arXiv:1908.04403v3 [math.PR] 16 Nov 2021

ON BREADTH-FIRST CONSTRUCTIONS OF SCALING LIMITS OF RANDOM GRAPHS
AND RANDOM UNICELLULAR MAPS

GREGORY MIERMONT! AND SANCHAYAN SENZ

ABSTRACT. We give alternate constructions of (i) the scaling limit of the uniform connected
graphs with given fixed surplus, and (ii) the continuum random unicellular map (CRUM)
of a given genus that start with a suitably tilted Brownian continuum random tree and
make ‘horizontal’ point identifications, at random heights, using the local time measures.
Consequently, this can be seen as a continuum analogue of the breadth-first construction
of a finite connected graph. In particular, this yields a breadth-first construction of the
scaling limit of the critical Erdés-Rényi random graph which answers a question posed in
[2]. As a consequence of this breadth-first construction we obtain descriptions of the radii,
the distance profiles, and the two point functions of these spaces in terms of functionals of
tilted Brownian excursions.

1. INTRODUCTION AND DEFINITIONS

This paper studies properties of random metric spaces that arise naturally in the study
of critical random graphs and random maps, by providing new constructions of these ob-
jects. A common feature of these spaces is that they look locally like random trees, which
makes it possible to construct them by performing certain gluings in models of continuum
random trees. One nice aspect of the particular “breadth-first construction” considered in
this paper is that it can be defined canonically for a wide family of (deterministic) metric
spaces called R-graphs. We start by explaining this construction.

Recall that a metric space (X, d) is called geodesic if for every x, y € X, there exists an
isometric embedding v : [0,d(x, y)] — X with ¢(0) = x and w(d(x,y)) = y. We call v a
geodesic path between x and y. A compact geodesic metric space is called an R-tree
[26, 36] if it has no embedded cycles. A compact geodesic metric space (X, d) is called an
R-graph [4] if for every x € X, there exists € > 0 such that

Bx,&X):={yeX : d(y,x) <¢}

with the induced metric d|py¢;x) is an R-tree. A measured R-graph is an R-graph with a
probability measure on its Borel o-algebra. By [4, Theorem 2.7], (X, d) is an R-graph if and
only if there exists a finite connected multigraph G = (V, E) and a collection {(T,, X¢, ye) :
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2 MIERMONT AND SEN

FIGURE 1.1. On the left, an R-graph X with its root colored orange and
points in X colored red. On the right, the space X'.

e € E} where T, is an R-tree and x,, y, € T, such that (X, d) is isometric to the space con-
structed from G by performing a metric gluing of the spaces T, replacing each edge e € E
by T, and identifying x., with one endpoint of e and y. with the other endpoint of e.
Random measured R-graphs arise naturally as scaling limits of various random graphs
[2,3,12,14-16].

For an R-graph (X, d) and x € X, choose € > 0 such that B(x, ¢; X) is an R-tree, and define
the degree of x as

deg(x; X) := #{connected components of B(x,&; X) \ {x}}.

Note that the value of deg(x; X) is independent of the choice of €. A triple (X, d, x,) where
(X, d) is an R-graph and x. € X is a distinguished point is called a rooted R-graph. We can
similarly define a measured rooted R-graph. We define the radius of X to be
Rad(X) :=supd(x, x.).
xeX

Let (X,d, x.) be a rooted R-graph. Let X be the cut locus of x, in X, i.e., the set of all
points x in X such that there exist at least two distinct (not necessarily disjoint) geodesic
paths from x. to x. Then X \ X is connected, since no point on the unique geodesic be-
tween a point x € X \ X and x, can be in X. Assume further that

deg(x; X) =2 forevery x e X. (1.1)

Then it is easy to see that X is a finite set, for instance from the description of X as a metric
gluing of doubly-rooted R-trees (T, X¢, Ye), € € E, along a finite graph G = (V, E): for every
point x of X, there exists e € E such that e belongs to one of the finitely many cycles in
G and x is a point on the geodesic path connecting x, and y, in T,, and removing x has
the effect of decreasing the total number of cycles. From now on we will only work with
R-graphs that satisfy (1.1).

For a rooted R-graph (X, d, x,) satisfying (1.1), define X’ to be the completion of the
metric space X \ X endowed with the intrinsic metric inherited from d. Let d’ denote the
metric on X', and for any x € X \ X let x’ € X’ denote the corresponding point. We root X’
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at x,. Then (X', d’, x,) is a rooted R-tree, which we think of as the ‘breadth-first spanning
tree’ of (X, d, x.). Consider the injective map x — x’ defined on X\ X andlet p: X' — X be
the unique continuous extension of its inverse to the whole of X’. Then p~!(x) = {x} for
x€ X\ X, and p~!(x) has exactly two elements xI', x? for x € X, and both are leaves of X’
with d'(x., x1) = d'(x., x®) = d(x., x).

If (X,d,x., ) is a rooted measured R-graph and u is non-atomic, then we endow X’
with p/~the natural measure on X’ induced by g, that is, u'(A) = u(p(A)) for a measurable
Ain (X',d") and p is as described above. This yields a mapping

(X, d, xs,p) — (X', d, xL, {1xV, x®} : x e X3, 1) (1.2)

from the set of rooted R-graphs that satisfy (1.1) and are endowed with a non-atomic mea-
sure to the set of rooted R-trees with a non-atomic measure and a finite number of distin-
guished pairs of leaves that are equidistant to the root. This mapping is inverted simply
by identifying the distinguished leaves in pairs and taking the metric quotient. We do not
give all details since we are not going to use this correspondence explicitly, but it helps in
understanding some parts of our constructions.

The space X’ has some nice properties as we describe next. Note that in going from X
to X', distances from the root are preserved: For any z € X', d'(z,x.) = d(p(z), x.), and in
particular,

Rad(X) = Rad(X"). (1.3)
Further, for any r > 0,
p(B(xs, 1; X)) = 4/ (B(x,, r; X7). (1.4)

For a < b, we call a continuous function e: [a, b] — [0, 00) with e(a) = e(b) = 0 a continu-
ous excursion on [a, b]. For a continuous excursion e on [0, 1], write (ﬂ'e, de, Pe> ,ue) for the
rooted (at p.) measured R-tree encoded by e; see Section 2 for a precise definition. Since
X' is an R-tree (recall that in our definition, R-trees are always compact), by [25, Corollary
1.2], there exists a continuous excursion e. on [0,1] such that (X', d’, x}) is isometric to
(E]‘e,, de,,pe,) as rooted metric spaces. Thus, using (1.3), we get the following description
of the radius of X:

Rad(X) = [le.lloo := sup{e.(r) : t€[0,1]}. (1.5)

If (X',d',x,, 1) is isometric to (., de., Pe., le.) as rooted metric measure spaces, then
using (1.4) and writing A for the Lebesgue measure on R, we get

p(Bxy, 13 X))= ' (B(x,, 13 X)) = pe. (B(Pe., 75 Te)) =A({t€[0,1] s e () < 1}),  (1.6)

where the last step follows from the definition of the measured R-tree coded by e.; see the
beginning of Section 2 for the precise definition.

For any a > 0 and any f € C[0, a] (not necessarily an excursion), we can define the oc-
cupation measure of f at time ¢ € [0, a], which we denote by DU(f; ¢, dy), by the formula

t
fo O(f(u)du = SY)N(Sf;t,dy)

YeER

for every bounded continuous ¢ : R — R. Now suppose that 9(f; t,dy) = n(f;t,y)dy is
absolutely continuous with respect to the Lebesgue measure for every ¢ € [0, a], and that
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we can choose a version of the density n(f; £, y) that is jointly continuous in € [0, a] and
y € R. Then we call n(f; ¢, y) the local timeof f atlevel y and time ¢, and say that f admits a
continuous local time. From this definition it follows that for each fixed y € R, the function
n(f; -, y) is non-decreasing on [0, al, and the corresponding Stieltjes measures n(f; dt, y)
satisfy

a

a
f (p(t,f(t))dt:f dy | ¢,y n(f;dt,y) (1.7)
0 yeR =0
for every bounded continuous ¢ : [0, a] x R — R.
Now if (X', d’, x},, i) is isometric to (T, , de., Pe., He.) for a continuous excursion e, on
[0,1] and e. admits a continuous local time, then the right side of (1.6) is differentiable
w.r.t. r, and further,

%M(B(x*,r;X)):n(e.;l,r) forall r>0. (1.8)

The left side of (1.8) gives the distance profile around the root x..

Thus, if X is arandom rooted measured R-graph and we can identify the random excur-
sion e, that encodes X’, and e. admits a continuous local time, then we can express the
radius of X and the distance profile around the root of X in terms of the supremum of e.
and the local time of e.. For the random R-graphs considered in this paper, the root x.
will be a u-distributed point in (X, d, u). In this case the two-point function of (X, d, u) will
have the same law as e. (U), where U ~ Uniform|[0, 1] is independent of e..

In this paper we will consider the following two random R-graphs:

(i) the scaling limit /5 of uniform connected rooted (labeled) graphs with surplus s, and
(i) the scaling limit CRUMy) of random unicellular maps of genus g considered in [3].
The precise definitions of these spaces will be given in Section 2. We will identify the dis-
tributions of their breadth-first spanning trees Jf(’ 5 and CRUM{ g and we will describe
how to glue random points on these R-trees to recover the spaces #7;) and CRUMy) in
distribution.

The spaces #), s = 0, are the building blocks for the scaling limit of the critical Erdds-
Rényi random graph identified in [2]; see [6, Construction 3.10 and Theorem 3.12] for a
precise statement. The Erd6s-Rényi scaling limit is a universal object in the sense that it
arises as the scaling limit of a wide array of standard models of critical random discrete
structures exhibiting mean-field behavior. Examples of such models include random reg-
ular graphs under critical percolation or more generally critical random graphs with given
degree sequence (under finite third moment assumption on the degrees), various mod-
els of inhomogeneous random graphs (under appropriate assumptions), bounded-size
rules, and the vacant set left by random walks on random regular graphs; see [12, 15, 16].
Further, existing literature suggests that the components of the high-dimensional discrete
torus [30, 31, 33] and the hypercube [32] under critical percolation, and the critical quan-
tum random graph model [22] also share the Erdds-Rényi scaling limit. The breadth-first
construction of .# (given in Theorem 3.1 below) in particular yields the same for this
universal scaling limit.

The construction of the Erdds-Rényi scaling limit given in [2] can be thought of as a
‘depth-first construction’; see Construction 2.1 below. An alternate construction that can
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be seen as a ‘core decomposition’ was given in [1]. The advantage of the breadth-first per-
spective, as explained earlier, is that it directly identifies the radius, the two-point function,
and the distance profile in terms functionals of suitably tilted Brownian excursions, which
the two constructions above do not. The problem of identifying the breadth-first con-
struction of the Erd6s-Rényi scaling limit was asked in [2, Section 6]. This was the main
motivation behind this work. Quoting the authors of [2]:

The rescaled breadth-first walk ... converges to the same limit as the
rescaled height profile (i.e. the number of vertices at each height) of a
“breadth-first tree", which contains less information and, in particular,
does not code the structure of that tree. As a result, it seems that it would be
much harder to derive a metric space construction of a limiting component
using the breadth-first viewpoint.

The breadth-first approach indeed requires more than just the convergence of the rescaled
breadth-first walk. This will be discussed in more detail in Section 6.

Comments on the use of maps in our approach: Our proofs will make a thorough use of
maps, not only in the study of CRUM(g), but also in that of the spaces ;. This might
look a bit surprising at first sight. Indeed, the spaces #;) were initially introduced as scal-
ing limits of random labeled graphs. The most natural approach would be to perform a
breadth-first search on the same family of graphs, cutting cycles as they appear in this ex-
ploration in order to obtain a random labeled tree with a certain law that one can compare
to that of a uniform rooted labeled tree H,, o of a given size n. Running the construction
backwards, to obtain the random labeled graph starting from this random tree, one has
to choose pairs of vertices in the tree at (roughly) the same height and connect them by
an edge. A difficulty then appears when trying to understand the scaling limit of this con-
struction: the operation of choosing random pairs of vertices at the same height in a con-
tinuum tree coded by some excursion e amounts to sampling them according to measures
associated with the local time of e, and proving the convergence then requires a very good
understanding of the discrete versions of the local time associated with either the height
function or the contour function of the tree H;, o as n — oo. Unfortunately, such results are
not available in the literature on random trees.

Instead, we take an indirect approach by considering a different model: uniform maps
with a fixed surplus. Using Construction 2.1 given below, we will show that the scaling
limit of this model is also #7;. Now, by considering a breadth-first exploration of this
model, we circumvent the issue with local times mentioned above by connecting the orig-
inal problem to a problem about suitably tilted plane trees (as opposed to labeled trees).
The contour function of a uniform plane tree is a simple random walk excursion, and this
will allow us to apply existing results about local time fields of random walks in our proofs.
Owing to this reason, the proof of the breadth-first construction of .7, proceeds via a
study of such maps.

Organization of this paper: The rest of this paper is organized as follows: In Section 2,
we describe the constructions of the random metric spaces involved. In Section 3, we
state our main results. In Section 4, we explain the notation and conventions used in this
paper; in particular, the notation related to maps will be described. The proofs of our
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main results will be given in various subsections in Section 5. Section 6 contains some
related questions and further discussions. The proof of a key result used in Section 5 will
be outlined in Appendix A.

Convention about metric spaces: We fix a convention here that we will follow throughout
the paper. For any metric measure space X = (X,d,u) and a > 0, a - X or simply aX will
denote the metric measure space (X, ad, 1), i.e, the space where the metric has been mul-
tiplied by a and the measure p has remained unchanged. We can similarly define a X for
arooted metric measure space X by leaving the root unchanged.

When dealing with convergence of rooted metric measure spaces, we will work with the
topology induced by the ‘pointed Gromov-Hausdorff-Prokhorov (GHP) distance,” which
we denote by déHP(-, ). We refer the reader to [4, Section 2.1] for the relevant definitions.

2. CONSTRUCTIONS OF THE SPACES
Let e be a continuous excursion on [0, 1]. Let d, be the pseudo-metric on [0, 1] given by

de(s,t):=e(s)+e(t)—2 inf e(u), fors,t€[0,1]. (2.1)
uel(s,t]

Define the equivalence relation s ~ t < d,(s, t) = 0. Let [0,1]/ ~ denote the corresponding
quotient space and consider the space 9, := [0,1]/ ~ endowed with the quotient metric
on the equivalence classes induced by d,. We abuse notation and write d, for the quotient
metric on 9, as well. Then (7, d,) is an R-tree [26,36]. Let g, : [0, 1] — T, be the canonical
projection and write p, for the push-forward of the Lebesgue measure on [0, 1] onto 7, via
g.. Further, we let 9, be rooted at p, := q.(0). Then (F,, d,, pe, le) is a rooted measured
R-tree. Note that by construction, for any x € 9, the function e is constant on qgl({x}).
Note also that the height of x € 7, defined as ht(x; J,) := d.(pe, x) satisfies ht(x; T,) = e(u)
for any u € g, ' ({x}). We define the set of leaves of I, to be

L(Te) i ={x€ T, : deg(x; T) =1}.

We will write (e(#), t € [0,1]) for a standard Brownian excursion. The R-tree 2 - J is
called the Brownian continuum random tree (recall our convention about metric spaces
explained at the end of Section 1). It is well-known [7, 8] that the measure p, (also called
the mass measure) on J, is non-atomic and concentrated on £ (J,) almost surely.

2.1. Constructions of the scaling limit of uniform connected graphs with fixed surplus.
We will now define the random spaces .#), s = 0, that were introduced in Section 1. For
a finite connected graph G = (V, E), let sp(G) := |E| —| V| + 1 denote the number of surplus
(also called excess) edges in G. For n =1 and s = 0 define

Hp,s = {G : Grooted, connected, simple, labeled graph on [n] with sp(G) = s},  (2.2)

where [n] := {1,...,n}. Let H, ; be uniformly distributed over H,, ;. View H,, s as a rooted
metric measure space by endowing it with the graph distance and the uniform probability
measure on the vertices. Then there exists a random compact, rooted metric measure
space /() such that

_ d
n 1/2'Hn,s—’¢;£(s) (2.3)
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w.r.t. the pointed GHP topology. The space /) is simply 2 - Je—the Brownian continuum
random tree [7,8]. For s = 1, (2.3) can be proved by arguments similar to the ones used in
[2,15]; a brief sketch of the proof is given in [6, Section A.1].

The spaces #s), s = 0, are central to describing the scaling limits of many other random

discrete structures. As mentioned before, the critical Erdés-Rényi scaling limit identified
in [2] can be expressed in terms of the spaces #s), s = 0. The spaces .#7) also arise as the
scaling limit of
(i) uniform connected graphs with a given degree sequence under some assumptions on
the degree sequence [15, Theorem 2.4], and
(ii) uniform rooted maps with fixed surplus s (without any restriction on the genus); see
Remark 4 below.
The scaling limit of the minimal spanning tree of the complete graph identified in [4] can
be expressed as the limit, as s — oo, of the space obtained by applying a ‘cycle-breaking’
procedure on the space (125)'/6-.# [6, Theorem 4.8]. We now describe one construction
of S (s)

Construction 2.1 (Depth-first construction of .#)). Fix an integer s = 0.
(@) Sample e wnth law given by

E[¢p(e)( fy e(nd1)’]

E[(/fy e(nd1)’]

for every bounded continuous ¢:C[0,1] = R.
(b) Conditional on e samplei.i.d. points uy, ..., us in [0,1] with density

( ey (1)
Jy eXnat

(c) Conditional on e(s) and u1, ., Us, sample independent points zy, ..., z;, where z; is uni-
formly distributed in [0, e (u ). For1<i<s,let

[E[gb(e(s) )] = (2.4)

(S) ’

)du, ueloll.

vi:=inf{r=u; : e(s) (1) = zi}.

(d) Set A to be the quotient space 2 - (f/-el()f | ~), where ~ is the smallest equivalence
relation under which qepp(ui) ~ qenp(v,-) forl < i <s. Here, /) is endowed with the
root and the measure znherzted from eDF by the quotient map. That is, s is the
rooted measured R-graph obtained by zdenufyzng the points qe%:(ul) and qe?)p(u,) on

g, ebF and then multiplying the distances by 2.

The above construction of the space /7 is essentially contained in the arguments
given in [2]. The reason for using the notation e( ) ¥ is that Construction 2.1 can be thought
of as the continuum analogue of the depth-first construction of a finite connected graph.
The R-tree 2-J DF plays the role of the depth-first spanning tree of #y).

One can heurlstlcally argue that the expression for the tilt in (2.4) has to be proportional
to ( fol e(nd t)s as follows: The space #7;) can be seen as a “uniform rooted measured R-
graph having s cycles" (see (2.3)) just as the Brownian continuum random tree 2-J, is, in a
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sense, a “uniform random rooted measured R-tree." Construction 2.1 gives a construction
of A5 by identifying s i.i.d. pairs of points on 2 -9 pr, where each pair is uniformly dis-

(S)

tributed subject to the constraint that the pair consists of a point and an ancestor of that
point. Accordingly, the law of 2- 9 DF is the one obtained by tilting the law of 2 - J¢ by the

total “weight” of possible chosen palrs which equals

(fxeff 2-ht(x; Te) ﬂe(dx))s = (fOlZe(t)dt)s,

Alternately, one can arrive at the expression for the tilt by looking at the analogous prob-
lem in the discrete setting; see the proof of Proposition 5.2.

We will now define another space #) . Recall, as is well-known, that e admits a.s. a
continuous local time 7(e;-,-) as defined around (1.7). The same is true of any random
process with a law that is absolutely continuous with respect to that of e, which justifies
the following construction.

Construction 2.2 (The space 7#)). Fix an integer s = 0.

(@) Sample e(s) with law given by

[E[</>(e)-(f6’°n(e;l,y)2dy)s]

E[p(ey)] = (2.5)
[E[(fé"’n(e;l,y)zdy)s]
for every bounded continuous ¢ : C[0,1] — R. Write
77(5)( )= (e(s)’ ’ ) (2.6)
(b) Conditional on e( ) sample i.i.d. points Hy, ..., Hg in [0,00) with density
nbE(1, h)?

( —————— | dh. (2.7)
Jo 77(5)(1 y)3=dy

(c) Conditional on e]ég and Hy,...,Hs, sample 2s independent points uy, vy,...,Us, Vs in
[0,1], where u; and v; are distributed according to the law

n(s)(dt H;)
77(3)(1 H)

forl<is<s.

(d) Set Jfgf to be the quotient space 2 - (Efe?g | ~), where ~ is the smallest equivalence

relation under which c]eBF(u-) ~ quF(U‘) forl<i<s. Here, Jf(]i)F is endowed with the

root and the measure mhern‘ed from o8F by the quotient map. That is, Jfgf is the
€

rooted measured R-graph obtained by identifying the points qe??(u i) and qe?l):(v,-) on

g, ofF and then multiplying the distances by 2.

Let us describe the above construction in words. We first sample a tilted excursion e](ﬁ.

Then we sample s i.i.d. ‘heights’ H,,..., Hg according to density (2.7). For1 <i < s, we
sample two points in the tree 7 B 1ndependently according to the normalized local time
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measure at height H;, and then we glue these points. Finally, we multiply the metric by 2
in the resulting space.

Almost surely, for every y > 0 the measure 7(e;dt, y) is concentrated on g, ' (£ (J)).
By absolute continuity, the same is true if we replace e by eBF Thus Gepr (u;) and qeg};(vi)

are leaves in 9 gr, 1 < i < 5. Further, almost surely e(s)(u ) = e(s)(v )=H;,1<i<s, and

€

consequently, Gep (u;) and s (v;) are equidistant to the root of J B So we see that Jf(E)F

is obtained from 2 ?1): and the points {qesp(u ), qup(v W 1<i < s, by applying the in-

verse of the operation described in (1.2). Hence the breadth first spanning tree of Jfg}: is

BF !
2-9. eBF -
( (3)) €y

Theorem 3.1 given below states that ) = Jf(E)F Thus, Construction 2.2 gives the
breadth-first construction of the space #;). Similar to Construction 2.1, one can arrive
at the expression for the tilt in (2.5) using heuristic arguments. As mentioned before, the
space /5 can be seen as a uniform rooted measured R-graph having s cycles, and the

aimin Construction 2.2 is to construct a new space 5! in a ‘breadth-first fashion’ so that

©)
we have A5 = Jf( s - Now, in Construction 2.2 we have constructed JfBF by identifying s

i.i.d. pairs of points on 2- 9 ¢, where each pair is uniformly distributed sub]ect to the con-

€
straint that the points in the pair are at the same height. Note that the push-forward of the
Lebesgue measure on [0, 1] onto [0, 1] x R under the mapping ¢t — (t,e(t)) is n(e;dt, h)dh,
and accordingly, the law of 2- 9 ?1; is the one obtained by a tilting of the law of 2- J¢ by the

total “weight” of possible chosen pairs, which equals

(o] 1 1 s [e’s}
(f dh([ n(e;du, h)n(e;dv, h))) = (f n(e;1,h)*dh)’.
h=0 u=0Jv=0 0

Alternately, one can arrive at the expression for the tilt by looking at the analogous prob-
lem in the discrete setting; see the proof of Proposition 5.1.

Remark 1. It follows from Jeulin’s local time identity [10, 35] that

00 1
f n(e;1,y)°dy < 2f e(t)dt; 2.8)
0 0

see the argument given around (5.50). However e( 9 Fand e( o as defined in (2.4) and (2.5)
respectively, do not have the same distribution. In fact, from the discussion above and

(1.5), Rad( {;5(5)) 2- ||e(s) lo- However, from Construction 2.1, it is clear that Rad(#y)) is
stochastically dominated by 2 - IIe( 5) lloo:

2.2. Constructions of the continuum random unicellular maps. Fix g =1, and let UM, ¢
be the set of rooted unicellular maps of genus g having n + 1 vertices. Let UM, ¢ be uni-
formly distributed over UM, ;. Denote its root edge by e.. As before, we endow UM, ¢
with the graph distance and the uniform probability measure on the vertices, and think of
it as a rooted metric measure space with the root being e. (0)-the origin of e.. (The nota-
tion related to maps will be discussed in Section 4.) Then there exists a random compact
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rooted metric measure space CRUM g such that

n" V2. UM, , - CRUMy, 2.9)

w.r.t. the pointed GHP topology. As mentioned in [3, Page 940], it seems that a proof of
the convergence (2.9) is not written down in the literature. However, the result can be
deduced by following the arguments used in [1] or in [2]. A construction of CRUM (g that
can be viewed as a ‘core decomposition’ is given in [3]'. We will next describe the breadth-
first construction of CRUMy). To do so, we first need to set up some notation.
Let S(g) be the set of permutations on [4g] = {1,2,...,4g} that satisfy the following: o €
Sg iff
(i) the cycle decomposition of o has 2g many transpositions, and
(ii) the permutation po on [4g] has only one cycle of length 4g, where p = (1, 2,... ,4g).
For example, S = {(1,3)(2,4)}, and (1,3)(2,4)(5,7)(6,8) and (1,7)(2,5)(3,8)(4,6) € S).
Suppose 0 = H?il(égj_l,ﬂgj) € S(g with £ <3 <...</l4g1,and £ < £,; for each
j € [2g]. For a continuous excursion e on [0, 1] that admits a continuous local time (as
discussed around (1.7)), and y := (y1,..., y2g) € (0,00)28, define a measure Ve,a,y On [0, 1148
as follows:

2¢
Veay(dt,...,dtag) :=1{t; <...< lsg}- Hl (n(e;dtgzj_l,yj)n(e;dtgzj,yj)) : (2.10)
]:

The push-forward of the probability measure v, 5, (-)/ Ve, ([0, 1]*8) onto (9,)*& under the
4g-fold product of the quotient map ¢, can be viewed as the ‘uniform measure’ on the set
{(ge(t1), ..., qe(tag)) :0< 11 <...< 4y <1and e(tlzj—l) = e(tgzj) = y; forall j € [2g]}.

Construction 2.3 (The space CRUME;). Fix an integer g = 1.

(a) Sample eggl with law given by
[E[¢(e?g1;4)]:24g-g!-[E[¢(e)- y (f(o )nge,g,y([o,l]“g) dyl...dygg)] 2.11)
U€§(g) OO

for every bounded continuous ¢ : C[0,1] — R. (That this indeed gives a valid probability
distribution will be shown in (5.70).)
(b) Conditional on e}g/l, sample a permutation © with distribution

‘/‘(Oyoo)zg Ve?gl;/[,g'y([oy 1]4g) dyl “en dng

Zo€§(g) (f((),oo)Zg veI(JgI;/[yo'yy([O} 1]4g) ay... dyzg)

UM
(&)

’VeEJgI;/[y(_)yh([O, ].]4g) dhl ...thg

P(@ZH): , GES(g)-

(c) Conditionalone " and®, sample H= (Hj, ..., Hog) with density

’ h= (hl,...,hgg) € (0,0o)zg.
Jo,0028 Ve}g/f,@,y([(), 1148) dy ...dy,q

ln fact, the authors consider a more general model in [3].
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UM

(d) Conditional on ey

0, and H, sample (uy, ..., usg) according to the law
V UM °
e(g) ,@,H( )

Veun o,(10,11%)

(e) Set CRUM?;) to be the quotient space I um | ~, where ~ is the smallest equivalence
(g)

relation under which qe?gp)a(u,-) ~ qe?gp)a(ug(,-)) fori € [4g]. Thus, CRUM?gF) is the rooted
measured R-graph obtained by identifying the points qe}gq (u;) and qe}g/[ (Uug(i)) on f/;}ga
foralli.

The construction of CRUMBE

(4]
structure—CRUM?;) can in fact be viewed as a continuum map; see [3] for a more detailed
discussion on continuum random maps. The defining conditions for S(g) ensure that the

cycles resulting from the identifications g,um (u;) ~ g.um(Ug(;)) are appropriately ‘entan-
® ®

has more information than just the metric measure space

4
gled’ so that the resulting map is unicellular; see [19] for a detailed account of structure of
unicellular maps.

By arguments similar to the ones given below Construction 2.2, g,um (1;) is aleaf in F um
® ®

for each i € [4g]. Further, ht(qe}m)/[ (up); 97;?1;4) = ht(qe}n;/[ (U (i)); 97;%11;4) for all i. It thus follows
g 8 g 8

BF
that (CRUM},

Construction 2.3 gives the breadth-first construction of CRUMg).

)" = T um. Theorem 3.5 given below states that CRUM g 4 CRUM?;). Thus,
(8)
Remark 2. From Construction 2.2, the space Jfgf can also be viewed as a continuum

map. Then it can be shown that the space CRUM?;) as given in Construction 2.3 has the
same law as ‘Jfgg) conditioned to be unicellular.” More precisely, let u;,v;, 1 <i <2g, be
as in Construction 2.2 (corresponding to s = 2g), and order them as #; < ... < f45. Define

a permutation ¥ on [4g] by letting (i) = j iff {t;, t;} = {uy, vi} for some k € [2g]. Then it
can be checked that conditional on {y € S(g)}, Jf(BF viewed as a continuum map has the

28)
same law as CRUM](SgF).

3. MAIN RESULTS

The following theorem gives the breadth-first construction of the space /), and con-
sequently, of the critical Erdés-Rényi scaling limit.

Theorem 3.1. Fix s =0, and let #5) and Jfgf be as in (2.3) and Construction 2.2 respec-
. d
tively. Then #(5) = Jf&F .
As explained in Section 1, the following results are immediate from Theorem 3.1.
. . d
Corollary 3.2. (i) Radius: We have, Rad(#5) =2+ ||e](3§ lloo-

(ii) Two-point function: Denote the metric in /) by d(-,-) and the measure on #s) by .
Let x; and x; be two i.i.d. u-distributed points in /€. Then

d
d(x1,x2) = 2- ey (U),
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where U ~ Uniform|0, 1] and is independent ofe( 9"

(iii) Distance profile: Denoting the root of /€5 by x., we have,

(%y(B(x*,r;Jf’(s))), r>0) d (n(Zeaf;l,r), r>0) ;(n(em,l ri2), r>0).

Recall the definition of ef)) from (2.4). Using the breadth-first view point we get another
representation of Rad(]t?(s)) in terms of e Wthh we state in the next corollary.

Corollary 3.3. Foranys=1,

1
(s) (t)

Rad () 3 f

The corresponding result for s = 0 is well-known; it says that the height of the Brownian
continuum random tree 29, has the same distribution as fol dt/e(t). Corollary 3.3 gives
the analogue of this result for graphs.

Note that (2.3) together with Corollary 3.2 (i) and (ii) imply that

- d
nV2.Rad(Hy) = 2- 1€ lle and n7V2-d, (01, 0p) 2 2- PP (W), (3.1)

where d,, (-, ) denotes the graph distance in H,, 5, and vy, v, are independent and uniformly
distributed in [n]. However, (2.3) and Corollary 3.2 (iii) do not imply the convergence of
the (properly rescaled) distance profile in H,, ;. The following theorem says that this con-
vergence holds as well.

Theorem 3.4. Fixs=1. Let Z,, s(¢) denote the number of vertices in H, s at distance ¢ from
theroot, £ =0,1,.... Let Z, {(r) =n"Y'?- Z,, {(lrv/nl), r = 0. Then as n — oo,

= 1
(Znys(r), r= 0) R (n(Zeg, Lr), r> 0) (zn(e(s), L,r/2), r O)
w.r.t. Skorohod ], topology onD([0,00) : R).

The analogue of Theorem 3.4 for s = 0 deals with convergence of the height profiles of
uniform rooted labeled trees. This result, in a more general form, was put forward as a
conjecture in [9, Conjecture 4] and proved in [24, Theorem 1.1] (see Theorem 5.10 below).
Theorem 3.4 gives a generalization of this result for graphs.

The next theorem gives the breadth-first construction of the space CRUM ).

Theorem 3.5. Fix g =1, and let CRUMq) and CRUM( 2) be as in (2.9) and Construction 2.3

respectively. Then CRUMg) = CRUM?gF)

The following result is the analogue of Corollary 3.2.

Corollary 3.6. The conclusions of Corollary 3.2 continue to hold if we replace 75y by

CRUM(q) and?2- e(s) bye(g)
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4. NOTATION AND CONVENTIONS

We first recall some basic definitions and introduce our notation related to maps. A map
is a finite connected multigraph properly embedded in a surface that cuts the surface in a
finite collection of simply connected domains, and is viewed up to orientation-preserving
homeomorphisms of the surface. We will think of each edge e of a map as being a col-
lection of two directed edges e and é that are paths in the underlying surface oriented in
opposite directions, and we will write e = {e, e}. We will denote by e(0) and e(1) the ori-
gin (or initial vertex) and the target (or terminal vertex) of the directed edge e respectively.
Note that e(0) = (1) and e(1) = €(0). For a map m, the set of all directed edges (resp. edges)

of m will be denoted by E(m) (resp. E(m)). Thus, foree E (m), & will be the corresponding

element of E(m) that is oriented in the opposite direction, and of course & = e. The image
set of e minus the points e(0), e(1) is called the interior of the edge e (or of the correspond-
ing unoriented edge e) and is denoted by Int(e) = Int(e). A rooted map is a map m together

with a distinguished element e, € E (m). The latter is called the root edge, and e, (0) will
be called the root vertex of m. Combinatorially, the data of a map is equivalent to that of
a finite connected multigraph where the set of directed edges emanating from each vertex
is endowed with a cyclic order (that we think of as being clockwise). For e € E (m), we will
write e~ for the corner corresponding to e, that is a small angular sector between f and
e, where f is the directed edge emanating from e(0) that comes just before e in the cyclic
order around the vertex e(0).

We recall here that there is also an equivalent algebraic description in which a map mis
represented by a triple (a, §,v) of permutations, where the cycles of a, 8, and y represent
the edges, vertices, and faces of m respectively. We refer the reader to [19, Section 2] for a
quick overview of this description. We call y the face permutation of m. In this represen-
tation of maps, a map is unicellular if and only if its face permutations consists of only one
cycle.

We make a note here that we use the notation e, f to denote directed edges of maps,
and e, f to denote the corresponding edges. We will also use the notation e for a generic
excursion, f fora generic function, and e for a standard Brownian excursion. The meaning
will always be clear from the context, and there should not be any confusion.

Forn=1and s =0, M, ; will denote the set of all rooted maps that have n+1 vertices and
n + s edges, where the root vertex has degree one. In particular, the root edge cannot be
aloop. (The condition that the root vertex has degree one is of course artificial. However,
it will make certain things simpler.) Thus, M,, ¢ is the set of plane trees on n + 1 vertices,
where the root vertex has degree one.

For a plane tree or a rooted labeled tree t, for every vertex v of t, ht(v;t) will denote the
tree distance between the root and v, and the vertices on the path connecting the root
and v (inclusive of both endpoints) will be called ancestors of v. For k=0, 1,..., z(t; k) will
denote the number of vertices in t at height k.

We can explore any t € M, o in the following fashion: Let e; be the root edge of t, and for
1<i<2n-1,lete;;+; be the directed edge in t with e;.;(0) = e;(1) that comes right after e;
in the cyclic order on directed edges emanating from e;(1). We say that the directed edges
ey, ..., ez, (resp. the corners e, ..., e, ) appear in the contour order. We refer to e] as the
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0-th corner of t. Let C¢(0) = 0 and C;(i) = ht(e;(1);t) for 1 < i <2n. Extend C; to a function
on [0,2n] by linear interpolation. Then C : [0,2n] — [0,00) is called the contour function
of t.

For any set A, #A will denote its cardinality. For two sequences {a,},>1 and {b,},>1 of
positive numbers, we will write a,, ~ b, to mean that a,/b,, — 1 as n — oo. Throughout
this paper ¢, ¢’ will denote positive universal constants, and their values may change from
line to line.

5. PROOES

The proofs of our main results will be given in this section.

5.1. Exploration of maps. Fix integers n,s = 1, and m € M, ;. Let e, be the root edge of
m, and let e,. = {e., é.}.

Depth-first (DF) exploration: We will explore m and simultaneously grow a plane tree t.
Set t to be the edge e.. Root t at e... Set e; = e.. Also, set the ‘current’ map m,; = m. Set
i =1, and iterate as follows:

(@) If i = 2n, stop. Otherwise, let f be the directed edge in m,; with f(0) = e;(1) that
comes right after ¢; in the cyclic order on directed edges emanating from e;(1), and let
f ={f,f}. (Note that if &; is the only directed edge emanating from e;(1) in mcy,, then
f =é;.) Go to the next step.

(b) If f is already an edge in t, set e;+1 = f, update i to i + 1, and go to step (a). Otherwise,
go to the next step.

(c) If adding f to t results in a tree, then do so while respecting the circular order on
directed edges emanating from e;(1) in m, set e;; = f, update i to i + 1, and go to step (a).
Otherwise, go to the next step.

(d) Update mgy; to the map mg,; \ Int(f), and go to step (a).

After the algorithm terminates, we will get a plane tree t € M, o. Note that m¢, = t at this
stage. In the contour exploration of t, its directed edges will appear in the order ey, ..., ;.
We can recover m from t by adding edges between certain corners in t.

Motivated by the last fact, we define the ‘depth-first admissible corners’ of a plane tree
as follows: Fix a plane tree t' € M, and s = 1. Let fi,..., f>,, be the directed edges of t’
in contour order. Let DFAC(t, s) be the set of all sequences (iy,..., izs, k1,..., k2s), where
l1<ij<2n-1land1<k;<2sforl< j<2ssuch that the following hold:

(A.1) izj—1 <ipjand f,;(0) is an ancestor of f;,, ,(0), 1= j <s.

(A.2) For every maximal subset {ry,...,rj} €{1,...,2s} such that i, =... = irj, krl,...,krj
is a permutation of 1,..., j.

(A.3) For 1 < j </ <, either (a) i2j-1 < iz¢—1, Or (b) i2j—1 = i1 and iz; < izy, or ()
igj_l =1iyp 1 and 12] =1iyy and k2j—l < kop_1.

The condition i»;-; < iz; in (A.1) means that the corner fl;] appears after ‘fi;j—l in the
contour order. We would like to add edges between the corners fl.;j_l and fl.;j, l<sj<

s. Condition (A.2) gives a way of ordering the corresponding directed edges using the
integers k; when multiple i;-s are the same. Condition (A.3) is needed to pick out one
particular representative among different possible permutations of the same sequence.
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FIGURE 5.1. On the left, a map m with clockwise order at each vertex. On
the right, DF(m) with the relevant corners colored.

Given t' € M, 0 and &' = (ij,k;; 1 < j < 2s) € DFAC(t, 5), let .#(t',&") to be the map ob-
tained by adding edges between the corners fl.;H and figj, 1 = j < s, while using the inte-
gers kj, 1 < j < 2s, to order the corresponding directed edges when multiple i;-s are the
same. For example, suppose i; = i3 and k3 < k;. Let f, = {fi2, fi2} be the edge added
between the corners fl; and fl; where f1, is directed from fl; towards fl; Similarly de-
fine f;,. Then in the resulting map, fi, falls between f34 and f;, in the circular order on
directed edges emanating from f;, (0). Similarly, if i; < i3 = i, and k3 < kp, then fi, falls
between f34 and f;,. More generally, suppose {ry,...,r;} is a maximal subset of {1,...,2s}
such thati, =...= irj =iy, sayand 7y,..., 7} is a permutation of ry,...,r; such that k7, = ¢
for 1 < ¢ < j. Then, in the cyclic order at f;, (0) in the map .#(t',&"), the directed edge cor-
responding to 7y is followed by the directed edge corresponding to 7y;;, 1 <¢ < j—1, and
the directed edge corresponding to 7; is followed by f;, .

Now, if tis the plane tree obtained from the depth-first exploration of m € M, ; as above,
then there exists a unique ¢ € DFAC(t, s) such that .#(t,§) = m. We set DF(m) = (t,£). An
illustration is given in Figure 5.1. In this example, an edge is to be added between the two
blue corners, and two edges are to be added between the yellow corners. Here, i3 = is,
i4=i6, kl:kzzk;;:ke:l,andk4:k5:2.

Remark 3. In the above depth-first exploration, we follow the contour of the map (similar
to the contour exploration of a plane tree), and delete any newly found edge if it completes
a cycle in the map. If t is the plane tree resulting from this exploration, then each deleted
edge is of the form (u, v), where v is an ancestor of u in t.

There is a variant of the depth-first search where all the neighbors of the vertex being
currently explored are immediately ‘discovered.’ If t; is the plane tree resulting from this
exploration algorithm, then the edges deleted that are not loops will be of the form (u, v),
where v is a child of some (strict) ancestor of u in t;, and further, v lies to the right of the
ancestral line of u. To prove Theorem 3.1 using this latter version of the depth-first search,
we need some control over the number of vertices at distance 2 from the ancestral line of
a typical vertex in a uniform plane tree. This can be done, but it will make the proof a bit
more complicated.
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Breadth-first (BF) exploration: As before, we will explore m and simultaneously grow a
plane tree t. Set t to be the edge e, and root t at e,.. Set e; = e,. Set i = r = 1 and iterate as
follows:

(a) If r = n, stop. Otherwise, go to the next step.

(b) Consider the directed edges in m with origin e; (1) that come after é; sequentially. Let
A be the number of edges among them whose addition to t results in a tree. Update t by
adding these A edges to t while maintaining the cyclic order inherited from the order in
m. For1 < j <A, set ¢, to be the j-th directed edge (after ¢;) emanating from e;(1) in t.
Updateitoi+1andrtor+A. Go to step (a).

After the algorithm terminates, we will get a plane tree t € M, o, and we can recover
m from t by adding edges between certain corners in t. Motivated by this, we define the
‘breadth-first admissible corners’ of a plane tree as follows: Fix a plane tree t' € M,, o and
s=1. Let fi,..., 2, be the directed edges of t’ in contour order. Let BFAC(t/, s) be the set
of all sequences (i1, ...,z k1,..., k25), where 1 <i; <2n-land 1< kj<2sforl1<j<2s
such that Conditions (A.2) and (A.3) hold as above, and further the following holds: For
1< ] <s, igj_l < i2j and

ht(fizj (0)) € {ht(ﬁzj*l (0))’ ht(ﬁzjfl (0)) - 1}' (5.1)

The only difference from the depth-first case is (5.1). As before, we would like to add
edges between the corners 'fi;j—l and fl.;j, 1 < j <s. Thus, (5.1) essentially says that edges
are to be added between vertices at roughly the same height.

Given t' € M0 and &' = (ij, kj; 1 < j < 2s) € BFAC(t, s), let Z(t',&’) to be the map ob-
tained by adding edges between the corners fl.;j_l and i;j’ 1 < j <, and as before, we use
the integers k;, 1 < j < 2s, to order the corresponding directed edges when multiple i;-s
are the same.

Now, if t is the plane tree obtained from the breadth-first exploration of m € M,, 5, then
there exists a unique & € BFAC(t, s) such that .#(t,§) = m. We set BF(m) = (t,§). An il-
lustration is given in Figure 5.2. In this example, an edge is to be added between the
green and the blue corner, the green and the yellow corner, and the two purple corners.
Here, i; = i3 correspond to the green corner, i» and iy correspond to the blue and yel-
low corners respectively, i5 and ig correspond to the purple corners, and k; = 1, k3 = 2,
k2=k4=k5:](36:1.

We define

BFT(n,s):={(t,&) : te M9, £ € BFAC(t, s)}, and (5.2)
DFT(n,s):={(t,&) : te M9, £ € DFAC(t, 5)}. (5.3)

5.2. Proof of Theorem 3.1. The proof relies on the following two propositions.

Proposition 5.1. Fix an integer s > 1. For each n > 1, let (T5Y, Z8Y) be uniformly dis-

tributed over BFT(n,s). Let GEFS be the rooted metric measure space obtained by endow-

ing #(TY, ZBY) with the graph distance, declaring the root vertex as the root, and finally
assigning probability 1/ n to every vertex of & (T2Y , ZBY) excepr the root vertex. Then

1 d 1
— GBF—>—-J££§:, as n— oo

NN



BREADTH-FIRST CONSTRUCTIONS 17

FIGURE 5.2. On the left, a map m with clockwise order at each vertex. On
the right, BF(m) with the relevant corners colored.

w.r.t. the pointed GHP topology.

Proposition 5.2. Fix an integer s = 1. For each n = 1, let (TYY, EDY) be uniformly dis-
tributed over DFT(n, s). Let GI,ZFS be the rooted metric measure space obtained by endowing
S (TPY, =DY) with the graph distance, declaring the root vertex as the root, and finally as-

n
signing probability 1/ n to every vertex of (T2, Z0F) except the root vertex. Then

1 d 1
DF
‘Gps— - As), as n— oo

vn V2
w.r.t. the pointed GHP topology.

We first prove Theorem 3.1 using Propositions 5.1 and 5.2. The proofs of these proposi-
tions will be given in the Sections 5.3 and 5.4 respectively.

Completing the proof of Theorem 3.1: Fix s = 1 as the result is trivial for s = 0. Let M,, s ~
Uniform(M,, s). Since DF : M, s — DFT(n, s) and BF : M, s — BFT(n, s) are bijections with
inverse .#,

(0%, =P% L v, 4 o (TBF, =BF), (5.4)

’=n n ’»=n

View M, ; as a rooted metric measure space by endowing it with the graph distance,

declaring the root vertex as the root, and assigning probability 1/ to every non-root ver-

tex. Then (5.4) implies that G M, 2 Ghr.. Thus using Propositions 5.1 and 5.2, we

get

2 d d
\ /Z My,s —— His) = FEL (5.5)

w.r.t. pointed GHP topology, which completes the proof. [ |

Remark 4. Let M, ; be uniformly distributed over the set of all rooted maps on 7 vertices
having s surplus edges (i.e., we drop the condition that the degree of the root vertex is one).
Then clearly, (5.5) continues to hold if we replace M, s by Mj,
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AA

\N/ \
LA

FIGURE 5.3. Left: f with the point on the graph of f correspondingto i =9
colored green, and points that correspond to B (f;9) \ {9} colored light blue.
Right: the corresponding plane tree with the relevant corners colored.

5.3. Proof of Proposition 5.1. Throughout this section we work with a fixed s = 1. For
n=1, define

Cn:={f:10,2n] —[0,00) : f(0)= f(2n) =0, f(i)eZsoforl<i<2n-1,
[fG+1)—-f@)|=1for0<i<2n-1, and f(t) is given
by linear interpolation for other values of 7 € [0,2n]}.  (5.6)

Note that €, is the set of all contour functions of plane trees in M, . For f € €, and
i=0,1,...,2n,let

B(f;i):={jeliv],....2n-1}: f(j) = f@) or f(i) -1},
2n
B(f;i):=#B(f;i), and B(f)=)_B(f,i).
i=0
Anillustration of B(f;7) is given in Figure 5.3. Note the connection with the set of breadth-

first admissible corners BFAC(-, ).
Let C; be distributed as

(BH)
P(Co=f)=————, feC,. (5.7)
" Zgee, (B@)’ "
Conditional on C;, sample i.i.d. random variables (I; 2j-10 I; 2].), 1 < j<s,where
HJ’(I,‘;’1 = i) = B(C,;i)/B(C;), i=0,1,...,2n, (5.8)
and conditional on I;,l, I;;’z is uniform over ‘B (Cy; I,‘;yl).

Let T,, be the plane tree whose contour function is C,,. For 1 < j < s, add an edge to
T, between the I’ , ]._l—th corner and the I , j—th corner of T,,. Endow the resulting space
with the graph distance, root it at the root vertex of T}, and assign probability 1/n to every
vertex of T, except the root vertex. Denote the resulting rooted metric measure space by

G, s- We complete the proof of Proposition 5.1 by combining the next two lemmas:
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Lemma 5.3. We have,
1 o a1 BE
ﬁ.Gn’S_) ﬁ.%(s)’ as n—oo
w.r.t. the pointed GHP topology.

Lemma 5.4. There exists a coupling of G;, ; and GEE such that
P(G; #Go) —0, as n—oo.

The rest of this section is devoted to the proofs of Lemmas 5.3 and 5.4. To this end, let
us define the ‘discrete local time’ of f € €, as

Lif;it,y):=#{0<j<r: f(j)=y}, t=0,1,....2n, yeZ, (5.9)
and extend it to a function on [0,27] x R via the relation
L(f;t,y) =<6y = ) () = y)L(f5 2] LyD) + (<0 = ) (v = LyD) L (S5 Led, <)
+ (= L) () = y)L(F<0, Ly)) + (1= L) (y = WDL(f50) <), (B.10)

where | £] := max{j €Z:j< t} and (f) := [£]+1. Note that L(f;,-) is a continuous function
on [0,2n] x R.
Let C;, be uniformly distributed over €,,. Define

L,(9):=L(Cp; "), ILyllec :==supL,(2n,y), and (5.11)
yeR
La(t,y):=2n) 2L, (2nt, yv2n), 0<t<1, yeR. (5.12)
Further, let
C,(t):=2n)~V?C,2nt),0<t=<1. (5.13)

We will make use of the following result in our proof.

Proposition 5.5. The following convergence holds in C[0,1] x C([0,1] x R):

N
(Cu» Ln) — (e(), n(e;-,)). (5.14)
Further, there exist constants cy, ca > 0 such that foralln =1,
P(ILnllco = uvn) < ¢ exp(—cou?), u=0. (5.15)

Let T, be the plane tree whose contour function is C,, and let e be its root edge. Then
the tree obtained from T}, by deleting e. (0) and Int(e.) has the same distribution as a uni-

form plane tree on n vertices. The convergence Cj, 4. e can be deduced from the fact
that simple random walk excursions converge, after proper rescaling, to e, or by using the
relation between T, and uniform plane trees and [8, Theorem 23]. We now state a general
result that implies (5.15). This result will also be used in later sections. Recall the notation
z(t; k) from Section 4.

Theorem 5.6 ([5], Theorem 1.1). Let { be a nonnegative integer-valued random variable
with £ = 1 and 0 < Var¢ < oo. Let Ty be a plane Galton-Watson tree with offspring dis-
tribution . Let |T¢| denote the number of vertices in Tg. Then there exist ¢1,c2 > 0 such
that

[P’(mkaxz(Tg;k) >xvn | |Tzl=n)<crexp(- czxz),
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forall x>0 and n=1 such thatP (| T;| = n) > 0.

Using the connection between T, and uniform plane trees, (5.15) follows if we ap-
ply Theorem 5.6 with Geometric(1/2) offspring distribution and the fact that L,(2n, k) =
z(Tp, k) + z(Ty, k + 1) for k = 0. A brief sketch of the proof of the full convergence in (5.14)
is given in Appendix A. Let us now prove Lemma 5.3.

Proof of Lemma 5.3: Recall the definition of C;, from (5.7), and analogous to (5.13), (5.11)
and (5.12), define C?, L%, and L;,. Note that

E[¢(Cn, L) B(Cp)*]

E[p(C2, 12)] = (5.16)
[( )] E[BC]
for any bounded continuous ¢ : C[0,1] x C([0,1] x R) — R. Now
2n—1
B(Cp)= Y [Lnu(21,Cn()) = Lp(i —1,Cp(i)) + Ln(2n,Cpn(i) = 1) — Ly (i — 1, Cn(i) - 1)].
i=1
(5.17)

Thus, the following convergence holds jointly with (5.14):

B(Cp) 4

1
O Zfo [n(e;1,e(0)) —n(e; t,e(1)]dt

:Zf Rdy [n(e Ly)—nlet,y)|nledt,y) = f n(e;1,y)%dy, (5.18)
yE t=0

where the convergence in the first step uses (5.14), the second step uses (1.7), and the
last step follows from a direct computation. Now, (5.17) implies that B(C,) < 4nl|| Lyl co-
Combined with (5.15), this shows that for any s = 1, the sequence of random variables

{@m*"2B(C,)*}, ., is uniformly integrable. (5.19)

n=1

Hence, we conclude from (5.16), (5.18), and (5.14) that

E[p(CS, 15)] - E[p (e (), nPE(, )],

where 17](35 is as in (2.6). From now on, we work in a space where the following almost sure
convergence holds in CJ0, 1] x C([O, 1] x IR):

(C L, ) (e(s) 77(3)) (5.20)

Similar to (5.18), using (5.20), we see that

@n)*?B(Cp) == f ey (L y)dy. (5.21)
From (5.8), the law of I, | is given by

1

[FD(nl_l|C) B(Co

Z [L5,(2n, C()) - L5, (-1, Cp (D) +Ly(2n, C; () -1)-L;, (j-1,Cp()—-1)]
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fori=0,1,...,2n. Using (5.20) and (5.21), we see that (2n)_lll‘fl , converges in distribution
to a random variable u(;) with law given by

P(uq =uler) f ey (L y)2dy = Zf [n(s) ery (1) =1 (4 e(s)(t))]
:z.f dyf (705 (1.9) =5 (e.9) S at,y)
y=0

2
f [’7(5) (1y) 77]?5(“&’)] dy, 0su=<l, (5.22)

where the second equality uses (1.7), and the last step follows from a direct computation.
We can assume that we are working in a space where in addition to (5.20),

@m L, S ug . (5.23)

Conditional on I; v I no is uniformly distributed over B(Cy; I, 1) Thus, the conditional

distribution function of I, , is given by
L;;(j,C°(I°1)) L‘;,(I;; -1,Cy (I, 1))+L°(] Chy ) = 1)- L°(1;;1,C°(I° D-1)
L‘,’Z(Zn,C;’l(I;yl))—L‘,’Q(I; -1,C (I 1))+L° (2n, Ch(I; )~ 1)-L; (I;;I,C"(Io 1)—1)

for j=1,,,I; ;+1,...,2n, and is a right continuous step function in between. Thus, using

(5.20) and (5.23), we see that (2n) 1T ,‘; 9 converges in distribution to a random variable v,
with conditional distribution function (given e( 9 Fand u(;)) given by

Moy (r efy () =ty (uay, ey (uay)
77(5)( (g)(u(l))) 77(3)(“(1)’ (s)(u(l)))

, uny=v=l. (5.24)

Repeating the argument, we can assume that we are working in a space where

- o o o a.s.
2n) ( n,1’ In 2000 In,2s—1’ In,Zs) - (u(l)’ Uy, .-+ Us) U(S)) (5.25)

BF

in addition to (5.20). Here, (u(), v(;)), 1 <i < s, arei.i.d. conditionally oneg.

It follows from (5.22) and (5.24) that conditional on e( oY
(u(i), U(i)) g (min{ui, Vi}, maX{ui, Vi}), l<i=< S, (5.26)

where u;, v;, 1 <i <s, are as in Construction 2.2. In particular, consider the rooted metric

measure space obtained by identifying quF(u(,)) and qup(v(,)) 1<i<s, inJ, epr- This

space has the same distribution as 1/2- Jfg)F . We denote thls spaceas 1/2- Jf(]if for the rest
of this proof. Let y: [0,1] — 1/2- #%)" denote the quotient map.

Let Gps be the rooted metric measure space obtained from J by identifying
‘76;([;,2]'_1/(2”)) and qé;;( n2]/(2n)) 1<j<s. Lety,:[0,1] — G, denote the quotient
map.

leet 7, be the measure on (1/2- Jfgf) x Gy, s given by the push-forward of the Lebesgue
measure on [0, 1] under v x vy ,,, and let %, be the correspondence (see, e.g., [4, Section 2.1]
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or [18, Section 7.3.3] for the definitions of a correspondence and its distortion) between

1/2- 75 and G, s given by

Rn:={(x,y) : 31€[0,1] with w(t) = x and ¥, (1) = y}.
BF
(s)
distortion of %,, satisfies dis(%,,) 2% 0. Further, nn(%¢) = 0, and the projections of 7,
onto 1/2- Jf(BS’)F and G, ; are same as the measures on the respective spaces. Combining
these observations, it follows that

Then using (5.25) and the convergence C, 2% eBF from (5.20), it is easy to see that the

a.s

déHP(Gan’ 1/2'%&;) ;0.

There is an obvious coupling between G}, ; and Gy, and the proof will be complete if we
show that

a.s.

dé}HP((Z”)_l/z ‘G5 Gns) — 0 (5.27)

in this coupling. There are two differences between (2n) "%/ 2-G;’ly sand G, s: (i) The measure
on Gn, s is the normalized line measure, whereas the measure on (2 n)~12. G;’% s is the uni-
form probability measure on all non-root vertices of T,. (ii) The points dce (12’2 j—1/ 2n))
and q¢o (I;’Z ) j/ (2n)), 1 < j <5, are identified in the construction of G, s, whereas an edge

of length (2n)~/2 is added between them in the construction of (27)~/ ZG;, - Using these
observations, the proof of (5.27) is routine. We omit the details. [ ]

Recall that T), denotes the plane tree whose contour function is C,,. The proof of Lemma
5.4 relies on the following result:

Lemma 5.7. We have,
n 352 E|st x #BFAC(Tp, 5) — B(Cy)*| — 0 as n— oo.

Proof: Note that

BFAC(Ty, ) ={(i1,-..,f251,...,1) 1 1S i1 <ig<...<ips-1=2n—1, izj€B(Cp;izj_1)

forl<j<s, and iy-s are all distinct}
A1, -+ i2s k1, ... kas) € BFAC(Ty,, 8) : ip-s are not all distinct}.  (5.28)
Similarly,
B(Cp)* =#{(i1, ..., i25) € [2n)* : ip; € B(Cpsizj_1) for 1 < j <, and i,-s are all distinct}
+#{(i1,...,i25) € [2n]*° : ipj € B(Cpsizj—1) for 1 < j < s, and i,-s are not all distinct} .

Abbreviating ‘are not all distinct’ as ‘NAD’ and writing (iy,..., izs) for (iy,...,i2) € [2n]%,
we see that

0 < s! x #BFAC(Ty, s) — B(Cp)® < st-#{(i1,..., @25, k1,..., k2s) € BFAC(T}, s) : ip-s NAD}
< §1x (28)% x #{(i1,...,125) : 12 € B(Cp;izj—1) for 1 < j < s, and iy-s NAD}
< s!x (28)%" x (A + A1z + A1 + Aza) (5.29)
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where
Arp =#{(i1,...,025) © Ioj €B(Cpsizj—r) forl < j<s, ipp_1 = ipe for some ¢},
Az =#{(i1,...,025) @ G2j €B(Cpsizgj—1)for1 < j<s, ipp_1 = ipp—) forsome ¢ # ¢'},

and Ay and Ay are defined similarly with the respective defining conditions being
‘Ing_1 = Iopr for some € # ¢" and ‘ip = ipy for some € # ¢'.” Now,

AlZSS-#{(il,...,izs) : ing%(Cn;izj_l) fOI‘lSjSS, i :iz}

<s-@2n)-[2n-maxB(Cp; )] <s-@n)-[2n-21Lallee]*
1
where the last step uses the fact

maxB(Cp;1) < 2| Lyllco- (5.30)
l

Combined with (5.15), we get n=3%/2.E[A},] = O(n~'/?). Similarly,
A3 = §° - #{i1,...,Io5) 1 12 €B(Cpyizjr) forl<j<s, iy = is}
< 2 #{(i,in, i,0s) : i2,ia € B(Cp3i)} x [21-20 Lylloo]
<522 (2-ILnllos)” x [272- 2| Lpllos] 2. (5.31)

Using (5.15) again, we get n=3%2.E[A;3] = O(n™!). We can similarly show that n~3%2.
E[A14+ Az = O(n~1). Combined with (5.29), this yields the desired result. [ |

We record here a useful bound that was used in the previous proof: Recall from Section
4 that C; denotes the contour function of t e M, 9. Then

#{(i1,...,125) : i2j €B(Cyizj—1) forl < j<s, ip-s NAD}
< stx#{(i1,..., i2s,k1,..., kos) € BFAC(t, ) : is-s NAD}
< cns-(myaxL(ct;zn,y))s‘1 = (b, (5.32)

where c is a constant that depends only on s. We are now ready for the

Proof of Lemma 5.4: Recall the definition of (TS’F, EEF) from Proposition 5.1. Clearly,

P(TEF = ) = #BFAC(t, s)
n >BFAC '’

where ZBFAC = Yvem,,, #BFAC(t', s). Then

tEMny(),

B(Cy)® #BFAC(t, s) x s!‘

[PTOZt —[FD TBF:t = ‘ —
te%‘;,,0| (Ta=9 =P, ) tE&,,o 2 cec, B(C)® > BFAC x !

B(Cy* —#BFAC(t, 5) x s 1 1
<y | S LIxs )y #BFAC(L ) x - | - |
teM, 0 2 cec, B(C)* teMy, 0 > cee, B(C)* ZBFACxs!
s ¥ ‘B(Ct)s—#BFAC(t,s)xs!‘_ E|B(Cpn)* — #BEAC(Ty, 8) x s

teM;, o ZCE@,,B(C)S E[B(Cn)sl



24 MIERMONT AND SEN

where the last step uses Lemma 5.7, (5.18), and (5.19). Let us assume that T,IEF and T, are
coupled in a way so that

P(TRF #1T;)—0, as n— oo. (5.33)
Let

.—BF (IBF KBE. 1<j<2s), P?F(.):p(.|T5F:t), and P{(-)=P(-| T, =t).

n,j 4 n,j 4
Using (5.32), we see that

an(t)
B(C)S

an(t
P (15 ;-s NAD) < ntU

<— " —.8W, and P?(I° .-s NAD
#BFAC(Ly)  Pn ®> an (15, )<

=P (1). (5.34)

Let

Tp,s(® ={(i1,...,025) € [2n]%S : 3 ky,..., ks such that (ij,kj; 1< j<2s)e BFAC(t, 5)} .
Write I," = (IpY,..., Ip5,
with j,-s all dlstlnct

) and similarly define I;. Then for any j = (ji,..., j2s) € I'y,s(t)

s! 1
B(Cy)$ #BFAC(t,s)’

|7 (sortcrs) = ) - PP (12F = j)| =

oy _ 1) o o o o
where sort(I3,) = ( L way onoyer Ty Lo+ Dnnes—1 Tnres—1y+1

tion 7w of {1,3,...,2s — 1} such that sort(I5) € I',, s(t). Hence,

) for a permuta-

s! x #BFAC(t, s) — B(Cy)®

_. g3
B(Cp*S =6y 1. (5.35)

Z, |P; (sort(r;) = ) PP (15 = )| <
jET s (t
Jje g all distinct

Using (5.34) and (5.35), we see that we can sample 15" and IS, in a way so that
3 .
P(sort(I3) # I | T2 = TP =0) < Y g (1) =: B (v).
j=1

Combined with (5.33), we get a coupling of G, ; and Gy, such that for any £ >0,
P(Gy #GoR)<P(To# T )+ Y. Ba)-P(Tp =Ty =t)+P(Bu(T}) =€)
tf,(t)<e
<o()+e+P(Bu(T)) =¢). (5.36)

To complete the proof, it is enough to show that P (,Bn(T,‘;) > 8) — 0. Note that

)1/2 ]1/2

[E[]l{ﬁn(Tn) > ¢} 'B(Cn)s] - P(,Bn(Tn) = '[E[B(Cn)zs
E[B(Cp)] - E[B(Cy)"]

P(Bn(Ty) =€) = (5.37)

In view of (5.18) and (5.19), it is enough to show that P(8,(T,) = €) — 0, which is a simple
consequence of (5.15), Lemma 5.7, and (5.18). [
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FIGURE 5.4. Left: f with the point on the graph of f correspondingto i =7
colored green, and points that correspond to ®(f;7) \ {7} colored light blue.
Right: the corresponding plane tree with the relevant corners colored.

5.4. Proof of Proposition 5.2. We tailor the argument in the proof of Proposition 5.1 to
the depth-first setting. We will work with a fixed s = 1 throughout this section.
For a < b and a continuous excursion e on [a, b], t € [a, b], and y € [0, e(t)], define

R(et,y):={ucls,bl : e(w) =y, dve[t,ul such that e(v) < y}.
Let €, beasin (5.6). For fe€,andi=0,1,...,2n, let

fa@) 2n
O(f;0) = UR(f3i,j), D(f;i):=#D(f;i), and D(f)=)_ D(f,i).
j:l i=0

An illustration of ®(f; i) is given in Figure 5.4. In terms of the plane tree whose contour
function is f, for 1 <i <2n-1, ®(f;i) \ {i} corresponds to the set of corners that (i) are
incident to vertices on the ancestral line of the vertex to which the i-th corner is incident,
(ii) appear strictly after the i-th corner in the contour order, and (iii) are distinct from
the corner associated with the root edge. Note the connection with the set of depth-first
admissible corners DFAC(-, -).

Let C;, be distributed as

(D)
P(C,=f)=——, feC,. (5.38)
(Ci=J) 2 pec, (D)’ "
Conditional on C,, sample i.i.d. random Varlables( n2j-1" In 2]) 1< j<s,where
[P’(I’lzi):D(C,'q;i)/D(C'), i=0,1,...,2n, (5.39)

and conditional on I°® nl r 2 is uniform over ®(C;; I, 1).
Let T, be the plane tree whose contour functlon is C,. Let Gj, ; be the rooted metric
measure space obtained by adding an edge in T}, between the I} , j—1'th corner and the
I, 2 -thcornerof T,, 1 < j < s, endowing the resulting space by the graph distance, rooting
it at the root vertex of T,, and assigning probability 1/n to every vertex of T}, except the
root vertex. The next two lemmas combined complete the proof of Proposition 5.2.

Lemma 5.8. We have,
G 4!

1
Vi M

- A5, aS N — 0o
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w.r.t. the pointed GHP topology.
Lemma 5.9. There exists a coupling of G;, ; and G],?E such that
P (G}, #Ghy) —0, as n—oo.

We need some control over the functional D(C;,; ) in order to prove Lemma 5.8. To
this end, for t € Mo, let (S¢(¢), 0 < ¢ < n+ 1) be the Lukasiewicz path (see, e.g., [36] for
definition) of t. For i € {0,1,...,2n — 1}, consider the vertex of t to which the i-th corner of
t is incident, and suppose that the Lukasiewicz path of t explores this vertex at the ¢;-th
step. Further, denote by (i) the degree of this vertex in t. Then

St(£i) = C¢(i) = D(C; 1) — Ce(i) = Se(€) + 1. (5.40)

As in the previous section, let C;, be uniformly distributed over €,,, and let T}, be the plane
tree whose contour function is C,. Recall that the tree obtained from T, by deleting its
root edge has the same distribution as a uniform plane tree on n vertices. This observation
together with [37, Theorem 3] for the case of Geometric(1/2) offspring distribution gives

n™V? max|Sz, (€) - Cali)| 0.
Combined with (5.40) and the fact max; {1, (i) = Op(logn), this yields
n~Y2max|D(Cp; i) - 2C, (i) | - 0. (5.41)
l

Further, it follows from [5, Equation 32 and Theorem 1.2] that? for all x > 0,
/2

P (max|St, ()| = xv/n) < ce_crxz, and P(maxCp,(i) = xvn)<ce ",
1 1
which combined with (5.40) yields
P(maxD(Cp;i) = xv/n) < ce ", forall x>0. (5.42)
l

Proof of Lemma 5.8: First, using (5.41) and (5.14), we see that

D(Cy) a !
W—'Z‘/(; e(t)dt, as n— oo, (543)

jointly with the convergence C,, Le Also, it follows from (5.42) and the bound D(C,,) <
2nmax; D(Cyp; i) that for any s = 1, the sequence of random variables

{2n)™*"2D(C,)*} ., is uniformly integrable. (5.44)
Let
Cr(t):=2nm) " Y2Ci@2ny), 0<st<1.
Then for any bounded continuous ¢ : C[0,1] — R,
E[o(Cy)] = ELACDENT m= E[p@)(fy edr)]
E[D(Cn)’] E[(Jy e(d)’]

=E[¢(ery)],

2[5, Equation 32] is stated for the maximum of the breadth-first queue, whereas we are dealing with the

maximum of the depth-first queue. However, it is well-known that these two have the same distribution.
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where the second step uses (5.14), (5.43), and (5.44). Repeating the argument, we can
assume that we are working in a space where

D(C}) as.
(2n)3/2 _’zfo (s)(t)dt (5.45)

Cn as, eg)F, \/ﬁmiaX|D(Cn;z)—2Cn(l)|ﬁ>0, and

Using (5.39), we can further assume that on this space,
@em ', 2, (5.46)

where u; is as in Construction 2.1.
Sample I} , in the following two steps: Conditional on Cy,, I}
to the law

Y first sample J; according

n? nl)

D(CaTy,)

#R(Ch I 1, ])

PUL=ilChIn)= , j=1.,Ch), (5.47)

and then let I), Uniform(i)%(C;l;I;lyl,];l)). Let i; = minR(C;; ;ll,j) for j =
L CRy ). Then
Cy(ij)=j, and D(C,;ij)—D(Cy; ij-1) =#R(Cy; i), j).
Consequently, using (5.47) and the second convergence in (5.46), we see that
D(Cyi))  2j+o(Vn)
D(C;,I,,)  2CyU; ) +olv/m)'

P(=i|Chly)= - Crly),
where the o(y/n) term is uniform over j. Thus, using (5.46) and the first convergence in
(5.45), we can assume that

e a8

e~ 2% g (5.48)

together with (5.45) and (5.46), Where zp is asin Construction 2.1. Let v; be as in Construc-
tion 2.1 as well. Then the set 9%( (s) > Ul zl) is the singleton {v;} almost surely, and hence
the first convergence in (5.45), (5.46), and (5.48) imply that

@2n)” mmm(Cn,Inl,] )—»vl, and (2n)~ max%(Cn,Inl,] )_’Vl

In particular, 2n)~ 1I . Repeating the same argument, we can assume that

(2”)_1(1;1,2]'—1’ I;L,Zj) = (ujvj), 1<sjss.
Now the proof can be completed by following the argument given after (5.25). [ ]

Proof of Lemma 5.9: The proof follows the same steps as in the breadth-first case. First
note that we can use the argument in the proof of Lemma 5.7 to prove the following anal-
ogous result:
n~3%2.E|s! x #DFAC(Ty, s) = D(Cp)°| — 0 as n— oo;

here the bound in (5.42) plays the role analogous to that of (5.15) in the breadth-first set-
ting. Using the above convergence, we can construct, similar to (5.33), a coupling of TD¥
and Ty, such that P(TPF # T;,) — 0 as n — oco. Then the rest of the argument in the proof
of Lemma 5.4 can be mimicked to complete the proof. We omit the details to avoid repe-
tition. |
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5.5. Proof of Corollary 3.3. By Jeulin’s local time identity [10, 35],
 du

m , =0, (5.49)

(n(e;1,y/2), y=0) d (2-e(z”' (), y=0), where 7() :f
0

and 77 1(y) =sup{r€[0,1] : 7(z) < y} for y = 0. Now,

oo

[es) 0 1
f n(e;1,y)%dy = %f n(e;l,y/Z)zdyEZI (e(r‘l(y)))zdy:2f e(ndt, (5.50)
0 0 0 0

where the second step follows from (5.49), and the last step follows if we use the substi-
tution y = 7(¢). Further, since 2 |e|lo = inf{y >0:n(e;l,y/2) = 0} almost surely, (5.49)
implies
d
2|lelloo =7(1) (5.51)

jointly with the equality in distribution in (5.50). Consequently, for every bounded contin-
uous p:R—R,

Elp(ractsra)] = s{o(enef 1)) - LU L)
_E[p(fy derem)(fy edr)’] Lodr
- E[( ) e(dr)’] =El (fo egf(t))]’

where the first step uses Corollary 3.2 (i), and the third step uses (5.50) and (5.51). This
completes the proof.

5.6. Proof of Theorem 3.4. Let us first state the result concerning convergence of the
height profile of Hy, .

Theorem 5.10. Let Z, ¢(¢) denote the number of vertices in H,  at distance ¢ from the root,
0=0,1,.... Let Zno(r) =n"Y2- Z, o(lrv/nl), r =0. Then

_ 1
(Zn_o(r), r= 0) < (17(2e; L,r), r= 0) = (En(e; 1,r/2), r= 0), as n— oo, (5.52)
w.r.t. Skorohod ], topology onD([0,00) : R).

As mentioned before, Theorem 5.10 is a special case of [24, Theorem 1.1]. We will make
use of this result in our proof.

For s = 1, we can explore any G € H, s in a breadth-first manner and get a breadth-first
spanning tree as follows: Add an extra vertex labeled ‘0’ and connect it to the root of G via
an edge, and declare this edge oriented away from 0 to be the root edge. Use the vertex
labels to endow the neighbors of every vertex in the resulting graph with a circular order
(where our convention is to go from the smallest label to the highest). Then we can explore
this map in a breadth-first fashion as in Section 5.1. From the resulting tree we delete the
vertex 0 and the edge incident to it, and root this tree at the root vertex of G. Thus, we end
up with a tree te H,, o.

Now there exist (it, ji) € [n]%, 1 < k < s, such that

0 <ht(ix;t) —ht(ji;t) <1, (5.53)
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and G can be recovered by adding an edge in t between the vertices i} and ji for each
1 < k < s. Think of t as a plane tree by using the vertex labels and consider the plane
embedding. Then in this embedding, for each k, the vertex j will appear after the vertex
ir in the depth-first order. (These conditions are similar to (5.1) and the condition ‘i1 <
I»j’ appearing right above it.)

Thus, there is an asymmetry in the roles of iy and ji. This does not cause a problem
in the proof of Proposition 5.1 because of the convergence of the second coordinate in
(5.14), i.e., the convergence, as a function of two variables, of the discrete local time of the
contour function to a continuous limit. The analogue of this result for uniform labeled
trees is not available in the literature, which poses a problem in working with t directly.
This will be discussed further in Section 6. We, however, do have convergence of the total
local time (Theorem 5.10). To go around the above issue by making use of Theorem 5.10,
we define a new tree t by applying a kind of symmetrization to t.

If there exist 1 < k # g < s such that |ht(ix;t) —ht(ig; )| < 1, set T to be the empty tree @.
Otherwise, do the following for 1 < k < s: If ht(i); t) = ht(j; t), do nothing, and if ht(i;t) =
ht(j;t) + 1, then with probability 1/2 do nothing, and with probability 1/2 add an edge in
t between iy and j and delete the edge between iy and its parent in t; call this operation
a ‘swap.” Denote the resulting tree by t. We set

bf(G)=t and bf(G) =t.

Note that the swapping operations above commute, i.e., it does not matter in what order
they are done. Note also that for any k = 1, the number of vertices in G that are at distance
k from the root is same as the number of vertices at height k in bf(G), and hence the same
is true of bf(G) whenever bf(G) # @. .

To fix ideas, first consider s = 1. In this case, bf(H,,;) cannot be the empty tree @. For
any t € Hy,, the event {bf(H,,1) = t} holds true iff there exist i, j € [n] such that i # j and j
is not the parent of i in t, H, is the graph obtained by adding an edge in t between i and
j, and exactly one of the following happens:

(i) ht(j;©) =ht(i;© and i < j. (In this case, bf(H, ) = bf(H,, 1) = t.)

(ii) Think of t as a plane tree in which the children of a vertex are ordered from left to right
in order of increasing label. Then ht(j;t) = ht(i;t) — 1, and j appears after i in the contour
order of t, and swapping did not take place in going from bf(H,, ;) to b_f(Hn,l). (In this case
also, bf(Hy,1) = bf(Hy,1) =)

(iii) ht(j;t) =ht(;;0) -1, j appears before i in the contour order of t, and swapping took
place in going from bf(H,, 1) to bf(H,,;). (In this case, bf(Hy,;) is the tree obtained from t
by adding an edge between i and j and deleting the edge between i and its parent in t.)

Then we see from the above discussion that for t € H,, o,

z(t; )
2

1

#anl =1

) #[H]nyl ’

P (bf(Hp1) = 1) = (5.54)

)+%.z(i;e)-(2(f;f‘1)_l)] )

where z(-;) is as defined in Section 4. As observed before, H,,; and bf(H n,1) have the same
distance profile. Thus, using (5.54), we see that for any bounded continuous ¢ : D[0,00) —
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R,
- Hyo0 _
E[¢p(Zn1)] = -E[¢p(Zn,0) W1 (Hn)] - (5.55)
#Hp 1
From Theorem 5.10, it follows that
-3/2 a L[> = 2
e WiHp) — 5 i n(e;1,y) dy (5.56)

jointly with (5.52). Further, for any s = 0,

nt=382 4H, s)—n:ﬁsl E (fole(x)dx) ]— 55 [E[(f (e; l,y)zdy)s], (5.57)

where the first step follows from the results of [39, 42], and the second step uses (2.8). Fi-
nally, using the bound W (t) < n-maxy z(t,¢) and applying Theorem 5.6 with Poisson(1)
offspring distribution, we see that n-32. Wi (Hy,0) is a sequence of uniformly integrable
random variables. Combining this last observation with (5.55), (5.56), and (5.57), and The-
orem 5.10, we get

)] — E[¢(n(2e1,7) [y°n(e;1,y)°dy]
E[ /5o n(ei1,y) dy]
This completes the proof for s = 1. .
For s = 2, we need some control on P (bf(Hn,s) = (Z)). To this end, note that for any t €

Hy,0, the number of tuples (i, ji), 1 < k < s, that satisfy (5.53), and |ht(iy; t) — ht(ig; 0)| < 1
for some 1 < k # g < s is upper bounded by

E[¢(Zn, =E[¢(n(2ef); 1,))] - (5.58)

Y@ := cns_l[m[axz(t; [)]SH, (5.59)
where ¢ > 0 depends only on s, for instance we can choose ¢ = 3-s(s—1)-2°. Consequently,

P (bf(Hy,s) = @) <

: (t) (5.60)
#[H]n s tE% 0 Y

— Cns_l . (\/ﬁ)S‘I’l .(

#[H]n,o) ) [E[ (maxz Z(Hn,O;f))Hl < L’
#Hnys \/ﬁ

Nk
where the last step follows if we apply Theorem 5.6 with Poisson(1) offspring distribution,
and use (5.57). .

Now for any t € H,, 0, the event {bf(H,, ;) = t} holds true iff there exist i, jx € [n], 1 <
k < s, such that the following hold: (i) either ht(ix;t) = ht(ji;t) and i < ji or ht(iy;t) =
ht(ji;t) + 1 and ji is not the parent of iy in t, (ii) ht(ix,;t) =ht(i;t) +2fork=1,...,s-1,
(iii) H, s is the graph obtained from t by placing an edge between iy and j; for 1 < k < s,
and (iv) the unique swaps (if any) needed to go from bf(H,, ;) to b_f(Hn, s) were performed.

Writing ), for sum over all 4,...,¢s such that £, = ¢, +2,1 <k <s—1, we see that

(4 1 - - Wi (1)
( ) k))+§-z(t;[k)-(z(t;fk—l)—l)] =t (5.61)

n,s

P (bf(Hy,s) = Hn : 21
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Note that the quantity W;(t) satisfies
0<W (O —s!- W, ® <c-W®°! -m[axz(f; 0)?,
which essentially says that n=3%2. W(H, o) can be replaced by n=3%'% . Wy (H,,0)*/s! for

obtaining distributional asymptotics. Now the argument given below (5.54) for s = 1 can
be carried over to complete the proof for a general s.

5.7. Proofof Theorem 3.5. Throughout this section we work with a fixed g = 1. Itis known
[19,29] that

48
#UM,, o ~ —————n3873/247 (5.62)
"8 38.g1. W
Further, for any s = 1, BF: M, s — BFT(n, s) is a bijection, and consequently,
_ _ #Mn,o 3s/2 E[B(Cn)s]
#Mn,s = Z #BFAC(t, S) = #Mn,O . [E[#BFAC(TH, S)] ~ T . (27’!) . W (563)

teM, o

#Mi,0 3s/2 < 2 . ysp 272 3(s=14n ! s
~—gen -[E[(fo n(e;1,y)°dy) ]~m-nz 4 -rE[(fo e(ndr)’],

where the third step uses Lemma 5.7, the fourth step uses (5.18) and (5.19), and the last

2n _2) ~ 2212y =1/2

step uses (2.8) and the fact that #M, o =n""- ( i,

Remark 5. The enumeration technique in (5.63) is very much in the spirit of [39]. Let us
point out here that this can also be deduced from the results of [40]. [40, Formula (5)] states
that the generating function F;(x) =) ,,5¢ [#MHH, s) -x" is of the form Fy(x) (1 —4x)"°gs(y).
Here, Fo(x) = (1 — vI—4x)/(2x) is the generating series for trees®, g is a polynomial of
degree (s — 1)* with positive integer coefficients, and y = ((1 —4x)~ /2 - 1)/2. (Recall that
in our definition of M, s, we require the root vertex to have degree one. Thus, our notation
is slightly different from that in [40], which explains why the coefficient of x" is #M,:] s.)
From this and elementary singularity analysis [27, Theorem VI.1], one obtains that as n —
oo, for any s = 1 fixed,

win26-Dgn
25.T((3s-1)/2)’

where w; is the leading coefficient of g;. From [40, Formula (5a)], one immediately de-
duces that wg, s = 1, satisfies the recursion

(5.64)

n,s

s—1
w; =) wiw:  +2Bs-4o;_;, (5.65)
k=1

which is exactly the recursion in [34, Equation (13)] (with the small difference that wj =1
here rather than —1/2 as in [34], but this does not matter since the initialization of (5.65)

3This corrects a typo in [40], where the x in the denominator of Fy(x) is missing.
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—

FIGURE 5.5. Left: A plane tree with four pairs of corners corresponding to
o =(1,7)(2,5)(3,8)(4,6) colored. Right: The associated unicellular map.

really starts at s = 1). Now [34, Formula (14)] identifies

5s_
w; 2272

1
= -E 2e(n)dt)’],
r(@3s-1)/2) s'vn [(fo ® ) ]
which combined with (5.64) yields the asymptotics for #M,, ;.

Consider m € UM, ¢, and assume that the root vertex of m has degree one. Note also
that sp(m) = 2g. Thus, such a map m € UM, g "M, ;. We can explore m in a breadth-first
way as in Section 5.1. Let BF(m) = (t, (i, kj; 1 < j < 4g)). Then the cardinality of the set of
all such m for which iy, ..., i4¢ are not all distinct is O(n=12) -#UM,,¢. Indeed, this follows
from the proof of Lemma 5.7 (which shows the analogous result for M, ;) and the fact that
#UM ¢ = ©(#Mj,2¢) (which is a consequence of (5.62) and (5.63)). Let [UMI,*%g cUMpgn
M, 2¢ be the subset consisting of all m for which iy,..., ;¢ are all distinct. Removing the
root vertex and the interior of the root edge of m € UM, , gives a map in UMj,_ ¢. Using
this observation and (5.62), it follows that

. n38-31248-1 i
HUM, ¢ ~ #UM 1 g ~ R A (5.66)
Clearly, UM, ; has the same scaling limit as a uniform element of UM
restrict our attention to unicellular maps in UMy, ,.

Suppose o is a permutation on [4g] whose cycle decomposition consists of 2g many
transpositions: ¢ = H?il (€2j-1,¢2j). Suppose further that ¢; < f5 < ... < l4g_1, and
l5j-1 < {»j for each j € [2g]. Recall the definition of the set S(g) from Section 2.2.

*

ng and so we can

Lemma 5.11. Supposete Mo, o is a permutation on [4g] as above, and r; <712 <...<Tug
are integers in [2n—1]. Letij = ry, for j € [4g], and let m € My, 24 be the map obtained by
adding an edge in t between the i, -th corner and the i j-th corner oft,1 < j <2g, and
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/W/N\f W\/‘ N

pa

@

FIGURE 5.6. Top: The contour function of the plane tree in Figure 5.5. Bot-
tom: Different segments of the same function numbered according to the
order in which the face exploration of the unicellular map in Figure 5.5 tra-
verses these parts.

endowing the neighbors of each vertex in m with the natural circular order inherited from
t. Thenm € UMy, ¢ "M, 2¢ iff 0 € Sg).

Consequently, ifo € S(g) and 0 < Cy(izj—1) — Ci(i2j) < 1 for j € [2g], then m € UM, , with
BF(m) = (t, (i1,..., i1, 1,...,1)).

Before starting the proof, we ask the reader to recall the algebraic description of maps
that was mentioned in Section 4. In particular, we will make use of the fact that a map is
unicellular if and only if its face permutation consists of only one cycle.

Proof of Lemma 5.11: Let e,..., ez, be the directed edges of t in the contour order with

e1 being the root edge. Then E (m) consists of el,..., ez, together with an additional 4g
directed edges; denote the directed edge going from the r;-th corner to the r4(;-th corner
by fio( J €148l

Let us first assume that o € Sg). As in Section 2.2, let p be the permutation (1,2,...,4g).
Let ro = 0 and r4g+1 = 2n. Then the elements of ﬁ(m) in the contour exploration of m
starting with e; appear as follows: For every j € {0,1,...,4g}, €14r;,€24r)s---»€rj,, APpeEAr
consecutively in this order, and for every j € [4g], e,; is followed by the directed edges
fio() and ei4r, ;. (An illustration is given in Figures 5.5 and 5.6.) Using the fact that the
permutation po has only one cycle of length 4g, it follows that the face permutation of m
consists of only one cycle of length 27 +4g, and consequently, m is unicellular.

The converse follows by working the previous argument backwards. If m is unicellular,
then its face permutation has only one cycle of length 2n + 4g. Observing the order in
which the directed edges of m appear in its contour exploration, it follows that the permu-
tation po must have only one cycle of length 4g, and hence o € Sg).

Now, because of the way ¢, ..., 44 are arranged among themselves, we have i1 < i»;
for j € [2g], and i) < i3 < ... < isg—1. Hence, if 0 < Cy(izj—1) — C¢(i2j) = 1 for j € [2g], then
(i1,...,1ag,1,...,1) € BFAC(t,2g). Since £ (t, (i1,..., isg, 1,...,1)) = m, it follows that BF(m) =



34 MIERMONT AND SEN

(t,(i1,...,1ag,1,...,1)). If further o € S(g), then m € UM, ; "M, 25, and consequently m €

UM, ¢, as i1, ..., iag are distinct. =

For the rest of this section, the notation ¢4, ..., #>¢ will be reserved for integers that are
arranged among themselves as described right before the statement of Lemma 5.11, and

o= H?il (02j-1,¢2;) for a generic 0 € S(y).
In view of Lemma 5.11, UM, , is in bijective correspondence with the set
{(Co,(r1,....,1a9)) : C€Cy,0€S(g), 1S <...1yg<2n-1 (5.67)
such that 0 < C(rgzjfl) - C(rgzj) <1for je[2g]}.
Thus, sampling a uniform element of UM, , is tantamount to sampling a uniform ele-

ment in the above set, which can be done in the following steps: For Ce€ &,;, h € Z-(, and
r,r'e2n-1], letycp(r,r)=1{C(r)=h=C0"} +1{C(r) = h,C(r") = h-1}.

(a) Sample C,T1 with probability mass function (pmf) proportional to

2g
> 2 allven(re, vre,), Cey,
j=1

0’€§(g)

where ) ; and }; denote sumoverall1<r <r <...<rng<2n-1land h,..., hyg € Z
respectively.
(b) Conditional on C,‘; = C, sample O, with pmf proportional to

2g
ZZZl H WC,hj(rzzj—l’ T[Zj)’ o€ S(g) .
j=1

(¢) Conditional on C! = C and ©, = o, sample H,, = (Hyn..., Hag ) with pmf propor-
tional to

2g
le_[wc,hj(rfzj_1>r€2j)y hl)---)h2g€Z>0.
j=1

(d) Conditional on C,‘; =C,0,=0,and H, = (h,..., hyg), sample (vy,p, ..., Vag ») with pmf
proportional to

28

H U/c,hj(rezj_l,rgzj), Ilsrn<rn<..<rngs2n-l1.

j=1

Let C,, be a uniform element of ¢,,. Then using Proposition 5.5, it follows that for o €
S(g), as n— oo,

1 28 d
e 2 chn,hj(rgzj_l,rzzj)—»fg f(o o Veoy (01 €)dp...dysg. (568
j= ,O0

This explains the expression for the tilt in (2.11). Now, using the bijection explained
around (5.67),

2g
HUM, o =48, E[ Y Yo X1 [T we,n (e 7o) (5.69)
j=1

UES(g)
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Note that ¥» ¥, H?il VCuh; (T[zj_l, T[ZJ.) < (2l L lloo)?8 - (21)?8. Thus, using (5.15), it follows
that we also have convergence of expectations in (5.68). Using this observation together

2n—2
with (5.69), (5.66), and the fact that #¢,, =n~!- ( nn ) ), a direct calculation shows that
4g —(948. 1) "
> Ve, y(0,11'8)dyr .. dysg | = 245 -g1) . (5.70)
U’ES(g) (O;OO)Zg

This explains the scaling constant in (2.11).
Now using Proposition 5.5 and arguments similar to the ones used in the proof of Propo-
sition 5.1, we can show that the following convergences happen jointly:

en2cl@n) =)o), ©,-%0, enV2H,-“~H, and  (.71)
— d
@n) " (vi,neeer Vagn) — (U1,..., Uag), (5.72)

where the limiting random variables are as in Construction 2.3. The proof of Theorem
3.5 can now be completed using (5.71) and (5.72). We omit the details as no new idea is
involved here.

6. DISCUSSION

We will discuss some of the questions related to this work in this section. Firstly, note
that the result in Theorem 3.1 concerns only the limiting space #{5). However, our proof
uses discrete approximation techniques. It is natural to ask if this result can be proved
directly in the continuum using properties of Brownian excursions.

As mentioned before, the proof of Theorem 3.1 proceeds via a study of maps. The reason
is that an analogue of (5.14) for the contour function or the height function of uniform
labeled trees, to the best of our knowledge, is not available in the literature. More generally,
one may hope for a result of the following form:

Conjecture 6.1. Let ¢, Ty, and |T¢| be as in Theorem 5.6. Write 0? =Varé. Let H,";(t), r=
0,1,...,n, (resp. Cfl(t), t=0,1,...,2n) be the height function (resp. contour function) of
T: conditioned to have (n + 1) vertices whenever P (I Tel=n+ 1) > 0. Define a continuous
function L(H,‘;; t,y) on [0,n] xR (resp. a continuous function L(Cf;; t,y) on[0,2n] x R) by
means of the formulas given in (5.9) and (5.10). Then

(n_l/z -L(H,‘;;nt,y\/ﬁ); rel0,1], ye IR) 9, (n(%; t,y); rel0,1], ye IR), and

2e
(n_l/z -L(C;2nt,yy/n); te(0,1], y € IR) R (2 -n(—: t, y) S tel0,1], ye R)
o
in C([0,1] x R), as n — oo along the subsequence whereP (|Tz| = n+1) > 0.

Such a result can be viewed as a generalization of [24, Theorem 1.1]. A more ambitious
project would be to identify the breadth-first construction of the stable graphs considered
in [28]; see also [13,23]. [15, Theorem 3.2] gives an algorithm for constructing uniform
connected graphs with a given degree sequence. This algorithm can be thought of as a
depth-first construction. A similar algorithm can be developed from a breadth-first point
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of view. One may try to use such an algorithm to obtain a breadth-first construction of
the stable graphs studied in [28] (and thereby identifying its radius, two point function,
and distance profile in terms of suitable functionals of a normalized excursion of an a-
stable Lévy process). To carry out this program, one needs good control over the local
time field of the contour function (or height function) of the corresponding uniform plane
tree with given (random) child sequence. Although the question of the full breadth-first
construction in the stable setting remains open, some partial results in this direction were
obtained in the recent work [20].

Explicit expressions are known for the densities of the two point function and the ra-
dius of the space J,. The two point function of I, follows the Rayleigh distribution [7, 8],
whereas Rad(J) follows the more complicated Theta distribution [17][27, Chapter V.4.3].
In [41], an expression (given in terms of an infinite series) for the joint distribution func-
tion of Rad(J,) and the diameter of J, is computed using probabilistic arguments. It
would be interesting to see if such explicit expressions can be obtained for the laws of the
radius and the two point function of the spaces /).

APPENDIX A.

Our aim in this section is to outline a proof of (5.14). For n> 1, let (S,(j),0< j <2n+1)
be a simple symmetric random walk of length 27 + 1 started at the origin, i.e., 5,,(0) =0
and for0 < j <2n,

P(Sp(j+1D) =y]|Snk),0<k<j)=1/2 if y=8,(j) 1.
Let
ST =(Sn | Sn@n+1)=-1) and S%= (82| SV (j)=0 for 0= j<2n)
be the corresponding bridge and excursion of length 27 + 1 respectively. We extend S,

sgr, and S¢ to continuous functions on [0,2n+ 1] by linear interpolation. For ¢ € [0,2n+1]
and y € R, define L(S,; ¢, y) similar to (5.9) and (5.10). Let

0n():=L(Sp;+), Sp():=@n+1)7V2.5,(2n+1)t),0<¢t<1, and
ln(t,y):=2n+ 1)V 0, (@n+Dt, yV2n+1), 0<t<1 yeR.

Similarly define ¢57, SPr, /%) ¢€% $& and #¢X. Note that the function (C,(t+1)-1,0< t <
2n—1) has the same law as $%* ;. Consequently, (5.14) will follow if we show that

(5, 7%) L (e, n(e;-, ) (A1)

in C[0,1] x C([0,1] x R).

Let (B(1), 0=t <1) (resp. (B*(¢), 0 < t < 1)) be a standard one dimensional Brownian
motion started at the origin (resp. Brownian bridge with BPT(0) = BP"(1) = 0). For the rest
of the proof, n°™ and n®* will respectively denote 1(B;-,-) and 1(B"%;-, -).

By [21, Theorem F] (see also [11, 38]), it follows that we can construct a standard one
dimensional Brownian motion W(¢), t =0, and S, for all n = 1 simultaneously on a single

probability space such that for any 6 >0,
n—1/4—6(

. s N o) &S
M%gﬂﬂgVAﬁw—mquﬂ+%ﬁgﬂbﬂn Wum 0, (A2
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as n — oco. Writing max; for maximum over ¢ € {1/2n+1),2/2n+1),...,1} and y €
Z/v2n+1, it follows from (A.2) that in this space, for any 6 € (0,1/4),

max; f_n(t,J/)—n(W» t’y)‘

=max;——— Co(@n+ l)t,y\/2n+l)—n(W; (2n+1)t,y\/2n+1)‘
=0 V*?) as., (A.3)
where W () = 2n+1)"V2W((@2n+1)¢), 0 < ¢ < 1. Further, in this space,
max

1S, - W ()| = 0(n™V**?), as..
te{1/@n+1), 2/@2n+1)

(A.4)
Since W 4 B, (A.3) and (A.4) yield
(S, 2n) = (B.1"™)
in C[0,1] x C([0,1] xR).

(A.5)

Fix £ € (0,1), and let B, and n®™ denote the restrictions of B and n°™ to [0,1 — ¢] and
[0,1 — €] x R respectively. Similarly define B?r and ngr. Then

[E[(/)(Bbr br)] _ [E[<P(Be»77[§m) eXp(— B - 8)2/(28))]
e lle E[exp (- B(1-¢)%/(2¢))]
for any bounded continuous ¢.

(A.6)

Let 2m + 1 be the smallest odd integer bigger than (1 —¢)(2n+1). Let S,t;fm and ¢°°
denote the restrictions of S2" and ¢° to [0,2m + 1] and [0,2m + 1] x R respectively. Then

E[¢(Snim Com)]

_E[¢(Sm )P (X(2n—2m) = Sp@m+1) + 1] Spy)]
- E[P(X@2n—-2m)=Sn2Cm+1)+1]|Sy)]

) (A7)
where X (2n —2m) is a simple symmetric random walk started at the origin and run up to

time 2n—2m independent of all other random variables. By the local central limit theorem,

_ 4%
S]lélg P(X2n-2m)=2j) - (4n(n-m)) 12 exp (— m)‘ =o(n~Y?). (A.8)
It follows from (A.5), (A.6), (A.7), and (A.8) that for every € € (0, 1),

sbr  sbry d
(Swer Te) — (BZ.2"),

(A.9)
where S, and /Y, are restrictions of S5 and £ to [0,1 - €] and (0,1 — €] x R respectively.
It would follow from (A.9) that

(8br, 2br) - (B Pr), (A.10)
provided we could show that for every 61,6, > 0 there exists £y > 0 such that for € € (0, &¢),
limsup IP( sup ISI,’lr(t)l +sup (?t,’lr(l,y) - ?t,’lr(l -£,))> 61) <6,.

n—oo l-e=t=1 yeR

(A.11)
However, (A.11) is immediate upon observing that the time reversal of the process —(1 +
SPT) has the same law as SP" and then using (A.9).
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Now the Vervaat transform of BT (resp. S,k;r) with respect to its almost surely unique
global minima (resp. the first global minima) has the same law as e (resp. S}). Using this
fact together with (A.10), (A.1) follows.
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