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ABSTRACT. We present a concentration result concerning random weighted projections in high
dimensional spaces. As applications, we prove
e New concentration inequalities for random quadratic forms.
e The infinity norm of most unit eigenvectors of a random 41 matrix is of order O(y/logn/n).
e An estimate on the threshold for the local semi-circle law which is tight up to a v/logn factor.

1. INTRODUCTION

1.1. Projection of a random vector. Consider C" with a subspace H of dimension d. Let
X = (&,...,&,) be a random vector. In all considerations in this paper, we assume that X is in
isotropic position, namely EX ® X = Id. The length of the orthogonal projection of X onto H is
an important parameter which plays an essential role in the studies of random matrices and related
areas.

In [26], Tao and the first author showed that (under certain conditions) this length is strongly
concentrated. In other words, the projection of X onto H lies essentially on a circle centered at the
origin. This fact played a crucial role in the studies of the determinant of a random matrix with
independent entries (see [20, 20]). We say that £ is K-bounded if |{| < K with probability 1.

Lemma 1.1 (Projection lemma, [26] ). Let X = (&1,...,&,) be a random wvector in C™ whose
coordinates & are independent K-bounded random wvariables with mean 0 and variance 1, where
K > 10(E|&|* + 1) for all i. Let H be a subspace of dimension d and Iy X be the length of the
projection of X onto H. Then

2

20K?

P(TyX — Vd| > 1) < 10exp(—5—=).

The projection lemma follows from the Talagrand’s inequality ([I7, Chapter 4]). The constants
10 and 20 are rather arbitrary. We make no attempt to optimize the constants in this paper.

Notation. We use standard asymptotic notations such as O, 0, O, w, < etc., under the assumption
that n — oco. For a vector X, || X]| is its Euclidean norm and || X || its infinity norm. For a matrix
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A e C™" ||Al|r and ||Al|2 denote its Frobenius and spectral norm, respectively. All eigenvectors
have unit length.

1.2. Weighted projection lemmas. Let us fix an orthonormal basis {u1,...,uq} of H. We can
express Iy X as

d
(1) X = (3 [ XP)Y2.
=1

In recent studies, we came up with situations when the roles of the axes are not compatible.
Formally speaking, one is required to consider a weighted version of where (Zle luy X 12)1/2 is
replaced by (Z?Zl cilu X|?)'/? with ¢; being non-negative numbers (weights).

We are able to prove a variant of Lemma for this more general problem, which turns out to
be useful in a number of applications, some of which will be discussed in the paper. Furthermore,
we can also weaken the assumption on random vector X in various ways.

We say a random vector X = ({1, ...,&,) is K-concentrated (where K may depend on n) if there
are constants C, C’ > 0 such that for any convex, 1-Lipschitz function F': C"* — R and any t > 0
2
(2) P(|F(X) - M(F(X))| = t) < Cexp(=C' 1),
where M(Y) denotes the median of a random variable Y (choose an arbitrary one as there are
many).

Notice that the notion of K-concentrated is somewhat similar to the notion of threshold in random
graph theory in the sense that if X is K-concentrated then it is cK-concentrated for any constant
¢ > 0. (Similarly, if p(n) is a threshold for a property P (say, containing a triangle) then cp(n)
is also a threshold.) One can also replace the median by the expectation (see Lemma . The
dependence on K on the RHS of (2)) is flexible (one can replace K2 by any function f(K)); however,
the quality of the concentration bound will depend on f(K') and we leave it as an exercise for the
reader to work out this dependence.

Examples of K-concentrated random variables

e If the coordinates of X are iid standard gaussian (real or complex), then X is 1-concentrated
(see [17T]).

e If ¢ are independent and §; are K-bounded for all i, then X is K-concentrated (this is a
corollary of Talagrand’s inequality; see [I7, Chapter 4] or [27, Theorem F.5]).

e If X satisfies the log-Sobolev inequality with parameter K2, then it is K-concentrated (see
[17, Theorem 5.3]).

e The coordinates & of X come from a random walk satisfying certain mixing properties
(see [25, Corollary 4]; in this corollary ||T'|| plays the role of K). In this and the previous
example, the coordinates of X are not necessarily indepedent.

Lemma 1.2. Let X = (&1,...,&,) be a K-concentrated random wvector in C™. Then there are
constants C,C" > 0 (which depend on, but could be different from the constants in ) such that
the following holds. Let H be a subspace of dimension d with an orthonormal basis {u1,...,uq}.
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Then for any 1> c¢y,...,cq >0

d d

/2
Pl ZCJ’W;X\Q— ZCJ'IEt SCGXP(—Clﬁ)-

J=1 J=1

In particular, by squaring, it follows that

d d
(3) P gluXP=> ¢l >2t
P =1

Another way to weaken the K-bounded assumption is to consider truncation. If £ is not bounded,
but has light tail, then by setting K appropriately, we can show that P(|¢| > K) is negligible with
respect to the probability bound we want to prove.

Assume that the &; are independent with mean zero and variance one. Choose a number K > 1
and let €; := maxj<;<p, P(|&] > K). Set & := &ilig, <k and let p; and O'i2 denote its mean and
variance. Set €2 := maxi<i<p |iti| and €3 = maxj<;<p, |ai2 — 1]. Assume all €; < 1/2 (in practice
this assumption is satisfied easily).

Lemma 1.3. There are constants C,C" > 0 such that the following holds. Let X = (&1,...,&,)

be a random vector in C™ whose coordinates &; are independent random variables with mean 0 and
variance 1. Under the above notations, we have, for any 1 > c1,...,¢, > 0 and any t > 0

2

d d
t
(4) P ch\u;fX]Q — ch] >t 4 4n K% (eg +e3) | < C’exp(—C’ﬁ) + ney.
j=1 j=1

1.3. Concentration of random quadratic forms. Consider a quadratic form Y = X*AX
where X = (&1,...,&,) is, as usual, a random vector and A = (a;;)1<i j<n a deterministic matrix.
As application of the new projection lemmas, we prove a large deviation result for Y, which can
be seen as the quadratic version of the standard Chernoff bound.

Theorem 1.4 (Concentration of quadratic forms I). Let X be a K -concentrated random vector in
C™. Then there are constants C,C’' > 0 such that for any matriz A
t2 t
ATz 1ogn TAT, "
Theorem 1.5 (Concentration of quadratic forms II). Let X and e1,e2,e3 be as in Lemma[1.5

There are constants C,C" > 0 such that the following holds. Assume n*K?(eg + e3) = o(1), then
2

t
[A]I% logn” [|All2

(5) P(|X*AX — trace(A)| > t) < C'lognexp(—C'K 2 min{

P(|X*AX — trace(A)| > t) < Clogn exp(—C'K ~? min{ }) + nep.

As an illustration, let us consider the case when §; are sub-exponential. We say that & is sub-
exponential with exponent o > 0 (with accompanying positive constants a and b) if for any ¢ > 0

P(¢ — E€| > %) < aexp(—bb).
Corollary 1.6 (Concentration of quadratic forms with sub-exponential variables). Assume that

& are independent and sub-exponential (with exponent o > 0) random variables with mean 0 and
variance 1. Then there are constants C,C’" > 0 such that for any t satisfying

(6) t = w(([|AllF +log® n]|All2) log®* n),
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we have
t 1

;)aﬁm’( )2a+1}).
| Al[Fv/Iogn [ All2

(7) P(|X*AX — trace(A)| > t) < Cexp(—C’ min{(

Quadratic forms of random variables appear frequently in probability and the large deviation
problem has been considered by several researchers, with first and perhaps most famous result being
by Hanson-Wright inequality [14]. In many cases, our results improve earlier results significantly;
see Section Bl for more details.

1.4. Norm of random eigenvectors. Let M, be a symmetric +1 matrix (the upper diagonal
and diagonal entries are iid Bernoulli random variables taking values +1 with probability 1/2).
This is an important object in both probabilistic combinatorics and the theory of random matrices.
Let uw be an arbitrary unit eigenvector of M,,. We investigate the following natural question,

How big is ||ul|eo ?

A good bound on the infinity norm of the eigenvectors is important in spectral analysis of graphs
and many other applications, such as the studies of nodal domains (see for instance [7] and the
references therein). Recently, it plays a crucial role in breakthrough works concerning local statistics
of random matrices (see Section [1.5| and also [8 BI] for surverys).

Set W, = ﬁMn Thanks to the classical Wigner’s semi-circle law (see Section , we know that

most of the eigenvalues of W,, belong to the interval (—2 4 ¢€,2 — €). Using our new concentration
results, we are able to obtain (what we believe to be) the optimal bound for the eigenvectors
corresponding to these eigenvalues.

Theorem 1.7 (Infinity norm of eigenvectors). Let M,, be a n X n symmetric matriz whose upper
diagonal entries are iid random variables that takes values +1 with the same probability. Let

W, = ﬁMn For any constant C1 > 0, there is a constant Cy > 0 such that the following holds.

o (Bulk case) With probability at least 1 —n=C1, for any fized ¢ > 0 and any 1 < i < n with
Xi(Wy) € [-2 4+ €,2 — €], there is a unit eigenvector u;(Wy,) of \i(W,,) satisfying

Cy logl/2 n
[ui(Wh)loo < NV
e (Edge case) With probability at least 1 — n=C1, for any € > 0 and any 1 < i < n with
AM(Wy) € [-2 —€,—2 4+ €] U [2 — €,2 + €], there is a unit eigenvector u;(Wy) of \i(Wy)
satisfying
Cylogn
s (W)l < =72
The best previous bound was of the form 1‘?52" for some large (usually not explicit) constant

C [9, 10, 11, 27]. We conjecture that the bound O(y/logn/n) is sharp (it is easy to see that
this is the case if the entries are standard gaussian) and also that it holds for all eigenvectors.
Very recently, Rudelson and Vershynin [24] also studied the norm of random eigenvectors using a
geometric method, which is different from our approach discussed in Section [1.5
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1.5. The local semi-circle law. Denote by ps. the semi-circle density function with support on
[_27 2]7

2r

0, |z| > 2.

1 — X i
- psc(x)::{ 4—22, |z]<2

Let us recall the classical Wigner’s semi-circle law:

Theorem 1.8 (Semi-circular law). Let M,, be a random Hermitian matriz whose entries on and
above the diagonal are iid bounded random variables with zero mean and unit variance and W, =
—_M,. Then for any real number z,

VD
1 X

lim —|{1 <i<n:\W,) <z} :/ psc(y) dy
2

n—oo N

in the sense of probability, where we use |I| to denote the cardinality of a finite set I.

The key tool for bounding the infinity norm of an eigenvector is a statement of the following type:
any interval of length at least T (which tends to zero with n) in the spectrum [—2,2] contains an
eigenvalue, with high probability. The quality of the bound will depend on how small T is. This
approach was developed by Erdés, Schlein and Yau in [9} 10, [11], leading to eigenvector norm bounds
of order n=2/3,n=3/% and finally n='t°(). A simpler argument, following the same approach, was
developed by Tao and the first author in [27] (see [27, Section 4] for a problem concerning random
non-hermitian matrices).

One way to attack the above problem is to show that the semi-circle law holds for small intervals
(or at small scale). Intuitively, we would like to have with high probability that

N1 =0 [ pucle) de| < b,
I

for any interval I and fixed § > 0, where N; denotes the number of eigenvalues of W,, := ﬁMn in

the interval I. Of course, the reader can easily see that I cannot be arbitrarily short (since N7 is
an integer). Following [I1], we call a statement of this kind a local semi-circle law (LSCL).

A natural question arises: how short can I be ¢ Formally, we say that the LSCL holds at a scale
f(n) if with probability 1 — o(1)

Ny —n / pee() dz| < bn|1],
I

for any interval I in the bulk of length w(f(n)) and any fixed 6 > 0. Furthermore, we say that f(n)
is a threshold scale if the LSCL holds at scale f(n) but does not holds at scale g(n) for any function
g(n) = o(f(n)). (The reader may notice a similarity between this definition and the definition of
threshold functions for random graphs.) We would like to raise the following problem.

Problem 1.9. Determine the threshold scale (if exists).

We do not know a sharp estimate for the threshold for any matrix ensembles, even in the basic
GUE (random matrix with complex gaussian entries) and GOE (random matrix with real gaussian
entries) cases. A recent result by Ben Arous and Bourgade [I] shows that the maximum gap
between two consecutive (bulk) eigenvalues of GUE is of order ©(y/logn/n), with high probability.
Thus, if we partition the bulk into intervals of length a+/logn/n for a sufficiently small «, one of
these intervals contains at most one eigenvalue. Therefore, we expect that in natural ensembles,
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the LSCL does not hold below the /Togn/n scale. In [T} 29], upper bound of the form log® n/n
was proved for some large value of C. Here we are going to show

Theorem 1.10 (Threshold for local semi-circle law). Let M,, be a Hermitian matriz whose upper
diagonal entries are independent random variables with mean 0 and variance 1. Assume furthermore
that for 1 < i < n, the vectors X;, obtained by deleting the i-th entry of the i-th row vector of M,
are K -concentrated. Then the threshold scale for LSCL is bounded from above by K?logn/n.

In the GUE case, the gap between the upper and lower bound is only O(y/logn) and it is an
intriguing problem to remove this factor. We also conjecture that Ben Arous and Bourgade’s result
on the largest gap holds for +1 random matrices.

The results of Section and Section also hold for random sample covariance matrices. We
sketch the results and proofs in the appendices.

Structure of the paper. In the next section, we prove the new projection lemmas. In Section
we prove the new concentration inequalities for quadratic forms and make a comparison with prior
results. The next section, Section [4] can be seen as a preparation step in which we recall facts about
random matrices. We prove the new threshold for the local semi-circle law in Section [5, and the
bound on the infinity norm of eigenvectors in Section [f] The appendices contain proofs concerning
random sample covariance matrices.

Acknowledgement. The authors would like to thank the anonymous referees for their careful
reading and constructive suggestions.

2. PROOFS OF LEMMAS AND

Proof of Lemma . Set f(X) := 1/2?21 cjlufX 2. Thus, f is a function from C" to R.

We first observe that f(X) is convex. Indeed, for 0 < A\, u < 1 with A+ =1 and any X, Y € C",
by Cauchy-Schwardz inequality,

FOX + ) < Z AR X + ¥ )2

d
> sV 2 = Af(X) + uf (V).

Jj=1

IN

Next, we show that f(X) is 1-Lipschitz. Notice that f(X) < \/2?:1 [ui X[* < [|X||. Since f(X)
is convex, one has

SFX0) = F(GX) = (X ~ V) + 1Y) <

- FOC=Y) + 1Y)

DO | =

Thus f(X)— f(Y) < f(X =Y)and f(V)— f(X) < f(Y — X) = f(X =), which imply
f(X) =M< FX=Y) < I X =Y.
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Thus, by the definition of K-concentrated property,

) P((X) ~ M(7(X))| 2 1) < Cexp(~C' )

for some constants C, C’" > 0.

To conclude the proof, it suffices to show |M(f(X)) — Z‘j:l ¢j| = O(K). We use the following
lemma. The proof of the lemma is classical and thus omitted.

Lemma 2.1. Let Y be a real random variable. Assume P(|Y —p| >t) < f(t), where [J° f(x)dz =

O(1), then |EY — pu| = O(1). Assume furthermore that Y is non-negative, u > 0, 0 = VEY?, and
IS xf(z)dz = O(1), then |EY — o| = O(1).

To apply this lemma, set ¢, := m, Y = %\/Z?ZI clufX|? and p := M(Y). We have, by

the K-concentration property

d

>l X]? = M(

=1

d
D X [?)| > tK) < Cexp(—C't?).
=1

P(lY —pl = 1) = P(]

Set f(z) = Cexp(—C’2?). The assumptions on f(z) in Lemma [2.1] are trivially satisfied. As X is

isotropic, 02 = EY? = % Zle ;. Tt follows from Lemma that

Renormalizing, we obtain

d d
M( Zci|qu|2): Zci—FO(K max ¢;),

: : 1<i<d
i=1 =1

which concludes the proof of Lemma,[1.2

Proof of Lemma . Recall that & = &ilje; )<k has mean p; and variance 02-2. The parameters
g1 = maxi<i<n, P(|&] > K), e2 = maxi<i<, |pi| and e3 = maxj<i<p |07 — 1] satisfy all g; < 1/2.
Define & := glg;:“ The &; are independent with mean zero and variance 1 and are 2K-bounded.

Let X' :=(&),...,&) and X := (€,...,&,). It is obvious that

d

d d d
Pl D clusXP— D> el =t <P ([\|D el X2= | D el >t | +ner.
j=1 j=1 j=1 j=1

The next observation is that if ea,e3 are small, then 3, ;. cilui X'|? and 3, ., ciluf X|? are
more or less the same. By definition, we have with probability one

¢! _gi, = |M| < 2(Ke3 + e9).

(2



8 V. VU AND K. WANG

It follows that D := X’ — X has norm at most 2n'/?(Ke3 4 &5) with probability one. On the other

hand,
‘ 3w X P - Y ci\u;‘f(ﬂ <2 Y alui XD+ 3 eluiDP.
1<i<d 1<i<d 1<i<d 1<i<d

As w; are unit vectors, |uf X!| < || X!|| < vnK and |ufD;| < || D;|| < 2v/n(Kes+ €3) (these bounds
are generous and can be improved by a polynomial factor in certain cases, but in applications such
improvement rarely matters). It follows, again rather generously,

d
| Dl X' = > cilufXP| <4n ) eiK? (e + £3) < 4n’ K7 (e + €3).
1<i<d 1<i<d i=1

Applying Lemma for X, we obtain Lemma

In practice, £; are typically super-polynomially small, i.e. n=“(), which yields 4n?K?(eq + £3) =
o(1). This term can be ignored (by slightly changing the values of C,C” if necessary) and we end
up with a more friendly inequality

d d

t2
(10) Pl | i X2 — | el =t) < Cexp(fclﬁ) + ney.
j=1 i=1

In the sub-exponential case, for a sufficiently large K (compared to a and b), ; < exp(—gK 1/e)
for j = 1,2,3. For K = w(log® n), n2K? exp(—2 K%)= o(1) and yield

d

d 2
t b
JuX X2 — . _o _gY
(11) P Zlcj|qu| Zlcj|2t < Cexp( CK2)+nexp( 2K ).
j= Jj=

3. RANDOM QUADRATIC FORMS

3.1. Proofs of new results. Let us first prove Theorem Notice that if Y = X*AX, then
Y+Y=X"(A+A")X and Y - Y = X*(4A— A*)X. Since

Y — trace A = %[(Y +Y) — trace(A + A*)] + %[(Y —Y) — trace(4 — A")],

we have

P(|Y —trace A| > t) < P(|(Y+Y)—trace(A+A*)| > t)+P(|vV/—1(Y =Y ) —trace(v/—1(A—A*))| > t).

Moreover, as |A+ A*[|r, [|[A - A*|[p = O(||A[|r) and [[A+ A%[|2, [[A — A*[|l2 = O([|A]l2), it suffices
to prove the theorem in the case A is Hermitian.

Next, we observe that any Hermitian matrix A can be written as A := A; — Ay where A; are
positive semi-definite and max;—; 2 || 4;|l2 < || A2, max;=1 2 || Ai||r < ||A||r. (In fact, the positive
eigenvalues of Ay are the positive eigenvalues of A and the positive eigenvalues of A5 are the absolute
values of the negative eigenvalues of A.) This enables us to further reduce the problem to the case
when A is positive semi-definite.
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Finally, as the content of the theorem is invariant under scaling, we can assume that ||Alje = 1.

Let 1 = ¢ > ¢o,...,¢, > 0 be the eigenvalues of A together with corresponding orthonormal
eigenvectors {u1,...,u,}. We have

n n
(12) X*AX — trace(A) = > _cjlufz* =) ¢;.

Jj=1 J=1

This is precisely the setting of the projection lemmas. By Lemma we know that for any
numbers 0 < d; <1, j € J,

(13) P() dilufX[? =D dy| =2 /Zd +12) < Cexp(—C'K~%42).

JjeJ jedJ

However, it is somewhat wasteful to apply this directly to . We will perform an extra partition
step. Set

1
Jp={1<j<n: cj < 1 0<k<ko:=10logn,

4k+1 <
and let Ji, 41 be the collection of the remaining indices.

For each 0 < k < ky + 1, apply Lemma to d; := 4%¢;, ¢; € Jj, we have, for any s > 0

P(I Y dbei(luf X2 —1)| > 25 [Y 4ke; +5%) < Cexp(—C'K2s%).
1€Jy 1€Jg

Set s := T At”F and simplify by 4%, the above inequality becomes
2
* 2 ! 7-—2
i€k F
Apparently, Zkotl 4’“|rj1||2 < 2”;;”2 . Moreover, ZieJk LGsSnx n=® =n"* and

A

1/2 24— Z 1/2

> 2h D e <
0<k<ko i€y i€Jk

< 8log"?n( ZZ )1/2

k=014€Jy
< 8log"?n| Al r,
by Cauchy-Schwartz inequality.
Putting the above estimates together and using the union bound, we obtain

2 2
+n” ) < C’lognexp(—C”K_2
| Al|% | All%

n
P(|) ci(lujX|* — 1) > 161og'/? nt + 2 ).

We can ignore the small term n~2 (by slightly adjusting the constant 16), the desired bound
follows.
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Remark 3.1. If we have more information about A, the logn term can be improved. For instance,
if all eigenvalues of A are comparable, then we do not need this term.

The proof of Theorem [I.5| uses Lemma [I.3]and is left as an exercise. To prove Corollary notice
that we can obtain an analogue of

12 t
|A]|7 logn” || A

(14) P(|X*AX — trace(A)| > t) < Cexp(—C'K > min{ H b+ nexp(—éKl/o‘),
2

2

under the assumption that K = w(log® n).

To optimize the bound, we choose K such that K 2 min{§72, L} = K/ This leads to
[ All% logn” [|A]l2

t
”A”F\/lOgn)
(15) t=w(([[4]F +log" ]| All2) log"*" n).

2 ¢ 1
+1/a ( )2F1/e}. Assume

setting K := min{( TAT2

This assumption guarantees K = w(log®n). It also implies nexp(—%KI/a) < exp(—%KI/a),
proving Corollary

3.2. Comparison to earlier results. In 1971, Hanson and Wright [14] obtained the first impor-
tant inequality for sub-gaussian random variables.

Theorem 3.2 (Hanson-Wright inequality). Let X = (§1,...,&,) € R™ be a random vector with &;
being 1id symmetric and sub-gaussian random variables with mean 0 and variance 1. There exist
constants C,C" > 0 such that the following holds. Let A be a real matriz of size n with entries a;;
and B := (|a;;|). Then

t2 t N
IAIE 1Bl

(16) P(|XTAX — trace(A)| > t) < Cexp(—C' min{

for any t > 0.

Later, Wright [34] extended Theorem to non-symmetric random variables. Recently, Hsu,
Kakade and Zhang [16] showed that one can obtain a better upper tail (notice that || B||2 is replaced
by [|Al2)

t2 t 1
A7 [1All2

under a considerably weaker assumption (which, in particular, does not require the &; to be in-
dependent). On the other hand, their method does not cover the lower tail. Let us pause here
to point out a strong distinction from the linear case and the quadratic case: In the linear case
(Chernoff type bounds), the lower tail follows from the upper tail by simply switching & to —¢&;,
but this trick is useless in the quadratic case. Recently, Rudelson and Vershynin [23] proved the
Hanson-Wright inequality

(17) P(XTAX — trace(A) > t) < Cexp(—C' min{

12 t )
1A% |All2”

(18) P(|XTAX — trace(A)| > t) < Cexp(—C' min{
assuming &; are sub-gaussian.

In the previous papers, the random variables &; are required to be real. Few years ago, motivated
by the delocalization problem for random matrices, Erdés, Schlein and Yau [I1] considered the
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complex case. By assuming either both the real and imaginary parts of &; are iid sub-gaussian or
the distribution of ; is rotationally symmetric (real and imaginary parts still sub-gaussian), they
proved
t
(19) P(|X*AX — trace(4)| > t) < Cexp(—C’W).
F

Later, Erdés, Yau and Yin [I3] showed that if §; are independent sub-exponential random variables

with exponent o > 0, having mean 0 and variance 1, then

1

t 1
Tan)

(20) P(|X*AX — trace(A)| > t) < Cexp(—C'(

To simplify the comparison, let us ignore the logn terms in our theorems (which play little role
in practice). If K = O(1), then the main difference between Theorem of Hanson and Wright
and Theorem [1.4]is that the term || Bl|2 in Theorem [3.2]is now replaced by || A||2. It is easy to see
that ||Bll2 > ||Al|2 for any real matrix A. In fact, in many cases, ||B||2 is significantly larger than
||Al|2. For instance, a random matrix A with entries of order 1 typically has spectral norm of order
v/, but in this case it is clear that || B]|2 has spectral norm of order n (as all row sums are of this
order). The same holds for several classical explicit matrices, such as the Hadamard matrix. In
these cases, our bound improves Hanson-Wright’s significantly. Furthermore, our result applies in
the complex case while the approach used by Hanson and Wright is restricted to the real case.

Comparing to , we do not need the fairly restricted assumption that either both the real and
imaginary parts of §; are iid sub-gaussian or the distribution of &; is rotationally symmetric. In the

case K = O(1), both terms ”A”%iogn and HXIIQ in our bound can be considerably larger than HAtHF'
For instance, m and m differ by a factor v/n in both the random and Hadamard cases.

In order to make a Hanson-Wright type bound non-trivial, we need to assume t > || A|| g+ || Al|2. In
many applications, we want the probability bound to be polynomially or even super-polynomially
small, i.e. n~9W or n=“() This requires a lower bound log”™M n(||A|r + ||All2) on ¢, which is
consistent with the assumption @ in Corollary

Notice that compares favorably to (20]). For the term m, the exponent

1
200+2

the quality of the bound quite a lot). For the term m, the exponent ﬁ is still better than

Tlﬂ. Furthermore, ||A|2 can be significantly smaller than || A||r, as discussed earlier.

1 . .
af1/2 18 superior to

(notice that we are talking about a double exponent, so an improvement here could improve

4. RANDOM MATRICES AND THE STIELTJES TRANSFORM

This section serves as a preparation, in which we recall several facts about random matrices. The

empirical spectral distribution (ESD) function of the n x n Hermitian matrix W, := ﬁMn =

ﬁ(@j)lgi,;’gn is a one-dimensional function

FWa(z) = %‘{1 <Jj<n: (W) <a},

where |I| denotes the cardinality of a set I. We are going to focus on the case when the entries of
M, are K-bounded; it is easy to extend this assumption to K-concentrated.
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The Stieltjes transform of a real measure p(z) is defined for any complex number z not in the
support of u as

Thus, the Stieltjes transform s, (z) of W, is

sn(z):/wizdpwn(g;):izmz.

Furthermore, the Stieltjes transform ss.(z) of the semi-circle distribution is

_ 22— 4
Ssc(z) = /]R pSC(:E)dx = s 22 ’

r—z

where /22 — 4 is the branch of square root with a branch cut in [—2,2] and asymptotically equals
z at infinity [4].

The beauty (and power) of the Stieltjes transform lies in the fact that it has a clear linear algebra
content; s, (z) of W, is exactly the trace of the matrix (W,, — zI)~!. This allows us to compute the
Stieltjes transform by looking at the diagonal entries of (W,, — zI)~!. In matrix theory, Stieltjes
transform plays the role Fourier transform in analysis. If the Stieltjes transforms of two spectral
measures are close to each other (for all z), then the two measures are more or less the same. In
particular, if s,(z) is close to ss.(z), then the spectral distribution of W), is close to the semi-circle
distribution (see for instance [4, Chapter 11], [I0]). We are going to use the following lemma.

Lemma 4.1. Let M, be a random Hermitian matriz with independent K-bounded entries with
mean 0 and variance 1. Let 1/n <n < 1/10 and L,e,§ > 0. For any constant Cy > 0, there exists
a constant C' > 0 such that if one has the bound

‘Sn(z) - Ssc(z)| <9

with probability at least 1 — n=C uniformly for all z with |Re(z)| < L and Im(z) > 1, then for any
interval I in [—L + e, L — €] with |I| > max(2n, Llog ), one has

I

with probability at least 1 —n~C1.

This is [29, Lemma 64], which, in turn, is a variant of [10, Corollary 4.3].

An appropriate application of Lemma will imply Theorem m (As a matter of fact, we a
going to prove a little bit more.) In order to use this lemma, we set L = 4, = 1, and critically
_ K?C?logn
T] T n56 9
where C' = C; + 10%. We are going to show that

(21) |5n(2) = ssc(2)| = 0(9)
holds with probability at least 1 —n~C for any fixed z in the region {z € C : [Re(z)| < 4, Im(2) > n}.
Notice that in this statement we fix z. However, it is simple to strengthen the statement to hold for
all z, using an e-net argument, exploiting the fact that s,(z) is Lipschitz continuous with Lipschitz
constant O(n?) (for details, we refer to [9, Theorem 1.1] or [29] Section 5.2]).
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In order to show that s, (z) is close to ss.(2), the key observation is that ss.(z) can also be defined
by the equation

1
29 _ .
22) w2 =
This equation is stable, so if we can show s,(z) ~ _m then it follows that s,(z) = ss(2).

This observation was due to Bai et al. [2], who used it to prove the n~/2 rate of convergence of
$n(2) to ssc(2). In [9, [10, 11], Erd6s et al. refined Bai’s approach to prove local semi-circle law at
scales finer than n~/2, ultimately to n~? logcn [10]. Our main contribution here is to push the
scale further down to n~!logn, which we believe is (at most) a factor v/logn from the truth.

Recall that s,(z) is the trace of (W,, — zI)~!'. By computing the diagonal entires, one can show
(see [4, Chapter 11}, [10] or |29, Lemma 39])

S|

(23) sn(2) =

" 1

k=1 /n
where
Y, = QZ(WnJg — ZI)ilak

and W, i, is the matrix W,, with the k-th row and column removed, and ay, is the k-th row of W,
with the k-th element removed.

The entries of aj, are independent of each other and of W,, 1, and have mean zero and variance
1/n. By linearity of expectation we have

1 _ 1
E(Y, Wy ) = - trace(Wy,  — 21) 1 — (1— ﬁ)snk(z)

where
1 = 1
Spk(z) =

is the Stieltjes transform of W, .. From the Cauchy interlacing law, we can get

30(2) = (1= Dsual@) = O [ g da) = 010 = o(6?)
and thus

E(Yi|Wok) = sn(z) + 0(6%).

The heart of the matter now is the following concentration result.

Lemma 4.2. Let M, be as in Lemma . For 1 <k <n, Yy = E(Ys|W,x) + 0(6%) holds with
probability at least 1 — O(n~C) for any z with |Re(2)| < 4 and Im(z) > 1.

To prove this lemma, we are going to make an essential use of the weighted projection lemma, as
showed in the next section.
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5. PROOF OF LEMMA AND THRESHOLD OF THE LocAL Law

We are going to prove Lemma and the following more quantitative version of Theorem [1.10

Theorem 5.1. For any constants €,6,C1 > 0, there is a constant Cy > 0 such that the following
holds. Let M, be a Hermitian matrix whose upper diagonal entries are independent random vari-
ables with mean 0 and variance 1. Assume furthermore that for 1 < i < n, the vectors X;, obtained
by deleting the i-th entry of the i-th row vector of M, are K-concentrated. Then with probability
at least 1 —n=C1, we have

Ny — n/psc(:r) dx| < 5n/psc(;v) dx,
1 1

for all interval I C (=2 4+ ¢€,2 — €) of length at least CoK?logn/n.

First, we record a lemma that provides a crude upper bound on the number of eigenvalues in short
intervals.

Lemma 5.2. Let M, be a random Hermitian matriz with independent K-bounded entries with
mean 0 and variance 1. For any constant C1 > 0, there exists a constant Cy > 0 such that for any
interval I C R with || > %,

N < n\I\

with probability at least 1 —n~C1.

This lemma is Proposition 66 in [29], which is a variant of [I1, Theorem 5.1]. Notice that

Wok) ak| Z|u] k) Xk|2
b
—Z

u
(24) Vi = af(Wyp — 2I)~ ak_Z“W

1

where X}, = /nay is the k-th row of M,, with the k-th element removed. Note that the entries of
X, are independent with mean 0 and variance 1. Therefore,

(W, k: Xk|2 1
(25) Y — E(Yi[ W)l *\Z - - E'Z)\
]

i( )—x—ﬁn"

where R; := |u;j(W, x)*Xg|> — 1. By symmetry, we can restrict the sum to those indices j where
)‘j(Wn,k) — X Z 0.

Let J be the set of indices j such that 0 < A\;j(W,, 1) — 2 < 1. Since x = Rez,n = Imz, we have

1 R
‘ZJGJ )‘ nk)jx_rn‘
1 ) (Wn )—x 1
= ‘ZJGJ (A )k )2 +n2R |+ ‘ZJGJ (N( nk) I)2+772R |

2

wi)—a
< il Sier ot il + gl Sies momwmhmarr Bl

Consider the sum Sy := [}, ; (/\(_/2{4(,” = K)o R 2R |. As0 < o ((m(/ZV:)’“) b )+77 < 1, we are in position

to apply Lemma Taking t = C’4K Viogn w1th a sufficiently large constant Cy, by . we have

Si < — 2K\/\J\logn+C4K210gn)
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with probability at least 1 — C'exp(—C’'C?logn) > 1 — n~¢/2, By Lemma |J| < Bnn with
22
probability at least 1 — n~, for some sufficiently large constant B > 0. Recall 7 := %; it

follows that with probability at least 1 — 2n~%4/2 we have
S1 < CiC5 83 (2VB + C4C571 %),

Thus, for C3 sufficiently large compared to Cy and B, we have S; < §2. Similarly, we can prove

the same bound for Sy := nin| ZjeJ oSO, ;7)2 s Rj).

,x)ZJ’,n

For the other eigenvalues, we divide the real line into small intervals. For integer | > 0, let J; be
the set of eigenvalues \;(W,, ) such that 10!y < AN(Whp) —ax < 101y, The number of such J,
is at most 20logn. By Lemma one has, |J;| < 9B10'nn with probability at least 1 —n~%, for
some sufficiently large constant B > 0. Again by Lemma (taking t = KCy/logn),

DI, m—x—mn

]EJ

IZ IZ il

]GJ

1 1oln(Aj — ) 1 (10'n)?
< R; R;
_10%77'3,62;(/\-—96)2—1—772 j‘+1025nn‘j€z;(Aj—x)2+n2 i
l l

| /\

J

204K
< =22 2y/]Ji]/log n + KCylog n)

10inn
< 8*BC,Cy 1071212

with probability at least 1 — 2C exp(—C'C3logn) —n~¢t > 1 —n=C4/2,

Summing over [, we have

—1 3 3
422 —x—ﬁn|§2000403 B&* < 6§

l ]EJ

with probability at least 1 —n ¢4/ 2+1, for C5 sufficiently large. This completes the proof of Lemma
4.2l

Inserting the bounds into , one has

(2) + 1 1 0

sn(2) + — =

" n sn(2) + z + 0(62)

with probability at least 1 — O(n=%). The term [(xr/v/7| = 0(6?) as |G| < K by assumption.
Comparing this equation with ( ., one can use a continuity argument (see [28] for details) to
obtain |s,(z) — s(z)| < § with probability at least 1 — O(n=¢+1%0),

n

By Lemma it follows that for random matrices M,, with K-bounded entries, for any constant
Cy > 0, there exists a constant Co > 0 such that for 0 < § < 1/2 and any interval I C (—3,3) of
length at least C2 K2 logn/nd®,

(26) Ny — n/psc(x) dz| < onll|
I

holds with probability at least 1 —n~¢1. In particular, Theorem follows.



16 V. VU AND K. WANG

6. THE INFINITY NORM OF EIGENVECTORS

We prove Theorem [1.7] in the following more general form.

Theorem 6.1 (Optimal infinity norm of eigenvectors). Let M, be a Hermitian matriz whose upper
diagonal entries are independent random variables with mean 0 and variance 1. Further assume
that for any index 1 < i < n, the vector X;, obtained by deleting the i-th entry of the i-th row vector
of M,,, is K-concentrated. Let W, = ﬁMn Then for any constant Cy > 0, there is a constant

Cs > 0 such that the following holds.

e (Bulk case) With probability at least 1 — n=C, for any € > 0 and any 1 < i < n with
ANi(Wy) € [-2 + €,2 — €] there is a unit eigenvector u;(Wy,) of \i(Wy,) satisfying

CoK logl/2 n
vnooo
e (Edge case) With probability at least 1 — n=%1, for any € > 0 and any 1 < i < n with
AM(Wy) € [-2 —€,—2 4+ €] U [2 — €,2 + €], there is a unit eigenvector u;(Wy) of \i(Wy)
satisfying

[ (W)loo <

CoK?logn

We give here the proof of the first part of Theorem [6.1} The proof of the second part is somewhat
different and deferred to the appendix. With the threshold for local semi-circle law, we are able to
derive the eigenvector delocalization results thanks to the next lemma.

Lemma 6.2 (Eq (4.3), [9] or Lemma 41, [29]). Let
a Y*
(5w )
be an n x n Hermitian matriz for some a € C and Y € C* 1, and let < Zj > be an eigenvector of

W, with eigenvalue \;(W,,), where x € C and v € C"~!. Assume none of the eigenvalues of W,_1
equals \i(Wy,). Then

1
1+ Z?:_ll(Aj(Wn—l) - )‘i(WN))_QWj(Wn—l)*YP’

jxf? =
where uj(Wp_1) is a unit eigenvector corresponding to the eigenvalue \j(Wy_1).

The assumption that the eigenvalues of W,, and W,,_; do not collide was taken care of in [32]
Section 3.1], so we can assume that the above formula makes sense in applications.

First, for the bulk case, for any \;(W,,) € (—=2+¢,2—¢), by Theorem one can find an interval
I C(-2+¢,2—¢), centered at \;(W,) and with length |I| = K2Clogn/n, such that N; > 61n|I]|
(81 > 0 small enough) with probability at least 1 — n~¢1719. By Cauchy interlacing law, we can
find a set J C {1,...,n — 1} with |J| > N;/2 such that |\;j(W,,—1) — \i(W,)| < || for all j € J.
Let X be the first column of M,, with the first entry removed. Then X = /nY.
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By Lemma we have
1

14 5 g (W) = A (W) 2l (W) X P
1

] =

<
1 X5y (W) = A(Wo) 2 (Wo)* X P2

< 1

S 1 2 g (Waer ) X P

1 K2C2logn
< <9200|I1/6, < — =272
= 1+ 100~ Tn-tI[72[J] = 1100 < n

for some constant Cy with probability at least 1 — n=¢1710, The third inequality follows from
by taking ¢t = §; K/C'logn (say).

Thus, by union bound and symmetry, ||u;(W,)]co < %ﬁlm” holds with probability at least

1—n ¢,

APPENDIX A. PROOF FOR THE EDGE CASE OF THEOREM

For the edge case in Theorem we use a different approach based on the next lemma.

Lemma A.1 (Interlacing identity, Lemma 37, [28]). Let W, _1 be the matriz W,, with the n-th row
and n-th column removed and 'Y is the n-th column of Wy, with the n-th element (p,y/+/n removed.
If none of the eigenvalues of Wy, _1 equals \j(W,,), then

n—1

‘u] n—1) Y|2 1
28 E = —Cun — Ni(Wh).

By symmetry, it suffices to consider the case \;(W,,) € [2—¢,2+¢€] for € > 0 very small. Denote X
the n-th column of M, with the n-th element removed. Thus Y = /nX. By Lemma in order
to show |z|? < C*K*log?n/n (for constant C' > C} + 100) with probability at least 1 —n=¢110]
it is enough to show

—1 %
nz (W) X2 n
2 Oy (M) ~ NOL)P © G og?n
By the projection lemma, |u;(W,_1)*X| < 10K,/Clogn with probability at least 1 — 10n=¢. Tt
suffices to show that with probability at least 1 — np=¢1-10,
”Zl Juy(Wa)*X[*_ 100n
(Aj(Mp—1) = Ni(My))2 — C3K?logn

J=1

By Cauchy-Schwardz inequality, it is enough to show for some integers 1 <T_ < T, < n —1 that

Z |uj (Wn—1)*Y |? - 10Ty — T,‘
T_<G<Ty |)\j(Wn71) - Al(Wn)| o C'1~5K\/logn
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By Lemma we are going to show for some integers Ty, T_ satisfying 7. —T_ = O(logn) (the
choice of T, T_ will be given later) that

(29) | |uj(Wn—1)*Y]? <2 c_ YT =T +oll),
§>Tyorj<T_ Aj(Wno1) = A(Wn)© — CL5K \/logn

with probability at least 1 — n=¢1—10,

Let n = % with constant § = €/1000. Divide the real line into disjoint intervals Iy for k& > 0
where Iy = (\i(Wy,) —n, \i(Wy,) +n). For 1 < k < ko = 1log®?n (say), |Ix| has length 2n0~8% = o(1)
and

Iy = (Mi(Wh) = Ben, Xi(Wa) = Br—1n] U [Ai(Wh) + Br—1n, \i(Wa) + Bkn),
where we denote by 5, = ZI;ZO 578, The distance from Ai(W,,) to the interval I satisfies

dist(A\;(Whn), Ix) > Br—11-

For each such interval, by , for sufficiently large constant C' > 0, the number of eigen-
values |Jk\ = Ny, < nay || + 6*+1n|I;| with probability at least 1 — n=“17190 where aj, =
f] psc dx/uk’

For the k-th interval, by . taking ¢ = K+/C'logn, we have that, with probability at least
-c” exp( C'Clog n) >1—n~ 17100 for sufﬁmently large C,

|Uy n— 1) X\Q 1 2
- E : < - § [uj (Wn-1 )" X|
n e |A; (W, Ai(Wy)| = ndist(A =

1
< —— (|| + K+/|Jx]\/Clogn 4+ CK?logn)

ndlst(Ai(Wn)Jk)
ar, | 1] 1 - 2
0TI 2K+/C1 Il + CK21
= distOu (W) Iy) T mm_l(n I + V2K \/Clog n\/n|I| + ogn)
alk|‘[k‘|

+ 108577,

For k > ko + 1, let the interval I;’s have the same length of |I,| = 26~%%0s. Note that the
number of such intervals is bounded crudely by o(rn). By (26]), the number of eigenvalues |Jj| <
nay, I + 8%+ 1n|I;| with probability at least 1 —n~¢17109 And the distance from \;(W,,) to the
interval I; satisfies

dist(Ai(Wn), Ik) > Bre—11 + (k — ko) [ Ix, |-

The contribution of such intervals can be computed similarly

!uj n— 1) XP 1 1 2
— < = no1)* X
Z (W, A (Wo)| = ndistO (W), 1) ]; [ (Wo—1)"X]
k

1
=n K 1 K21
= ndist(/\i(Wn),]k)(’Jk’ + K+/|Jk|\/Clogn + CK*logn)
Oé[k’Ik’ 5k0
distO\; (W), I)  k — ko

—C1—-100

with probability at least 1 —n
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Summing over all intervals for k > 10 (say), we obtain

|uj(Wn1)*Y]? o | T
30 < + 6.
(30) ‘j>T+Oer<T_ N Wat) — M) = |Z Tt (W) Ty

On the other hand, it follows from Riemann integration of the principal value integral that

oy [ I / . pSC()) dz + o(1),

dlst Ai(Wh), Iy) —x
where )
Psc(T) . Psc(T)
p.v. ——————— dx := lim ———— dx.
/2 Ni(Wy) —x e=0 J _2<a<2 ja— X (Wn)[>e Ni(Wn) —

From the explicit formula for the Stieltjes transform and from residue calculus, one obtains

2 psc(w) .
p.v./_2 S A= M) 2

for [N;(W,,)| < 2, and with the right-hand side replaced by —X\;(W,)/2 + /\i(W,)? —4/2 for
[A:i(Wy,)| > 2. Finally, we always have

ar ’Ik’
31 S A <142
(31 2 i) Iy S
k

Now for the rest of eigenvalues that satisfy |A;(Wy,) —X;(Wn—1)| < [Io| + [I1| + ...+ |T10] < 41/5%,
by Theorem and Cauchy interlacing law, the number of eigenvalues is at most T, — T <
8nn /680 = 8CK?logn /6% with probability at least 1 — n~ 17100 for sufficiently large constant
C > 0. Thus

\/T+——T_ 10
CYSK+/logn — 5440
by choosing C' sufficiently large compared to §—*4. Thus, from . . and ., we have
proved that there exits a constant C' > 0 such that with probability at least 1 n~C¢1~10
C?’K?logn
- vn

(32)

< €/1000,

=] <

The conclusion of the second part of Theorem follows from symmetry and union bounds.

APPENDIX B. LOCAL MARCHENKO-PASTUR LAW FOR RANDOM COVARIANCE MATRIX AND
DELOCALIZATION OF SINGULAR VECTORS

In this appendix, we extend the results obtained for random Hermitian matrices discussed in the
previous sections to random covariance matrices, focusing on the changes needed for the proofs.
Interested reader can refer to closely related papers [30] and [33] (see also [12] 22]).

Let M = M, = (Cij)i<i<p,i<j<n be a p x n matrix, where p = p(n) is an integer such that
p < n and lim,_, p/n =y € (0,1]. Assume the entries of M, , are independent random variables
with mean zero and variance one. For such a p x n random matrix M, we form the n x n (sample)
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covariance matrix W = W, , = %M *M. This (non-negative definite) matrix has at most p non-zero

eigenvalues which are ordered as

0 < A(W) < Xa(W) < ... < A\(W).

Denote by o1(M), ..., 0,(M) the singular values of M. Tt is easy to see that o;(M) = /nX;(W)/2.
From the singular value decomposition, there exist orthonormal bases {ui,...,u,} for C" and
{v1,...,vp} for CP such that Mu; = o;v; and M*v; = oju;.

A fundamental result concerning the asymptotic limiting behavior of ESD for large covariance
matrices is the Marchenko—Pastur Law (see [3] and [18§]).

Theorem B.1. (Marchenko—Pastur Law) Assume the entries of matriz M € CP*™ are independent
random variables with mean zero and variance one and lim, .. p/n =y € (0,1]. Then the empirical
spectral distribution of the matric W = %M*M converges with probability 1 to the Marchenko-
Pastur Law with o density function

1
271y

PMP,y(CU) : (b—m)(z — a)l[a,b] (),

where

a:=(1—yy)?b:=(1+ v

The hard edge of the limiting support of spectrum refers to the left edge a when y = 1 where
it gives rise to a singularity of 271/2. The cases of left edge @ when y < 1 and the right edge b
regardless of the value of y are usually called the soft edge. Recent progress on studying the local
convergence to Marchenko—Pastur Law includes [12) 22] 30, [33] for the soft edge and [6, 27] for the
hard edge. We focus on improving the previous results for the soft edge in this appendix.

Our main results for the random covariance matrices are the following local Marchenko—Pastur
law (LMPL) and the delocalization property of singular vectors.

Theorem B.2. For any constants €,6,Cy > 0, there exists a constant Cy > 0 such that the following
holds. Assume limy, o p/n =y for some 0 <y < 1. Let M = My, = ((ij)1<i<p,1<j<n be a random
matrix whose entries are independent K-bounded random wvariables with mean 0 and variance 1.
Consider the covariance matric W = %M*M Then with probability at least 1 — n~=C1, one has

Ny (Wip) —p / papy () dz] < 6p / parpy (@) d.

for any interval I C (a + €,b— ¢€) of length at least C3K?logn/n.

Theorem B.3 (Delocalization of singular vectors). Let M, , be as in Theorem . For any
constant C1 > 0, there is a constant Co > 0 such that the following holds.

o (Bulk case) With probability at least 1 —n~=1, for any e > 0 and any 1 < i < p such that
0i(Mpn)?/n € [a+¢,b—¢€, there is a left singular vector u; corresponding to o;(Mp,,) such

that
CoK logl/2 n
Vo

[l oo <

The same holds for right singular vectors.
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e (Edge case) With probability at least 1 —n~=1, for any e > 0 and any 1 < i < p such that
0i(Mpn)?/n €la—e,atelUb—eb+el ifa#0 and oi(Myn)*/n € [4—e,4] ifa =0, there
is a left singular vector u; corresponding to o;(M,p) such that

CyK?logn
l|uilloo < %

The same holds for right singular vectors.

Remark B.4. Theorem [B.2]and Theorem [B.3]actually hold for a larger class of matrices, using the
K-concentration introduced in the previous sections. For instance, Theorem holds for random
matrices M, ,, = ((;;) whose entries are independent random variables with mean 0 and variance
1, and the row vectors are K-concentrated. And Theorem holds if we further assume the
column vectors of M, ,, are also K-concentrated. Indeed, the K-bounded assumption is only used
to guarantee K-concentration.

B.1. Proof of Theorem Similarly to the Hermitian case, we compare the Stieltjes transform
of W

with that of the Marchenko—Pastur Law

1 b
smpy(z) = /R ——Pupy(r)de :/a 2my s \/mdm

The explicit expression of sy py(2) is given by (see [4])

ytz=1-(y+z-1)2% -4y
2yz ’

smpy(2) =

where we take the branch of \/(y + z — 1)2 — 4yz with cut at [a, b] that is asymptotically y +z — 1
as z tends to infinity. Note that it is uniquely defined by the equation

1
S z)+ =0
MP,y( ) y+z— 1+ yZSMP,y(Z)

We will show that s(z) satisfies a similar equation.

The analogue of Lemma [4.1] is the following lemma.

Lemma B.5. (Lemma 29, [30]) Let M,,, be a random matriz with independent K -bounded entries
with mean 0 and variance 1. Assume lim, ,ioop/n =y € (0,1]. Let 1/n < n < 1/10, and
Li,Ls,2,0 > 0. For any constant Cy > 0, there exists a constant C' > 0 such that if one has the
bound

|5(2) = smpy(2)] <0

with (uniformly) probability at least 1 — n~C for all z with Ly < Re(z) < Ly and Im(z) >n. Then
for any interval I in [Ly — €, Lo + €] with |I| > maz(2n, 2log %), one has

N —p / priy () da] < opll]
I

with probability at least 1 —n~C1.
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The objective is to show
(33) [5(2) = smpy(2)] = 0(9)
with probability at least 1 — n~C for any z in the region R,, where
R, ={2z€C:|z] <10,a — e <Re(z) < b+¢,Im(z) > n}
if y # 1, and
R, ={z€C:|z] <10,e <Re(z) <4+¢Im(z) > n}

if y = 1. We use the parameter

B K2C?%logn

N ndé '
where C = C + 10*. Note that in the defined region Ry, |sarpy(2)| = O(1).

First, by Schur’s complement, one can rewrite

1
34 s(z) = — trace(W* — zI)~
(34) (2) ’ ( kak—z—Yk
where Y}, = aj (W}, — 2I)"a, and W}, is the matrix W* = %MM = (&j)1<i,j<p With the k-th row
and k-th column removed, and a;, is the k-th row of W with the k-th element removed. Let M} be
the (p — 1) X n minor of M with the k-th row removed and X; € C"(1 <1i < p) be the rows of M.
Thus & = X3 Xp/n = HXkH2/n ax = LM Xy, Wy, = LM M. Thus

—1 %
Y, = Z |ajv; (Mi)l* pz: 1A (W) | X (M)
J(Wy) — 2 on Aj(Wg) — =z
where uy (Mg), ..., up—1(Mg) € C" and vy (My), ..., vy (M) 6 CP~! are orthonormal right and left
singular vectors of M. Here we use the fact that akv](Mk) = LX;Mivj(My) = Lo (M) Xjuj (M)
and oj(My)? = n\;(Wg).

The entries of X, are independent of each other and of W}, and have mean 0 and variance 1.
Since u;j(Mj) are unit vectors, by linearity of expectation we have

p—1 p—1
1 A (Wy) p—1 =z 1 p—1
E(Y;|Wy) - = d _ 1 ’
(V5[ W) nA\;( Wk —z n +nZ)\‘Wk —z n (L+ 2s(2))
Jj=1 J j=1""

where

1 2
Tp- 1; Ai(Wg) — 2
is the Stieltjes transform of Wj. By Cauchy interlacing law, we have

1 1 1 1
s(2) = (1= su(a)] = O /R L =o).

|z — 2|2 1

Thus

-1 1 —1
E(Y;,|Wy) = pT + z%s(z) +0() = b — z%s(z) +o(8?).

On the other hand, Y} is concentrated about E(Yj|W}) with high probability:

Lemma B.6. Let M, , be as in Lemma . For 1 <k <p, Yp = E(Yi|Wx) + 0(62) holds with
probability at least 1 — O(n~C) for any z in the region R,.
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To prove Lemma [B.6] we estimate

p—1 * 2 p
A (W) <|Xku'(Mk)| - 1) 1 Aj(Wk)

35 Y, — E(Yp|Wy) = ! J == J .
( ) k ( k‘ k) Jz::l n )\j(Wk)—Z nj lkj(Wk)—CE—\/jln !
where R; = |Xju;(Mj)* — 1. Note that \;(Wj) = O(1). The estimation of is a repetition
of the calculation in . Interested reader are encouraged to work out the details. Inserting the
bounds to , we have

1

1
s(z) + y+z—14+yzs(z) +0(62) 0
with probability at least 1 — O(n~%). By a continuity argument (see for instance [33]), one has
|s(2) — smpy(2)| = o(8) with probability at least 1 — n~¢+1%0 (say). By Lemma B.5, we have
showed that for any constants ¢, C; > 0, there exists a constant Cy > 0 such that for 0 < § < 1/2
and any interval I C (a—¢,b+¢)ifa # 0or I C (e,4+¢€) if a = 0 of length at least C2 K2 logn/nd®,
with probability at least 1 — n=¢1,

(36) N —p /I parpy(z) dz| < 8p)I].

In particular, Theorem follows.

B.2. Proof of Theorem To prove the delocalization of singular vectors, we need the follow-
ing formula to express the entries of a singular vector in terms of the singular values and singular
vectors of a minor. It is enough to prove the delocalization for the right (unit) singular vectors.

Lemma B.7 (Corollary 25, [30]). Let p,n > 1, and let
My, = ( My,n1 X )

be a p X n matriz for some X € CP, and let < Z > be a right unit singular vector of My, with

singular value o;(M,,), where v € C and u € Cn=1. Suppose that none of the singular values of
My n—1 are equal to o;(M, ). Then

1
|CC|2 - man
(p,n—1) i (Mpr1)2 )
1 + Zj:l (Uj(Mp,'njfl)g—a'il(Mp,n)Q)Q ’,Uj(MP,”—l)*XP
where v1(Mpn-1);- - Vminpn—1)(Mpn—1) € CP is an orthonormal system of left singular vectors

corresponding to the non-trivial singular values of My, 1.

MP,TL = < M?/—*l,n )

for some Y € C", and < Z > is a left unit singular vector of My, with singular value o;(Mpp),

In a similar vein, if

where y € C and v € CP~Y, and none of the singular values of Mp_1 ., are equal to o;(M,,,). Then

1
ly|? = —_
(p—1,n) 0 (Mp—1,n)? ’
1+ Zj:l (Uj(ijl,n)g_lgi(Mp,n)Z)Z ’uj(Mp—l,n)*YP
where ur(Mp—1n); - - s Umin(p—1,n) (Mp-1,n) € C" is an orthonormal system of right singular vectors

corresponding to the non-trivial singular values of My_1 .
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First, if X\;(W,) lies within the bulk of spectrum, by Theorem one can find an interval
I C (a+e,b—c¢), centered at \;(W,,) and with length |I| = K2Clogn/n such that Ny > &§in|l|
(81 > 0 small constant) with probability at least 1 — n=¢1~19 By Cauchy interlacing law, we can
find a set J C {1,...,p} with [J| > N;/2 such that [A\j(Wpp—1) — XNi(Wp,)| < |I] for all j € J.
Thus

min(p,n—1)
i Uj(Mp,nfl)Q
(Uj(Mp,nfl)2 - Ui(Mp,n)2)2

j=1

p,n 1) 2
— v n-1)"X
Z pn 1 Az(Wp,n» | J( p, 1) ‘

—1yf| 2Z|vj 1) X2 > 100" 1|72 J|
jeJ

[0;(Mpn—1)" X |?

01
> ——|1|7!
200

> "
- K202 logn

with probability at least 1 —n~1~10 for some constant Cy > 0. The fourth inequality follows from
by taking t = §; K /C logn.

—-C1-10

Thus, by Lemma|B.7|and the union bound, with probability at least 1 —n

o] < CKbEn

/
By symmetry and union bounds, |[u;(Mpn)|lec < %\/%1” holds with probability at least 1—n~C".

For the edge case, we consider |)\ (Wpn) —al = o(1) (a # 0) or |Ai(Wp) —b] = o(1). We first
record an analogue of Lemma [A

Lemma B.8 (Interlacing identity for singular values, Lemma 3.5 [33]). Assume the notations in
Lemma [B.7, then for every i,

min(p,n—1)

0 n v (Mpn, 2
@ > 2Bl HuMan VD (0,

j=1
Similarly, we have

min(p—1,n)

o;(M, 71n)2|u.(M 1n) Y|2
38 J p ) ] p— Y 9 . M 2.
. Z Gj(Mp—l,n)Z — U,(Mp’n) = (Y]] i p,n)

=1

By the union bound and Lemma in order to show |z|?> < C*K*log?n/n with probability at
least 1 — n=¢1~10 for some large constant C' > C; 4 100, it is enough to show

min(p,n—1

0 (Mpn—1) (2 n
’ v X > —
2 G = oy M) X2 G

By the projection lemma, |v;(Mp ,—1)*X| < 10K+/Clogn with probability at least 1 — 10n=C. Tt

suffices to show that with probability at least 1 — n=¢1710,
n(pn—1
mm@zn | 75 (M) i (M) X |4 > 00
; (‘Tj(]wp,n—l)2 - ai(Mp,n) )2 el C3K?2logn’

j=1
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By Cauchy-Schwardz inequality and note that |o;(M,,—1)|] < 10y/n almost surely (See [I5} 35]),
it is enough to show for some integers 1 < 7_ < Ty < min(p,n — 1) (the choice of T_, T} will be
given later),

B s 0OVTE T
n— >
T_<j<T4 |0j(Mpn—1)? — 0i(Mp )2 7" CL5KJlogn

On the other hand, by the projection lemma, with probability at least 1 — n=1=100 || X||2/n =
y+o(1). By in Lemma [B.§]

min(p,n—1) 9 %12

10 (Mpn1)[0; (My1)* X |

(39) — b ’ =y+o(1) = Ni(Wpn).
jz; n 0j(Mpn-1)? = 0i(Mppn)? 8

It is enough to evaluate

Z Aj(Wp—1)vj(Mpn—1)" X‘Q.

(40) Aj(Wpn—1) = Mi(Wpn)

j>Tyorj<T-

The estimation of is similar to that of . We divide the real line into disjoint intervals

I for k > 0. Let n = % with small constant § < 0.01. Denote 3, = 25:0 578, Let

Io = N(Wyn) — 0, \i(Wpn) +n). For 1 < k < ko = log”?n (say),
Iy = (Mi(Wpn) = Bkn, Ai(Wpn) — Br—1n] U [Ni(Wpn) + Be—11: Ai(Wpn) + Ben),
thus |I1,| = 26781 = o(1) and the distance from \;(W), ) to the interval I, satisfies
dist(\i(Wp.n), Ik) > Br—11.

For each such interval, by , for sufficiently large constant C' > 0, the number of eigen-
values |Jx| = Ni, < pay |Ii| + 8T1p|Ix| with probability at least 1 — n=“17190 where o, =
1, Py ()de/|I].

Taking t = K+/Clogn in . ) for C sufficiently large, it follows that with probability at least
1 — C"exp(—C'Clogn) > 1 —n~ 17100,

|/\ pn 1 ||UJ( p,n— 1) X|2 1 Ai( 2
’ < (1 [vj(Wpn—1)"X]|
j; ’A p,n— 1 )\z(Wpﬂl)‘ dlSt ]g]:k J pn=

1 n
L0t Gy ) (] + KV TRTYClogn + OK? logn)

<
n dist(Ni(Wpn), I1)
1 (W,
<0+ 5h ((WP")) Ik)>(pa1kuk\+5’fpuk\+xf2K\/Glogn¢ﬁ\/uk!+0K210gn>
7 p,n/)y
Ai(Wyn
<y(1 Wyn) Jour, | Ie| + 100657

T TSt (W), I)

)

For k > ko+1, let the intervals I;’s have the same length of |1, | = 2680y, Note that the number
of such intervals is bounded crudely by o(n). The distance from X\;(W),,,) to the interval Ij, satisfies

dist(N(Wp,n), I) = Bro—11 + (kK — ko)| Lk, |-
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The contribution of such intervals can be estimated similarly by

X (W )|Jvj(Myn1)* X |? Ai(Wp.n) %
n Z A (Wpn—1) = XiWpn)| = (1 + dist(\; (Wn)7lk)) Z [v;(Wpn—1) X|?

_]EJ JjeJx
<l(1+ Ai(Wy.n) V([ Tkl + K+/|Jk]/Clogn + CK?logn)
=t distOy(Won), Ig) O F K
Ai(Wp.n) §ko
<y(1 P 1 —_—
<Y G Wo I 5+
with probability at least 1 — n~¢1—100,
Summing over all intervals for £ > 10 (say), we have
ko
k—7
> 1006577 + Z — S0
k=10 k:>k0
Using Riemann integration of the principal value integral, we obtain
Ai(Wpn) /b TPy Py(T)
: 1| = |pv. —F—=d 1
(41) yZ et T e = o |y PR dal + o)

where (see [33] for details)
b awpupy(@) o fygto(1), i [Ni(Wyn) —al = o(1);
(42) p'“'/a Y (W) M {—\/37+ o(1), it [A(Wpa) — b] = o(1).

follows from the explicit formula for the Stieltjes transform and from residue calculus.

Now for the rest of eigenvalues such that |A;(Wp.n) —Nj(Wp.n—1)| < [lo|+ 11|+ ..+ |T10| < 4n/5%.
By Theorem [B.2| and Cauchy interlacing law, the number of eigenvalues is at most T, —T_ <
8nn /680 = 8CK?logn/6% with probability at least 1 — n=¢1719 for constant C' > 0 sufficiently

large. Thus
\/ﬂﬁ 1 <
CL5 K \/m 40 =
again by choosing C' sufficiently large. From Lemma |[B.7] . by comparing , and ., one
can conclude with probability at least 1 —n=¢1710 |2| < @Ki\flog" The conclus10n of Theorem [B.3

follows from symmetry and union bounds.
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