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On the weight distribution of random binary
linear codes

Nati Linial * Jonathan Mosheiff

Abstract

We investigate the weight distribution of random binary linear codes.
For 0 < A < 1and n — oo pick uniformly at random An vectors in [F; and let
C' < 3 be the orthogonal complement of their span. Given 0 < y < 1/2 with
0 < A < h(7v) let X be the random variable that counts the number of words
in C of Hamming weight yn. In this paper we determine the asymptotics of
the moments of X of all orders 0(% ).

1 Introduction

Random linear codes play a major role in the theory of error correcting codes, and
are also important in other areas such as information theory, theoretical computer
science and cryptography [7, 10, 2, 1]. Nevertheless, not much seems to be known
about their properties. As already shown in Shannon’s foundational paper [11],
random linear codes occupy a particularly prominent position in coding theory,
being in some sense the best error correcting codes. The present paper is moti-
vated by the contrast between the importance of random codes and the lack of
our understanding. Our main aim is to improve our comprehension of the weight
distribution of random binary linear codes.

The two most basic parameters of a code C' ¢ F}) are its rate R = log+|C| and

) . . in{|z— c . )
its relative distance § = Uzl lf’ye 0} where | - || is the Hamming norm.
d

Clearly, the rate of a d-dimensional linear code C' ¢ [F7 is ©, and its relative
min{|w| | weC w0}
m .

distance is

“Department of Computer Science, Hebrew University, Jerusalem 9190401. e-mail:
nati@cs.huji.ac.il. Supported by ERC grant 339096 “High-dimensional combinatorics”.

"Department of Computer Science, Hebrew University, Jerusalem 9190401. e-mail:
yonatanm@cs.huji.ac.il. Supported by the Adams Fellowship Program of the Israel Academy
of Sciences and Humanities.



It is a major challenge to understand the trade-off between rate and distance
for linear as well as general codes. Concretely, given 0 < § < % we wish to know
the value of limsup R(C') where the the limsup is taken over all binary codes
of relative distance at least 0. The Gilbert-Varshamov lower bound (e.g., [6], p.
82) states that R > 1 — h(¢) is achievable, where A is the binary entropy function.
Despite many attempts, this bound has not been improved, nor shown to be tight,
through over 60 years of intense investigations. The best known upper bound,
from 1977, is due to McEliece, Rodemich, Rumsey and Welch [8]. An alternative
proof of this bound, using harmonic analysis on 5, was given in 2007 by Navon
and Samorodnitsky [9]. Note that this is an upper bound on all codes. It remains
a major open question whether there are stricter upper bounds that apply only to
linear codes.

This paper concerns the weight distribution of random linear codes. Con-
cretely, fix two rational numbers 0 < v < 3 and 0 < A < h(7), and let n € N be
such that An is an integer and yn is an even integer!. Let C' = C,, , be a random
subspace of F7 that is defined via C' := {x € F}|Kx = 0} where K is a uniformly
random An x n binary matrix. Clearly dim C' > (1 - \)n, and with very high prob-
ability equality holds. Denote L = L, , = {z € F} | |z]| = yn}. We investigate
the distribution of the random variable X = X,, .y = |C' n L] for fixed v and A
when n — co. Clearly E(X) = N~A(" ) = Nh)=+o(D)_where N = 2". This fol-
lows since every x € L, , belongs to a random C,, , with probability N-*. Also,
lim,, o, E(X') = o0, since, by assumption A < h(7).

It is instructive to compare what happens if rather than a random linear code
C, we consider a uniformly random subset C” c 7, where every vector in [}
independently belongs to C” with probability N-*. In analogy, we define X' =
|C" n L|, and the distribution of X' is clearly approximately normal. It would
not be unreasonable to guess that X behaves similarly, and in particular that its
limit distribution, as n — oo 1s normal. However, as we show, the code’s linear
structure has a rather strong effect. Indeed X does not converge to a normal
random variable, and moreover, only a few of its central moments are bounded.

1.1 Rough outline of the proof

We seek to approximate the central k-th moments of X for all £ < 0(@). In
Section 2 we reduce this question to an enumeration problem that we describe
next. We say that a linear subspace U < F% is robust if every system of linear
equations that defines it involves all k coordinates. Given a subspace U < F%, let
Ty be the set of all k£ x n binary matrices where every column is a vector in U and

"For other ranges of the problem - See our Discussion.



every row has weight yn. We show that

k-1

E(X-EX)) =0 XN Y |Iy||. (1)
d=0 V<F&
dim(V)=d
V robust

The main challenge is to estimate the internal sum, but understanding the interac-
tion with the outer sum is nontrivial either. The reason that we can resolve this
problem is that the main contributors to the internal sum are fairly easy to de-
scribe. As it turns out, this yields a satisfactory answer even though we provide a
rather crude upper bound on all the other terms.

A key player in this story is the space of even-weight vectors V' = V¥ < F%.
In Section 3 we solve this enumeration problem for this space, and show that
|Tyx| ~ NF(7) up to a factor that is polynomial in n and exponential in k. Here
F(k,7) is the entropy of a certain entropy maximizing probability distribution on
V*. In our proof, we generate a k x n matrix A with i.i.d. columns sampled from
this distribution, and compute the probability that A € Tyx. The function F' has
the explicit description

F(k,v) = 1mir{]log2 ((L+z)"+ (1-2)k) - kylogyz -1
and its asymptotic behavior for large k is:
F(k,v) = kh(y) = 1+0((1-27)").

In Section 4 we use the result of Section 3 to bound |7 for a general robust
U < F%. Consider a robust space U < F% of the form @, V™, where Y m; =
k. Clearly, [Ty| = T15. |Tym:| » NEZi=F(miv) - Hence, finding a space of this
form of given dimension that maximizes |Ty| translates into a question about the
dependence of F'(m,~) on m. We show (Lemma 20) that this function is convex,
so that the optimum is attained at m; =k —2c+2and mgo =mg = ... =m, = 2.

We show that if U < TF% is robust and not a product of Even spaces, then there
is some V' of this form and of the same dimension with |Ty/| > |T;;|. We reduce the
proof of this claim (Equation 23) to the analysis of m x n matrices where every
row weighs yn, the first 4n columns have odd weight and the last (1-0)n ones are
even. A key step in the proof (Lemma 19) shows that the number of such matrices
decreases with 9.

Finally, in Section 5, the results of the previous sections are put together to
find the dominating terms of Equation 1, yielding the moments of X. For even
k, we show that the dominating terms are those corresponding to either d = g or




d = k -1, and respectively, to the subspaces EBf:/ f V2 or V*. More precisely, there
exists some ko(,d) such that the former dominates when k < ky and the latter
when k > ky. The behavior of odd order moments is similar, although slightly
more complicated to state.

Theorems 2 and 3 in Section 5, deal with even and odd order moments, respec-

tively. Theorem 1 gives the central moments of the normalized variable \/%(X)

Theorem 1. Fix y < 5 and 0 < X < h(7) and let

o = min{m [ F(m.7) = (m=1)A> 2 (h(y) - )\)}.

Then, for 2 <k < o(+%-),

logn

E(X — E(X)) o(1) lf/{ZlS odd and < kg
=11 +0(1)) k! if k is even and < ky
Var(X)> NFna)-5ne)-(5-DA-28200(8) g s o

We call the reader’s attention to the following interesting point on which we
elaborate below. For fixed v and \ there is a bounded number of moments for
which our distribution behaves as if it were normal, but from that index on its lin-
ear structure starts to dominate the picture and the moments become unbounded.
(See Figure 1).

1.2 Preliminaries

General: Unless stated otherwise, all logarithms here are to base 2.

Our default is that an asymptotic statement refers to n — oo, while the parameters
~ and )\ take fixed arbitrary values within their respective domains. Other param-
eters such as £ may or may not depend on n.

Entropy: We use the standard notation h(t) = —t-logt—(1-t)-log(1-t). Entropy
and conditional entropy are always binary.

Linear algebra: U <V means that U is a linear subspace of the vector space V.
The weight, |u| of a vector u € F% is the number of its 1 coordinates. Accordingly
we call u even or odd. Likewise, the weight | A| of a binary matrix A, is the num-
ber of its 1 entries.

The sets of even and odd vectors in [F} are denoted by V™ and D".

The i-th row of a matrix A is denoted by A;. If I € [k] then A; is the sub-matrix
consisting of the rows {A; | i € I'}. Also vy is the restriction of the vector v to the
coordinates in /.
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Figure 1: Illustration for Theorem 1. For k < kg = ko(7, A) the k-th moment of
X is that of a normal distribution. The relevant range A < h(~) is below the solid
line. Note that &y = 3 for much of the parameters range.

For a subspace U < F% and I c [k] we denote by U the projection of U to the co-
ordinates in [, i.e., Uy = {u; | u € U}, and we use the shorthand d;(U) = dim Uy,
and d(U) =dimU.

2 From moments to enumeration.

To recap: C' = (), » is a random linear subspace of IF}, and L = L,, , is the yn-th
layer of F%. We fix 0 <y < 1,0 < A < h(7), so that An is an integer and yn is an
even integer, and we start to investigate the moments of X =|C'n L|, as n — oo.

The probability that C' contains a given subset of I} depends only on its linear
dimension:

Proposition 1. IfY < F? has dimension dim(Y) = d, then Pr(Y c C') = N-7.

Proof. As mentioned, we think of C' as the kernel of a uniform random An x n
binary matrix K, so Y ¢ C'iff every row of K is orthogonal to Y. The probability
of this event is 2¢ for a given row, and 2-*"¢ = N~ for all rows together. O



2.1 Interpreting the central moments of X
We turn to express X and its moments in terms of indicator random variables.

Definition 2. For a vector u € F}, let Y,, be the indicator for the event that u € C.
For a binary k x n matrix A we let Y, be the indicator random variable for the
event that every row of A is in C.

Proposition 1 plainly yields the first two central moments of X.

E(X) =) E(Y,)=|L|N*= (VT;)NA _ Nh()-A-1E240(L)

uel
Proposition 1 also implies that Cov(Y,,,Y,) = 0 for every u # v € L. Hence,
Var(X) = Z Var(Yu) - ( n )N—)\(l _ N—A) — Nh(W)—)\—l"Q%+O(%)'
uel n

In words, the first two moments of X are not affected by the linearity of C'

We now turn to higher order moments. Specifically we wish to compute the
k-th central moment of X for any 2 < k < o(;)-

We denote by W), = W, , the set of binary k x n matrices in which every row
has weight yn. We also introduce

Definition 3. For a subspace U < F% we denote
TU7n7,Y=TU={A€Wk|IH1A§U}

and _ _
TU,n,'y ZTU = {AE Wk | ImA = U}

Let us expand the k-th central moment.
k
= X X E(HYM),H (-E(¥,). @

u,...,up€L Ic[k] iel je[k]NT
If A is the matrix with rows uq, ..., ux, then by Proposition 1 this equals
Z Z (_1)k7|l| X N*)\'(rankA[*k‘F‘ID'
AeWy, IE[k’]

We group the matrices A € W}, with the same image U and rewrite the above as

S Tyl S (~1)F . N=A )=k

U<F% Ic[k]



which we restate as

E((X-E(X))")= ¥ [Tu|Ru, 3)
U<F%
where for any U < F%
Ry = Z (_1)k—|fl . N (dr(U)=k+1]) 4)
Ic[k]

We proceed as follows:

1. We recall the notion of a robust linear subspace of F%, and compute Ry
separately for robust and non-robust subspaces.

2. Using Mobius inversion, we restate Equation 3 in terms of |T| rather than
Tyl.

2.1.1 Computing Ry,

It is revealing to consider our treatment of X alongside a proof of the Central Limit
Theorem (CLT) based on the moments method (e.g., [5]). In that proof, the k-th
moment of a sum of random variables of expectation zero is expressed as a sum of
expectations of degree-k monomials, just as in our Equation 2. These monomials
are then grouped according to the relations between their factors. In the CLT
proof, it is assumed that each tuple’s non-repeating factors are independent, so
monomials are grouped according to their degree sequence. Here, and specifically
in Equation 3, we need a more refined analysis that accounts for the linear matroid
that is defined by the monomial’s factors.

In the proof the the CLT there holds E(M) = 0 for every monomial )M that
contains a degree-1 factor Y. This follows, since E(Y) = 0 and the rest of the
monomial is independent of Y. Something similar happens here too. If u does not
participate in any linear relation with the other factors in its monomial, then Y,
can play a role analogous to that of Y. This intuition is captured by the following
definition and proposition.

Definition 4. Let U < F% be a linear subspace. We say that its i-th coordinate is
sensitive if dji)« (i3 (U) = d(U) — 1. We denote by Sen(U) the set of U’s sensitive
coordinates. Also, if Sen(U) = @, we say that U is robust.

It is not hard to see that equivalently, robustness means that every 1-co-dimensional
coordinate-wise projection of U has the same dimension as U. Yet another de-
scription is that every system of linear equations that defines U must involve all
coordinates.



Proposition 5. For U < F% it holds that
1. If U is robust then Ry = © (N-4UUN),
2. If U is not robust then Ry = 0.

Proof. We use here the shorthand d = d(U) and d; = d;(U).

We start with the case of a robust U. Note that for every I ¢ [k] there holds
d; > d—Fk+|I|+ 1. For let us carry out the projection as k — |I| steps of 1-co-
dimensional projections. At each step the dimension either stays or goes down by
one. But since U is robust, in the first step the dimension stays.

We claim that in the expression for Ry in Equation 4, the term N~ that
corresponds to I = [k] dominates the rest of the sum. Indeed, each of the other
2k — 1 summands is +©(N-*+D). Consequently, Ry = O(N ).

Let us consider next a non-robust U. If I is a set of sensitive coordinates and
J is a set of non-sensitive coordinates, then d;,; = |I| + d;. Consequently:

Ry= ¥ T (L)1)
IcSen(U) Je[k]\Sen(U)
- T (1) A
IcSen(U) Je[k]\Sen(U)

= ( Z (_1)II) ( Z (_1)kJ|N/\(dJ+k|J)) =0.
Jelk]

IcSen(U) \Sen(U)

2.1.2 From |Ty|to [Ty|

In order for Equation 3 to be expressed in terms of |Ty| rather than || we can

appeal to the Mobius inversion formula for vector spaces over a finite field (e.g.,
[12], Ch 3.10).

E((X-E(X))")= 3 Ry 3 (1)) o) gy |

Ukt VsU

= Z |TV| Z RU(—l)d(U)—d(V) .2(d(U);d(V))'
V<F3 V<U<Fk

Grouping the U’s by their dimension i = d(U'), we express the above as

k -

STV (D)) Y (<1208 S Ry

V<Fk i=d(V) V<U<Fk
d(U)=i



By Proposition 5, this sum can be further rewritten as
aw s . o(T5Y) L N
Z |TV|(_1) Z (_1)1'2 2 )Ny
V<Fk i=d(V)

where
Ziv=[{U|V <U<F5 A d(U)=1i A U is robust}|.

Note that if V' is non-robust then every U > V' is also non-robust. Hence, the
outer sum terms corresponding to non-robust V’s vanish. If V' is robust, we claim
that the inner sum is dominated by the term i = d(1") and that consequently

E((X-EX))=0] Y [Tv]- N, (5)
V<F%
V robust

Indeed, V is contained in at most 22+(i-d(V))(k~)) dimension-i spaces, so the
absolute value of the inner sum’s ¢-term is at most

2(i’d2(v))—)\ni+2+(z’—d(v))(k;—i) _ 22+(i-d(V))(k_%)_im < 9-in+1-k)+2.

In order to proceed we need to estimate the cardinalities |Ty/|. As we show in
Sections 3 and 4, at least for large enough £, Equation 5 is dominated by the term
V = V¥, the subspace of even-weight vectors.

3 The intersection of V* and the yn-th layer

In this section we give tight estimates for |T'| = [Ty ,, ,|. As usual we assume that
0<y< % and yn is an even integer. We need the following terminology:

Definition 6. Ler Ay, be a binary matrix.

* A row of A is said to satisfy the row condition if it weighs yn. If this holds
for every row of A, we say that A satisfies the row condition.

* The column condition for A is that every column be of even weight.

* Recall that Tk ,, ., is the set of k xn binary matrices satisfying both the row
and the column conditions.

To estimate |T'|, we define a certain probability measure 7 = 7, , on binary
k x n matrices. Under this measure the probability of the event 7" is not too small,



viz., inverse polynomial in n and exponentially small in k. We then estimate |T|
by using our bounds on this probability.

In this distribution 7 columns are chosen independently according to a distri-
bution P = P, that is supported on V*, and is Sy-invariant. Naturally, we choose
it so that for every ::

uPN’%(uZ =1)=7. (6)

We seek a distribution P of largest possible entropy that satisfies these conditions.
The intuition behind this choice has to do with the theory of exponential families
(E.g., [13] Chapter 3) which provides a framework to describe and study maxi-
mum entropy distributions. However, we do not directly rely on this theory so that
this paper remains self-contained.

Concretely, for some 1 > v > 0 and for every u € V¥ we define

allul
P(u) = 7
(=2 ™

Here Z = Z(a, k) = ¥ ,cyx al“l. We claim that there is a unique 1 > « > 0 for

which Condition 6 holds. First, note that

Z- ¥ (k)aw: (1+a)k+(1—a)k.

W 2

Also,
(bD)a”  (1+a)k1—(1-a)k!
=«
Z (1+a)f+(1-a)k

Pr(u;=1)= >

u~P .
w is even

so that Equation 6 becomes

(1+a)kt = (1-a)tt
(l+a)+(l-a) ®)

Denote the left side of this expression by v(k, ).

Proposition 7. Let k > 2. In the range 0 < « < 1 the function vy(k, «) increases
from 0 to %

Proof. In the following, the sums are over even ¢, j and ¢:

dy(k,a) (Zii(iy)a) (Zj (5) j) - (Z:(5)a?) (ij(l;)aj_l).

da A
Denoting t = j + ¢, the above equals
Tt T2 - ()LL) | Ziat Za2i-0i(5)(L)
aZ? B kaz? '

10



Grouping the 7 and ¢ — ¢ terms of the inner sum yields

Yoot yi(2i- t)z(l:)(tljz)
2kaZ? ’

which is clearly positive. O

It follows that the function -y = v(k, ) has an inverse with respect to «, which
we denote by « = a(k, 7).

Proposition 8.

a(k,7) = 177 +O((1-27)%)

for every fixed y € (0, 5) and k — oo.

Proof. The proposition follows from the following inequality:

+
V(k)a 1o )3703’7(]@7% 6)
L= 1=

_ k-1
where € = 2, - %

The lower bound is easily verified, since

(k: o ): - (=290t
125, 1+ (1-27)F

For the upper bound, our claim,

+e T+e)F1—(1-27y-¢)kt!
(k’ o ):(%H)( ) : (1-27 )k
1-7 (1+e)f+(1-2v—¢)

270,
is equivalent to
(T+e)"e> 2y +€)(1 =27 — )"t

To see this, note that the Lh.s. is > ¢, and the r.h.s. is < (279 +€)(1 - 270)* L.

Finally, the latter two expressions are identical.
]

We turn to compute the entropies of the distributions we have just defined:

h(m) =nh(P)
where
allul alul alul HuHa”““
h(P)=- lo =logZ - - log «v

=log Z - E,.p(|ul|) loga =log Z - k Pﬁ)(ul =1)loga =log Z — kvlog a.

11



To sum up:
h(m) =n(log Z - kvylog «).

We denote

F(k,v)= ()—logZ kyloga =log((1+a)* +(1-a)*) - kyloga - 1.
n

We next evaluate 7(A) for a matrix A € T'. Let uy, ..., u, be the columns of A.

Then
a\\AH awlm

oluil
m(A) = HP(ul) H T = 7m = 97h(m),

Since 7 is constant on 7', this yields an expression for |7'|. Namely,

M Pr(AeT) 2™, (9)

R T

This is complemented by the following Lemma.

Lemma 9. Fix € (0,1). Then, for every k > 3 and n € N, there holds

Pr (AeT)= ns . 20k,

ATl ny

We will prove Lemma 9 at the end of this section. Before doing so, we wish
to explore its implications. Together with Equation 9, Lemma 9 allows us to

conclude that
IT| = NFhm-5552£0(0) (10)

if k> 3.
For k = 2, a matrix in |77 is defined by its first row, so

1= (1) < i 00,
yn

As we show later, F'(k,~) has a linear (in k) asymptote. Consequently, the
exponents in Equation 10 are dominated by the F'(k, ) term. Thus, to understand
|T'|’s behavior we need to investigate F', which is what we do next.

3.1 Basic properties of F'(k,~)

We start with several simple observations about F'(k, ).

Proposition 10. For vy € (0,31) there holds F(2,v) = h(v). Also, F(k,v) <k-1
forall k > 2.

12
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Figure 2: The function g(3,%,2) and  Figure 3: F(k,1)-(k-h(3)-1).

) 5
its minimum (see Equation 12). (See Proposition 11).

1

Proof. For the first claim, note that v(2, ) = % so a(2,7) = (%)5 Hence
F(2,7) =log Z - 2ylog a = log(1 + a?) — vlog(a?) = h(7).

The second claim holds since F'(k,~) = h(P) is the binary entropy of a dis-
tribution with support size 2+~ 0

Next we develop an efficient method to calculate /' to desirable accuracy. We
recall (e.g., [3], p. 26) the notion cross entropy of D, E, two discrete probability
distributions H (D, E) := =Y, D(i)log E(i). Recall also that H(D, E) > h(D)
with equality if and only if D = E. We apply this to P = Py ., with a = a(k,7)
and to (), a distribution defined similarly according to Equation 7, but with some
x in place of a.. Then

2l

F(k,7)=h(P) < H(P|Q) == P(u)logQ(u) = - P(u)log )
=log Zi(x) = 3 P(u)|u] -log(x) =log Z(x) - Eu-p(|ul) - log(z)

=log Zy,(x) - vk log(x) (11)

Denote the r.h.s. of Equation 11 by g(k,~, ). It follows that for an integer k > 2
and 7 € (0, 3),

F(k,7v) = n;l(i)ri)g(k,%x) = %in)log ((L+2)*+ (1 -z)F)—vklog(z)-1. (12)

This minimum is attained at = «(k,7). Note that this expression allows us
to conveniently compute F' to desirable accuracy (see Figure 2). Also, we take
Equation 12 as a definition for F'(k,~) for all real positive k.

13



Proposition 11. For an integer k > 1 and 0 < 7y < %, it holds that
kh(vy) -1< F(k,v) <kh(y) +log(1+ (1-2y)F) -1,

S0,

F(k,7) = kh(7) =1+ 0((1-27)")
(see Figure 3).

Proof. The upper bound follows from Equation 12 which yields

FKhw)SgOy%I%;):khﬁ0+bgﬂ+(1—2ﬂ@—1.

We turn to proving the lower bound. Clearly,

g(k,v,z) >log((1+2)) - vyklog(z) - 1.

The r.h.s. expression attains its minimum at x = 11—7 and this minimum equals
kh(v) - 1. Equation 12 implies that this is a lower bound on F'(k,~). O

3.2 Proof of Lemma 9

We turn to the proof Lemma 9. It will be useful to view a vector u ~ P as being
generated in steps, with its ¢-th coordinate u; determined in the ¢-th step. The
following proposition describes the quantities involved in this process.

Proposition 12. For k > 2 and 0 <y < &, let u € F% be a random vector sampled
from P. For 0 < i <k, let w; denote the weight of the prefix vector (uy, ..., u;).
Then:

1. The distribution of the bit u; conditioned on the prefix (uy,...,u;_1) de-

pends only on the parity of w;_.

(1+a)ki—(1- )k
(1 + a)k—z‘+1 + (1 - a)k—i+1

Pr(u; =1 | w;_q is even) = - (13)

and 4 .
(1+a)+ (1-a)r

(1 + a)k—z‘+1 _ (1 _ a)k—z‘+1'

Pr(u; = 1| w;_y is odd) = o - (14)

14



Proof. Fix a prefix (uq,...,u;1) of weight w;_;. We sum over x = |u| — w; and
y = [ul —wi.

k—1 Ttw;_q+1
Pr(uizlmul,...,ui_l) Zm&twi_lmon( xl)a+ -

Pr(u;=1|uy,...,u;-1) = P = pTE R
r (u17 AR 7u'i_1) Zyzwi,l mod 2 ( Yy )T

k—i _

inwi,l mod Q(w_zl)aw !

k—i ’

Zyzwi_l mod 2( ;*1)05111

yielding the claim. ]

We denote the r.h.s. of Equations 13 and 14 by po_1,; = po-1,ix and pioo; =
D10,k respectively. Also, for 0 <7 <k, let

e =€) = UFN’};(wi is odd).
Here are some useful facts about these terms. Equation 6 yields
vy = ufjfa(u’ =1) =pos1,- Efg(wi—l is even) + p1_q,; - uf:]rj(wi_l is odd)
=P1-0,Ci-1 T p(]al,i(l - 6171)- (15)
By similar considerations, we have
e =ei-1 (1 =pisog) + (1= eim1) - Dosii-

By combining these equations we find

+ (€ —€;-
Po-1i-(1—ei-1) = %1) (16)
and ( )
—(e; —e;
P1-0,i"€i-1 = 7#1 (17)

We need some further technical propositions.

Proposition 13. For every v € (0, 3) there exists some ¢ = c¢(7y) > 0 such that if
k > 3 then

€k, Po->l4k P1-0,ik € [67 1- C]

foreveryl1<i<k-1.

Proof. Itis not hard to see that both pg_,; ; ;, and p;_;  are monotone in ¢. There-
fore it suffices to check what happens fori = 1 and for ¢ = k — 1. For ¢ = k£ — 1 the

o? 1 . . . .
two terms equal 17— and 5 respectively. Since « is bounded from 0 by Proposi-
tion 8, this yields the claim.
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For 7 = 1 we note that py_; 1 = 7.
It remains to consider p;_,1 . Denote x = i—g and note that = is bounded away
from 1. This yields the bounds:
o 1+ ak1 .« 1-z
l+a 1-2F " 1+a 1+x

P1-01k =
and
1 1 - xk-t S 1 1-x
l+a 1-2F " 1+a 1+x
We turn to deal with ¢; .. Denotea =1+ao,b=1-aandr =k-¢-1. A bound
on e; follows from Equations 15 and 8 since

1- D101,k =

ak—lfbk—l a’"—lfb?"—l

e; = Y _p0—>t,i+1 _ akF+bk T T ar+br _ (a/T - br)(a/k_T - bk_T>
" Pis0i+1 — Poot,itl “T;ifgl_l - “T;;ZTI 2(ak + bk)
_(-an)(d-abr)  (1-x)?
o 21+ak) T 2(1+x)

and likewise,
1+ ") (1 + 2k ) S (1-x)?

l—¢; = > .
‘ 2(1 + %) 2(1 + 1)

]

The following simple and technical proposition will come in handy in several
situations below. It speaks about an experiment where n balls fall randomly into
r bins. An outcome of such an experiment is an r-tuple of nonnegative integers
ai,...,a, with Y a; = n, where a; is the number of balls at bin ¢ at the end of the

experiment.

Proposition 14. Let r > 2 be an integer% >c>0,andpy,...,p, 2cwith) p; = 1.
We drop randomly and independently n balls into r bins with probability p; of
falling into bin i. The probability of every possible outcome is at most O ns )

where c,r are fixed and n grows.

Proof. 1tis well known (e.g., [4] p. 171) that the most likely outcome of the above
process (aq, .. .,a,), satisfies np; — 1 < a; for every 7 and its probability is

n r o n r CLZ'+]_ ai_ n T %ai' l a;
(ala"'agT)gpi S(ala"w&T)g( ) _(ala"'aar)g(n) (1+ai)




Proposition 15. Let a,c > 0 be real and n € N . Consider a random variable
X ~ B(n,p) where c < p < 1—candnp is an integer. Let y be an integer such that

ly — pn| < ay/n. Then Pr(X =y) > Q (n’%)forﬁxed a,candn — oo,

Proof. Let ¢ =1 - p, and let us denote y = pn + x+/n, where |z| < a.

v (e (5 (-5 (0 2)

Expand into Taylor Series, using the fact that || is bounded and y = ©(n) to
derive the following inequalities:

(1 : Wﬁ) > () and (1 A ) S Q).

Y n-y

The proposition now follows from Stirling’s approximation, as
() () e
y)\n n N '

We are now ready to prove the main lemma of this section.

Lemma 9. Fix v € (0, %) Then, for every k > 3 and n € N, there holds

Pr (AeT)= ns . 2x0%),

ATl

Proof. Every binary k x n matrix A that is sampled from the distribution 7 satis-
fies the column condition, and we estimate the probability that the row condition
holds.

By Proposition 13, there is some ¢ = ¢(y) > 0 so that pg_1; , P10, , €; are in
[c,1—c]forevery 1<i<k-1.

We recall that A’s columns are sampled independently and view A as being
sampled row by row. Let b’ be the vector A;+...+A;_; mod 2. We want to observe
how the ordered pairs (||b?(, | A;|) evolve as i goes from 1 to k. By Proposition
12, this evolution depends probabilistically on |!| and only on it. Namely, let
s; be the number of coordinates 5 where b;'fl =0and A;; = 1. Likewise ¢; counts
the coordinates j for which bi™' = A;; = 1. It follows that |A4;| = s; +;, and
[6°] = 167t + si = £, where s; ~ B(n = |6, pos1.:) and t; ~ B([b"], p1-o.i)
are independent binomial random variables.

Clearly A € T iff A¥ | D;, where D; is the event that | A;| = yn.

17



We seek next an upper bound on Pr(A € T').
k k i-1
PI"(AET) :PI'(/\DZ) = I—IPI‘(.DZ | /\D])
i=1 i=1 j=1
k-3
< (H mgxPr(Di | bia]l = w)) -mgxPr(Dk_g ADy_1 A Dy | |br-3| = w).
i=1

The inequality follows, since conditioned on |b;_1 |, the event D; is independent
of Dy,...,D; 1. We proceed to bound these terms. For 1 <7 <k -3,

Pr(D; | [bi-1]| = w) =Pr(si +t;=yn | [bia] = w).
If w > %, we condition on s; and bound this expression from above by
maxPr(t; =yn-x | |bi-1| =wAs; = 1),

namely, the probability that a B(w,p;_;) variable takes a certain value. By
Proposition 14, this is at most O(w™2) < O(n"2 ). When w < % the same argument
applies with reversed roles for ¢; and s;.

The last three rows of A require a separate treatment, since e.g., the last row is
completely determined by the first £ — 1 rows. Let GG be the matrix comprised of
A’s last three rows. Denote € := b*~3, and let w := |¢|. Again it suffices to consider
the case w > %, and similarly handle the complementary situation. If €; = 1, the j-
th column in G must be one of the vectors (1,0,0)7,(0,1,0)7,(0,0,1)7,(1,1,1)".
Let aq, as, as, a, denote the number of occurrences of each of these vectors respec-
tively. There are n—w indices j with €; = 0, and a corresponding column of G' must
be one of the four even-weight vectors of length 3. We condition on the entries of
these columns. Under this conditioning a; + a4 is determined by the row condition
applied to row k — 3 + 4, and clearly also Y.] a; = w. This system of four linearly
independent linear equations has at most one solution in nonnegative integers. To
estimate how likely it is that this unique solution is reached, we view it as a w-
balls and 4-bins experiment. The probability of each bin is a product of two terms
from among po_1; , 1 — Po1i ,P1-04 5 1 — P1oo; Where i € {k -2,k —1}. Again,
these probabilities are bounded away from 0. By Proposition 14 the probability of
success is at most O(n"2 ). Consequently, Pr(A e T') <n~5 - 20(5).

To prove a lower bound on Pr(A € T'), again we consider the rows one at a
time. As before, it is easier to bound the probability of D; by first conditioning
on |b"~1|. However, at present more care is needed, since letting the ||b?|’s take
arbitrary values is too crude. Firstly, as long as the row conditions hold, necessar-
ily ||b?| is even. In addition, we monitor the deviation of |b?|| from its expectation,
which is n - e;. Accordingly, we define the following sets:

For 1<i<k-2, let S;:=={0<w<n| Jw-¢;-n|</n A wiseven}.

18



The intuition is that the event |b?| € S; makes it likely that D,,; holds, in which
case it is also likely that |b**!| € S;,;. This chain of probabilistic implication
yields our claim. To start, clearly |[0°| € Sy := {0}.

Now,

Pr(AeT) :Pr(/k\Di) ZPr(;\DiAly_\Q\]bi]\ € Sz-)

(HH((D AT ) | A, AnbfneS))) Pre((Dn D) | A, A||b7||es>)

i=1 .7_

i—1

(H Juin Pr((D; a0 € Si) | [0 —w))- min Pr((Dy1 A Dy) | 0F72] = w).

It is in estimating these last terms that the assumption ||b’| € .S; becomes useful.
We proceed to bound these terms, and claim the following:
1. minges, , Pr((D;n b €S;) | b1 =w) > Q(ﬁ) forevery 1 <i<k-2.
2. minges, , Pr((Dy 1 0 Dy) | [642] =) > (L),

It is clear that the above inequalities imply that Pr(A € T") > ns -2-0%) which
proves the lemma.
Fix some 1 <7< k-2 and let w € S,_;, and assume that D, holds. Then

[0 = 6" = si—ti=si+t;i=yn =0 mod 2,
so that |[b?| satisfies S;’s parity condition. Therefore
Pr(D; A |67 € Si | 071 = w) = Pr(Ds A0 = E([6)] < v | 07 = w)
Namely

Pr(D;n |6 €S | 071 =w)
=Pr(si+ti=mAlsi—ti—e;-n+w|</n | |07 =w). (18)
We want to express this last condition in terms of x = s; — t;, where clearly s; =

T2 and t; = 5=, Equation 18 means thate, - n—w—-/n<z<e-n-w+/n
and x = yn mod 2. Summing over all such 2’s we have

7n+x yn —x

Pr(D;a|b'] € S; | 07" =w) =) Pr(s; = ) Pr(t; = ). (19)
Here s; ~ B(n — w,po-1,;) and ¢; ~ B(w,pi-0;). We use Proposition 15 to give
lower bounds on a general term in Equation 19. To this end we show that X%~

and %= are close, respectively, to the means of s; and ;.
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Since w € S;_1, we can write w = ¢;_1 - n +y where |y| < \/n. The bounds on z
allow us to write = = (e; — e;_1)n — y + z for some |z| < \/n. By Equation 16,

n+x n+x
E(s;) - 1 = pos1i- (n - w) ~ !
2 2
+é,—-€e1)n—-y+=z
= |po-vi- (L =ei-1)n—y) - G 21) ’
+ (€ —€;- +e € 1)n—-y+z
_|7 ( 1)n—po_>1,i-y—(7 )n-y
2 2
-z
= y2 ~ P Y| <V
By Proposition 15, Pr(s; = 75=) > Q(n"2). A similar proof, using Equation

17, shows that Pr(t; = 15~ > Q(n"2)). Thus, each of the 2(\/n), summands in

Equation 19 is at least {2(n~!), so that
Pr(D; A (6] € i | 671 = w) > Q0.

We turn to proving a lower bound on minys, , Pr((Dx-1ADy) | |0#72|| = w).
The column condition implies that A;, = b*~1. Thus, for w € S;_o,

Pr((Dy-1 A Dy) | 0572 = w) = Pr(Dp-y A 0571 = ym | [0 = w)

=Pr(sp_1+tp1 =Y A Sk 1 —tp1 + W =7n)

w w
=Pr (sk_l =yn — E) - Pr (tk_l = 5) ,

where s;_1 ~ B(n — w,pos1,-1) and ty_1 ~ B(w, p1-ok-1). Again, by applying
Proposition 15 to s;_; and t;_1, we conclude that the above is at least 2(n=1). [

4 Bounding |Ty/| in general

In this section we fix a robust subspace V' < F% and bound its contribution to
Equation 5. Let us sample, uniformly at random a matrix A, in Ty,.. Since Ty
is invariant under column permutations, the columns of A are equally distributed.
We denote this distribution on F¥ by @y, and note that

log[Tv|=h(A) <n-h(Qv).

To bound h(Qy ) we employ the following strategy. Express V' as the kernel
of a (k- d(V)) x k binary matrix B in reduced row echelon form. Suppose
that B; ; = 1. If By ; = 0 for every i’ < ¢ we say that the coordinate j is i-new.
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Otherwise, j is said to be i-old. We denote the set of i-new coordinates by A;.
We have assumed that V' is robust, so that ¥ A; = [k], since j ¢ U A; means
that coordinate j is sensitive. Also B is in reduced row echelon form, so all A;
are nonempty.

Example. The following Bs.; corresponds to k = 7 and d(V') = 4. In bold - the
1-new entries in row i forv=1,2,3.

1 001100
0101011
001 101PO0

A vector v sampled from @)y satisfies Bv = 0 and the expected value of each
of its coordinates is E(v;) = 7. Consider v as generated in stages, with the coor-
dinates in A; determined in the i-th stage. We express v’s entropy in this view:

k—d(V)

WQv) =h(v) =h(va) + 3 h(va,

=2

VUi Ay ) (20)

We begin with the first term. Since A; is the support of B’s first row and
since Bv = 0, it follows that va, has even weight. As we show in Lemma 18, the
distribution P from Section 3 has the largest possible entropy for a distribution
that is supported on even weight vectors with expectation ~y per coordinate. Hence,

h(va,) < h(BPayq) = F([Ad],7)

It takes more work to bound the other terms in Equation 20. Let 2 < 7 <
k —d(V'). Before the i-th stage, v’s i-old coordinates are already determined.
Since the inner product (B;,v) = 0, the i-new coordinates of v have the same
parity as its i-old coordinates. Hence |va,|’s parity is determined before this
stage. Let 0; = Pr(|va, | is odd). Since conditioning reduces entropy

h(va, ) = h(va,) - h(5)).

vyt a,) < h(va, | parity of [va,

We have already mentioned that Lemma 18 characterizes the max-entropy
distribution on even-weight vectors with given per-coordinate expectation. We
actually do more, and find a maximum entropy distribution P = P, . 5 on F3'
satisfying

Pr(u=1) =7 1)
for every 1 <7 <m and
P;(Hu” is odd) = 0. (22)
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This distribution P = P,, , s extends something we did before, in that P, ., o
coincides with P, -, from Section 3.

Since v|,| also satisfies these conditions, this yields the bound h(va, | VUit Ay ) <
F(|As],7,9;), where F'(m,~,6) = h(P,~,5) — h(d). We conclude that 1

k—d(V)
log|Ty|<n-h(Qv) <n- (F(|A1|77) + ) F(|Az‘|7%5z‘))- (23)

1=2

The relevant consistency relation is that F'(m,~,0) = F'(m,~). We determine
next the distribution P, , s and then return to the analysis of Equation 23.

4.1 The function F'(m,~,d)

As explained above we now find the max-entropy distribution satisfying Equations
21 and 22. The following proposition gives a necessary condition for the existence
of such a distribution.

Proposition 16. If there is a distribution satisfying conditions 21 and 22, then
Y 2 YVinin, Where Yin = %.

Proof. Let P be such a distribution and let u ~ P. By Equation 21, E(|u]) = ym.
The lower bound on y follows since each odd vector weighs at least 1 and thus

§ = Pr(|lu| is odd) < E(Jlul).

Remark. As we show soon, the condition in Proposition 16 is also sufficient.

Let m > 2 and assume that m, v, ¢ satisfy the strict inequalities 0 < 6 < 1 and
Ymin < 7. We define the distribution P = P, , 5 on F3" as follows:

alul :
Pu)=17 if |u| is even 4)
Ballif Ju) is odd

where

Z= S aig ¥ all= (1+5)(1+a)m+(1—5)(1—0¢)m'

uevym ueD™ 2

As we show there exist unique positive reals «, [ for which Equations 21 and 22
hold. Note that

pl+a)m-(A-a)")
27 ’

Pr(Jul s 0dd) =
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so Equation 22 is equivalent to

i (A+a)m+(-a)”

P=175 (1+a)™—(L-a)m’

showing in particular that « determines the value of 3. Substituting the above into
Equation 21 gives

- . @+ +a)m e (1-8)(1-a)m!
v=Pr(u;=1) =« -

(I+a)" ! - (1-a)™! +a5(1+a)m‘1+(1—a)m—1
(I+a)m+(1-a)m (I1+a)m—(1-a)m

=a(l-9)

Denote the right side of this expression by v(m, «,0). The following generalizes
Proposition 7.

Proposition 17. Let m > 2. In the range 1 > « > 0 the function v(m,a,?)
increases from Yy, 10 3.

Proof. Clearly, it is enough to prove the proposition for = 0,1. The case d = 0
was dealt with in Proposition 7. The same argument works for § = 1 as well, since

C (tra)m e (T-a)m B ()

o ra)m-(1-a)m (Tl

O

Hence, v(m, «, ¢) has an inverse with respect to a, which we denote a/(m, v, 9).
The uniqueness of « and /3 follows.

We can also define P at the extreme values § € {0,1} and 7 = v, by taking
limits in Equation 24. The limit & — 0 corresponds to 7 = i, and 5 — 0 resp.
B — oo tod =0 ord=oco. We still require, however, that v > 0. E.g., if 7 = Vi,
P yields each weight 1 vector with probability % and the weight 0 vector with
probability 1 — 6. Also, as already mentioned F,, - coincides with P, , from
Section 3.

We turn to compute P’s entropy:

ol allvl Balul Balul
h(P) = - log - log
u;,:m Z Z ue%:m Z Z

=log Z - dlog 8 — ymlog
=h(0)+(1-90)log((1+a)™+ (1-a)™)+dlog((1+a)™ - (1-a)™)
-ymloga —1 (25)
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and recall that F'(m,~,0) = h(P) — h(d). Consistency for the boundary cases
d € {0, 1} or 7y = v, follows by continuity and passage to the limit. In particular,
F(m,~,0) = F(m,~). Also, let F/(m,~,0) = —oo for v < Ymin-

For v < v < % we also have the following generalization of Equation 12,
which follows from the same argument:

F(m,~,6) =ming(m,v,z,0) (26)
where
g(m,~v,2,8) = (1-0)log ((1+2)™ + (1 —2)™)+dlog ((1 + )™ - (1 —z)™)—ymlog x-1

with the minimum attained at x = a.
We are now ready to show that P is the relevant max-entropy distribution.

Lemma 18. Fixm > 2, 0 <0 <1 and Yy, <7y < % The largest possible entropy
of a Fy'-distribution satisfying Equations 21 and 22, is h( Py, -5 ).

Proof. Let D denote the polytope of [F4'-distributions that satisfy Conditions 21
and 22. Note that if v = 7,,,;, this polytope is reduced to a point, and the claim
is trivial. We henceforth assume that v,,;, < -, and seek a distribution () € D
of maximum entropy. This distribution is unique, since the entropy function is
strictly concave. Also, the value of () depends only on |u| for all u € F2, since
the optimum is unique and this maximization problem is invariant to permutation
of coordinates in F7’.
Let a; = Q(u) where |u| = i. We claim that

Q-2 Qjy2 = CL? (27)

for every 2 < i@ < m — 2. Indeed, let x,y,y’,z € F}* be the indicator vectors
for, respectively, the sets {3,...,i}, {1,...,4}, {3,...,i+2} and {1,...,i+2}.
Consider the distribution () + # where

e foru=vy,y
O(u)=<5-€ foru=um,z

0  otherwise.

Note that, if a; o, a;, a;,o are positive, @ + 6 € D for |¢| small enough. Hence, by
the optimality of @),

0= Voh(Q) = log “232,

yielding Equation 27.
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We also want to rule out the possibility that exactly one side of Equation 27
vanishes. However, even if exactly one side vanishes, it is possible to increase
h(Q) by moving in the direction of either 6 or —6.

A similar argument yields

@i " Qg3 = Qg1 * Ajs2 (28)
for 0 <7 < m - 3. Here, we take

e foru=x,w
O(u)=<-€ foru=y,z
0  otherwise.

where z, y, z, w are the respective indicator vectors of {3,...,i+2}, {3,...,i+3},
{1,....i+2}and {1,....i+3}.
Equation 27 and 28 imply that one of the following must hold:

1. ag,as,..., gz and aq,as, ... , Qg|mot |y ATE geometric sequences with the
same positive quotient.

2. ag=(1-9),a; =0 and a; = 0 for every 7 > 2.

3. a;,-1 and a,, are 6 and 1 — § according to m’s parity, and a; = O for all
1<m-—2.

Case 2 corresponds to v = Y, and case 3 is impossible since v < % SO we

are left with case 1. If 0 < < 1, note that () must satisfy Equation 24 for some

positive « and 5. By the uniqueness of these parameters, it follows that () = P.
If 9 = 0,1 then a; vanishes for odd resp. even i’s. Thus, () satisfies Equation

24 with 3 going to 0 or oo. [

4.2 Properties of F'(m,,J)

Our analysis of Equation 23 requires that we understand F’s behavior in certain
regimes.

Lemma 19. If m > 1 is an integer, and 0 < v < %, then F(m,~,d) is a non-

2,
increasing function of § (see Figure 4).

Proof. If § > ym, then vy < Yy, and F(m,y,9) = —oo. It suffices, therefore, to
consider the range 0 < § < ym.
Let 0 < <0’ <ym and let a« = a(m,~,d). By Equations 26 and 25:

F(m,v,0") = F(m,v,9) < g(m,a,0") = F(m,~,9)
=(0"-0) (log((1+a)"=(1-a)™)-log((1+a)™+(1-a)™)) <0
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Figure 4: Illustration for Lemma 19 - F(5, £,4)

We now return to the case J = 0, and discuss the convexity of /' in this regime.

Lemma 20. For any 0 < 7y < % the function F(m,~) is strictly convex in m for
m > 2. (See Figure 3).

Proof. Since 7 is fixed throughout the proof, we can and will denote F'(m) =
F(m,v), g(m,x) = g(m,~,x). Also, a = a(m,~y) is the value of x which min-
imizes g(m,~,x). This allows us to extend the definition of « to real m. Note
that Equation 8 still holds in this extended setting, and that 1 > o > 0. In addition,
a=1l+aandb=1-aq.

Our goal is to show that for m > 2 there holds

0*F
o (m,a) > 0.
It follows from Equation 12 that
%(m7 a)=0. (29)
Taking the derivative w.r.t. m yields
0%g 0%g da
— —=0. 30
5, @) + o (ma)-— =0 (30)
Using Equation 29 we obtain:
oF  dg dg da g
om  Om m,a)+ 8ar(m’a dm 8m(m’&)'
Next,
8%y 2
0*°F 0% ( )+ 0%g ( do 0%g ) <8m8:p(m’a))
= m,« m,oa)—=—=(m,a) -
om?2 om2' omoz" " 'dm Om2‘ % m, )
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where the second equality follows from Equation 30. The partial derivatives com-
2
mute since g is smooth. We claim that % > 0. To this end we refer to the
definition of g in Equation 11 and take its derivative twice, then use the defining
relation relation between v and v (Equation 8) to see that the sign of this derivative
is the same as that of
moy bm m—1 _ bmfl
(m_1)(am—2+bm—2)(am+bm)_m(am—l_bm—1)2+ (CL )(a )
«

>(m-1)(a™2+0™ ) (@™ +b™) —m(a™ " =" + (a™ +b™) (a7 - o™

> 0.

Thus, to prove the lemma it suffices to show that

0%g 0%g d%g
=8 (m.0)5 5 (m,a) > ( I, a>)

when m > 2.
We wish to show that rs > ¢2, where

2
r=In2(a™ + bm)Q%(m, @)
2
s=In2(a™+ bm)Q%(m, «)
2
t=In2(a™ + bm)2a(;gx(m,a)

We start with the first order derivatives

@(m a)_amloga+bmlogb_ log 1
om> am™ + bm 08
and
Jg ) m(am™t -bmt)y  my
—(m,«a) = -—
oxr am™ + bm X

Expand the second order derivatives with  replaced according to Equation 8
to get

m m 2
= mm = 1) s b2y ) - -y PP

a
(@™t =) (a™ + ™) ~m(a™ - bm—l)Z)
a

> ((m=1)(@"™2 4 572) (@ +b™) + (@™ 4 572) (0" + 57) ~m(a” ~ 57 )?)

m—2bm—2

=m ((m - (a™ 2+ ™) (a™ + ™) +

=4m’a
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The inequality follows from a”~! — b1 — (a2 +b™-2) = L2 (gm-2-pm-2) > (.
Also

s=(a™+b™)(a™(loga)*+b"(logh)?) — (a™ loga + b™log b)?
=a™b™(loga - logb)?.

and

t=((mloga+1)a™" - (mlogb+1)b™") (a™ +b™)

m bm 2
-m(a™ =™ 1) (a™loga + b logb) - ylam+bm)
=2ma™ v (loga - logh).
We therefore conclude that
rs >t
as claimed. O]

The following corollary follows immediately from Lemma 20.
Corollary 21. For every 0 < < 5 and every 2 <m < m/, the holds
F(m',v)+ F(m,y) < F(m'+1,7)+ F(m-1,7).
We also need the following result in order to bound |77/|.
Proposition 22. Let 0 <y <1 0<§<1and m>2. Then,
F(1,7,8)+ F(m+1,7) < F(2,7) + F(m,~).

Proof. Recall that F'(1,7v,0) < 0 and F(2,v) = h(y). Thus, the claim follows
from
F(m+1,7) < F(m,v) +h(7).

This holds since F' is strictly convex in m (Lemma 20) and since the limit slope
of F'is h(~y) (Proposition 11). O

5 Derivation of the main theorems

We can now return to the beginning of Section 4 and complete our proof. Equation
5 can be restated as

E((X—E(X))’“):@(kiGd) (31)
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where
Gy=N2 3 [Ty, (32)
V<F%

d(V)=d
V robust

We need to determine which term dominates Equation 31. We use the crude
upper bound of 2min(d:k-d)k opn the number of d-dimensional linear subspaces V
of F%. This bound follows by considering the smaller of the two: a basis for V' or
for its orthogonal complement.

We proceed to bound |TY| for a robust d-dimensional subspace V' < F&%. When
d < %, the trivial bound log |Ty/| < n - h(Qv) < ndh(7) suffices. Indeed, a vector
sampled from @)y is determined by d of its bits, each of which has entropy h(7).
It follows that

Gq < NUPOI-N+5E (33)
To deal with the range d > g we return to the notations of Equation 23,
log (|77 hd
i=2

where m; = |A;| and Y am, = k.
Lemma 19 yields F'(m;,,d;) < F(m;,~). By repeatedly applying Corollary
21 and Proposition 22 we get the upper bound

log(Jval) < F(2(d+1)~k,7)+(k-d-1)F(2) = F(2(d+1)~k,~)+(k-d-1)h(~).
Hence,

logGy<-Adn+dk+n(F(2(d+1) -k,v)+(k—-d-1)h(7))
=n(F2(d+1)-k,7)-(k-DX+(k=d-1)(h(y) = )N)) + (k- d)k.
(35)

Our bounds on G are in fact tight up to a polynomial factor in n (but perhaps
exponential in k). This follows from the existence of certain large terms in Equa-
tion 32. For d < £, pick any map ¢ from {d + 1,...,k} onto {1,...,d}. Consider
the space V' that is defined by the equations v; = v, ;) for every k > @ > d. It is
clear that the space V' is robust. For d > g, consider the contribution of the term
corresponding to

t

_ K _ _ _ _

V—{ueIFZ|Zui—0/\ut+1—ut+2/\ut+3—ut+4/\.../\uk_1—uk},
=1

where t =2(d+ 1) — k.
We turn to use these bounds to compute X’s central moments. We consider
two cases, according the value of .
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5.1 Moments of even order

Let k£ be even. By Lemma 20 and Proposition 11, there is a positive integer kg =
ko(7, \) such that

{2§meN|F(m,7)—(m—1))\>%(h(y)—k)}={k0,k0+1,k0+2,...}

We claim that the sum in Equation 31 is dominated by either G & OF G-1 depend-
ing on whether k < kg or k > k.

5.1.1 When k < kg

Since kg = ko(, A) does not depend of n, and since k < k there is only a bounded
number of F4-subspaces. We wish to compute the term G4 = G k- We show that
in this case, the sum in Equation 32 is dominated by spaces of the form

k
V:{UEFQ|’Uz'1:Uj1/\'U7;2:Uj2/\'“/\’UiE:'Ujk}, (36)
2 2

where the pairs {i1, 71}, .. {Zk : jk} form a partition of [k]. Clearly, for such a

space V', a matrix in 7y is deﬁned by = of its rows, so

ni-(1)
yn

IfU <F ’2“ is robust, of dimension g, and not of this form 36, then at least
one of its associated m;’s (see Equation 34) equals 1. By repeated application of
Proposition 22, it follows that

ITy| < N5F@M-21) - N5h()- o
which, as claimed, is exponentially negligible relative to |Ty/|. The number of
subspaces of the form 36 is k!!, whence

G :k!!(n) N (14 N2) = NEBO)-2)-HE20(%)
2

n

We turn to show that Gq = 0(Gyy2) for any d ;t 2 Ford< 2 this follows from
Equation 33. For d > 5, due to Lemma 20, the rh s of Equatlon 35 is strictly
convex in d, and therefore attains its maximum at d = = or d=k-1. Since k < ko,
the former holds.?

Equation 31 yields

E((X - E(X))") = k!!(’ynn)zN‘Ag(l +o(1)).

21t is possible that the r.h.s. of Equation 35 attains the same value with d = & and d=k-1.
Note that G E still dominates in this case, due to polynomial factors
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5.1.2 When £k > kg

Note that V* is the one and only (k-1)-dimensional robust subspace of F5. Hence,
by Equation 10,

Gt = N T | = NFCem)=(k=1)A- 282 .0(%)

We next show that the sum in Equation 31 is dominated by this term. By Proposi-
tion 11 and Equations 35 and 33,

G, < N AR -A)=1+0((1-27)k )+ E=DE
for all 0 < d < k — 2. Consequently,

Ga_ - h(3)+0((1-27)F)+ Koz G-
Gl

For large enough £, this is at most N~-%(k-d) g0
E((X -E(X))*) = Gr1(1-0(1)) = NFGN-(-DA-S5E4000 - (37)

It is left to show that Equation 37 holds for all k > kg, but this follows again
from the convexity of F'. Namely, since k > kg, the r.h.s. of Equation 35 is strictly
maximized by d = k — 1, whence G = o(Gj-1) for £ <d < k- 1. For d < £, this
inequality follows from Gy < G ks

We are now ready to state our main theorem:

Theorem 2. For every v < % and 0 < X\ < h(7y) and for every even integer k <

0(foum )» the expectation E((X —E(X))*) is the larger of the two expressions

k
k!!(n)zN‘A§(1+o(1)) and
n

NEky)-(k-1)A-E2E20( &)

2n

There is an integer ko = ko(7y, \) > 3 such that the former term is the larger of the
two when k < ko and the latter when k > k.

5.2 Moments of odd order

We turn to the case of odd £ > 2. The arguments that we used to derive the
moments of even order hold here as well, with a single difference, as we now
elaborate.
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The role previously held by G is now be taken by either
Gi1=0 ( N%(h(v)—»-w)
2
or | |
G =0 (Nkz;s(h(’Y)—)\HF(:%,»y)_Q)\_(km#) |
2

These asymptotics are for bounded k. Which of these two terms is larger depends
on whether F'(3,7) > (h(7y) — A). This yields our main theorem for moments of
odd order.

Theorem 3. For every v < 1 and 0 < X < h(~y) and for every odd integer 3 < k <
0(fogy )» the expectation E((X —E(X))*) is the larger of the two expressions

0 ( N2 (h(7)-2)-a-E=tieen Nmax(h(w)f(&w)—x—";%)) and

NE k) =(k=1)A- Floen ,o(k) .

There is an integer k1 = ki(y, \) such that the former term is the larger of the two
when k < ky and the latter when k > k.

5.3 Normalized moments

In this section we return to a theorem stated in the introduction. While it is some-
what weaker than our best results, we hope that is more transparent and may better
convey the spirit of our main findings. Recall that

Var(X) = (V”H)N-Au +o(1)).

X

\/Var(X)

moments of order up to kg are 0, (1). This yields the following result.

Consider the variable

. By the same convexity arguments as above, its odd

Theorem 1. Fixy < 1 and 0 <\ < h(v) and let

o = min{m | F(m.7) - (m= 1A > 2 (h(y) - )\)}.

Then, for 2 < k < o(+2-),

logn
E(X - E(X)) o(1) if k is odd and < ky
= =1(1+0(1))- k! if k is even and <k
Var(X)> NFma)-5n)-(5-DA-2282008) g s o
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0.15 0.20 0.25 0.307

Figure 5: . Illustration for Section 6.1 - Extending F' to v € (3,1). Solid: F(5,7)
Dashed: F'(5,7,1) = F(5,1 - ) Dotted: 5h(v) -1

6 Discussion

6.1 Extensions and refinements

Throughout this paper, we have limited ~ to the range (0, %) What about v > %?
The function F'(k,7,d) can be naturally extended to v € (3,1) and it satisfies
the following obvious identity that follows by negating all bits in the underlying
distribution.

Fm.~.5) = {F(m, 1-7,9) %fm %s even
F(m,1-~,1-¢) ifmisodd.

In particular, when ~ > % and m is odd, F' is increasing rather than decreasing in

d. Also, Lemma 20 is no longer valid. In fact, F'(m,~) is larger than the linear

function m - h(7y) — 1 when m is even, but smaller than it when m is odd (see

Figure 5 for an example of the odd case).

It can be shown that Theorem 2 still holds in this range, but the odd moments
are more complicated. The dominant term in Equation 31 is no longer necessarily
a product of V™ spaces. Rather, it may be a (k — 2)-dimensional space, the exact
parameters of which are determined by ~.

We illustrate this unexpected additional complexity with a numerical example.
Consider the following two 7-dimensional subspaces of F3:

and



For most values of «y there holds || > |Tv|, but for v > 0.9997 the opposite
inequality holds.

We believe that further analysis along the lines of the present papers may yield
these odd moments as well.

Similar phenomena occur when vyn is odd. Due to parity considerations, 7y is
empty when there is an odd weight vector that is orthogonal to V. It turns out that
computing the moments in this case comes down to essentially the same problem
as the one described above for v > %

We next discuss the possible range of k. Namely, which moments we know.
We are presently restricted to £ < 0(%), but it is conceivable that with some
additional work the same conclusions can be shown to hold for all & < o(n).

The current bound arises in our analysis of the expression GC:dl in Equation 37.
klog B
2n

Our lower bound on GGj,_; includes a factor of N~ ~ which is absent from our
upper bound on GG;. Lemma 9 can presumably be adapted to work for general
robust subspaces, thereby improving this upper bound, thus yielding the same
conclusions for & up to o(n).

Pushing k to the linear range k£ > (n) is likely a bigger challenge, since
many basic ingredients of our approach are no longer valid. If £ > (1-A\)n+1, we
expect our code to have dimension smaller than k — 1, whereas our main theorems
show that the k-th moment of X is dominated by (k — 1)-dimensional subsets of
the (yn)-th layer of F%. Concretely, for & > Q(n), our derivation of Equation
37 would fail, since the term (k_nd)k is no longer negligible. It is interesting to
understand which terms dominate these very high moments.

The above discussion about large £ is also related to the way that we sample
random linear subspaces C' in this paper. In our model there is a negligible prob-
ability that dim(C') > (1 — A)n. This can be avoided by opting for another natural
choice, viz. to sample C uniformly at random from among the (1-\)-dimensional
subspaces of IF7. The effect of this choice manifests itself already in Proposition
1. This effect is negligible when d << (1-\)n, but becomes significant as d grows,
e.g., under the alternative definition Pr(Y ¢ C') = 0 whenever dim(Y") > (1-\)n.
Presumably, X’s moments of order ©(n) are sensitive to this choice of model.

There is further potential value to improving Lemma 9. A reduction in its error
term would have interesting implications for the range 1oZn > k> %.
As things stand now, the difference between the upper and lower estimates in
Proposition 11 is smaller than the error term in our estimates for the moments and
yields

NER()-1-(k-1)A-E2E2O0( k)

n

as our best estimate for the k-th moment. Reducing the error term in Lemma 9
may significantly improve several of our results.
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6.2 Open problems

The long-term goal of this research is to understand the distribution of the random
variable X . Although our computation of X s moments is a step in this direction,
we still do not yet have a clear view of this distribution. In particular, since all but
boundedly many of X’s normalized moments tend to infinity, there is no obvious
way to apply moment convergence theorems.

Taking an even broader view, let us associate with a linear code C' the proba-
bility measure x on [0, 1], with the CDF

f@)=1Cr " {ueCl ful < na}l.

We are interested in the typical behavior of this measure when C' is chosen at
random. In this context, our random variable X corresponds to the PDF of p at
the point . Note that p is typically concentrated in the range % + O(n‘% ), so that
our questions correspond to large deviations in .

Many further problems concerning j suggest themselves. What can be said
about correlations between p’s PDF at two or more different points? Also, clearly,
4 is binomial in expectation, but how far is it from this expectation in terms of
moments, CDF, or other standard measures of similarity? We believe that the
framework developed in this paper can be used to tackle these questions.
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