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Abstract

The modularity of a graph is a parameter that measures its community structure; the higher its
value (between 0 and 1), the more clustered the graph is.

In this paper we show that the modularity of a random 3—regular graph is at least 0.667026
asymptotically almost surely (a.a.s.), thereby proving a conjecture of McDiarmid and Skerman. We
also improve the a.a.s. upper bound given therein to 0.789998.

For a uniformly chosen graph G,, over a given bounded degree sequence with average degree d(G,,)
and with |CC(G,,)| many connected components, we distinguish two regimes with respect to the exis-
tence of a giant component. In the subcritical regime, we compute the second term of the modularity.
In the supercritical regime, we prove that there is € > 0, for which the modularity is a.a.s. at least

2(1—p)
d(Gn)

CC(Gl

+e,
where p is the asymptotically almost sure limit of

1 Introduction

Recent years have seen a fast increase of network data available and the need for detecting clusters -
disjoint groups of nodes with many connections between the elements within a single group and rather
few connections between elements of different groups - has become more and more important. Identify-
ing clusters helps to exploit a network more effectively: for example, having detected clusters in social
networks allows for targeted advertisements, or having detected clusters in collaboration networks allows
for identifying similar papers. Whereas traditional clustering approaches either fix the number of clusters
and /or the sizes of the clusters, the concept of modularity allows for more flexibility here: whilst rewarding
a partition for containing edges within its parts, it penalizes parts incident to too many edges. Introduced
by Newman and Girvan in [25], it was first studied in physics (see [11}, [19]) due to its connections to the
Potts model in statistical physics presented in [29]. It was then analyzed in different applications including
protein discovery and identifying connections between websites: see [10] and [27] for surveys on the use of
modularity for community detection in networks. After this successful application in practice, modularity
was then also studied from a mathematical point of view. We first give the definition and our results and
then refer to related work in the mathematics literature.

*Dieter Mitsche has been supported by grant GrHyDy ANR-20-CE40-0002 and by IDEXLYON of Université de Lyon
(Programme Investissements d’Avenir ANR16-IDEX-0005).
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For a subset A of vertices of G, we denote by e(A) the number of edges with two endvertices in A and by
vol(A) the sum of the degrees of the vertices in A. The modularity of a partition A = {A;, Aa, ..., A} of
the vertices of a graph G with m edges is defined as

g(A) = % > elan) - ﬁ 3 vol(4;)2. (1)

=1 =1

The first term corresponds to the proportion of edges of G' that have both endvertices in the same part
of A; this term ensures that the edge density within the communities is high. The second term stands for
the expected proportion of edges within the given parts in a random graph with the same degree sequence
as G (or also in a vertex-weighted random graph e.g. given by the Chung-Lu model). Its form suggests
that it may be interpreted as a sort of “degree tax”.

For a graph G = (V, E), the modularity ¢*(G) of G is defined as

A),
Aglgg/)q( )

where P(V') stands for the set of partitions of the vertex set V of G. It is well known and easy to see
that 0 < ¢*(G) < 1 for every graph G (for a graph G without edges, by convention, ¢*(G) = 0). For
every d > 1, we denote by Gy4(n) the set of all d—regular graphs. Denote also by G4(n) (or simply G4) the
random d—regular graph with n vertices following the uniform distribution over the set G4(n).

For a sequence of probability spaces (,,, Fr, Pp)n>1 and a sequence of events (A4,),>1, where 4,, € F,
for every n > 1, we say that (A,),>1 happens asymptotically almost surely or a.a.s., if lim P,(A,) = 1.

n——+o0o
The sequence of events (A,),>1 itself is said to be asymptotically almost sure or again a.a.s. Our first

result concerns Gs(n): McDiarmid and Skerman conjectured in [21] that there exists § > 0 such that a.a.s.
¢ (Gs(n)) > % + 6. Our first theorem confirms this conjecture:

Theorem 1.1. Let Gs € G3(n). Then a.a.s. ¢*(G3) > 0.667026.

As a complementary result, we also improve on the upper bound: to our knowledge the best results
before this paper were ¢*(G3) < 0.804 (see [2I] and [28]). We prove the following result:

Theorem 1.2. Let Gs € G3(n). Then a.a.s. ¢*(G3) < 0.789998.

In fact, in the spirit of Theorem [T, we also obtain an improved lower bound for more general degree
sequences (D,,),>1. For a graph G, we denote by CC(G) the set of connected components of G. Denote
by A(n) the maximum degree in D,, and, for every i > 0, denote by d;(n) the number of vertices in D,, of
degree i. A sequence of degree sequences is bounded if there is A € N such that for every n > 1, A(n) < A.
In this paper we assume that dy(n) = 0 for all n. We say that the sequence of degree sequences (D, )n>1

—dl(n) of
n

is regular if for every positive integer ¢ > 1 there is p; > 0, such that the proportion of vertices

degree i in D,, tends to a limit p; with n.

Theorem 1.3. Fiz a sequence of bounded regular degree sequences (Dy,)n>1 with limit vector p = (p;)i>1
and maximal degree A. Define

Q=Q(p) =) i(i—2)p (2)

i>1

and

M = M(p) = E:zpZ
i>1

Then



1. If Q <0, then a.a.s.

where ¢ = ¢(p, A) > 0 is given by the sum
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where 0° = 1 by convention.

2. If Q > 0, there exists a constant € > 0 so that a.a.s.

2(1 — p)

* >

+ ¢,

where = u(p) is the a.a.s. limit of w

Remark 1.4. Point ] of Theorem [[3] proves on its own that the modularity of the random 3—regular
graph G3(n) is a.a.s. at least 2/3 + ¢ for some € > 0, but the value of € is not given explicitly this time.
Indeed, the random 3—regular graph is a.a.s. connected (so p = 0), and its average degree is always 3

(thus M = 3).

Remark 1.5. It is a natural question to ask if a closed formula for ¢(p, A) may be given. Sadly, even
for A = 3, one may only reduce the expression for ¢(p,A) to a single sum of terms given by (a little
more than) hypergeometric terms. The answer to this question seems therefore to be negative for A > 3.
However, for A = 2, the constant is not hard to calculate, it is equal to

4Zt2+1<t2+2>(ﬂ)2<@>t2:2(p1+4p2)_2< ) >2
t2>1t2+2 2 M M b1 p1+2p2)

Related work. After the introduction of the concept in the already mentioned paper by Newman
and Girvan [25], due to its success in applications, modularity was analyzed for different graph classes:
cycles were analyzed in [5], lattices in [20] and [12] respectively. The study of modularity in trees was
initiated by Bagrow in [I], who showed that k-ary trees as well as Galton-Watson-trees have modularity
tending to 1. Later De Montgolfier, Soto and Viennot proved in [24] that trees with maximum degree
A = o(n'/%) have modularity tending to 1, which was then extended by McDiarmid and Skerman [21] to
trees with maximum degree o(n) (and more generally to graphs that are ’treelike’ in the sense of having
low treewidth). More generally, Ostroumova, Prokhorenkova, Pratat, and Raigorodskii showed in [28]

that all connected graphs G on n vertices with maximal degree A(n) = o(n) and average degree d(n)
satisfy ¢*(G) > % -3 %(nn)) - nAd((Z))
model G(n,p) was studied by McDiarmid and Skerman in [22]: they showed that for p < 1/n, a.a.s.

¢*(G(n,p)) = 14 0(1), whereas for p > 1/n and p < 1, a.a.s. ¢*(G(n,p)) = 9(\/%—;))- Their results transfer
also to the G(n, M) model. For random regular graphs, besides the already mentioned bounds given in [21]
and [28] of 2 < ¢*(G) < 0.804 for G € Gs(n), in [2I] McDiarmid and Skerman gave also lower and upper
bounds for d—regular graphs for other values of d, in particular they showed that 0.7631/v/d < ¢*(Gq(n))

for d sufficiently large, and ¢*(G4(n)) < 2/v/d for all d > 3. For random 2—regular graphs, they also
proved ¢*(Ga(n)) =1 — % + 0(1°g2"). Regarding other models of random graphs, in [28] it was proved

n
that for a graph G chosen according to the preferential attachment model, when adding m > 2 edges at
a time, max{L — 0(1),9(\/%)} < ¢*(G) < 0.94, where the constant hidden in the asymptotic notation

is such that for m > 1000 the second lower bound is better. In the same paper, they also showed that

. Modularity was also studied for random graphs: the Erd&s-Rényi




Figure 1: The path vyvevgvy with vertices v1 and vy in Cy(e) and vertices ve and vs outside Cy(e) just
before being added to Cy(e) entirely.

for the spatial preferential attachment model with certain conditions on the parameters the modularity is
14+0(1). From a computational point of view, finding the modularity of a graph was proved to be NP-hard
and even approximation of the modularity within a constant multiplicative factor remains NP-hard, see [4]
and [7]. The concept of modularity was recently extended to hypergraphs, see [18].
Overview of the proofs. In the proof of Theorem [[L.Tlwe choose an arbitrary vertex v and start exploring
its connected component C one half-edge at a time chosen arbitrarily among the ones incident to C' until
en vertices have been processed. Call the explored set of vertices Cy(e). Then, start exploring one by
one open half-edges sticking out of a processed vertex to grow little by little the set of processed vertices
themselves, but without directly sending them in Cy(e) anymore. Throughout this process we add short
paths to Cp(e) containing exactly two vertices in Cy(e) - the first and the last vertex of each path (see
Figure [I). In this way one increases the modularity of Cy(e) at each step. By analysis of the first few
steps of this procedure via the differential equation method and consequent optimization over e, we deduce
Theorem [L.11

In the proof of Theorem [I.2] we first observe that for the modularity of G5(n) to be at least the given
upper bound, there must be a part A; in the optimal partition with

3| A

> 0.789998.

We first rule out the possibility that the order of A; is smaller than gn for some ¢y > 0. The remainder
of the proof is essentially an application of the first moment method.

The proof of Theorem [[3] in the supercritical regime is similar in spirit to the one of Theorem [T1]
although there we are only interested in paths of length ¢ for some large enough ¢. An additional difficulty
appears: when reasoning about the giant component, a number of vertices of degree 1 may arise in general.
These may cause problems in case they increase the size of Cy(e) by too much. Nevertheless, we show
that this is indeed not the case with probability tending to 1 as n — +o0o. The subcritical regime in
Theorem [[.3] is based on an analysis of the orders of connected components in G,,.

Notation. For a graph G = (V, E) we call |V| the order of G and |E| the size of G. For a vertex v
of G, we denote deg.(v) or simply deg(v) the degree of the vertex v in G. We also call (u,w,v) € V3
a cherry with center w, if uw,wv € E. For a path p, the length of p is the number of edges in p. For
a set S C V, an S—chain or simply a chain is a path of vertices ug = w,uy,...,ux, ug+1 = v, with
u,v € S;uq,...,up € V\S and, for every 0 < i < k, u;u;+1 € E. For example, in Figure [ we see an Cy(¢)



chain of length 3. A leaf in G is a vertex of G of degree 1. For two subsets A, B C V, we also denote by
e(A, B) the number of edges between A and B.

Organization of the paper. The paper is organized as follows: in Section 2] we introduce preliminary
definitions and concepts. We then prove Theorem [[LT]in Section Bland Theorem in Section[dl Section
is devoted to the proof of Theorem We conclude with further remarks in Section

2 Preliminaries

In this section we collect concepts that will be used later on, both coming from graph theory as well as
from probability theory.

Graph theoretic preliminaries

First, for a graph G(V, E) with |V| = n and |E| = m we define the relative modularity g,(A) of a set

e (4)  vol(4)?
i ()

qr(A) = m

Denoting by d the average degree of the graph G, one may rewrite this formula as

m 4m?

_2e(A) vol(A)?
QT’(A) T d’A‘ - d2’A‘n : (3)

The main motivation of this definition is that one may define the modularity of a partition A =
(A1, Ag, ..., Ag) of V as a weighted average of the relative modularities of its parts:

o= Y Ay

1<i<k

In particular, if the modularity of the partition A is at least ¢, then there must exist a part A; with
relative modularity at least ¢g. At the same time, the relative modularity of a part A; depends only on A;
itself and not on the partition that contains it.

One may easily remark that the relative modularity of a set of vertices A in a d—regular graph can be
rewritten as

2e(4) 4]

d| A n

For the sake of completeness we include the proof of the following well-known result:

QT(A) =

Lemma 2.1. Every tree T on k > |\/n] vertices with mazimum degree A can be partitioned into subtrees

of order between |v/n| and A[y/n].

Proof. We argue by induction on k. If & < A[y/n], then we already have a tree of the prescribed order.
Suppose that the induction hypothesis is satisfied for some k& > A[\/n]. Let T**! be a tree of order k + 1
and maximum degree at most A. Then, write on every edge f of T**! the orders 1,y of the two subtrees
of TF+1 in TH+L\ f.

We claim that there must be an edge in 75!, for which the minimal number of the two numbers
written on it is at least |/n|. We argue by contradiction. Suppose that this is not the case. Let e = uv
be the edge, for which

Te = ’Tf-i-l‘ < Ye = ‘Tf-l-l’ and z, = feg%%}’irl)min(xf’yf),

where TF1 U Tk = TH+1\ ¢ and u € TF*!. Now, since v, > min{w.,, y., } for every edge e; € E(T**1),
deleting any edge e; # e incident to v would yield that the smaller tree in T#+1 \ ¢; (which must be the



Figure 2: Illustration of the Proof of Lemma 2.11

one not containing v, see Figure B)) of order ., satisfies 2., < z, < [/n] — 1. Thus T**! would contain
at most A([y/n| — 1) + 1 vertices, which is not the case since k > A[y/n]. This is a contradiction, which
proves that x. > [/n].

Therefore, T\ e consists of two trees of orders at least |/n| and less than k 4+ 1. The induction
hypothesis thus applies to both of them. The lemma is proved. O

The next lemma counts the number of graphs of given degree sequence. It can be found in a more
general form in [3].

Lemma 2.2 ([3], Theorem 2.16). For a fivzed number A and

2 < deg(l) < deg(2) <--- <deg(n) <A, Z deg(i) = 2m,
1<i<n

the number of simple graphs on the vertex set [n] is equivalent, for n — —+o0, to

(2m)! 1
exp(—A/2 — \?/4) — H —
2mm) 1Zien deg(j)!

\ % > <de§(¢)>'

1<i<n

where

O

Under the conditions of Lemma 2.2] Wormald proves in [33] that the probability that a random graph
on a given bounded degree sequence contains for a given ¢ € N, exactly ¢; cycles of length i for every
i € [¢], is given by some function of ¢1,ca,...,¢p, and in particular it is bounded from below over the
set of degree sequences given in Lemma by a (universal) positive constant depending only on A. For
c1 = ¢ = 0 this implies that the configuration model over the sequence

2 < deg(l) < deg(2) <--- <deg(n) <A



produces a simple graph with probability that is bounded from below by a universal positive constant.
From here we deduce the following corollary of Lemma,

Corollary 2.3. The number of (multi-)graphs on n vertices and m edges on the degree sequence
2 < deg(1l) < deg(2) <--- <deg(n) <A, Z deg(i) = 2m
1<i<n
18
(2m) 1
2mm' 1Zjen deg(5)!

g
We continue with a simple general lower bound on the modularity:

Lemma 2.4. The modularity of a graph G on n vertices, with average degree d and maximal degree
bounded from above by A € N, is at least

2 =100@D g, (%) |

In the proof of Lemma [2.4] we apply Lemma [2.1] to divide the graph into components of order at most

Ay,

Proof of Lemma[27 Let us call C = (C1,Cy,...,C,) the partition of the vertices of G into connected
components. For every connected component C; with more than A[y/n| vertices, apply Lemma 2] to an
arbitrary spanning tree of C;. We deduce that C; can be partitioned into connected subgraphs of order
between [/n] and A[y/n|. Let A= {A;, Ag, ..., Ax} be the partition obtained from C after dividing the
connected components of G of order more than Afy/n].

By convexity of the function = € R + 2% € R, the sum D i<i<k | Ai |? is maximal when all but at most
one of the terms are either equal to A[y/n] or to 0 for any fixed k. We have that

> A

1<i<k

< max [4;] > |Ajl

1<i<k
1<i<k
< An[v/n].

Since in the end we have exactly k& connected components induced by the vertex sets in A, we obtain

k k n—1—-(r—-1)—(k—r 3M/n
=1 =1

It remains to observe that all parts in A obtained from the division of connected components of G of order

more than A[y/n] have order at least |/n]| by definition, so k —r < ﬁ = O (y/n). This proves the

lemma. O

Probabilistic preliminaries

In this subsection we gather probabilistic concepts used throughout the paper. We first recall the following
version of Chernoff’s bound, see for example (|I6], Corollary 2.3).

Lemma 2.5. Let X ~ Bin(n,p) be a binomial random variable with E[X] = np = p. For every 0 < 6 <1,

2
P(IX — pl = o) §2exp<— %‘)



Configuration model

The probability space of (multi-)graphs, with which we will be working until the end of this paper, is the
configuration model introduced by Bender and Canfield in [2] and further developed by Bollobas in [3] and
by Wormald in [32]. We describe it first for the case of d-regular graphs: we are given dn points (also called
half-edges), with dn being even, indexed by (P; j)1<i<d,1<j<n and regrouped into n buckets according to
their second index. The probability space we work with is the space of perfect matchings of these dn points
equipped with the uniform probability. We call configuration a perfect matching of (P j)i<i<d1<j<n. We
now reconstruct the random d—regular graph model as follows: we identify the d—point buckets with the
vertices of our random graph. By abuse of terminology, we use both buckets and vertices in the sequel
to refer to the same objects by the above identification. An edge in the random regular graph between
two (not necessarily different) vertices v and v’ corresponds to an edge of the configuration between a
point P in the bucket v and a point P’ in the bucket v'. It is well known that this model is contiguous to
the uniform distribution on random d—regular graphs for constant values of d, see [I5]. This model can
then be easily generalized for graphs with given degree sequences: given a sequence (dy,...,d,) with d;
denoting the degree of the i-th vertex such that Y ; d; = 2m for some m € N, identify the i-th vertex
with a bucket having d; points. As before, choose a perfect matching uniformly at random among all
pairings and add an edge in the graph between the two vertices v; and vy for every pair of points (Py, Ps)
from the buckets v; and v that participates in a common edge of the matching.

Differential equation method

The theory of differential equations used to describe the evolution of a discrete random process was
introduced by Wormald (see [34] 35l [36]). Given a sequence of discrete random variables (X¢):>0, the
basic idea is to consider the expected change between times ¢ and ¢+ 1. Regarding the trajectories (X¢)i>0
(properly rescaled) as continuous, one may write the ordinary differential equations suggested by the
expected changes. Concentration results from martingale theory are then used to show that, as the size
of the input grows large, under relatively mild conditions the trajectory (X¢);>o is highly concentrated
around the value suggested by the solution of the differential equation for a wide range of t.

The precise formulation of the theorem given here is taken from [3I]: we say that a function f is said
to be L-Lipschitz on D C R, if |f(z) — f(2')| < Lmax;<g< |7k — 2| holds for all points z = (x1,...,x/)
and &’ = (z,...,2}) in D, where maxi<j<¢ |z; — x| is the {*°—distance between z and ’.

Theorem 2.6. [31] Given a,n > 1, a bounded domain D C R*"Y functions (Fi)1<k<q with Fy : D — R,
and o-algebras Fo € Fy C ..., suppose that the random variables (Yy(i))1<k<a are Fi-measurable fori > 0.
Suppose also that for alli > 0 and all 1 < k < a, the following holds whenever (i/n,Y1(i)/n,...,Y,(i)/n) €
D:

1. [ E(Yie(i 4+ 1) = Yi(2) | Fi) — Fp(i/n, Y1(i)/n, ..., Ya(i)/n)| < 0 for some 6 > 0, with Fy, being L-
Lipschitz for L € R.

2. |Yi(i +1) = Yi(3)| < B for some >0,
3. maxi<g<q |Yr(0) — gxn| < An for some A > 0, for some (0,91,...,0q) € D.
Then there are R = R(D, (Fj)1<k<a, L) € [1,00) and T =T(D) € (0, 00) such that for \ > 6 min{T',1/L}+
2
R/n, so that with probability at least 1 — 2a exp <_8nT—ﬁ2> we have
max max |Yy (i) — yi(i/n)n| < 3exp(LT)An,

0<i<on 1<k<a

where (y(t))i1<k<a 1 the unique solution to the system of differential equations v (t) = Fi(t,y1(t), ..., ya(t))
with yx(0) = gx for 1 <k <a, and o = o(f1,...,9a) € [0,T] is any choice of o > 0 with the property that
(t,y1(t),...,ya(t)) has lx-distance at least 3exp(LT)\ from the boundary of D for allt € [0,0). O



Remark 2.7. In this paper we only work with differential equations of the type

where F' is a Lipschitz function on a domain D. Thus, every differential equation with given initial values
will admit a unique solution. O

Let a,b be two positive real numbers with b < a. Let (U;)1<i<|an] be urns, each of them with space
for at most two balls, and (B;)i<;<|2pn| e balls that are, one after the other, thrown uniformly into some
urn, where the probability that a ball is thrown into an urn is proportional to the free space in this urn
at the moment of throwing.

b(2a — b)

Lemma 2.8. A.a.s. at the end of the process there will be n + o(n) urns with at least 1 ball.

Proof. Denote by Ny the number of urns containing no ball after 2bn steps. We have that

2an—2 2
—-b
E[No] = %an ~ (140t

(2bn) a
and i A

an— a— b

E[No(Nog —1)] = ((ggz)) an(an —1) = (1 + 0(1))%11?

2bn
One may conclude by the second moment method that the number of urns with at least 1 ball in the end
of the process is a.a.s. (14 0(1)) (an - @n) =(1+ 0(1))6(#:@11.

O
We finish this section with a direct consequence of Theorem 2.2 in [§].

Lemma 2.9 (see [§], Theorem 2.2). Given A > 2, let (Dy,)n>1 be a bounded sequence of degree sequences
such that one has d;(n) vertices of degree i for every 1 <i < A and dj(n) =0 for every j > A+1. Suppose
that there is a constant ¢ < 1 such that, for every n, di(n) =0 and d2(n) < en. The probability that the
random graph on the degree sequence D, is connected is bounded from below by (1 —en/m)Y? +o(1), and
moreover its largest component Cpax(n) contains a.a.s. all but at most logn vertices. U

We remark that in the above theorem, logn may be replaced by any function w(n) that tends to
infinity with n.

3 Lower bound in the case of 3—regular graphs

In this section we prove Theorem [[.I], thereby improving Lemma [2.4] which only gives an a.a.s. lower

bound of % -0 (ﬁ) for the modularity of the random 3—regular graph. Indeed, since the random
3—regular graph is a.a.s. connected, see for example ([3], Section 7.6), |CC(G3(n))| = 1.

We work in the configuration model defined above. Choose a random vertex vy and start an exploration
process, which goes as follows. At every step, fix a uniformly chosen open half-edge at some explored vertex
(if there is no such edge, stop the process - this does not happen a.a.s.). Once we have chosen this half-
edge, look where it goes. If it adds a new vertex, add it to the already explored ones and go to the next
step. If it goes back to an already explored vertex, construct it and continue. By abuse of notation we call
the explored graph at time ¢ the component at time t since a.a.s. it is connected. We stop the exploration
process when at least en vertices have been explored. Together with the explored edges they will form a

graph Cy = Cy(e). We first give an a.a.s. estimate of the number of edges that will be present in Cy. Let



X (t) be the number of vertices in the component at time ¢, and let F; be the complete history of explored
vertices and edges up to time t. We have that

3(n— X(t))

3n—2t—1°

Since the reasoning behind this formula is often used in the sequel, we explain it here. Fix one unmatched
half-edge just after step ¢ emanating from a vertex already in the component at time t. Then, there are
in total 3n — 2¢ — 1 remaining unmatched half-edges, and exactly 3(n — X (¢)) of them are sticking out
of vertices not yet in the component. Hence, the probability that the fixed half-edge is paired with a
half-edge incident to a vertex not yet in the component is 33(2:% Note that we also have X (0) = 0.
Our goal now is to apply Theorem we first transform the difference equation corresponding to the
expected change into a differential equation and justify this step afterwards:

EX(t+1)|F] =X(¢)+

2 (t) = %zgp with initial value z(0) = 0.
The solution is given by
op\ 3/2
H=1-(1-=
o) =1-(1-%)
Fix tg = to(e) := w Then, there are exactly en explored vertices in tyn + o(n) steps both

in expectation and a.a.s. (the proof of the corresponding a.a.s. statement is given in the next paragraph).
We now justify the passage to a differential equation: first, the expected difference between X (t+1) and

X (t) differs from 352?), for n sufficiently large, by at most some term ¢ = O(1/n) as long as the number
of non-explored edges is still en for some ¢ > 0. Next, for every t > 0, the difference between X (¢4 1) and
X(t) is at most 1, and the initial values of the differential equation and of the difference equation match.
Hence the three conditions of Theorem 6 are satisfied (with a = 1). Choosing A = n~/3 (in fact, every A
of the type n~° with 0 < § < 1/2 would work as well) and o = ty(¢), we have that, by Theorem 26, with
probability at least 1 — exp(—0(n'/?)), maxo<i<on | X (i) — na(i/n)| = O(An) = O(n??). All subsequent
transformations of difference equations to differential equations could be justified in an analogous way,
and thus we omit them in the sequel.

Phase 1.

After having found en vertices, we are now ready for the first phase. Recall that we explored a
component Cp, which is a.a.s. connected, but not necessarily an induced subgraph of Gs(n). We thus
explore the open half-edges going out of the vertices of Cp in search for cherries, whose center is an
unexplored vertex, but whose two leaves are in Cj, and also for edges in the component that have not
been seen in the 0-th phase of construction of Cy (see Figure [)).

We order the half-edges in the component not yet matched and at any step we check where a half-edge
goes. Translate time so that the first phase starts at ¢t = 0 and not at ¢ = to(¢), as it should have since it
comes right after the O-th phase. We denote by X2 (¢) the number of vertices of degree 0 at time ¢ (that
is, the number of vertices outside Cy at time ¢, for which none of the three incident half-edges has been
exposed), by Xi(t) the vertices of degree 1 outside C at time ¢ (one half-edge of such vertex has been
exposed) and by X2173(t) the vertices of degree 2 or 3 outside Cy at time ¢ (2 or 3 half-edges of such a
vertex have been exposed). We underline that X7 (t) and X2173(t) count only vertices that have had degree
0 at the end of the 0-th phase. Thus, in the beginning, X;(0) = (1 —&)n and X{(0) = X53(0) = 0. We
also denote by A'(t) the number of edges constructed in the component up to time ¢ that have not been
there at the end of the 0-th phase and by H'(¢) the number of half-edges remaining to be tested. We have
the following initial conditions: A'(0) = 0, H'(0) = (3¢ — 2tg(e))n = 3(e + (1 — €)%/ — 1)n. Let F; denote
the o—algebra containing the complete history of explored half-edges up to time t. We have the following
equations:
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V2

Figure 3: The black graph in the figure is Cy. The solid black edges are the ones that have been explored
during the 0-th phase, the opaque edges were not explored during the 0-th phase. The edges e; and eq
are added to Cjy during the first phase since these are edges between two vertices explored during the 0-th
phase. The vertices v; and v are added to Cy during the first phase since these are centers of cherries
(ug,v;, w;) with u;, w; € Cy for both i = 1, 2.

e The vertices of degree 0 can only disappear, and this happens exactly when one new vertex of degree
1 appears:
3X3 ()
3n —2ton — 2t —1°

E[Xp(t+1) | F] = Xo(t) —
In this case, the number of half-edges decreases by 1.

e The vertices of degree 1 disappear when a cherry is formed and appear when a vertex of degree 0
disappears:
sxi)  2xjw)
3n—2ton —2t —1  3n—2tgn — 2t —1°

EX{(t+1) | F] = X{(t) +

Here as well, the number of half-edges decreases by 1.

e The vertices of degree at least 2 counted by X2173(t) appear exactly when a vertex of degree 1
disappears:
21 (t)
3n — 2tgn — 2t — 1
Moreover, at the creation of each vertex of degree 2, this vertex is immediately added to the explored
component and its third half-edge, which stays unmatched up to this moment, is added to the ones
to be tested. Thus, the number of half-edges does not change.

E[le,?,(t +1) | F] = X21,3(t) +

e The number of edges between vertices of the component can only increase at each step. The proba-
bility of this event depends on the number of half-edges yet to be tested:

H'(t) -1

E[AYt+1 = At )
[ATE+ 1) | 7] ()+3n—2t0n—2t—1

11



At any step a new edge inside the explored component is constructed, and hence H'(t) decreases by

2.
e Finally, the equation for H'(t) is given by

E[H'(t+1) — H'(t) | F] = 1 + E[X;3(t + 1) = Xa5(t) | Ft] — E[A'(t + 1) — AN (1) | F].

We remark that we continue until time #;(¢), which is the hitting time of 'n of the process H'(t) for
some arbitrary ¢’ > 0, that is, the point, where the number of half-edges remaining to be tested is €n. In
fact, for the purpose of Theorem in this phase, one needs to choose €’ to be strictly positive so that o
can be set equal to ¢1(¢). However, &’ can be chosen as close to 0 as we wish. Since our work will come
down to purely numerical computation in the end, we may assume that ¢/ ~ 10717, that is, smaller than
the numerical error of our calculations. In the same way as before, it can be checked that the conditions for
transforming the above equations of expected changes into differential equations are satisfied. Therefore,
the use of differential equations as approximation of the random processes defined above is justified by
Theorem Rescaling the first process as zo(t) = X3([tn])/n gives the following differential equation
for the rescaled time parameter:

/ 3$0(t) .
t) = ————>— with =1-—e¢.
xy(t) s T— with 2((0) €
It has solution
24 3/2
zo(t) = (1 —¢) 1—3_2750 .

Plugging in this solution into the second differential equation for x1(t) = X{(|tn])/n and after rescaling
of the time parameter we get

3zo(t)  2x:(t)
3—2tg—2t 3—2tg—2t

1(t) = 3(1 —¢) <<1 "3 —2t2to> - <1 3 —2t2t0>3/2>

Finally, the evolution of x5(t) = X3 3(|tn])/n is described by the equation

T(t) = with z1(0) = 0.

It has solution

23)1 (t)

L) = ———2— with =0.
x5 (t) 3_2750_215Wl x2(0) =0

After integrating we get

3— 2t 3— 2t

/
$2(t):Mt+2(1—6)<<1— 2t >32—1>.

Now, the same rescaling for Al(t) and H'(t) gives respectively

h(t) ,
/ _—-——— —
a'(t) = 3 ot o1 with a(0) =0
and
W(t) = —1+a(t) —d'(t) = ~1+a5(t) - 3=, —5 Zt(t) 57 With h(0) = 32 — 2t = 3(e + (1 - 9)** — 1).
"oty —
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The solution of the second differential equation with this initial condition is given by

h(t) = (65 — 3 — 2t0) <1 - _2t2t0> +3(1—e) <1 - _2t2t0>3/2 .

Integrating the first equation to obtain a(t) and using the initial condition we obtained yields

a(t):(25—1/2—t0)—(3a—3/2—t0)<1— 2t >—(1—a)<1— 2t >3/2.

3 — 2ty 3 — 2ty

It remains to deduce the smallest time ¢; = t1(¢), for which h(t1) = 0 and the first step terminatel.
This time is the minimal positive solution of

2t 2t
32y +3(1—e)y/1 - 1- =
<6£ 3 0+3(1—¢) 3—2t0> < 3—2t0> 0

The two solutions of this equation are

~ - _5)2/3 N
t(e) = 3 22150 _ 3@ 26) and t(e) = 2(4(1 B 31— )23 1),

Moreover, 7(6) < (e) for every ¢ such that
7
6e —3—2ty(e) <0 <= e< 3

In the sequel we assume that ¢ < 7/8 and therefore ¢; = t1(¢) := ?(a—:)
By choosing ¢ = t1(¢) and A\ = n~1/3 in Theorem we deduce that with probability at least
1—e=©®"*) one has

max | X¢(5) — nazo(i/n)| = O(An) = O(n?'3),

0<t<on

max |X1(i) — nzi(i/n)| = O(n) = O(n¥?),

0<t<on

max \X213(z) —nay(i/n)| = O(An) = O(n??),

0<t<on

max |A'(i) — na(i/n)] = O(An) = O(n*?) and

0<t<on

Ty . _ _ 2/3
oax |H" (i) — nh(i/n)| = O(An) = O(n*7).
Call the component that was built at the end of the first phase C7 = C;(¢), and also call the component
consisting of all explored vertices and edges by C; = C1(g). Clearly Cy C Cy C C1, see Figure @

Phase 2.

Now, having 2nx1(t1) open half-edges attached to the vertices of C7 \ C, we start testing for chains
of length 3, for which only the first and the fourth vertex are in Cy and the rest are in C7 \ C;. In the
beginning, we order the 2nz1(¢;) half-edges given above and match them one by one to free half-edges
in vertices of G3 '\ C;. We underline that, for every half-edge that is matched to a vertex in G3 \ Cf, we
reveal only the information that this half-edge is matched to an unexplored vertex and do not reveal to
which one exactly. Once again, we do a translation of the time parameter ¢ in order to start from 0 and
not from tp + t;. We define the random variable Zy(t) to be the number of edges leading to vertices in
G3 \ C1, and Z;(t) to be the number of edges formed between two vertices of C; \ Cy, see Figure @l

1Once again, formally we have to stop the process a little bit earlier in order to be able to apply Theorem with o
being the corresponding boundary point. Here and in what follows, we ignore this fact due to numerical errors we commit
anyway.

13



Figure 4: The figure describes the situation after the first phase. The thick black edges are the ones in Cf,
the thin black edges connect Cy to explored vertices, which did not form cherries during the first phase
and therefore are only present in Cp, but not in C;. The grey edges are the ones explored during the
second phase. The edges e; and es and the vertices vy, vo,v3 are added to the component after the first
phase, since all of them participate in chains of length 3. For the remaining grey edges, we learn during
the second phase that they are matched to unexplored vertices, and we therefore leave them outside Cs.
The vertex vy is also left outside Cs since it does not participate in a chain of length 3.
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We have Zy(t)+ Z1(t) = t. Moreover, at time ¢ (before scaling), one has 3X (t1) — Zo(t) open half-edges
in vertices, unexplored after phase 1 - that is, in G3\ C1. On the other hand, the total amount of open
half-edges up to time t is 3n — 2tgn — 2t1n — 2t — 1. Thus clearly, for every half-edge matched to some
vertex in G5 \ C1, the number of open half-edges attached to unexplored vertices in G3 \ C; decreases by
1. We deduce that

3X5(tin) — Zo(t)
3n — 2ton — 2tin — 2t — 1°

We also have Zp(0) = 0. As before, we rescale the time parameter ¢ and transform the difference
equation into a differential equation by setting zo(t) = Zy(|tn])/n. We stop when Zy(t) + 271 (t) =
2X1(t1n) or equivalently Zo(t) = 2t —2X{ (t1n): at this moment we know that all 2X7 (¢;) open half-edges
in the vertices of C7 \ C; have been processed during phase 2.

In other words, we will be looking for the smallest positive solution ty = t3(e) of the corresponding
equation for the rescaled time parameter

E[Zo(t +1) | Fi] = Zo(t) +

zo(t) = 2t — 2z1(t1), (4)
where zq is given by the solution of the differential equation

3xo(t1) — t
Zé(t) — 33‘0( 1) ZO( )
3— 2t — 2t — 2

One easily verifies that it is given by

20(t) = 3a0(t) (1 - \/1 - 3_%;_2]0 .

Solving (@) for the rescaled time parameter boils down to solving the quadratic equation

with Z()(O) = 0.

42 4 (% _ 4P> t+ (P? —923(t1)) =0,

where
P = P(a—:) = 3l‘o(t1(€)) + 23)1(751(6)) and Q = Q(s) =3 — 2t0(€) — 2t1(€).

The solutions are given by

P 9xf(t1) F /Blag(t) — 3625(t1) PQ + 361’3(151)@2‘

t =
=€) =5 10
P? — 9z3(t
By Vieta’s formulas one has t_(e)t4 () = %(1) > 0, so the two roots have the same sign,
9z3(t
and t_(g) +ty1(e) = P — $20é21) > 0 under the assumption € < 7/8 (this can be checked by elementary

algebraic transformations). Thus, in our setting both roots are positive and thus one has
tg = tQ(E) = t_(E).
In order to continue with the analysis, we first state and prove the following lemma:

Lemma 3.1. Conditionally on having e edges on the set of nx1(t1) vertices of C1 \ C1, the distribution of
the graph on this set of vertices and e edges is uniform among the graphs of degree at most 2 and e edges.

Proof. This follows from the fact that the matching of the open half-edges after the first phase is uniform
(i.e., a configuration model). Indeed, any conditioning on a uniform matching distribution leads to a uni-
form distribution on the set of configurations, which satisfy the restrictions, imposed by the conditioning.
In our case, the restriction is that the number of edges between vertices of C7 \ Cj is fixed. U
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Thus, in order to calculate how many vertices of C; \ Oy participate in chains of length 3, we apply
Lemma 2.8 with a = z1(¢;), where the urns are the vertices with 2 open half-edges, and b = z;(t2),
where the balls are the half-edges matched to vertices in C; \ C1, which participate in edges between
two vertices in C7 \ C;. Indeed, Lemma B.I] justifies that, conditionally on the number of edges in the
graph induced by Cj \ C1, this graph may be constructed by attaching half-edges one by one uniformly at
random so that no vertex is attached to more than 2 new half-edges, and matching them according to the
configuration model. We deduce that the number of vertices participating in chains of length 3 is a.a.s.
21(t2) (221 (t1) — 21(t2))

xl(tl)
to the component, thus adding a.a.s.

z1(t2) (221 (1) — 21(f2))
l‘l(tl)

n + o(n). We add then the vertices and edges participating in chains of length 3

n+o(n) ()

vertices and
21(t2) (x4 (t1) — 21 (t2))

:El(tl)

edges to the component C;. This produces a component Cy with a.a.s.

z1(t2) (221 (t1) — 21(f2))
xl(tl)

n+ z1(t2)n + o(n)

<6+x2(t1)—|— >n+0(n)

vertices and
21(t2) (221 (1) — 21(t2))

a;l(tl)

edges. We condition on this information in the sequel. This finishes the second phase.

<t0 +a(ty) + 2zo(t1) + + 21(t2)> n+ o(n)

Phase 3.

The third phase will count the cherries that have their first and third vertex in C; \ C5 and center in
G3 \ Cp. Of course, some vertices from G3 \ O] can be connected also to the vertices in Cy \ Cy that we
added during the second phase to C1, but this would only increase the modularity. Since our lower bound
will not be sharp, we allow ourselves a bit of a tolerance in this third phase for the sake of a less technical
analysis. Our analysis goes as follows: we know that a.a.s. there are zg(t2)n + o(n) edges between the
vertices of C7 \ Cy and G5\ C;. First, choose the half-edges in the vertices of G\ C7 that participate in
the above edges uniformly at random. Then, match them uniformly at random to the half-edges sticking
out of the vertices in C; \ C3. This two-step procedure will allow us to learn the number of vertices in
G3 \ C7 to be added to Oy at the first step and the number of vertices in C7 \ C3 to be addded to Cy at
the second step.
z1(t2) (221 (1) — 21(t2))
N 1 (t1)
as many edges between Gg \ C1 and C; \ Cy (recall that we condition on success of the previous stages).
Start attaching these edges to vertices in G3 \ C7. Let W;(¢) be the random variable counting the number
of vertices in Gi3\ C of degree i at time ¢ for i = 0,1,2,3. We have the following initial condition (directly
after scaling, as in previous phases):

In the beginning, we have (ml(tl) - > n + o(n) vertices in C; \ Co and twice

ZU(](O) = l‘o(tl), w1 (0) = ’LUQ(O) = ’LU3(0) =0.
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We have

EWa(t + 1) £ = Wa(t) - 7 00—
E[Wa(t + 1) | 7] = Wi(t) + 3:53(‘:3:)_ - 3;(%:)
E[Wa(t +1) | Fi] = Walt) + 3:53(‘:?):)_ - 3%%)(2)
E[W5(t + 1) | Fy] = Ws(t) + #

Transforming these into differential equations (as before) gives

wh(t) = —% with wo(0) = @o(t1),

y o Bwo(t) 2w (t) ) B
wi(t) = 3$0(t(1) — 33:0(;1) — with wy(0) =0,
oy 2wn(t) wa(t) : _
wy(t) = 3$0(t11) — 33:0(;) — with wy(0) =0,

wh(t wall) i ws(0) = 0.

- 3330 (tl) —t
Solving these differential equations we obtain

(3zo(t1) — )3

wolt) = 27z (t1)?
— 3z 2

w1 (t) = t(t 93:0(;1(;21))
3x

() = L0 20,
43

wg(t) - 27%0@1)2.

The time t3 = t3(¢), at which the process stops, is the available number of edges between G3 \ C; and
C4 \ Cy, more precisely

t3 :=2 (:El(tl) — 21(t2) 22 (t1) — Zl(t2))> n+o(n).

:El(tl)
Now we observe that, once the half-edges are attached to the vertices of G\ C7, we can match them
21 (t2) (271 (t1) — Zl(tz))>
L I (tl)
the vertices in Cy \ Cq. Indeed, since we consider a restriction of the configuration model, this additional
matching is done uniformly at random and, once again, can be analyzed via the differential equation
21(t2) (221 (t1) — Zl(tz))>

xl(tl) ’
which is the number of vertices in C; \ C2, and 2b = 2ws(t3) + 3ws(t3), which is the number of half-edges
in vertices of G5\ C1, having at least two edges to C \ Oy, to conclude that there are a.a.s.

<’w2(t3) + ?)wsT(tg)> <2 (wl(tl) _ ab)@n(h) - Zl(tz”) — wa(ts) — M)

x1(t1) 2

<a:1(t1) _z(t) (22 (t) — Zl(t2))>

a:l(tl)

uniformly at random to the 2 <a:1(t1) — n+ o(n) open half-edges, sticking out of

method (we omit the justification). We use Lemma 2.8 with a = <x1(t1) —

n+o(n)
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vertices in C7 \ C3 to be added to Cy after phase 3 to form the component C5 = C3(e).
Finally, the total number of vertices in the component C5 after the third phase is a.a.s.

v3(e) = <€ + g(ty) + 2 (tz)(2a:;l(z(5;))_ z1(t2))

3ws(ts) z1(t2) (221 (1) — 21(f2)) 3ws(t3)
(st + 252) (2 () - 220D ) - ey - 20500)
<$1<t1) _ z1(t2) 2z (t) — Z1(¢2))>

:El(tl)

The total number of edges induced by the vertices of C5 is a.a.s. also at least

e3(e) = <t0 +a(ty) + 2wa(ty) + ?1 (t2)(233;1(21))— z1(t2))

<w2(t3) N ?)’ngT(tg)> (2 <:131(t1) _ z1(t2) (221 (h) — 21('52))) — wa(ts) — ?ﬂU?»T(t?»))

> n + wa(t3)n + ws(tz)n+

n+ o(n).

+ 21(t2)> n + 2w (ta3)n + 3ws(ts)n+

a:l(tl)
n+on).
z1(t2) (221 (t) — 21(f2)) "
l’l(tl) —
l’l(tl)
We now calculate the relative modularity of the component C5 after the third phase - it is given by
263
(C3) = — — vs3.
ar(Cs3) 303 v3

Optimizing ¢,(C3) = ¢,(Cs(g)) over € € [0,7/8] gives € = 0.037562. For this choice of € one obtains
¢r(C3) = 0.674701 > % It would now be sufficient to prove that the graph induced by V' \ C3 has relative
modularity at least 2/3. Rather than doing this directly, however, we add some more vertices to Cj first.

First, let us analyze under which conditions the operation of adding a cherry (recall that this is a path
of length 2 with first and last vertex in a component and center outside of the component) to a component
C increases the relative modularity of C'. Indeed, one needs that

2¢(C) 0] _2(e(C)+2) _[C]+1

SC m S 30C D — = nBICl+ (9IC| = 6¢(C))) = 3|CIB|C] + 3).

Since we are in the setting of 3—regular graphs, 9|C| > 6e(C) and therefore, for a cherry to increase the
modularity of a component C' when (its center is) added to C' it is sufficient that |C] < n/3 — 1.

We now construct a component C3 by adding any cherries with first and last vertex in C3 and center
outside C5. For this, one may explore the half-edges attached to vertices in Cs \ C1, which were unexplored
until the end of the third phase. The procedure of adding cherries was explained in the analysis of phase
1. We just underline that one path of length 2 may be such that one may not add it directly to C5, but
after a couple of other cherries have been already added to Cs it may become a cherry itself. Since one
may explicitly calculate the size of C3 immediately after the third phase, which is |C5] = |C3(0.037562)| =
0.044783n, even when we add all available cherries we will not increase the size of C'3 more than four times
since at each step e(Cs, V' \ C3) decreases by 1 and the maximal degree in G3 is 3. Thus, |C3| remains
smaller than n/3 —1 throughout the whole process. By doing another analysis via the differential equation
method one could get an explicit value for C3 and thus get an improved lower bound, but in the sequel
we only use that |C3| > |Cs.

Let us now analyze how the complement of C3 looks like after all cherries with respect to C3 have been
consecutively added to C3. It contains only vertices of degree 2 and 3. However, some edges have been
exposed by now - these are the edges incident to the vertices in C; \ C3. Let v be one such vertex and
u,w be its neighbors outside C3. There are two cases (see Figure [):

1. u (or w) became a cherry at one point with respect to Cs3 in the construction of C3. Then, one adds
u to C3 and v becomes a cherry with respect to C3. Then, one adds v.
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Figure 5: The first, the second and the third phase in one figure. The exposed edges after the third phase
are colored in black. After the third phase, do a step-by-step exposure of the thick grey edges - these are
the unexposed edges attached to vertices in Cy \ Cy - and repeat the procedure of adding cherries to Cs
performed in phase 1. After that, contract the remaining paths in G3\ C3 of length 2 of exposed edges left
with centers in C1\ C3 as, for example, (uy,v1,w1) and (ug, vz, ws) in the figure. Then, the vertices outside
(5 after the contractions have degrees 2, 3 and 4, and the modified graph after the contractions follows a
configuration model on the given degree sequence (note that all explored edges have been contracted).
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2. Neither u nor w become cherries. Then, at least one edge incident to u and at least one edge incident
to w go to vertices of G3 \ {C3 Uwv}. Therefore, contracting the edges uv and vw produces a vertex
of degree at least 2 in G3\ Cs.

Performing the contractions given in point [2] above, one is left with a configuration model for the com-
plement of C3 of minimal degree 2, where a positive proportion of the vertices have degree at least 3.
Indeed, one has that |C3(0.037562)| < 4 x 0.044784n = 0.179136n and |C7(0.037562) \ C2(0.037562)| <
3|C3(0.037562)| < 0.134353n. One deduces that, first, the number of contracted edges is at most 2 x
0.134353n, and second, the number of vertices of degree 2 in G3\ C3(0.037562) is at most 3|C3(0.037562)| <
0.537412n. One deduces that the number of vertices of degree 3 in G3\ Cj3 is at least n — 3|C3(0.037562)| —
|C5(0.037562)| = 0.283456n: we take out the vertices in C3(0.037562) as well as the vertices that might
participate in edge contractions - these are vertices at distance at most 2 from C3(0.037562).

Now, a direct application of Lemma [2.9] for the complement of C3 after the contractions of the explored
edges in point @ above gives that a.a.s. at most logn vertices of G \ C3 are outside the giant component
C! ax in G3\ C3. Since contractions do not modify connectivity, before contractions one should have that
Gs \ C3 must contain a giant component Cp. and all but at most 3logn vertices must be in it a.a.s.
(indeed, every vertex participates in at most 2 contracted edges).

By Lemma 2 dlapplied to a spanning tree of Cax, one may divide Cyax into connected parts (A, Ag, ..., Ag)
of orders between [/n] and A[y/n]. Thus, setting

A= {Ao = C3, A1, Agy ooy Apy A1 = V\{@Ucmax}},

and observing that every part A; satisfies g, (A;) > % + o(1) (which holds for a tree of maximum degree at
most 3) we obtain

\ C
7> o> @2 Y g
1<i<k
3l 2(1—1C3
> qr(Cg)’ 3!+_( Cs1)
n 3 n

> 0.667026 — o(1),

where we used that ¢.(C3) > ¢-(C3) and that |C3| > |C3] > 0.044783n. Once again we point out that a
slightly improved lower bound could be obtained by calculating an explicit value of |C3| but we left this
out for the sake of simplicity. The proof of Theorem [I1]is completed.

4 Upper bound for random 3—regular graphs

In this section we show that a.a.s. the modularity of a random 3-regular graph G35 = G3(n) is at most
0.789998.

Suppose therefore that in G, 3 there is a partition A = (Ay, Ag,..., Ax) with modularity at least
0.789998. More formally,

k
A;
> | |qr(Az') > 0.789998,

n
i=1
and therefore there is ¢ € [k], for which ¢,(A4;) > 0.789998. By definition of A;, this means that
2¢(Ai) _ |Ail
> (0.789998. 6

We will show that a.a.s. such a set does not exist in G3(n). Fix the set A C V with the largest relative
modularity in G3 among all subsets of V' and suppose that its relative modularity is at least 0.789998. We
start with a simple observation:
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Observation 4.1. G3[A] is a connected graph.

Proof. Let S C V(G3) be a union of disjoint non-empty sets S’,S” such that e(S’,S8”) = 0. Since
e(S"US") =e(S) + e(S5"),

L 20(8) IS] _IS'] (2(8) IS, 18" (2e(8") " s
() =20 - B )+ 5 G = 1) < max(as), a7

31| n 5]

3197 n

Since A is the vertex set with maximal relative modularity, G3[A] must be a connected graph.

Lemma 4.2. A.a.s. there is eg > 0, for which |A] > egn.

Proof. Suppose the contrary and fix 9 > 0 to be chosen later. Let |A| = s < ggn. Note that in order for
A; = A to satisfy (@) we must have

3 x 0.789998s

e(A) > 5 = 1.184997s,
or equivalently in terms of the density, we must have
A
“A) S 1 184907,
S

First, for any constant C' > 0 we cannot have s < C, since by [16], Proof of Theorem 9.5, a.a.s. there
is no subgraph of fixed size with more edges than vertices, so we may assume in the sequel that s is larger
than any fixed positive constant (in fact s > 11 suffices). Next, we may assume that the graph induced by
A contains a spanning tree of maximal degree 3 on s vertices, and there are at least 0.184997s edges added
inside A on top of the spanning tree. Since choosing such an unlabeled tree on s vertices can be done in

c
at most — ways with C' =~ 2.483253, see [13] and [14]. Now we bound from above the probability that
s
there is a set A of size s such that ¢,(A) > 0.789998 using a union bound over all subsets of V' of size s:
e There are (;L) subsets of size s of V.

S

e One chooses an unlabeled spanning tree on the given s vertices of maximal degree at most 3 in Y]
S
ways.

e One chooses the labels of the s vertices in s! ways.

e One chooses s’ € [0.184997s, s] vertices, which will be incident to the additional m > 0.184997s,
edges in the component, i.e., the ones that do not participate in the spanning tree.

e For every vertex, one multiplies by a factor of 2 to choose if one or two half-edges (if present) will
participate in the additional edges outside the spanning tree.

e Then, one multiplies by (2m — 1)!! to choose the matching within the chosen edges.

e Then, one multiplies by (3n — 2(s — 1) — 2m — 1)!! for the matching of all other half-edges.

e Then we divide by the probability 0 that a particular graph appears.

1
(3n—1)
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In total, we obtain

n\ C* S ’ 1
| S — 1\ — — — Y S ——
<s> PR <s’>2 2m—1D!Bn —2(s—1) —2m — ! Gno D

< (BC)* (n\ (s —D!(2m — DNBn —2(s — 1) — 2m — 1)!!
- s \s 3n— 1!
Vs (
<(3C’)5 H n—i H 2m+2s—2i—1
= T _3/2 — 9 _ — 9, _
s / 0<i<s—1 dn—2i-1 s<i<s+m—2 dn—2—1
s _ 99 _
= (isg 3_25 H 3n2i123322ii1
0<i<m—2
205 [ 2m—1 \™!
<
~ $3/2\3n—-25s—1
90 s+ 1 0.184997s—1
<
~ 32 <3n — 25 — 1>
< oo o (s+1) 0.184997s—1
0.184997 -
- 3n—2s—1 '

For every large enough n, summing the above upper bound over the interval s € [11,logn] gives an

upper bound of
24C " log n

(3n _ 23)1.03497 )

and summing over the interval s € [logn,egn] with gg such that

1
2C 0181997 g) = 3 — 2¢(

gives an upper bound of

1
1 1 2( 0.184997
2 0.184997 E - < .
20.1849972 — (1 _ 1 )20.184997 logn
50.184997

logn<i<eon

Summing both bounds gives that the probability of having a subset of V(G3) of at most egn vertices,
where €9 > 0 was given above, inducing a subgraph of G5 of relative modularity at least 0.789998 tends
to 0 with n. The lemma is proved. O

Due to Lemma 2] we assume from now on that |A| > egn. Let |A| = en for some ¢ > gy > 0. Since
qr(A) > 0.789998, we conclude that

3 3en (2
e(A) > %(0.789998 te) > % <§ +0.123331 + a) — (1+3(0.123331 + £)/2)en,

i.e., the density of A is at least (1 + 3(0.123331 +¢)/2).
Now, for k € [egn,n/2], let By be the subset of V of size k inducing a connected graph Gs[By] with
maximal number of edges. By assumption there is k € [ggn,n/2] such that the given density is at least

k
1+ § <— + 0.123331> .
2\ n

We prove that if such a set By exists for some k in the given range, then one may find a set B such
that
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1. G3[B] and G3[V \ B] both contain only vertices of degree 2 and 3,
2. gon < |B| < n/2, and
3.

e(Gs[B]) > (1 + g (0.123331 + :i')) |B.

For the sake of contradiction, assume that no set B exists. Let B be a set that satisfies conditions 2]
and [l above (such a set exists by assumption), for which the quantity

e(G3[B]) — (1 + g (0.123331 + %)) |B|

Lemma 4.3. For every n > 10, the graph G3[V \ B] contains only vertices of degree 2 and 3.

is maximal.

Proof. V\E argue by Contradictign. Suppose that there are edg_es wv,vw in G such that u,w € B and
v € V'\ B. Then, adding v to B produces a graph with e¢(G3[B]) + 2 edges. On the one hand, one has

that
( (o 123331 + |B| i )) (IB|+1)

B — B _
1—1—§ 0.123331—1—u |B|—|—1+§ 0123331+u +i|B|—|-i
2 n 2 2n

2n

3 B — 3|B| + 3/2
= (1 + 3 (0.123331 + u)) |B| + 1.1849965 + M.
n n

On the other hand, since the density of a component cannot become larger than 3/2, we have that

3 Bl\ _3 _
+5 <0.123331 + %) <5 < [Bl < 0.210002n.

Since this is the case, one has that for every n > 10

e(ag[ﬁuq)—< 3 <0 123331 4+ [BUY ’))(@um)

B E - B| +3/2
=¢e(G3[B]) +2— <1 + ; <0.123331 + ’n_’>> 5| — 1.1849965 — w

¢(Gs[B)) — <1 v <o.123331 + @)) B

This is a contradiction with the choice of B. The lemma is proved. O
Lemma 4.4. For every n > 10, the graph G3[B] contains only vertices of degree 2 and 3.

Proof. We argue by contradiction. Suppose that v is a vertex of degree 1 in G3[B]. Then, one has
e(G3[B \ v]) = ¢(G3[B]) — 1 and

3 Bl —1 _
(1 + = (0.123331 + |5 >> (|IB] —1)
2 n
3 B — B 3|B 3
:<1+—<O.123331+u>>]B]—< <O 123331+| |>>—M+—
2 n 2n 2n
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One immediately deduces that

B\ vl
n

e(Gs[B \ v]) — <1 + g <0.123331 +

— _ 3 BN\ —
>> (IB\v|) > e(Gs[B]) — <1 + 5 <0.123331 + %)) |B|.
This is a contradiction with the choice of B. The lemma is proved. O
Corollary 4.5. For every n > 10, the set B satisfies [l
Proof. This follows directly from Lemma [£.3] and Lemma [£.4] O

Proof of Theorem[I.2. We apply the first moment method to count the number of sets B with |B| = en
for some ¢ € [gg, 1/2] satisfying conditions [Il and [B] from above. We proceed as follows:

e First we choose en vertices out of n that belong to B in (;;) ways.

e We choose a number of Sn vertices in B in (EZ) ways and n vertices in V'\ B in ((lgi)n) ways. These
vertices will be endvertices of the edges between B and V'\ B and therefore 5 < (1—3(0.123331+¢))e,
which follows directly from condition [3]

e For each of the vertices chosen above, choose a half-edge that will participate in the edge between
B and V' \ B in three ways, and match the given half-edges in (5n)! ways.

e Choose a graph on the vertices of B with Sn vertices of degree 2 (the ones chosen above) and (¢ —f)n
vertices of degree 3. By Corollary 2.3 with m = (3e — 5)n/2 there are

(32 = B)n)! 11
© (2(36—5>n/2((35 — B)n/2)! 27 6<a—6>n>

choices. Multiply by a factor of 2676(e=" to count configurations with labeled half-edges rather
than graphs.

e Then, choose a graph over the vertices of V'\ B with Sn vertices of degree 2 (the ones chosen above)
and (1 — e — B)n vertices of degree 3. By Corollary 23] with m = (3(1 — €) — 5)n/2 there are

(31— 2) — ) 11
O (g = 5 ey )

choices. Multiply by a factor of 2°76(1=¢=8)" to count configurations with labeled half-edges rather
than graphs.

e Divide by the total number (3n—1)!! of configurations to reduce the counting above to an expectation.

Multiplying all factors leads to the following formula, which gives the order of the expectation of the
number of cuts (B,V \ B) in G3(n):

n\ (en\ [(1—¢e)n " ((3e — B)n)! ((3(1 —¢)—p)n)! 1
(n) <ﬁn> < B >32ﬁ ) S=Bm2 (3 — Byn/2)) FOA—-F/2((B(1 — <) — Byn/2)! (3 — DI

Applying Stirling’s formula given by k! Mot (k/e)kv/2mk to all factorials and taking the n-th root
—+o00

while ignoring factors of subexponential order leads us to

3°05° (3= — B)*° (3(1—¢) — g)*1=)—F 1
B2B(e — B)FB(1 —e — B)1=5=B 2Be=8)/2((3c — ) /2)Be=H)/2 2B(1=e)=B)/2((3(1 — ¢) — 3)/2)B(1~)=H)/2 33/2"
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Simplifying further we get
-8

3293 — B) T (3—3c — B) 3
(e — B PEA (L —c— B

Taking logarithms we obtain the following function:

7(8,€) == 281083 + 3 (3¢ — B)log(3< — ) + (3 — 3= — ) log(3 — 3¢ — §) ~ Blog
~ (e~ B)logle — §) — (1 — & — §) log(1 —& — §) — 5 log3, (7

Recall that by assumption g9 < ¢ < 1 and 0 < 8 < (1 — 3(0.123331 + ¢))e. Taking the derivative with
respect to 8, we obtain

0 1 1
8—£(ﬁ,6) =2log3 — §log(36 —-pB) — 3 log(3 — 3e — ) — log 8 + log(e — B) + log(1 — e — j3).
of . .
We show that for every e, a5 is non-negative for every § € [0, (1 —3(0.123331 4 ¢))e] and thus f(5,¢)
is maximized for 8 = (1 — 3(0.123331 + ¢))e. Since 5 < ¢, this is equivalent to
8l(e — B)*(1 — < — B)? = (3¢ — B)(3 — 3¢ — )%, (8)

which can be rewritten as

2 2p 2
81(6—5)(1—€—ﬁ)— <3+ﬂ> <3+m>5 > 0.
For fixed e > 0 this a decreasing function of 5 € [0,e]. Replacing = B(e) = (1 — 3(0.123331 + ¢))e,
using standard analysis techniques one verifies the positivity of the above expression for every ¢ € [0,1/2]
- indeed, it is increasing as a function of ¢ for e € [0, +o0] and equal to 0 at £ = 0.

Define g(¢) := f(B(g),e). It remains to verify that g(e) < 0 for every € € [0, 1/2]. One readily verifies
that the derivative of g is negative on the interval [0,0.005221], positive on the interval [0.005221,0.026271]
and then again negative on [0.026271,0.5]. Since ¢g(0) = 0, we have that

601<1[1€a<>%.5g(&?) = max(g(ep), 9(0.026271)) < max(g(go), —0.891947 x 107°) < 0.

Therefore, summing over all possible |B| € [egn,n/2] and over all possible sizes e(B,V \ B) € [0, (1 —
3(0.123331 + ¢))¢], the expected number of sets B satisfying conditions [l 2l and B is smaller than ¢" for
every constant ¢ € (exp(max.,<c<o.5g(€)), 1) and for every large enough n. By Markov’s inequality, a.a.s.
there is no set B satisfying conditions [Il 2l and [8l This is a contradiction with our assumption that there
exists a set A C V with ¢,(A) > 0.789998. In particular, this shows that that the modularity of G3(n) is
a.a.s. less than 0.789998. Theorem is proved. O

5 An improved lower bound for more general degree sequences

Lemma [2.4] gives a simple lower bound on the modularity of any deterministic graph, which in the case
of 3—regular graphs yields an a.a.s. lower bound of 2/3. On the other hand, Section B shows that the
modularity of Gs(n) is strictly larger. In the current section we prove Theorem [[L3] and in particular we
almost E characterize the set of sequences of bounded regular degree sequences for which the bound given
by Lemma 2.4l may be improved (thus also characterizing those for which the bound given by Lemma [2Z4]
is sharp).

Let G be a graph on n > 6 vertices and m edges. Assume that GG contains no isolated vertices and its
maximal degree is at most A. Let also A = (A1, Ag, ..., Ax) be any partition of V(G) with ¢(A) = ¢*(G).

2 As Theorem [[3] suggests, the case Q = 0 is excluded from our analysis.
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Lemma 5.1. G[4;] is a connected graph for every i € [k].

Proof. We argue by contradiction. Suppose that for some i € [k] one has that G[4;] is a union of two
non-empty graphs G; and G2 with e(V(G1), V(G2)) = 0. Then, we have

e(G1) + e(G3) = e(4;) and vol(V(G1))? + vol(V(G2))? < vol(4;)%.

Thus, dividing 4; into V(G1) and V(G2) increases the modularity of the partition A, which was assumed
to be maximal - contradiction. The lemma is proved. O

Lemma 5.2. For every two different parts A;, A; of A we have that
vol(A;)vol(4;) > 2m - e(A;, A;). (9)

Proof. Let A’ be a partition of V(G), obtained from A by replacing the parts A; and A; by their union
/4iLJ/{j.7Fhen
2vol(A;)vol( A, e(A;, A

4m? m

By maximality of ¢(.A) over all partitions of V(G), the above expression must be non-negative, so
vol(A;)vol(A;) > 2m - e(A;, Aj).
The lemma is proved. O

Corollary 5.3. For every connected component C of G of size less than %\/ﬁ, V(C) participates as a part
in A.

Proof. We argue by contradiction. Suppose that for every i € [k], V(C) is different from A;. By Lemmal5.1]
there are parts A;,, A, ..., A;, of A, for which

vie)= | A
1<s<r

On the one hand, since C is a connected graph, there are two parts among A, , Ai,,..., A4, , say 4;, and
A;, without loss of generality, for which e(A;,, A;,) > 1. On the other hand, since the graph G has no
isolated vertices, it contains at least n/2 edges. One concludes that

vol(A;, )vol(A;,) < vol(C)? < (vn)? < 2m - e(Ayy, Asy).
This is a contradiction with Lemma The corollary follows. O

Before diving into the proof of Theorem [[.3] we state a criterion for the existence of a giant component
due to Molloy and Reed, see [23]. Here we present a version for bounded degree sequences although the
theorem itself is more general.

Theorem 5.4 ([23], Theorem 1). Under the conditions of Theorem [L.3:

o IfQ < 0, then there are constants Ry = R1(p,A), Ry = Ra(p,A) > 0, such that all components of
G(n) have size at most Rylogn, and the total number of cycles in G(n) is at most Relogn a.a.s.

e IfQ > 0, then there are constants & = &1(p, A), & = &a(p, A) > 0, for which the largest component
in G(n) contains at least &n vertices and Eam cycles a.a.s. Moreover, there is a positive constant
v =7(p,A) > 0 such that the second largest component in G(n) has size at most ylogn a.a.s.

O

In the sequel we assume that p; > 0 for every i € [A]. This is a technical assumption: one may only
work on the set of non-zero p;—s and deduce the same results as the ones presented below. For every
i € [A], denote by d;(n) the number of vertices of degree ¢ in G(n) and set D(n) = > ., idi(n).
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5.1 Proof of point [0 of Theorem [I.3] - the subcritical regime

Under the assumptions of point [I] of Theorem [[.3] by the criterion given by Theorem .4l we know that the

largest component in G(n) is a.a.s. of size at most Ry logn for some positive constant Ry = Ry (p,A) > 0.

Thus, by Lemma[b.Jland Corollary 5.3 a.a.s. the only partition of V(G(n)) with maximal modularity is the

one given by the vertex sets of the connected components of G(n). We denote it by A = (A3, As, ..., Ag).
By definition one has >, e(G(A;)) = m. Therefore, we get

VO )2
7 (Gm) =g =1— 3 AT

For every n € N, denote by N,,(H) the random variable, equal to the number of isolated copies of the
graph H in G(n).

Lemma 5.5. For every tree T of order t < v/logn and for every large enough n we have

P(No(T) — EING(T)]| > n*/3) < ——

nl/t

Proof. We apply the second moment method. Let, for every ¢ € [A], t; be the number of vertices of degree
iin T, and let Aut(T) be the automorphism group of 7. On the one side, the expected number of copies
of T is

EN(T)] = Y P(G[A] =T and e(4,V \ A) =0)

ACV;

|Al=t
1 di(n)\, . | (D(n) —1—2(t = 1)
 [Aut(T)] 11 (m W”! (D(n) — 1)! '

1<6<A
Indeed, one needs to:
e for every i € [A], choose the t; vertices of degree ¢ in (dit(?)) ways;

e decide on the position of each vertex of degree ¢ in T in t;! ways;

decide on the order of the half-edges, attached to every vertex of degree 7 in T', in i! ways (since we
are counting configurations here, half-edges are labeled);

and finally, divide by the probability of constructing all ¢ — 1 edges in 7.

One also has that:
o |[Aut(T)| < ¢!,

e for every i € [A],

d;(n)

Tg—exp —(1+o0(1 Z d =1-o0(1),

0<j<t;—1

H D(n)_1—2(j—1):exp (1 +o(1)) Z 1+20-1) =1-o0(1).

0<j<t-2 bin)



Therefore, since t < y/logn, in the regime n — 400 one may bound the expectation from below by

(1- 0(1))1D(n) 11 <idz’(n)> L l—o()

t! 1ZieA D(n)

The variance of N, (T) is given by
Var(No(T)) = EN(T)?] — BN (T)]?

— E[Nn(T)] + WHISZ,SA< t, > ( t, >tz!22!2 (D(n) - 1)” _

2
1 di(n)\ ,, At (D(n) —1—=2(t — 1))
(AUt(T) 1<12.1A < ti >(tl)! | (D(n) — D! )

2
=EWN,.(T)] + 1 <di(n)> ()it (D(n) —1—2(t — 1))1!) y
1<i<A

(D(n) — I

di(n) —t; —j D(n)—1-2j _
((1<11'_£A Ogjl;lti—l dl(’l’L —J ) (0<]1:It2 D(’I’L) —1— 2(t — 1) _ 2]) 1) .

Now, one may use the standard bound

to deduce that

di(n) —t;—j = L
_l—Ii dl(n—_j < exp (ti Z & (n) — ]) < exp <_dl(n)> (10)

and

D(n) —1—2j
11 D(n)—1-2(t—1)—2j

1
<exp <2<t1> 2 D(n)12(t1)2j)

We deduce that for every large enough n

Var(N,(T))
<EN(D)] + ENG(DF [exp [ = 3 1+ 22 )
2 di(m) " D) 4
2 2 o ogn
< BINL(T)] + 2B IN,(T)] ( S~ 2 d,’f{n)) < BT + SRR ()P
1<i<A !



We conclude by Chebyshev’s inequality that

BNL(T) ~ ENG(T)]| 2 o) < 200
Choosing for example o = E[N,,(T)]%/ leads to
0 ogn W(T))%/3
PN, (7) — BN (7)) > BN (D) < oo + S U EREN < 2

Since n > E[N,(T)], we have that
P(INW(T) = EWL(T)]| = n*/?) < P(NW(T) = EWNL(T)]| = EN(T)]*?) < #-

The lemma is proved. O

The next observation is a well-known fact and, as such, it will not be proved here. In a nutshell, its
proof relies on, first, the fact that the local limit of G(n) under the conditions of point [I] of Theorem [L3]
is a subcritical Galton-Watson tree, and second, that the order of a subcritical Galton-Watson tree is a
random variable with exponential upper tail. For more details on the topic, we refer the reader to [6]

and [30].

Observation 5.6. Under the conditions of point [l of Theorem there is a constant ¢ = c¢(p,A) > 0
such that the connected component C(v) of a uniformly chosen vertex v € G(n) is of order at least t with
probability at most exp(—ct). O

Let 7 (t) be the set of trees with maximal degree A and order at most t.

Lemma 5.7. A.a.s.
> vol(4:)? = (1 +0(1)) > vol(4;)2.

1<i<k i:G[A;]€T (VIogn)

Proof. First, note that the expected number of trees that consist of a single edge is

1
5 (pln X %) .
By Lemma [5.5] the number of isolated edges in G(n) is sharply concentrated. Hence, a.a.s. k = k(n) is at
2
least 41)—]\1471 and

2
AVES p1n.
E vol(A;)* > S
1<i<k

By Theorem [5.4], there are at most Rslogn cycles in G(n), each containing at most Rjlogn vertices
a.a.s. In total, the components with cycles contribute to Y., vol(4;)? at most

A’R?Rylog®n = O (log3 n) = o(n)

a.a.s.

Also, by Observation [5.6], there is some positive constant ¢ > 0 such that the number of trees of order
at least y/logn contains at most exp(—cy/logn) vertices a.a.s. Thus, the connected components of order
at least y/Iogn contribute to Y ;.;, vol(A4;)? at most

n exp <—c\/@> (R1logn)? = o(n).

Putting together the three statements above proves the lemma. O
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Lemma 5.8. A.a.s.
max [N (T) — E[N,(T)]| < n?/3.
TET(\/logn)

Proof. By Lemma we have that for a particular tree T' of order at most /logn,
1
P(INW(T) = EINW(T)]] 2 n*/?) < —77.
n

On the other hand, it is well-known that there are #*~2 trees of order t (see for example [17]), and therefore
by a union bound

P ( max |N(T)—EN(T)]| > n2/3>
TeT (Vlogn)

1
k—2

< 2 KTg
1<k<+/logn

Viogn 1
< /logn pevZiie o(1).
The lemma is proved. O

Corollary 5.9. A.a.s.

4m?

o [Zotier(vioen) vol(4;)*
4m?

_ Earaer(viogn) Vol A ‘ y <1> |

Proof. We have that

2 a1 eT (viogn) vol(4;)?
4m?

. 2 alader(viogn) Vol (Ai)?
4m?

S Y BN - M),
G[A)eT (Vogn)

By Lemma [5.8] we have that a.a.s. the last expression is at most

1 T (Vlogn)| n?/3logn
> m”m@e(T))2 < 7 7722‘ :
G[Ai}ET(\/logn)

tt—2

Since the number of trees on t vertices is , one has

|7 (Viogn)|n?*3logn - Viogn¥ " n2/3 log n _ <1>

m? m?
The corollary is proved. O

Proof of point[l of Theorem [[.3. By combining Lemma 5.7 and Corollary [5.9]1t is sufficient to estimate

2 a1 eT (viogn) vol(4;)?
4m?

We do this now.
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e First, for every i € [A], choose the vertices of degree i in T in (dit(i")) ways.

e A well-known result gives the number of trees on t vertices with t; vertices of degree ¢ for every
i € [A], which is equal to (again, see for example [17]):
(t—2)!
(A —1D)lta(A —2)lta—1 | 2lts”

Observe that a sequence (t1,t2,...,ta) is a tree sequence (that is, there is a tree with ¢; vertices
of degree i for every i € [A]) if and only if satisfies that the number of edges is one less than the

number of vertices:
t1 + 2ty + ... Atp

N |
2 1+ + i ’

which is equivalent to

=2+ Y (i—2t (11)

3<i<A

e Since we count configurations and not simply graphs, for every vertex we multiply by the product
of the factorials of the degrees
IT

1<i<A
(this gives the number of permutations of the half-edges at each vertex).

e Finally, multiply by the probability that all e(7") edges are present, which is given by

1
(D(n) =1)(D(n) = 3)...(D(n) = 1= 2(e(T) — 1))’

We get that the expected number of trees with ¢; vertices of degree i, for every i € [A], is given by

Micica (“0) Tciza " (t—2)!
(D(n) = 1)(D(n) = 3)...(D(n) =1 =2(t = 2)) [T1<jcn(i — !

-bo Al ﬁ 11 11 <1_di€n)> t(t1—1)<t1,t2,%..,m>1£A<igi((:))>ti'

0<i<t—2 D(n) 0<i<A \0<j<t;—1

Standard analysis shows that

(= 56) ==+ (Far) -0 ()

0<i<t—2

and by assumption

I (0 (0 at) | =0 TL (- Sig) = -0 (50)

0<i<A \0<j<t;—1 1<i<A

Thus, for every tree sequence (t1,t2,...,ta), the above two products do not modify the first order in
([@2). Since for every tree T we are interested in the volume of T, we multiply each term by vol(T)? =
VOl2 (Az)

(2¢(T))? = 4(t — 1)? and sum over all tree sequences to deduce the value of E [Zlgigk } up to a

4m?
(1 + o(1))—factor:
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<1 +0 <loin>> 4(tt—1) (tl?t%f”’m) (H1<¢<A <Zgi((:))>ti) D(n)‘

> > T (13)
1<t<yTogm ti+tattta=t; 4 < (n)>
(t1,t2,-5tA) 2

is a tree sequence

Notice that the factor

<t1,t2f' ' ’tA> 1<1i1A <il(§i((;))>ti

in ([I3) can be interpreted as the probability that a die with outcomes 1,2,..., A with respective proba-
di(n) 2dy(n) Ada(n)
D(n)” D(n) """ D(n)
interpretation, denote by X; the number of trials with outcome ¢. Thus, by a Chernoff bound (Lemma 2.5])
we have for every ¢ € (0, 1) that

Pl|X; — > <2 —_ .
< D(n) ' = D) ) =TT \TT3DMm)
Recall that under the conditions of point [I] of Theorem [I.3] one has

> (i —2)pi < 0.

1<i<A

bilities

gives t1 ones, to twos, etc. over ¢ independent trials. Under the above

Let

=
3
N~—
I
|
~.
S
|
2
X
S
~—

1<i<A

di(n
() — p;, for every large enough n we have
n n——+o0o

Since for every i € [A] we have that

o(n) — 0:=— Z %6(0,1].

n——+00
1<i<A
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Moreover, for every n, §(n) < 1. We deduce that for every large enough n

P((X1, Xo,...,XA) is a tree sequence | X1 + -+ Xa =1t)

=P > (z‘—2)X,-:—2‘X1+---+XA=t

1<i<A
=P > (-2(X;i-EX])=- > (i—2)E[Xi]—2‘X1—|—---+XA=t
1<i<A 1<i<A
. o(n)t
<P D> (i-2)(X—E[X) > o+ Xpa=t
1<i<A
. li — 2|id;(n
< ) P |(Z_2)(Xi_E[Xi])|_7 X1+ +Xa=t
e 2D(n
1<i<Ai#2
- Y P(x-EX 0> i)y X
. 2D (n)
1<i<Ai#2
(3)" B ipi
< —= W< A 't ).
o Z P 3 b= 1<1<A [i#£2 Xp< 24Mt>
1<i<Ai#2

Thus, for every large enough n, we have

t—1 t id;(n) \ " ip;
i A — t
Z t (tl,tg, . ,tA> H < D(n) > - 1gisg}z%éx2,pi¢o P ( 24M

ty+to+-+ta=t; 1<i<A
. ip;
= Ae — min —— 5t].
xp( 1§i§A,i7ﬁ2,pﬁ£0{24M} >

(t1,t250tA)
By using the dominated convergence theorem we conclude that the sum

> ooy (ot (I ()

1<t<y/Togn t1+ta+-+tA=t; 1<i<A
(t1,t2,.5tA)
is a tree sequence

A

converges to a constant ¢ = ¢(p, A) > 0 given by

) > 4(tt_1)<t1,t2,%..,tA> IEA<%>ti ’

t>1 t1+totetta=t; <i<
(t1,t2,...,tA)
is a tree sequence

which by (I can be rewritten as

s t2—|—2t3+~'—|—(A—1)tA—|—1<t2—|—2t3---—|—(A—1)tA—|—2> <&>2 T <@<p_1>(i—2)>“
to,....,tAEN t2 +2t3 RER (A o 1)tA + 2 Z(Z - 2)t2 +27t27"' 7tA M 2<i<A M \M

This finishes the proof of point [Il of Theorem .31
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5.2 Proof of point 2] of Theorem [I.3] - the supercritical regime

In this subsection, we prove point Blof Theorem [[3l First, by Theorem B4l a.a.s. all connected components
except the largest one have size O(logn). Thus, since G(n) has maximal degree A and contains no isolated
vertices, by Corollary [5.3] each connected component but the largest one forms a part in every partition
A of V(G(n)) with q(A) = ¢*(G(n)) a.a.s. Moreover, the largest component, which we denote by Cyyaz,
contains a.a.s. at least yn vertices with v = «(p, A) > 0. Thus, it remains to study the giant component.
From now on, we condition on the set of vertices of Cj,qz.

The next lemma states that we can find inside the giant component a set of vertices of linear order
and high enough density. The component A,,,, found in this lemma plays a role similar to that of C3 in
the lower bound for random 3—regular graphs. In the sequel, we identify A,,q, with the graph induced
by this vertex set in Cipaz.

Lemma 5.10. There is a constant ¢ > 0 such that the following holds: for every C > 0 there exists & > 0
so that a.a.s. there is a set of vertices Amar C Chaz Such that, first,

Amax 2
| Apnaz| > €'n and e(Amaz) > |Amax| + C!,

and second, Cpaz \ Amaz consists of at most cs'?n connected components.

We prove Lemma [5.10] later on. Admitting Lemma [5.10] we prove point 2 of Theorem L3

Proof of point[Q of Theorem assuming Lemma[510. Notice that by assumption of Lemma[B.I0L Cppqz\
Apmaz contains at most ce’?n smaller connected components. Note that every component of order larger
than Ay/n has a spanning tree of maximal degree A. Thus, by Lemma 2] one may divide each such
component of Chuaz \ Amar into connected components of order at most Ay/n, each containing at most
A2,/n/2 edges. Thus, one has that the modularity of such a partition into k parts is at least

e(Amax) +n— ’Amax‘ - k A2‘Amax’2

Since 2m = Mn + o(n) and k < un + c£?>n + o(n) (recall that yu is the a.a.s. limit of the number of
components of G(n) divided by n), we have that by Lemma [5.10] the above expression is asymptotically
equal to

(1 — p— ce?) + ClAmaz|*/n A2 Aoz |?
Nnj2 (14 0(1)) (Mn)? +0(1)
2(1 = p) | Amac|* 2
P Sl omaz] —AZ_ ,
2=t (14 0(1)) (fn)? (2MC — A* —2cM) + o(1)
] A2 . 2
Choosing ¢ < C' — onf  Proves the desired result for € = ik O

For a graph G, define the 2—core of G as the largest subgraph of G with respect to inclusion, in which
every vertex is of degree at least 2. We include the proof of the following observation for the sake of
completeness.

Observation 5.11. The 2—core of a graph G is well-defined and may be obtained by consecutive deletions
of the vertices of degree 0 and 1.

Proof. In the end of the process, one obtains a possibly empty subgraph H of G of minimal degree 2.
On the other hand, suppose for the sake of contradiction that there is another graph H' ¢ H, which has
minimal degree at least 2. Then, H U H' is also a subgraph of G of minimal degree at least 2. Let v be
the first vertex of H'\ H that has been deleted throughout the construction of H. At the moment of its
deletion, since v € H', v had degree at least 2, which is a contradiction. Thus, every subgraph of G of
minimal degree at least 2 is contained in H, which proves the observation. O
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The idea of the proof of Lemma [£.10] is roughly as follows. First, we prove that the 2—core of the
giant component C,,, contains a linear number of vertices by a density argument. Then, after a slight
modification of the 2—core in order to get rid of long paths of degree 2 vertices, we apply an argument
similar to the one in the proof in the 3—regular case to obtain that the modularity of the 2—core of the
giant component itself is "non-trivial". Finally, we come back to the giant component itself to conclude
the proof of Lemma [5.101

We first prove that the giant component has density 1+ ¢ for some € > 0 depending only on (p;)i1<i<a
a.a.s. For this, initiate an exploration process of G(n), similar to the one for random 3—regular graphs,
and for all ¢ > 0 record the number Z; of open half-edges sticking out of the explored component at time
step t.

Lemma 5.12 ([23], Lemma 8). There are constants € € (0,1) and £ € (0, min{1/4, M /4}) such that, for
every 6 € (0,£), Zrsn) > €0n a.a.s. Moreover, there is 0 < z = 2(p,A) < 1, for which the probability of
the converse is at most 2.

Now, fix a constant v = ~(p,A) > 0 such that, by Lemma [E12] the hitting time ¢ of the event
{Z; = yn} is a.a.s. well-defined. When time ¢ arrives, we know by Theorem [5.4] that we are exploring the
giant component. By a simple concentration argument we deduce the following corollary.

Corollary 5.13. A.a.s. there is a constant v = ~'(p, A) > 0, for which
e(Cmax) - ’Cma:c’ Z ’Y,n-

Proof. Consider the process (Z;)i>0, and let T be the hitting time of yn by (Z;)i>0, where v > 0 is
given by Lemma Then, T is a.a.s. smaller than e(G(n)). Fix the set S of half-edges, incident to
explored vertices at time 7', and match these with other open half-edges or between themselves uniformly
at random. By a straightforward concentration argument we deduce that thze number of edges Wizth two
half-edges in S is concentrated around its expected value, which is at least % Choosing v = Z_A gives
the desired corollary. O

,.Y/
A
Proof. The 2—core of a graph may be constructed by step-by-step deletions of the vertices of degree 0 and

1 by Observation .11l Thus, since Cp,q; contains no isolated vertices, by Corollary [(5.I3] we have that
a.a.s.

Corollary 5.14. A.a.s. the 2—core C!

'maz Of Cmaz contains at least

vertices of degree at least 3.

( mam) ‘ max‘ = e(Cmax) - ’Cmax’ > ’Y/n-

has minimal degree 2 and maximal degree A,

Since C!

max

(O;nax) - % Z |{U € V( maw) | deg( ) - Z}| < | mam| + = HU € V( mam) | deg( ) = 3}|

2<i<A
Combining the above two inequalities proves the corollary. O
Lemma 5.15. Conditionally on V(C),...) and the degrees of all vertices of V(C},,..) in C}, ..., the 2—core

is distributed uniformly at random among all connected graphs on the given degree sequence.

Proof. This follows from the fact that a 2—core with given vertices and vertex degrees possesses the same
number of extensions to G(n) as any other connected 2—core CJ,,, with the same degrees. Since G(n) is
sampled uniformly at random, the restriction of its distribution to C/ . conditionally on the vertices and

max
the vertex degrees of C] .. is therefore also a uniform distribution. O
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Let G(n) be a random graph on a given degree sequence with degrees 2,3, ..., A and of order n such
that

lim sup
n—4o00 n

In particular, one has A > 3.

Lemma 5.16. The probability that the random graph G(n) is connected is uniformly bounded from below
by a positive constant.

Proof. We argue by contradiction. Extracting a subsequence of (G(n)),>1 if necessary, one may suppose
that, first, the probability of G(n) being connected tends to 0, and second, the proportion of vertices
of degree i € [A], ¢ > 2 tends to p; with Py < 1. Under these conditions Lemma 2.9 implies that the
probability that no vertex remains outside of the largest connected component in G, is a positive constant,
which leads to a contradiction. The lemma is proved. O

Corollary 5.17. If an event A, happens a.a.s. for G(n), then A, happens a.a.s. for G(n) conditionally

on G(n) being a connected graph. O
Now, let C7,, 1,0, De the random graph, constructed on the degree sequence of Cy,,,. (which is random in

itself, so we condition on this degree sequence) according to the configuration model. By abuse of notation

we view Cppq, as an extension of C, . as well as of C,, .., below. By Lemma and Corollary [5.17]
we know that if some event happens a.a.s. for C7,, ..., then it also happens a.a.s. for Cy,,,.

Fix &’ > 0. We start an exploration process of Cy,, 4, as follows. Let Sp be an empty set. We pick a
random initial vertex vg of Cy,, 4, With probability proportional to its degree in Cy,, 4., and construct

S1 = {vp}. At time t, choose an arbitrary open half-edge e; /2 sticking out of a vertex in S¢ and explore
the edge that contains it. If it leads to a vertex v; that has never been seen before, let Si11 = Sp U {v;}.
If not, let S;y1 =S¢ and continue. Finally, stop the process at time #' when e'n vertices of Cy,, 4, have
been explored, and define S = Sy. Moreover, let F be the set of explored edges up to time ¢’ (that is, the
edges obtained from paired half-edges inside 5).

Then, fix an even positive integer £. Now, order in a row the explored vertices with an open half-edge
and, for every vertex in the row, explore step by step all vertices of C’émmaw at distance at most £/2 from
the current one. Moreover, at any step when one finds an S—chain, add all vertices of this S—chain to S
and continue the exploration.

Let A/ .. be the graph, induced by the set S together with the vertices in its g—neighborhood in CJ 4z
(which is additionally explored after step t’) that participate in S-chains of length at most ¢. Let Ayqz
be the graph, induced in C,qp by the set of vertices of A, and the ones which connect to A/ . in
Crmaz \ Clynmaz via paths with edges in E(Crnaz) \ E(Clyp, maz ). Otherwise said, Aynq, is constructed from
Al .. by attaching trees to the vertices of A/  which were deleted in the construction of the 2—core of
Cinaz- Notice that vertices inside CY,, ,,,q, Participate in the 2—core, and if they are not in A they

max?
will not be added to A4z, see Figure [6l

Observation 5.18. The graph Al .. contains at most

T

(A§+1 —1én

A—-1
vertices.
Proof. This is a simple consequence of the fact that every vertex is of degree at most A. O
Lemma 5.19. There is a constant C' = C(p, A) > 0, such that the number of vertices in Cpp, 1, incident

to at least one edge in E(Cpaz) \ E(C),..) is at least Cn.
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O %

Z/

C/ Cmaa:

max

Figure 6: The giant component Ci,qz, its 2—core C/, .. and the “dense” sets A,uq, and AL,

Proof. Recall the exploration process (Z;);>o defined just before Lemma and let T be the a.a.s. well-
defined hitting time of yn by (Z¢)¢>0, where v > 0 is given after Lemma At this stage, match all
~vn open half-edges sticking out of the connected component we are exploring. We prove that there is a
constant C' > 0 depending only on p (recall that v depends only on p and A as well) such that a.a.s. there
are at least C'n vertices among the ones incident to the open half-edges at time 7', which are all connected
to vertices of degree 1: indeed, there are a.a.s. at least yn/A vertices incident to open half-edges at time
T, and moreover a.a.s. a positive proportion of these vertices will match at least one of their remaining
open half-edges to a vertex of degree 1, which proves the lemma. O

Lemma 5.20. There exists « = a(p,A) > 1 such that for every small enough &' > 0 a.a.s. |Apaz| <
alAl .

max

Proof. Recall that A,,q, is constructed from A/, . by adding vertices of Cpaz \ Chioe- We work in the
configuration model Cf,, ., associated to the degree sequence of the 2—core. Conditionally on the

vertices and the half-edges contained in Cy,, 4., one may define the type of a vertex v in Cf, as

cm,max
(degc,,,, (v) —degey  (v),deger  (v)). Denote also by Dy, 4, the number of vertices v in Cq,y, 104
with dege, . (v) —dege,  (v) > 1.
At , v . , ,
Let Ca = A1 and choose &' < ACK This ensures that |A],,.| < |C}.qezl/2 by Corollary [£.14]

and Observation [H.18]

Sublemma 5.21. Fiz d’ € [A]. Among the vertices of types {(s',s") : " < d",s' <A — "} at most a

CaAe'd" . - S
AT—pmportzon participates in Al ... a.a.s.

Proof of Sublemmal5Z1. Al .. is constructed by consecutive exploration of open half-edges and at any

step the probability that a vertex of type (s, s”) with s” < d” is added to A, is at most 2(|Cém,7mi,\—|A;,m\)
(every vertex in C’ém’m(w is of degree at least 2 in C’émmm), which is bounded from above by [/ Céj,l:nax\'

We conclude that the expected proportion of the vertices of type (d’,d”) is bounded from above by
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|A! By a Chernoff boundﬁ Lemma [Z5]) over the |A]

the explored component we conclude that the proportion of the vertices of type (d’,d”) is a.a.s. bounded
from above by 2| A} .| c m‘f/:nw‘ We conclude since |4}, ..| < Cag’n by Observation GI8and |C], ...| > %/T"

by Corollary 5.141 O

| steps when a new vertex is added to

max | ‘ max

C’UL max ‘

In particular, Sublemma [5.2I] applied with d” = A ensures that the proportion of the vertices in A/

C’AA gl .
—— of all such vertices in Clonmaz SINCE

that have at least one half-edge outside C),,.. is at most
d" <A.

Now, notice that the distribution of the graph consisting of the half-edges in Cyqe, but not in C7,., 0z
is uniform among the forests with roots in Dy, ., Indeed, conditionally on the vertex set of Cyaz, every
connected graph constructed on this set of vertices has the same number of extensions to G(n). Based
on this observation, Theorem 2 in [26]@ justifies that the maximum size of a tree attached to a vertex in
D, maz 18 of order O(logn). Now, let us sample the forest induced by the vertices in Cinae \ Crypy pae (but
without providing the corresponding root in Cy,, 4. - this ensures a family of Q(n) trees of sizes O(logn)
a.a.s. Let us condition on these sizes. The last key ingredient in the proof is the following sublemma,
which might be well known.

Sublemma 5.22. Fiz n real numbers x1,...,x, in the interval [1, M] and an integer k € [n]|. Then, fix a
random subset A of [n] of size k chosen uniformly at random and denote S =3, \ x;. Then, for allt >0

2
P(|S—ES| >t) <exp <_2:LM> .

Proof of Sublemma[222 For every i € {0,...,n} define ¥; =E[S | AN [i]]. Then, (Y;)}, is a martingale
satisfying Yy = ES and Y,, = S. Let us show that for every i € [n] one has |Y;_1 — Y;| < M.
Fix any i € [n] and any subset X;_1 of [i — 1] with at most k elements. Then, we have that

E[S|AN[i—1]=X,.1]= E[S|AN[] = X1 UL} PG € A [ANi—1] = Xi_1)
FE[S|AN[] =X PGEA|AN]i— 1] = X;_1).

Moreover, from the set A chosen uniformly at random and conditioned on AN[i| = X;_; U{i} one obtains
the set A chosen uniformly at random and conditioned on A N [i] = X;_1 by taking out the element 14
and adding an element in [n] \ ([¢{] U A) chosen uniformly at random. Conversely, from the set A chosen
uniformly at random and conditioned on AN[i] = X;_; one obtains the set A chosen uniformly at random
and conditioned on A N [i] = X;_1 U {i} by taking out an element in ([n] \ [¢]) N A chosen uniformly at
random and adding the element i. We conclude that

E[S|AN[i] =X;-1 U{i}] —E[S|AN[i] = X;—1]| < nax |z; —x;] < M.

We conclude by a direct application of Azuma’s martingale inequality (see for example Chapter 2 in [16]).
O

3Note that the events of adding a vertex of type (d’,d”) over several steps are dependent, but they are dominated by a
family of independent Bernoulli random variables by the above analysis.

4Theorem 2 in [26] gives a precise information about the distribution of the maximum size of a tree of a uniform random
forest on N roots and n non-root vertices. The setting of a degree sequence prescribed in advance is a special case of the
theorem. We provide a justification of the main technical assumption. Assume that N/n tends to b as n — +oo. Denote by
qr the proportion of vertices in Cras \ Com, masz With k children in the tree attached to Crp maz- (Our qr corresponds to pg

in the original paper but this notation has already been introduced in our setting.) Set F(t) = ZZ 5 qxt* +b. Then, let \ be
a root of the equation tF'(t)/F(t) = n/(N + n) - it is well defined and unique since the function ¢ — tF'(¢)/F(t) is strictly
increasing for A > 2 (which is our case) and its image on Ry is [0, A — 1). We need to justify now that A/F(X) € (0,1).
We argue by contradiction - then, F'(A) < n/(N +n) = F'(1), so since F" is strictly increasing on R one has that A < 1.
Moreover, for any ¢ sufficiently close to 1 one may ensure that ¢ < F(t) since F' is continuous and F(1) = 1 + b, which means
that AF'(A\)/F(X\) < F'(1)/F(1) < n/(N +mn). This contradicts the definition of A. In particular, we deduce that the largest
tree in a uniformly chosen forest is of size O(log n).
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We apply Sublemma [5.22 with ¢ = n?/3. In particular, the proportion of vertices in Cyaq \ C/ .. that

attach to some root in Dy, 4, is sharply concentrated around its expected value, and in particular at

most 2CAA%/+" a.a.s. This proves that one may choose e.g. a =1+ 2CAA3 /. U

We denote by (dy(n),...,d,(n)) the degree sequence of Cy,,, ,,q,, 00 Which we conditioned earlier. We

fix a positive integer ¢ that we specify in the sequel. Recall that S = Sy is the set of the first £'n explored
vertices in C”

cm,max*
Lemma 5.23. The expected number of S—chains of length £ in Ci,, .. is at least
§%en 67\
1 1 1
o (1453 )

where § = §(¢’') > 0 is constant over the interval ' € (0,€), for & given by Lemma 513, and ~' > 0 is
given by Corollary [513.

Proof. By Lemma for every small enough ¢’ the number of half-edges, attached to vertices in S, which
participate in an edge between a vertex in S and a vertex outside S, is at least de'n a.a.s. Denote this set
of half-edges by 0;/,5. Conditionally on the set S, there remains a number of non-explored vertices (at
time ¢') of degree i, which we denote by d/(n). Now, any chain of length ¢ is defined by:

e a tuple (f2,...,¢0A),
o forallie {2,...,A},¢; vertices outside S of degree 1,
e the order of the £ — 1 vertices outside S in the chain, and

e the choice of half-edges that participate in the chain.

To find the expected number of S-chains of length £ it remains to multiply by the probability of each
edge being present. In total, this gives

10125 Z (¢ —1)! H <d§/(”)> (i(i — 1)) <<Z2gigAid§'(n)) — 20— 1)!!

ot la=t—1 scica N i <<Z2§z’§A id@'(”)) - 1)”
/N2 -1 s " 4 1
> (1+0(1)(3e'n)> Y ey I (G —1di(n)) 7
botoba=t—1 N2 B EAS N 9 Licn <22§z’§A idé’(n))
/-1

_ o (6c'n)? i(i — 1)di(n)
=1+ (1))2d'2'(n) + -+ Adj(n) 2<§i<:A (Z%J‘SAidg(n)) | "

Now, we have that, first, » y,c A id} (n) < D(n), and second,

by Corollary 5141 Thus, since D(n) = Mn + o(n), (I4) is bounded from below by

5%2e"n 67/ -1
(1+0(1)) 7 <1+AM> )

The lemma is proved. O
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Observation 5.24. The number of vertices of distance at most £ from a cycle of length at most 20 in
C! is O(logn) a.a.s.

cm,max

Proof. By an immediate first moment calculation (in the same way as the proof of Lemma for trees,
see also Theorem 9.5 in [16] in the regular case) one may deduce that for every £ € N the number of cycles
of length at most 2/ is a.a.s. at most O(logn) and the same holds for the number of vertices in such cycles.

Since Cf,, mar has maximum degree at most A, each vertex is at distance at most £ from at most AZr_ll_l
other vertices in C,, ,,,0,- Thus, the number of vertices at distance at most ¢ from cycles of length at
most 2¢ is O(logn) as well. O

Lemma 5.25. There are constants cg, ¢y, > 0 such that the expected number of vertices:

® in C’émmm \ S, which participate in an S—-chain of length at most £, is at most cee*n.

o in Clyymaz \ S, which participate in more than one S—chain of length at most £, is at most dyen.

Proof. We prove the second point first. If a vertex participates in more than one S—chain of length at
most £, then either it is part of two S—chains with a common subpath or it is at distance at most £ from a

cycle in Cf,, a0, Of length at most 2¢, see Figure [ By Observation [5.24] there are a.a.s. at most O(logn)
vertices of the second type in CY,, ... Therefore, it remains to count the number of vertices of the first
type.

The number of vertices at distance at most £ from a vertex is at most A‘Zr_ll_l . Therefore, the probability

that a vertex participates in two S—chains of length at most £ with a common subpath is at most the
probability that at least 3 of the vertices at distance at most ¢ from it are in .S, which is at most

At
< A?jl >(A€,)3.

. C ey
Summing over all vertices in C,, ;4. \ S, we may choose

A1
/ — 3
Cp = < A31 )A )

which proves the second point. The first point follows along the same lines, with the constant ¢, given by

At
= A-1 )AZ
= (57

O

/

Observation 5.26. Fiz &’ € (0, M“?—_UA

vertices in at least one S—chain of length at most £ and the number of vertices in more than one S—chain
of length at most £ are sharply concentrated around their expected values.

The number of S—chains of length £, the number of

Proof. Given the degree sequence (d}(n))2<i<a, the number of S—chains of length ¢, the number of vertices
at least one S—chain of length at most ¢ and the number of vertices in more than one S—chain of length at
most ¢ can be computed via the differential equation method. To do this, explore the g—th neighborhood
of S by revealing one edge per time step. Start with C(0) = (), which will be the number of S—chains
of length ¢, V1(0) = ), which will be the number of vertices in some S—chain of length at most ¢, and
V>2(0) = 0, which will be the number of vertices in at least two S—chains of length at most £. Notice that
every revealed edge may participate in a bounded number of S—chains of length at most ¢, and therefore
at any time step ¢t > 1 each of |C(t) —C(t — 1)|, [Vi(t) = Vi(t — 1)| and |V>a(t) — V>o(t — 1)| may increase
in size by only a bounded number of new elements. Moreover, by choice of &, the g—th neighborhood
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Figure 7: On the left: an example of two S—chains of length 7 with a common subpath. On the right: an
example of two S—chains of length 7, whose union contains a cycle.

of S contains at most 7'n/A vertices (that is, by Corollary 5.14] at most half of the vertices of Cy,, 4.
a.a.s.), ensuring concentration throughout the process. Thus, the conditions of Theorem are satisfied
for |C(t)|, WVi(t)| and |V>2(t)| as functions of ¢, and we deduce that all of them are concentrated around

their expected values in the end of the exploration process. O

Corollary 5.27. A.a.s. for every small enough ¢ > 0, the number of S—chains of length € of vertices

52:72n ,7/ -1
ticipating 1 [ S—chai length ¢ is at least 1 )
participating in only one chain of leng 15 at leas Wi < + AM>

Proof. By Lemmal5.25land Observation [5.26] there is a constant ¢} such that the number of vertices in C),

max

in at least two S—chains is a.a.s. at most 2c,e”®n. On the other hand, by Lemmal[5.23]and Observation [£.20]

36%"%n A\
there are a.a.s. at least 1 <1 + ) S—chains of length £. We conclude that a.a.s. for every

M AM

small enough &’ there are at least
1 52 2 / -1
10%™n [ n y
2 M AM

S—chains of length ¢, each of which contains only vertices, which participate in only one such chain. The
lemma is proved. O

Lemma 5.28. For every C > 0, for every large enough ¢ and every small enough & > 0 (depending on
C) a.a.s.

‘Amam ‘ n
Proof. We fix a positive integer ¢ that we specify in the sequel. Fix also C' > 0. By Corollary [5.27] there
2 12 / /—1
are a.a.s. at least 5 Mn <1 + A7M> S—chains of length at most ¢ with vertices in only one chain

of this type. On the other hand, A’  contains a.a.s. at most e'n + cye’?n vertices by Lemma [5.25] and

max
Observation [5.20] (recall that A/, . contains the set S together with all S—chains of length at most ¢). We
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conclude that for & — 0, a.a.s.

(525/2712 ) N ,Y/ /—1
n(e(A/ ) B ’A;nax‘) > 2M AM

mazx
| Anaz | T (@14 0u())*n?

Now, taking the limits, first, with respect to n — —1—03, zlmd then, with respect to & — 0, we conclude that

it is sufficient to choose ¢ such that % <1 + ﬁ) ) > (. The lemma is proved. O

Corollary 5.29. The conclusion of Lemmal[5.28 holds a.a.s. also when replacing Cry, oz Y Chioz-

Proof. This is a direct consequence of Corollary B.17 U

A smoothing of a vertex of degree 2 in a graph consists in deleting the vertex and then joining its
two neighbors by an edge. In particular, we might obtain a multigraph: if the two neighbors are already
connected by one or more edges, the number of edges between them increases by 1 after the smoothing.
A contraction of an edge in a graph consists in deleting the edge and identifying its endvertices. Remark
that smoothing of a vertex v of degree 2 is equivalent to contracting any of the edges incident with v. Let
G’ be a uniform random graph on (d})2<;<a vertices of degree (i)2<i<a, respectively.

Lemma 5.30. By sampling G', smoothing all vertices of degree 2 and deleting isolated vertices incident
to at most one loop, we generate a uniform random graph G" on (d;)s<i<a vertices of degree (i)s<i<a,
respectively.

Proof. Let (Qs,m’)ISSSj,létSd}QSjSA be the points of the matching at the origin of the configuration model
for G'. Let also (RS,t,j)1§s§i71§t§d;,SSjSA be the points of the matching at the origin of the configuration
model for the random graph G”. We present a coupling between the probability space of the matchings of
(Qs,t,j)1§s§j,1§t§d},2§j§A and of (Rs,t,j)lgsgj,lgtgdg.,3§j§A- We perform the following algorithm generating
the graphs G’ and G” at the same time.

1. Choose an arbitrary point Qg with 1 < <j,1 <t/ < d;-,?) < 7' < A (if it exists, if not, go to
point 5.) that has not been matched yet. Prepare to match the point Ry 4 ;.

2. Match Qg y j with some unmatched point @ = Qg ¢ j» among (Qs,t,j)1§s§j,1§t§d;,2§j§A-
3. If j” > 3, match Ry y j» and Rgv v j». Then, return to 1.
4. If j” = 2, then keep the point Ry y j» waiting and perform 2. with Q3_g» ¢ j» instead of Qg p ;.

5. Match all points among (Qst,j)1<s<j1<t<d’ 2<j<a that remain unmatched uniformly at random.
—v =Jyr == Ji —dJd =

O
Lemma 5.31. For every small enough &' > 0 there exists a constant ¢ > 0 such that the graph Cf,, 0. \
Al contains at most ce’?n connected components a.a.s.

Proof. By Lemma 2.9, Cy,, 4, contains a.a.s. a giant connected component which contains all but at most

logn vertices (hence at most logn 4 1 connected components). Let C7,, .. be obtained by smoothing

C! and deleting isolated vertices (that have loops attached to them) and let A”  be the subgraph

cm,max max

of Cipy max Obtained from A7 . by these operations. Now, perform the following procedure:

2
max -

1. Expose all edges going out of A
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2. For every connected component on the set of vertices in Cf,, 00 \ Afnaq, do the following: if this
component is incident to only one unexposed half-edge, expose this half-edge. Repeat this procedure
as long as such components on the set of currently exposed edges exist (but do not add them to

Al .y see Figure B for an illustration before the smoothing).

3. Delete the graph A/ .. and contract all connected components on the set of exposed edges. The
graph that remains consists of only unexposed half-edges and all vertices are of degree different from

1.

Here smoothing the graph C’émmm is done to avoid the exploration of long paths of degree 2 and to
a.a.s. ensure higher connectivity of the 2—core. Another reason is that random graphs of minimal degree
3 are a.a.s. 3—connected, which does not hold for random graphs of minimal degree 2.

Consider the set of non-isolated vertices in Cy;,, .- Since the set of unexposed half-edges is matched
according to the configuration model on a graph of minimal degree 2 and a positive proportion of vertices
of degree at least 3 (this is ensured by Observation [5.I8 by choosing ¢" small enough), Cy,, 4, contains
a.a.s. at most logn connected components, different from the giant component, by Lemma 2.9]

On the other hand, the set of isolated vertices in Cp, 4, corresponds to connected components of
exposed edges, which remain disconnected from the rest of the graph C7,, ... after deletion of A7 .. Note
that any such component of C,,, ... \ A7, is a.a.s. connected by at least 3 edges to A7, since C} . has
minimum degree 3 and by (|9], Theorem 5.1) it is a.a.s. 3—connected (note that our sequence is 2—smooth
in the terminology of [9], since lim,, o d;(n)/n = p; with d;(n) = 0 for every i > A4+ 1 and n € N and
this applies then also to the degree sequence of CV/,.).

Define C’,, to be the graph induced by E(C, )\ E(4],,.), and define C/, to be the graph

cm,max e

induced by E(Cl,, maz) \ E(Anq,). Observe that both Cj,; and Cj,; follow a configuration model. Set
£
Azth—1

Ca A—1

a.s.

are not in the connected component of A/ a.

e We saw that at most log n vertices of Cémmax

e The connected components in C’, are obtained from subdivisions of connected components in C7,.
If one such connected component contains a vertex of C, 40 \ Ajazs by 3—connectivity of C, 1o
(see [9], Theorem 5.1) it connects to A/ .. using at least 3 edges. The remaining analysis is therefore

similar to the analysis given in Subsection 5.1l In particular, we have:

— the number of such components of order more than y/logn is at most o(n);

— as before, the number of components of order at most y/logn containing a cycle is o(n) by a
first moment calculation similar to the one in Lemma for trees;

— the expected number of acyclic components of order at most v/Iogn is C1¢®n for some constant

Cy = Cy(p,A) > 0. Indeed, all components of this type are connected by at least 3 edges
to Al,,. and the number of open half-edges incident to A/, .. is at most ACae'n. Moreover,
the number of such components is concentrated around its expected value, which may be seen
once again by a second moment method applied analogously to the proof of Lemma in the

subcritical case.

On the other hand, if the connected component of C},; does not contain a vertex from Cg,, 100\ Aoz
we may obtain an A/ -chain. Summing over all possible lengths of such A/ —chains and applying
the second moment method again analogously to the proof of Lemma we obtain that there is
a constant Cy = Ca(p,A) > 0, such that the number of A/, —chains is concentrated around its
expected value, which is Coe’?n. Indeed, as above, all chains of this type are connected by exactly

two edges to A, and the number of open half-edges incident to A/, is at most ACae'n.

Thus, for every small enough &’ > 0 one may define ¢ = 2C5. This proves the lemma. O
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/
max’

non-explored throughout the construction of A

the set of explored vertices and edges in C},,.. and a number of vertices,
/

I e (these are shown as isolated in the figure).

Figure 8: The component A

Corollary 5.32. The conclusion of LemmalZ.31 holds for C}. ... instead of C. as well.

m,max

Proof. This follows directly from Corollary .17 O

Proof of Lemma 510 1f p; = 0, then Cpup = C),,, and the claim is a direct consequence of Lemma [5.28]
By Lemma [5.28 we have that for every positive constant C' there exists g > 0, such that, for every

g’ € (0,g0), the set of vertices A/ satisfies a.a.s.

e(A;na:v) C‘A;’I’L[l(ﬂ’
Gl > (14

max ’ n

Moreover, by Lemma [5.20] there exists a > 1, such that a.a.s. A4, has size at most «|A! Thus, a.a.s.

max ’ N
the density of A, satisfies

+
e(Amaz) > e(A;na:c) + (a — 1)"4;77,@96’ > « n > 14 ClAmaz|
|Amaz]l — alAy | N o N a’n

Now, up to the choice of small enough & > 0, one may choose C' arbitrarily large. The conclusion of the
first part of Lemma [5.10] is satisfied. The conclusion of the second part of Lemma [5.10] follows directly by
Lemma [5.31] O

6 Discussion

On the one hand, we showed that in sparse random graphs coming from a supercritical configuration
model the modularity is strictly larger than the trivial lower bound obtained by partitioning into connected
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components. On the other hand, for random 3—regular graphs we are more precise by quantifying the
gain over this trivial bound (which in this case is equal to 2/3). Without doubt, by adding more stages
(that is, by considering longer chains) in the analysis of the lower bound in the case of random 3—regular
graphs, one could improve the lower bound given by Theorem [I.1] by a little bit. The upper bound still
being far, we opted for not pushing this to the limit. Needless to say, it would be interesting to find the
exact value of the modularity of random 3—regular graphs, but our methods are not strong enough to
determine this value. Another point for further thought is to find an asymptotic expression for ¢*(G(n))
when @ = 0 in Theorem [[3]- it seems to us that, as it is often the case, this critical regime may be the
most complicated to describe quantitatively.
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