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THE NUMBER OF SIDON SETS AND THE MAXIMUM SIZE OF SIDON
SETS CONTAINED IN A SPARSE RANDOM SET OF INTEGERS

YOSHIHARU KOHAYAKAWA, SANG JUNE LEE, VOJTECH RODL, AND WOJCIECH SAMOTILJ

ABSTRACT. A set A of non-negative integers is called a Sidon set if all the sums a1+az2, with a1 < a2
and a1, az € A, are distinct. A well-known problem on Sidon sets is the determination of the
maximum possible size F'(n) of a Sidon subset of [n] ={0,1,...,n —1}. Results of Chowla, Erdds,
Singer and Turdn from the 1940s give that F'(n) = (1+ o(1))y/n. We study Sidon subsets of sparse
random sets of integers, replacing the ‘dense environment’ [n] by a sparse, random subset R of [n],
and ask how large a subset S C R can be, if we require that S should be a Sidon set.

Let R = [n]m be a random subset of [n] of cardinality m = m(n), with all the () subsets of [n]
equiprobable. We investigate the random variable F([n],,) = max |S|, where the maximum is taken
over all Sidon subsets S C [n]m, and obtain quite precise information on F([n]m,) for the whole
range of m, as illustrated by the following abridged version of our results. Let 0 < a < 1 be a
fixed constant and suppose m = m(n) = (1 4 o(1))n®. We show that there is a constant b = b(a)
such that, almost surely, we have F([n]m) = n’t°"). As it turns out, the function b = b(a) is a
continuous, piecewise linear function of a that is non-differentiable at two ‘critical’ points: a = 1/3
and a = 2/3. Somewhat surprisingly, between those two points, the function b = b(a) is constant.

Our approach is based on estimating the number of Sidon sets of a given cardinality contained
in [n]. Our estimates also directly address a problem raised by Cameron and Erdés [On the number
of sets of integers with various properties, Number theory (Banff, AB, 1988), de Gruyter, Berlin,
1990, pp. 61-79].

1. INTRODUCTION

Recent years have witnessed vigorous research in the classical area of additive combinatorics. An
attractive feature of these developments is that applications in theoretical computer science have
motivated some of the striking research in the area (see, e.g., [32]). For a modern treatment of the
subject, the reader is referred to [31].

Among the best known concepts in additive number theory is the notion of a Sidon set. A set A
of non-negative integers is called a Sidon set if all the sums a; + ao, with a; < ag and ay, as € A,
are distinct. A well-known problem on Sidon sets is the determination of the maximum possible
size F'(n) of a Sidon subset of [n] = {0,1,...,n — 1}. In 1941, Erdds and Turén [12] showed
that F(n) < v/n + O(n'/*). In 1944, Chowla [8] and Erdés [11], independently of each other,
observed that a result of Singer [29] implies that F(n) > /n — O(n°/1%). Consequently, it is known
that F(n) = (14 o(1))y/n. For a wealth of related material, the reader is referred to the classical

Date: Fri 30*® Dec, 2011, 2:27am.

The first author was partially supported by CNPq (Proc. 308509/2007-2 and 484154/2010-9) and he is grateful
to NUMEC/USP, Nucleo de Modelagem Estocéstica e Complexidade of the University of Sao Paulo, and Project
MaCLinC/USP, for supporting this research. The third author was supported by the NSF grant DMS 0800070. The
fourth author was partially supported by ERC Advanced Grant DMMCA and a Trinity College JRF.

Parts of this work appeared in preliminary form in SODA 2011.



16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

monograph of Halberstam and Roth [15] and to a recent survey by O’Bryant [24] and the references
therein.

We investigate Sidon sets contained in random sets of integers, and obtain essentially tight bounds
on their relative density. Our approach is based on finding upper bounds for the number of Sidon
sets of a given cardinality contained in [n]. Besides being the key to our probabilistic results, our

upper bounds also address a problem of Cameron and Erdés [7].

We discuss our bounds on the number of Sidon sets and our probabilistic results in the next two

subsections.

1.1. A problem of Cameron and Erdés. Let Z,, be the family of Sidon sets contained in [n].

Over two decades ago, Cameron and Erdds [7] proposed the problem of estimating | Z,|. Observe
that one trivially has

2F (M) <z,| < (”) = p(1/2+eW)Vn, 1

|20l 1<Z;(n) ; (1)

Cameron and Erdés [7] improved the lower bound in (1) by showing that limsup,, |Z,[2~ 7" = o

and asked whether the upper bound could also be strengthened. Our result is as follows.

Theorem 1.1. There is a constant ¢ for which |Z,| < 2¢F(),

Our proof method gives that the constant ¢ in Theorem 1.1 may be taken to be arbitrarily close
to log,(32e) = 6.442--- (for large enough n). We do not make any attempts to optimize this
constant as it seems that our approach cannot yield a sharp estimate for log, | Z,|. It remains an

interesting open question whether log, |Z,| = (1 4 o(1))F(n).

1.2. Probabilistic results. We investigate Sidon subsets of sparse, random sets of integers, that
is, we replace the ‘environment’ [n] by a sparse, random subset R of [n]|, and ask how large a
subset S C R can be, if we require that S should be a Sidon set.

Investigating how classical extremal results in ‘dense’ environments transfer to ‘sparse’ settings has
proved to be a deep line of research. A fascinating example along these lines occurs in the celebrated
work of Tao and Green [14], where Szemerédi’s classical theorem on arithmetic progressions [30]
is transferred to certain sparse, pseudorandom sets of integers and to the set of primes themselves
(see [25, 26, 31] for more in this direction). Much closer examples to our setting are a version of
Roth’s theorem on 3-term arithmetic progressions [27] for random subsets of integers [22], and the
far reaching generalizations due to Conlon and Gowers [9] and Schacht [28]. For the sake of brevity,
we shall not discuss this further and refer the reader to [9], [28], [16, Chapter 8] and [20, Section 4].

Let us now state a weak, but less technical version of our main probabilistic results. Let F(R) =
max |.S|, where the maximum is taken over all Sidon subsets S C R. Let [n],, be a random subset
of [n] of cardinality m = m(n), with all the () subsets of [n] equiprobable. We are interested in

the random variable F([n},).
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F([n]m) = n®°M) for m = n®
1/2

1/3

1/3 2/3 1

FIGURE 1. The graph of b = b(a)

Standard methods give that, almost surely, that is, with probability tending to 1 as n — oo, we
have F([n]m) = (1 — o(1))m if m = m(n) < n'/3. On the other hand, the results of Schacht [28]

and Conlon and Gowers [9] imply that, if m = m(n) > n!/3, then, almost surely, we have

F([nlm) = o(m). (2)

1/3+0(1)  The following abridged

Thus F([n],,) undergoes a sudden change of behaviour at m = n
version of our results already gives us quite precise information on F([n],,) for the whole range

of m.

Theorem 1.2. Let 0 < a <1 be a fized constant. Suppose m = m(n) = (1+ o(1))n®. There exists

a constant b = b(a) such that almost surely
F([n]m) = n"toW. (3)

Furthermore,
a if 0<a<1/3,
b(a)=1<1/3 if 1/3<a<2/3, (4)
a/2 if 2/3<a<1.

Thus, the function b = b(a) is piecewise linear. The graph of b = b(a) is given in Figure 1. The
point (a,b) = (1,1/2) in the graph is clear from the Erdés-Turdn and Chowla results [8, 11, 12]
mentioned above. The behaviour of b = b(a) in the interval 0 < a < 1/3 is not hard to establish.
The fact that the point (1/3,1/3) could be an interesting point in the graph is suggested by the
results of Schacht [28] and Conlon and Gowers [9]. It is somewhat surprising that, besides the
point a = 1/3, there is a second value at which b = b(a) is ‘critical’, namely, a = 2/3. Finally,
we find it rather interesting that b = b(a) should be constant between those two critical points.
We state our results in full in Section 2.1. Our results in fact determine F([n],,) up to a constant
multiplicative factor for m < n?/3=9 for any fixed § > 0 and for m > n?/3(logn)®/. For the missing

range of m, around n%?, our lower and upper bounds differ by a factor of O((logn)/loglogn).
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2. MAIN RESULTS

2.1. Statement of the main results. We prove a more detailed result than Theorem 1.1.
Let Z,(t) be the family of Sidon sets of cardinality ¢ contained in [n].

Theorem 2.1. Let 0 < o < 1 be a real number. For any large enough n and t > 2sg, where sqg =

(2(1 - a)*lnlogn)l/g, we have
o (32en)\’
Za(t)] < (Uﬁ) - (5)

Theorem 1.1 follows from Theorem 2.1 by summing over all ¢ (see Section 3.2). Our next result

covers values of ¢t smaller than the ones covered in Theorem 2.1.

Theorem 2.2. Let n and t be integers with

3.23p1/3 <t < 4(nlogn)'/3. (6)

. 93/2,, 3 ¢
ENCIE (62texp (-3 _}n)) - (7

Let us now turn to our probabilistic results. Instead of working with the uniform model [n],, of

Then

random subsets of [n], it will be more convenient to work with the so called binomial model [n]p,
in which each element of [n] is put in [n], with probability p, independently of all other elements.
Routine methods allow us to translate our results on [n], below to the corresponding results on [n],,,

where p = m/n (see Section 2.2 for details).

We state our results on F'([n],) split into theorems covering different ranges of p = p(n). Our first

result corresponds to the range 0 < a < 1/3 in Theorem 1.2.
Theorem 2.3. For n~' < p = p(n) < n~%/3, we almost surely have
F([n]p) = (1+ o(1))np. (8)

Forn™' < p < 2n=2/3, we almost surely have

@ +o<1>> np < F([nly) < (1+o(1)np, (9)

Remark 2.4. One may in fact prove the following result: if p = yn~2/3 for some constant ~, then
1 1 1
1— —~*+0(1 <F <(1- =79+ =7 +0(1) ). 1
(1= 557 o)) o < () < (1= 150° + 15"+ 0(1)) (10)

Our next result covers the range 1/3 < a < 2/3 in Theorem 1.2.

Theorem 2.5. For any 6 > 0, there is a positive constant ca = ca(8) such that if o238 < p=
p(n) < n=1Y3=9 then we almost surely have

1/3

e1 (nlog(n?p*)"* < F([n],) < e2(nlog(n?p*)"?, (11)
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where c1 is a positive absolute constant.

We now turn to the point a = 2/3 in Theorem 1.2.

Theorem 2.6. For any 0 < ¢ < 1/3, there is a positive constant cg = c3(9) such that if 1 < a =
a(n) <nd and p=p(n) = a_ln_1/3(log n)2/3, then we almost surely have
logn
logn)'/3 < F < ca(nlogn)'/d——=——
ca(ntog ) < F(lnl) < ex(nlog )1 B

where ca 1s an absolute constant.

We remark that Theorems 2.5 and 2.6 consider ranges that overlap (functions p = p(n) of the
form n=/3-9 for some 0 < §' < 1 /3 are covered by both theorems). Finally, we consider the
range 2/3 < a <1 in Theorem 1.2.

Theorem 2.7. There exist positive absolute constants cs and cg for which the following holds.
Ifl1<a=a(n) < (logn)? and p=p(n) = a " 'n"1/3(logn)8/3, then we almost surely have

es /B < F(lnly) < coyim -0

Furthermore, if n=Y3(logn)%? < p = p(n) < 1, then, almost surely,
csy/np < F([nlp) < c6/np.

2.2. The uniform model and the binomial model. We now discuss how to translate Theo-
rems 2.3, 2.5-2.7 on [n], in Section 2.1 to the corresponding results on [n],,. Before we proceed,

let us make the following definition.

Definition 2.8. We shall say that an event in the probability space of the random sets [n], or
in the probability space of the random sets [n],, holds with overwhelming probability, abbreviated
as w.o.p., if the probability of failure of that event is O(n~%) for any constant C, that is, if the
probability of failure is ‘superpolynomially’ small.

For us, the following consequence of Pittel’s inequality (see, e.g., [6, p. 35] and [17, p. 17]) will

suffice for translating results on [n], to results on [n],.

Lemma 2.9. Let 1 < m = m(n) < n and p = p(n) be such that p = m/n. Let P be an event in
the probability space of the random sets [n],. If [n], is in P w.o.p., then [n)y, is in PN ([::L]) w.0.p.

Proof. Let @@ be the complement of P. We shall show that, for any constant C' > 0, there exists
a constant C’ > 0, where C' — oo as C' — oo, such that the following holds. If P[[n]p is in Q} =

O(n=%), then ]P)[[n]m isin QN ([:L])} =O0(n= ).

Pittel’s inequality (see [6, p. 35] and [17, p. 17]) states that

P[[n]m is in QN <[m"]>] = O(v/m) -P[[n]p is in Q]. (12)
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Since, by hypothesis, ]P’[[n]p is in Q} = O(n~%) holds for any constant C' > 0, inequality (12)
implies that

]P’[[n]m isin QN (E:})] =0(vVm-n"% =0(/n-n"% = O(n_CH/Q)a

which completes the proof of Lemma 2.9. O

Every result in Theorems 2.5-2.7 will be proved with ‘w.o.p.” rather than with ‘almost surely’.
By Lemma 2.9, we can translate each such result on [n], to the corresponding result on [n],,
where p = m/n. For example, Theorem 2.5 implies the following uniform version: For any § > 0,
there is a positive constant c; = c3(8) such that if 2n'/3 < m = m(n) < n*379, then, with

overwhelming probability, we have

3\ 1/3 3\ 1/3
1 <n log m) < F([n]m) < e (n log m> ,
n n

where c; is a positive absolute constant.

Finally, we remark that one may use the usual deletion method to prove that the result on [n],

corresponding to Theorem 2.3 holds almost surely.

2.3. Organization. Our results on the number of Sidon sets are proved in Section 3. In Section 4,
we consider the upper bounds in Theorems 2.5-2.7. Section 5 contains some preparatory lemmas
for the proof of Theorems 2.3 and for the proofs of the lower bounds in Theorems 2.5-2.7. The
proof of Theorem 2.3 is given in Section 6. In Section 7, we give the proofs of the lower bounds in
Theorems 2.5-2.7.

For simplicity, we omit ‘floor’ and ‘ceiling’ symbols in our formulae, when they are not essential.

For the sake of clarity of the presentation, we often write a/bc instead of the less ambiguous a/(bc).

3. THE NUMBER OF SIDON SETS

The proofs of Theorems 2.1 and 2.2 are based on a method introduced by Kleitman and Winston [19]
(see [2, 4, b, 13, 21] for other applications of this method).

3.1. Independent sets in locally dense graphs. We start with the following lemma, which
gives an upper bound for the number of independent sets in graphs that are ‘locally dense’.

Lemma 3.1. Let G be a graph on N wvertices, let q be an integer and let 0 < 3 <1 and R be real
numbers with

R>e PIN. (13)
Suppose the number of edges e(U) induced in G by any set U C V(G) with |U| > R satisfies

(V) > ﬁ(lg ’). (14)
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Then, for all integers v > 0, the number of independent sets in G of cardinality g + r is at most

(L)) @

Proof. Fix an integer r > 0. We describe a deterministic algorithm that associates to every inde-
pendent set I of size ¢+ in G a pair (Sp, A) of disjoint sets with Sy C I C Sy U A C V(G) and
with |Sp| = ¢ and |A| < R. Furthermore, if, for some inputs I and I’, the algorithm outputs (Sp, A)
and (S(, A") with Sy = Sj, then A = A’. A moment’s thought now reveals that the number of
independent sets in G with ¢ + r elements is at most as given in (15), as claimed. We now proceed
to describe the algorithm.

At all times, our algorithm maintains a partition of V(G) into sets S, X, and A (short for selected,
excluded, and available). As the algorithm evolves, S increases, X increases and A decreases. The
vertices in A will be labelled vy, ..., v 4, where, for every i, the vertex v; has maximum degree
in G[{vi,...,v4}] (the graph induced by {v;,...,v 4} in G); we break ties arbitrarily by giving
preference to vertices that come earlier in some arbitrary predefined ordering of V(G).

We start the algorithm with A = V(G) and S = X = (. Crucially, at all times we maintain S C
I € SU A. The algorithm works as follows. While |S| < ¢, we repeat the following. Let a = |A]|
and suppose A = {v1,...,v,}, with the vertex labelling convention described above. Let i be the
smallest index such that v; belongs to our independent set I, move vy, ...,v;—1 from A to X (they
are not in I by the choice of ), and move v; from A to S (v; is in I). Observe that A has already
lost ¢ members in this iteration and S has gained one. Let U = {v;,...,v,}. If [U| > R, we further
move all neighbours of v; in A to X (since [ is an independent set and v; € I). Otherwise, i.e.,
i8] of I N A and move them from A to S
(note that 4 < i1 < --- <ig_|g| < a and we now have |S| = q).

if |U] < R, consider the first ¢ — |S| members vj,, ..., v;,

The procedure above defines an increasing sequence of sets S. Once we obtain a set .S with |S| = ¢,
we let Sy = S, output (Sp, A) and stop the algorithm. Inspection shows that A depends only on S
and not on I, i.e., if (Sp, A) and (Sp, A’) are both outputs by the algorithm (for some inputs I
and I'), then A = A’. We now use our assumption on G to show that |A| < R.

We consider two cases: The first case is the case in which the body of the while loop of the algorithm
is executed with |U| < R at an iteration. The second case is the case in which we have |[U| > R

during the ¢ iterations of the while loop. Observe that one of two cases must occur.

First, we consider the first case. At the iteration with |U| < R, the set A lost the first ¢ vertices
(and possibly others) and hence at the end of this iteration we have |[A| <a—1i=|U|—-1< R.

Moreover, |S| becomes of cardinality ¢ and the algorithm stops.

Next, we consider the second case in which we have |U| > R during the g iterations of the while loop.
In each iteration, consider an execution of the body of the while loop of the algorithm when |U| > R
and (only) the vertex v; is moved to S. In this execution, A loses, in total, i + d(v;, U) vertices,
where d(v;, U) is the degree of v; in the graph G[U]. Recall that we are considering the case |U| > R
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and that v; has maximum degree in the graph G[U]. Applying (14), we see that d(v;, U) > B(|U|-1).
Therefore, at the end of this iteration, A has cardinality

a—(i+dv,U)) <a—(a—|Ul+1+p(U|-1)) <|U|-B|U| < (1-p)a.

In the second case, the cardinality of A decreases by a factor of 1 — 3 in the ¢ iterations of the
while loop and, at the end, A has at most N(1 — 3)? < Ne™57 < R elements. a

3.2. Proof of Theorem 2.1. We derive Theorem 2.1 from the following lemma.

Lemma 3.2. Let n, s and q be integers and let 0 < o < 1 be a real number such that

2

s%q 2 s
— > log —. 16
n l—UOgQ (16)

Then, for any integer r > 0, we have

2 +a+nl< 12617 (7). (7)

q T

To obtain the bound for | Z,(t)| in Theorem 2.1, we apply Lemma 3.2 iteratively.

Proof of Theorem 2.1. Fix integers n and t, with ¢ > 2sg, where sg is as given in the statement
of our theorem, that is, sp = (2(1 — 0)_1nlogn)1/3
(14 o(1))y/n, as otherwise Z,(t) = 0. Let K be the largest integer satisfying 275 > 2s5. We
define three sequences (s;)o<k<k, (qk)o<k<rk and (ry)o<ip<x as follows. We let g¢o = s and 9 =

. We may clearly suppose that ¢t < F(n) =

t2=K — s — gqo. Moreover, we let s; = t275 > 259, ¢1 = qo/4 and m = 2K+ g — .
For k =2,...,K, welet s, = 25,1 = t27K+th=1 g — g1 _1 /4 = qo47% and r, = t27K+F — 5, — ;..
We apply Lemma 3.2 with parameters s, g and ry, for k =0,..., K, to obtain from (17) that

2002749 = 2o+ a0+ ) < 2ol (1) (P17) (13)

for all k. It suffices to check (16) to justify these applications of Lemma 3.2. Since siqx > s3qo =
2(1-0)"tnlogn > 2(1—0) " Inlog(osi/2) for all 0 < k < K, inequality (16) holds for n, s and gy.
Using that s, = sp_1 + qu_1 + 1 = 2751 for k > 1 and that |Z,(s0)| < (8’;‘)), we obtain
from (18) that

]Zn(t)\§<n> T <n> T <2n/osk)' 19)

50/ g<lr<i \IR/ lp<k Tk
Note that s
(”> < (6”) < 29/ (20)
S0 50
and that
11 <;) < posk<r Gk < o Do<k<x /4T < pdao/3 — paso/3, (21)
k

0<k<K
We now proceed to estimate the last factor of the right-hand side of (19). First note that, by the
choice of K, we have (rg + so + qo)/2 = t275~1 < 250, and hence g < 2sg. Therefore, we have
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To asoro

T
<2n/oso> - < 2en > " prof3 < 203 < o (22)

for all large n. We now note that

H <2n/0—5k>: H <2n/JsK_k+1>§ H ( 2n/0SK i1 > (23)

T TK_— TK_ _
L <h<K K L<h<K K—k+1 1<h<i \TK k+1 + QK —k+1

To justify the inequality in (23) above, we check that

2n
TRK—k+1 T K —k+1 < (24)

T 308K kt1

Recalling that gy 1+qx k11 = Sx—kp1 = 127F, we see that (24) is equivalent to 127% < /2n/30.

However,
t t 1 1 2n 2n
— < =< -F(n)=|{= 1 <g /= <4/ = 2
o <5 < 5F ) <2+o< >)\/ﬁ_\/3 <5 (25)

for all large enough n. We continue (23) by noticing that

—k
H ( 21n/0SK ki1 ) B <2n/at2_k> - H (22k+1en>t2
- k — 2
\Shere \TE—k+1 + 4K —kt1 \<Sh<K 2 | Sh<K ot
<n>tzk>1 22t2k21 K2—F _ (2@,;)752“ _ <326n>t. (26)
ot ot ot?
Inequality (5) now follows from (19), (20), (21), (22) and (26). O

It now remains to prove Lemma 3.2.

Proof of Lemma 3.2. Let Sop C [n] be an arbitrary Sidon set with |Sg| = s. We show that the
number of Sidon sets S C [n] with Sy C S and |S| = s+ g + r is at most (Z) (2”/05), whence our

lemma will follow.

Let G be the graph on V = [n] \ Sp satisfying that {a1, a2} (a1 # a2) is an edge in G if and only if
there are b; and by € Sy such that a; +b; = as+ba. Observe that if S C [n] is a Sidon set containing
Sp, then S\ Sy is an independent set in G. Let N = |[V| =n—s, 3 = (1—0)s?/2n and R = 2n/os.
We wish to apply Lemma 3.1 to G with 8 and R as just defined, to obtain an upper bound for the
number of independent sets of cardinality ¢ + r. Note that (13) follows from (16). Now let U C V'
with |U| > R be given. We check (14) as follows.

Let J be the bipartite graph with (disjoint) vertex classes [2n] and U, with w € [2n] adjacent
to a € U in J if and only if w = a + b for some b € Sy. Note that a; and as € U have a common
neighbour w € [2n] if and only if there are by and b € Sy with a; + by = w = ag + by, that is, if
and only if {a1, a2} is an edge of G.

Now note that J contains no 4-cycle: if a1, as € U with a1 # ag are both adjacent to both w and
w' € [2n] with w # W', then a; +b; = w = ag+ by for some by and be € Sy and a1 +b) = w' = as+b,
for some b and b, € Sy. But then by — b = by — b}, and hence by + by, = b| + ba. As by, V), bo
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and by, € Sy and Sy is a Sidon set, we have {b;, b5} = {b),b2}. Since a; # a2, we have by # bo,
whence by = b}, implying that w = a; + b1 = a1 + b} = w'.

The remarks above give that e(U) = },,cpn) (d"éw)), where dj(w) denotes the degree of w in J.
Note that >,cpo, ds(w) = Yoepdi(a) = |Ul[So| = [Uls. Using the convexity of the func-

tion f(x) = (‘;) and Jensen’s inequality and recalling that |[U| > R = 2n/os, ie., 1 < a‘gjf,
we obtain
dj(w) |U|s/2n |U|s (|Uls 1 82 5 |U|
- > 9 PR ) >t U
e(U) Z< 2 >”< 2 2 \2n z 0ol = 8, ),

we[2n]

as required in (14). Recall that a Sidon set S C [n] containing Sp is such that S\ Sy is an
independent set in G. Therefore, our required bound for the number of such S with |S| = s+ ¢+
follows from the upper bound (15) for the number of independent sets of cardinality ¢+ in G. O

We conclude this section by deriving Theorem 1.1 from Theorem 2.1.

Proof of Theorem 1.1. Let o = 32/33 in Theorem 2.1. Then sg = (2(1 — o) 'nlogn)'/? =

(66n log n)1/3. For large enough n, we have

Zd= Y 2@l Y <7Z>+ S n¥ (%g”)t (27)

0<t<F(n) 0<t<2so 250<t<F(n)

Yo () <2s0( " ) <n? (28)
t 280
0<t<2s0

and that since f(t) = (33en/t?)! is increasing on the interval <0, 33n/e>,

Note that

t

Z ’I’LSSO (33;71) <n- n3so(33e)\/ﬁ(1+0(1)) < (33€)ﬁ(1+0(1)) < (336)F(n)(1+0(1)). (29)
t

250<t<F(n)

Combining (27) together with (28) and (29) implies that | Z,| < 2¢¥("™ for a suitable constant ¢. [J

3.3. Proof of Theorem 2.2. We derive Theorem 2.2 from the following more general but technical

estimate.

Lemma 3.3. Let n and t be integers. Suppose s is an integer and o is a real number such that,

letting w = t/s, we have

w>4, 0<o<1l and

log —. (30)

Then
1Z0(0)] < (m") (31)

10
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Proof. We invoke Lemma 3.2 with ¢ = s. Note that, then, (30) implies (16). We now let r in
Lemma 3.2 be ¢t — 2s and obtain that

n\ (n\ (2n/os
Z,(t)] < . 2
The right-hand side of (32) is

() (7)< (O (ss) = (O (D)™ )

t(1-2/w)
- <6L:n)t <Jt(122/w)) - (Cm)t’

where C' = 2172/%ew /(1 —2/w)! /@ = 2172/we2=2/w /(w—2)1=2/%  Asw > 4, we have w—2 > w/2,
and hence C' < ewd!'~2/% < 12w, completing the proof of Lemma 3.3. 0

Proof of Theorem 2.2. We shall apply Lemma 3.3. Let w = 4 and s = t/w = t/4. Let A =
exp (t/(3-2%n)) and set 0 = 2)\/s = 8)\/t < 1/3, where the last inequality follows from (6). It
follows that 2/(1 — o) < 3, and hence
3 3
%:Z;—n:?)logz\z l1—-0
whence the third condition in (30) holds. We thus conclude that (31) holds. Let us now estimate
the right-hand side of (31).

log A,

Note that to = 4s0 = 8\, and therefore (to)'~2/% = (8\)'/2 and

12wn 12 - 4n 6-8n 6-2%2n  6-232n t3
= = = = exp| ——— |- (33)
(to)1=2/wt  (BN)V/2t 8/2\1/%¢ A/2¢ t 3-2"n
Inequality (7) follows from (31) and (33), and Theorem 2.2 is proved. O

4. THE UPPER BOUNDS IN THEOREMS 2.5-2.7

We shall apply Lemma 3.3 and Theorem 2.1 in order to prove the upper bounds in Theorem 2.5
and Theorems 2.6-2.7, respectively.

4.1. Proof of the upper bound in Theorem 2.5. Let § > 0 be given. We show that there is a
constant cp = ¢o(d) such that if 2n=%/3 < p =p(n) < n~/37% then w.o.p. we have

F([n]y) < ca(nlogn?p?)"/.

To this end, we apply Lemma 3.3. We first define several auxiliary constants used to set ¢, w and o
in Lemma 3.3. Choose 1 > 0 small enough so that

(1 — 36) <; + n) < % (34)

11
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Choose w > 4 so that

L) (1-2) st (35)
3 T w) 3
Finally, choose ¢ = ¢y so that

c\3 1 24w
Now set t = ¢(nlog n2p3)1/3, s=t/w, 0 =2(n?p?)/3 /s and € = 24w/c2(1T3M1=2/2)  Note that
t > ¢(nlog8)'/3 > ent/? and E<1. (37)

We first check that condition (30) holds for large enough n. We have w > 4 by the choice of w.
Moreover, we have o — 0 as n — oo because of (34). Finally, from (36) and the fact that o — 0,

we have
3 3 1 2(1/3 2
" <£> logn?p® >3 ( — +n | logn’p® > Mlog?‘ﬂpg = log 2.,
n w 3 1-0 l1-0o 2
which completes the verification of (30). Hence Lemma 3.3 implies that
P ([n], contains a Sidon set of size £) < |Z()lp' < (222’ (38)
n]p contains a Sidon set of size t) < |Z,(t)[p" < L)1 2%

Making use of the first equation of (37) and the fact that to = wso = 2w(n?p®)/3+1, we see that
the upper bound in (38) is at most

12wnp t < 12w n2/3p '
enl/3(2w)1=2/w (n2p3)(1/3+m(1=2/w) | = \ ¢(2w)1=2/«  (n2p3)(1/3+n)(1-2/w)

_ 1202/« ' 39
- 21—2/wc(n2p3)(1/3+n)(1—2/w)—1/3 , (39)

which, by (35) and the assumption p > 2n~2/3, is at most

12w L 24w b 10
21/26(23)(1/3+n)(1—2/w)—1/3 =\ 2(1+3n)(1-2/w) =& (40)

To complete the proof, it suffices to recall (37).

4.2. Proof of the upper bound in Theorem 2.6. Suppose 1 < a = a(n) < n'/3, and let
p=p(n) =a n"1/3(ogn)?3. We show that w.o.p.
logn

F(lnly) < ca(nlogn)!/* -2 s

(41)
for some absolute constant ¢4. To this end, we use Theorem 2.1. Let 0 = 3/4, so = 2(nlogn)/?

and t = wsg, where
logn

=1le— 2"
“ c log(a + logn)’

(42)

12
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and note that w > 2 for sufficiently large n. Hence, by Theorem 2.1 and the union bound, the

probability that [n], contains a Sidon set with at least ¢ elements can be bounded as follows:

P (F(lly) 2 ) < 2ot <n¥ (T2 2o (L) (N0 gy

w?sg aw?

where the last inequality follows from p = o~ 'n~"'/3(logn)?/® and sq = 2(nlogn)'/3.

For the proof of (41), it suffices to show that the base of the exponential in the right-hand side
of (43) is bounded away from 1, that is, whether

11le\“ 4
— <1- 44
(o) n<1-e (a4)
for some absolute constant € > 0. Since w > 1le for sufficiently large n, then we have
2 w
(?T) > (aw)” = exp (wlog(aw)) . (45)
e
We claim that
2log(aw) > log(a + logn). (46)

Observe that since w > 2, then (46) is trivially satisfied if @ > logn. On the other hand, if
a <logn, then w > (logn)/loglogn and hence

2log(aw) > 2logw > 2loglogn — 2logloglogn > log(2logn) > log(a + logn).

It follows from (42), (45) and (46) that

2\ W
<Cluf> > exp (wlog(aw)) > exp (5elogn) > 2n®
(&

and hence (44) holds, completing the proof of (41).

4.3. Proof of the upper bounds in Theorem 2.7. Suppose that 5 = F(n) > 1 and let p =
p(n) = Bn~3(logn)?/3. Let o = 3/4, s = 2(nlogn)'/? and t = wsy for some w > 2. Similarly as

in the proof of the upper bound in Theorem 2.6, see (43), using Theorem 2.1, we estimate

P (L) 2 ) < 12,00 < | (15 )nﬂ (47)

w?

We split into two cases, depending on the order of magnitude of S.

(Case I) If B(n) < (logn)?, then we let « = 37 '(logn)? and w = (1lelogn)/log(ea) so that
t = wsg = 22e,/np - \/a/log(ea). Note that

(11eﬁ>“ _ <116(10gn)2>w _ <(10g(6a))2>116(10g(60¢))110gn' "

w? aw? 1lea

13
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2\ 1/z 1 2\ 1/z
)

1o (f—) is bounded by eV#1/e=1 — 0.459... on

T
the interval [1,00), it follows from (48) that (we let z = log(ea))

w llelogn
(11626> < (;) <n 4
w

which, together with (47), proves that w.o.p. we have

_Va
1+loga’

Since the function f(z) =

F([nlp) <t = coy/np
where cg is an absolute constant.
(Case II) If B(n) > (logn)?, then we let w = 11e\/B so that ¢t = wsg = 22e,/np. By (47), we have
P (F([n],) > t) < (116)_116*/Bn3] Y < [(ne)—log"n?’ T e,
which proves that w.o.p. we have

F([nlp) <t = cey/np,

where cg is an absolute constant.

5. NONTRIVIAL SOLUTIONS IN RANDOM SETS

5.1. Estimating the number of nontrivial solutions. A solution of the equation x1 + x9 =
y1 + yo is a quadruplet (a1, az,b1,b2) € [n]* = [n] x [n] x [n] x [n] with a1 +as = by +by. A
solution (ay,az,b1,b2) of x1 + x9 = y1 + yo is called trivial if it is of the form (a1, az,aq,az) or
(a1,a2,a2,a1). Otherwise, it is called a nontrivial solution. Let us define a hypergraph and a

random variable that will be important for us.

Definition 5.1. Let
S = {{al, as,as,as}: (a1, az,as,aq) is a nontrivial solution of 1 + x2 = y1 + yg}. (49)

We think of § as a hypergraph on the vertex set [n]. As usual, for R C [n], we let S[R] denote the
subhypergraph of S induced on R. Let X be the random variable ‘S[[n]p] }, that is, the number of
hyperedges of S induced by [n],.

In Lemma 5.4 below, we give an estimate for X that will be used in the proof of Theorem 2.3 and

in the proofs of the lower bounds in Theorems 2.5-2.7.

To estimate X, we have to deal with the issue of ‘repeated entries’ in a hyperedge {a, ag,b1,b2} € S.
Indeed, if {a1,a2,a3,a4} € S, with a; < as < a3z < a4, we may have ay = as, but no other equality
can occur. Hence the hypergraph S has hyperedges of size 4 and 3. Based on this, we make the
following definition.

Definition 5.2. Fori = 3 and 4, let S; be the subhypergraph of S with all the hyperedges of size i.
Furthermore, let X; := ‘Si [[n]p] ‘

14
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We clearly have
S=8US; and S4iNS3=10 (50)

and hence
X = X4 + Xg. (51)

In order to estimate X, we estimate X, and X3 separately.

Lemma 5.3. Fiz § > 0. The following assertions hold w.o.p.
(1) If p>n=3/** then X4 = np*(1/12 + o(1)).

(ii) If p>> n~", then X3 = O(max{n?p3,n39}).

We remark that the constant implicit in the big-O notation in (ii) above is an absolute constant.
The proof of Lemma 5.3 is based on a concentration result due to Kim and Vu [18]. We shall
introduce the Kim—Vu polynomial concentration result in Section 5.2 and prove Lemma 5.3 in
Section 5.3. Assuming Lemma 5.3, we are ready to estimate X.

Lemma 5.4. Fiz § > 0 and suppose p > n=3/**0. Then, w.o.p., X = n?p*(1/12 + o(1)).

Proof. Let X = X([n]p) be as defined in Definition 5.1 and recall (51). From the assumption
that p > n~3/*t% we see that the estimates for X; and X3 given in Lemma 5.3(i) and (ii) do
hold w.o.p. Since the inequality np > 1 yields n?p® < n®p* and we also have n3® < n* < n3p?,
=3/443  we infer max{n2p3,n35} < n3p?, and hence, w.o.p., X3 < X4. It follows

from (51) and the estimate in Lemma 5.3(i) that X = n3p*(1/12 + o(1)) holds w.o.p. O

because p > n

It now remains to prove Lemma 5.3. We first introduce the main tool we shall use in the proof of
that lemma, due to Kim and Vu [18].

5.2. The Kim—Vu polynomial concentration result. Let H = (V| E) be a hypergraph on the
vertex set V = [n]. We assume each hyperedge e € E(H) has a real weight w(e). Let [n], be a
random subset of [n] obtained by choosing each element i € [n] independently with probability p
and let H [[n]p] be the subhypergraph of H induced on [n],. Let Y be the sum of the weights of all
the hyperedges in H|[n],], i.e., Y =3 ecH]n],) W(€). Kim and Vu obtained a concentration result
for the random variable Y. We now proceed to present their result [18] (see also Theorem 7.8.1 in
Alon and Spencer [3]).

We start by introducing basic definitions and notation (we follow [3]). Let k be the maximum
cardinality of the hyperedges in H. For a set A C [n] (JA| < k), let Y4 be the sum of the weights of
all the hyperedges in H [[n],] containing 4, i.e., Y4 = > aceen(n],) w(e)- Let Ex =E(Ya | A C [n]p)
be the expectation of Y, conditioned on the event that A should be contained in [n],. Let E; be
the maximum value of E4 over all A C [n] with |A| = i. Note that Ey = E(Y). Let p = E(Y) and
set

E' =max{E;: 1 <i <k} and E = max{F', u}. (52)
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Theorem 5.5 (Kim—Vu polynomial concentration inequality). With the above notation, we have,
for every A > 1,
IP[|Y —pl > ak(EE’)1/2)\k] < 2e2e kL)

where ay, = 8 (k)12
5.3. Proof of Lemma 5.3. We prove (i) and (ii) of Lemma 5.3 separately.

Proof of Lemma 5.3(1). We need to show that, for p > n=3/4% where § > 0 is fixed, we have
X, =n3p*(1/12 + o(1)) w.o.p. We first estimate the expectation u(X4) of Xy.

Suppose {i,7,k,l} € S with 0 < i< j <k <l <mn-—1. Note that i +1 = j + k. Let us fix
0<i<n-—1.1fj > (n+i)/2, thenl = j+k—1i > 2j—i > n+i—i = n, which contradicts | <n—1.
Hence we have i < j < (n+1)/2. For fixed i and j,if k >n+i—j—1,thenl=j+k—i>n—1,
which contradicts I < n — 1. Therefore we have j < k <n+4—j— 1. Once ¢, j and k are chosen,
the value of [ is determined by the condition i 4+ = j + k. Consequently,

n—1(n+1i)/2n+i—j—1 n—1(n+i)/2 (1+z)/ 1
|Saf ~ ; ]ZZ 2 —; ; (n+1i—2j) Nn// 1+w—2y)dydxwﬁn
Hence
) = 185" = (5 + o)) . (53)

Next we apply Theorem 5.5 to prove that X4 is concentrated around its expectation j(Xy). To this
end, we compute the quantities E; (1 <i <4) and E' and FE defined in (52). We first estimate Ej.
For a € [n], consider the quantity F(,;. The number of hyperedges in S, containing a is O(n?)
and the probability that one such hyperedge is in [n],, conditioned on a € [n],, is p*. We conclude
that, for any a € [n], we have E(,; = O(n®p?). Consequently, Ey = max{E4: |A] = 1} = O(n?p?).
A similar argument gives that E; = max{E4: |A| = i} = O(n>‘p?~?) for all 1 < i < 4. Therefore,
since np > 1, we have E; = O(n?p?) for all 1 <i < 4. Also, clearly, E;=max{E4: |A| =4} =1.
Thus

E' =max{E;: 1 <i <4} = O(max{n?p? 1}), (54)
and F = max{E’, u(X4)} = O(max{n?p?, 1,n°p*}). Since p > n=3/4t% > n=3/4 we have

E = O(np"). (55)

In view of (54) and (55), a simple computation implies the following;:

(Case I) If n=3/%9 < p <n=2/3 then

E'=0(1) and E = O0(n®p?). (56)

(Case II) If p > n~2/3, then

E'=0n?*p®) and E = 0(n’ph). (57)
We now estimate X4 for each case separately.
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(Case I) Suppose n=3/*t9 < p < n=2/3. In this case, (56) implies that
(EE)Y2 = O(mPp* - 1)V/2 = O(n®p")V/2.
Set X = (n®p*)1/12. By the assumption p > n~3/*t% we have
A= (nPph)/12 > o/,
Also n®p* > n* > 1, and hence combining (58) and A = (n®p*)!/12 implies that
(EENY2AY = O(n®p) 2 (n3ph) V3 = O(np?)%/0 = o(n®p).
Theorem 5.5 together with (59) then yields that
]P’[|X4 — (Xy)| > ag(BEE)Y2AY| < 2e2e™ 0 < 2e2e™" " 3,
where ay = 8*(4!)!/2. Given (60), we have that w.o.p.
Xy = u(Xy) +o(nph).
(Case II) Suppose p > n~%/3. In this case, (57) yields that
n3p

NV 3,4,2 3\1/2 _
(EE") O(n’p*n“p°) O<(np)1/2>'

Set A = (np)'/!2. By the assumption p > n~%/3,

A > (n1/3)1/12 — pl/36

Since np > 1, combining (62) and A = (np)'/*? implies that

n3pt n3pt
(EE/)1/2>\4 _ O((np;l)l/2)(np)1/3 _ O((npiol/ﬁ) = 0(n3p4).

Theorem 5.5 together with (63) then yields that

P |X4 — ,u(X4)| > a4(EE/)1/2)\4:| < 2626—)\n3 < 2626_n1/36n37
where ag = 8*(4!)/2. Given (64), we have that w.o.p.

X4 = p(Xy) + o(n®p*).

(63)

(64)

(65)

In view of (53), it follows from (61) and (65) that, for p > n =3/t we have X, = n®p*(1/12+0(1))

w.0.p. This completes the proof of (i) of Lemma 5.3.

0

Proof of Lemma 5.3(ii). Fix 6 > 0. We show that, w.o.p., X3 = O(max{n?p? n3}) for p > n~".

First we estimate the expectation u(X3) of X3. Since |S3| = O(n?), we have

1(X3) = O(n’p’).

(66)

Next, we prove a concentration result for X3 applying Theorem 5.5. To this end, we estimate
the quantities E; (1 < i < 3). As in the proof of Lemma 5.3(i), one may check that E' =
maxi<;<3 F; = O(max{np?,p,1}) and hence £ = max{FE’, u(X3)} = O(max{np?, p,1,n?p3}). By
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the assumption np > 1, we infer

E' = O(max{np*,1}) and E = O(max{n?p31}). (67)

—2/3+6

Based on (67), we consider the cases p > n and n=! <« p < n~2/3H0 separately.

We first suppose p > n~2/3+9, From (67), we have E' = O(max{np?,1}) and E = O(n?*p?). A proof
similar to the proofs of (61) and (65) shows that, for p > n=2/3+% w.o.p., X3 = u(X3) + o(n?p?).
This together with (66) implies that for p > n=2/3%9 w.o.p.,

X3 = O(n*p?). (68)

We now suppose n~ ! < p < n~2/3+0_In this case, (67) yields that E' = O(1) and E = O(n?) and
hence, setting A\ = n%/2, we have

(EE/)l/QA?) — O(n(3/2)5)n(3/2)5 — O(TLSJ). (69)

Theorem 5.5 with A = n%/2 yields
]P[|X3 — w(X3)| > as(BEE)Y2N3| < 2e2e*n? < 2626_"6/2712, (70)

where az = 83(3!)!/2. Inequality (70) together with (69) implies that, for n=! <« p < n=2/3+9,

w.0.p., X3 w(X3) + O(n3%). Since, under the assumption p < n~2/3+0

O(n?p?) = O(n3?), we infer that, for n=' < p < n=2/3+% wo.p.,

, we have u(Xs) =

X3 = 0(n®). (71)

Combining (68) and (71) completes the proof of (ii) of Lemma 5.3. O

6. PROOF OF THEOREM 2.3

6.1. Theorem 2.3 for smaller p = p(n). We first consider the case in which n=! < p < n=2/3,

Proof of (8) in Theorem 2.3. Suppose n~! <« p < n~2/3. We show that (8) holds almost surely,
using the usual deletion method. Let S, S[[n],] and X be as in Definition 5.1. If we delete one vertex
from each hyperedge in S [[n]p} , the remaining vertex set is an independent set of S [[n] p] , and hence
it is a Sidon set contained in [n],. Consequently, F([n],) > |[n],| — |S[[nlp]| = |[nlp| — X. Since
trivially F'([n]p) < Hn]p’, we have Hn]p} —X < F([n]p) < Hn]p| Note that the Chernoff bound gives
that, for p > n~!, we almost surely have Hn]p‘ = np+o(np). Therefore, in order to show (8), it only
remains to show that X = o(np) almost surely. Recall that X is the number of edges of cardinality ¢
in S[[n],] (i € {3,4}), and that X = X3+ X, (see Definition 5.2 and (51)). Equations (53) and (66),
together with n! < p < n~2/3, imply that E(X) = O(n’p*) + O(n?p?) = O(n®p*) = o(np). Hence
Markov’s inequality gives that we almost surely have X = o(np), and our result follows. (|

6.2. Theorem 2.3 for larger p = p(n). We now consider the wider range n~! <« p < 2n=%/3,
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Proof of (9) in Theorem 2.3. We have already shown that, if n™! < p < n™?/3 then F([n],) =
(14 o0(1))np holds almost surely. Therefore, it suffices to show that (9) holds if, e.g., n=2/3/logn <
p < 2n~2/3. We proceed as in the proof of (8), given in Section 6.1 above. We have already observed
that |[n],] = np(1 + o(1)) almost surely as long as p > n~!, and therefore F([n],) < np(1 + o(1))
almost surely in this range of p. It now suffices to recall that F'([n],) > |[n]p| — X and to prove that,
almost surely, we have X < (2/3 4 o(1))np if n=2/3/1logn < p < 2n~%/3. But with this assumption
on p, Lemma 5.4 tells us that, w.o.p.,

1 1 2
X = En3p4 + o(npt) = En3p4 + o(np) < (3 + 0(1)) np, (72)

as required. O

7. THE LOWER BOUNDS IN THEOREMS 2.5-2.7

Let us first state a simple monotonicity result (see, e.g., [17, Lemma 1.10]) that will be used a few

times in this section.

Fact 7.1. Let p = p(n) and ¢ = q(n) be such that 0 < p < ¢ < 1, and let a = a(n) > 0 and
b=0b(n) >0 be functions of n.

(i) If F([n]p) > a holds w.o.p., then F([n|y) > a holds w.o.p.

(ii) If F([n]q) < b holds w.o.p., then F([n],) < b holds w.o.p.

Statements (i) and (ii) in Fact 7.1 are, in fact, equivalent. We state them both explicitly just for

convenience.

7.1. Proofs of the lower bounds in Theorems 2.5 and 2.6. The lower bounds in Theorems 2.5
and 2.6 rely on a result on independent sets in hypergraphs. Before stating the relevant result, we
introduce some definitions. A hypergraph is called simple if any two of its hyperedges share at most
one vertex. A hypergraph is r-uniform if all its hyperedges have cardinality r. We shall use the
following extension of a celebrated result due to Ajtai, Komlés, Pintz, Spencer and Szemerédi [1],
obtained by Duke, Lefmann and the third author [10].

Lemma 7.2. Let H be a simple r-uniform hypergraph, r > 3, with N wvertices and average degree
at most t"~% for some t. Then H has an independent set of size at least
(log t)l/(rfl)
c———N,

where ¢ = ¢(r) is a positive constant that depends only on r.

(73)

We now briefly discuss how to obtain a lower bound on F([n],) using Lemma 7.2. Let S[[n],]
be the hypergraph in Definition 5.1. Since an independent set of S [[n]p] is a Sidon set contained
in [n],, independent sets in S[[n],] give lower bounds for F([n],). To apply Lemma 7.2, we shall
obtain a simple 4-uniform subhypergraph §* of S [[n]p} by deleting suitable vertices from S [[n]p}
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Lemma 7.2 will then tell us that S* has a suitably large independent set, and this will yield our
lower bound on F([n],). In fact, we obtain the following result.

Lemma 7.3. There is an absolute constant d > 0 such that, for p > 2n=2/3, w.o.p. F(n]p) >
d(n log(n2p3))1/3 holds.

Lemma 7.3 easily implies the lower bounds in Theorems 2.5 and 2.6. The proof of Lemma 7.3 will

be given in Section 7.3.

7.2. Proof of the lower bound in Theorem 2.7. For larger p = p(n), it turns out that, instead
of using Lemma 7.2, it is better to make use of the fact that [n] contains a Sidon set of cardinality
(14 0(1))v/n (see Section 1). An immediate use of this fact gives the lower bound (1 + o(1))py/n,
but one can, in fact, do better. The following is a particular case of a very general theorem of

Komlés, Sulyok and Szemerédi [23].

Lemma 7.4. There is an absolute constant d > 0 such that, for every sufficiently large m and

every set of integers A with |A| = m, we have

F(A) > d- F(jm]).

Since the Chernoff bound gives that, for p > 1/n, we almost surely have |[n],| = (1 + o(1))np,
Lemma 7.4 together with F([m]) > (1 + o(1))y/m gives the lower bound in Theorem 2.7. Clearly,
to have this result with ‘w.o.p.’, it suffices to assume p > (logn)/n. There is an alternative, simple
proof of the following fact:

(*) if (logn)?/n < p < 1/3, then, w.o.p.,
1

F(lnl,) > (ﬂ T o<1>) N (74)

Fact 7.1 then implies that, for p > (logn)?/n, we have, w.o.p., F([n],) > (1/3v/6 + o(1)),/np.

Proof of (*). Let (logn)?/n < p < 1/3. We shall show that (74) holds w.o.p. We define a partition
of [n] = {0,...,n— 1} into equal length intervals, and consider a family of intervals in the partition
satisfying the property that, if we choose an arbitrary element from each interval, the set of chosen
elements forms a Sidon set. We shall choose the length of the intervals so that [n], will intersect
each interval in a constant number of elements on average. A simple analysis of this construction
yields that (74) holds w.o.p. The details are as follows.

Let 7T = {I;: 0 < i < [n/z]|} be the partition of [n] into consecutive intervals with = = [1/p|
elements each. More precisely, let I; = [zi,2(i+1) — 1] N [n] for all 0 <i < [n/z]. In what follows,
we ignore Iy, ;11 if this interval has fewer than z elements. Let Zeven = {lo, [2,14,...} C Z be
the set of all intervals with even indices and let y = |Zeven|- Note that y > (1/2)|n/z] — 1 >
(1/2)|np| —1=(1/2+ o(1))np. By the Chowla-Erdés result [8, 11], there exists a Sidon subset S
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of [y| with

\ﬂ=ﬂ+dWﬁﬁ(;fM®>ﬁm (75

We “identify” [y] and Zeyen by the bijection i +— Io;. Let {a;: i € S} be a set of integers with a; € Iy;
for all i € S. We claim that {a;: i € S} is a Sidon set. Suppose a;, + a;, = a;, + aj,, where i1, ia,
J1 and jo € S. Observe that

@iy + @iy € Ioiy12iy U Doy 2ip+1 and @y + aj, € o5y 125, U Ioji 42041, (76)
which, together with the assumption that a;, +a;, = a;, +a;,, implies that i1 +i2 = j; +j2. Since S
is a Sidon set, we have {i1, 42} = {j1, j2}, whence {a;,, ai, } = {a;,,a;,}. This shows that {a;: i € S}
is indeed a Sidon set.
We now consider a random set [n],. An interval Iy; (i € S) is said to be occupied if I; contains
at least one element of [n],. Let Zoc. be the family of occupied intervals. By the above claim, we

have F'([n]p) > |Zocc|- Let us estimate |Zocc|. Note that each interval Iy; (i € S) is independently
occupied with probability

P=1-(1-pF=1—1-—p)/P>1 e PU/p=1) > 1 _ 14 > 1 _¢2/351/3 (77)
where the third inequality follows from the assumption p < 1/3. Thus, under the assumption
(logn)?/n < p < 1/3, the Chernoff bound, (75) and (77) give that, w.o.p.,

1 1
Toce| = (1 4+ 0(1)E(|Zocc|) = (1 +0(1))|S|p > | — + o(1 np-—=|——=+o0 np.
ol = (4 o)) = (1 o()IS15 = 5+ 0()) Vi 5 = (5775 +0l1)) v

Recalling that F([n]p) > |Zocc|, statement (*) follows. O

7.3. Proof of Lemma 7.3. In Lemma 7.5 below, we prove Lemma 7.3 for a narrower range of p.

We shall then invoke monotonicity (Fact 7.1) to obtain Lemma 7.3 in full.

Lemma 7.5. There is an absolute constant d > 0 such that, for 2n=2/3 < p <« n=2/3F1/15 e
have F([n],) > d(nlogn?p®)Y/3 w.o.p.

Proof. Let S[[n],], Si[[n]y], X and X; be as in Definitions 5.1 and 5.2. Recall that the size of an
independent set of S[[n],] gives a lower bound on F([n],).

We wish to apply Lemma 7.2. However, since S [[n]p] may be neither simple nor uniform, we
consider a suitable induced subhypergraph §* C S [[n]p], as discussed just after the statement of
Lemma 7.2. We have S|[n],| = Ss[[n],] U Ss[[n]p]. Let Sy be the set of all hyperedges in Sy [[n]p)
that share at least two vertices with some other hyperedge in Sy[[n],]. If we delete one vertex from
each hyperedge of Sg [[n]p] USy, the remaining induced subhypergraph &* of S [[n]p] is both simple
and 4-uniform. To apply Lemma 7.2 to §*, we now estimate |V (S*)| and the average degree of S*.

First we consider |V (S*)|. Note that |[n],| — X3 — }84‘ = |[n]p| — [Ss[[nlp]| — ‘§4‘ <|V(S8%)] < |[n]pl-
We shall show the following two facts.

Fact 7.6. Fiz 6 > 0 and suppose n~ 1 < p < n~Y2. We have, w.o.p., X5 = o(np).
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Fact 7.7. Fiz 6 > 0 and suppose n= 170 < p < n=2/3t1/15 We have, w.o.p., §4| = o(np).

Since the Chernoff bound gives that |[n],| = np+ o(np) w.o.p. for p > (logn)/n, Facts 7.6 and 7.7
imply that, w.o.p., we have
V(S = np(1 +o(1)). (78)

Next we consider the average degree of §*. Owing to 8* C S[[n],], (78) and Lemma 5.4, the
average degree 4|S*|/|V(S*)| of S* is such that, w.o.p., 4|S*|/|V(S*)| < 4X/|V(S*)| < n?p?.

We now are ready to apply Lemma 7.2. In view of our average degree estimate above, we set t =
(n2p3)1/3. Given (78), Lemma 7.2 implies that, w.o.p., the hypergraph S&*, and thus S[[n]p], has

an independent set of size

1/3
(logt)'/® . (1/3) log(n®p?) 1/3
LBy 5y oL T L a1 +o(1) > d(ntosuts®) P, (19
for, say, d = ¢/2. This completes the proof of Lemma 7.5. O

In order to finish the proof of Lemma 7.5, it remains to prove Facts 7.6 and 7.7.

Proof of Fact 7.6. Lemma 5.3(ii) tells us that, w.o.p., X3 = O(max{n?p3 n°}). From the assump-
tion n~ 10 <« p <« n~1/2, we have both n?p® < np and n® < np, whence, w.o.p., X3 = o(np). O

Proof of Fact 7.7. We give a sketch of the proof. Let P be the family of the pairs {Ei, Ea} of
distinct members F7 and Ey of Sy [[n]p] with |Fy N Es| > 2. Observe that

|S4| < 2/P). (80)

An argument similar to one in the proof of Lemma 5.3(ii), based on the Kim—-Vu polynomial
concentration result, tells us that [P| = O(max{E[|P|],n°}) = O(max{n'p® n°}) holds w.o.p.
From the assumption n 119 <« p <« n=2/3+1/15 — p=3/5 we have both n*p® < np and n® < np,

and hence |P| = o(np) holds w.o.p. Given (80), we have, w.o.p., §4| = o(np). O

In order to establish Lemma 7.3, we need to expand the range of p in Lemma 7.5 from 2n~2/3 <
p < n23H15 = =35 ¢4 p > o —2/3,

Proof of Lemma 7.3. To complement the range of p covered by Lemma 7.5, it is enough to show

that, say, for p > n=2/3t1/16  we have, w.o.p., F([n]p) > d (nlog(n2p3))1/3 for some absolute

2/3+1/16

constant d’ > 0. Lemma 7.5 implies that, for p = n~ , we have, w.o.p.,

F([n],) > d[n log(nzn_2+3/16)]1/3 =d[n log(ng/lﬁ)] 1/3
= d[n(3/16) logn}l/3 > d(1/16)'/3 [n(2logn)] Vs — g [nlogn?] 1/3,
where d’ = d(1/16)'/3. By Fact 7.1, we infer that, for p > n=2/3+1/16 we have, w.o.p., F([n]p)

>
d' [nlogn?] 1/3 > d'[nlog(n?p?)] 1/3, completing the proof of Lemma 7.3. O
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