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LIMIT THEOREMS FOR MONOCHROMATIC STARS

BHASWAR B. BHATTACHARYA AND SUMIT MUKHERJEE"

ABSTRACT. Let T'(K1,r,Gy) be the number of monochromatic copies of the r-star K, in a uni-
formly random coloring of the vertices of the graph G,. In this paper we provide a complete
characterization of the limiting distribution of T'(Ki,r, Gr), in the regime where E(T(K1,r,Gr)) is
bounded, for any growing sequence of graphs G,,. The asymptotic distribution is a sum of mutually
independent components, each term of which is a polynomial of a single Poisson random variable
of degree at most r. Conversely, any limiting distribution of T'(K1,,, G») has a representation of
this form. Examples and connections to the birthday problem are discussed.

1. INTRODUCTION

Let G,, be a simple labelled undirected graph with vertex set V(Gy,) := {1,2,---,|V(Gn)l|},
edge set E(Gy), and adjacency matrix A(Gp) = {aj(Gn),i,j € V(Grn)}. In a uniformly random
cn-coloring of G, the vertices of GG, are colored with ¢, colors as follows:

1
P(v € V(G,,) is colored with color a € {1,2,...,¢,}) = o (1.1)

n
independent from the other vertices. An edge (a,b) € E(G,) is said to be monochromatic if
X, = Xp, where X, denotes the color of the vertex v € V(G,,) in a uniformly random ¢,-coloring
of GG;,. Denote by

T(Ky,Gp) = > s (Gn)1{ X, = X}, (1.2)
1<u<v<|V(Gh)|

the number of monochromatic edges in G,,.

The statistic (1.2) arises in several contexts, for example, as the Hamiltonian of the Ising/Potts
models on G, [2], in non-parametric two-sample tests [14], and the discrete logarithm problem
[15]. Moreover, the asymptotics of T'(K2,Gy) is often useful in the study of coincidences [11]
as a generalization of the birthday paradox [I, 9, 10, 11]: If G, is a friendship-network graph
colored uniformly with ¢, = 365 colors (corresponding to birthdays), then two friends will have the
same birthday whenever the corresponding edge in the graph G,, is monochromatic.! Therefore,
P(T(K2,Gy) > 0) is the probability that there are two friends with the same birthday. Note that
P(T(K2,Gn) > 0) =1 —-P(T(K2,G,) =0) =1— XGn(cn)/cLV(G"”, where g, (¢,) counts the
number of proper colorings of G,, using ¢, colors. The function x¢, is known as the chromatic
polynomial of G,,, and is a central object in graph theory [12, 16, 17].

It is well-known that the limiting distribution of T'(Ks,G,,), exhibits a universality, that is,

T (K2, Gy) 2 Pois(A), whenever E(T(K3,G,)) = W — A, for any graph sequence Gy. This
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1When the underlying graph G, = K, is the complete graph K, on n vertices, this reduces to the classical birthday
problem.
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was shown by Barbour et al. [I, Theorem 5.G], using the Stein’s method for Poisson approximation,
for any sequence of deterministic graphs. Recently, Bhattacharya et al. [3, Theorem 1.1] gave a
new proof of this result based on the method of moments, which illustrates interesting connections
to extremal combinatorics.

For a general graph H, define T'(H,G),) to be the number of monochromatic copies of H in Gy,
where the vertices of G,, are colored uniformly at random with ¢, colors as in (1.1). Conditions
under which T'(H, G,,) is asymptotically Poisson are easy to derive using Stein’s method based on
dependency graphs [0, 8]. However, the class of possible limiting distributions of T'(H, G,,), for a
general graph H in the regime where E(T'(H,G,)) = O(1), can be extremely diverse (including
mixture and polynomials in Poissons [3]), and there is no natural universality, as in the case of
edges. Recently, Bhattacharya et al. [1] proved the following second-moment phenomenon for the
asymptotic Poisson distribution of T'(H, Gy,), for any connected graph H: T'(H,G)) converges to
Pois(\) whenever ET'(H,G,,) — A and VarT(H,G,,) — A. Moreover, for any graph H, T(H,G,)
converges to linear combination of independent Poisson variables, when G, is a converging sequence
of dense graphs [7].

However, there is no description of the set of possible limits of T'(H,G,,), other than the case
of monochromatic edges (H = Ka) or dense graphs G,, (where the limits are Poisson or a linear
combination of independent Poissons respectively). In this paper, we consider the case of the r-star
(H = K, ,). This arises as a generalization of the birthday problem, for example, with » = 2 and
a friendship network Gy, T'(K; 2, G,) counts the number of triples with the same birthday where
someone is friends with the other two. This is especially relevant when G,, has a few influential
nodes which have many friends (“superstar” vertices [7]), and we wish to count the number of triple
birthday matches with a superstar.

In this paper we identity the set of all possible limiting distributions of T'(Kj ,, Gy), for any
graph sequence Gy,. We show that the asymptotic distribution of T'(K ,,Gy,) is a sum of mutually
independent components, each term of which is a polynomial of a single Poisson random variable
of degree at most r, and, conversely, any limiting distribution of T'(K ,, Gy) has this form.

1.1. Limiting Distribution for Monochromatic r-Stars. Let G, be a simple graph with vertex
set V(G,,) and edge set E(G,,). For a fixed graph H, denote by N(H, G,,) the number of isomorphic
copies of H in Gy,. Note that N(K;,,Gp) = ZUGV(GH) (d:), where d,, is the degree of the vertex
v e V(Gy).

Now, suppose G, is colored with ¢,, colors asin (1.1). If X, denotes the color of vertex v € V(G,,),
then the number of monochromatic copies of K, in G, is

IV (Gn)l
T(KipGa) = Y D an(u,Gu)1{X, = Xu}, (13)
= ug(VEW)
where
- (V(S”)) is the collection of r-element subsets of G;
— ay(u,Gp) =[]y avu, (Gr), for v € V(Gy) and u = {uy,ug, ..., u,} € (V(fn));
Xy = X} = Xy = Xy, == X, ), for v e V(Gy) and w e (V(G”)), as above.

I8
Note that
[V(Gn)]

1 1
E(T(KLT:GH)) = CT Z Z av(ua Gn) = CTN(KL?H Gn)

noop=1 ue(V(Gn))
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It is known that the limiting behavior of T'(K ., Gj,) is governed by its expectation:

Proposition 1.1. [{, Lemma 3.1] Let {G,}n>1 be a sequence of deterministic graphs colored uni-
formly with ¢, colors as in (1.1). Then
P 0 if limy oo E(T(K1,,Gp)) =0,
T (K1, Gn) %{ 5o if limyo E(T(K1,,G))

Therefore, the most interesting regime is where E(T(K1,, Gy)) = O(1),? that is, ¢, — oo such

that
(i”) =0(1). (1.4)

Theorem 1.2. Let {G,}n>1 be a sequence of graphs colored uniformly with ¢, colors, as in (1.1).
Assume ¢, — 00 such that the following hold:

(1) For every k € [1,7 + 1], there exists A, > 0 such that

i 2F € Nind (B Gn) Ak, (1.5)
n— o0 cfl
where Ning(F, Gr) is the number of induced copies of F in Gy, and €j := {F 2 Ky, :
\V(F)|=r+1 and N(K,,F) =k}.
(2) Let diy 2 diy = ... = d(y(a,))) be the degrees of the vertices in Gy, arranged in non-
increasing order, such that

N(Ky,,Gp 1
E(T(K1,, Gn)) = (c’") = >
n " veV(Gr)

dw
lim — =g, (1.6)

n—oo Cp

for each v € V(G,,) fized.

Then
r—+1

o] Tv
T (K1, Gn) =Y ( . ) +Y kZy, (1.7)
v=1 k=1

where the convergence is in distribution and in all moments, and

— Ty, Ty, ..., are independent Pois(61), Pois(62), . . ., respectively;
~ Z1, 2oy .., Zry1 are independent Pois(/\l—% Y oor 1 00), Pois(Xa), . .. Pois(Ar41), respectively;

— the collections {Ty,k > 1} and {Zy,1 < k <r+ 1} are independent.

Conversely, if T(K1,,Gr) converges in distribution, then the limit is necessarily of the form as in
the RHS of (1.7), for some non-negative constants 01 > 0o > -+, and {\;,1 <k <r+1}.

This result gives a complete characterization of the limiting distribution of T'(Ky,,Gy), in the
regime where E(T' (K1, Gy)) = ©(1) (in fact, under the assumptions of the theorem E(T'(K ,, Gp)) —
71 kAx). Note that the limit in (1.7) has two components:

— a non-linear part Y .-, (7;”) which corresponds to the number of monochromatic Ki , in

G, with central vertex of “high” degree, that is, the vertices of degree ©(c,); and
— a linear part 222 kZj, which is the number of monochromatic K, from the “low” degree

vertices, that is, degree o(cy,);

2For two non-negative sequences (an)n>1 and (bn)n>1, an = ©(b,) means that there exist positive constants C1, Ca,
such that C1b,, < a, < Cab,, for all n large enough.
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and, perhaps interestingly, the linear and the non-linear parts are asymptotically independent.
The proof is given in Section 2. It involves decomposing the graph based on the degree of the
vertices, and then using moment comparisons, to establish independence and compute the limiting
distribution.

Remark 1.1. An easy sufficient condition for (1.5) is the convergence of Wde(K 1,0, Gn)
C

n

for every super-graph F' of K, with |V (F)| = r+ 1. However, condition (1.5) does not require the
convergence for every such graph, and is applicable to more general examples, as described below:
Define a sequence of graphs G, as follows:

G disjoint union of n isomorphic copies of the 3-star K 3 if n is odd
| disjoint union of n isomorphic copies of the (3, 1)-tadpole A if n is even,
where the (3, 1)-tadpole is the graph obtained by joining a triangle and a single vertex with a
bridge. Now, choosing ¢, = |n'/3|, gives E(T(K13,G»)) — 1. In this case,
ZFE%HJ Nind(F’ Gn) i Nind(Kl,Ba Gn) + Nind(A+> Gn) 1

c3 N c3 o

n n
and é > ety Nind(F, Gn) = é > ety Nind(F, Gn) = é > ety , Nind(F, Gn) = 0. Therefore,
Theorem 1.2 implies that T'(K 3, Gyp) S Pois(1) (which can also be directly verified, because, in
this case, T (K1 3,Gy) is a sum of independent Ber(c%) variables). However, it is easy to see that

individually both C%Nind(Kl,:z, G,) and C%Nind(A+, G,,) are non-convergent.

The limit in (1.7) simplifies when the graph G,, has no vertices of high degree. The following
corollary is a consequence of Theorem 1.2.

Corollary 1.3. Let {Gy}n>1 be a sequence of deterministic graphs. Then the following are equiv-
alent.
A(G

(a) Condition (1.5) and lim, T") =0, where A(Gy,) == max,cy(q,) do-

(b) T(Ky,,Gr) 3 22111 kZy, where Zy,...,Zy41 are independent Pois(A1), ... Pois(Ar41), Te-
spectively.

The proof of the corollary is given in Section 2.6. Applications of this corollary and Theorem
1.2 are discussed in Section 3. In Section 4 we discuss open problems and directions for future
research.

2. PROOFS OF THEOREM 1.2 AND COROLLARY 1.3

The proof of Theorem 1.2 has four main steps:

(1) Decomposing G,, into the “high”-degree and “low”-degree vertices, and showing that the
resulting error term vanishes (Section 2.1).

(2) Showing that the contributions from the “high”-degree and “low”-degree vertices are asymp-
totically independent in moments (Section 2.2).

(3) Computing the limiting distribution of the number of monochromatic r-stars with central
vertex at one of the “high”-degree vertices, which gives the non-linear term in (1.7) (Section
2.3).

(4) Computing the limiting distribution of the number of monochromatic r-stars from the
“low”-degree vertices, which gives the linear combination of independent Poisson variables
n (1.7) (Section 2.4).
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The proof of Theorem 1.2 can be easily completed by combining the above steps (Section 2.5). The
proof of Corollary 1.3 is given in Section 2.6.

Before proceeding we recall some standard asymptotic notation. For two nonnegative sequences
(an)n>1 and (bp)n>1, an < by means a, = O(by,), and a, ~ by, means a, = (14 o(1))b,. We will
use subscripts in the above notation, for example, Og(-), <p to denote that the hidden constants
may depend on the subscripted parameters.

2.1. Decomposing G,. To begin with, note that the number of r-stars in G;, remains unchanged
if all edges (u,v) in G, such that max{d,,d,} < r — 1 are dropped. Hence, without loss of
generality, assume that max{d,, d,} > r, for all edges (u,v) € Gy,. This ensures that N (K, ,,G,) =

ZUGV(Gn) ( ) has the same order as >, ev(G )dg as shown below:

Observation 2.1. If max{dy,d,} > r, for all edges (u,v) € G, then assumption (1.4) implies
Y dy=0(c). (2.1)
veV(Gy)
Proof. In this case, the following inequality holds
Yood< D dyd{dy =1} (2.2)
veV (Gn) veV (Gn)

To see this note that if an edge (u,v) € E(G,) has min{d,,d,} > r, then that edge is counted
two times in the RHS above, and an edge (u,v) € E(G,) which has min{d,,d,} < r — 1 (but
max{d,,d,} > r) is counted once in the RHS, whereas every edge of E(G),,) is counted twice in the
LHS.

Then

Yoodp= Y dil{dy<ri+ D> difdy >}

veV (Gr) VeV (Gr) veV (Gr)

<r=17h > detrm Y (i“)

veV(Gn) veV(Gn)

d
9 r—1 r v . )
r E dyl{d, >r}+r E <7’) (using (2.2))
vEV(Ghp) vEV(Gh)
dy dy dy
<2 ' ' — T
<2r E (T>—|—r E (r) 3r g <r>’
veV(Gr) veV(Gr) veEV(Gr)

from which the desired conclusion follows on using (1.4). O

Throughout the rest of this section, we will thus assume, that max{d,,d,} > r, for all edges
(u,v) € G,, and, hence, (1.4) implies (2.1). Note that (2.1) implies
A(Gy) = dy = 0O(cy).
(Gn) o (¢n)
In fact, using (2.1) it can be shown that there are not too many vertices v € V(G,,) with d, = O(cy,).
To this end, we have the following definition:

Definition 2.1. Fix ¢ > 0, such that ¢ # 6, for any v € N. (This can be done, as the set
{0, u € N} is countable.) A vertex v € V(G,,) is said to be e-big if d, > ec,,. Denote the subset of
e-big vertices by VZ(Gy,).
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The following lemma is an easy consequence of (2.1) and the above definition.

Lemma 2.1. Assume (2.1) holds. Then for n large enough, number of e-big vertices |Vz(Gy)| does
not depend on n.

Proof. Let n = n(e) € N be such that 6, > ¢ > 6,,1. (Note that such a 7 exists for ¢ small
enough, whenever 79 = lim._,o7(¢) > 1.3) Then for all n large enough, d,+1 < ec, < d;, and so
[Vz(G,)| =n. Thus the number of e-big vertices is free of n, and depends only on €. O

Define Gy, to be the subgraph of G), obtained by removing the edges between the e-big ver-
tices. Denote by T'(K1,,Gp ) the number of monochromatic r-stars in Gy, .. The following lemma
shows that removing the edges between the e-big vertices of GG,, does not change the number of
monochromatic r-stars in Gy, in the limit:

Lemma 2.2. Assume (1.4) holds. Then for every fized € > 0, as n — oo,
N(F,Gp) — N(F,Gpe) =o0(c;,) and Nindg(F,Gp) — Nina(F, Gne) = o(cp,),
for all F O K, with |V(F)| =r+ 1. Consequently,
Jim E|T(Kyr, Gn) = T(Kyr, Gne)| = 0.

Proof. If a graph F' D K;, with |V(F)| = r 4+ 1 is a subgraph of G,,, but not a subgraph of Gy, .,
then it must have at least one edge with both end-points in Vz(Gy,). Choosing this edge in |Vz(G),)|?
ways and the remaining r — 1 vertices in O(c!,"!) ways (since the maximum degree A(G,,) = O(c,,)),
it follows that
N(F,Gn) = N(F,Gne) = O(c;, |Ve(Gn)[*) = o(c}),
as n — 00, since by Lemma 2.1 |VZ(Gy)| = Os(1). As the number of induced copies of F' in G,
which are not in G, ., is bounded by the total number of copies of F' in G,, . which are not in G,
the result on induced copies follows.
In particular,
BIT (K1, Gr) = (K1 Ge)| S (e Va(G)PP) = V(G2 = 0,
n n

as ¢, — 00. O

We now decompose the graph G, . based on the degree of the vertices as follows:

— Let Gia be the sub-graph of G, . formed by the e-big vertices and the edges incident on
them. More formally, it has vertex set V.(G,)JNg, .(Vz(Grn)), where Ng, . (V-(Gr)) is
neighborhood of V(Gy,) in G, .,* and edge set {(u,v) € Gy : v € V:(Gp)}. Note that by
construction G,J;E is a bipartite graph.

— Let G, . denote the induced subgraph of G, . with vertex set V(G,)\Vz(Gy).

The decomposition of the graph Gy, is illustrated in Figure 1. Note that G,f. and G, . have
common vertices (the black vertices in Figure 1), but no common edges, and consequently no

common r-stars. This implies

T(K1r,Gne) =Ty (K1, G ) + T (K1, Gy, L) + R(K1y, Gre),

3Since n(e) is monotonic non-increasing in e, the limit 7o := lim.—o n(e) exists. If 7o = 0, then maX,ev(G,) dv = o(cn),
and the first term in the RHS of (2.5) is trivially zero.

4For a graph H = (V(H), E(H)) and S C V(H), the neighborhood of S in H is Ng(S) = {v € V(H) : Ju €
S such that (u,v) € E(H)}.
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where T'(K1 ., G,, ) is the number of monochromatic r-stars in G, .; and (recalling the definition
of ay(u,Gy) from (1.3))
[Ve(Gn)
Ty (K, G Z > v (Gn)ay(u, Gn)1{Xy = Xy, = Xu}, (2.3)

ue(")

counts the number of monochromatic r-stars in G;f. with central vertex in V.(G,);" and the
remainder term

R(K1y,Gne) = Y > Z oy (G ) (w, Gp)1{ Xy = Xy} (2.4)

U¢‘/5(Gn)ulev€(G’ﬂ)u€( on )

n,e

FIGURE 1. The decomposition of G, .: The graph formed by the blue edges is GIE and

the graph formed by the red edges is G, .. Note that the black vertices belong to both Gme
and G}, .

The following lemma shows that the remainder term goes to zero in expectation, and therefore,
in probability.

Lemma 2.3. Let R(Ki,,Gp.) be as defined above in (2.4). Under the assumptions of Theorem
1.2,
lim lim E(R(K1,,Gne)) = 0.

e—0n—o0

Proof. Note that for v ¢ V.(G,,)
Y an(u,Gy) < dyt < (ecy)"

’U,E(V(G")>

r—1

Moreover 3,4y () @vur (Gn,e) < du,. Then, using (2.4), for any M > 0,

E(R(Kl,ran,s)) SM Z du1

T
n u1€Vs(Gn)

SNote that T (K1, G;fys) is not the number of r-stars in Gj;sz It does not include the r-stars in Gj;s with central
vertex in Ng,, . (Vo(Gr)) (the black vertices in Figure 1). Instead, these r-stars are included in the remainder term
R(KI,M Gn,s)~
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g
Y ar Y
n ueen, <dy<Mecy u'du>Mecn
1 r r
" ween<dy<Mecn ueV(Gr)

Since limsup,,_, ., é ZUEV(Gn) d;, < oo (from Observation 2.1), the second term in the RHS of
(2.5) converges to 0 on letting n — oo followed by M — co.

Next, recall that 7 = n(e) is such that 6,11 < e < 6,. Thus, for all n large enough, d, 11 < ec, <
dy, and as n — oo, the first term in the RHS above becomes

hmsupz ul{d <M€cn}<29r1{0 < Me} = ZHT1{€<0 < Me},
neo u=1 u=1

which converges to 0 on letting ¢ — 0, by using DCT along with the fact that > >, 60 <

u=1"u

lim sup,,_, é 2 uev(Gn) @u < o0 (by Fatou’s lemma). O

Combining Lemma 2.2 and Lemma 2.3 it follows that
T(Kl,m Gn) :T(Kl,ra Gn,e) + OP(l)
=T (K1, Gy o) + T(K1y, G ) +op(1). (2.6)

Therefore, the limiting distribution of the T'(K,,G)) is the same as that of T+(K1,T,GZ7€) +
T(Kl,m G;E).

2.2. Independence in Moments of the Contributions from GIE and G, .. In this section
we show that the number of monochromatic Ki, coming from G; < and G, are asymptotically
independent in moments. Without loss of generality, assume the vertices in V(G,,) are labelled
L,2,...,|V(Gy)| such that dy > dy > .-+ > djy(q,), and n = n(e) such that 0,1 < e < 0,
(assuming 79 = lim._,on(e) > 1). Then, by definition (2.3),

n
T v
T\ (K1, Gl.) = Z( Giﬁ( )), where Ty (v) = Y aw(Gn){Xu =X}, (27)
v=1 u€V (Gn,e)
is the number of monochromatic r-stars in Gy, o, with central vertex v € V-(Gy,).
Now, fix a finite positive integer K < 79. Then, for € > 0 small enough, n(¢) > K, and so
{Tg+ (v) : 1 < v < K} are well defined. The following lemma shows that this collection and

T(Kljg, G-

n.c) are asymptotically independent in the moments.

Lemma 2.4. Assume (1.4) holds. Then for every finite K < mny and non-negative integers
Syt1, - Uk,
K

E (T(KLQ,G;E)SHTG:’E@) ) ET(K2,G (EH )‘ 0. (2.8

v=1

lim lim
e—>0n—o0

Proof of Lemma 2.j. For any labeled subgraph H of G,,, define

|V (H)|—v(H)
s =€ [ 1{XU=XU}=(CI)

(uw)EE(H) "

; (2.9)
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where v(H) is the number of connected components of H. Note that the definition of 5(-) is
invariant to the labelling of H, and so, it extends to unlabelled graphs as well. Thus, without loss
of generality, we will define S(H) as in (2.9), for an unlabelled graph H as well.

Let Hy = (V(H1),E(Hy)) and Hy = (V(Hz2), E(H2)) be two (labelled) subgraphs of Gy, that
is, V(H;) and V(H3) are subsets of V(G,,), which inherits the labelling induced by V(Gy,), and
E(H,) and E(Hz) are subsets of E(H). Let Hy|JH> = (V(H1) UV (H2), E(H1)J E(H2)).

Lemma 2.5. For any two finite graphs Hy and Ho, B (Hi|J H2) > B(H1)B(Hz), where B(-) is
defined above in (2.9).

Proof. Denote by F' = Hi|J Ho, and let Fy, Fy, ..., F »(F) be the connected components of F'. Define

I ={s€ ()] :V(F)(V(H)# 2 and V(F,) [ |V(H;
Iy={s€[u(F)]: V(F)(V(H) =2 and V(F,) (| V(H2 %@}
Iy ={s € [v(F)] : V(F,) [ \V(H:) # @ and V(F,) (| V(H,) # @}. (2.10)

Fix s € .712, that is, V(Fs) NV (H1) 75 @ and V(F;)(V(Hz) # @. Then Fy = F.|J F!, where
(V(F)(\V(Hy), E(Fs)(E(Hy)), and F = (V(F,)(|V(Ha), E(F.)( | E(Hy))
Let FspF/ .. F}, be the connected components of F, and similarly, F};, Fi5 ... F., be the con-

sl

nected components of F!', where a = v(F!) and b = v(F.). Construct a blpartite graph B =
(BL\J B!, E(Bs)), where B’ ={Fl,Fly,...F/,} and B! = {F/|,Fl,,... F;} and there is any edge
between Fy, and Fg if and only if V(F,,) NV (Fy,) # @, for x € [a] and y € [b]. Note that
V(FDHN V(FS”)\ > \E(BS)\, and since the graph Fj is connected, the graph By is also connected.
Therefore,

V(E) (\VED = [E(Bs)| = [V(Bs)| = 1 = v(F) +v(F]) - 1
This implies,
V(E)| = [VE) + [V(E)] = [V(E) (VVED] < |VE)] = v(F) + |V(ED| - v(F) +1
Then, recalling (2.10), it follows that

=[] 8 [ 8F) [ BF

sely s€lqy 86112
1\ IV E)I=

“I(5) I Il

s€lio sely s€ls

[V (F)|—v(Fy) 1 [V(ED|-v(FY)
> (11 <C ) NEIEI <C> I] 5(F.)
sclio n sely sclio n sels
=B(H1)B(Ha),
completing the proof of the lemma. O

Now, recall the definitions of the graph G,, . from Section 2.1, and note that
T(KirGpo)= Y, HXouh, (2.11)
uES(Gn e)

where



10 BHATTACHARYA AND MUKHERJEE

- 7 (G,, ) is the collection of ordered (r+1)-tuples w = (ug, u1, - - , ur), such that ug, u1, ..., u, €
V(G ) are distinct and (ug,u;) € E(G,, ), for i € [1,7]; and
- Xy =1{Xy, =Xy, = = Xy, )
For any u € V(Gy,), let Ny (u (u) be the neighborhood of u in G .. Index the vertices in Ng+ (u)

as {b1(v), ba(v), ... byt (v)}, where d; is the degree of the vertex v in G} .. Let

I = H Ngs (0) x 7(GyrL)°
v=1

denote the collection of vertices {bj(v),1 < j <t,,1 <v < K} and s ordered (r + 1)-tuples
uy = (u10, U11, U12, Uty ), U2 = (U0, U1, U2, 5 Uy )y« ooy Us = (Us0, Usl, - - - Usr),
such that b;(v) € Nei (v), for j € [t,] and v € [1, K] and u, € (G, ), for a € [1,5].
Then expanding the product T'(K1 2, G, .)° HU T ( )tv over the sum, the LHS of (2.15) can

be bounded above by:
K s
HHl{Xv —Xb v)}]Enl{X uu - H EH]‘{XU :ij(v)}EH]'{X:ua}
v=1 a=1

2.[E |
v=1 j=1 j=1
= Z’ﬁ <H1UH2) (H2)‘ (2.12)

where (3(-) is defined in (2.9) and

— H, is the simple labelled subgraph of G} _ obtained by the union of the edges (v, b;(v)) for
j €l ty) and v € [1,K].
— Hp is the simple labelled subgraph of G, . obtained by the union of the r-stars formed by
the collection of (r + 1)-tuples {wuq,--- ,us}. More formally, Hy = (V(Ha2), E(Hz2)), where
S S
V(H U i and EngU (ujo,ujq) : 1 <a <r}.
J: :
Note that if V(H;)(V(H2) = @, then 5 (H; |J H2) = f(H1)B(H2), and so without loss of gener-
ality we may assume that the sum over I' includes only terms for which Hy () He # 9.

Definition 2.2. Let #H,,, m, denote the set of all unlabelled graphs H = (V(H ), E(H)) which can
be formed by the union of m edges and msy copies of K1 ,.

Now, recalling that 8 (H:|JHz2) = B(H1)B(Ha), if V(H1)(\V(Hz) = @, and 5 (H1JH2) >
B(H1)B(Hz) otherwise, the RHS of (2.12) can be bounded as follows:

> ‘5 (H1UH2> —B(Hl)ﬁ(Hz)‘ <> 8 (H1UH2)
D30 3D SRS SRICAUEN

m1=1ma=1 HEHm ,my I'"H1 |J Ho=H

<SS Y AENELGLIKLGL).  (213)

mi1=1mo=1 HGHml,mz

Ly

where
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— G} _[K] be the induced sub-graph of G} _ formed by the vertices labeled {1,2,..., K}, that
is, the K highest degree vertices in G,; and
- N(H,G} [K],G, ) is the number of copies of H = H;|J H> in G}/ _[K]|JG,, ., such that

»y Une
H is formed by the union of m; edges from G} [K] and Hj is formed by the union of my
copies of K1, from G, and V(H;)(V(H2) # @.

n,e”
Now, using B(H) = —var—rz (by Lemma 2.5), and since the sum over my, mgo, H in (2.13) are
cn
all finite, to prove (2.15) it suffices to show that for every H € Huy, msos

N(H, G, [K], G, )

L — 0. (2.14)

lim sup lim sup V) o ()
Cn v

e—0 n— 00

To this end, fix H € Hp, m, such that H = H;|J H», such that H; is formed by the union
of my edges from G;ZE[K] and Hy is formed by the union of my copies of Kj, from G, ., and
V(Hy) NV (Hs) # @ (otherwise N(H,G [K], G, .) = 0). Let C1,Cy,...,Cyp) the connected
components of H. Fix 1 < j < v(H) and consider the following three cases:

~ V(Cj) only intersects V(Hy). Since G,f.[K] is a bi-partite graph with bi-partition with
|E(G [K])| < KA(Gr) Sr Key (using A(Gr) = O(cp)). This gives

N(Cy, Gy [K]) < |B(G KDV <y (Ke) VL,

— V(Cj) only intersects V(Hz). Then there exists 1 < h < mg such that Hs is spanned by
h isomorphic copies of Kj,. Thus, using the bounds N (K ,,Gy) = ©(c},) and gives the
bound

N(Cj, Gy o) < N(K1p, Gr)A(Gy) VOl < )
using A(Gr) = O(cp).

— V(Cj) intersects both V(H;) and V(Hz). If C; is such that it intersects both H; and Ho,
then there is a vertex v € V(Hy) (| V(Hz), such that (u,v) is an edge in G;} [[K], and (v, w)

is an edge G, .. Thus, using the estimate A(G) = O(cy),

N(Cy,Gy K], Gy ) SE(G; K] ( max dv) A(G)IV(©)I=8
veV(Gr )

[V (Cy)l-1
Sroma,me Keen 7 .

Taking a product over 1 < j < v(H) and, since V(H;) [V (H2) # @, gives
N(H,G K], Gy ) Spamy e K1V =V H) JVE) | —v(H)

I n,e) ~

which implies (2.14), from which the desired conclusion follows. O

2.3. Contribution from G} .. In this section we compute the asymptotic distribution of T'y (K1, G;\ )
(recall (2.3)). This involves showing that the collection {Tj;+ (v) : 1 < v < K} are asymptotically
independent, by another moment comparison.

Lemma 2.6. Assume (1.4) holds, and € > 0 small enough. Then for all non-negative integers
S1,° ,SK,

lim
n—oo

=0. (2.15)

K K
E (H Tcxa(vf”) — [ BT, (v)™
v=1 v=1




12 BHATTACHARYA AND MUKHERJEE

As a consequence, T+(K17T,G,J{7E) B S (7;”), as n — oo, where T1,Ty, ..., T, are independent
Pois(01), Pois(6s), . .., Pois(6,), respectively. (Recall that n = n(e) is such that 611 < e < 6,.)

Proof. Expanding the moments, we have

K K sy K Su
EJ] 7e: (v HE e =Y ETTTTHXe = X0} — [TET] 1H{Xe = X500}
v=1 r v=1j=1 v=1 j=1
K K
Bolf (U H<v>) 1 mmv»‘
I v=1 v=1

where

— I' is the collection of all possible choices of b;(v) € Ng, . (v), for j € [s,] and v € [K]; and
— H(v) denotes the simple graph formed by union of all the edges (v, b;(v)), for j € [s,]. Note
that H(v) is isomorphic to a star graph, for every v € [K].

If Ule H(v) is a forest, then the collection of random variables {1{ X, = X} (,),J € [s0],v € [K]}
are mutually independent, and so, (3 (UUK:1 H(v)) = Hszl B(H (v)). Thus, without loss of generality,
assume that Uff:l H(v) is not a forest, that is, it contains a cycle. Then denoting H,, to be the
set of unlabelled graphs with m vertices and s := Zle Sy, using Lemma 2.5 gives

K K 2s K
([T @ - [[ETy |3 % > s (UH@))
v=1 v=1 )NH

m=2 He r:UX  H v=1
H containszlcycle U=y H (v)=

= > N(H, Gy [K])B(H)

H contains a cycle

a JVE)|-v(H) '
HeHm n
H contains a cycle
Now, fix H € H;, with connected components Hi, Ha, ..., H, ), and assume without loss of

generality that Hy contains a cycle of length g > 3. Invoking [3, Lemma 2.3] gives,
N(H), G LK) S |E(GLIKDIVE9/2 < (KAG,))V El-or2,

where the last inequality uses \E(GTJ{‘E[K]\ < KA(Gy). Also, by [3, Lemma 2.3], for j > 2,
N(Hj, G} [K]) SE(G) K]V < (KA(G,)) V)7L

Taking a product over j and using A(G,) = O(cy,), gives

v(H)
N(H,G [K H N(Hj,Gyp) < KIVIDI=v DI VIDI=9/2
7j=1
Lo .. N(H,GY K] . . . .
which implies lim sup,,_, . Ve = 0, as g > 3. Since the sum in (2.16) is finite (does not

depend on n, ¢), the conclusion in (2.15) follows.
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Moreover, since T+ (v) — Pois(fy) in distribution and in moments, (2.15) implies that

n n
E (H TG%(U)%) — [ EPois(8,)*
v=1 ‘ v=1
This implies, as the Poisson distribution is uniquely determined by its moments,
(TG (1)3 Tgig (2)7 v ’TG:';E (7])) - (Tla T2a s 7T77)7

as n — 00, in distribution and in moments, where 11,75, ..., T}, are independent Pois(6), Pois(62),
..., Pois(6,), respectively. Finally, recalling (2.7) and by the continuous mapping theorem 77 (K7, G;t}e) =

T e :
b ( Gﬁ,s(v)) D (T“) in distribution and in moments, as n — oo. O
s = r

lim
n—oo

+
n,e

v=1

2.4. Contribution from G, .. In this section we derive the limiting distribution of T'(K1,, G,, .),
by invoking [/, Theorem 2.1], which gives conditions under which the number of monochromatic
subgraphs (in particular monochromatic stars) converges to a linear combination of Poisson vari-
ables.

Lemma 2.7. Asn — oo followed by ¢ — 0,

r+1
T(K1p,Gro) = Y kZg,
k=1

in distribution and in moments, where Zy,Zs, ..., Zy+1 are independent Pois(A] — % Yoo 6,
Pois(A2), ... Pois(Ar4+1), respectively.

Proof of Lemma 2.7. We will prove this result by invoking [1, Theorem 2.1]. To begin with, let
F be a graph formed by union of two isomorphic copies of K7, such that |V (F)| > r+1. Then F
is connected, and
N(F,Gpo) S N(Kiy, Gyo) - A(G) VT < N (K, G) - () VI
— V) =r=1 JV(F)[-1
n

Therefore, WN(F, G,.) = o(1), n — oo followed by € — 0, when |V (F)| > r + 1.
It remains to consider super-graphs F' O K1, with |V (F')| = r+1. Recalling €, :== {F 2 K1, :
|[V(F)| =r+1and N(Ki,, F) =k}, we have the following lemma.

Lemma 2.8. For any F' € G, with k € [2,741], Nina(F, Gpne) = Nina(F, G}, .)+o(cp,), asn — oo
followed by e — 0.

Proof. Let k € [2,r + 1] and suppose F' € %, is an induced subgraph of G,, ., such that V(F') is
not completely contained in V' (G, ). Then, since F' has at least two vertices of degree r and any
two degree r vertices must be neighbors, the vertices of F' can be spanned by a r-star whose central
vertex is in Ng,, . (Ve(Gr)). Therefore, the difference Ny (F, Gn ) — Nind(F, G}, ) is bounded above
by (up to constants depending only on )

Z Z Z Avuy (G )aw(u, Gr), (2.17)

v¢ Ve (Gn) u1 €V (Gn) ue(Vr(f?))

which is o(c],) (from the proof of Lemma 2.3). O
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Using the above lemma and Niyq(F, Gr,) = Nina(F, Grnc) +0(c;,) (by Lemma 2.2), it follows that,
for k € [2,7 + 1],

ZFE%’r,k Nind(F’ Ggﬁ) . . ZFG%’T,k Nind(Fv Gn)

lim lim = lim lim = A,
e—0n—o0 ch e—0n—o0 cr

where the last equality uses (1.5).
It remains to consider the case k = 1. To begin with, observe that for any graph G,

r+1
N(Kl,T> G) = Z Z kNind(F7 G) (218)
k=1 F€EC,

Moreover, using Lemma 2.2 and (2.6) gives

n
N(Ki,,G,.) = N(K1,,Gn) Z()

v=1

Now, using this and (2.18) with G = G, . gives

Nin FvG; ! s Nin F,G,
ZFECKTJ d( »5) _N(Klra n 12( >_Zk Z d( ) n,5)+0(1)

CT’ CT CT
n n k=2 F€E%, n

v=1
r+1 00 r r—+1

=) kA — Z - Z kXi  (using (2.18) with G = G,, and (1.5))
k=1

:)\I_ZF7

u=1

as n — oo followed by ¢ — 0. Then by [4, Theorem 2.1], we have T'(K1 ., G,, ) et St kZ), where
Z1,Za, ..., Zry1 are as in the statement of the lemma.

The convergence in moments is a consequence of uniform integrability as E(T'(K1,,G,,.)) <
ET (K1 ,,Gpn)" = O,(1) for every fixed integer r > 1 [3, Theorem 1.2].

2.5. Completing the Proof of Theorem 1.2. To begin use Lemma 2.3 to note that it suffices
to find the limiting distribution of

n

3 (TG{f (”)> + T(K1,, Gy,

v=1

under the double limit as n — oo followed by € — 0. Fix an integer M > 1 and write the above
random variable as

f(TG¢;<v>>+ S (%ot:) 1 100,65

v=1 v=M+1

Under the double limit the random vector

r+1
_ D
(TG%(U,... ,TGL(M),T(KLT,G,L’E)) =4 (Tl,... T :k:Zk> ,
k=1
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by invoking Lemmas 2.4, 2.6 and 2.7. By continuous mapping theorem this gives

é(T(ﬁr( )>+T(K1T,Gm —>Z< >+§kzk,

the RHS of which on letting p — oo converges in distribution to > .-, (T”) + ZTH kZy. It thus
suffices to show that

N (Ter ()
lim lim lim § IE< Gr.e > =0.
M —o00 e—0n—o0 r
v=M-+1

The LHS above is bounded above by Y 7_,, 1 :, 9y which on letting n — oo followed by € — 0

CT?

gives ﬁ > o g1 0. This converges to 0 as M — oo, as y 7, 0 < 00, as noted in the proof of

Lemma 2.3. (Note that if lim. ,o7(e) := L < oo, then the term > 7_, ., ( Gf«ff (v)) + T (K1, Grp)
vanishes, thus simplifying the proof. )

Finally, the convergence in moments is a consequence of uniform integrability as all moments of
T(K,,,Gy) are bounded: that is, ET(K;,,Gy)" = O,(1) for every fixed integer r > 1 (this follows
from the proof of [3, Theorem 1.2]).

To prove the converse, invoking Proposition 1.1 we can assume, without loss of generality, that
N(Ki,,Gy) = O(cy,). This in turn implies that for every graph F' on r + 1 vertices which is a
super graph of Kj, we have Nij,q(F,Gr,) = O(c},). Thus by passing to a subsequence, assume
that Nina(F, Gp)/c;, converges for every F which is a super graph of K ,. This implies existence
of the limits in (1.5). Finally, using (2.2) we have max,cy(g,)dv = O(cn), and so the infinite
tuple {dy/cn}v>1 is an element of [0, K| for some K fixed. Since [0, K]V is compact in product
topology, there is a further subsequence along which d, /¢, converges for every v > 1 simultaneously.
Thus, moving to a subsequence, we can assume that d,/c, converges to 6, for every v. Invoking
the sufficiency part of the theorem gives that T'(K; ,,G,) converges in distribution to a random
variable of the desired form, completing the proof.

2.6. Proof of Corollary 1.3. The proof of (a) = (b) is immediate from Theorem 1.2, so it

suffices to prove (b) = (a). To this end, note that T'(Ki,,Gp) — ZTH kZj implies that (1.4)
holds (Proposition 1.1). Thus, by a similar argument which was used to prove the converse of
Theorem 1.2, it follows that along a subsequence the limits limy, o0 = o —Nina(F, Gp,) exist for all

super graphs F' of K, on r + 1 vertices, and so, for k € [1,7 + 1],

)\/ — lim Nind(F7 Gn)
k- n—00 T
Fecr,k n
is well defined. Then, as before, by passing to another subsequence the limits 6, := lim, g—z

exist for every v > 1, and by the if part of Theorem 1.2 along this subsequence,

r+1

T(Ky,, G Z( >+ZkZ;2,

v=1 k=1

where {T} },>1 and {Z} }1<x<r+1 are mutually independent, and 77, T3, . . are independent Pois(6)),

Pois(65), .. ., respectively, and Z1, Zy, ..., Z, | are independent P01s()\’ o2 1(62)7), Pois(X,),
., Pois(\]. ), respectively.
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However, since T'(K ,,Gy) converges in distribution to ZTH kZ; which has finite exponential
moment everywhere, it follows that 8/ = 0 for all v > 1, and consequently, the maximum degree
A(Gy) = o(c,). This also gives

r+1 r+1

S kz 23 kz,
k=1 k=1

and so the corresponding probability generating functions must match, that is,
r+1 r+1

H e’\k(sk_l) _ H ekk(sk_l), for all s € (0,1).
P =

This implies, 3711 A (sF — 1) = 2751 M (8% — 1), for all s € (0,1), and so the correspondin(g coerﬁ)—
Nind Kl,r: n

cients must be equal, giving A\ = A}.. Therefore, every sub sequential limit of > Fec, o

equal A\, for k € [1,r + 1], hence, (1.5) holds.

3. EXAMPLES

In this section we apply Theorem 1.2 to different deterministic and random graph models, and
determine the specific nature of the limiting distribution.

Example 1. (Disjoint Union of Stars) The proof of Theorem 1.2 shows that the quadratic term in
the limiting distribution of T'(K ,, Gy) appears due to the r-stars incident on vertices with degree
©(cp). This can be seen when G, is a disjoint union of star graphs.
e To begin with suppose G,, = K, is the n-star. Then N(K;,, K1) = (f), and if we color
K, with ¢, colors such that n/c, — 1, then E(T(K ,,Gy)) = % Note that the maximum
degree d(1) = n, which implies #; = 1. Moreover, d(3y = 1, which implies 6, = 0, for all
v > 2. Therefore, by Theorem 1.2,

Txl(lma(;n) £§ (IH)’

r

where T} ~ Pois(1). (Note that the graph G, is empty in this case.)
e Next, consider G, to be the disjoint union of the following stars: Ky |na; | K1, [naz s - -+ K1, nan]»

such that Y o2, a < oo. In this case, N(Ki,,Gpn) = > oy (LnfsJ) ~ S al I Gy,

is colored with ¢, colors such that n/c, — 1, then E(T(K1,,Gy)) = 5320 af. Also,
d(y) = |nay], which implies 6, = a,, for v > 1. This implies, by Theorem 1.2,

T(Ki,,G —>Z< )

where T ~ Pois(as) and 17, T, . .. are independent. Here, the linear terms linear in Poisson
do not contribute, as G, _ is empty, and ET (K1, Gp) ~ 5 >0, 67

e Finally, consider GG, to be the disjoint union of the following stars:

ey r—1 .

T;laK r=1 . r—2
1,|na1+n"7 | 1,|nag+n"7 | 1,lnan+n"7 |

In this case,

r—1

s=1
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since Y0 af = o(nl_é), for 1 < k < r (see Observation 3 1 below). If G, is colored
with ¢, colors such that n/c, — 1, then E(T(K1,,Gn)) — 5 (14+ 322, al). Also, diy =

|na, + n%J, which implies 6, = a,, for v > 1, and so Theorem 1.2 gives

T(Ky,,G %Z()

where Ts ~ Pois(as) and T7,Ts,... are independent, and Z ~ Pois(%) independent of
{1;}521-

Observation 3.1. If {as}s>1 is a sequence of non-negative real numbers such that Y oo, a < 00
then S0 a¥ = o(n'~ ) for1<k<r.

Proof. Fixing € > 0 and a positive integer N > 1 we get

n N n n
_1 _1
E aI;:E ak + E af1{a, <enr} + E af1{a; > en"r}
s=1 = s=N+1 s=N+1
R —
<§a—mkki > al.
6r7k
s=N+1

On dividing by nl=% and letting n — oo, the first term goes to 0 as it is a finite sum, and, therefore,

SF ar 1 -
limsup% <ef 4 — Z ar.
- €

k
n—o0 n T s=N+1

The desired conclusion now follows on letting N — oo followed by € — 0, on noting that > .2, al <
Q. ([l

Next, we see examples where there are no vertices of high degree, in which case, the quadratic
term vanishes (Corollary 1.3).

Example 2. (Regular Graphs) Let G, be a d-regular graph. In this case, N(K,,G,) = n(ﬁ)
Consider uniformly coloring the graph with ¢, colors such that in( ) — A. In this case, A(G,) =

max,cy(q,)dv = d = o(cy). Therefore, by Corollary 1.3, T(K1,,Gn) et St kZy, where
7y, Za, ..., Zyi1 are independent Pois(A; ), Pois(\2), . . ., Pois(A11) (recall (1.5)). (Note that Y2711 kA =
A.) The limit simplifies in special cases:
— Gy, = K, n, the regular bipartite graph. Since, bipartite graphs are triangle-free, Ning(F, G,) =
0, for any super-graph F of K , with |V (F')| = r+1. This implies Ay, =0, for 2 < k <r+1,
and Ay = A, and T(Ky,, Kn.n) 2 Pois()).
- G, = K,, the complete graph on n vertices. In this case, any induced graph on r + 1
vertices is isomorphic to K,41. This implies Ay = 0, for 1 < k < r and A\ 41 = and

T(Kyy, Kp) B (1 +1)Zps1, where Z,41 ~ Pois(:27).

i
r+17

Note that in all the above examples, the limiting distribution either involves only the quadratic
part or only the linear part. It is easy to construct examples where both the components show
up by taking disjoint unions (or connecting them with a few edges) of the graphs in the above
examples, as shown below:
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””” K o3 1
Kl,n "

FIGURE 2. Illustration for Example 3.

Example 3. Let G, be the graph in Figure 2. Note that it has three parts, a K1 ,, where one of
the leaves is connected by a single edge to a K, 2/3, which is connected by a single edge to a path
P,2. Consider coloring this graph by ¢, colors such that ¢, /n — k. This implies

(3) +3("5") +n?

5 — 22,
cn

1
E(T(K12,Gn)) = 5 N(K12,Gn) ~

n
Next, note that A(G,) = n, which corresponds to the central vertex of the Kj,. Therefore,
01 = k. For every other vertex the degree is o(n), which implies 6, = 0, for all v > 2. Finally, since

N(K3,Gyp) = (("2/31), vi=lim, o = N(K3,Gp) = %2. Therefore, by Theorem 1.2

2
p (Th
T(KLQ, Gn) — 9 + 373 + Zl,

where T} ~ Pois(k), Z3 ~ Pois(%g)7 and 7 ~ Pois(%Z).

Remark 3.1. (Extension to random graphs) By a simple conditioning argument, Theorem 1.2 can
be extended to random graphs by conditioning on the graph, under the assumption that the graph
and its coloring are jointly independent (see [1, Lemma 4.1]). In this case, whenever the limits in
(1.4) and (1.6) exist in probability, the limit (1.7) holds. For example, when G,, ~ G(n,p(n)) is
the Erd6s-Rényi random graph, then the limiting distribution of T'(Ky ., G,) (when ¢, is chosen
such that éE(N(KLr, Gr)) = \) can be easily derived using Theorem 1.2. In this case, depending

on whether (a) n#p(n) — O(1), (b) p(n) — O,n%ﬂp(n) — 00, or (c) p(n) =p € (0,1) is fixed,
T(K,,Gr) converges to (a) zero in probability, or (b) Pois()A), or (c¢) a linear combination of
independent Poisson variables (see [/, Theorem 1.3] for details).

4. CONCLUSION AND OPEN PROBLEMS

This paper studies the limiting distribution of the number of monochromatic r-stars in a uni-
formly random coloring of a growing graph sequence. We provide a complete characterization of
the limiting distribution of T'(K} ,, Gy), in the regime where E(T(K; ,,Gy)) = O(1).

It remains open to understand the limiting distribution of T'(K; ,, Gy) when E(T(K; ,, Gy)) =
é]\f (K1,,Gy) grows to infinity. For the case of monochromatic edges, [3, Theorem 1.2] showed

that T (K2, Gy,) (centered by the mean and scaled by the standard deviation) converges to N (0, 1),
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whenever E(T(K2,Gy)) = $|E(Gn)| — oo such that ¢, — co. Error rates for the above CLT were
obtained by Fang [I13]. It is natural to wonder whether this universality phenomenon extends to
monochromatic r-stars, and more generally, to any fixed connected graph H.

On the other hand, when E(T'(K2,Gy)) — oo such that the number of colors ¢, = ¢ is fixed,
then T'(K29,Gy) (after appropriate centering and scaling) is asymptotically normal if and only if
its fourth moment converges to 3 [3, Theorem 1.3]. It would be interesting to explore whether this
fourth-moment phenomenon extends to monochromatic r-stars.

Acknowledgement: The authors are indebted to Somabha Mukherjee for his careful comments on an
earlier version of the manuscript, and Swastik Kopparty for helpful discussions.
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