = o(k) neighbours of some vertex v*, we have at least (np)‘~? vertices
w e N(é_g)(A,X) which are endpoints of paths v* = wqg---wy_y = w with wy € A, violating the
claimed bound.

7.2.3 Paths connecting two sets

Given A, B, X C [n], for every j > 1 and 0 < d < ¢ — 3, we say that wo---w; = vg---vg is a
(4,d)-path wrt. (A,B,X) if vg € A, wg € B and vy € Vy(X) for all 1 < d' < d, cf. Figure Bl
Intuitively, the next technical result states that the number of (j,d)-paths is not ‘too large’ if we
allow for deleting a few edges.

Lemma 7.7. Let Qs denote the event that for all A, B C [n] with |A|,|B| < k there exists F C ([g})
with |F| < kn?, such that for every 1 < j < £ —1 and 0 < d < £ — 4 the number of (j,d)-paths
wrt. (A, B, AU B) that are edge disjoint from F is bounded by k?(np)i=—3n*e. Then Qy holds whp
m Gn,p’-

Proof. Fix A, B C [n] with |A|,|B| < k. Given j and d, we denote by S; 4 = S; 4(A, B) the family of
edge-sets of all possible (j, d)-paths wrt. (4, B, AU B). Clearly, |[Vy(AUB)| <nforall 1 <d <d.
So, using p = (np)~¢2), j < ¢ —1 and d < ¢ — 4, the expected number i of such (j,d)-paths
satisfies

[tj.d < k2nj+d—1(pna)d+j < k2(np)j+d—1pn2éa — k2(np)j+d+l—én2€e < k2(np)j—3n2€e'

Set r; = k?(np)?3n®¢ and b = knf. Using the Deletion Lemma (cf. Lemma [3.2]) the probability
that DL(b, kj,S;j.q) fails for some 1 < j </ —1and 0 <d < /¢ — 4 is bounded by

Yo > (tri/pa) <o =nmeW),

1<5<0 0<d<i—4
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with room to spare. Whenever DL(b, k,S; q) holds, we denote by F} 4 the corresponding ‘ignored’
edge set Ey as in Lemma If all DL(b, k;,S;q) with 1 < j < £ —1and 0 < d < ¢ — 4 hold
simultaneously, then defining I as the union of all edge sets F} 4 has the required properties. Finally,
taking the union bound over all choices of A and B completes the proof. O

For most large sets B and W, we expect that the number of (b, w) € B x W for which there exists
a path b = wg---wy_s = w should be roughly |B||Wn‘=3p*=2 = |B||Wn*=2¢/(np). Loosely
speaking, the next lemma suggests that for most reasonable sized A, B C [n], this upper bound
holds for W = NU=%(A, X) if we forbid certain exceptional paths, as in this case [W| ~ | A|(np/)*—2.

Lemma 7.8. Let Py denote the event that for all disjoint A, B C [n] with |A|,|B| < k there
exists X C [n] and F C ([Z]) with | X| < kn® and |F| < kn®%, such that the number of pairs
(b,w) € B x N (A, X) for which there exists a path b= wq - - - wy_s = w with

w; ¢ A and (wg ZA or {wow,wiwa} NF = 0)) (69)
is at most k?(np)*=5n'3%. Then Py holds whp in Gy, .

Before turning to the proof, note that Ps is monotone decreasing.

Proof of Lemma [7.8 By Lemmas [[.3] [7.4] and [[7it is enough to show that Ps holds for every
graph G satisfying DN M N Q1N Qy. As this claim is purely deterministic, it suffices to prove it for
fixed disjoint A, B C [n] with |A],|B| < k. Given X C [n] and F' C ([72’}), we denote by P q(X, F')
the set of (j,d)-paths wrt. (A, B, X) that are edge disjoint from F. By Qs there exists F' C ([g‘})
with |F| < kn* such that for all 1 < j </ —2and 0 < d < ¢ — 4 we have

|Pj7d(A UB,F)| < k‘z(np)j_?’nue. (70

Let Vi contain all vertices outside A that are endpoints of edges in F. Note that |Vr| < 2kn?.
Considering S <— BU Vg, by M there are at most kn** edges between BU Vp and N (Sé_?’)(A, BU
VrUA). Let Vp r contain the endpoints of all those edges and set

X:AUBUVFUVB,F. (71)
Observe that, say, |X| < kn®*. Furthermore, using (24)) we see that

Ven |J Ve(X)=0 and  D(VpUB)N(NETY(4,X)\ 4) =0. (72)
1<k<i—4

For every 1 < j < £ — 2 we define W; as the set of all pairs (b,y) € B x NS4 (A, X) for which
there exists a path b = wp - - - w; = y satisfying (69) and

{wo, ..., wj_ 1} NNEED(A X) =0 and w; € NEE9 (A, X). (73)
We claim that in order to complete the proof, it suffices to show that for all 1 < j < £ — 2 we have
Wl < K (np)?—>nt0. (74)

Indeed, let W contain all pairs (b,w) € B x NU~9(A, X) for which there exists a path b =
wp - - - wy—g = w satisfying ([69). Note that for every such b = wqg -+ wy_g = w there exists 1 < j <
¢ — 2 such that b = wy - - - w; satisfies (T3). Recall that by D the degree is bounded by npn?:. So,
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given wj, there are at most (npn?¢)'=7=2 vertices w € N4 (A, X) for which there exists a path
wj - - - we—g = w. Putting things together, assuming (74)) we obtain

|W| < Z |Wj| . (npn26)f—j—2 < k,2(np)é—5n15és,
1<j<e=2

and so P» holds, as claimed.

We shall now prove (74]). Observe that for j = 1 we need to consider paths wow; with wg € B
and w; € NEY (A, X) \ A, Now, using the second part of (72) we see that w; € T'(wg) N
(N=4(A, X))\ A) is impossible. This implies |[W;| = 0, which clearly establishes (7)) for j = 1.

For j > 2 we first consider W p C W;, which contains all pairs (b,y) € W; for which there exists a
path b = wy - - - w; = y satisfying (73] and

{wowl,...,wj_le}ﬂF: 0. (75)

Clearly, for every (b,y) € W, r there exists 0 < d < ¢ — 4 such that at least one (j, d)-path wrt.
(A,B,X) with b = wg and w; = y satisfies ([75). We claim that the corresponding (j,d)-path
wo- - wj = vq---vg is edge-disjoint from F', i.e., contained in Pjq(X,F). To see this, observe
that every f € {vqug_1, -+ ,v1v9} N F has at least one vertex outside of A, say v, € Vi (X) with
1 < k < d, which contradicts (72]), since by construction v, € Vp. In addition, by (24) and (7)) we
see that P; 4(X, F) C Pj 4(AU B, F'). Putting things together, using (70) our discussion yields

Wirl < ) [Pu(X,F) < > |[Pa(AUB,F)| <k (np) *n**, (76)
0<d<(—4 0<d<ti—4

It remains to estimate the number of pairs in Wj*7 r = W; \ W; p, where the corresponding paths
intersect with F'. We start with the special case j = 2, i.e., paths b = wowjwe = y with (b,y) € W2*,F
satisfying (69). Observe that every f € {wowq, wjws} N F contains wy € Vp, since wy ¢ A by (69).
Note that ws € A contradicts the second part of (@), and that wy € I'(wy) N (NESH (A, X))\ A)
is impossible by (72). To sum up, [W3 | = 0, which together with (7€) implies (T4) for j = 2.
Turning to j > 3, for every 1 < ¢ < j we denote by Wrp  C W?p the set of pairs (b,y) € W p with
y ¢ A where the corresponding path b = wq - --w; = y satisfies w,_jw; € F and (73)). We claim
that it is enough to show that for every 1 < ¢ < j we have

W pgl < K2 (np)’~*n®e. (77)

Indeed, since there are at most |B| - |A| < k? < k?(np)’ 3 pairs (b,y) € W with y € A, we obtain

Wipl S K (npY =2+ Y Wl < k2 (np)~*n,
1<¢<y
which together with (70l establishes (74), as claimed.

In the following we verify (77)). First we show that |W;F7g| =0force {j—-1,j}. fwj_w;j €F,
then w; ¢ A implies w; € Vg, but the remaining possibility w; € NS4 (A, X) \ A contradicts
@). If wj_ow;_1 € F, then by (T3) we have w;_; ¢ N (A, X) and so w;_; € V. Since by
assumption w; ¢ A we must have w; € T'(w;_1) N (N4 (A, X) \ A), which is impossible by (Z2).
Now, suppose that we_qw. € F with 1 < ¢ < j — 2. Considering v < w. and d + ¢ — 4, by
Q; there are at most (np)I~<~n% vertices w; € N(E-4(A, X) for which there exists a path
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we = wy - w;_ = w; with {w, ..., wj_1} N NECD (A X) = 0. So, using |F| < kn?, since there

are at most |B| = k choices for b € B, for ¢ > 2 we deduce that
Wind < 1B1- 2P (npy =~ < K2np)/=~nl09 < K2 =2n*,

as claimed. Note that for the remaining case ¢ = 1 each (ordered) edge wow; € F' also determines
the vertex b = wy € B. So, compared to the estimate above we win a factor of |B|, and a virtually
identical calculation yields that ({T7) also holds in this case, which completes the proof. [l

With very similar reasoning as for Lemma [7.0] one can argue that an extra condition for the case
we € A is needed in Lemma [I.8 this time we can otherwise violate the claimed bound whp by
fixing some vertex v* and then choosing disjoint A, B C [n] such that each contains at least np
vertices from I'(v*); we leave the details to the interested reader.

8 Very good configurations exist

In this section we prove Lemma (43l Given a graph property Y, let ); denote the event G(i) € Y,
i.e., that G(i) satisfies ). Now, for every 0 < i < m we set

WiZIiﬂICiﬂﬁiﬂ./\/;'ﬂ'PLiﬂ'PQ,iﬂ'ﬁ,

where K;, L;, T; are defined as in Theorem 2.I] and Lemma 2.2, and Z, N, Pi, P are defined as
in Lemmas [Z.1] [.2, and [C8 Tt is not difficult to see that W; is monotone decreasing and,
using the ‘transfer theorem’ (Theorem [6.2)), that W,, holds whp. Observe that by monotonicity
Wy, implies W; for every ¢ < m, and that —B;(X) implies =5;_1(X). So, to complete the proof it
suffices to consider fixed G(i) satisfying W; and show that for every (0,U) with U € (["]L{ﬁ}) there
exists X* = (0,U, A, B, R) € C satisfying —B;(3*) and (29]). In fact, since the above claim is purely
deterministic, it is enough to also consider fixed (0,U). Our proof proceeds in several steps and
we tacitly assume that n is sufficiently large whenever necessary. First, in Section B.1] we choose a
‘special’ configuration ¥* = (0,U, A, B, R) and collect some of its basic properties. In the remaining
sections we verify that 3* has the properties claimed by Lemma [£.33] More precisely, in Section
we show that —8;(X*) holds, and in Section B3] we establish (29)).

8.1 Finding ¥* = (9,U, A, B, R)

In the following we show how we pick ¥* = (0,U, A, B, R). Along the way, we furthermore collect
some immediate properties of the resulting ¥*. We set

T = 400 and 9 = 2007 = 800¢2. (78)

For the main steps of our argument it is useful to keep in mind that ¥ > 7 > ¢ and ¥e < 1/¢.
First, we choose S C U such that

S is an independent set and |S| > u/6, (79)
which is possible since Z; holds. Henceforth we assume that vq,...,v, € [n] are ordered so that
T(v1)N S| > |T(vg)NS|>--- > |T(v;) N S| >--- > |T(vy) NS (80)
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We greedily choose first £ 4, and afterwards £g, such that they are the smallest indices for which
Ny = U (T(vj) N'S) and Np = U (P(v;)NS) \ Na
1<j<l La<j<lp

each have cardinality at least 2k, where we set the corresponding index to oo if this is not possible.
Recall that k = v/60 - nptmax by 22) and v > 180 by (21)). So, since 7; holds, by (6] the maximum
degree is at most 3nptyax < k. Using k = u/60, we deduce that

IN4 U Np| < 6k < u/10. (81)

8.1.1 Picking A, B

If {g = 0o or £ > n?Y¢, we choose arbitrary disjoint sets, each of size k = u/60, satisfying
A,BC S\ (NsaUNp),
which is possible by (79) and (8I]). For later usage, we furthermore set I, = () and Ip = ().
If £ < n? = o(k), we set Iy = {vi,... 00, } and Ip = {vg, 41, ..., v, }. Since G(i) satisfies N,
the codegrees are all bounded by nine, and thus
IT(Ig) N N4| < |TI)NT(14)] <9-Lp- Ly <IN = o(k). (82)
Now we choose arbitrary sets, each of size k, satisfying

ACNa\ (IpuT(Ip)) and B C Ng,
which is possible by (82). Clearly, A and B U Ip are disjoint.

Next we estimate the size of certain neighbourhoods. A similar argument can be found in [24].
Lemma 8.1. We have I'(I4)NB =0 and '(Ip)NA=10. GivenY € {A, B}, every v ¢ Iy satisfies
IT(v) NY| < npn~ . (83)

Proof. If {5 = oo, then all vertices v € [n] satisfy the stronger bound |[I'(v) N (AU B)| = 0.

Next, we consider the case n?%¢ < g < oo, where Iy = Iz = (). Since all vertices v € {vi,... 05}
satisfy |I'(v) N (AU B)| = 0, using (80) it is not difficult to see that in order to prove (83)), it suffices
to show |I'(vz) N S| < npn~7 for 2 = n?". Set H = {vy,...,v,}. On the one hand, using (80)
we have 2e(H, S) > z|T'(v;) N S|. On the other hand, since G(i) satisfies K;, using |H| = n?’¢ and
|S| < npnf, we have, say, e(H,S) < npn®. So, we deduce |I'(v,) N S| < npn~7, as claimed.

Finally, suppose that £5 < n?"¢. Observe that I'(I4)NB = () and T'(I3)NA = @ hold by construction.
Fix Y € {A, B}. Since by N; all codegrees are at most nine, for every v ¢ Iy we have |[I'(v) NY] <
IT'(v) NT'(Iy)| < 9¢p, which readily establishes (83]), and thus completes the proof. O

8.1.2 Choosing R

Observe that |Ip| < n?Y¢. Considering A and S « Ip, we denote by X the set X whose existence is
guaranteed by P; ;. Similarly, let X5 and F' denote the sets X and F' whose existence is guaranteed

by Pa; when considering A and B. We have | X1|,|Xa| < kn®* and |F| < kn*. Now we set

RZ{’D}UUUX:[UXQ. (84)
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Clearly, |R| < kn'0% holds, with room to spare. Next we collect several structural properties. By
@4) and (&4) and have NV (A R) € NU)(A, X;) N NU (A, X5). So, using (I'(Ig) UIg)NA =0,
we immediately obtain the following statement:

Lemma 8.2. We have |Ig| < n?%, and for every v € I there are at most (np)*=>n'* vertices

w e N3 (A, R) for which there exists a path v =wq - - wy_y = w. O

In addition, using that AU B is an independent set, we readily deduce the following result:

Lemma 8.3. We have |F| < kn*, and there are at most k?(np)*=>n'®* pairs (b,w) € B x
NU=9(A, R) for which there exists a path b= wq - --wy_s = w satisfying wo & A or {wowr, wyws}N
F=10. O

In the subsequent sections, the construction of A and B is irrelevant; all that we use is that A, B
are disjoint subsets of U with size k, and there are sets F', 14, Ig, R such that the conclusions of
Lemmas BIH83 hold in G(7).

8.2 The configuration >* is good

In this section we show that —B;(X*) = =B ;(X*) N =B2,;(X*) holds.

8.2.1 The bad event B; ;(X*)

In order to prove that B;;(X*) fails, using Lemma [B.3] it suffices to show that there are at most
E2(np)t=4n 10 paths wq - --we_s with (wg,wz) € B x A satisfying wow; € F or wiws € F. Let
Py« denote all such paths. For every wow; € F'N E(i) with wg € B, using Lemma [8.1] we see that
wy ¢ T4, which by (83)) implies that there are at most npn =% choices for wy € T'(wy) N A. With
a similar argument, for every wywy € F N E(i) with wy € A we have at most npn~"° choices for
wp € I'(wy) N B. Furthermore, since the degree is bounded by npn®, given ws € A there are at most
(npn®)*~* paths ws - - - wp_s. So, using np < k, |F| < kn?® and (), i.e., ¥ > 20/, we deduce that

| P+ | < npn% - 2|F| - (npn°)—* < k2(np)e—4n(£—19)a < k2(np)—tn—10¢,

which, as explained, establishes —B; ;(£*).

8.2.2 The bad event By ;(¥X*)

In anticipation of the estimates in Section R.3] here we analyse the combinatorial structure of
Ly« (i) much more precisely than needed. To this end we introduce the sets Ly« (7,j), where for
every j € [( — 1] we denote by Lx-(i,7) the set of all ordered pairs xy with distinct =,y € [n] such
that |Cy . x+(4,5)| > p~tn=3%. We start by showing that we may restrict our attention to the case
j € {1,2}. Recall that C, -~ (i,7) contains all pairs bw € B x N¢=3)(A, R) for which there exist
disjoint paths b = wy -+ w; = x and y = wjy1 -~ wy = w in G(i). Fix z # y. Since the degree is at
most npn® by (@), for j > 3 the number of choices for w is at most (npn®)*=7~1 < (npnf)*=*. Now,
as there are at most |B| < k < npn® ways to pick b € B, using (mn)g_2 = p~! we crudely have

Coys+ (i, )| < mpn® - (npn)=4 < p~ 0’/ (np) < p~In =30, (85)
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which implies zy ¢ Ly« (i,j). Therefore Ly«(i,7) = 0 for j > 3, so
|Ls=(9)] < Ly~ (4,1)] + [Lx= (3, 2)]. (86)

With foresight, for all j > 1 we define M) (A) as the set of v € [n] with |[W @) (v, A)| > (np)in~Te,
where W) (v, A) contains all vertices w € N¢=3)(A, R) for which there exists a path v = wg - - - w; =
w in G(7). Now we claim that

Ly+(i,2) C {xy cxelp Nye M(g_?’)(A)}. (87)

Note that C,,x+(i,2) contains only pairs bw € B X NU¢=3)(A, R) for which there exists paths
b=wwy =xand y =ws---wy = w in G(i). First suppose that = ¢ Ip. Using Lemma [81] by
([®3) we have at most npn =% choices for b € I'(x) N B. Since the degree is at most npn®, we have
at most (npn®)“=3 choices for w. So, using (np)*~2 = p~! and (@), i.e., ¥ > 40¢, we deduce that

|Cy5+ (5,2)] < mpn ™Y - (npn®)t=3 < pinlt=9= < p=1p =30t

which implies zy ¢ Ly« (i,2). Next, we consider the case where y ¢ M¢—3)(A). With a very similar
reasoning as above, this time using [W¢=3)(y, A)| < (np)¢=3n~" and (T8), i.e., T = 40¢, we obtain

|Clys+ (4,2)| < mpn® - (np)* =307 < plnl=me < Ly =30k
which implies xy ¢ Lx+(4,2). This completes the proof of (&7).

By a similar but simpler argument we furthermore see that

Ly(i,1) C {xy . ze€B AyE M“_z)(A)}. (88)

Next we estimate the cardinality of M) (A). A similar argument is implicit in [3].
Lemma 8.4. For every 1 < j < { —2 we have MY (A)| < (np)t=2-In2lre,
Proof. Set HO(A) = NU=3) (A R), and for every j > 1 we let HU)(A) contain all v € [n] with
IT(v) N HYU=D(A)| > npn=27¢. First, we claim that for all 1 < j < £ — 2 we have
MU(A) € HY(A). (89)

Since 7 > 2¢ by (78), it clearly suffices to show that for all 1 < j < ¢ — 2, for every v ¢ HY(A)
we have [WU) (v, A)| < j(npn®)in=27¢. We proceed by induction on j. For the base case j = 1 the
claim is trivial, since H()(A) contains all vertices v € [n] with [T'(v) N N3 (A, R)| > npn~=27=.
Turning to j > 2, fixv ¢ H ( )(A). By distinguishing between the neighbours of v inside and outside
of HU _1)(A), using the induction hypothesis and that the degree is bounded by npn®, we obtain

WO (v, A)| < npn=27 - (npnf) ' + npn® - (j — 1) (npn)? "'n27 < j(npn®)n 27,
which, as explained, establishes (89]).
To finish the proof, again using 7 > 2¢, it suffices to show that for all 0 < j < /¢ — 2 we have
| HU(A)] < (np) =2 InImHetde, (90)

As before, we proceed by induction on j. Using |A| < k < npn® and that the degree is bounded
by npn®, we establish the base case j = 0 by observing that |H®) (A)| < [T¢=3)(A)] < (npn)*2.
Suppose j > 1. Recall that (np)~2 = p~!. Since £; holds, using the induction hypothesis we obtain

‘H(]) (A)‘ < 166—1(np)£—2—jn(2j7+€+j—1)e < (np)€—2—jn(2j7'+f+j)€’

completing the proof. O
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With Lemma B4] in hand, combing (88)-(88) with |B| = k < npn® as well as [Ig| < n?”, and then
using (@), (@) as well as £ > 4, np = n/D and (np)? < (np)'~—2 = p~', we deduce that

| Ly (1) < npn® - n?7 4 n2% . npn?7e < npndU < (np)in YO < pmln Y/ @O

which establishes —Bs ;(X*).

8.3 Few tuples are ignored for >*

In this section we estimate the size of Tx« ¢_3(i) \ Zx+ ¢—3(7). Let Qs+ (7) contain all pairs (w1, wy) €
B x NU=3)(A, R) for which there exists a path wy - - - wy with we € Ip U M¥=2(A). We claim that

T 0—3(9) \ Zs 0—3(7)| < [@x= ()] (91)

Every tuple (vo,...,ve—2) € Tx= —3(7) \ Zs= —3(i) was ignored in one of the first i steps because
(R2) failed. Recall that C, s (i,7) contains all pairs bw € B x N=3)(A, R) for which there exist
disjoint paths b = wy ---w; = x and y = wj41---we = w in G(7). Observe that for every ignored
tuple there exists i’ < ¢, distinct z,y € [n] and j € [¢ — 1] with ey = zy, fi—2 € Coyxn(?,])
and |Cyy (i, §)| > p~1n=3%. So, since e;1 = zy was added, for every such tuple there exists
a path vy_9 = wy -+ wWjwjq1---wp = vy—g with w; = = and wj;1 = y in G(' +1) € G(i). Note
that by monotonicity we have Cy s+ (7,j) € Cpy5+(i,j), and therefore all such ‘bad’ pairs xy
satisfy |Cpyx+(3,5)| > p~in~30%. By the findings of Section it thus suffices to consider
Cyyx=(1,7) for xy € Ly« (i,7) with j € {1,2}, since for all others (85) holds. Now, using (87) and
([B]), it is not difficult to see that the corresponding paths vy_o = wy -+ - wy = vy_3 satisfy wy € B,
wy € IgUMY=2)(A) and w, € N=3)(A, R). Putting things together, the extension property Uz (cf.
Lemma ) implies ([@1I), since every (vo, ..., v—2) € Tx= p—3(%) \ Zx= ¢—3() is uniquely determined
by the pair f;_o = vp_3vy_o.

Let Qs+ 1(7) and Qx+ a(7) contain all pairs (w1, wy) € Qs+ (i) where at least one corresponding path
wi - - - wy satisfies wo € Iy and wy € MU= (A) \ Ip, respectively. Now, using 22) and @), to
establish (29)), it suffices to prove, say,

max{|Qs-r(0)], |Qz ar ()]} < (np)*~tn . (92)
Using Lemma 82 |Ip| < n?Y¢ and that the degree is at most npn®, we obtain, with room to spare,
|QE*,I(i)| < ’I’Lp?”LE . |IB| . (np)€—3n1565 < (np)€—2n(15€+219+1)8 < (np)ﬁ—ln—lt')a‘

Turning to Qs+ (i), note that for every wy € MU¢=2)(A)\ Ip we have |T'(wq) N B| < npn~? by
(83). With a similar argument as above, using Lemma [84] i.e., [M‘=2(A)| < n?"¢, we see that

Qe m (D) < mpn "% - [MET(A)] - (npn®) 2 < (np)™ BTN < (np)T I,

where the last inequality follows from (78], i.e., ¥ = 20¢7. This establishes ([@2]), which, as explained,
completes the proof of Lemma [£.3] O
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