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Abstract

We study a well known noisy model of the graph isomorphism problem. In this model, the
goal is to perfectly recover the vertex correspondence between two edge-correlated graphs, with
an initial seed set of correctly matched vertex pairs revealed as side information. Specifically,
the model first generates a parent graph G from Erdés-Rényi random graph G(n,p) and then
obtains two children graphs G; and G2 by subsampling the edge set of Gy twice independently
with probability s = ©(1). The vertex correspondence between G; and Gs is obscured by
randomly permuting the vertex labels of G; according to a latent permutation 7*. Finally, for
each i, 7* (i) is revealed independently with probability a as seeds.

In the sparse graph regime where np < n¢ for any ¢ < 1/6, we give a polynomial-time
algorithm which perfectly recovers 7*, provided that nps? —logn — +o00 and a > n~173¢, This
further leads to a sub-exponential-time, exp (no(e)), matching algorithm even without seeds. On
the contrary, if nps? —logn = O(1), then perfect recovery is information-theoretically impossible
as long as « is bounded away from 1.

In the dense graph regime, where np = bn?, for fixed constants a,b € (0,1], we give a
polynomial-time algorithm which succeeds when b = O(s) and a = 2 ((np)’U/ I og n). In
particular, when a = 1/k for an integer k > 1, « = Q(logn/n) suffices, yielding a quasi-
polynomial-time n?(°¢™) algorithm matching the best known algorithm by Barak et al. for
the problem of graph matching without seeds when k£ > 153 and extending their result to new
values of p for k= 2,...,152.

Unlike previous work on graph matching, which used small neighborhoods or small subgraphs
with a logarithmic number of vertices in order to match vertices, our algorithms match vertices
if their large neighborhoods have a significant overlap in the number of seeds.
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1 Introduction

In this paper, we study a well-known model of noisy graph isomorphism. Our main interest is
in polynomial time algorithms for seeded problems where the matching between a small subset
of the nodes is revealed. For seeded problems, our result provides a dramatic improvement over
previously known results. Our results also shed light on the unseeded problem. In particular, we
give (the first) sub-exponential time algorithms for sparse models and an n©(°2™) algorithm for
dense models for some parameters, including some that are not covered by recent results of Barak
et al. [BCL'18].

We recall that two graphs are isomorphic if there exists an edge-preserving bijection between
their vertex sets. The Graph Isomorphism problem is not known to be solvable in polynomial
time, except in special cases such as graphs of bounded degree [Luk80] and bounded eigenvalue
multiplicity [BGM82]. However, a recent breakthrough of Babai [Babl6] gave a quasi-polynomial
time algorithm.

In a number of applications including network security [NS09, NS08], systems biology [SXB0S],
computer vision [CFSV04, SS05], and natural language processing [HNMO05], we are given two
graphs as input which we believe have an underlying isomorphism between them. However, they
are not exactly isomorphic because they have each been perturbed in some way, adding or delet-
ing edges randomly. This suggests a noisy version of Graph Isomorphism also known as graph
matching [LR13], where we seek a bijection that minimizes the number of edge disagreements.

Given two graphs with adjacency matrices G and Go, if our goal is to minimize the ¢5 distance
between (G; and some permuted version of GGo, then graph matching can be viewed as a special
case of the quadratic assignment problem (QAP) [BCPP98]: namely,

min |Gy — IGLIT |3, (1)

where II ranges over all n X n permutation matrices, and ||A||% = >, ; A?j denotes the Frobenius
norm. QAP is NP-hard in the worst case. There are exact search methods for QAP based on branch-
and-bound and cutting planes, as well as various approximation algorithms based on linearization
schemes, and convex/semidefinite programming relaxations (see [FQRM™16] and the references
therein). However, approximating QAP within a factor 208" (") for ¢ > 0 is NP-hard [MMS10].

These hardness results only apply in the worst case, where the two graphs are designed by
an adversary. However, in many aforementioned applications, we are not interested in worst-case
instances, but rather in instances for which there is enough information in the data to recover
the underlying isomorphism, i.e., when the amount of data or signal-to-noise ratio is above the
information-theoretic limit. The key question is whether there exists an efficient algorithm that
is successful all the way down to this limit. In this vein, we consider the following random graph
model denoted by G(n,p;s) [PG11].

Definition 1 (The Correlated Erdés-Rényi model G(n, p; s)). Suppose we generate a parent graph
Go from the Erdds-Rényi random graph model G(n,p). For a fixed realization of Gy, we generate
two subgraphs G1 and Go by subsampling the edges of Go twice. More specifically,

o We let G7 be a random subgraph of Go obtained by including every edge of Go with probability
s independently.

o We repeat the above subsampling procedure, but independently to obtain another random sub-
graph of Gg, denoted by Gs.



To further model the scenario that we do not know the vertex correspondence between G1 and Go
a prior, we sample a random permutation 7 over [n] and let G1 denote the graph obtained by
relabeling every vertex i in G] as 7*(i).

The goal is to exactly recover 7* from the observation of G; and G4 with high probability, i.e.,
to design an estimator T based on G and G9 such that

P{7(G1,G2) =7"} =1, asn— oc.

As a motivating example, we can model Gy as some true underlying friendship network of n
persons, (G; is an anonymized Facebook network of the same set of persons, and G is a Twitter
network with known person identities. If we can recover the vertex correspondence between G; and
Go, then we can de-anonymize the Facebook network G7 (this example ignores many important
facts such as additional graph structures in real life networks).

Note that s is equal to the probability of e € E(G2) conditional on e € E(G}), and hence can be
viewed as a measure of the edge correlations. Throughout this paper, without further specifications,
we shall assume s = ©(1).

In the fully sampling case s = 1, graph matching under G(n,p; 1) reduces to the Graph Auto-
morphism problem for Erdds-Rényi graphs. In this case, a celebrated result [Wri71] shows that if
logn+w(l) <np <n—Ilogn —w(l), then with probability 1 — o(1), the size of the automorphism
group of Gq is 1 and hence the underlying permutation 7* can be exactly recovered; otherwise,
with probability 1 — o(1), the size of the automorphism group of Gy is strictly bigger than 1 and
hence exact recovery of the underlying permutation is information-theoretically impossible. Recent
work [CK16, CK17]! has extended this result to the partially sampling case s = (1) and p < 1/2,
showing that the Maximum Likelihood Estimator, or equivalently the optimum of QAP (1), coin-
cides with the ground truth 7* with high probability, provided that nps* > logn + w(1); on the
contrary, any estimator is correct with probability o(1), if nps? < logn — w(1).

From a computational perspective, in the fully sampling case s = 1, there exist linear-time
algorithms which attain the recovery threshold, in the sense that they exactly recover the under-
lying permutation with high probability whenever np = logn + w(1) [Bol82, CP08]. However, in
the partially sampling case, it is still open whether any efficient algorithm can succeed close to
the threshold. A recent breakthrough result [BCLT18] obtains a quasi-polynomial-time (n®(08m))
algorithm which succeeds when np > n°") and s > (logn)~°(). However, this is still far away from
the information-theoretic limit nps? > logn + w(1).

Another line of work [PG11, YG13, KL14, LFP13, FAP18, SGE17] in this area considers a
relaxed version of the graph matching problem, where an initial seed set of correctly matched vertex
pairs is revealed as side information. This is motivated by the fact that in many real applications,
some side information on the vertex identities are available and have been successfully utilized to
match many real-world networks [NS09, NS08]. Formally, in this paper, we assume the seed set is
randomly generated as follows.

Definition 2 (Seeded graph matching under G(n,p; s, «)). In addition to G1,G2 that are generated
under G(n,p;s) with a latent permutation 7*, we have access to my such that my(i) = 7*(i) with
probability o and my(i) =7 with probability 1 — « independently across different i. The goal is to
recover ©* based on G1, Ga, and .

The vertex i such that mo(i) = 7*(i) is called seeded vertices and the set of seed vertices
is denoted by Ip. Note that according to our model, the number of seeds |Iy| is distributed as

! In fact, a more general correlated Erdés-Rényi random graph model is considered in [CK16, CK17], where
P{G1(i,j) = a,G2(i,7) = b} = pay for a,b € {0,1}.



Binom(n, ). For a given size K, we could also consider a deterministic size model where I is
chosen uniformly at random from all possible subsets of [n] with size K. The main results of this
paper readily extend to this deterministic size model with K = |na].

The results of the seeded graph matching turn out to be useful for designing graph matching
without seeds. On the one hand, when a seed set of size K is not given, we could obtain it
in n°®) steps by randomly choosing a set of K vertices and then enumerating all the possible
mapping. This is known as the beacon set approach to graph isomorphism [Lip78]. On the other
hand, we could first apply a seedless graph matching algorithm and then apply a seeded graph
matching algorithm to boost its accuracy. This two-step algorithms have been successful both
theoretically [BES80] [Bol01, Section 3.5] and empirically [LFP13].

In the sparse graph regime np = O(logn), it is shown in [YG13] that if o = Q(1/log%n),
or equivalently, the size of the seed set is Q(n/ log? n), then a percolation-based graph matching
algorithm correctly matches n—o(n) vertices in polynomial-time with high probability. In the dense
graph regime np = n’ for some constant § € (0,1), a seed set of size ©(n'~?) suffices as shown
in [YG13]. Another work [KL14] shows that if nps?a > 24logn, then one can match all vertices
correctly in polynomial-time with high probability based on counting the number of “common”
seeded vertices. Note that this exact recovery result requires the seed set size to be linear in n in
the sparse graph regime np = ©(logn).

In summary, despite a significant amount of previous work on seedless and seeded graph match-
ing, the following two fundamental questions remain elusive:

Question 1. In terms of graph sparsity, can we achieve the information-theoretic limit nps®> —
logn — +oo in sub-exponential, or polynomial time?

Question 2. In terms of seed set, what is the minimum number of seeds required for exact recovery
in sub-exponential, or polynomial time?

Our main results shed light on this two questions by improving the state-of-the-art of seeded
graph matching. First, we show that it is possible to achieve the information theoretic limit
nps? > logn + w(1) of graph sparsity in polynomial-time. Then, we show the number of seeds
needed for exact recovery in polynomial-time can be as low as n in the sparse graph regime
(np < n) and Q(logn) in the dense graph regime.

1.1 Main Results

We first consider the sparse graph regime.

Theorem 1. Suppose np < n'/?>=¢ for a fized constant € > 0 and s = O(1). Assume

nps® —logn — +oo (2)

a > n—1/2+35‘ (3)

Then there exists a polynomial-time algorithm, namely Algorithm 1, which outputs T = w* with
probability at least 1 — o(1) under the seeded G(n,p; s, ) model.

Notice that (4) is the information-theoretic limit for graph matching under the seedless G(n, p; s)
model. In fact, Theorem 2 shows that (4) is necessary for seeded graph matching as long as « is
bounded away from 1. Its proof is standard and can be found in Appendix A.



Theorem 2. If
nps? —logn = O(1),

then any algorithm outputs T # w* with at least a probability of € ((1 — a)2) under the seeded
G(n,p;s,a) model.

Also, the condition (5) requires that the size of the seed set is n!/2+3¢

previously known results that required the seed set to be almost linear in n.

It is natural to ask if n!/2 seeded nodes are required for polynomial time algorithm. While from
the proof of Theorem 1, it might look that n'/2 is optimal due to the birthday paradox effect, it
turns out we can do better!

The following result relaxes the size of seed set needed to n>¢.

compared to the best

Theorem 3. Suppose np < n for a fized constant € < 1/6 and s = O(1). Assume

nps® —logn — +oo (4)

a > n—1+3e. (5)

Then there exists a polynomial-time algorithm, namely Algorithm 3, which outputs T = w* with
probability at least 1 — o(1) under the seeded G(n,p; s, ) model.

We next consider the dense graph regime, where we assume the average degree np is parame-
terized as:

np = bn® (6)

for some fixed constants a,b € (0, 1]. Let

d— H 41, (7)

a

Theorem 4. Consider the dense graph regime (6). Assume

S

b —————
=16(2 — 5)2’ ®)
and
3001logn
a2 (nps?)d-1’ (9)

where d is given in (7). Then there exists an polynomial-time algorithm, namely Algorithm 2, which
outputs T = 7 with probability 1 — 4n~' under the seeded G(n,p;s,a) model.

Our results for seeded graph matching also imply the results for graph matching without seeds.

Theorem 5. Suppose a Seeded Graph Matching algorithm outputs T = 7 with high probability
under the seeded graph matching model G(n,p;s,a). Assume nps® — logn — +oo and an —
+00. Then there exists an algorithm, namely Algorithm 4, which calls the Seeded Graph Matching
algorithm nO©n) times and outputs T = 7 under the seedless model G(n,p; s) with high probability.



Remark 1. Consider the dense regime (6) with a = 1/k for an integer k > 1. Thend = k+ 1 and
(np)*1 = vPn. Hence, as shown by Theorem 4, an > 300logn(bs®)™*, or equivalently Q(logn)
number of seeds, suffice for exact recovery in polynomial-time. Since we can enumerate over all
possible matchings for logn seeds in quasi-polynomial n®1°8™) time, this implies a quasi-polynomial
time matching algorithm even without seeds, as shown by Theorem 5. The previous work [BCLT 18]
gives a quasi-polynomial time matching algorithm in the range

np € [no(l)’n1/153] U [n2/3’n1—e ‘
1/k

Our results complement their results by filling in gaps in the above range with points np € {bn
1 <k <152}

1.2 Key Algorithmic Ideas and Analysis Techniques

Most previous work [PG11, YG13, KL14, LFP13, FAP18, SGE17] on seeded graph matching ex-
ploits the seeded information by looking at the number of seeded vertices that are direct neighbors
of a given vertex. Since the average degree of a vertex is np, npa > 1 is needed so that there are
sufficiently many seeded vertices that are direct neighbors of a given vertex.

Our idea is to explore much bigger (“global”) neighborhoods of a given vertex up to radius ¢
for a suitably chosen ¢, and match two vertices by comparing the set of seeded vertices in their /-th
local neighborhoods. This idea was used before in the noiseless and seedless case, in [Bol82, CP0S§]
but to the best of our knowledge was not used in the noisy and seeded case. Since we are looking at
global neighborhoods, we can only perform very simple tests. Indeed, the test we perform to check
if two vertices are matched is just to count how many seeded vertices do the two neighborhoods
have in common. Thus, our algorithms are very simple.

The main challenge in the analysis is to control the size of neighborhoods of the coupled graphs
Gy, G1 and G9. In this regard, we draw on a number of tools from the literature on studying
subgraph counts [JLR11] and the diameter in random graphs [Bol01]. See Appendix D for details.

2 Our Algorithms

Before presenting our algorithms, we first explain why (4) is needed for graph matching under
G(n,p, s). Denote the intersection graph and the union graph by Gj A G2 and G7 V G2. Then

Gy NGy ~G(n,ps®) and G}V Ga~ G(n,ps(2—s)).

Notice that G] A G2 contains the statistical signature for matching vertices, as a subgraph in
G*% A Gy will appear in both G and Gy. If nps? —logn = O(1), then classical random graph theory
implies that with high probability, G7 A G2 contains isolated vertices. The underlying true vertex
correspondence of these isolated vertices cannot be correctly matched; hence the impossibility of
exact recovery. See Appendix A for a precise argument.

In contrast, if nps? —logn — 400, then G} A Gy is connected with high probability. Moreover,
for a high-degree vertex ¢ in G] A G2, its local neighbhorhood grows like a branching process. In
particular, the number of vertices at distance £ from i is approximately (nps®)¢. Furthermore, for a
pair of two vertices 7, j chosen at random in G7 V G2, the intersection of the local neighborhoods of
7 and j is typically of size O ((nps)%n_l). Therefore, if (nps?)’ > (nps)*n~' and a(nps?)! > 1,
a large number of vertices can be distinguished with high probability based on the set of seeded
vertices in their /-th local neighborhoods. This is the key idea underlying our algorithms.



We shall use the following notations of local neighborhoods. For a given graph G, we denote
by I'¥(u) the set of vertices at distance k from v in G:

I¢(w) = {veV(G) :du,v) =k} (10)
and write N (u) for the set of vertices within distance k from u:
Ni (u) = UZoTi(u). (11)

When the context is clear, we abbreviate I'( (u) and N (u) as I'y(u) and N (u) for simplicity.

2.1 A Simple Algorithm in Sparse Graph Regime

We first present a simple seeded graph matching algorithm which succeeds up to the information-
theoretic limit in terms of graph sparsity when the initial seed set is of size n!/2t3¢,

The idea of the algorithm is based on matching ¢-th local neighborhoods of two vertices by
finding independent paths (vertex-disjoint except for the starting vertex) to seeded vertices. The ¢
is chosen such that (np)’ ~ n'/2=¢_ In this setting, we expect that if i in G; and j in Gy are true
matches, then their local neighborhoods intersect a lot; if ¢ and j are wrong matches, then their
local neighborhoods barely intersect. Hence, if a(nps?)’ > 1, then we can find a sufficiently large
number of, say m, independent (vertex-disjoint except for i) paths of length ¢ from i to m seeded
vertices in I’ f“% (7). Such m paths of length ¢ form a starlike tree 7' in G} A G2 with root vertex
i and a set of m seeded leaves, denoted by L (See Fig. 1 for an example of m = 3 and ¢ = 2). Note
that T will appear in G2 with root vertex ¢ and the set of seeded leaves L; it will also appear in
G1 with root vertex 7*(i) and the corresponding set of seeded leaves 7*(L). However, since the
/-th local neighborhoods of two distinct vertices barely intersect, 1" will not appear in G7 V G2
with a root vertex other than i. Therefore, we can correctly match the vertex 7*(¢) in G; with the
high-degree vertex ¢ in G9 by finding such a starlike tree T', or equivalently m independent /-paths
to a set of m common seeded vertices.

Algorithm 1 Graph matching based on counting independent ¢-paths to seeded vertices

1: Input: G, Go, mp, m,L € Z

2: Output: 7.

3: Match high-degree vertices: For each pair of unseeded vertices i; € V(G1) and iy € V(Ga),
if there are m independent ¢-paths in G5 from is to a set of m seeded vertices L C FZGQ (i2), and
there are m independent ¢-paths in G from i; to the corresponding set of m seeded vertices
mo(L) C F?l (i1), then set 7(ig) = i;. Declare failure if there is any conflict.

4: Match low-degree vertices: For every is € Iy, set 7(ia) = mo(iz2). For all the pairs of
unmatched vertices (i1,142), if 41 is adjacent to a matched vertex j; in G; and iy is adjacent to
vertex 7(j1) in Go, set T(iz) = 1. Declare failure if there is any conflict.

5: Output 7 to be a random permutation when failure is declared or there is any vertex unmatched.

There are two tuning parameters ¢ and m in Algorithm 1. Later in our analysis, we will

optimally choose
1 logn
b=|=—€¢)]———|>1 12
Kz > 1og<np32>J = (12)

m=2]. (13)

€

and



Note that when nps? — logn — +oo, there may exist vertices with small degrees. In fact,
classical random graph results say that the minimum degree of G(n,p) is k with high probability
for a fixed integer k, provided that

(k —1)loglogn 4+ w(1) < nps® —logn < kloglogn — w(1),

see, e.g., [FK15, Section 4.2]. Hence, due to the existence of low-degree vertices, we may not be
able to match all vertices correctly at one time based on the number of independent paths to seeded
vertices. Our idea is to first match high-degree vertices and then match the remaining low-degree
vertices with the aid of high-degree vertices matched in the first step. In particular, we let

nps>

T = Toa(npsd)” (14)

We say a vertex ¢ high-degree, if its degree d; > 7 in G] A G2; otherwise, we say it is a low-degree
vertex. As we will see in Section 3, conditioning on that G7 A G2 and G7 V G satisfy some typical
graph properties, all low-degree vertices can be easily matched correctly given a correct matching
of high-degree vertices.

In passing, we remark on the time complexity of Algorithm 1. Note that for ease of presentation,
in Algorithm 1, we do not specify how to efficiently find out whether there exist m independent
f-paths in Go from i to seed set L C F?Z (i2), and m independent ¢-paths in G; from i; to the
corresponding seed set m(L) C Ffl (¢1). It turns out for a given pair of vertices 41, i, this task can
be reduced to a maximum flow problem in a directed graph, which can be solved via Ford—Fulkerson
algorithm [FF56] in O(na) time steps (see Appendix E for details). Since there are at most n? pairs
of vertices 1,42 to consider, Step 3 of Algorithm 1 taks at most O(n3a). The Step 4 of matching
low-degree vertices in Algorithm 1 takes at most O(n3p) time steps. Hence, in total Algorithm 1
takes at most O (ng(oz + p)) time steps.

2.2 A Simple Algorithm in Dense Graph Regime

In this subsection, we consider the dense graph regime given in (6), where np = bn® and d =
|1/a] + 1. In this setting, since pn9=! — 2logn — +oo and p? 92 — 2logn < —oo, it follows
from [Bol01, Corollary 10.12] that G(n,p) has diameter d with high probability. Thus, when
s =0(1), both G7 A Gy and G} V G2 have diameter d with high probability. Therefore, we present
an algorithm based on matching the d — 1-th local neighborhood of two vertices. More specifically,
our algorithm matches i; € V(G1) and vertex ia € V(G2) based on the number of seeded vertices
within distance d — 1 from 71 in G and within distance d — 1 from i5 in Gs.

Algorithm 2 Graph matching based on (d — 1)-hop witness in dense regime
1: Input: G1, Go, mp, d € Z.
2: Output: 7.
3: Match all vertices: For each pair of unseeded vertices i; € V(G1) and iy € V(Gz), compute

Wiy = | {7 € o s m0(j) € NG (1), 5 € NG (i)} (15)

Set 7(iz) € argmax;, w;, i,. Set w(iz) = mo(iz) for each seeded vertex iy € Iy. Declare failure if
there is any conflict.

Algorithm 2 runs in polynomial-time. The precise running time depends on the data structures
for storing and processing graphs. To be specific, let us assume it takes one time step to fetch the



set of direct neighbors of a given vertex. Then fetching the set N, €G (7) of all vertices within distance
¢ from a given vertex i takes a total of O(|N{(i)|) = O(n) time steps. Thus computing wj, ;, in
(15) for a given pair of vertices ij,42 takes at most O(n) time steps. Hence, in total Algorithm 2
takes O(n3) time steps. One could possibly obtain a better running time via a more careful analysis
or a better data structure.

The difference in the analysis compared to the first algorithm is that the (d — 1)-th local
neighborhoods are not tree-like anymore. Instead, we have to analyze the exposure process of the
two neighborhoods, for which we use a previous result of [Bol01, Lemma 10.9] in studying the
diameter of random graphs.

2.3 An Improved Algorithm in Sparse Graph Regime

In the sparse regime where np is poly-logarithmic, Algorithm 2 does not perform well. This is
because for two distinct vertices u, v that are close by, their ¢-th local neighborhoods have a large
overlap, i.e., [INF(u) N NF(v)| is not much smaller than [N (u)| or |NZ(v)|, rendering w;, ;, given
in (15) ineffective to distinguish u from wv.

However, in the sparse regime, distinct vertices u,v only have very few common neighbors.
Moreover, if we remove vertices u, v, the non-common neighbors become far apart, and for distinct
vertices far apart, their local neighborhoods only have a small overlap. Therefore, we expect
most of u,v’s neighbor’s ¢-th local neighborhoods (after removing vertices u,v) do not have large
intersections for a suitably chosen ¢. This gives rise to Algorithm 3.

Algorithm 3 Graph matching based on (d — 1)-hop witness in sparse regime
1: Input: G, G, mo, L € Z, n € R,..
2: Output: 7.
3: Match high-degree vertices: For all the pairs of unseeded vertices (u,v) and for each pair
of their neighbors (¢, ) with ¢ € Ffl (u) and j € Ffz (v), compute

TR . . Gi\{u,x} /. Ga\{v,y}/ -
Y T sevien ey (@) {Hk € Io: mo(k) € N, (@), k€N, ('7)}‘} - (16)

where G\S denotes G with set of vertices S removed. Let
Zuﬂ) == Z Z 1{wz,]u2n} (17)
i€ (u) jer$2 (v)

If Z,, >logn/loglogn — 1, set 7(v) = u. Declare failure if there is any conflict.
4: The remaining two steps are the same as Algorithm 1.

Note that in computing the number of seeded vertices within distance ¢ from both vertex i in

G1 and vertex j in Gy in (16), we remove vertices u,z in G; and vertices v,y in Gg, and take the
minimum over all possible choices of = and y. As a result,

w < Hk €Iy : mo(k) € N4y ke Nf?““’”(j)}( : (18)

where the right hand side becomes independent from the edges incident to u and v in G7V Ga. This

independence is crucial in our analysis to ensure that Z,, , is small for u # 7*(v) via concentration
inequalities of multivariate polynomials [Vu02].



There are two tuning parameters £ and 7 in Algorithm 3. In our analysis later, we will optimally

choose
/= L(l—e)lognJ7 (19)
log(np)
and
n = 42+2p1- 2, (20)
As for time complexity, Algorithm 3 takes at most O(n®*2¢) time steps. To see this, similar to

Algorithm 2, if we assume one unit time to fetch a set of direct neighbors of a given vertex, then it
takes at most O(n?) time steps to compute (18) for given pairs of vertices (u,v) and (i, ). There
are at most n272¢ such pairs. The step of matching low-degree vertices as specified in Algorithm 1
takes O(n3p) time steps in total. Thus in total Algorithm 3 takes at most O(n>T2¢) time steps.

2.4 Graph Matching without Seeds

Even without an initial seed set revealed as side information, we can select a random subset of
vertices Iy in G; and enumerate all the possible mappings f : Iy — [n] from Iy to vertices in G in
at most nllol steps. Each of the possible mappings can be viewed as seeds; thus we can apply our
seeded graph matching algorithm. Among all possible nlol mappings, we finally output the best
matching which minimizes the edge disagreements. See Algorithm 4 for details.

Algorithm 4 Seedless Graph matching via Seeded Graph Matching

Input: G1, G

Output: 7.

Select a random subset Iy of V(G1) by including each vertex with probability .

For every possible mapping f : Iy — [n], run Seeded Graph Matching Algorithm with a seed
set Iy, and output ;.

5: Output

7 € argmin |Gy — HszﬂT”%a
L

where Il is the permutation matrix corresponding to 7y.

Since one of the possible mapping f will correspond to the underlying true matches of vertices
in Iy, it follows that if our seeded graph matching succeeds with high probability and we are above
the information-theoretic limit (so that the true matching minimizes the edge disagreements with
high probability), the final output will coincide with the true matching with high probability, as
stated in Theorem 5. More specifically, the proof is sketched below.

Proof of Theorem 5. If f : Iy — [n] is such that f(i) = #*(i) for all i € Iy, then since our seeded
graph matching succeeds with high probability, it follows that 7; = 7* with high probability.

Moreover, since we are above the information-theoretic limit, it follows from [CK17, Theorem
1] that with high probability,

7 € argmin |Gy — G-I ||%,
™

where II is the permutation matrix corresponding to 7.

Therefore, 7 = 7* with high probability. Finally, since an — oo, it follows that |Iy| is at most
2an with high probability. Hence, Algorithm 4 calls the Seeded Graph Matching algorithm at most
n@@m) times with high probability. U
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3 Analysis of Algorithm 1 in Sparse Graph Regime

In this and next two sections, we give the analysis of our algorithms and prove our main theorems.
For the sake of analysis, we assume 7* = id, i.e., 7*(i) = ¢ for all i € [n], without loss of generality.

Our analysis of Algorithm 1 uses the technique for analyzing small subgraph containment [JLR11].
Let T denote a starlike tree formed by m independent (vertex-disjoint expect the root vertex) paths
of length ¢ from root vertex to m distinct leaves for £, m > 1. Note that T consists of mf+1 vertices
and m{ edges (See Fig. 1 for an example of m = 3 and ¢ = 2). Let r(T") denote the root vertex
of T and L(T) denote the set of leaves of T. We say T is a subgraph of G, denoted by T' C G, if
V(T) C V(G) and E(T) C E(G). The key of our proof is to show that under certain conditions
with high probability:

1. For every vertex i, there exists a copy of T rooted at ¢ with all leaves seeded in the intersection
graph G7] A G;

2. There is no copy of T1 U T in the union graph G7 V Gs.

1 1
1
2 3 4 2 3 4
2 3 4
5 6 7 5 6 7
5 6 7
8 9 10 10
11 11
T TWUTh Ty UT,

Figure 1: Left: T is a starlike tree with m = 3, £ = 2, »(T)) = 1 and L(T) = {5,6,7}. Middle
and Right: Two examples of T7 U T such that T, 7% are isomorphic to T, r(T1) # r(T3), and
L(Ty) = L(Ty) = {5,6, 7}. For the middle, V(T1)NV (1) = {5, 6, 7}; for the right, V(T1)NV(T3) =
{2,5,6,7}.

3.1 Success of Algorithm 1 on the Intersection of Good Events

We first introduce a sequence of “good” events on whose intersection, Algorithm 1 correctly matches
all vertices. We need the following graph properties:

(i) there is no isolated vertex;
(ii) for any two adjacent vertices, there are at least T vertices adjacent to at least one of them;

(iii) For all vertices ¢ with d; > 7, there are at least 2m independent ¢-paths from ¢ to 2m distinct
vertices in Ip;

(iv) There is no pairs of subgraphs 71,75 C G that are isomorphic to 7" such that r(77) # r(1»),
and L(T1) = L(T>) (See Fig. 1 for an illustration).

11



(v) For every vertex i, there exist at most m — 1 independent ¢-paths from ¢ to m — 1 distinct
vertices in N, (7).

Let
o & denote the event such that G A Go satisfy properties (i)—(iii);
e & denote the event such that G} V G satisfy properties (iv) and (v);

e &3 denote the event such that for any two vertices i, that are connected by a 2-path in
G7 V G2, at least one of the two vertices 7, 7 must be a high-degree vertex in G7 A Ga.

We claim that on event £ N & N E3, Algorithm 1 correctly matches all vertices. Recall that we
can assume 7* = id and thus G; = G7] without loss of generality.
First, since G A Go satisfy graph property (iii), it follows that in G} A Ga, for all high-degree

vertices i, there exist 2m independent ¢-paths to a set S C Ff“% (7) of 2m seeded vertices. Let

S = S\NﬁileG2 (i). Since G7 V Gq satisfy graph property (v), and G; A G2 C G} V Go, it follows
that

SANSL @) <m -1

and thus |§| > m + 1. Moreover, since G} A Ga C G, G, it follows that

S c TSN NTLYC? T (6 nTG2 ().

Therefore, in both G'1 and G, there are at least m+1 independent ¢-paths from ¢ to FfI (1) OF?Z (7).

Second, note that on event £, GV Gy satisfy graph property (iv). For the sake of contradiction,
suppose there exist a pair of distinct vertices 7, j and a set L of m seeded vertices such that there
exist m independent ¢-paths from 7 to set L in G; and m independent /-paths from j to set L in
G5. Let T}, denote the starlike tree formed by the m independent ¢-paths in Gi, for k = 1,2. Then
Ty, Ty C G5 V Gy are isomorphic to T such that »(71) = ¢,7(T2) = j and L(T}) = L(T») = L. This
is in contradiction with the fact that G5 vV Gy satisfy graph property (iv).

It follows from the above two points that Algorithm 1 correctly matches all high-degree vertices
iin G} A Ga, ie., 7(i) = 1.

Next, we show that all low-degree vertices are matched correctly. Fix a low-degree vertex i.
Since G} A Gy satisfy graph properties (i) and (ii), it must have a high-degree neighbor j in G5 AG5.
Since the high-degree vertex j has been matched correctly, ¢ is adjacent to j in G; and i is also
adjacent to 7(j) = j in G2. Moreover, for the sake of contradiction, suppose there exists a pair of
two distinct low-degree vertices i1 and 75 such that 4y is adjacent to a matched vertex j; in G; and
i9 is adjacent to vertex 7(j1) in Gy. Since 7(j1) = j1, it follows that (i1, j1,i2) form a 2-path in
G7 V Gs. However, on event &3, i1 and iy cannot be low-degree vertices simultaneously in G} A Ga,
which leads to a contradiction. As a consequence, (i) = i for every low-degree vertex i.

Finally, to prove Theorem 1, it remains to show that under the theorem assumptions, P {&;} — 1
for all ¢ = 1,2, 3, which is done in the next subsection.

3.2 Bound the Probability of Good Events

It is standard to prove that G} A Gy satisfies properties (i)—(ii) with high probability and P {3} — 1
using union bounds. For completeness, we state the lemmas and leave the proofs to appendices.

Lemma 1. Suppose G ~ G(n,p) with np — logn — +oo.

12



(1) There is no isolated vertex in G with probability at least 1 — o(1);

(i) Assume T = o(np). With probability at least 1 —n =) for any two adjacent vertices, there

are at least T vertices adjacent to at least one of them in G.

Lemma 2. Assume
nps? >logn and T =o(nps?) and log(np) = o(nps?).

With probability at least 1 — n=' W) for any two vertices i,j that are connected by a 2-path in
G71V Ga, at least one of the two vertices i,j must have degree at least T in G N\ Ga.

It remains to show with high probability, G} A G satisfy graph property (iii) and G}V Gy satisfy
graph properties (iv) and (v).

We will apply the following lemma to show that with high probability, for every high-degree
vertex ¢ in G] A G2, we can always find at least 2m independent paths of length ¢ from i to 2m
distinct seeded vertices in Ij.

Lemma 3. Suppose G ~ G(n,p) and each vertex in G is included in Iy independently with proba-
bility a.. Assume
a(np/2)"27(r — 2m) — 2mlog T > 2logn.

and
p(4np)" = o(1)

and T — 4o0. Then with high probability, for all vertices i with d; > T, there are at least 2m
independent £-paths from i to Iy.

Proof. In view of Proposition 1, we have P{H} > 1— 3n~1to()  where on event H, for every vertex
i, there exists a tree Ty(i) C G of depth ¢ rooted at i such that:

1. Root 7 has at most one children j who has fewer than 7 children in 7'(3), i.e., [II1(j)| < 7.

2. For each children j of ¢ with |[II1(j)| > 7, the subtree Ty_1(j) of depth ¢ — 1 rooted at j has
at least 7(np/2)¢~2 leaves, i.e., |I;_1(j)| > 7 (np/2) 2.

Fix a vertex i in G. Then ¢ has at least d; — 1 children j such that |II1(j)| < 7. For each such
J, define Yj; = 1 if there is a path of length £ — 1 from j to some vertex in Iy in Ty(7). Then the
number of independent paths from i to Iy is at least Z;l;_ll Yi;.

Since each leaf vertex of Ty_1(j) is included in Iy with probability « independently across
different vertices and from graph G, it follows that

P{Yij=1]di>7H}=1—(1—-a)le10l>1 _exp (_m (np/2)e—2> 7
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where we used 1 — z < e~ and |II;_1(j)| > 7 (np/2)" "2 on event H. Therefore,

di—1 T—1
PO> Vij<2m—1d; >, H <P Vij <2m—1
7=1 7j=1

Bmom T -1,1— e_aT(”p/2)Z72> <2m — 1}

2m—1

-y (T— 1>6_m(np/2)“(T_1_k)
k
k=0

m—1
<e —ar(np/2) "2 (r—2m) ZTk

< 26—a7(np/2)e 2(T_2m)72 < o2

— Y

where the last equality holds due to the assumption a(7 — 2m) (np/ 2)6_2 —2mlog T > 2logn.
Define event

d;—1
Fi={d;>7In{ > V;<2m-1
j=1
Then we have that
d;i—1
P{FNH}<PQ > Yy <2m—1ld>7,Hp <20
j=1

Let F = U;F;. By the union bound,

P{F} =P{FNH}+P{H} <> P{FNH}+P{H} <20 ' +3n 1 HoW < pp~1Holh),

Therefore, with high probability, for all vertices ¢ with d; > 7, Z;l":_ll Yi; > 2m.
O

The following lemma will be useful to conclude that in G} V Ga, with high probability, there
is no pair of subgraphs 77,75 C G V Gy that are isomorphic to T, such that r(T7) # r(T2) and
L(Ty) = L(T3). See Fig. 1 for an illustration of 77 and T3 isomorphic to T" such that r(71) # r(75)
and L(Tl) = L(TQ)

Lemma 4. Suppose G ~ G(n,p) and £,m > 1. Then it holds that

P{3T1,T5 C G that are isomorphic to T : r(11) # r(Ts), L(Th) = L(T2)}
m(£—1)

< (242 n2mé+2—mp2m€.

< -

Proof. Let T denote the set of all possible subgraphs that are isomorphic to T in the complete
graph K,,. By the union bound, we have

P{3T1,T> C G that are isomorphic to T : r(T1) # r(T2), L(T1) = L(T»)}
< > P{T1,T; C G}

T, ToeT: r(T1)#r(T2),L(T1)=L(T?)
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For each such pair of T7, 15,
P{T,T, C G} = p\E(T1)|+\E(T2)|—\E(T10T2)| — p2mf—\E(TlﬂT2)\7

where the last equality holds because T} and T are isomorphic to 7" and |E(T')| = 2m/.

Next for any given unlabelled graph S, we enumerate all the possible distinct pairs of T1,T5 € T
such that 77 N T is isomorphic to S, 7(T1) # r(T2), and L(T1) = L(T3). Let kg denote the
number of subgraphs S” in T such that S’ is isomorphic to S, L(T) C V(S’), and r(T) ¢ V(S").
Then there are at most /i% ways of intersecting 717 and T5 such that 77 N 75 is isomorphic to S,
r(T1) # r(T3), and L(T}) = L(T%). For each such type of intersection, there are at most n!V (%)
different choices for vertex labelings of 17 N T3, and p2VIDI=IVS) different choices for vertex
labelings of (T1\T2) U (T2\71). Hence, the total number of distinct pairs of 77,7» € T such that
Ty N Ty is isomorphic to S, r(T1) # (1), and L(T1) = L(T») is at most

k2l SN R2VIDI=IVS)) = 2 2me+2= VS

where the last equality holds due to |V(T')| = m{ + 1.
Combining the last two displayed equations yields that

Z P{Tl,Tg C G} < Z /{%n2m3+2—\V(S)|p2m€—|E(S)\'
T1,To€T: r(Th)#r(T2),L(T1)=L(T2) S

Note that if kg > 1, then by the definition of kg, S is isomorphic to some S’ C T such that
L(T) c V(S') and r(T) ¢ V(S’). By the starlike tree property of T, S’ is a forest with at least m
disjoint trees; hence so is S. See Fig. 1 for two illustrating examples. Therefore,

E(S)<V(S) -
Hence,

ZK’2 2ml+2—|V ( )| 2ml—|E(S |<ZK’2 2ml+2—|V ( )|p2mf+m—|V(S)|

Finally, we break the summation in the right hand side of the last displayed equation according to
[V(S)|. In particular, let [V(S)| = m +k for 0 < k < m(¢ — 1). Note that > ¢ kg is at most the
number of distinct subgraphs S of T such that L(T) C V/(S'),r(T) ¢ V(S’) and |V (S")| = m + k,
which is further upper bounded by (m(i_l))Zk , because there are at most (m(i_l)) different choices

for V(S")\L(T) and at most 2/V' (% l=m choices for determining whether to include the edges induced
by V(S’) in T into S’. Hence,

ZHP 2ml+2— \V(S)\ 2ml+m—|V (S)]

m(£—1)
Z n2m3+2 m— k 2mlb—k Z H%
k=0 S:V(S)|=m~+k
m(@—l) 2
(%) p2me2=m—k 2mi—k <<m(€k_ 1)> 2k>
k=0
m(£—1)
2 p2mt2=m, 2megm(e=1) Z e <m(€ — 1)>4k

k
k=0

4 m(£—1)
n2m5+2—mp2m52m(f—1) <1 + _> ’
np

—~
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where (a) follows from ) g kg < (m(i—l))2k7 and (b) holds due to (m(i—l)) < gm(e=1) O

Finally, we need a result to conclude that with high probability, for every vertex i, there exist
at most m — 1 independent /-paths from ¢ to m — 1 distinct vertices in N, ﬁ 11VG2 (7).

Fix m, ¢ > 1. We start with any vertex i and m independent (vertex-disjoint except for i) paths
of length ¢ from 4 to m distinct vertices ji, ..., jm, denoted by Pi, ..., Py. Let P denote any path
of length at most £ — 1 from i to jj, for k =1,...,m. Let H = U] (P, U P;) and H,, ¢ denote the
family of all possible graphs H with V(H) C [n] obtained by the above procedure.

Note that if there is no subgraph isomorphic to some H € H,, ¢ in G7V G2, then for every vertex
i, there exist at most m — 1 independent /-paths from 7 to m — 1 distinct vertices in Nzci 11VG2 (7).
Hence, our task reduces to proving that with high probability, G7 V G2 does not contain some
H € H,, ¢ as a subgraph.

We first need a lemma showing that any H € H,, ¢ is so “dense” that it appears as a subgraph
in G(n,p) with a vanishing small probability.

Lemma 5. Fix m,{ > 1. For any H € H, 4,
|[E(H)| = [V(H)|+m - 1.

Proof. Recall that H = Uy, (P, U Py), where Py, ..., P, is a set of m (vertex-disjoint except for 7)
paths of length ¢ from i to m distinct vertices j1,..., Jm, and lgk is a path of length at most ¢ — 1
from ¢ to ji for k=1,...,m.

Note that we order the vertices and edges in paths starting from . For each k£ = 1,...,m,
let v, denote the first vertex after which P, and ]Bk completely conincide, and e; denote the edge
incident to vy, in P,. Then by definition, vy # i and e € ﬁk\Pk Let dist(u,v) denote the longest
distance between u and v in H, and o denote any permutation on [m] such that

dist (i, UU(l)) > dist (’i, Uo(g)) oo > dist (i, UU(m)) .

Without loss of generality, we assume o = id, i.e., o(k) = k. We claim that e; ¢ P; U P, for any
1 <j <k <m. Infact, e; ¢ Py, because otherwise P; and P share a common vertex v; # 4, which
violates the assumption that P; and P} are vertex-disjoint except for i. Also, e; ¢ ﬁk\Pk, because
otherwise, e; is ordered before ey in path B, starting from 4, which implies dist(i,v;) > dist(Z,v;)
and leads to a contradiction.

Finally, we recursively define Hy = H and Hj such that V(Hy) = V(Hi—1) and E(Hy) =
E(Hp-1)\{er} for k =1,...,m. We prove that H,, is connected by induction. For the base case
k =0, clearly Hy = H is connected. Suppose Hy_; is connected. Since we have shown that
ej ¢ P, UDP; for any 1 < j < k < m, it follows that P, U P, C Hi_;. Note that there is a path
through i between the two endpoints of e in P, U E Hence, the two endpoints of ¢, are still
connected in Hyp. Moreover, by the induction hypothesis, Hy_q is connected. Therefore, H} is
connected. and it follows from induction that H,, is connected. Thus, |E(H,,)| — |V (Hp,)| > —1.
Since |E(H)| = |E(Hy,)| +m and |V(H)| = |V (Hy,)|, it follows that |E(H)| — |V(H)| > m — 1.

O

Next we state a lemma which upper bounds the number of isomorphism classes in H,, ¢. This
upper bound is by no means tight, but suffices for our purpose.

Lemma 6. Fiz m,¢ > 1. Denote by Uy, the set of unlabelled graphs (isomorphism classes) in
Hume. Then

Upe| < (30)™377,
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Proof. Recall that H = U | (P, U ]Sk), where Pj,..., P, is a set of m (vertex-disjoint except for
i) paths of length ¢ from ¢ to m distinct vertices ji,...,Jm, and ﬁk is a path of length at most
¢ —1from i to jj for k=1,...,m. Let T'= U, P,. Then T is a starlike tree rooted at i with m
branches as depicted in Fig. 1.

We fix a sequence of {¢1,...,¢,} with 1 < Ek < ¢ —1. Let Uy, g, denote all the possible
unlabelled graphs formed by the union of T and Py of length ¢ for k € [m ] For ease of notation, let
PO = T'. We enumerate Py, ¢, according to the pairwise intersections P; N Pk for0<j<k<m.
Specifically, for any given sequence {S]k 0<j<k< m} of unlabelled graphs we enumerate all
the possible sequences of (Pl, .. Pk) such that P N Pk is isomorphic to Sj; for 0 < j < k < m.
Let r¢(S) denote the number of pos&ble different subgraphs that are isomorphic to S in an {-path.
Recall 3(S5) denote the number of possible different subgraphs that are isomorphic to S in PO =T.

Then across all 1 < j < k € [m], there are at most g, (S)ry, (S) ways of intersecting P and P,

such that P N B is isomorphic to S. Also, for all k € [m], there are at most 5(5)ry, (5) ways of

intersecting Po and Pk such that P(] n Pk is isomorphic to S. Hence, the total number of distinct
sequences of (Pl, .. Pk) such that P N Pk isat most the the number n, of distinct subgraphs in
an {-path isomorphic to Sji for 0 < j < k < m is at most

II s Si)me(Si) TT B(Sor)me, (Son).

1<j<ke[m] k€[m)
Therefore,
Uy, 0| < > T 56, Si)re(Sie) T B(Sor)re, (Sox)
{8k:0<j<k<m} j<k€[m] ke[m]
< II D2 ss ) | [ Do keS| TT | D2 86So) | | D #e(Sox)
1<j<ke[m] \ Sjk Sjk ke[m] \ Sok Sok
IT nene I n(@ne, = @)™ I (re)™,
j<ke[m)] ke[m] ke[m]

where the last inequality holds because ) ¢ r¢(S) is at most the the number n, of distinct subgraphs
S"in an (-path, and ) ¢ 3(S) is at most the the number n(T') of distinct subgraphs S’ in 7. Note

that
/e
ny < E <k‘> ok — 35,

because if |V (S’)| = k, then there are at most ( ) different choices for V(') and at most 2¥ choices
for determining whether to include the edges induced by V(S’) in an ¢-path into S’. Also,

mé+1
n(T) < Z <m€ + 1> ok _ gml+1

k=0 k
Combinining the last three displayed equations yields that

Us, 0, | < 3P

Therefore,

U] = > U, 0] < (30)m32M7¢
(01,501 10, <01
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With Lemma 5 and Lemma 6, we are ready to bound the probability that G(n,p) contains some
H € H,, ¢ as a subgraph.

Lemma 7. Suppose G ~ G(n,p) with np > 1 and m,¢ > 1. Then it holds that

P{3H € Hppy: H C G} < n2ml=2milp2ml=m gpymz2m*t (21)
Proof. Note that for any H € H,, ¢,

ml+1<|V(H) <ml+1+ (£ —2)m =2ml —2m + 1,

where the lower bound holds because H contains a starlike tree with mf + 1 distinct vertices, and
the upper bound holds when P, and Py are all vertex-disjoint except for the source vertex and sink
vertices.

For any given integer mf 4+ 1 <t < 2mf — 2m + 1, define

,Hm,f,t = {H € ,Hm,f : V(H) C [n]v ‘V(H)‘ = t} :

and let U,, ¢, denote the number of unlabelled graphs (isomorphism class) in H,, ¢. Since V(H) C
[n] and |V (H)| = t, there are at most n' different vertex labelings for a given unlabelled graph
U € Up - Hence,

Mo et] < (U] 0. (22)

By the union bound, we have

2ml—2m+1
P{3H € Hme: HC G} < ) > P{HCG}
t=ml+1 HeH;, ¢
2ml—2m+1
-y Y e
t=ml+1 HEH ot
(i) 2mf—z2:m+l Z A
S p
t=ml+1 HEH ¢
(b) 2ml—2m+1
Z ntpt-i-m—l ’Z/[m,f,t’
t=ml+1

IN

(c)
< n2m€—2m+1p2m£—m \Um,d

2
< n2m€—2m+lp2m€—m(3€)m32m (7

where (a) holds in view of Lemma 5; (b) holds in view of (22) (c¢) holds because np > 1 and
t < 2mf — 2m + 1; the last inequality holds due to Lemma 6. O

3.3 Completing the Proof of Theorem 1
Recall that the choices of £ in (12), m in (13), and 7 in (14). In particular,

(nps2)z < nl/2—e
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Recall that G A Gg ~ G(n, ps?). Under the assumption that o > n~1/243¢ we get that
alnps?/2)7 27 (1 —m) —mlog T > 2log n.

Hence, applying Lemma 3, we conclude that G} A G satisfy graph property (iii). Combing this
result with Lemma 1, we get that P{&} > 1 — o(1).

Note that GV Ga ~ G(n,ps(2—s)). We first apply Lemma 4 to G}V Gs. In view of nps? > logn
and n > e, we get that nps(2 — s) > logn > 1 and thus

8 mé-1) 2mi+2
2 m —m
( * nps<2—s>> n (

2ml
< 10mEp22em <2 - 3> " _ n—2+o(1)7
S

where the first inequality holds due to (nps?)¢ < n/27¢; the last equality holds by our choice of ¢
and m and s = ©(1). Hence, applying Lemma 4 to G}V G2, we conclude that with high probability,
there is no pair of subgraphs 77,7, C G} V G2 that are isomorphic to T such that r(T1) # r(15)
and L(Tl) == L(TQ)

Then we apply Lemma 7 to G7 V G2. Note that

ps(2 — )"

n2mé—2m+l (ps(2 o S))2mf—m (3£)m32m2€

2—s
s

)

2ml—m
< nm(1—25)—m+1 (np)—m < ) (3€)m32m2€ < n—3+o(1)

where the first inequality holds due to (nps?)¢ < n'/2=¢: the last equality holds by our choice of ¢
and m and s = ©(1). Hence, applying Lemma 7 to G}V G2, we conclude that with high probability,
G1 V G2 does not contain any graph H € H,,, as a subgraph. By the construction of H,, s, it
further implies that with high probability, for every vertex i, there exist at most m — 1 independent
paths from 4 to m — 1 distinct vertices in N, 1VG2.

Combining the above two points, we get that P{&} — 1. Finally, in view of Lemma 2, we get

that P{&} > 1 — o(1), completing the proof of Theorem 1.

4 Analysis of Algorithm 2 in Dense Graph Regime

Recall that I'f,(u) and N (u) denotes the set of vertices at and within distance k from u in graph

G, respectively, as defined in (10) and (11). The key is to show that |Nf IA *(u)] is larger than

\NdG 1VG2( )N NdG ;/Gz( )| for u # v by a constant factor, so that we can matches two vertices

correctly based on the number of common seeded vertices in their two large neighborhoods.

Proof of Theorem /. Define event

{(fo% ‘ Z(npsQ)d‘l, VU}-

In view of claim (i) in Lemma 11 with G = G% A G2 and the fact that I'{ (u) C N (u), we get that
P{A} >1-n"10
Define event

{1N§’¥G2 ) NN )| < 1<ps>“\m7év}

\)
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Note that due to assumption (8),

1
§(nps2)d_1 > 8n2d—3 (ps(2 — s))2d_2 .

Hence, applying claim (ii) in Lemma 11 with G = G} V Ga, we get that P {B} > 1 —n~10,
Recall that I is the initial set of seeded vertices. Define event

3
{‘ GlAGQ )N Io‘ > g(nps2)d_loz, Vu}.
Since each vertex is seeded independently with probability «, it follows that

P{C°) < P{A°} + P{C°| A}
10+ZP{‘ G1/\Gz ﬂ]o‘ < g(np82)d—1a|A}

<010 4 pp {Bin <’V§(np82)d_l-‘ a> < z(nps )d_la}

3
<n 4 nexp (—%(nps )d_1a> <on7t,

where the last inequality holds due to assumption (9).
Similarly, define event

D = {INE 2 N0 0 | < Sty e v o).
It follows that
P{D°} < P{B°} +P{D°| B}

1°+ZP{1N§"¥G2 ﬂfo"'?()mm(zg(nps?)d-law}

1
<n 0 4P {Bin <[§(nps2)d_ﬂ ,a) < g(nps2)d_la}
1

<n 4 nexp (—ﬁ(nps )d_loz> <on7t,

where the last inequality holds again due to assumption (9). Hence, P{C N D} > 1 —4n~L.
Finally, since G7 A G is a subgraph of both G] and Ga, it follows that

GING . . %/ - . .
Ny ) {j € o s mo(j) € NG (7(i2)) € NE%(i2) }

Similarly, both G] and Go are subgraphs of G7 V G, it follows that
. . . . . GIvG *\ — GIVG
{7 € do:mod) € NG, (i) 5 € NG (i2) } € N (7)) 1 NG, 2 ).

Thus, on event C N D, for every vertex is € V(G3) \ lo,

> 3(nps?)? o if iy = 7*(ia)
Witz a oW

< %(nps2)d_1

Hence, Algorithm 2 outputs T = 7* on event C N D.
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5 Analysis of Algorithm 3 in Sparse Graph Regime

Recall that we assume 7* = id without loss of generality in the analysis. Before proving Theorem 3,
we present two key lemmas.

The first lemma will be used later to conclude that the test statistic Z, ,, given in (17) is large
for all high degree vertices u.

Lemma 8. Suppose G ~ G(n,p) with logn < np < nf, and each vertex is included in Iy with
probability «. Recall that ¢ and n are given in (19) and (20), respectively. Assume n > 4logn. Let

G\ S denote the graph G with set of vertices S removed. Then with probability at least 1 —n_1+°(1),
>l (o) 2 =L VS st i€ SIS <3,
JETF ()

Proof. For every vertex ¢ and its neighbor j € Fl (7), define

% = g\ gy zan/a}

and
L0\ ynolzn}

Define event

¢
a\S (np) . np a\S
r > ———— VS s.t. <3, Vj s.t. < Iy <4 .
A= {50 2 3 v s 18] <3, v st 2 < 1P < anp
Note that G\S ~ G(n — |S|,p) and (4np)’ = o(n). Applying Corollary 1 together with union
bounds, we get that

P{A} > 1—n|S|exp {—Q ((np)?/log(np))} > 1 - n“®.

Define event B such that for every vertex ¢, there is at most 1 neighbor j in G such that |FG\S( )| <
(np)/log(np). Recall € is the event that the maximum degree in G is at most 4np. In view of
Lemma 16, we have that P{BNE|} > 1 —n~ 1o,
Recall that ¢ = Lﬁj and n = 42T2p1=2¢q. Then for sufficiently large n,
(np)*  _ 4n
26=1log(np) =

Z Qg > di — 1, Vi.

JETE (i)

Hence, on event ANBNE,

Let
X =U;j ({ai; =1} N {b;; = 0})

Then on event X', for all 4, j such that a;; = 1, b;; = 1; thus a;; < b;; for all 4, j. Hence, on event
ANBNENXE, we have
> by =di—1, Vi

JETF ()
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It remains to show P{ANBNEN X} > 1—n~"1+°M) which further reduces to proving P {X} <
n~1t°(M by the union bound. Note that
P{a; =1,b;; =0} <P{bj; =0]a;y =1}
< P{Bin ([4n/a},a) < n}
<e ™,
where the last inequality follows from the Binomial tail bound (32). By the union bound, we have
P{x} < Zp{aij = 1,bij =0} < ne”" < n—2’
i7j
where the last inequality holds due to the assumption that n > 4logn.
]

The second lemma is useful to conclude that the test statistic Z, , given in (17) is small for all
distinct vertices w,v.

Lemma 9. Assume the same setup as Lemma 8. With probability at least 1 — 4/n, for all distinct
u, v, there exists a constant C' depending only on € such that

Z Z 1{|Nf\{"’v}(i)ﬂNlG\{u'U}(j)ﬂIO\Zn}SC'
i€D{ (u) eI (v)

Proof. For two vertices i, j, define

¢ij = LN ()nNG ()[>n/(40)}

and an event
_ .. 4e . 4e
C= mZaXZCUSZn ﬂ{m]a}(z:cw§2n }
J 7

In view of Lemma 14, P{C} > 1 —2/n.
Define

aij = LO|NG()nNE ()no|>n )}
and an event

A = { max a;; < 2n* % N { max a;; < 2nte
i Z Y= j EZ: v

J

Moreover, let
Y =Ui; [{ei; = 0} n{ai; = 1}]

Then on Y¢, for all 7, j such that ¢;; = 0, a;; = 0; thus a;; < ¢;; for all 4, j. Hence, CNY*° C A and
thus
P{A} >P{CNnY} >P{C}-P{)V}.

Note that
P{cij =0,a;; = 1} <P{a;; =1]¢;; =0}

< P{Bin (|n/4a],a) > n}
<e
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By the union bound, we have
P{Y} < ZP{CZ‘]‘ =0,a; =1} < ne~ < pn =6
4,3
where the last inequality follows from the assumption that n > 4logn. Thus P{A} > 1 —3/n.

Fix a pair of vertices u # v in the sequel, and let

bij = 1{\N§"\{“’”}(z‘)ﬂNf\{“’”(j)molzn}

and
By, = mlaxz bij < e {mjaxz bij < 2n4€}
J 7

Then by construction, b;; < a;; and thus A C By, ,.
Let X; = G(u,1) for i € [n] and X,,; = G(v,j) for j € [n]. Define

Ry, = Z bij XiXntj,
i,5€[n]\{u,v}

which is a degree-2 polynomial of X;’s. Note that {b;;;4,j € [n]\{u,v}} only depends on G\{u,v}
and hence is independent from X;’s. Moreover, X;’s are i.i.d. Bern(p).
We condition on {b;;} such that event B, , holds. Let

and

(1 = max maXE ZbZ]Xj | b ,maXE < 2pn45 < 2n—1+55‘
v J

J

> by Xl b

By a concentration inequality for multivariate polynomials [Vu02, Corollary 4.9], there exists a
constant C' > 0 depending only on € such that

P{R,,>C|b} <n3

Thus P{R, , > C | By} < n~3. Define event Ruwy = {Rup < C} and R = Ny Rup. It follows
that

P {Ru,v N Bu,v} <P {Ru,v | Bu,v} < ’I’L_3
Since A C By, it further follows that P{R,, N A} < n~3. By a union bound over u, v, we have

P{RNA} <n~!l Hence, P{R} <P{RNA}+P{A} <4/n.
U

With Lemma 8 and Lemma 9, we are ready to finish the proof of Theorem 3.

Proof of Theorem 3. Recall that 7 is given in (14) and the definition of high-degree vertices. We first
prove that Algorithm 2 correctly matches the high-degree vertices in G7 A G2 with high probability.

Recall the definition of Z give in (17). Applying Lemma 8 with G = G} A G, we get that with
high probability, for all high-degree vertices w,

nps>

Zu W2>2T— 1= —
’ T log(nps?)
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Moreover, by definition,
u,v G1\{u,v} /. Go\{u,v}/ .
wis < Hk € I : mo(k) € NEMU iy |k e NG2M }(j)}(

GivG2\{u,v} G

<IN (@) N NN Gy .

Applying Lemma 9 with G = G} V G2, we get that with high probability,
Zupw <C, Yu#w

for a constant C' > 0 only depending on €. Since for sufficiently large n, 7 > C + 1, it follows that
Algorithm 2 correctly matches all high-degree vertices with high probability.
The proof of correctness for matching low-degree vertices is the same as Algorithm 1 and thus
omitted.
O

Appendix A Proof of Theorem 2

Proof of Theorem 2. Suppose nps? —logn = c for ¢ < +o0. Since G} A Gy ~ G(n,ps?), classical
random graph theory shows that the distribution of the number of isolated vertices in G] A G2
converges to Pois(e™¢), see, e.g., [Bol01, Theorem 3.1]. Let F; denote the event that there are at
least two isolated vertices in G A Go. Then P {F;} = Q(1).

Let F denote the event that there are at least two isolated vertices that are unseeded in G7AGa.
Since each vertex is seeded with probability o independently across different vertices and from the
graphs Gy and Gg, it follows that P{F>} > P{F} (1 — 2)? = Q ((1 — ®)?).

Since the prior distribution of 7* is uniform, the maximum likelihood estimator 7y, minimizes
the error probability P {7 # 7*} among all possible estimators and thus we only need to find when
MLE fails.

Recall that Iy is the seed set. Let S denote the set of all possible permutations 7 such that
(i) = 7*(¢) for i € Iy. Under the seeded model G(n,p;s, ), the maximum likelihood estimator
ML 18 given by the minimizer of the (restricted) quadratic assignment problem, namely,

Tur € arg minmin |Gy — TGoII ' |12,
TES
where II is the permutation matrix corresponding to permutation m; or equivalently,
ML € arg max <G1, HGQHT> .
eSS

Let I denote the union of the initial seed set and the set of all non-isolated vertices in G} A Gs.
Then I€¢ is the set of isolated vertices that are unseeded in G7 A Ga. Let S denote the set of all
possible permutations 7 such that (i) = 7*(i) for i € I. Then 7* € S C S. Note that for any
TES , we have

(Grueel™) = > Gi(r(),7(7))Ga(ir])
(i,5)eIxT
2N Gu (i), 7 () Ca (i)

(i,j)eIxI

= Z Gl(ﬂ'*(i), W*(j))G2(17])7
(4,9)

—~
S
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where (a) follows from 7 (i) = 7*(¢) for i € I; the last equality holds due to Gy (7*(3), 7*(j))G2(i, j) =
0 for all (4, §) ¢ I x I. Hence, there at at least |I¢|! — 1 different permutations in S whose likelihood
is at least as large as the ground truth 7*, and hence the MLE is correct with probability at most
1/([I¢' — 1). Note that on event Fa, |I¢| > 2; hence, MLE is correct with probability at most 1/2.
In conclusion, MLE is correct with probability at most (1/2)P{F} = Q((1 — a)?).

U

Appendix B Proof of Lemma 1

Proof. Claim (i): For each vertex i, its degree d; ~ Binom(n — 1,p). By the union bound, the
probability that G has an isolated vertex is

n(1—p)" < e~ =P = o(1),
where the last equality holds due to the assumption that np — logn — +oc.
Claim (ii): Fix any pair of two distinct vertices 4, 7, define
& =1{G@,5) =1} n{d; <7}n{d; <}.

It suffices to show
P{Uiz;€;} <n~ o).

Note that

P{d(i) < 7,d(j) < 7|G(i,j) = 1} = (P{Bin(n — 2,p) < 7 —1})°
< (P{Bin(n — 2,p) < 7})?

In view of Binomial tail bounds given in Theorem 6 and 7 = o(np), we have that

T

2
P{Bin(n — 2,p) <7} <exp <—(n —2)p (1 - m) ) =exp (—(1 —o(1))np) .

Combining the last two displayed equations yields that

P{&;} =P{G(i,j) = 1} P{d(i) < 7,d(j) < 7|G(i,5) = 1}
< pexp (=2(1 - o(1))np)

By the union bound,

P{Uix;Eij} < n*P{Ey}
< nPpexp (=2(1 — o(1))np) = n~ o0,

where the last equality holds due to np — logn — +4o0. O
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Appendix C Proof of Lemma 2

Proof. Let d; denote the degree of vertex i in G] AG2 and A denote the adjacency matrix of GTV Ga.
For every pair of three distinct vertices i, j, k, define

Fijk ={Au =1, A, =1}n{d; <7} n{d; <7}
It suffices to show that P{U; ;xFi;} <n~'+°M). Since G} V Gy ~ G(n,ps(2 — s)), it follows that
P{Aip = 1,4, =1} = P{Ay, = 1} P{Aj, = 1} = (ps(2 — 5))* < p*.
Moreover, since G A Gy ~ G(n,ps?), it follows that
P{{d; <7}n{d; <7} | A =1, A =1} < (P {Binom(n — 3,ps>) < r})°.

In view of Binomial tail bound (32) and 7 = o(nps?), we have that

= 2
P {Binom(n — 3,ps?) <7} < exp <_(" —3)ps’ (1 - W) )

= exp (—np82 (1 - 0(1)))

It follows that
P{F;ju} < p*exp (—2nps® (1 —o(1)))

By the union bound, we have that
P {Ui,ngF’ij} < n3p2 exp (—2np32 (1 — 0(1))) — n—l-i—o(l).

where the last equality holds due to nps? > logn and log(np) = o(nps?). O

Appendix D Neighborhood Exploration in G(n, p)

Throughout this section, we assume graph G ~ G(n,p) with np > logn. We first claim that the
max degree in G is at most 4np with probability at least 1 — 1/n.

Lemma 10. Assume graph G ~ G(n,p) with np > logn. Let

&= d, <4 . 23
{22 e} &
Then
P{€}>1—-n"".

Proof. By the Binomial tail bound (33),
P{d;, > 4np} = P{Binom(n — 1,p) > 4np} < exp(—2np).
The proof follows by the union bound and the assumption that np > logn. O

We fix a vertex u throughout this section, and abbreviate I'{ (u) as T'y(u) and N (u) as Ny (u)
for simplicity. We are interested in studying the growth of |I'x(u)| as k increases. Note that |T'y ()]
is the degree d,, of vertex u in G. Since the average degree is (n — 1)p, we expect typically |I'y(u)]
grows as (np)*. This is indeed true in the dense regime with np > n¢.
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D.1 Dense Regime
The following lemma is adapted from [Bol01, Lemma 10.9].

Lemma 11. Suppose np > n€ for an arbitrarily small constant € > 0 and d is chosen such that
-1 ™

-8
If n is sufficiently large, then with probability at least 1 —n=19, the following claims hold:

(np) and  (np)? > nlogn

(i) For every vertex u,

(np)k. VO<k<d-1.

|

Di(u) — (np)*| <
(ii) For every two distinct vertices u and v,
|Ng_1(u) N Ng_q1(v)| < 8n2d=3p2d=2,

Lemma 11 also upper bounds |Tq_1(u) N Ty_1(v)| for two distinct vertices u,v by 8p??~2n2d=3,
To see this intuitively, note that in the dense regime, I'y_o(u)NT'3_2(v) is typically of a much smaller
size comparing to either T'y_o(u) or I'y_o(v). Hence, the majority of vertices w in T'y_1(u)NT3—1(v)
are connected to some vertex in I'y_o(u) \ T'y—2(v) and to some vertex in I'y_2(v) \ T'y—2(u). For
a given vertex w ¢ Ny _o(u) U Ng_o(v), since |Tg_o(u) \ Ty_o(v)] < |Ta_2(u)| < 2(np)¥=2 and
similarly for |T'g_o(v) \I'y—2(u)|, w connects to some vertex in I';_o(u) \ I'y_2(v) with probability at
most 2p(np)?~2, and connects to some vertex in I'y_s(v) \ T'y_2(u) independently with probability
2p(np)d_2. Moreover, there are at most n such potential vertices w to consider. Hence, we expect
ITy_1(u) NTy_1(v)| to be smaller than 2n[2p(np)?—2)? = 8p??—2p2d=3,
D.2 Sparse Regime
In contrast, in the sparse regime where

np — logn — +oc.

there exist vertices with small degrees, i.e., |I'i(u)| is much smaller than np. Hence, we cannot
expect |T'(u)| grows like (np)* for all vertices u. Nevertheless, the following lemma shows that
conditional on |I'1(u)]| is large, then |T'x(u)| < (np)|Tx—1(u)| for all 2 < k < d for some d with high
probability.

Lemma 12. Suppose
np>logn and p(4np)?t =o(1). (24)

Let u be a fixed vertex. For each 1 < k < d, define

0, — {\Fk(U)! €l = |:T (?)k—l 7 (4np)k]}

for 1 <7 <mnp. Then for2 <k <d,

P{Qk|Q1,..., Qr—1} >1—exp <—Q (T <%>k_l>> :

It readily follows that
P{QiN Qg 1N---NQ2| 1} >1—exp(—2(rnp)).
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Proof. Fix 2 < k < d. Conditional on I'y_;(u) and Nj_i(u), the probability of a given vertex
v ¢ Ni_1(u) being connected to some vertices in I'y_1(u) is

pe=1—(1-— p)‘rk—l(u”‘
Therefore, conditional on |I'y_1(u)| and |Ng_1(u)],
Ts(w)| ~ Bin (n — [Ni—1(u)], pk)

Note that conditional on Qj, ..., Qx_1,

(4np)* -1

N1 =3 Dafw)] < 3 (4np)' = =02

= o(n),

where the last equality holds due to the assumption (24) and k < d. Moreover, in view of the
assumption (24), conditional on Q1,...,Qk_1,

(1= o) o7 (") < i < plamp)

Hence, for 2 < k < d,

P{Tk(u)| & I | Q1,...,Qr} <P {Bin <n —o(n), (1 —o(1)) pr (@)k_2> <r <@)’“‘1}

—|—IP’{Bin <n,p(4np)k_1> > (4np)k}
< exp <—Q (T (%)LCA)) + exp (—4k ' (np)" >
e a3
P{QiNQqg_1N---NQ2| 1} =P{Qo| Q}P{Q3]| Q1,Qa}---P{Qyq|Q1,...,Q4-1}

Ao (217)
S (ol 2)7)

> 1 —exp(=Q(mnp)).

Finally, we note that

With Lemma 12, we have the following immediate corollary.

Corollary 1. Suppose (24) holds. Define event
Q=A{Tr(u)| € I, V1 < k <d, Yu s.t. 7 <|T'1(u)|] < 4np}

Then
P{Q} >1—nexp(—Q(np)).
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Proof. Note that
Q° = Uy ({7 < Ty (w)] < dnp} N {Tx(w)] & Iy, Y1 < k < d}).
Hence, it follows from the union bound that
PO} < S P{{r <M1 ()] < dnp} 0 {Tk(w)] ¢ i, V1 < ks < d}}
<Y P{ITk(u)| ¢ Ir, VI <k < d| 7 < |Ty(u)| < 4np}
< nueXp (=Q(mnp)),

where the last inequality follows from Lemma 12. O

Next, we upper bounds |Ng(u) N Ny(v)| for two distinct vertices u,v in the sparse regime. We
need to introduce

Ly e(u,v) = {w € Tp(u) NTy(v) : Ti(w) N (Ce—1(u) \ Fe—1(v)) # 0, T1(w) N (Le—1(v) \ De—1(u)) # 0}
and we abbreviate I'y ; (u,v) as I';(u, v) for simplicity. By definition, for any d > 1,
Lyg(u) NTg(v) € Ud_ Ty_p (Th(u,v)).

and
Ng(u) N Na(v) € U3 Uf—g Na—max(e.0y (Dipep(u,v)) -

The following lemma gives an upper bound to ‘Fz’z(u, v)‘ in high probability.

Lemma 13. For two distinct vertices u,v, define

A = {0k ()] < (np) ", [Pea ()] < (4np)* ' |

For all k > 1,

. 1
P {|T% o(u, 0)| > e | Ape} < ey (25)
where

] 24logn if np?(4np)F=2 < 4logn
Tk dnp®(4np)*=2  o.w.

Proof. Conditional on Nj_1(u),T'x—1(u) and Ny_1(v),Ty—1(v), the probability that a vertex w ¢
Ni—1(u) UNp_1(v) being connected to some vertex in T'y_1(u) \ Tp_1(v) is

(26)

L — (1= p)ltet N1 < pITy () \ Doy (0)] < pITa (w)].
Similarly, the probability that w is connected to some vertex in I'y_1(v) \ Tx—1(u) is

1= (1 —p)/Ter N < Ty (0) \ Troa ()] < T (v)].
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Since T'x—1(u) \ T'¢—1(v) is disjoint from I'y_;(v) \ I'x—1(u), the probability that w € I’} , is at most
p?|Tk_1(w)||T¢—1(v)|. Moreover, there are at most n vertices w ¢ Ny_1(u) UN;_1(v). Hence,

P {|T% o(u,0)| > Yppe | g} <P {Bin <n,p2(4np)k+£_2) > 7k+z} :

If np?(4np)F+=2 < 4logn, then by the choice of v, = 24logn, we have yjp > 6np?(4np)F+6=2.

It follows from (34) that

]P’{Bin (n,p2(4np)k+£_2) > ’Yk+£} < 97 Mhte = 9~ 24logn < ig'
n

If np?(4np)**+=2 > 4logn, then by the choice of Yy = 4np?(4np)*+¢=2 it follows from (33) that

1
P{Bin (n,p(4np)" ) 2 gy } < exp (—20p%(np) ) <
n

O
With Lemma 13, we are ready to upper bound |Ng(u) N Ng(v)| for d large enough.
Lemma 14. For a given small constant € > 0, choose an integer 1 < d < n such that
(4np)? > '~
For each vertex u, define event
4de
Ru = {Z L N o) Na(o) > 4201 p2p2a-1} < 210 }
v
and R = NyRy. Then
P{R}>1-2n"" (27)

Proof. Define an event
A = Nuzo M<kzd M<kze { T o (1w, 0)| < Yhir}
Recall £ defined in (23). Note that
AN&E)F=ANE)UE.
Therefore,
P{(ANE)} <P{A°NE}+P{EF.
Note that P{£°} < 1/n. Moreover,

PLANEY <> > > P{{ITf (w0, 0)] = yeae} N EY

uzv 1<k<d 1<6<d

(%) Z Z Z P {{|T%.¢(u,v)| > yre} N Ape}

uzv 1<k<d 1<6<d

<Y D P{IThe(w0)] = e | Age} <07

uztv 1<k<d 1<6<d
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where (a) follows from £ C Ay and the last inequality holds in view of Lemma 13 and d < n.
Therefore, P{(ANE)} < 2/n.

To prove the lemma, it suffices to argue that ANE C R. To see this, let us assume that ANE
holds in the sequel. Note that

Nd(u) n Nd(U) - Uzl:—d Ug:o Nd—k—maX{Z,O} (FZ—l—E,k(u’ U)) .

It follows that

d d
[Na(w) N Na()] < D D [Thpgplu, )| (dnp)?=Fmmettod
=—d k=0

Set k?(]

e 2¢elogn

0= log(4np)
Then
2ko (4np)2ko+l 1
| Nk, (u)| < Z 4np) 4np——1 < 2(471]))%0 < 2n’€,

where the second-to-the-last 1nequahty holds due to 2np > 1. Note that for all v ¢ Noy,(u), we
have
T7o(u,0)| =0, Y0 <k+£< 2k

and thus
d d
|Ng(u) N Ng(v)] < Z Z o<k +e<dy L 2hse52k041) Y2k ¢ (dnp) T F7max (b0}
t=—d k=0
d d
< Z Z Lio<kre<ayl{orte>2k0+1) (24 logn + 4np2(4np)2k+é—2) ( 4np)d—k—max{é,0}
t=—d k=0

< 1921log n(4np)?=*0=1/2 4 39np? (4np)24—2
< Gdnp? (dnp)21=2 — 420+1 24,21

where the last inequality holds due to (4np)d+k0+1/ 2 > 6nlogn for n sufficiently large. Hence, for
every u,
4e
D L{inatwr e s peanza1y S [N (w)] < 20
v
As a consequence, ANE CR. O

D.3 Graph Branching in Sparse Regime

In this subsection, we describe a branching process to explore the vertices in Ni(u). See, e.g.,
[AS08, Section 11.5] for a reference.

Definition 3 (Graph Branching Process). We begin with u and apply breadth-first-search to explore
the vertices in Ni(u). In this process, all vertices will be “live”, “dead”, or “neutral”. The live
vertices will be contained in a queue. Initially, at time 0, u is live and the queue consists of only
u, and all the other vertices are neutral. At each time step t, a live vertex v is popped from the
head of the queue, and we check all pairs {v,w} for all neutral vertices w for adjacency. The poped
vertex v is now dead and those neutral vertices w adjacent to v are added to the end of the queue
(in an arbitrary order) and now are live. The process ends when the queue is empty.
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Note that such a branching process constructs a tree T'(u) rooted at w. In particular, at each
time step, those neutral vertices w adjacent to the poped vertex v can be viewed as children of v.
For each vertex v in T'(u), abusing notation slightly, we let Ty (v) denote the subtree rooted at v of
depth %k in T'(u) and Il (v) denote the set of vertices at distance k from root v in subtree Tk (v).
Note that by construction, ITy(u) = I'y(u) for root u.

We are interested in bounding |IIj(v)| for each children v of root u. The following lemma shows
that with high probability, for all childen v of root u such that |II;(v)| > 7, |k (v)| grows at least
as 7 (np/2)"1.

Lemma 15. Let u be the root vertex and 1 < 7 < np. Define
Fr = {1 (u)| < 4np} N {[ILi(v)] < 4np,Yv € 1 (u)},
and for each 2 < k < d define
Fi = {IM(0)] < np)*,vo € M) p 0 { (0] = 7 (np/2) ™ Vo € () sit. [ (v)] = 7}
Suppose
np>logn and (4np)™' = o(n). (28)
Then for 2 <k <d,

k-1
P{Fx|F1,..., Fr—1} = 1—8npexp <—Q <T (%) >> '

It readily follows that
P{FiNnFs1N---NFy | F1} >1—8npexp (—Q (tnp)).
Moreover, by letting
A, = (]:dﬂ]:d—l ﬂ-'-]:Q)U]:lc,
we have
P{A;} < 8npexp (—Q (Tnp)) .

Proof. Fix 2 < k < d. Suppose the neighbors of root vertex u are added to the queue in the
order of vy,v,...,vq,, where d, = |II;(u)|. Then by the branching process aforementioned,
I (v1),...,g(v;—1) are revealed before Ik (v;).

Fix 1 < i <d, and define

Fii = {Ie(w))] < (3np)*, v € [i]} 0 {mk(vj)y > 7 (”—21’)'“_1 Vi € [i] st |y (vy)] > T} .

Then Fj, = F 4, -
Conditional on II;_1(v;), the probability of a given neutral vertex w being connected to some
vertices in I_q(v;) is
pr 21— (1 —p)lter Ol < piT (7).

On the one hand, there are at most n neutral vertices. Therefore, conditional on |IIx_1(v;)],
|TT(v;)| is stochastically dominated by Bin (n, p |[IIx_1(v;)|) and hence

P {[Te(wr)| > (4np)* | Fi,..o, Fior, Pt b < P{Bin (m, pldnp)*1) > (4np)*}

< exp (—4’“_1(7%11)'“) : (29)
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where the last inequality follows from the Binomial tail bound (33).

On the other hand, in view of assumption (28), conditional on Fi,..., Fi_1, Fi,i—1 there are at
least
dy k—1 i1 k (4np)F+2 — 1
l __ -
n—1-— ;;_% |TL (v;)| — ; g (v;)] >n—1-— 4np;0(4np) =n-— g1 n —o(n)

neutral vertices to be connected to some vertices in I1;_1(v;), and for each v; such that |11 (v;)| > T,

b= 1= (1= ) > (1 o) pr (22)' 77

Therefore, conditional on Fi, ..., Fx_1, Fri-1, |IIx(v;)| is stochastically lower bounded by

Bin <n —o(n), (1 —o(1))pr (%)IM)

and hence for 2 < k < d,
P S M (vi)| > 7 <7> | Floo oy Frmts Fhjiet

<P {Bin <n —o(n),(1 —o(1)) pr (%)k_j =T <?)k_l}
< exp <—Q <T (%)k_l» : %

Combining (29) and (30) yields that

P{Fri| Frseoos From1} > P{Fri1 | F1,.. o  Fro1} <1 — 2exp <—Q <7' (7) >>> .

Therefore,

k-1
S ———

Finally, we note that

P{fdﬂfd_lﬂ”’ﬂfg‘fl}
:P{fg ’./?1}]?{./?3 ’fl,fg}'”]?{fd ‘ fl,...,fd_l}

> kljz (1 — 8npexp <—Q (T (%>H>>>
>1-— SHPIZ;@XP <_Q <T (”_229)k_1>>

>1—8npexp (—Q(mnp)) .

Moreover, by the definition of A,,, we have

A = (FanFag1N---NF) N Fr.
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Hence,
]P){.AZ} = P{]:l}]?{(]:d NFg_1N---N ]:2)C | ]:1}
SP{(FanFa1N---NF)°| Fi}
< 8npexp (—Q2(7np))
completing the proof. O

The following lemma shows that with high probability, for all possible root vertex u, it has at
most one children v with |II; (v)| < 7 for 7 = o(np). Let A denote the adjacency matrix of G. For
three distinct vertices u, v, w, define

Buvw = {Auy =1, Auw =1} N {|IIi(v)| < 7} N {1 (w) < 7}
and B = Uy, v,wBu,v,w-
Lemma 16. Assume
np >logn, andnp = o(n'’?), and T = o(np). (31)
Then
P{BNE} <ntto),

Proof. By the union bound,
P{BNE}< > P{BuvwnE}

UV, W
it reduces to bounding P {B, ., NE}.

Let N, and N,, denote the number of neutral vertices in the branching process when v and w
are popped from the head of the queue, respectively. Then conditional on N, and N, |II;(v)| and
III; (w)| are independent and |II;(v)| ~ Binom(N,,p) and |II;(w)| ~ Binom(N,,p). On event &,
both N, and N,, is at least n— 1 —4np — (4np)? = n—o(n) in view of the assumption np = o(n'/?).
Therefore,

PHIL ()] < 7. Ii(w) S 7INE [ Aup =1, Ay = 1}
n—o(n)

= Z P{{‘Hl(v)‘ < Tvnl(w) < Tan = inw :]} neé ’ Au,v - 17Au,w - 1}
ij=1

< Y P{M)] <7 I(w) 7Ny =i, Ny =5 | Auy = 1, Ay = 1}

iuj:n_o(n)

n
= Y P{Ny=i,Ny=j| Aup =1 Ay = 1}P{I(v)] < 7,10 (w) <7 | Ny =i, Ny = j}

i?j:n_o(n)

= Z P{N, =i,Ny =7 | Aur =1, Ay = 1} (P {Binom (n — o(n),p) < 7})*
i,j=n—o(n)

<exp (—2(1 —o(1))np),

where the last inequality holds due to the Binomial tail bound (32) and the assumption that
7 = o(np). It follows that

P{BuvwNE} <p?exp (—2(1 — o(1))np) = o(1/n?),
where the last equality holds due to np > logn. O
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Now we are ready to prove our main proposition. Let H, denote the event that tree T'(u)
satisfies

1. u has at most one children v such that |II;(v)| < 7.
2. For each children v of u with |II; (v)| > 7, [Ix(v)| > 7 (%)k_l forall 1 <k <d.
Define H = Ny Ha-
Proposition 1. Suppose (28) and (31) hold and T — o0o. Then
P{H} >1—3n~ 1t

Proof. Note that
(N AL) N(BCUE)NE C H.

Hence,

P{H}>1-) P{AS} -P{BNE}—P{E}.

In view of Lemma 15, we have
P{AS} <n~W),

By Lemma 16, we have
P{BNE} < nttol),

By Lemma 1, we have P{€} > 1 — 1/n. Then the conclusion readily follows. O

Appendix E Time Complexity of Algorithm 1

Recall that in Algorithm 1, we need to efficiently check whether there exist m independent /-paths
from a given vertex is to a set of m seeded vertices L C Ffz (i2) in G2 and m independent ¢-paths
from a given vertex iy to the corresponding seed set my(L) C I‘fl (i1) in G7. Below we give the
specific procedure to reduce this task to a maximum flow problem in a directed graph with source
i1 and sink is.

First, we explore the local neighborhood N, ZG '(i1) of 41 in G up to radius £. We delete all the
edges (u,v) found if (u,v) are at the same distance from ;. Also, we direct all the edges (u,v)
from u to v if w is closer to i1 than v by distance 1. Afterwards, we get a local neighborhood of
11, denoted by ]%Gl (i1), with edges pointing away from i;. Note that ]%Gl (i1) is not exactly a tree
because a vertex may have multiple parents.

Next, we repeat the above procedure for vertex io in G in exactly the same manner except
that the edges are directed towards 4. Let N, ZG 2(ig) denote the resulting local neighborhood of is.

Finally, we take the graph union of N, ZG '(i1) and N, ZG 2(ig), by treating seeded vertex u € Ffz (i2)
with its correspondence m(u) € F?l (71) as the same vertex. All the other vertices, seeded or non-
seeded, from the two different local neighborhoods are treated as distinct vertices. We denote the
resulting graph union as Ny(i1,i2).

Recall that we aim to find independent (vertex-disjoint except for 1) ¢-paths from i; to seeded
vertices in F?l (71). Thus, we need to enforce the constraint that every vertex other than i; can
appear at most once. Similarly for i5. To this end, we apply the following procedure.

1. Split each vertex u in Ny(i1,42) into to two vertices: win and uwout;
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2. Add an edge of capacity 1 from uin to uout;
3. Replace each other edge (u,v) in Ny(i1,i2) with an edge from uout to vin of capacity 1;
4. Find a max-flow from ijout to igin.

The idea behind this construction is as follows. Any flow path from the source vertex ijout to
the sink vertex isin must have capacity 1, since all edges have capacity 1. Since all capacities are
integral, there exists an integral max-flow in which all flows are integers [FF56]. No two flow paths
can pass through the same intermediary vertex, because in passing through a vertex w in the graph
the flow path must cross the edge from win to wout, and the capacity here has been restricted to
one. Also, the flow path must pass exactly 2¢ distinct uout vertices (including the source vertex
i1out, because all the edges are pointing away from i;0ut and towards ioin. Thus each flow path
from iy out to isin represents a vertex-disjoint 2¢-path from the source vertex iy to sink vertex iy in
Ny(i1,12). As a consequence, the max-flow from i;out to igin corresponds to the maximum number,
m, of independent /-paths from 9 to a set of seeded vertices L C F?Q (i2) in Go, and of independent
¢-paths from i; to the corresponding seed set my(L) C I‘éGl (71) in Gj.

As for time complexity, we can find a max-flow from ijout to isin via Ford—Fulkerson algo-
rithm [FF56] in O(|E|f) time steps, where |E| is the total number of edges of Ny(i1,i2) after vertex
splitting and edge replacement, and f is the max flow. Under the choice of ¢ given in (12), the
total number of vertices and edges in Ny(i1,i2) are O(n'/2=¢). Hence, |E| = O(n'/?=¢). More-
over, the max flow f is upper bounded by the number of seeded vertices in Ffl (¢1) which is at
most O(n'/?~¢a) with high probability. Hence, in total it takes O(na) time steps to compute the
max-flow from ij0ut to i9in via Ford—Fulkerson algorithm.

Appendix F Tail Bounds for Binomial Distributions

Theorem 6 ([Oka59, MUO5]). Let X ~ Bin(n,p). It holds that
2
P{Xﬁnt}ﬁexp(—n(ﬁ—ﬁ)), YO<t<p (32)
2
]P’{int}gexp<—2n(\/5—\/]_9> ), Vp<t<l1. (33)

P{X>nt} <27™ V6p<t>1. (34)
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