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Cover time of a random graph with a degree sequence II:

Allowing vertices of degree two

Colin Cooper* Alan Frieze! Eyal Lubetzky*

Abstract

We study the cover time of a random graph chosen uniformly at random from the set of graphs
with vertex set [n] and degree sequence d = (d;)7~;. In a previous work [1], the asymptotic
cover time was obtained under a number of assumptions on d, the most significant being that
d; > 3 for all i. Here we replace this assumption by d; > 2. As a corollary, we establish the
asymptotic cover time for the 2-core of the emerging giant component of G(n, p).

1 Introduction

Let G = (V, E) be a connected graph with n vertices and m edges. For v € V, let C,, be the expected
time for a simple random walk W, on G starting at v, to visit every vertex of G. The (vertez)
cover time Teoy(G) of G is defined as Tyoy(G) = maxyey Cy. It is a classic result of Aleliunas,
Karp, Lipton, Lovasz and Rackoff [3] that Teoyv(G) < 2m(n — 1). Feige [16, 17] showed that the
cover time of any connected graph G satisfies (1—o(1))nlnn < Toov(G) < (1+0(1))5n>. Between
these two extremes, the cover time, both exact and asymptotic, has been extensively studied for
different classes of graphs (see, e.g., [2] for an introduction to the topic).

In the context of random graphs, a basic question is to understand the cover time for the giant
component C; of the celebrated Erdés-Rényi [15] random graph model G(n,p). Decomposing the
giant Cy into the 2-core Ciz) (its maximal subgraph of minimum degree 2) and collection of trees

)

recent works [12, 13]). However, our understanding of the cover time for these remains incomplete.

decorating C§2 , much is known about their structure (see, e.g., the characterization theorems in the

It is well-known that for G ~ G(n,p = ¢/n) with ¢ > 1 fixed, the giant component C; is roughly

C

of size xn where z = z(c) is the solution in (0,1) of x = 1 — e~ “*. Cooper and Frieze [9] showed

that in this regime
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with high probability (w.h.p.), i.e., with probability tending to 1 as n — co. However, analogous
results for p = (1+¢)/n with ¢ = o(1), €>n — oo (the emerging giant component) were unavailable.
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Barlow et al. [4] showed that when p = (14¢)/n with n~%/? < ¢ < 1 (here and in what follows
we let Ay < By denote limy_,o, Ay/By = 0) the cover time T¢oy(Cp) is of order nlog2(€3n).
With this in mind, substituting ¢ = 1 4 € with £ > 0 in the estimates of (1.1), and noting that the
aforementioned z(c) becomes 2¢ + O(g?), shows that for small fized € > 0, w.h.p.

_ e+t O(£?)

Teov(C1) = (14 0(e))nln®(e*n)  and  Teov(Cf?) 1

nin%(e3n), (1.2)

and one may expect these results to hold throughout the emerging giant regime of n™/3 <« ¢ < 1.

A natural step towards this goal is to exploit the well-known characterizations of Cy, its 2-core
and its kernel: as mentioned above, by stripping the giant component of its attached trees one

arrives at the 2-core C§2). By further shrinking every induced path in C§2)

into a single edge one
arrives at the kernel K (see §2.1 for more details). It was shown by Luczak [22] that the kernel
of the emerging giant component is a random multi-graph on a certain degree sequence, and so,
potentially, the cover times of K, C£2) and Cy could all be determined as a consequence of general

results on the cover-time of random graphs with a given degree sequence.

Promising in that regard is a framework developed by Cooper and Frieze, which was already
successful in tackling this problem for a variety of random graph models, notably including random
regular graphs [6] and random graphs with certain degree sequences [1] (also see [6—-10]). However,
among the various conditions on the degree sequence in [1], a main caveat was the requirement that
the minimal degree should be at least 3, rendering this machinery useless for analyzing the 2-core.

In this paper we eliminate this restriction and allow vertices of degree 2 in the degree sequence.
Of course, if our degree sequence d features linearly many degrees that are 2 — as in the case
of the 2-core of the emerging giant — a uniformly chosen graph with these degrees will typically
contain linearly many isolated cycles, which would have to be removed. To avoid this issue, we let
the degree 2 vertices arise as they do in the giant component, as subdivision of kernel edges:

e Givend = (dy < dg <--- <d,) with d; > 2 for all 4, let 5 be the number of degree 2 vertices,
and let d3 be the degree sequence restricted to all ¢ such that d; > 3.

e Choose the kernel Kq ~ Ggq,, i.e., uniformly from all multi-graphs with degree sequence ds.

e Replace each edge e of Kq by a path P, of length /. (edges), where the values of {/. : e € E(Kq)}

V2+\E(Kd)|—1)
V2

are uniform over all ( possible choices, to obtain the final graph Gq4.

Under several natural conditions on d (e.g., satisfied when it has a power law/exponential tail, as
in the 2-core of Cy), detailed next, we can determine the asymptotic cover time of Ty (Gq).-

Definition 1.1. Let d = (d;)]-, and let v; = #{i : d; = j} count the degree-j vertices in d. Let
N, M,d be the number of vertices, number of edges and minimum degree in the associated kernel:

N =353V, M:%ij?)jyj d=min{j > 3:v; #0}.

We say that d is nice (and similarly, Gq is nice) if it satisfies the following conditions:

N — 00 asn — o (diverging kernel), (1.3)

2<dy <dy < - <dy < N where ¢y = o(1) (sub-poly degrees) , (1.4)

> i>3 §3v; < agM for an absolute constant ag > 1 (8rd moment bound) (1.5)
vg > olN for an absolute constant o > 0 (minimum kernel degree). (1.6)



Observe that without condition (1.3), the graph G4q would be disconnected w.h.p. The upper
bound in (1.4) is for convenience, and we can assume without loss of generality that

Inln N
InN -~

Go > (1.7)

Condition (1.5) allows us to work directly with the configuration model of Bollobés [5]. It does,
however, restrict our attention to cases where the average degree in the kernel (thus overall) is
bounded, as Jensen’s inequality implies that >3 §3v; > N(2M/N)3 and so

2M ag 1/2
< —= < ap. 1.8
N = (2\/§> =10 (18)

Finally, the minimum kernel degree d (the focus of (1.6)) will be featured in the statement of our
main theorem. We note that some of the assumptions above can be relaxed at the cost of some
extra technicalities that would detract from the main new ideas of the paper.

The following two important classes of degree sequence are nice:

(i) Exponential tail: there exist real non-negative constants a, 8 with < 1 and a positive integer
jo > 3 such that v;/N < af’ for j > jo.
(ii) Power law (moderate): there exist real positive constants ¢,y with v > 3 and a positive integer

Jo > 3 such that v;/N < ¢j=7 for j > jy, and the maximum degree is Ne@),

This of course includes degree sequences with bounded maximum degree Ay.

The main result of this paper is the following.

Theorem 1. Let d be a nice degree sequence as per Definition 1.1. The following hold w.h.p.
(a) If vy = M) then

2(d—1)
Toov(Ga) ~ linM.
(b) If vy = M? for some fixred 0 < o < 1 then
2(d—1)
TCOV(Gd) ~ max {m ,¢a7d} MlHM,

where

i : min -« ’ - ;
¢a,d:mln{7.k:1’2w{(1 LB <L(/<?+1)/2J o TTEr D2 +ﬁ>} 2 1} .

(¢) If vg = Q(M'—°W) then

mIn? M
Tcov(Gd) ~ _3g ln(l — f) >
where m = |E(Gq)| = va + M and
E=M/m. (1.9)



Note that as o — 1 we will have ¢, g ~ ﬁ and —In(1—¢) ~ (1 —a)In M. So, as o — 1 we

see that Cases (b) and (c) are consistent. Finally, observe that the condition in Case (c) can also
be written as —In(1 — &) = o(ln M).
)

of [9] on its cover time (see (1.1)) readily follows from Case (c) of Theorem 1, whence

Going back to the cover time of C£2 , the 2-core of C;, we see immediately that the estimate

vy~ x?e n/2  and M ~ cz®(1 — ce”%)n/2.

Furthermore, Theorem 1 implies that the estimate for TCOV(C?)) in case p = (1 + ¢)/n with
e > 0 fixed (see (1.2)) extends to the entire emerging supercritical regime. Indeed, by known
characterizations of the 2-core (see, e.g., [12]) this case corresponds to M ~ 2e3n and v ~ 2¢2n.

Corollary 2. Let p = (1+¢)/n where ¢ = o(1) and e3n — oo. Then w.h.p.,

€
TCOV(C?)) ~ " In?(e3n).

We conclude with an open problem. While this work eliminated the restrictive assumption of
minimum degree 3 for the degree sequence under consideration, vertices of degree 1 still pose a
significant barrier in the analysis. It would be interesting to extend Theorem 1 to degree sequences
that do include a linear number of such vertices, towards establishing the following conjecture for
the cover time of the emerging giant component.

Conjecture. Let p = (1 +¢)/n where e = o(1) and e3n — oo. Then w.h.p.,

TCOV(Cl) ~ nln2(€3 )

Outline of the paper

We begin with those arguments that are common to all parts of Theorem 1. Section 2.1 describes
the configuration model of graphs with a fixed degree sequence that we will use throughout. Section
2.2 describes the distribution of the number of vertices (¢, — 1) that are placed on each edge e of
the kernel. Section 2.3 shows that most vertices have tree like neighbourhoods. Rapid mixing is an
important property of our graphs and Section 2.4 gives an initial analysis of conductance.

Lemma 3.1 is our main tool in proving an upper bound on cover time. Let T be a “mixing
time”. Fix a vertex v and let m, denote the steady state probability that a random walk on a graph
G is at v. Let R, be the expected number of returns to v of a random walk, started at v, within
time T". Broadly speaking, Lemma 3.1 says that if we define the event

Ay (v) = {vertex v is not visited by the walk during the interval [T, t]} (1.10)
then, if T'm, = o(1) and another more technical condition holds, then to all intents and purposes,
P(A(v)) & e7tme/Fo,

The above inequality has been used to prove an upper bound in [1,7-11] and several other papers.
In this paper we use it in inequality (4.4) below.



e The case where 1, is not too large: We begin the proof of Case (c) of Theorem 1 in
Section 4.1, where we consider the case of 15 “close” to M; this will be Case (c1). In this range,
€ is not too small and Lemma 3.1 is sufficient to the task. We have T'= O(In°M) M/€2) and
7y = O(In M /(§M)) and T, = o(1). Section 4.1.1 proves this and verifies the more technical
condition. So, Lemma 3.1 can be applied directly in this case. Given this, the main task
that arises is in estimating the values, R,. The number of returns to v is related in a strong
way to the electrical resistance of its “local neighbourhood”. This reduces to estimating the
resistance R(7T') of a bounded depth binary tree 7" where the resistance of an edge is equal to
a geometric random variable with success probability €. This is the content of Section 4.1.3.
We only prove bounds on the probability that R(T) is large.

e The case where 15 is large: Section 4.2 deals with the case where v5 is large with respect to
M ; we split this into Case (c2) where v is large but not “too large” and Case (c3) where 5 is
very large. We will see that Case (c2) takes up most of our time and that Case (¢3) can easily
be reduced to the former case. We immediately run into a problem in using Lemma 3.1. As
vy grows, the mixing time of a walk grows like (v5/M)? and the steady state values decrease
like 1/(voM). This means that for v, large, T'm, > 1. This is where we need some new ideas.
We choose some w = N°1) and define ¢* = 1 J&w. A typical edge e of the kernel will give rise
to a path P. of length /. = ©(1/£). We divide P, into ©(w) sub-paths of length ¢ € [¢*,2¢*].
(Because ¢* does not necessarily divide /., the value of £ may vary from sub-path to sub-path).
We then replace these sub-paths by edges of weight ¢*/¢ to create an edge-weighted graph
Go. We consider a random walk W, where at a vertex, we choose the next edge to cross with
probability proportional to weight. We argue that the edge cover time of W, is approximately
(£*)? times the cover time we are interested in.

At first glance, this should eliminate the T'r, — oo problem, as T should be O(In®") M /w?)
and so m, = O(In M /(wM). Unfortunately, this bound on T is false: the problem comes from
edges of the kernel for which ¢, < ¢*. These edges give rise to single edges of weight ¢*/¢, in
Go. In the worst-case we have /. = 1 and we have an edge f = (wy,ws) of weight ¢*. The
walk Wy could spend a lot of time travelling back and forth from w; to wo and vice-versa. In
any case, such an edge can reduce the conductance of the walk Wy to O(1/(£*)?) undoing all
of our work. Our solution to this is to modify the walk so that it “races along” edges of high
weight. This will give us a walk that satisfies the conditions of the lemma. We then have to
bound the time we ignored, to which end we apply a concentration inequality of Gillman [19].

Section 4.2.1 deals with structural properties associated with this case. In particular showing
that there are relatively few vertices of high weight. It also deals in some detail with properties
that are needed for estimates of the conductance of our modified walk. Section 4.2.2 deals
in detail as to how we make edges out of sub-paths. The goal from now on is to estimate
P(A.(f)) where f is some edge of Gy. We deal with each f separately in the sense that we
create a graph G for each f. Splitting f by adding a vertex vy to its middle. Then visiting vy
will be equivalent to crossing f. Section 4.3.4 uses Gillman’s theorem to show that we have
not ignored too many steps.

The remainder of the paper is organized as follows. Sections 4.5 and 4.6 deal with Cases (b) and
(a) of Theorem 1. They are easier to prove than Case (c), being closer in spirit to earlier papers.



Section 5 deals with matching lower bounds on the cover time. Section 5.3 uses the Matthews
bound, see for example [21]. Section 5.2 and Section 5.1 follow a pattern established in the earlier
mentioned papers. We choose a time ¢ that is a little bit less than our estimated cover time. We
identify a set of vertices S that have not been visited up to time ¢. The size of S is large in
expectation and Chebyshev inequality combined with Lemma 3.1 to show that S # () w.h.p.

2 Structural properties

Recall that for a degree sequence d = (d; < ... < d,,) we let v; count the number of vertices of
degree j. It will be useful to further define V; = {z €V :d; = j} (so that v; = |V}|) as well as

Dk = ijl/j
Jz3

(so that N = Dy and M = D;/2 are the number of vertices and edges in the kernel, respectively).

2.1 Configuration model

We make our calculations in the configuration model, see Bollobas [5]. Let W = [2m] be our set
of configuration points and let W; = [dy + -+ dj—1 + 1,dy + --- + d;], @ € [n], partition W. The
function ¢ : W — [n] is defined by w € Wy(,. Given a pairing I’ (i.e., a partition of W into m
pairs) we obtain a (multi-)graph G with vertex set [n] and an edge (¢(u), ¢(v)) for each {u,v} € F.
Choosing a pairing F' uniformly at random from among all possible pairings €y of the points of
W produces a random (multi-)graph Gp. Let

(2m)!
ml2m’

F(2m) = (2.1)

This is the number of pairings I’ of the points in W.

The kernel Kr is obtained from G by repeatedly replacing induced paths of length two by
edges. The number of vertices in the kernel is N, the number of vertices of degree at least three
and the number of edges in the kernel is M < D3/2 < agN/2 by (1.5).

Let

2V2+D2 B
Zd dj —1) _2V2+2M =0(1)

by Assumption (c).
Assuming that d,, = o(m'/3) (as it will be for nice sequences), the probability that G is simple
(no loops or multiple edges) is given by

Pg = P(GF is simple) ~ e /204 = Q(1). (2.2)

See e.g. [24]. Furthermore each simple graph G € Gq is equiprobable. We can therefore use G as
a replacement model for G4 in the sense that any event that occurs w.h.p. in Gg will occur w.h.p.
in Gd.

We argue next that:



Lemma 2.1. The distribution of Kr is that of a configuration model where W is replaced by
W:Wy2+1UWy2+2U"'UWn-

Proof. Indeed, we can define a map ¢ : Qw — Qg such that for all F1, Fy € (g we have
|p~Y(Fy)| = [¢~1(Fy)|. Each induced path P of G comes from a set of pairs e; = {z;,9;}, 1 =
1,2,...,r where (i) ¢(z1),¢(yr) ¢ Vo (= the set of vertices of degree two) and (ii) ¢(z) € Va for
z € {z2,..., 2, y1,...,Yr—1}. Replacing e;,7 = 1,2,...,7 by {x1,y,} defines {(F) € Q. The
number of F' € Qy that map onto a fixed F’ € Q5 depends only on v9,m and N. This implies
the lemma. O

2.2 Distribution of vertices of degree two

We can therefore obtain F' € Qyy by first randomly choosing F’ € Q5 and then replacing each edge
e of G by a path P.. The next thing to tackle is the distribution of the lengths of these paths.
Let /. be the length of the path P,. Suppose now that the edges of F are eq, e, ..., ey and write
fj for Eej-

Lemma 2.2. The vector ({1,4s,...,¢r) is chosen uniformly from
{6; >1,i=1,2,...,.M and by +ly+ -+l =vo+ M}.

Proof. Each such vector arises in v»! ways. Indeed, we order V5 and then assign the associated
vertices in order, £1 — 1 to e; to create P, /o — 1 to ey to create P, and so on. O

Some calculations can be made simpler if we observe the alternative description of the distri-
bution of (¢1,02,...,0nr).

Lemma 2.3. Let Z be a geometric random variable with success probability &. (€ can be any
value between 0 and 1) here). Then (1,0a,...,0y) is distributed as Zi,Za, ..., Zy subject to
1+ Zo+ -+ Zyy =vo+ M, where Z1,Zs, ..., Ly are independent copies of Z.

Proof.
]P’((Zl,Zg,...,ZM):(xl,xg,...,xM)’Zl—i-ZQ—i-"'—i-ZM:l/g—i-M)
L2 —gm e

% —
Dyt tyn—vot M Lz (1 — §)¥71E

_ (oM
(M2 (1 — g)regM
1
= O
Gven

The best choice for ¢ will be that for which E(Z;+ Zy+---+Zy;) = vo+ M, ie. METT = vy + M.
We therefore take & as in (1.9).

Pursuing this line, let P refer to probabilities of events involving Z1, Zs, ..., Zy without the
conditioning Zy + Zy + -+ -+ Zpr = vo + M. (Although P and P refer to the same probability space,
this will have some notational conveneience later).



Lemma 2.4. Let £ = #VZ and M, vy — o0.

(a) Let ( =z1+ 20+ -+ 2z and k = o(M) where k( = o(M + 1),

]P’(lezl,ZQZZQ,--- ,Zkzzk‘Zl—l-Zg—i-"'—l-ZM:VQ—i-M)ﬁ
P(Z1 = 21,20 =20, , Zp = ) (1 + &) = (1 — )51 + ),

where 3k
= . 2.
€ Y, (2.3)

(b) If k € {1,2} and ¢ = z1 +--- + 2z, = o(v2) then

P(Zi=z,i=1,... k| Zi+ 2o+ +Zy=1va+M) =1 -F1+1n)

1419 = <1+0<%>+0<WEM>>'

(¢) Let Uy = 28L2I M o1y 0. Then

where

P(Je: le > lmax) = o(1).

(d) Let lpin = [M%Tn”j/[] = hM%nM—‘ and suppose that vo /M In M — oo then
P(3e: le < lmin) = o(1).
Proof. (a) Observe that

P(Zi=21,Z0 =20, Zk =2k | Z1 + Zgy2 + -+ Zn = v2+ M)
:P((lezlaZ2:Z27"'7Zk:Zk)/\(Zk+1+Z2+“‘+ZM:V2+M_C)
]P’(Zl—l-Zk+2+”’+ZM:V2+M)

vo+M—(—1

CPhi=n,Z =2 T = )P+ Dpr + A Zu =+ M —¢) ()
- _ - vo+M— )
P(Z1+ Zo+ -+ Zy =va+ M) (M
(2.4)

which, since ¢ > k, equals

k (—k

M —i vo—i+1
,];IV2+M—Z'X1;IV2—|—M_]<;_Z' (25)
¢~k . —k ‘
YT Y2 it e ek (k+1)ug—(z—1)M>
=¢ Zl;[lu2+M—k_¢—5(1 3 i];[l<1+ oy
C—k
< —gft <1 Lok 1)) .

<P -1 +e).



(b) Going back to (2.5) with k = 2 we use

k .
M—i 1
Hz/Q—i—M—i_g <1+O<V2+M>>

=1

and
i:f I/2—i+1
iZlVg—i—M—k‘—i
—k—1 .
_ vo(vg —1)--- (vy — k) XCH Vo — j
2+ M—Ctk) 2+ M—-C+ D+ M=) 20 vat+tM-—j
C—k—1 9
i) (= sen im0 (707
=(1+0 (1-¢ ko — 4+ 0| ————
( + <V2+M ]1;{_1 V2-|—M)+ V2(V2+M)2
2\ ¢
N 0<<7> 0< ))
( é) ( * 1/2(1/2—|-M) * V2+M
(c) It follows from (2.4) with k£ =1 that
12 M—I—I/Q C—l)
P o2 ) <01 3 LD
C=Lrmax ( M-1 )
2 V2 M—-2
§2M Z <1_¥>
123 M+vy—1
ngmax
oIM? & (M —2)¢
< N S
) C_zé: eXp{ M+V2—1}
_ 2M? (M — 2)limax 1
1 - exp S MA4ve—1 [ 1— e (M=2)/(Mtr2-1)

2M* 2 2(M + )
V9 ]\44 M
=o(1).

IN

(d) It follows from (a) with £ =1 and ¢ < iy that

]P’(Ele sl < Emin) < 2M€min§ = 0(1).

2.3 Tree like vertices

Let a vertex x of K be locally tree like if its Kp-neighborhood up to depth

LO = 50 In N
contains no cycles.
Here
S0 > o> Inln N
0 0 LN

(2.7)

(2.8)

(2.9)



where (p is as in (1.4).

A vertex of G is locally tree like if it lies on a path P, where e = (v,w) and v,w are both
locally tree like. An edge of G is locally tree like if both of its endpoints are locally tree like.

Lemma 2.5. With Ly as defined in (2.8) we have that for the graph Kp:
(a) W.h.p. there are at most N'0%™ao non locally tree like vertices, where ag is as in (1.5).

(b) W.h.p. there is at most one cycle contained in the (2Lg)-neighborhood of any vertex.

Proof. (a) The expected number of vertices that are within distance 2Lg of a cycle of length at
most 2Lg in the graph Kg can be bounded from above by

2Lo 2Lg k d(vi)g d(w 2Lo 2Lo k+1—-1
EE 5 el i <S8 (3
—0 k=3 VL,-Uk i= j=
W y.ny W] -
<Y agtt < NP (210)
1=0 k=3
where

d(v) denotes the degree of vertex v € V in the graph Gp.

Markov’s inequality implies that there are fewer than N19% a0 gych vertices w.h.p.

Explanation of (2.10): We choose vy, vs, ..., v as the vertices of the cycle and wy, we, ..., w;
as the vertices of a path joining the cycle at v1. The probability that the implied edges exist in Kg
can be bounded by

d(vi)d(vz) (d(v2) —1d(vs)  (d(vg) —1)(d(v1) — 1)

2M — 1 2M — 3 2M — 2k +1
(d(v) = 2)d(wr) (d(wr) — Dd(ws)  (d(wg_1) — 1)d(wy)
2M — 2k — 1 2M — 2k — 3 2M — 20 — 2k +1

(b) If the condition in (b) fails then there exist two small cycles that are close together. More
precisely, there exists a path P = (vy,vg,...,v;) where k < 5L plus two additional edges (v1,v;)
and (vg,vj) where 1 <4, j < k. The probability that such a path exists can be bounded by

L L
525 5 Z ~d(vg)d(v)) 1 d(v;)? 525 k2D2DE!
M M Mk+2
k=4 1<i,j<kV1,-Vk =1
= O(N°D=1y = o(1). (2.11)
Part (b) follows. O

2.4 Conductance

Given a connected graph G = (V, E) let 7(v) = d®) denote the steady state probability of being

21E|
at v. The conductance ®(G) of a random walk W, on G is defined by
. 0S|

o(G) = P here ® 2.12

(@) saltin (5) where ®(5) = ) (2.12)

10



and where d(S) = Y cgd(v) and 7(S) = Y cg7m(v) and S denotes the set of edges with one
endpoint in S and the other not in S. (We consider the conductance of random walks on edge-
weighted graphs in Section 4.2.2).

The following lemma follows directly from Lemma 10 of [1].

Lemma 2.6. Let d be a nice degree sequence. Let F' be chosen uniformly as in Section 2.1. Let
Kpr be the kernel of the associated configuration multi-graph. Then with probability 1 — o(n_l/g),

Note that ®(Kr) > 0.01 implies that K and hence G is connected. Using (2.2) we see that
the probability that Gq is not connected is o(n~1/%) = o(1).

We will now estimate the conductance of G using Lemmas 2.4 (Part (c¢)) and 2.6.

Lemma 2.7. Let d be a nice degree sequence. Let F' be chosen uniformly as in Section 2.1. Let
GF be the associated configuration multi-graph. Then with probability 1 — o(n_l/ %,

B(Gr) = O <ﬁ> .

Proof. Consider a set S C [n] that induces a connected subgraph of Gr. We can restrict our
attention to such sets. Suppose S only contains part of some path P.. To be specific, suppose
P. = (v,uy,...,ux, w) where v,w are of degree three or more and wuj,us,...,ur are of degree
two. k = 1 is allowed here. Assume that v € S. Then we wish to eliminate the case where
up,ug,...,u; € S and w11 ¢ S where | < k. If we add an edge of P, that is not contained in S
to create S’ then d(S’) > d(S) and [0S5'| < |0S|. Let S conform with the kernel if for all e € Kp
we have either (i) S contains all internal vertices of P, or (ii) S contains no internal vertices of P,.
Then w.h.p.

2(Gr) > min S5 %’ /2 b (<12 % (2.13)
S conforms with Kg S conforms with Kg
The lemma now follows from £, = o(m) and d(S) < lpaxd(S NV (KF)). O
We note a result from Jerrum and Sinclair [20], that
[P (2) — my| < (ma/mu) /2 (1 — @2/2)" (2.14)

There is a technical point here. The result (2.14) assumes that the walk is lazy. A lazy walk
moves to a neighbour with probability 1/2 at any step. This assumption halves the conductance.
Asymptotically, the cover time is also doubled. Otherwise, the lazy assumption has a negligible
effect on the analysis, see Remark 3.2. We will ignore this assumption for the rest of the paper;
and continue as though there are no lazy steps.
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3 Estimating first visit probabilities

In this section G denotes a fixed connected graph with v vertices and p edges. A random walk
W, is started from a vertex u. Let W, (t) be the vertex reached at step ¢, let P be the matrix of
transition probabilities of the walk and let pY (v) = POVu(t) = v). We assume that the random
walk W, on G is ergodic with stationary distribution 7, where 7, = d(v)/(2u), and d(v) is the
degree of vertex v.
Let
d(t) = max |P{"(z) — ], (3.1)
u,x€V

and let Ty, x be a positive integer such that for ¢ > T«

max |P{) (z) — 7] < v710. (3.2)
u,xeV

Consider the walk W,, starting at vertex v. Let r, = ri(v) =P(W,(t) = v) be the probability
that this walk returns to v at step t =0,1,... . Let

TI\IIX_l
Ry ()= > 12 (3.3)
=0

and let
RU - RT]\ux(l)'
A proof of the following lemma can be found in [9].

Lemma 3.1. Let G = (V, E) and let u,v € V be fized and let T = Tyux(G). Suppose that

Tm, =0(1), (3.4)

‘ ‘min | Ry (2)] > 0 for some constant 0 > 0.
z|=1+A

Then there exists a constant K and values ¥1,1v9 = O(T'm,) such that if

1
A= . 3.6
KTMIX ( )
and - . .
o= R+ o) ’
then for allt > T,
1+ _
Py (Ai(v)) = m + O(Tmpe M?). (3.8)

where Ay(v) is defined in (1.10).

Remark 3.2. One effect of making the walk lazy is to (asymptotically) double R,. Later in the
analysis, this would double our upper bound on the cover time, as it should. Thus it is legitimate
to ignore this technicality required for (2.14).
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Using Lemma 2.7 and (2.14) we see that we can take
In* M
&
This is a little larger than one might expect at this stage. We will explain why later.

TMIX (GF) —

Lemma 3.1 is our main tool for proving upper bounds on the cover time.

4 Upper bounds

To begin our analysis we let G = (V, E) be a graph with v = |V| and |E| = O(v). Assume that
Tix = Tuix(G) < v. Let

Tu(G,7) = min {t > 7 : W, visits every vertex of G at least once in the interval [r,]}.

Let U; be the number of vertices of G which have not been visited by W,, during steps [Tyux,t].
The following holds:

TCOV(G7 U) < Eu(Tc(Gy TMIX))

< Thx + Z ]P)u(Tc(GaTMIX) > t) )
tZTMlX

= Tux + Z Z Pw(Tu(Gy 0) >t— TMIX)PU(WU(TI\HX) = w)

t>TMlX weV

< Thwix + Z Zﬂw Tu G0)>t_TMIX)+E1
t>Tx weV

< 2Tux + Z Z TP Tu G TMIX) >t1— TMIX) + Ey
t>2Tynx weV

= 2T\nx + Z Z TP Tu G TMIX) > t) + Ey (4’1)
t>T1\11x weV

where

Ey=v710 Z Z]P’ (tu(G,0) >t —Tyx) < _3+ZZ]P’ (tu(G,0) >1/)

t>Twx weV t>1v6 weV
v S (U =y ) < Y (1), (4
t>v6 weV t>v6 weV

Here we use O(V4 logv) as a crude upper bound on the mixing time Ty;x. It is obtained from the
fact that the conductance of the walk is at least 4/v? and 7, = €2(1/v) by assumption.

Now
Py(7.(G, T\ux) > t) = Py (Uy > 0) < min{1, E,(Uy)}. (4.3)

It follows from (4.1),(4.2),(4.3) that for all ¢ > Ty

Toor(Gyu) S t+o(t) + > Y muBu(Us) =t+o0(t) + > mu 3 > Py(As(v)). (4.4)

s>t w weV veV s>t
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We will choose a value ¢ and then use Lemma 3.1 to estimate P,,(As(v)) and show that the double
sum is o(t). It then follows that Teoyv(G,u) <t + o(t).

The final expression in (4.4) leads us to define the random variable

U(S,t) = Z ZT"UPU(AS(W))

veVwes s>t

for any S C V, ¢t > 0. (Here ¥ is a random variable on the space of graphs G).

We can use (4.4) if we have a good estimate for P,(As(w)). For this we will use Lemma 3.1.
Let
81 = 0o/100 (4.5)
4.1 Case (cl): MW <y, < M0

We first check that Lemma 3.1 is applicable.

4.1.1 Conditions of Lemma 3.1 for G

Checking (3.4) for Gp:
By assumption, the maximum degree in G is at most N°M). So for v € [n] we have from (3.9),
(M +1)?In* M N°()

Txmy <p M2 ) M+ vy = o(1)

where we use A <; B to denote A = O(B). So, (3.4) holds.

Checking (3.5) for Gp:

Suppose that v is one of the vertices that are placed on an edge f = (w1, wz) of Kp. We will say
that f contains v. We allow v = w; here and then for convenience we say that v is contained in
one of the edges incident with v of Kr. We remind the reader that w.h.p. all Kp-neighborhoods
up to depth 2L¢ contain at most one cycle, see Lemma 2.5(b). Let X be the set of kernel vertices
that are within kernel distance Lo of f in Kp. Let Ay be the sub-graph of GG obtained as follows:
Let H; be the subgraph of the kernel induced by X;. Thus f is an edge of H;. To create Ay add
the vertices of degree two to the edges of Hy as in the construction of G'r. The vertices of Xy that
are at kernel distance L from f in Kr are said to be at the frontier of Ay. Denote these vertices
by d f-

In this paper we consider walks on several distinct graphs. We have for example, W,, the random
walk on G, starting at v. We will now write this as W.“%. The idea of this notation is to identify
explicitly the graph on which the walk is defined.

Let us make ® into absorbing states for a walk WvAf in Ay, starting at v. Let 8(z) = 211* B2t
where f3; is the probability of a first return to v at time t < Tyux = Tyux(GF) before reaching ®.
Let a(z) = 1/(1 — B(2)), and write a(z) = Y, au2', so that oy is the probability that the walk
W, 7 is at v at time t. We will prove below that the radius of convergence of a(z) is at least 1+ A,
where A is as in (3.6).
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We can write

RTN[IX (Z) = a(z) + Q(Z) (4.6)
1
= 1_5(2) +Q(Z)7 (4 7)
where Q(2) = Q1(2) + Q2(2), and
TN[IX
Qi(z) = D (r—a)?
t=1
Q2(Z) = - Z oztzt.
t=Twux+1

We claim that the expression (4.7) is well defined for |z| < 1+ A. We will show below that

Q2(2)] = o(1) (4.8)

for |z| <1+ 2\ and thus the radius of convergence of Q2(z) (and hence a(z)) is greater than 1+ A.
This will imply that |3(z)| < 1 for |z| < 1+ A. For suppose there exists zp such that |5(z9)] > 1.
Then 5(]z0]) > |8(20)] > 1 and we can assume (by scaling) that §(|z|) = 1. We have (0) =0 < 1
and so we can assume that 3(|z|) < 1 for 0 < |z| < |z9|. But as p approaches 1 from below, (4.6)
is valid for z = p|zg| and then |Ryp, . (p|20])| — oo, contradiction.

Recall that A = 1/K Ty Clearly (1) < 1 (from its definition) and so for |s| < 1+ A
ﬁ(|Z|) < 5(1 + )\) < 5(1)(1 + )\)TMIX < el/K‘

Using |1/(1 — 5(2))| > 1/(1 4+ B(|z])) we obtain

1 1

7 Q(z)| = Lok 1Q(=)]- (4.9)

|RTMIX (Z)| > W

We now prove that |Q(z)| = o(1) for |z] < 1+ A and we will have verified both conditions of
Lemma 3.1.

Turning our attention first to Q1(z), we note that r, — oy is at most the probability of a return to
v within time T\, after a visit to ®; for the walk WUGF .

Lemma 4.1. Fiz w € ®y. Then

POWVST wisits f within time Tyy) = O(N%/%).

Proof. Now consider the walk W,,. We will find an upper bound for the probability that it reaches
wy or we, the endpoints of the Ky edge that v was added to. We consider a simple random walk
X on H that starts at w and is reflected when it reaches ®;. We show that

P(X reaches w; within time Tyyx) < N—00/6 (4.10)

Let P be one of the at most two paths P, P’ from w to wy in Krp. P = P’ whenever w; is locally
tree like. Now to get to wy the walk X will have to traverse the complete length of one of two
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paths, P say. We can ignore the times taken up in excursions outside P. So, we will think of X
as a walk along a path in which there are Ly points at which the probability of moving away from
wy is (at least) 2/3 as opposed to 1/2. (There could be a couple of places 71,72 where P meets P’
and then we will have the particle moving further or closer to wy with different probabilities). We
can also assume that ¢, = 1 for all e € P. This follows from an application of Rayleigh’s principle
(see, e.g., [14]). We are reducing the resistance of P by increasing the conductance of individual
edges. This will increase the (escape) probability of the walk reaching w; before returning to w.
(Alternatively we can couple the original walk with a walk where we have contracted some edges).

So we next consider a biassed random walk ) on [0, Ly] where ) starts at 0 and moves right with
probability 1/3. It follows from Feller [18, p314] that

P(Y reaches L( before returning to 0) < N~%/2, (4.11)

= 2Lo-2 1
We write Ly — 2 instead of Ly to account for the two possible places 71,72, where we can just

71, J
insist on a move towards wy).

Let Ny = N%/4_ If we restart X' from w then the probability that we reach w; after Ny restarts is
at most NgN—%/2 = N=%/4 We observe that Tyx = O(N?! In* N) < N%/40 gee (2.9), (3.9) and
(4.5). To summarise,

P(W,, reaches wy within time Ty;x) < Tyux N %/% < N—90/5, (4.12)
By doubling the above estimate in (4.12) to handle wy, we obtain the lemma. O
Thus,

1Q1(2)] < (1 +A)TxQ1(1) < 2(1 4 NP N=0/57 1 = o(1). (4.13)

We next turn our attention to Q2(z). Let oy be the probability that the walk on Ay has not been
absorbed by step t. Then oy > a4, and so

[e.e]

@) < > allzl

t=Tux+1

For each w € ®; there are one or two paths from v to w. We first consider the number of edges in
such a path. It follows from Part (c¢) of Lemma 2.4 that we can assume that the number of edges
in such a path is L < Lolipax-

Assume first that v is locally tree like. The distance from v of our walk on Ay dominates the
distance from the origin of a simple random walk on {0,+1,42,...,} starting at 0. We estimate
an upper bound for oy as follows: Consider a simple random walk Xéb),Xg’), ... starting at |b| < L
on the finite line (—L,—L +1,...,0,1,..., L), with absorbing states —L, L.

X,(S) is the sum of m independent +1 random variables. So the Central Limit Theorem implies
that there exists a constant ¢ > 0 such that

PXO > Lo X, <—1)>1-¢12
Consequently, for any b with |[b| < L,

P(XM, > L) >1—¢ L. (4.14)
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Hence, for t > 0,
oy <P(XO| < L, 7=0,1,...,t) < e~ [1/@L] (4.15)

Thus the radius of convergence of QQ2(z) is at least el/Bel?) A [ < ALoé ' In M we have L? <
Thx, see (3.9). (The need for L? < Tyx explains the larger value of Tyyx than one might expect
n (3.9)). So e/BeL*) > 142X and for |z| < 1+ 2),

o0

1Q2(2)| < Z ezAt—Lt/(%LZ)J — o(1).

t=Tux+1

This lower bounds the radius of convergence of «(z) by 1+ 2\, proves (4.8) and then (4.8), (4.9)
and (4.13) complete the proof of the case when v is locally tree like.

We now turn to the case where Ay contains a unique cycle C. The place where we have used the
fact that Ay is a tree is in (4.15) which relies on (4.14). Let x be the furthest vertex of C' from
v in Ay. This is the only possible place where the random walk is more likely to get closer to vy
at the next step. We can see this by considering the breadth first construction of Ay. Thus we
can compare our walk with random walk on [—L, L] where there is a unique value d < L such that
only at £d is the walk more likely to move towards the origin and even then this probability is at
most 2/3. The distance of the walk WvAf from v is dominated by the distance to the origin of a
simple random walk, modified at one of two symmetric places P, P, to move towards the origin
with probability 2/3 instead of 1/2. A simple coupling shows that making P;, P, = £1 keeps the
particle closest to the origin. We can then contract 0, £1 into one node 0 with a loop. When at 0/
the loop is chosen with probability 2/3. The net effect is to multiply the time spent at the origin
by 3, in expectation. We can couple this with a simple random walk by replacing excursions from
the origin and back by a loop traversal, with probability 2/3. In this way, we reduce to the locally
tree like case with Ty« inflated by 4 to account for the loop replacements.

We have now established that in the current case, G satisfies the conditions of Lemma 3.1.

4.1.2 Analysis of a random walk on Gp

We have a fixed vertex v € V and a vertex v and we estimate an upper bound for P(A4;(v)) using
Lemma 3.1. For this we need a good upper bound on R,. Let f = (w;,ws) be the edge of Kp
containing v.

We write R, = R] + Rl where R) is the expected number of returns to v within time Ty;x before
the first visit to ®; and R), is the expected number of visits after the first such visit.

R, =d(v)Rp (4.16)

where Rp is the effective resistance (see, e.g., Levin, Peres and Wilmer [21]) of a network N,
obtained from A by giving each edge of this graph resistance one and then joining the vertices in
® via edges of resistance zero to a common dummy vertex.

For future reference, we note that (4.16) can be replaced by

R, = \(v)Rp (4.17)
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when edges have weight A(e) and vertices have weight equal to the weight of incidence edges and
edges are chosen with probability proportional to weight.

If f is locally tree like, let fl, T) be the trees in Kr rooted at w1, wo obtained by deleting the edge
f from Hy. We then prune away edges of the trees ﬁ, T 5 to make the branching factors of the two
trees exactly two, except at the root. We have to be careful here not to delete any edges incident
with the roots. Thus one of the trees might have a branching factor at the root that is more than
two. Then let 17,75 be obtained from ﬁ, fg by placing vertices of degree two on their edges. If f
is not locally tree like then we can remove an edge of the unique cycle C'in Hy not incident with v
from A, and obtain trees fl, T 5 in this way. Having done this, we prune edges and add vertices of
degree two to create 17,75 as in the locally tree like case. Removing an edge of C' can only increase
effective resistance and R,.

Let R, Ro be the resistances of the pruned trees.

h
We have 1 1 1

I + .
Rp 06 +R  la+ Ry

Here ¢; is the number of edges in the path from v to w; in Gy. If v is a vertex of K then we can

dispense with /o, Rs.
Now when v ¢ V(Kp) we have, with £ = ¢; + ¢, and R = Ry + Ry,

1 1 4

+ > 4.18
OL+Ry lao+Ry ™ (+R ( )

which follows from the arithmetic-harmonic mean inequality.

When v € V(KF) we have

N S SUUSNIIE SE d?
RP_€1+R1 ly + Roy lg+ Ry — {4+ R’

where d = d(v) > 3 and ¢; is the length of the ith induced path incident with v and R; is the
resistance of the tree at the other end of the path.

Let Enax be the event that £, < £, for all e € E(Kp). With ¢ as defined in (2.3),
]P)(Rl > p1,Ro > pa, by + o = l) < (1 + 6)@(R1 > pl)]/f»(RQ > pQ)E\D(El + 4y = l) (4.19)

This follows from Part (a) of Lemma 2.4. If w € {Ry > p1, Ry > pa,f1 + £3 = I} then k(w) < 350 =
MY = o(M). Also, if Emax holds then ((w) < klpax and so k¢ = MW /€ = o(vy + M). Since
{R1 > p1},{R2 > p2}, {{1 + ¢35 =1} depend on disjoint sets of edges, we can write the product on
the RHS of (4.19).

We will implicitly condition on &pax when using P and this can only inflate probability estimates
by 1+ o(1).
We will show in Section 4.1.3 that

1 p < Lo

. i (4.20)
30(1=€r* p> Lo

P(Ry > p) <, {
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Note that 1 — ¢ can be as small as N~°(1) and so we cannot replace (1 — £)P~2 by (1 — £)? without
further justification.

We will show in Section 4.1.4 that
R =o(R)). (4.21)

Let Zy ,, p, be the random variable that is equal to the number of vertices of Gr with parameters
=101+, Ry > p1, Ry > ps. Then we have
E(Zeprps) <o ), E(1—€)1x 3o (1 —gphmther, (4.22)
UGV(GF)
where \; = 1,51, for i =1,2.
For these vertices, we estimate that, with p = p; + po,
d(v) 1 4
Pw S < —(1 1 e :
o) <ep{ - oG s o L
using Lemma 3.1 combined with (4.16), (4.17) and (4.18) to bound
1 1 4
— > (1— -
T S OO or Rl g

Using Lemma 3.1 we see that, where m = M + v, = |E(GF)],

E(¥(V,t)) < 06 Z ZZ/ — g)trpAitede

) s>t £ P1:pP2

} + O(TMIXﬂ-maxe_)\t/2) (4.23)

where Tyax = max {m, : v € V}.

This is to be compared with the expression in (4.4). Here we are summing our estimate for P(A4(v))
over vertices v. Notice that the sum over w € V can be taken care of by the fact that we weight
the contributions involving w by m,,. Remember that here w represents the vertex reached by W,
at time Tyx.

We next remark that with ¢ = Q (Eé?i ivé)) the term

O(TMIXT‘-maXE_At/2) — O(e—Q(M“O(l) )

can be neglected from now on.

We then have
E(W(V,t))

2L i
©3 7 Tgm S0 [ e { (o) (et iyl =0 - )|

s>t £ Y PLP2
2t
32L0£ exp {(1 + 0(1)) ((5 + p1A2 + p2A2) In(1 = §) — m(z+p))}

< Z (e Z / dpydp, 2101 '

vGV(G PL:P2 L —exp {_m(Z—i-p) }

(4.25)
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Our estimate for Tooy is €2 (%) So, the contribution from ¢1, ¢, p1, p2 with £+ p < 7—Y11?1Af§)
v1In M

is negligible for small enough ~v. If £+ p > “h{i=8 then £+ p1Ao + podo ~ £+ p, where A ~ B
denotes A = (1+0(1))B as N — co. Finally observe that the contributions from ¢+ p > :’;(lln_ﬂg)

will also be negligible.

Ignoring negligible values we obtain a bound by further replacing the denominator in (4.25) by
Q (}TSXP). Thus,

E(W(V,1))

mln M 32Log ot
@ 3 g T, e {0 -0 -

mIn M 32Lo¢ (8+o0(1))(—1In(1 = ¢))t
<p Z g SERS X (1_6)4%:/pwzdmdp2exp{—\/ }

m
veV(Q)

<, 120 e {_ JEEDETE sm} | (4.26)

m

Putting t ~ 8(_%(21]12)), where the implied o(1) term goes to zero sufficiently slowly, we see that the
RHS of (4.26) is o(t). (Note that Lo = o(In M) and £pay, (1 — €))7, (= 1In(1 — €))~ = M°M) here).
Summarising, if
. (1+o0(1))mIn® M
— 8(=In(1-9))

(4.27)

then
E(¥(V,t)) = o(t)

and then Markov’s inequality implies that w.h.p.
U (V,t) = o(t).

This completes the proof of the upper bound for Case (cl) of Theorem 1, modulo some claims
about R,.

4.1.3 Estimating Rp

Assume first of all that we are in the locally tree like case. We consider the trees 77,7T5. Their
main variability is in the number of vertices of degree two that are planted on the edges of 171, T5.
Fortunately, we only need to compute an upper bound on P(R(T") > p) where R(T) is the resistance

of one of these trees. We focus on T7. Now let the subtrees of T7 be 17 1,...,T1 4, where d > 2.
We have
1 1 1 1 1

R(Ty)  £(Tv1) + R(Th,) (4.28)

(Tl,d) + R(TLd) 2 E(Tl,l) + R(Tl,l) - €(T172) + R(Tl,g)
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where ¢; = ((T1;), i = 1,...,d is the resistance of the path in Gy from the root of 7} to the root
Of]}i.

It follows from this that
P(R(T1) > p) < 2P(6y + R(T11) > 2p)B(6 + R(T12) > p). (4.29)

This is because if R(17) > p then (i) both of the R(11 ;) + ¢;, ¢ = 1,2 must be at least p and (ii) at
least one of them must be at least 2p.
Now,

P(fy =0) =¢(1 =& (4.30)
and

P(t, > 0) < (1-€)"" (4.31)

Let the level of a tree like 17 be the depth of the tree in Kz from which it is derived. Let R be
the (random) resistance of a tree of level k, obtained from a binary tree of depth k by the addition
of a random number of vertices of degree two to each edge. Putting Ry = 0 we get from (4.29) and
(4.31) that

P(R > p) <2(1—€)* 2 (4.32)

Assume inductively that for Kk > 1 and p > 1,
P(R, > p) < ap(1 — €27k (4.33)

where a; = (2.5).
This is true for k = 1 by (4.32). Using (4.29) we get that

-1

N
)

P(Rjs1 > p) < 2 ( P(6; = 5)P(Ry, > 2p — ) + B(¢; > 20))

1

s

<
S

2p—1
=2 (akf(l —OPTEIY -9 (- §)2p>

s=1

N
)
—_

1

E1 =6 xap(1 = &P 4 (1 - 6)2”) (4.34)

< 2(ap +1)(1 — &)%kL,

< apsr(l— &L

This verifies the inductive step for (4.33) and (4.20) follows after taking k = Lg, with room to
spare.

For the non locally tree like case, the deletion of a cycle edge of Hy to make a tree ﬁ, say, may
create one or two vertices of degree two out of kernel vertices. After adding a random number of
degree two vertices to each edge of ﬁ to create 77 we will in essence have created at most two
paths whose path length is (asymptotically) distributed as the sum of two independent copies of
Z, see Lemma 2.3. (Such a path arises by concatenating the two paths P., P.s for a pair of edges
e, e’ that are incident with a vertex of degree two of fl) We claim that the resistance of such a
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tree is maximised in distribution if such paths are incident with the root and the rest of the paths
have a distribution as in the tree-like-case. For this we consider moving some resistance € from one
edge closer to the root:

(‘”H%) - (“bb—fc) :€<1_ (b—s+ci)(b+c)> =

for e < b. Here we have an edge (x,y) of resistance a and two edges of resistance b, ¢ incident to y

before moving ¢ of resistance.
The resistance R of k + 1 levels of such a tree now satisfies

1 1 1
R +
R pi4+pl+S1  ph+p5+ S

(4.35)

where S1, S are copies of Ry and pf, pY, ph, ply are copies of Z.
Now we will use
P(oh + o = p) < 2P(ph > p/2) <2(1 = &)P/*7" and P(p] + pf > 2p) <201 -€)"7.  (4.36)

and so arguing as for (4.29) and (4.34), with p > L, and using (4.33),
2p—1
Rz p) o Yo (-9 @8)H1 - 09t (- g
s=1
< (25) (1 -+ (1 -t
< (25) (1 - ¢

This completes the verification of (4.20).

4.1.4 Estimating R/

It follows from (4.12) that
R! < N~%/5(R! + R")
and hence

R!" < N%/6R! (4.37)

The proof of the upper bound for Case (c1) of Theorem 1 is now complete.

For the next case we let
w= N

where (2.9) holds and
Co < ¢1 = 0(dg) and now (i log N > 1. (4.38)
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4.2 Case (c2): M1 <y, <e¥

We recommend that the reader re-visits Section 1, where we give an outline of our approach to this
case.

It is worth pointing out that
§=o(1)
in this case.

We will be considering several graphs in addition to Gy and Kr and so it will be important to
keep track of their edge and vertex sets. For now let

Vr =V(GF),Er = E(Gp) and Vg = V(KFp), Ex = E(KF).

We see an immediate problem in the case where v5/M — oo too fast. In this case we have
' M 1 v In® M
TMIXT‘—U =0 <§—2 . V—2> =0 <W> . (439)

So if v > M? then we cannot apply Lemma 3.1 directly. Our main problem has been to find a
way around this.

We let

e |2 o

We begin with some structural properties tailored to this case.

4.2.1 Structural Properties

Lemma 4.2. W.h.p. there is no set S C Vi, |S| < ng = N1759000 sych that e(S) > (1.001)|S].

Proof. The expected number of such sets can be bounded by

5 (4) (4" S5 (et )™

s=4 ‘S|:5 s=4 ‘S|:5

no N 68N2<O (1.001)s
<
<> ()5

s=4

0/ 62.001 £3Co (0.001\ §
/0-001

Explanation for (4.41): Having chosen a set X of (1.001)s configuration points for (1.001)s
distinct edges, we randomly pair them with other configuration points. After pairing i of them, the

. . . . . . d(8)=(1.001)s—i _ d(S)
probability the next point makes an edge in S using only one point of X is =7—o—— < 572, [
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An edge e of Kp is light if £, < . < £*. Let

E, ={e € Eg : ¢ is light}
VU:{UGVK:EIeEEUs.t.UGe}

Note that

Lemma 4.3. o\
d(V,) < 75 with probability at least 1 — w™1/3.
w

Proof. For any value D we have

E(Hueffazd(v) SD}D < DHveV:dl < D}  ND

w w

Putting D = w'/3 and applying Markov’s inequality we see that with probability at least 1 —w=1/3.

N
veVy:d(v)<w!/3

In addition we have

2 .
D Zl/jJSDg and so Z d(v)ng/3 < 73 < R

jzD veVy:d(v)>wl/3
where we have used (1.8). O
Now define a sequence Xy = VU,Xl,Xg, ..., where X;11 = X; U{zj+1} and z;41 is any vertex in

Vi \ X; that has at least two neighbours in X;. This continues until we find k for which every
vertex in Vj \ X has at most one neighbour in Xj. Let vy = |X| < % w.h.p. Then X; has vg+1
vertices and at least 2 edges. Now (4.38) implies that vy = o(ng) (of Lemma 4.2) and so if i > 1y
then we contradict the claim in Lemma 4.2. We let

VU = Xk and V)\ = VK \ Va (4.42)

and observe that

4N 6N 1+
Vo | < ME and so d(V,) < D, where D, = B (4.43)
Note also that V, is well defined in the sense that all sequences z1,xo, ..., lead to the same final

set.

We will see in Remark 4.10 why we need V, instead of the simpler TA/U.

Lemma 4.4. W.h.p. there is no path of length Ly in Kp with more than Lo/10 members of V.
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Proof. First note that if vy, vs,...,vs € V, then there is an ordering such that vy, vs, ..., vs appears
as a sub-sequence of z1, xs, ...,z above. We will assume this ordering and inflate our final estimate
by s! to account for the choice.

We continue by asserting (justification below) that for vertices vy, vg,...,vs, s < Ly,
205 N6C0\ ?
P(v1,vs, ..., 05 € Vy | d(V,) < Dy) < (%) (4.44)
w?2/3
Thus, given D = {d(V,) < D,}, the expected number of paths in question is bounded by
Z ﬁ d(vi)d(vi+1) ( Lo > (20L0N6<0>L0/10 <
2/3 =
V1,050 +1E€VE i=1 2M Lo/lO w
Z d(v1)d(vre+1) ﬁ d(v;)? (200LeeN0 /10
M . M w?2/3
V1, VL 041 1=2
2 yLo—1 6¢o \ Lo/10 10 A76¢0 \ Lo/10
. Dip; 200LoeN o, N ((20Local’N _ ofl),
MZLo w2/3 w2/3
after using (4.38).
Proof of (4.44): Observe first of all that
P(viy1 € Vy | 01,02, ...,0; € Vg, D)
= ]P)(’L)H_l € ‘70 | V1,0V2,...,0; € ?U,D)P(Ul,vg,... ,V; € ‘70,'D | V1,02,...,0; € Vo,'D)
< ]P)(Ui-i-l € ‘70' ’ V1,02,...,0; € ‘7072))
i NS0 N N R .
< Vi + P(Ui_H eV, | V1,V2,...,0; € VU,D, (Ui+1,’L)j) ¢ EU,VJ) (4.45)
iNG N
<
- M + w
2 N¥¢o
< . (4.46)
w

Explanation of (4.45): The first term iN /M is a bound on the probability that v;;; is a
neighbour of some v;,j < 4. The second term is a bound on the probability that an edge incident
with v;11 is light. We deal with the conditioning by first exposing Kr and then exposing the
placement of the vertices of degree two.

We will now prove that

PN 18 N6
]P(Ui+1 EVO—\VO— "Ul,UQ,...,Ui EVO—) < W (447)
Recall that we assume the order vy, vo, ..., v; is such that v; can be placed in V; once v, v2,...,v;_1
have been so placed. Then, using the notation of Section 2.1, we let W = W\ W, . If [W,,_ |

is odd, we first choose a random point x € W and pair up the remainder of points to create F.
Suppose now that W, ., = {x1,22,...,2x}. We define a sequence of configuration multi-graphs
F'o=Kzp,I'1,..., 'y = Kp. We obtain I'j1; from I'; as follows: If k£ — j is odd then we pair up x;
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with the unpaired point in I';. If k — j is even we choose a random pair {y, z} in I'; and pair z;;
with y or z equally likely, leaving the other point unpaired.

We first claim that I'g,I'q,...,I'; are all random pairings of their respective point sets. We do
this by induction. It is trivially true for I'y. When k£ — j is odd, the construction is equivalent to
choosing a random point to pair with x;,; and then choosing a random configuration (I';) on the
remaining points. If £ — j is even, then we again pair ;41 with a random point y, say. Then z
will be a uniform random point and the remaining configuration will be a random pairing of what
is left.

Assume that d(V,(Ty)) < D,. Now v;11 will be placed into V,(I'y) only if there are two values of
j for which x4 is paired with a point associated with a vertex in V;(I';). Up to this point we will
have V5 (I';) C V;(I'g). It follows that x4 is so paired with probability at most

B

Equation (4.47) (and the lemma) follows from (4.48), after inflating the final estimate by s!. O

Consider the following property of S C V) (defined in (4.42)): Let s = |5].
(i) S induces a tree in Kp; (i) d(S) < sln Nj (iii) e(S : V) > ns = max {3, [s/500]}.  (4.49)

Lemma 4.5. W.h.p., if S satisfies (4.49) then |S| < s1 where

~ 1000010 N

S1
Inw

Proof. Let Z; be the number of sets satisfying (4.49) under these circumstances. Assume that
s > s1. Then, from (4.43),

E(X,) < (1+01) Y <Sd/(550)0> <%>S/5OO <S(_SD (%)s_l. (4.50)

|S|=s>s1
d(S)<sInN
Explanation: We choose configuration points that will be paired with V, in (sd/(s?o) ways. The

probability that all these points are paired in V, is at most

<%>s/5oog<ﬁ>s/5ooj

see Lemma 4.3. We choose s — 1 configuration points for the edges inside S. The probability they

s—1
are paired with other points associated with S can be bounded by (Wd_(if()M) The factor
1+ o(1) arises from the conditioning imposed by assuming (4.43). Also, after conditioning on V,
(S)

we only allow a vertex in V) to choose a single neighbour in V,,. Thus ( ) is an over-estimate of

/500
the number of choices.

Continuing,

6N\ /70 In N\ 5
E(X,)< Y. (500l N)>/5 (W) (elnN)s<s;7>
[S|=s>s1

d(S)<sInN
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Ne)® 6N */ s N\
ve 5/500 s
< < . ) (500eln N) <w1/3> (eln N) ( i )

s—1
' N€0/500 |, 2.002+0(1) pr .
_ o(1) (14+0(1))/500
< N < 171500 , C=e (3000¢) ;
see (4.38).
So,
CNG/50 12 N\ *
s>s1 5251
This implies that w.h.p. we have X; = 0 for s > s7. O

We now wish to show that small sets of Kp-edges do not contain too many vertices of degree two.

Lemma 4.6. W.h.p. no subset S C Ex satisfies |S| < eM and £(S) = > .cqle > L = e'/2M/E.
provided € is a sufficiently small positive constant. In particular, this holds for any ¢ < &1 where
€1 1s the solution to £3/2¢1/(612) — 90,

Proof. Let S be “bad” if it violates the conditions of the lemma. We can assume w.l.o.g. that
|S| = eM here. Now using (2.6) to go from the first line to the second,

MY (=1 (i)
eM ; eM —1 ( 2]4\‘/[1\:[1 1)

<M6> eM <€_e>eM£€M(1 _gyleM <1+M>Z‘EM

Ms

2 \an) \em ”
5 (g () ) (e ()
< f: (igjj) (1—(1—2)¢)". (4.51)

Putting ¢ = AM /¢ into the summand wuy of (4.51) we obtain for sufficiently small e that

—a/2e)\ M
up < (10146572> < 7= M, (4.52)

Now A > e/2 and a quick check shows that (4.52) is valid if £3/2¢1/(6<1%) > 10
So,
P(3 a bad 5) < me=<"/*M/3 — o(1),

M)

given our upper bound of e for m. O

The next lemma shows that our assumption on degrees implies that a small set of vertices has small
total degree.

27



Lemma 4.7. If S C Vi and |V| < eN then d(S) < 2ape'/3N fore < 1.

Proof. Let Sy = [N, N] where N. = N —eN + 1. It is enough to prove the lemma for S = Sj.
Let D, = des d;j and L = dy.. Then

N
D. <§:kyk<§:—uk<a0— (4.53)
k>L k>L

If L > 1/¢'/3 then we are done and so assume that L < 1/¢/3.

Let 51 ={j:d; > L/El/3}. Then, following the argument in (4.53) for S; we get

+ Zd _ENL aoal/?’N

173 17
Jj€D1

and the result follows. O

4.2.2 Surrogates for Gp

We have seen that we can use (4.4) if we have a good estimate for P,(As(w)). We have seen in
(4.39) that we cannot necessarily apply the lemma directly in this case. So what we will do is find
a graph G that satisfies the conditions of Lemma 3.1 and whose cover time is related in some easily
computable way to the cover time in Gp. (This statement is only approximately true, but it can
be used as motivation for some of what follows).

In the following, we define graphs that will be surrogates for Gr with respect to computing the
cover time.

Let e be an edge of Kr. We will break the corresponding path P, of length ¢, = pf* + e, pe >
0,0 < g < £* in the graph G into consecutive sub-paths Q, f € F,. For a typical path, where
pe > 1 there will be p. — 1 paths of length ¢* and one path of length ¢* + g.. There will however
be some cases where e is light and so we have to be a little more careful. When e is light we do
nothing to P.. In this case, P, is considered as a sub-path of itself in the following and is replaced
by a single edge in the graph Gy defined below. Otherwise we construct p. — 1 paths of length ¢*
and one path of length £* 4+ g.. Let Q. denote the set of sub-paths created from P,.

We define the graph Gy = (Vp, Ey) as follows: For each e € Ex, we replace each sub-path Q € Q.
of length (g by an edge f = fg of weight or conductivity k(f) = €*/lq. The resistance p(f) of edge
f is given by 1/k(f). Note that the total resistance of a heavy edge e is £, /¢*.

We will use the notation f € e to indicate that edge f of GGy is obtained from a sub-path of edge
e € Fg.

We now check that the total weight of the edges in Gy is what we would expect. We remark first
that since M = o(v2) and M = O(N) we have

m ~ ’V(GF)‘ ~ 9.

Lemma 4.8. W.h.p.,
EG vo + M
KZ(EO)N|E0|N | (E*F)| _ 26* NCUM
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Proof. Each edge e € Ex gives rise to a path of length ¢, in Gr. We let

Ko={e€ Ex:le <%}, Klz{eeEK:€*§€e<€*wl/3} and Ky = Ey \ (Ko UK,).

Then,

1
|EBol = 7 > (e —qe) + | Ko

ecK1UK>
m |K0| 1
o g > et Kol

ec K1UK>

Now for e € Fx and 0 < ¢ < ¢*, and using Part (b) of Lemma 2.4 with £ = 1,{ = g,

" 1
P(g. = ~ 1— ré*+q—1 _ 1— -1, _ -
(ge = a) %%5( ) -0 g
So,
— k—1 w£ *
E(ge) ~ ; e e TR
and
E Z g | <p M.
ecFEg
So w.h.p.
Ei* Z qe:O(Mwl/z).
ec K1UK>
Now .
E(|Kol) ~ MY &1 =€) = O((*¢M) = O(M/w).
q=1
So,

|Ko| = o(M) w.h.p.
Going back to (4.55) with (4.57) and (4.58) and

%NWM

we see that our expression for |Ey| is correct, w.h.p.

Now w.h.p.

WE) = Y (e—1+£f:qe>+zg_*

ec K1UK> ecKo €
Qe > *
= Z e )k + Z v
ec K1UK> < E + de ecKy Ee
m e E* Ee
“F- Y Y (74F)
E ec K1UK> E + de ec Ko Ee E

7~ wE(l =&

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)



To finish the proof we show that the terms other than m/¢* contribute o(wM) in expectation and
then we can apply Markov’s inequality. We can use (4.57) to deal with the first sum. We are left
with

" 5—1
B Y)Y R
e€Ko ¢ e€Ex k=1

Vo M+I/2 k 1)

1/3
1 _
(1+0 Zf Z M—I—I/z 1)

_1/3 M-—1

Mlnvy M2 {(M—Z) 1/3
b

Tt _M—i-Vz—l}:O(wM)’

w 3%
where to get the final expression we have used the calculations in Part (c) of Lemma 2.4, i.e., (2.7).
Of course we can use (4.58) to deal with »_ - £./0* < |Ko. O

Since, from (4.54) and the above analysis,

Yo =)<Vl <IEl< Y petolwM)

ee K1UK> ec K1UKo

we have that w.h.p.
Vol ~ |Eo| ~ wM.

We will analyse the expected time for a random walk W& on Gy to cross each edge of Gy at
least once. We will be able to couple this with W&#~%  the projection of WEF onto V. We will
see below that if either walk is at v € V) and w is a neighbour of v in Gy then w has the same
probability of being the next Vj-vertex visited in both walks.

It is easy to see that after W& has crossed each edge of Gy, in the coupling, W &F will have visited
each vertex of Gp.

We must modify Gy slightly, because we have to cover the edges of Gy. Let f* = (vy,v2) be an
edge of Gy.

The graph G = G§(f*) will be obtained from Gy by splitting f*. We give edges (vi,vs+) and
(vp+,v2) a weight of & = min {ay, 1} where o is the weight of edge f.

W&o is the random walk on Gy, where we choose edges according to weight; WGV g the
projection of W&o onto V. This walk is W with visits to vy« omitted from the sequence of
states. This means that time passes more slowly in W0 than it does in W% =%, We use G{ in
order to deal with the edge cover time of Gy, which is what we need, see (4.63) below.

Our goal is to compute a good upper estimate for P(As(f*)) where As(f*) is the event that we
have not crossed edge f* in the time interval [Ty;x, s]. We do this by going to G§ and estimating
P(As(vs-)) for the random walk on G. Note that P(Ag(f*)) = P(As(vp+)) if f is a heavy edge and
P(As(f*)) < P(Ag(vg+)) if f is a light edge. Indeed, in both cases there is a natural coupling of
WEo and W0, up until v; or vy are reached. This is because walks in Gy and walks in G that
do not contain vy or vy as a middle vertex have the same probability in both. Having reached v;
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or vy there is no lesser chance of crossing f* in G than there is of visiting vy« in Gf. In the case
of a heavy edge, we can extend this coupling up until vy« is visited. This follows from our choice
of weight for the edges (v, vs+),i =1,2.
There is a problem with respect to using Gy as a surrogate in that its mixing time can be too large.
If the edges of a graph are weighted then the conductance of a set of vertices S is given by
ZxES,yES’ ’%(‘Ta y) B K(@S)

K(5) K(S)
Consider an edge e = (u,v) € Fk for which /. = 1 and such that (i) u,v both have degree three in

B(S) =

K and (ii) all edges of Fx other than e incident with u,v are heavy. Let S = {u,v}. Then in Gy,
®(S) = O(1/¢*), making ®(Gp) too small. The situation cannot be dismissed as only happening
with probability o(1).

We remark that if the following conjecture is true, then we will be able to fix the problem of small
edges by adding more vertices of degree two. We will be able to do this so that ¢* divides /. for all
e € Fx. This would simplify the proof somewhat.

Conjecture 4.9. Adding extra vertices of degree two to the edges of Kr to make £, > 0 for all e,
does not decrease the cover time.

In the absence of a proof of this conjecture, we must find a work around. We observe for later that
if every edge e has a weight k(e) € [k, ky| then we have
/iLaS
(S) >
H,Ud(S )

(4.59)

where 05 is defined following (2.12).

We now define the graph G. It will have vertex set V' = V) U {vy, v+, v2}, see (4.42). A G§-edge
f contained in V) will give rise to an edge of weight x; in G.

Next let N7 be the set of vertices in V) that have Kp-neighbors in V, and let Ny = N{U{v1, v+, v2}.
The edges from Ny to V, will also give rise to GG edges. For each = € V, U N7 and y € N7 we define
0(z,y) as follows: Consider the random walk WxGS. This starts at  and it chooses to cross an
incident edge of the current vertex with probability proportional to its G{j-edge weight. Suppose
that this walk follows the sequence g = z,z1 € Vs, x9,..., and that k,k > 1 is the smallest
positive index such that z; ¢ V,. Then, 0(z,y) = P(x = y). Then for x € Ny and z € V,, for
which f = (z,2) is an edge of G§ and y € N; (y = x is allowed) we add a special edge, oriented
from x to y of weight k0(z,y). We remind the reader that xy = £*//;.

We have introduced some orientation to the edges. We need to check that the Markov chain we
have created is reversible. Then we can use conductance to estimate the mixing time. In verifying
this claim we will see that the steady state of the walk is proportional to k(z) for x € V). We
do this by checking detailed balance. For z,y € V' we let P(x,y) be the probability of moving
in one step from z to y. We let P(x,y) = Py(x,y) + Pi(z,y) where Py(x,y) is the probability of
following a special edge from z to y. We have k(x)P;(z,y) = k(y)P1(y, z) because these quantities
are derived from the random walk on G§. As for Py(z,y), we have

-1

( PO J} y Z Z Pl J} 20 HPl szz—i-l) X Pl(Zl, )

20€ Vs 21,22...2] =0
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-1

= Z Z H(Zo)Pl(Zo,x)HP1(2i72i+1) x Pi(z1,y)

20€ Ve 21,22...2] =0

= k(y)Po(y, ).

As a further step in the construction of G, we remove some loops. In particular, if x € Ny and
p = P(x,z) > 0 then

P(z,z) < 0 and P(x,y) < P(z,y)/(1 —p) for y € N1,y # .

Because the chain is reversible we can define an associated electrical network A/, which is an
undirected graph with an edge (z,y) of weight (conductance) C, , = k(z)P(z,y) = k(y)P(y, ).
We claim that we can couple X3 = W=V and Xy = W where W& =" is the projection of
W S0 onto V. This walk is W with visits to V,, omitted from the sequence of states. Indeed, we
have designed G so that for each v, w € V),

PXi(t+1)=w | Xi(t) =v) =P(Xe(t +1) = w | Xa(t) = v).

Remark 4.10. The reader can now see why we defined V, in the way we did. If we had stopped
with V, then Go might contain isolated vertices.

Coupling W& W& and WEr:

We consider the vertices Vj of Gy to be a subset of the vertices of Gr. We couple WEF with a
random walk W& on Gy. In the walk W&o edges are selected with probability proportional to
their weight /conductivity. We will now check that there is a natural coupling.

Suppose that WEF is at a vertex v € V{). Suppose that v has neighbours wy,ws, . .., wg in Gy and
that f; = (v,w;) for i = 1,2,...,d. In Gp there will be corresponding paths P; from v to w;. Let
i* € [d] be the index of the path whose other endpoint is next reached by W¥. Then if ¢(P) is
the length of a path P, we prove below that

K(Pi)_l K

)= (P) T4+ P) " Rt +ra (4.60)

P(i* =i

where k; = k(f;).

This can be proved by induction. Let ¢; = ¢(F;), i = 1,2,...,d. Ourinductionison L = {1+ - -+/4.
The base case where ¢; = 1 for ¢ = 1,2,...,d is trivial. Now suppose that ¢; > 2. Then if

M="Pr@E"=1),
- (61 —1)71 <£1 -1 N H> (4.61)
A e e S PR 2| ) '
(ti=1)—*
((r—1)= 10y Tt T
the penultimate vertex of P; and then ZZI is the probability that the walk reaches the end of P;
before going back to v. The term % is then the probability that i* = 1 in the case that the walk
returns to v.

Explanation: The factor is, by induction, the probability that the walk reaches
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Equation (4.60) follows from (4.61) after a little algebra.

Note that (4.60) is the probability that W& chooses to move to w; from v. Thus we see that
WEF and WE0 can be coupled so that they go through the exact same sequence of vertices in Vp,
although W% moves faster.

The expected relative speed of these walks can be handled with the following lemma.

Lemma 4.11. Suppose that T is a tree consisting of a root v and k paths Py, P, ..., P, with
common vertex v and mo other common vertices. Path P; has length ¢; fori=1,2,... k. A walk
W starts at v.

(a) The expected time A for W to reach a leaf is given by
bt H
Y bt
(b) If t; <0 fori=1,2,... k then A < (2.

Proof. (a) Observe that
2001 4 -+ + 4y
il

The RHS is twice the number of edges in T" times the effective resistance between v and the set of

E(time to reach a leaf) 4+ E(time back to v) =

(4.62)

leaves. (see e.g. [21], Proposition 10.6)

It follows from (4.60) and the fact that a simple random walk takes £? steps in expectation to move

¢ steps in distance that
k

ot
E(time back to v) = Z klig_l x 02,
o1 i1l
Part (a) of the lemma follows.
(b) We simply observe that increasing ¢; increases the numerator and decreases the denominator.

This completes the proof. O

We next observe that in this coupling, if W& has covered all of the edges of Gy then WEF has
covered all of the edges of G, and so the edge cover time of G, suitably scaled, is an upper bound
on the edge and hence vertex cover time of Gp.

It follows from Lemma 4.11(b) and the fact that all sub-paths have length at most (14 0(1))¢* that
that if D, is the expected time for the walk W, on G to cover all the edges of Gr and D} is the
expected time for the walk WUGO on GGy to cover all the edges of G, then

Teoy = max C,, < max D, < (1 + o(1))(¢*)*(max D} + 1). (4.63)

(The +1 accounts for the case when u is in the middle of a sub-path).

In the same way, we can couple W0 and WY, up until the first visit to vy« in the following sense.
We can consider the latter walk to be the former, where we ignore visits to V. By construction,
it v € Vy,w € Vy then for both walks we have that w has the same probability of being the next
vertex in V¥ = V) U {vy+} that is visited by the walk. We will show in Section 4.3.4 that the time
spent in V, is negligible.
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4.3 Conditions of Lemma 3.1 for G

Checking (3.4) for G:
We first claim that we have

Let G = (Vi, E) be the subgraph of K induced by V). We begin by estimating the conductance
of G, as in (2.12). Let IIg 5,0 < B <1 < s <59 = w3 N2 he the probability that there is a
connected set S C V) with |S| = s and ex(S) = fd(S)/2 > |S| and ex (S : V,) > (1 — 5)d(S)/2.
(Here ex (S) is the number of G (or Kr) edges contained in S and ex (S : V) is the number of
edges joining S and V, in Kp).

Lemma 4.12. The following holds simultaneously and w.h.p. for every set S C V\ that induces
a connected subgraph of G: In the following, ex(S : S) is the number of G edges joining S to
S =V, \S. Note that

(a) If (i) |S| < so and (ii) e(S) = Bd(S)/2 > |S| then

ex(s: ) > LZDA5)
(b) If e(S) =S| — 1 then
5 2d(95)
: >
eA(S S) o 381 ’
where s1 = W

Proof. (a) We estimate Ilg ; from above by

102 3 (4 _gatsy2) <%%>(1_5)W2 (saor2) (ﬁydw' (4.65)

[S|=s

where C' can be any positive constant.

d

Explanation: We choose configuration points that will be paired with V, in ((1_ B)(f()s) /2) ways.

The probability that all these points are paired in V, is at most

I

A(v,) O\ ds)2 N1-Cco \ =B)d(8)/2
2M — d(S) ~ \2M —d(S)

see (4.43). We choose £d(S)/2 configuration points for the edges inside S. The probability they

d(S) >Bd(5)/2.

are paired with other points associated with S can be bounded by (m

Using (4.65) we see that

_ 2¢ \ (1=P)ds/2 s \1-Clo (1-p)ds/2 9¢\ B05/2 85 B5s/2
Lo 2. \7=5 7 ) \ur

o |S|=s
d(S)=ds
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2¢55\ " oe/2
<>, D < IO [ ) . (4.66)
= &)

We first consider the case where 3 < 6 < A = N, Let t5,s be the proportion of sets of size s that
have d(S) = ds. In which case, (4.66) becomes

0s/2
N 2¢As\ P
Ig,s < 296,s<8> <2eN—C<1—ﬁ)<o < e 8> >
6

N

8/2-1/5 ds
<Y 65, <2e2N—C<1 ol2 (L) ey Aﬁ/2> .
6

(4.67)
At this point we observe that by assumption, we have 5d(S)/2 > |S| and so
5
LY (4.68)
2
Now because 6 > 3 and > 655 = 1, we have
1/24 5\ 5/16
< 2 AP/ < (= if 3 > 3/4. :
s, <) ;eé,s <2e A (N) > < (N> if 8> 3/4 (4.69)

ds
M <o 3 b5, <2€2 AB/2 N—CCO/4) < N73CCs/8 if < 3/4 and C > 2.
d

Now the number of choices for 3 can be bounded by d(S) and we bound this by Ns. This gives
for this case,

S0 S0
N EANYE Co o A7—3CCos/8 _
ZH@SSZ_ENOS (N> —i—Z_ENOsN 0%/ = o(1),
if C > 3.

We now consider those S for which d(S) > A|S]
have

Going back to (4.66) we see that for these we

N 2eN%0s B\ o/
g, <p Z 05,5 < . > <2€N—C(1—B)Co/2 <7> >
d

N

s\ B-2/A\ /2
<305, <4el+2/A N-CO-8) (5 >
5 )

This yields

I, < (%)AS/E‘ it §>1/2.

(4.70)
As/2
My, < (4elToN=C00/2) " p<1
and we can easily see from this that > 5 IIg s = o(1) in this case too, for C' > 3. Thus w.h.p
e(S:Vy)=d(S) —2¢e(S) —e(S:V,) =d(S) — Bd(S) —e(S: Vy)
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(b) Now consider sets with e(S) = |S| —1 and use Lemma 4.5. If |S| > s; then either d(S) > sln N
or e(S:V,) <[s/500]. The former implies that

e(S:Vy)
d(s)

d(s) —2(15| - 1) — [95]
(s)

> =1-o0(1)

and the latter implies that

e(S: V)  d(S) —2(|8| = 1) = [I51/500] _ 249
als) = d(9) 250"

If | S| < s1 then and since d(S) > 3|S],

e(S:Vy) _ d(S)—2(S|—1)—|S| . 2 _ 2
s - a(s) 315 7 38, -

We verify next that if S C Vj and |S] is too close to N then £(S) will exceed k(G)/2. Suppose
then that |S| > (1 — )N where 2a9n'/? = &1 of Lemma 4.6. It follows from Lemma 4.7 that
dr, (Vi \ S) < 2a0n*/3N = ¢ N. It then follows from Lemma 4.6 that

1/2 1/2
M 2%,/ °M
Z le < o1 and hence Z ly > 2m — il > (2— 35}/2)m.

GGEK g GEEK g

ensS=0 eNSH£D
It follows from this and Lemma 4.8 that

361/2
K(8) = (1= =~ | n(Go). (4.71)

It is shown in [1] that if S C Vi, then in K we have
e(S: Vg \S)>d(S)/50 for all sets S with d(S) < M. (4.72)

Now suppose that S C Vj and k(S) < k(Gp)/2. It follows from (4.71) that |S| < (1 —n)N. This
implies that dg,.(S) <2M — 3nN.

If dg,(S) < M then (4.72) implies that e(S : S) > d(S)/50.
If dg,.(S) > M then 3nN < dk,.(S) < M and hence e(S : S) > 3nN/50 > (3n/50a0)d(S).
It follows that if k(S5) < k(Gp)/2 then

ea(S:Vy) > {2§§f) e 51 50 (4.73)
S=d(8) = d(V,) > sokd(S) — 2 > 2d(S) 5o < |5 < (1—n)N

Now every heavy edge of Gy has weight at least 1/2. Applying the argument for (2.13) we see that
(4.73) implies that

B(Go) = min <I>GO(S):§2<1>>< min M:Q( ! )

C Conax SCVi d(s) wln? M
#(S)<Lk(Vo) |S|<(1—m)N
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Taking account of the special edges introduced to bypass most of the light edges can only increase
the conductance of a set. This is because it won’t affect the denominator in the definition of
conductance, but it might increase the numerator.

All that is left is to consider the effect of splitting the edge f* into a path of length two in order to
define G§ = G{(f*). The conductance of a connected set S not containing v; or vy is not affected
by this change. If S contains v1,vs then after the split, the numerator remains the same. On the
other hand, the denominator can at most double. If S contains one of v, vy then the numerator
still remains the same and again the denominator can at most double.

Thus ®(G) = Q(®(Gp)). Equation (4.64) now follows from Tyux(G) = O(®~21n M).
We then have

21,5
Ty (G (vge) = O <%> = o(1). (4.74)
Checking (3.5) for G:

Let f* = (vy,v2) as before. Suppose that v is one of the vertices that are placed on a Kp edge
f = (w1, ws). We allow v; = wy here. We now remind the reader that w.h.p. all Kp-neighborhoods
up to depth 2Ly contain at most one cycle, see Lemma 2.5(b). Let X be the set of kernel vertices
that are within kernel distance Lo of f in Kp. Let Ay be the sub-graph of GG obtained as follows:
Let H be the subgraph of the kernel induced by X. This definition includes f as an edge of H. If
H contains no members of V! =V, \ {v1,v2} then we do nothing. Otherwise, let 7' be a component
of the subgraph of H induced by V/ and let L = {vg,v{),v1,...,vs} € Ny be the neighbours of T in
V' where vy, 1)6 are the vertices in L that are closest to {wy,ws}. Here vy = 1)6 is allowed and this is
indeed occurs in the majority of cases w.h.p. Note also that by the construction of V,,, each v;,i > 1
has one neighbour in 7. We replace T' by special edges (vo, v;), (v, vi), (vi, v0), (V;,v0),7 = 1,2,...,s.
If T contains a vertex w that is at distance Ly from {wq,ws} then we remove T completely.

Next add vertices of degree two to the non-special edges of H as in the construction of the 2-core.
We obtain Ay by contracting paths as in the construction of Gy. Vertices of X that are at maximum
kernel distance from f in Kp are said to be at the frontier of Ay. Denote these vertices by ®;.

We now follow the argument in Section 4.1.1 between “Let us make ®; into...” and Lemma 4.1,
the proof of which requires some minor tinkering:

Lemma 4.13. Fiz w € ®;. Then
IP’(WwGS visits f within time Tyx) = O(N_6°/2) =o(1).

Proof. Let P be one of the at most two paths P, P’ from w to wy in Kp; then P = P’ whenever
wy is locally tree like. Let eq,eq,. .., er, be the edges of P. Assume first that neither of these paths
contain a member of V,,. We will correct for this later. In this case we can follow the argument of
Lemma 4.1 until the end.

Suppose now that the paths contain members of V. It is still true that there are only one or two
paths from boundary vertex w to wj or ws. The only change needed for the analysis is to note
that after contracting special edges these K paths can shrink in length to 9Ly/10. Here we use
Lemma 4.4. This changes 21072 in (4.11) to 29L0/10-2 4nq allows the proof to go through. U

The remainder of the verification follows as in Section 4.1.1.
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4.3.1 Analysis of a random walk on G

This is similar to the analysis of Section 4.1.2 and may seem a bit repetitive. We will first argue

that

w?M In* M
8+o0(1)

After this we have to deal with the time spent crossing edges with at least one endpoint in V. This

will be done in Section 4.3.4.

the edge cover-time of G is w.h.p. at most (4.75)

We have a fixed vertex u € V) and an edge f* and we will estimate an upper bound for P(A;(vy))
using Lemma 3.1. For this we need a good upper bound on R,,.. Let f = (w1, wz) be the edge
of K containing f*. Recall the definition of Ay in Section 4.3 where we were checking (3.5). If
f is locally tree like let 17,75 be the trees in Gg rooted at wi,ws obtained by deleting the edges
of Ay that are derived from the edge f of Kp. If f is not locally tree like then we can remove an
edge of the unique cycle C'in Ay not incident with vy« from Ay and obtain trees 77,75 in this way.
Removing such an edge can only increase resistance and R;.

We write R, . = R, T R . where R] . is the expected number of returns to vy~ within time Ty;x

before the first visit to ®¢ and R;, ;+ 1 the expected number of visits after the first such visit.

R;f* = 2aRp (4.76)
where Rp is the effective resistance as defined in Section 4.1.2, but associated to the weighted
network N. Here « is the weight of the edge f that we split.

We first assume that Ay contains no vertices in V,; and then in the final paragraph of Section 4.3.2
we show what adjustments are needed for this case.

We will show in Section 4.3.3 that
R!  =o(R, ). (4.77)

Uf* Uf*

We first prune away edges of the trees T, T5 tree-like neighbourhoods to make the branching factor
of the associated trees at most two. Of course, in tree like neighborhoods we can say exactly two.
This only increases the effective resistance and R, Jop Let Ry, Ro be the resistances of the pruned
trees and let R = Ry + Ro.

h
We have i_ 1 N 1 .
Rp _a—1+€1/€*+R1 a—1+€2/€*+R2' '

Here ¢;/¢* is the total resistance of the G edges in the path from v; to w; derived from f. If vy is

a vertex of K then we can dispense with /o, Rs.

Note that, with £ = ¢1 + {5,
1 1 4
+ >
a b4+ 0 /0 +R  a '+ 4l/0x+Ry ~ 4+4/0*+ R

(which follows from « > 1/2 and the arithmetic-harmonic mean inequality).

Let Enax be as defined before (4.19) and note that given &,.x we have e = O <22(§241_HV12V)[> = o(1),
where ¢ is defined in Part (a) of Lemma 2.4. We re-write (4.19) as

P(Ry > p1, Ry > pa, L = ({1 + ) /€ = £/) < (1+€)P(Ry > p1)P(Ry > po)B(ty + L = 1). (4.80)

(4.79)
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Note next, that with £ = ¢; + {2, and given « and that £ = o(1),
P(L = (01 + b2) /0" = 0/0" | Eumax) < E(1— )71 <y g7/,
We will show in Section 4.3.2 that for p = M°) we have
P(R1 2 p | Enax) <y 3706 (481)

This is a simpler expression than (4.20) because here we have £ = o(1).

Let Z1, , p, be the random variable that is equal to the number of vertices of Go with parameters
L, p1, p2. Then we have

E(ZL py.ps) <p @M x L* x ge~ L/ 5 Loeg=R/w — glogpre=(L+P)/w, (4.82)

where p = p1 + p2. (The factor £, = L{* comes form the number of choices of edge to split in path
P.).

Using Lemma 3.1 and (4.79) we see that

B(V(E(Go).0) < 37w Y0

dL / dpy dpy Le~EHPw 5
s>t L P1,02

s 4 _
<exp {—(1 o)y p} T O(T2, e W%) L (483)

where s = max {m, : v € V}.

Some explanation: The first line is direct from (4.82). Then QEJ—O‘M is asymptotic to the steady state

sa L Top i 22 1, _4 _ 1 . _ 4
for vy« and there is a 5 factor from (4.76). So 7o, is asymptotic to 5257 55 5775 = i T LTs

This is to be compared with the expression in (4.4). Here we are summing our estimate for P(A4(f))
over edges f of weight a. Recall that Ag(f) is the event that we have not crossed edge f in the
time interval [Ty, .

Notice that the sum over v € V' can be taken care of by the fact that we weight the contributions
involving v by m,. Remember that here v represents the vertex reached by WEO at time Tyx.

Ignoring a negligible term we have
E(¥(E(Go)) 1))

<y 3HOwEM Y 1 /

s>t L

L+p 2s
dL dy d,, L —(1+o(1 +
/p\l’p2 pP1Yp2 exp{ ( O( ))( w WM(4+L+p)>}

<, shoenie / exp {~(1+o(1)) (2 + 32 ) }

dL/ dy d,, L
L oopn 1 —exp {_W?\;_((}f}i-)p) }

(4.84)

Note now that in the current case, £ = o(1) and so our estimate for Ty is ~ Cw?M In? M where
C > 1/8. So, the contribution from ¢, p such that L + p < wln M/100 is negligible. As are the
contributions from L 4 p > 5wln M.
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Ignoring negligible values we obtain a bound by further replacing the denominator in (4.84) by
Q(1/w?M In M). Thus,

L+p 2t
E(U(E(Gy),t)) <p 3Lowder* M? In M / Lexp {— — }
L<5wIn M J p<5w?In M w WM(L + p)

t
<p 3P0t M2 In M x (win M) exp {— SM } : (4.85)
w

Putting t ~ %w2M1n2M we claim that the RHS of (4.85) is o(t). Indeed, to see this note that
3owtM2In M x (wln M)3 = M?* for some n = o(1), where M" — oco. Therefore, if we take
t = 3,2\ In® M then the RHS of (4.85) is <, M1 x M~0+30"% — o(pr),

We now consider the contribution of O(T2,Mmaxe */2) to E(U(E(Gy),t)). We bound this by
1 w?M In* M
21,5 172
<5 (O.) In M) X m X exp{—Q <m>} = 0(1)

Summarising, if

. 1+ 0(1)

> —% W M 1n? M (4.86)

then
E(¥(E(Go), 1)) = o(t)

and then the Markov inequality implies that w.h.p.
U (E(Gp),t) = o(t).

4.3.2 Estimating Rp

We first assume that A; contains no vertices from V5.

We follow the argument in Section 4.1.3 down to (4.30), (4.31) which we replace by
P(01/0" = p) = £(1— € (4.87)
and
Pty /6" > p) = (1€ (4.88)

Let the level of a tree like 77 be the depth of the tree in Kz from which it is derived. Let R} be
the (random) resistance of a tree of level k. Putting Ry = 0 we get from (4.29), (4.87) and (4.88)
that

P(R; > p) < 2(1— &) (4.89)

Assume next that for a, = (2.5)%, k = o(In M) and for integer 1 < p < M°(),
P(Ry, > p) < ax(1 - %" (4.90)

for t > 1. This is true for k =1 and a1 = 2+ o(1). Using (4.29) and arguing as in Section 4.1.3 we
get

2p0*—1
P(Ri1>p) <2( Y. Pty =9)P(Ry >2p—s) + P(ly > 2pl%) (4.91)
s=1
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2p0*—1

<2 3 61— xap(1— X2 4 (1 — g
s=1

2p0*—1

2 [ (1+o(1)ars(1 - > (1 - + (1 -9 (4.92)

s=1
< (24 o0(1))(ar +1)(1 — £)*".
< apy1(1— €)%

This verifies the inductive step for (4.90) and (4.81) follows. Remember that (1—&)2P¢" < e=2°0°¢ =
—2p/w
e :

For the non locally tree like case we now argue as in Section 4.1.3 down to (4.36) and obtain

2p0* —1
P(R>p) <2 Y (11— /225)k(1— )29 4 (1—g)»"
s=1
< 2((25)(1 - 7 (e0) 1+ (1- )
<pw(2.5)M (1 -6

There is enough slack in (4.81) to absorb the w factor when k = L.

Now suppose that Ay contains vertices from V,. When we encounter a component 1" of V, N Ay we
replace it N by edges (v, v;) (or (v, v;)) and these edges will have been given the same resistance
distribution as other edges of Ay, conditioned on being heavy. This happens with probability
1—o0(1) and the net result is to replace the factor 2 in (4.91) by 2+ 0(1). This will not significantly
affect the rest of the calculation here.

4.3.3 Estimating R/

Uf*

It follows from Lemma 4.13 that

Ry, <n™R, . +Rj.)
and hence
Ry, <n ™R, . (4.93)

4.3.4 Completing the proof of upper bound in Case (c) of Theorem 1

We are almost ready to apply (4.63). We have estimated the cover time, but we have ignored some

By = U P..

ecFg
eNVy#0D

of the time. Specifically, let

We have not accounted for the time that WEF spends covering Ej.

For this we can apply a theorem of Gillman [19]: Let G = (V, E) be an edge weighted graph and
for x € V let Nq = H%Hz where 7(z),x € V is the steady state distribution for the associated
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random walk and ¢(z),z € V is any initial distribution for the starting point of the walk. Let 6
denote the spectral gap for the associated probability transition matrix.

Theorem 4.14. Let A C 'V and let Z; be the number of visits to A int steps. Then, for any vy > 0,

P(Z, — tn(A) > ) < (1 + 78/10t) Nge ™ 0/,

We apply this theorem to the random walk W&, Let A = E; and v = M/£2. It follows from
Lemmas 2.4 (Part (c)) and 4.3 that w.h.p.

w VM x ¢ In M
M+ vy

m(A) =0 ( ) = O(w Y3 M).

It follows from Lemma 2.7 that § = Q(£2/In? M). Now let t = M In? M/¢2. Then with q of the
form (0,0,...,1,0,...,0) we have

P(Z, > tr(A) + ) = O(m}2e= M/ M)y _ (1),

This completes the proof of Case (c2).

4.4 Case (c3): vp >¢¥

In this case we can use the fact that w.h.p. f¢ € [(nin, fmax] for e € Ex to (i) partition all induced
paths of G into sub-paths of length ~ p = me=/2, (ii) replace these sub-paths by edges to create
a graph I' and then (iii) apply the Case (c) reasoning to I' and then scale up by u? to get the
claimed upper bound.

The proof of the upper bound for Case (c) of Theorem 1 is now complete.

4.5 Case (b): m,=M*0<a<l1

Our argument for this case will not be so detailed as for the previous cases. It is closer in spirit to
that of the previous papers of the first two authors.

Note that in this case 1

So,

Lemma 4.15. Let 6§ > 0 be an arbitrarily small positive constant. Then w.h.p. b, < l, =
[1/(1 —a)+140] foree E(Kp).

Proof. Going back to (2.6) we have

3 s—1
PEe:le > Ly) <M Y M-I (1 + 7a> = o(1). O
= M+ M

The next thing to observe in this case that there will be very few vertices of degree two close to
any vertex of Kp. Suppose that d, = A. We choose §y < 1/100 such that AL < MO=)/2  Let
E, s be the set of edges of Kp that are within distance s of vertex v € V(Kp).
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Lemma 4.16. W.h.p., for allv € V(Kp),

> le < By Ll + 2L

GEEU,LO

Proof. Let h, = |E, 1,| < 2M(1=2)/2 Then we have

a)(s— 3 s
(D Le=hg+20 | <o)+ > > >, M hv)< M+Ma>

eEE’U’LO vEV (K p) $>hy+2lo ze,e€E,, LO
D+ M s—1 >M—(s—hv)(1—a+o(l))
o szfggzza <h” -1
<po(l)+ M Z < 5€ . 1 )S "
o0, \5 T hy  M1-ato(l)
1 + M % . ;) h
) 5>}§2£a <2€a Ml—a+o(1)
0(1) + M Z M—(s—hu)(l—a+o(1))/2
5>hy+2L,
=o(1). O

It is not difficult to show that the conditions of Lemma 3.1 hold w.h.p. and so it is a matter of
estimating the R,’s. This involves estimating the effective resistances R] so that we can use (4.16).
The inequalities

R !
1 1 = 1 1
F1Ts E®TS
LS S B O ive it R<S
[ _ — — I0or positive 1mtegers
R+l S—1-R 5P ¢

imply the following:

(i) If v € Vi and if we assume k = O(1) vertices of degree two within distance Ly of v then
we get the maximum effective resistance in (4.16) by distributing these degree two vertices
equitably on the edges incident with v.

(ii) If d(v) = 2 then we get the maximum resistance when v is in the middle of the path P. that
it lies.

There are now three cases to consider:

(1) If k=0 and v is locally tree like, then the resistance satisfies

d—1

/
R, < pa = dd—2)

(4.94)
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where d is the minimum degree in Kr. The value % is the resistance R, of an infinite
d-regular tree T,,. Trimming the tree at depth Ly explains the inequality. We obtain the
resistance of Ty, by first computing the resistance p of an infinite tree with branching factor
d — 1. This satisfies the recurrence % = % giving p = ﬁ. The resistance Ry, then satisfies
Fis = Tips 8iving Riee = (14 p)/d.

If on the other hand, k = pd 4+ ¢ where 0 < g < d then

B d d—q
= 1

p+l+a5 <p+d12><p—|—1—|—d12>

d d—q d—q

_E_FL—F 1 1 k 1 1

d T d—2 <p+m> <p+1+ﬂ> (E"i'ﬁ) <p+1+d 2)
< d
=% 1

it as

The case (4.94) is equivalent to p = ¢ = 0.

Next observe that the number of vertices with this value of k is O(M!'~(1=®*) w h.p. Thus the
main contribution from these vertices to ¥(V,t) can be bounded by

<b ZMeXp{—(l —1-0(1))% . d_Sp} +

SN Mtk exp {—(1 —|—0(1))ﬁ '@ +d . } (4.95)
d

s>t k>1 d—2

If v € P, e is locally tree like and v is the middle of k > 1 vertices of degree two, then

1 ( 1 n L ) . (4.96)
R, =\ [(k+1)/2l+75  [(+1)/2]1+ 75

Observe that once again the number of vertices with this value k is O(M'~0=%*) w h.p. Thus
the main contribution from these vertices to W(V,t) can be bounded by

1-(1-a)k gy 0(1)) = : 1
S M p{ (1+ (1))2M<L(k+1)/gj+ﬁ+[(k‘—i—l)/ﬂ%—ﬁ)}

s>t k>1
(4.97)
Comparing (4.95) and (4.97) we see that the latter dominates, except possibly for the first term
corresponding to (4.94). As in [1], this first term forces Tooy > (1 —1—0(1))2%M In M. The other
terms in (4.95) force

. Toov 1 1
m]:n{(l—oz)klnM%— 511 (L(k+1)/2j+ﬁ+((k‘+1)/21+dlf2>}2(1+0(1))IDM'
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(3) Non locally tree like edges and vertices: This follows from two easily proven facts: (i) There
are M°W) such vertices and edges, (i) the resistance R in all such cases is O(1/(1 — «)). This
means that all such vertices will w.h.p. have been visited after o(M In M) steps.

This completes the upper bound for Case (b) of Theorem 1.

4.6 Case (a): v, = M°W
This is essentially treated in [1]. W.h.p. every K neighbourhood up to depth Lj attracts at most

one vertex of degree two when edges are split. Furthermore all but an M ~(=°(1) fraction are free
of vertices of degree two. It is easy therefore to amend the proof in [1] to handle this.

5 Lower Bounds
5.1 Case (a): v, = M°W

This is essentially treated in [1].

5.2 Case (b): =M 0<a<1

This can be treated via the second moment method as described in [7]. We give a bare outline of
the approach. Let
2(d—1)
¢a,d = max {m 7¢a,d} )

set t = (1 — 0(1))Ya,aM In M and suppose for example that ¢, g = Zgg:g. This is true for o small

and d large. We then let S denote the set of vertices that (i) are locally tree like, (ii) have no
degree two vertices added to their Lg-neighbourhood and (iii) have only degree d vertices in their
Lo-neighbourhood. We find that [S| = Q(n'=°1)) w.h.p. and we greedily choose a sub-set S of
S so that (i) if v,w € S; then dist(v,w) > 2Ly and (ii) |S;| = n'=°(M). Let S* denote the set of
vertices in S} that remain unvisited at time ¢. We choose the o(1) term in the definition of ¢ so
that E(|S*|) — oo. We will then argue that if v,w € S; then

P(A(v) N Ar(w)) ~ P(A:(0))P(A (w)). (5.1)

This means, via the Chebyshev inequality, that w.h.p. S* # (), giving the lower bound. To prove
(5.1) we consider a new graph G’ where we identify v,w to make a vertex T of degree 2d. We then
apply Lemma 3.1 to G’ to estimate P(A;(Y)). Observe that up until the walk visits T in G, its
moved can be coupled with moves in G. Also, v has steady state probability approximately equal
to that of v, w combined, but Ry ~ R, ~ Ry, and (5.1) follows.

5.3 Case (c): vy = Q(M!—oW)

We use the following result of Matthews [23]. For any graph G

1
Teov(G) > 5 glcél&(Ks In|S],
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where
Kg = min K(u,v).

u,veS

Here K(u,v) is commute time between u and v, i.e., the expected time for a walk W that starts at
u to visit v and then return to w. This in turn is given by

K(u,v) = 2|E(G)|Regt (u, v),

E(G) is edges of G, and Reg(u,v) is effective resistance between u and wv.
It is now simply a matter of finding a suitable set S.

Fix an integer ¢ and consider
Sy = {u : Je € Kp such that u is the middle vertex of P, and ¢, > (}.

Now
Regr(u,v) > £/2 for u,v € Sy.

To see this, let P., Py be two paths of length (at least) ¢ and let a,b,c,d be their respective
endpoints. Let u,v be the midpoints of ., P;. Let V) be the set of vertices not on P, or Pj.
Contract the set V) U{a,b,c,d} to a single vertex z. This does not increase the effective resistance
between u and v. What results is a graph consisting of two cycles intersecting at z. The effective
resistance between u and v is now at least ¢/4 + ¢/4 = ¢/2. Here ¢/4 is a lower bound on the
resistance between u and z etc.

Now m > vy and we will choose our ¢ to be ¢y = % It follows from Lemma 2.4 (Part (b))
with k = 1 that E(|Sy,|) ~ M(1 — &)%. Lemma 2.4 (Part (b)) with & = 2 allows us to use the
Chebyshev inequality to show that |Sy,| ~ M(1 — &) w.h.p. (Here we take ( < 20y so that
Wﬁ =0 (WTM) = o(1).) Note that M (1 — &) = MY/? = 0.

Putting this altogether we see that w.h.p.

In M In M

Toou (Gr) 2 (1= o(1)v2 X —ia—g X =

(5.2)

Since —In(1 — §) ~ & for small &, this also includes Case (¢). This completes the proof of Case (c)
of Theorem 1.

Remark 5.1. Our assumption, —In(1 — &) = o(In M) implies that we can ignore the fact that (o
is an integer. That is, by defining £y without [-] we can include the error in the (1 — o(1)) factor.
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