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Self-avoiding walk on the hypercube

Gordon Slade*

Abstract
We study the number c,(zN) of n-step self-avoiding walks on the N-dimensional hypercube, and

identify an N-dependent connective constant uy and amplitude Ay such that C%N) is O(uy;) for all n

and N, and is asymptotically Aypu? as long as n < 2PN for any fixed p < % We refer to the regime

n < 2N/? as the dilute phase. We discuss conjectures concerning different behaviours of C%N) when n

reaches and exceeds 2/V/2, corresponding to a critical window and a dense phase. In addition, we prove
that the connective constant has an asymptotic expansion to all orders in N !, with integer coeflicients,
and we compute the first five coefficients yy = N—1—-N"1—4N~2-26 N3+ O(N~*). The proofs are
based on generating function and Tauberian methods implemented via the lace expansion, for which
an introductory account is provided.

1 Introduction

The self-avoiding walk in a much studied model in combinatorics, probability theory, statistical physics,
and polymer chemistry [32,37]. Typically it has been studied on an infinite graph such as the hypercubic
lattice Z¢. More recently its critical behaviour has been analysed on finite graphs including the complete
graph [14,47] and (for weakly self-avoiding walk) a discrete torus in dimensions d > 4 [40,41,46]. Our
goal here is to investigate the critical behaviour of the self-avoiding walk on the hypercube. We analyse
its dilute phase in detail using the lace expansion, and identify the connective constant, whose reciprocal
is the critical value. We also raise open questions about its critical window and dense phase.

1.1 Self-avoiding walk on the hypercube

Let QY = Z¥ denote the N-dimensional hypercube. Thus an element z € Q" is a binary string of length
N. Addition on QY is defined coordinate-wise modulo 2. The volume of QY is V = V(N) = 2V. The
Hamming norm |z| of z € QY is the number of coordinates of 2 which are equal to 1. In particular |z| is
an integer between 0 and N.

An n-step walk on QY is a function w : {0,1,...,n} — QY with |w(i) —w(i —1)| =1 for 1 <i < n.
An n-step self-avoiding walk on QY is an n-step walk for which w(i) # w(j) for all i # j. Typically we
take w(0) = 0. Let ™) be the number of n-step self-avoiding walks on QY with w(0) = 0. For n = 0 we
set C(N) =1

o =1
For example, the 3-step walk 00000, 00100, 01100, 01000 is counted in c:(,;r)), and for any N > 1 we

have c((]N) =1, cgN) =N, cgN) =N(N-1), c:(,)N) = N(N—1)2, CiN) = N%(N —1)(N —2). Since an n-step
self-avoiding walk visits n 4+ 1 distinct vertices, C%N) =0ifn > V. Also, cgv_)l is the number of Hamilton

paths on QY which start at 0. Our aim is to study the asymptotic behaviour of C%N) for large n and N.
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The susceptibility is the generating function for the sequence cﬁ,N) (for fixed N), and thus is the

polynomial in z € C defined by

oo V-1
xn(z) = ZC%N)ZN = Z NN (1.1)
n=0 n=0

Motivated by the definition of the critical value for self-avoiding walk on a finite graph proposed in [47],
which itself was motivated by finite-graph percolation [6], given any A > 0 we define the critical value
zy = zn(A) > 0 by

xn(zn) = AV/2 = \oN/2, (1.2)

To ensure that zy is well-defined, we always assume that AV'/2 > yx(0) = 1. Then we define the
connective constant py = pun(A) to be the reciprocal of the critical value:

1
v ()

The term “constant” is used despite the dependence of iy on N and A. By definition, zy is an increasing
function of A\, and py is decreasing.

pN = pun(A) = (1.3)

1.2 Main results

Our main results are the following five theorems, Theorems 1.1-1.5. We expect that with minor additional
effort it would be possible to extend our results to more general graphs including the Hamming graph, as
in [7]. However we prefer to restrict attention to the hypercube to develop methods in a concrete setting.

1.2.1 Connective constant and number of self-avoiding walks

As a first indication that the connective constant is useful, the following theorem shows that it provides
an exponential upper bound on the number of n-step self-avoiding walks, valid for all n € N.

Theorem 1.1. There exist \og > 0 and K > 0 (depending on \o) such that for all n,N € N (with
)‘0‘/1/2 > 1)}

) < Kpn(Xo)™ (1.4)

The next theorem establishes that the connective constant truly is the exponential growth rate of the

number of n-step self-avoiding walks as long as n < VP for any fixed p € (0, %) We regard this range of

n as the regime in which the self-avoiding walk does not yet “feel” the finite volume of the hypercube. A
more detailed error estimate is given in Theorem 2.3.

Theorem 1.2. There exists \g > 0 such that with uy = pn(X) defined by (1.3) for any A € (0, \o], and
for any choice of p € (0, %), there exists €, > 0 such that

V) = Anph [1+0(n=)] (1.5)

for all n, N such that n < VP (and AV2 > 1). The sequence Ay is independent of n (but depends on A
and p). The constant in the error term depends on \ and p but not onn or N as long as n < VP.

A possibly surprising feature of (1.5) is that its left-hand side does not depend on the choice of A but
both Ax and the exponential term p’y on the right-hand side do depend on A. This is not contradictory,
as we will prove in Section 6.2 (see (6.26)) that, for 0 < X' < A1 < Ao < Ay,

pn (A1)

_ —-1/2
) ~ LoV, (1.6)




where the constant in the error term depends on X', \g. Thus the replacement of one fixed choice of X by
another in % produces a factor [1 + O(V~Y/2)|" and for n < VP with p < 3 thisis 1+ O(nV~12) and
hence can be absorbed by the error term n~ since when n < VP we have

n < 1
V1/2 = p(1-2p)/(2p)"

(1.7)

The next theorem gives another sense in which the connective constant py depends only weakly on A
and the amplitude Ay depends only weakly on A and p.

Theorem 1.3. Let A\g > 0 be sufficiently small. Let m € N, fix ¢ > 0 (independent of N but possibly
depending on m), and suppose that z obeys xn(z) € [eN™, \gV'/2]. Then there are integers a,, forn € N,
which are universal constants that do not depend on the particular choice of z, such that

z= Em:anN_" +O(N"™ ). (1.8)

n=1

The constant in the error term depends on m, A\, ¢, but does not depend otherwise on z. The first five

terms are given by
1 1 2 7 39 1
Z:N+W+W+W+W+O<W) (1.9)
For any X € (0, o], p € (0, %), and m € N, the amplitude Ayn in (1.5) has an asymptotic expansion

Ay =) a,N""+O(N"™). (1.10)

n=1

with universal integer coefficients a,, (which in particular do not depend on p,\) and with an error

depending on m, \,p. The first five terms are given by

1 4 26 231 1
o(+s)-

Av=14—-+—=4+—+— — 1.11
NEIEPN T T T v TS (1.11)
By Theorem 1.3, any choice of z for which xn(z) € [eN™, \gV'/?] has the same expansion up to
an error O(N~™71) with the error independent of the particular choice made for z. The expansion
(1.8) is valid simultaneously to all orders m if we choose an N-dependent sequence z for which xny(2)
lies eventually in all intervals [cN™, A\gV/?]. In particular, (1.8) holds simultaneously for all m when
z = zn(A\) with X € (0, A\o], with the coefficients a,, independent of A. It also holds if z is chosen, e.g., to
satisfy xn(z) = 2VN | The connective constant therefore also has an asymptotic expansion in N~! to all
orders and with integer coefficients, and in particular by taking the reciprocal of (1.9) we find that, for
any A € (0, \o],
1 4 26 1
N =N-1——— = _ *O(m>' (1.12)
The existence proof for the expansions for zy and Ay presents an algorithm for the computation of any
number of coefficients, and more terms could be computed with computer assistance as has been done for
Z% (see Section 1.5, in fact the hypercube computations appear to be substantially easier than for Z%).

1.2.2 Susceptibility and expected length

The following theorem provides upper and lower bounds on the susceptibility. As the proof will show, the
lower bound in (1.13) is a general consequence of submultiplicativity and holds on any finite or infinite
transitive graph, while the upper bound relies on the proof of a “bubble condition.”



Theorem 1.4. Fiz A € (0, \o], assume that \V'/2 > 1, and let zy = zx(\). Let = N~' + \2. For all
z € [0, zn],
1 2—z/zn
< < .
ANWA2 41— 2/2n — xw(2) < AW12 4 (1-0(8)(1 — 2/2n)

(1.13)

The expected length of a self-avoiding walk is defined as follows. The length L is the discrete random
variable with z-dependent probability mass function

PM(L=n+1) = N (1.14)

xn(2)

with fixed N and fixed z > 0, and for all nonnegative integers n. With this definition using n 4+ 1 on the
left-hand side of (1.14), L reflects the number of vertices in the walk rather than the number of steps.
The expected length is

oo

ENL=>"(n+1)PM(IL=n+1)=

z

G d.[zxn(2)]. (1.15)

n=0

The next theorem concerns the asymptotic behaviour of the expected length. The upper bound is a
consequence of submultiplicativity and holds on any finite or infinite transitive graph, while the lower
bound is a consequence of the bubble condition.

Theorem 1.5. Fiz A € (0, X, assume that \VY/2 > 1, and let zy = zy()\). Let 3 = N~' + A2, For
S [O,ZN],

[1-0(B)xn(z) EML < xn(2). (1.16)
In particular, at the critical value,
EML =AVY2[1 + 0(B)). (1.17)

1.3 Notation

We write f ~ g to mean lim f/g =1, f < g to mean f < ¢;g with ¢; > 0 and f > g to mean g < f. We
also write f < g when g < f < g. Constants in these relations are not permitted to depend on N but
may depend on the choice of A used to define zy, and also on p € (0, %) when it is part of the discussion.

1.4 Conjectured phase transition

In the hypotheses of Theorem 1.2 it is assumed that p € (0, %) At the upper limit p = %, which
Theorem 1.2 does not address, the error estimate is no longer small. We believe that this is not an
artifact of our proof but that the asymptotic behaviour does change once n reaches V1/2. The nature of
this conjectured change can be anticipated by comparison with self-avoiding walk on the complete graph,
which is exactly solvable—its susceptibility is essentially an incomplete Gamma function—and which has
been analysed recently in [47] (see also [14]). In [47], it is conjectured that the susceptibility xn(z) for
the hypercube remains of order V1/2 throughout the critical window consisting of (N-dependent) z values
such that |1 — z/zy| is of order V=2, A related conjecture for self-avoiding walk on a discrete torus of
dimension d > 4 is discussed in [41].

On the complete graph on V vertices, the number k, of n-step self-avoiding walks starting from a
fixed vertex is simply

hp = —— (1.18)



where v = V — 1. In the limit in which v — oo, and assuming for simplicity that n = o(v*/3) (so in
particular v — n — o0), it follows from Stirling’s formula that

ke = v /201 4 o(1)). (1.19)

We expect similar asymptotics to apply to the hypercube in and around the critical window, with dominant
behaviour ,u}{,e_a"Q/ V' for an), for some a > 0. This is consistent with the susceptibility remaining of
order V2 in the critical window.

By analogy with the theory of self-avoiding walk on the complete graph developed in detail in [47]
(see also [14]), we are led to the conjecture for the hypercube that the interval z € (0, 00) is divided into
three regimes. With z written as z = zy(1 + €) with € € (=1, 00), these regimes are:

e the dilute phase e < —V 12

XN =< €L N~ AnpRy for n < V2, EMNL =<',

e the critical window |e| < V—1/2:

v = V2, N =y for no< V2, EMNL < v1/2

e the dense phase € > V~1/2;

€
1+e¢

XN exponential in V, N <y for n>> V12 EMNL <V

In particular, if e = VP with p € (0, %) then the above states that ESV) L = V1P whereas if € > ¢ > 0

then it states that EEN)L = V. For the case e = =V P with p € (0, %), the above states that yy < VP <

ENL.

Theorem 1.4 proves the above behaviour for the susceptibility in the dilute phase and in the critical
window up to and including z = zx. Theorem 1.2 proves the dilute behaviour of cgN) as long as n < VP
for some p < % Theorem 1.5 proves the above behaviour for the expected length in the dilute phase and
in the critical window up to and including z = zx. It is an open problem to prove (or disprove) any of
the remaining statements.

For general graphs, the mathematical analysis of the dense phase of self-avoiding walk is not yet very
well developed. Various aspects of the dense phase are studied in [9, 17,23, 50].

For percolation on the hypercube, a related and much-studied parallel to the above picture is developed
in [2,5,8,28-31,33]. Our analysis takes inspiration in particular from the general study of the percolation
phase transition on finite graphs including the hypercube from [6], though we also rely on complex analytic

methods that were not used for percolation.

1.5 The connective constant on infinite graphs

It is something of a misnomer to refer to py as the connective “constant” since it depends on N and also
on the choice of A\. However the terminology is natural in the sense that on an infinite lattice the term
“connective constant” is used for the exponential growth rate for the number ¢, of n-step self-avoiding
walks started from a given vertex. On any transitive graph, finite or infinite, ¢, obeys ¢h1m < chcp and
by Fekete’s lemma this implies existence of the limit

p= lim /™ = inf ¢/™, (1.20)

n—00 n>0



where p of course depends on the graph. However on a finite graph, such as the hypercube, ¢, is eventually
zero so i takes the uninformative value i = 0. On an infinite lattice such as Z? or the hexagonal lattice, u is
not zero and it gives the exponential growth rate of ¢, in the sense of (1.20). There are numerical estimates
and rigorous bounds for the value of ;(Z¢) but its exact value is not known for any d > 2. Exceptionally,

for the hexagonal lattice it was predicted in [43] and proved in [18] that u(Hex) = v/2 4 v/2. Connective
constants for more general graphs are studied in [3,25,36,38,44]. Expansions for the connective constant
have been considered in other settings, e.g., two terms were computed in [44] for hyperbolic graphs. The
lace expansion (when applicable) provides a systematic method for computation of many terms.

Indeed, for Z% it is proved in [27] that the connective constant has an asymptotic expansion to all
orders in (2d)~!, with integer coefficients, and in [12] thirteen of these coefficients are computed with the
result that

dy _ 1 3 16 102 720 5533 42229
W) =2d —1— 2d  (2d)2  (2d)3  (2d)F  (2d)5  (2d4)5  (2d)7
288761 1026328 | 21070667 , 780280468 1
—20as — Taar t tapn + Fegrn +O0(mgm)- (1.21)

Equivalently, the critical value z.(Z%) = 1/u(Z%) satisfies

dy _ 1 1 2 6 27 157, 1065 , 7865 , 59665
2(2°) =5+ mar + @t @ar T @ar T @ds T ear T 2aF T (P

422421 1991163 16122 550 805887918 1
+(2d)10 + (2d)11 - (2d)12 - (2d)13 +O(—4—(2d)1 ) (122)

Also, in the asymptotic formula ¢, = Ap"[1 + O(n~¢)] for Z¢ with d > 5 proved in [26], the amplitude A
is proved in [12] to have an asymptotic expansion to all orders, with integer coefficients, and in particular

dy _ 1 4 23 178 |, 1591 | 15647 , 164766 , 1825071
AZY) =1+ s+ @ar t e Yot T @is T oo + @7 T Gdf

20875 838 240634 600 2684 759 873 26 450261 391 1
+ (2d)9 + (2d)™0 + (2d)11 + (2d)12 + 0 <W) (123)

The possibility that the above series are Borel summable is investigated but not resolved in [24].
See [49] for a sufficient condition for Borel summability. We believe that these series and also the series
for the hypercube in Theorem 1.3 have radius of convergence zero but are Borel summable; to prove any
of these statements is an open problem. Numerical results of Padé—Borel resummation [35] of the above
series for ;4(Z4) and A(Z?) are reported in [12, Table 15]. For the related question of the 1/d expansion
for the critical point for the Berlin—Kac spherical model, it is resolved affirmatively in [22] that the radius
of convergence of the expansion is zero. There is a substantial literature concerning such 1/d expansions
going back as early as 1964 where the first six coefficients of (1.21) were determined [19], and decades
later confirmed with rigorous error estimate [27]. Earlier expansions for the amplitude A(Z?) including
terms up to and including order (2d)~2 (with rigorous error estimate) and to (2d)~° (without rigorous
error estimate) were given respectively in [27] and in [21,42].

Such expansions have also been studied for other models including lattice animals [39] and percolation
[27,30,31]. In particular, a theorem analogous to Theorem 1.3 is proved for the critical value of percolation
on the hypercube and on Z¢, this time with rational rather than integer coefficients, in [30,31].

1.6 Organisation

Sections 2—7 provide the proofs of Theorems 1.1-1.5, which are organised as follows.

In Section 2.1 we state Proposition 2.1 which gives a lower bound on the reciprocal of the susceptibility
as a function of complex z in the disk |z| < zxn, where zy = zy(\) for a sufficiently small choice of A > 0.
In conjunction with the elementary Tauberian theorem stated in Lemma 2.2, this leads to a short proof



(N)

of the general upper bound on ¢, ’ stated in Theorem 1.1. In Section 2.2, a version of Theorem 1.2 with
a more accurate error estimate is stated as Theorem 2.3, and the proof of Theorem 2.3 is given subject
to Propositions 2.4-2.5. These two propositions give more refined information on the reciprocal of the
susceptibility than Proposition 2.1 but in a smaller disk |z| < zy(1—V ~P) for arbitrary but fixed p € (0, 3).
This detailed information allows for the extraction of a leading term from the susceptibility, and thereby
from its coefficients C%N), with an error that can be estimated using the Tauberian theorem. This proves
Theorems 1.1-1.2 subject to the control of the reciprocal of the susceptiblity stated in Propositions 2.1,
2.4, and 2.5, which are all proved using the lace expansion.

The lace expansion was introduced by Brydges and Spencer in 1985 to study weakly self-avoiding
walk on Z? in dimensions d > 4 [11]. Since then, it has been developed into a flexible method for the
analysis of critical behaviour in many high-dimensional settings, including self-avoiding walk, lattice trees,
lattice animals, percolation on finite and infinite graphs, oriented percolation, the contact process, and
spin systems (Ising and p? models). In Section 3, we review the lace expansion in our present context of
self-avoiding walk on the hypercube.

The convergence of the lace expansion employs some elementary estimates for simple random walk
on the hypercube which are proved in Section 4. The convergence of the lace expansion is established in
Section 5 for complex z in the disk |z| < zp, via the Fourier approach used previously for percolation
in [7] and adapted to self-avoiding walk in [45]. The zero mode of the Fourier transform plays a special
and key role, and is what forces the choice of a small A for the definition of the critical value zy = zx ().
The fact that we work on the hypercube results in a convergence proof that is strikingly simple. The
centrepiece for high-dimensional percolation is the triangle condition [1,28]; its role is played here by
the bubble condition which is established in Section 5.2. The importance of the bubble condition for
self-avoiding walk goes back at least as far as [10]. The bulk of our analysis would apply generally to
other transitive graphs for which the bubble condition holds.

Once the convergence of the lace expansion has been proved, it is short work in Section 6.3 to prove
Propositions 2.1 and 2.4, as well as the estimates for the susceptibility and expected length in Theorems 1.4
and 1.5. The proof of Proposition 2.5 makes use of the fractional derivative methodology developed in [26],
which is briefly reviewed in Section 6.4, before proving Proposition 2.5 in Section 6.5.

Finally, in Section 7 we prove the existence of the 1/N expansions for z and Ay stated in Theorem 1.3
and compute the first five coefficients. The general approach to the existence proof is related to the
approach used for Z? in [27], but improvements to that approach which were introduced in [12] are
adapted here to the hypercube to obtain a relatively simple existence proof. The computation of the
expansion coefficients follows a straightforward iterative procedure and could be extended to more terms
with further effort to enumerate lace graphs on the hypercube. For small lace graphs, enumeration on
the hypercube is not difficult to adapt from the enumerations on Z% provided in [13], and in this way we
avoid any difficult counting in the computation of the five coefficients given in Theorem 1.3.

2 Analysis of the susceptibility

In this section, we prove Theorems 1.1 and 1.2 subject to Proposition 2.1 (for Theorem 1.1) and Propo-
sitions 2.4-2.5 (for Theorem 1.2). These propositions give estimates on the susceptibility which can be

(N)

converted into estimates for ¢; ' via the Tauberian theorem in Lemma 2.2.



2.1 Upper bound: proof of Theorem 1.1
2.1.1 Use of the Tauberian theorem
The susceptibility is a polynomial, so its reciprocal

1

W& =05

(2.1)
is a meromorphic function of z € C. Since xy is a polynomial with positive coefficients, Fj has no
poles on the nonnegative real axis. We will prove the following proposition in Section 6 using the lace
expansion.

Proposition 2.1. There is a \g > 0 such that, with zx = zn(X) for any X € (0, o], and with N
sufficiently large depending on X, the function Fy obeys the bounds |Fj(z)| < 2N and |Fy(z)| > 3|1 —
z/zn| uniformly in z € C with |z| < zy. In addition, zy < 2N~

To prove Theorem 1.1, we use Proposition 2.1 in combination with the Tauberian theorem from [20,
Theorem 4] stated in the next lemma.

Lemma 2.2. Let b > 1. Suppose that the power series f(z) =Y oo anz™ obeys |f(2)| < Ki|l — z/p|™°
for all |z| < p. Then |a,| < KoK nP~1p™ with Ky depending only on b.

Proof of Theorem 1.1. By Proposition 2.1,

F\(z

o) = || <

T 1 —z/an]?

(2.2)

(N)

ni1s it follows from Lemma 2.2

holds uniformly in |z| < zy. Since the coefficient of 2™ in x/y(2) is (n+1)c
(with f = xy, p =z~ and b = 2) that there is a constant K such that

(n+ 1)655_\(_)1 < KNn*ly" (2.3)
for all n. Since Nzy < 2 by Proposition 2.1,
cglN) < KNz;,(n_l) = KNzypu < 2Kl (2.4)

which is the desired upper bound.

In the above we have assumed that N is sufficiently large, say N > Ny(\g). However, for N < Ny there
are only finitely many choices of (n, N) and we can therefore obtain (2.4) for all (n, N) (with A\V1/2 > 1)
by increasing K. O

2.1.2 Remarks on Tauberian theorems

1. Extensions of Lemma 2.2 in [15, Lemma 3.2] include the case b = 1 which instead has upper
bound p~"logn. This is the reason why x’y appears rather than yy in the above application
of Lemma 2.2 to obtain Theorem 1.1: applied directly to xy, the extension to Lemma 2.2 would
produce an unwanted logarithm in the upper bound. Lemma 2.2 is false for b < 1, a counterexample
is given in the Remark following [37, Lemma 6.3.3].

2. We have chosen to prove Theorem 1.1 using Lemma 2.2 because Lemma 2.2 is also required for
the proof of Theorem 1.2. However, for Theorem 1.1 we could instead have applied Hutchcroft’s



Tauberian theorem [34, Lemma 3.4] for submultiplicative sequences (since we do have csl]i)m <
c,(lN)c%V )), which implies that for all n > 1 and all z > w > 0 it is the case that

AN < il <XN(w)>2. (2.5)

w2n n+1

With the choices 2 = zy and w = Z52y, and with the upper bound yn(w) < 2|1 — w/zy| ™
of Proposition 2.1, the upper bound of Theorem 1.1 follows from (2.5) and without the need to
consider the derivative x’y nor to consider complex z. However the application of Lemma 2.2
cannot be replaced by [34, Lemma 3.4] in Section 2.2 because the generating function used in that
application is not for a submultiplicative sequence, and also (2.5) fails to provide sharp powers of n
for generating functions that diverge faster than linearly.

2.2 Asymptotic formula: proof of Theorem 1.2

2.2.1 Extended version of Theorem 1.2

The following theorem, whose statement is not limited to n < V? as in Theorem 1.2, implies Theorem 1.2.

Theorem 2.3. There exists Ao > 0 such that with uy = un(\) defined by (1.3) for any A € (0, Ao], with
any choice of p € (0, %) and a € (0,1), and for all n,N € N (with \VY/? > 1),

N = Ayt [1 +O(n YN+ V(2+“)p‘1))] [1+ov")". (2.6)

The sequence Ay is independent of n (but depends on A and p) and obeys Ay = 1 + O(N7'). The
constants in error terms depend on p, a and X.

Theorem 2.3 has most significance for the largest values of n which give a small error, so n < VP for
p close to 3. To understand this, consider first the factor [1 + O(V~P)]", which is bounded for n < V?
but is not close to 1 when n = VP. However when n < VP we can also apply Theorem 2.3 for any choice
of p' € (p, 3) and in this case VP = (VP)P'/P < n=P'/P and hence

[1+O0(V )" =14+0®mV")<14+0nn?/P)=1+0n"®-P/P) (2.7)
Also, given any p’ € (3,3), we can choose a = 1‘131" € (0,1) in which case VET9P'=1 = 1 Thus, (2.6)
can be simplified in this case of n < VP as (with p’ and a as above)

o) = Ay [14 07 + OO P] (<P, (28)

(N)

Therefore, as long as n < VP for some p < %, the leading asymptotic behaviour of ¢’ is Ay, and
hence py is the exponential growth rate in this regime. In this way, Theorem 2.3 implies Theorem 1.2.
We will therefore prove Theorem 2.3. It suffices to consider N large in the proof, since (2.6) holds for any
finite set of (n, N) by adjusting the constants.

2.2.2 Proof of Theorem 2.3

The proof of Theorem 2.3 also uses Lemma 2.2, but for this it is necessary to extract leading behaviour
and then apply the Tauberian theorem to bound the remainder term. This requires an extension of
Proposition 2.1 in which the linear part of Fiy is extracted with a higher-order remainder. In this section,



we reduce the proof of Theorem 2.3 to Propositions 2.4-2.5, which are proved in Section 6 using the lace
expansion. We always assume that N is large enough that A\V1/2 > 1 so that zn () is well defined.

To extract the linear term, our method gives useful results only if we restrict z to a smaller disk than
the disk |z| < zn of Proposition 2.1. Thus, for p > 0, we define (, = (,(IN, ) > 0 by

G =2v(A) (1 =V7P), (2.9)

and we will work in the disk |z| < (,. It will be necessary to restrict to p € (0, %) The linear approximation
to Fiy(2) near ¢ is the linear function

O (2) = Fn(G) + F(6p)(z = G), (2.10)
with remainder
RN(Z) = FN(Z) — (I)N(Z). (2.11)
Thus we have ) ) Ry (2)
z
z) = = + Hy(z), Hy(z) = —— N\ 2.12
We write the coefficients of the power series representations of 1/®x(z) and H(z) as
1 o0 o0
= n?"s Hn(z) =) hn2". 2.1
RPN ACED SUE (213)
Both ¢,, and h,, depend on N. By definition,
V) = p + b (2.14)

The next proposition provides what is needed for good estimates on the linear approximation @y to Fl.

Proposition 2.4. There is a Ao > 0 such that for any X € (0, o], for any p € (0 l), with ¢, =
2n(A) (1 = V7P), and with A-dependent error bounds,

G=NT+OWNT),  En(G) =V Fi(G) = N +0(1). (2.15)

The next proposition gives a bound on the remainder term Ry(z) and its derivative in the disk |z| < (,
in the complex plane.

Proposition 2.5. There is a \g > 0 such that for any X € (0, \o], any p € (0, %), any a € (0,1), any
z € C with |z| < ¢ = 2y (X)(1 — V7P), and with A-dependent error bounds,

IRy (2)] < N7H1 + NVEFap=1y1 _ 2 /¢ |H+e (2.16)
IRy (2)] < (1 4+ NVEar=ly1 _z/c |, (2.17)

An indication of deterioration for p > % can be seen from the term VZ+®P=1 in (2.16). We desire
a remainder Ry of higher order than linear, so a > 0, and when p > % the term VEoP—1 grows
exponentially in N and spoils control unless a < 0 which we do not permit.

We prove Theorem 2.3 by using the Tauberian theorem Lemma 2.2 in conjunction with Proposi-
tions 2.4-2.5. To prepare for this we have the following two corollaries of the above propositions. The

(V).

first corollary is for the leading behaviour of ¢,

10



Corollary 2.6. With zy = zn(\) for A € (0, \o], for all p € (0, %), all N sufficiently large, and alln € N,
the coefficient oy, of 2™ in 1/®n(z) obeys

on = Anpn(1+O0(VP))" (2.18)
with Ay = 1+O(N™1Y) independent of n (but dependent on p and \), and with A-dependent error bounds.

Proof. We define
an = Fn(¢) — CpFJ,\/(Cp)7 BN = _FJ/\/(Cp)a (2.19)

which are both positive for large N since then Fy((,) is negative by Proposition 2.4. By definition,
®(z) = ay — BNz, so expansion of the geometric series gives

11 3 <@>n (2] < an/Bn). (2.20)

(I)N(Z) aN "0 QN

Let Ay = 1/ay, so Ay depends on A and p. Then Ay =1+ O(N~1) by Proposition 2.4 and we have

on = A (5—N> . (2.21)
anN
By definition and by Proposition 2.4,
By ZNBN 1 b
on M ay TMNTZV ay
1 1
_ — -p
—CpFy (Gp)
This gives the desired result
_ By \" _ n —p\\n
on = AN E = Anpn(1+0(VP)) (2.23)
and the proof is complete. O
To prove Theorem 2.3, it now suffices to prove that
By = O™ (N + VEI=1))(1 4 O(V 7)), (2.24)

To do so, we will use the following corollary of Propositions 2.1 and 2.4-2.5.

Corollary 2.7. With zy = zn () for A € (0, A\o], and for all p € (0, %), all a € (0,1), and all z € C with

2] < G, (+a)pt
, | + NV @tar-
HG)| < = e (2.25)
Proof. Let |z| < (,. By definition,
b RBy(z) Ry(z)Fy(2)  ByERN(2)
G =~ Fon T En)onG)  Fy(2)on (@ (2:26)

11



To bound the denominators of (2.26) we proceed as follows. With the notation from the proof of Corol-
lary 2.6, it follows from the facts that Sn(, ~ 1 and

aN FN(Cp)
=14 —""—2>1 2.27
ooy~ TGRG) T 220
that for |z| < (, and for large N we have
1
2x(2)| = law = B2l = G| o= = | 2 311 - 2/6), (2.28)

where in the last inequality we used the geometric fact that if @ > 1 and |w| < 1 then |a — w| > |1 — w|.
Similarly, it follows from the linear lower bound on Fy from Proposition 2.1 that on the disk |z| < ¢, we
have

[Ew(2)] = 2ytlzn — 2 2 231G — 2| = 11— 2/G] (2.29)

where we used zny > (, for the second inequality and zy ~ (, for the third. Proposition 2.1 also gives
|Fy(2)] < N. Therefore, by (2.26), (2.28), (2.29), Sy < 2N, and Proposition 2.5,

[Ry(2)] | N|Rn(2)]
‘1_Z/Cp’2 fl—z/Cp‘?’
14 Ny @Gtap=1 14 Ny E+ap-1
+ )
‘1—2/@,’2_“ ‘1—2/@,’2_“
and the proof is complete. [l

[Hi(2)] <

(2.30)

We now apply Lemma 2.2 to prove Theorem 2.3. Corollary 2.7 is formulated for H’, rather than for
H, for the reason mentioned in the first remark of Section 2.1.2.

Proof of Theorem 2.3. The combination of Corollary 2.7 with Lemma 2.2 (with f = H', p = (p, b=2—a)
immediately gives

(n+ D)|hpg| = n?7071 (1 + NV @Far=h), (2.31)
With ¢, ~ N —L this implies that
|hn| <m0 V(1 NV TPy < precn(NTL gy Fertl (2.32)
It suffices now to observe that
(inG) ™" = (1= V)™, (2.33)
This proves (2.24) and therefore completes the proof. O

Thus to prove Theorem 2.3 (and thereby prove Theorem 1.2) it suffices to prove Propositions 2.4-2.5.
The proofs of Propositions 2.1, 2.4 and 2.5, as well as of Theorems 1.3-1.5, are based on the lace expansion
for self-avoiding walk, which we discuss next.

3 The lace expansion

In this section, we summarise the derivation of the lace expansion as well as its diagrammatic estimates.
More extensive treatments can be found in the original paper by Brydges and Spencer [11] or in the
books [37,45]. The setting in those references is Z? rather than the hypercube but the differences for the
derivation of the expansion and for its diagrammatic estimates in these two settings are merely superficial.
Although we do not adopt this perspective here, the lace expansion can alternatively be understood as
arising from repeated application of the inclusion-exclusion relation (see [37, Section 5.1]).

12



3.1 Fourier transform on the hypercube

The proofs of Propositions 2.1, 2.4 and 2.5 rely heavily on Fourier transformation on the hypercube.
Given a function f: QYN — C, its Fourier transform is

fRy =Y f@)=nk  (keQ), (3.1)

zeQN

where the dot product is defined by k -z = Zf\il kix; with k; and z; respectively the i™® components of
k and z. The inverse Fourier transform is

f@) =5 3 FEEDE @eaY), (32

keQN

The convolution (f * g)(x) = ZyEQN f(x —1y)g(y) obeys m = fa.
An important example is when f is the transition probability D for simple random walk, defined by

Nz =1 N
D(x) = {0 2 £ 1 (x e Q). (3.3)
Its Fourier transform is )
D(k)=1- % (k € QM). (3.4)

3.2 The recursion relation

Let ¢o(x) = b0z, and, for n > 1, let ¢, (x) denote the number of n-step self-avoiding walks that begin at

the origin and end at x € QY. The two-point function is the generating function for the sequence C%N) (x),
defined by

G.(z) = icgN) (x)2" (zeQV, ze Q). (3.5)
n=0

Since ¢, (z) = 0 for all n >V, the two-point function is a polynomial in z.

For m > 2, the lace expansion produces a function 7,, : QV — Z, which we will define below. We write
its generating function, which is not a polynomial, as I, (z) = Y, mp(x)2™. The following proposition
is a statement of the lace expansion. The detailed derivation of the formulas in Proposition 3.1 can be
found in [45, (3.14), (3.27)], following the original proof in [11]. Although these references are for Z¢, the
discussion in [45] applies verbatim to the hypercube, or indeed to any finite or infinite transitive graph
after suitable adaptation of the transition function D. Each of D, G, m,, 1, depends on N but to lighten
the notation we do not make this explicit.

Proposition 3.1. Forn > 1 and for x € QY
eV (@) = N(Dx e )(@) + D (T x 0, (@), (3.6)

and hence, for z € C such that 11, (x) converges for all x,

G.(z) =00+ 2N(D * G,)(z) + (IL, * G,) (). (3.7)

13



$1 s2 t1 83 ta t3 81 82 t1 83 to Sgt3 iy

Figure 1: Laces in £LM)[0,m] for M = 1,2,3,4, with s; = 0 and t5; = m.

Consequently,

G.(k) =14 zND(k)G. (k) + 1. (k)G (k). (3.8)

This can be rewritten as 1

Gab) = 1~ ND(k) — L (k)

Since the susceptibility is equal to yn(z) = G(0), we obtain the identity

1 1
~ Fn(2)  1- 2N —T11.(0)

xn(2) (3.10)

which is central to the proof of our main results Theorems 1.1-1.5. In order to make use of (3.9) and
(3.10), it will be necessary to obtain good estimates on II,(k). These will be achieved via diagrammatic
estimates in Section 3.5, where the convergence of 11, (z) will be studied.

3.3 Graphs and laces

The derivation of (3.6) uses the following definitions. More detailed discussion and interpretation of these
definitions can be found in [45, Section 3.3].

Definition 3.2. (i) Given an interval I = [a,b] of positive integers, an edge is a pair {s,t} of elements
of I, often written st (with s < t). A set of edges (possibly the empty set) is called a graph. Let B[a, b
denote the set of all graphs.

(ii) A graph I is connected if both a and b are endpoints of edges in I', and if in addition, for any ¢ € (a, b),
there is an edge st € I' such that s < ¢ < t. Let G[a,b] denote the set of all connected graphs on [a, b].
(iii) A lace is a minimally connected graph: a connected graph for which the removal of any edge would
result in a disconnected graph. The set of laces on [a,b] is denoted by L]a,b], and the set of laces on
[a,b] which consist of exactly M edges is denoted £M)[a,b]. Figure 1 shows laces in £M)[0,m] for
M =1,2,3,4.

The above definition of connectivity is not the usual notion of path-connectivity in graph theory.
Instead, connected graphs are those I' for which the union of open real intervals Uger(s, t) is equal to the
connected interval (a,b). This is the useful concept of connectivity for the lace expansion.

Alace L € £LM) [a, b] can be written by listing its edges as L = {s1t1,...,saptar}, with s; < ¢; for each
I. For M = 1, there is a unique lace and a = s; < t; = b. For M > 2, a graph is a lace L € £LM)[q, b] if
and only if its edge endpoints can be ordered as

a=351<82, S4+1<t <8142 (121,...,M—2), sy <ty_1<ty=5b (3.11)

14



(for M = 2 the middle inequalities are absent). Thus L divides [a,b] into 2M — 1 subintervals:

[81,82], [SQ,tl], [t1,83], [83,t2], ,[SMatM—l], [tM—latM]- (3.12)

Of these, intervals number 3, 5, ..., (2M — 3) can have zero length for M > 3, whereas all others have
length at least 1. This last fact will be important, as intervals which cannot have zero length yield good
factors for convergence of the lace expansion.

Definition 3.3. Given a connected graph I' on [a,b], the following prescription associates to I' a lace
Lr € I': The lace Lr consists of edges sit1, sato, ..., with t1,s1,t2, S2, ... determined, in that order, by

ti =max{t:at €T}, s1=aq,

tiy1 = max{t: ds < t; such that st € '}, s;41 = min{s: st;41 € T'}.

The procedure terminates when ;11 = b. Given a lace L, the set of all edges st ¢ L such that Ly = L
is denoted C(L). Edges in C(L) are said to be compatible with L.

Given a lace L and the closed intervals (3.12) it determines, any edge st with each of s,t lying in the
same one of those closed intervals is a compatible bond in C(L).
3.4 Definition of 7,,(x)

For m > 1 and z € QV, let W,,,(z) denote the set of all m-step walks w = (w(0),w(1),...,w(m)) on QN
(possibly self-intersecting), with |w(i) —w(i —1)| =1 for i =1,...,m, and with w(0) = O and w(m) = .
Given w € Wy, (), let

-1 ifw(s) =wl(t)
Ust(w) = { 0 if w(s) # w(t). (3.13)

=Y I 04U, (3.14)

WEW,, (z) 0<s<t<n

Then

since the product is equal to 1 if w is a self-avoiding walk and is equal to 0 otherwise. By expanding the

product in (3.14) we obtain
Y I Usw). (3.15)

wWEW;, (z) T'eB[0,n] stel’

In the sum over all graphs I' in (3.15), we partition according to whether:
(a) 0 does not occur in an edge in I', or  (b) 0 does occur in an edge in T'.

This gives the identity (3.6) (see [45, p. 22] for details), namely
en(®) = N(D  cno1) (@) + D (T * cnm)(2), (3.16)

with, for m > 2,

> T Usw). (3.17)

wEWm (x) T€G[0,m] stel’

Indeed, Case (a) gives rise to the first term on the right-hand side of (3.16), and Case (b) gives rise to
the second term with [0, m] the support of the connected component of I containing 0.
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Figure 2: Self-intersections required for a walk w with [] ., Usi(w) # 0, for the laces with M = 1,2,3,4 edges
depicted in Figure 1. The configuration for M = 11 is also shown. A slashed subwalk may have length zero, whereas
subwalks which are not slashed must take at least one step.

The sum over connected graphs can be reorganised by summing over laces L and over connected
graphs for which the prescription of Definition 3.3 produces L. Then a resummation of the sum over
those connected graphs leads to the formula

71-m(gj) = Z Z H Ust(w) H (1 + Us’t’(w))' (318)

WEWm (Z‘) LE;C[OJTL] stel S’t’EC(L)

More details of this resummation can be found in [45, Section 3.3] or in either of [11,37]. The formula
(3.18) is the useful formula for application of Proposition 3.1.
A refinement of (3.18) is obtained by restricting the sum in (3.18) to laces with M edges, and we

define
@)= > S JIUww) [T A+ Uer(w)). (3.19)

WEWm,(z) LeLM)[0,m] steL s't’eC(L)
(M

The minus sign has been introduced in the first product of (3.19) in order to make 7, )(x) a nonnegative
integer. The right-hand side of (3.19) is zero unless M < m (since Ug(w) = 0 if t = s + 1 and the subset
of £(M) [0, m] consisting of laces with all edges of length at least two is empty if M > m), and hence

-1

Tn(z) = Y (~)Mx0 (). (3.20)
M=1

Each term in the double sum (3.19) is either 0 or 1, with the first product in (3.19) equal to 1 if and only
if w(s) = w(t) for each edge st € L, while the second product is equal to 1 if and only if w(s’) # w(t')

for each s't’ € C(L). Thus ﬂﬁnM) () counts the m-step “lace graphs” starting at the origin and ending
at x, with the specific self-intersections that are enforced by the lace and with the specific self-avoidance
conditions enforced by the compatible edges. The required self-intersections are illustrated in Figure 2.

For M > 1, the generating function of M) () is written as

M (z) = f: M) (z)zm, (3.21)

(1)

The simplest term is 7y, (), which is zero if = # 0. Since every edge except Om is compatible with the

(1)

unique 1-edge lace L = Om, my,’ (z) is the number of m-step self-avoiding returns to the origin when = = 0.

Thus 717(,1)(0) is simply equal to Zf\il ¢m—1(ei), where here the unit vector e; represents the penultimate
vertex visited by the self-avoiding return before it takes its final step to the origin. Its generating function

is therefore
[oe)

TN (z) = G0 Y 7l ()2™ = G022N (D * G2)(0). (3.22)
m=2

For M > 2, m(nM) () counts m-step M-loop walk configurations as indicated in Figure 2. The number

of loops in a diagram is equal to the number of edges in the corresponding lace. Each of the 2M — 1
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subwalks in a diagram is self-avoiding due to the compatible edges. The compatible edges also enforce
specific mutual avoidances between subwalks, which can be neglected in upper bounds but which must be
taken into account to compute the coefficients a,, in the asymptotic expansion of Theorem 1.3 (we return
to this point in Section 7.4). The slashed lines in Figure 2 correspond to subwalks which may consist
of zero steps, but the others correspond to subwalks consisting of at least one step (recall the discussion
below (3.12)).

(M)

As an example of how to estimate II;’(z), we consider the case M = 2 in further detail. A walk

(2)

giving a contribution to 7y, (x) must travel from 0 to z, then back to 0, and then finally return to z, as
in the two-loop diagram in Figure 2. Due to the product over compatible bonds in (3.19), each of these
three subwalks must itself be self-avoiding, and x cannot equal 0. By relaxing the avoidance between the
three subwalks we obtain an upper bound

@) <Y e (@)emy () (7). (3.23)
m1+ma+mz=m

mi,mz,m3>1

We define the generating function
Hz(x) = Gz(‘r) - 50,:(: = Z CSLN) (x)zn (324)
n=1

for the sequence C%N) () with its n = 0 term omitted. The generating function for 717(3) (x) converts the

convolution in (3.23) into a product, so that (since 2 () =0 when z = 0)
1% (z) < H.(x)°. (3.25)
We can then estimate the sum over z of I (x) using
S 1) < > Ho(x)® = (H. « H2)(0) < (G- * H2)(0). (3.26)
zeQN QN

This is the M = 2 version of the inequality (3.31) that will appear below. The right-hand side of (3.26)
can be further estimated as

S T (2) < | He oo (G- * Ho)(0) < |1l Go ¢ He o (3.27)
zeQN

which is the M = 2 version of the inequality (3.37) that will appear below.

3.5 Diagrammatic estimates

We define the multiplication operator M, and the convolution operator G, by

(M f) (@) = Hx(z) f(2), (3.28)

(G:-f)(@) = (G f)(), (3.29)

for f : Q¥ — C and # € QY. For such functions f, we use the norms | f[l = max,eqn |f(z)| and
11l = [Zaeqn 1f(@) )P for p € [1, 00).

A proof of the following diagrammatic estimate can be found at [45, (4.40)]. For ) it is (3.22), since

G in (3.22) can be replaced by H, since D(0) = 0. Although presented in [45] for Z?, the proof applies

to the hypercube mutatis mutandis. Each of the 2M + 1 factors on the right-hand side of (3.31) arises
from one of the 2M + 1 lines in the M-loop diagrams depicted in Figure 2.
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Proposition 3.4. For z > 0,
M (2) = 00,02 N (D * H.)(0), (3.30)

z

and for M > 2,
My < [(G=M.)M 1 H.] (0). (3.31)

Note that estimates for z > 0 as in Proposition 3.4 also imply bounds for complex z € C via

InM) (@) < () (3.32)

||
since 72! (x) > 0. The following lemma provides a way to bound the right-hand side of (3.31). For its
elementary proof see, e.g., [45, Lemma 4.6]; the assumption there that the f; be even functions is vacuous
for QN since x = —z for all z € QV.

Lemma 3.5. Given nonnegative functions fo, fi,..., faq on QN, forj=1,...,q let Cj and M; be the
operators (C; f)(x) = (fa; * f)(x) and (M, f)(x) = faj—1(z)f(z). Then for any k € {0,...,2q},

ICMq -+~ CrMufolloo < Il ficlloo [T i * firlloos (3.33)

where the product is over disjoint consecutive pairs i’ taken from the set {0,...,2q}\{k} (e.g., for k=3
and q = 3, the product has factors with i1’ equal to 01, 24, 56 ).

Given a function f: QN — C and k € QV, we define f; : Q¥ — C by
(@) = (1= (=1)"*) f(x). (3.34)

Also, given a power series f(z) = > o anz" and a real number € > 0, we define the “fractional derivative”
o0

0 f(z) = Z nfa,z". (3.35)
n=1

For € equal to a positive integer, 05 does not give the usual derivative but gives instead (z0,)¢.

The following proposition gives norm estimates for II, for IL, j, (defined by taking f =1I, in (3.34)),
and for fractional z-derivatives of II,. Its proof is a very minor modification of the proof of [45, Theo-
rem 4.1] (which is inspired by [11]) to which we refer the interested reader for the somewhat lengthy details.
Rather than repeating those details here, we instead illustrate the ideas in the proof of (3.38)—(3.39) by
focussing on the cases M =1, 2.

Proposition 3.6. Let 2 >0, k€ QV, and e > 1. For M =1, Hill)g(x) =0 and

IOy < 2N Helloo, 1601 < N85 (2H.) oo (3.36)
For M > 2,
Ty < || Heflool| He + G|, (3.37)
ST ||y < (2M — 1) ||6SH. || oo | HL * G317 (3.38)
IO < [ M/2 )| H plloo | H + G221 (3.39)
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Proof. Since Hgl)(x) = 002N (D x H,)(0) by (3.30), it follows that Hill)g(x) = 0 as claimed, and also the
second bound of (3.36) follows from the identity

N
0TI |y = 05 [2N (D * H.)(0)] = N Y~ N7'6¢[2H.(e;)], (3.40)

i=1

where the e; are the unit vectors in Q. The first estimate of (3.36) follows similarly, with §¢ omitted.
We restrict attention now to M > 2. The bound (3.37) is a consequence of (3.31) and Lemma 3.5
(with k = 0), since the right-hand side of (3.31) is bounded by the left-hand side of (3.33) with fo = H,
and with fi,..., fo(ar—1) alternating between H, and G..
For (3.38), by definition,

s (z) = > meaM (z)2m. (3.41)
m=2

(M

In the diagrammatic representation, my, )(x) is represented by a diagram with 2M — 1 subwalks of total
length m. Let m; be the length of the i*" subwalk. By Holder’s inequality with exponents e and —5 (here
is where the restriction € > 1 is convenient),

2M—1 € 2M—1
me = (Z m; - 1) <@M -1 > ms (3.42)

i=1

To see how this can be used in the simplest example, consider the case M = 2. In this case, (3.23) and
(3.42) give

3
mer?) (x) < 371 Z Z M5 Cmy (T) Cog () g (). (3.43)
=1 mi+mae+mz=m
mi,mz,m3>1

We can bound the sum over x of the generating function of the left-hand side, term-by-term in the sum
over 7 as in (3.26), by

STy < 3>~ (65H.(x)) Ha()?. (3.44)
QN

Observe that, along with the factor 3¢, one of the H, factors in (3.26) has now been replaced by 6SH.,.
As in (3.26)—(3.27), we can continue the estimate with

ST |y < 396 Holloo > Ha(@)® < 365 H: ool Ha * Gzl oo, (3.45)
zeQN

in agreement with (3.38) for M = 2. For general M > 3, use of the inequality (3.42) leads to an upper

bound for H5§H,(ZM)H1 equal to (2M — 1)7! times a sum of 2M — 1 terms with the i*" term being the
modification of (3.31) in which the ith of the factors G,, M, H, has its function (G, or H,) replaced by
0SH, (note that 6SG, = 0SH, by definition). Consequently, with (3.33) and choosing the modified factor
as the distinguished one in (3.33), we see that

16T |y < (2M = 1|65 H [loo | H * G125~ (3.46)

as claimed.
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Finally, for (3.39), we again illustrate this for the case M = 2, as follows. By definition, and by (3.25),

P = > 1 - (~1)F® (2)

zeQN
<y ([1—(—1)’”]1&12(3;)) H.2)?= Y H.p()H.(2)%. (3.47)
zeQN zeQN

This is reminiscent of (3.44), with the difference that one factor on the right-hand side is H, y(x) rather
than dSH.(x). By using the supremum norm on that factor, we can similarly obtain an upper bound

2
I < 1 H kool  Geloo, (3.48)

which is the M = 2 case of (3.39). For general M > 3, the proof is a very small adaptation of the proof
of [45, (4.10)]. We divide the displacement z in m,,(z) as a sum =z = Ezti/[l/ 2l 2 over displacements x;

along the subwalks along the bottom of the M-loop diagram depicted in Figure 2. We use the inequality
[M/2]

L= (=D)F < > 1= (=1)F"] (3.49)
i=1

which holds if &k - z is even since the left-hand side is then zero, and holds if k - x is odd since then at least
one of the k- x; must also be odd. Use of this inequality leads to an upper bound for |]Hiﬂg) |l1 consisting of
a sum of | M /2] terms, each of which is the modification of (3.31) in which one of the factors G, M., H.,
has its function (G, or H;) replaced by H, j (note that H, ; = G by definition). With (3.33) and with
the modified factor chosen as the distinguished one in (3.33), this leads to (3.39). O

4 Random walk on the hypercube

The convergence proof for the lace expansion makes use of a comparison with simple random walk on the
hypercube. In this section, we prove the two estimates needed for that task, in Lemma 4.1.
Recall from (3.3) that D(z) = N _15@‘,1 is the transition probability for simple random walk on the

hypercube. Its Fourier transform is given in (3.4) as D(k) = 1 — % The following lemma, which is
similar to but simpler than what appears in [7, Section 2] due to our restriction to the hypercube, provides
essential estimates for the convergence proof for the lace expansion in Section 5.

Lemma 4.1. For i > 0 there is a constant ¢; such that

1 2 7 k-x —[i/2
max > Dk) (1) < NI (4.1)
keQN

Fori,j > 0 there is a constant ¢; j such that for all t € [0, 1]

i Z 7’13(]?) | - < cmN_’ﬂ. (4.2)
keQN :k+£0 [1 - tD(k)]J

Proof. By inverse Fourier transformation, the normalised sum in (4.1) is the transition probability for
simple random walk to travel from 0 to x in i steps:

D) =5 S DRy (-1) (4.3)



and hence it is nonnegative and equals zero if ¢ and |z| have different parity. It is equal to dy, for i =0
so we may assume that ¢ > 1. Closely related explicit transition probabilities are written in terms of
Krawtchouk polynomials in [16] but we can instead proceed crudely here with an elementary counting
argument. Without loss of generality we may assume by symmetry that x consists of a string of |z| 1’s
followed by (N — |z|) 0’s. There are N? possible i-step walks starting from 0. The number of those that
end at x can be bounded as follows. First we observe that the first |z| coordinates of x must flip an odd
number of times (each at least once), whereas the remaining coordinates must flip an even number of
times (possibly zero). Let ¢ be the total number of coordinates that do flip. Since the first || coordinates
flip at least once and the remaining § — |x| flip at least twice, it must be the case that |z| +2(§ — |z|) < 4,
which implies that 6 — |z| < (i — |z|). The number of ways to choose which of the N —|z| coordinates are
the § — || coordinates that flip a positive even number of times is at most (N —|z|)%~1*l < N@=12D/2 Since
the number of i-step walks that flip § specific coordinates is §°, we find that the transition probability
obeys the inequality

; 1 , : 1 .
*1 (i—|x])/2 5t : )
D)< YN 0 < i+ Vi (4.4)

When i is even the factor N~+2D/2 on the right-hand side is at most N~%2 (since |z| > 0), whereas for
i odd it is at most N~(+1/2 (since |z| must also be odd so at least 1). This completes the proof of (4.1).
Next we consider (4.2). By the Cauchy—Schwarz inequality,

1/2 1/2

1 |D(k)"| 1 R 1 1
v 2 oy c |V, 2= PPNV X aThep| o @

keQN:k#£0 keQN k40 keQN k40

The first factor on the right-hand side is at most a multiple of N~%/2 by (4.1) (applied just for z = 0), so
it suffices to prove that for any j > 1 (the case j = 0 is clear)

1 1
v 2 T
for some positive ¢;. Since D(k) € [-1,1] the left-hand side is bounded above by 27 if ¢ € [0, 1]. For the
more substantial case of ¢ € [%, 1] we have
- 2tk| _ ||
1—-tD =1- —_— > — 4.
tD(k) t+ N 2N (4.7)
and therefore in this case
1 1 1 1 1 (N 1
=N - < NI —j:Nﬂ_Z< )—j. (4.8)
V P [1 —tD(k))/ Vv P |E| V = \m/m

We divide the sum over m according to whether m < %N orm > %N . For the second case we use

N .

1 N 1 .47 .

J__ _  RR— ¥

N EN/ <m>mj SN =4 (4.9)
m=N/4
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For the first case, with X a random variable with Bin(X, %) distribution, we have

N/4 N/4

VZ( >—§NJVZ< > NIP(Xy < N/4) < NIe™N/8, (4.10)

where we used the Chernoff bound P(Xy < a) < exp[—(N — 2a)?/(2N)] for 2a < N in the last step (see,
e.g, [4]). Since the right-hand side is bounded by a j-dependent constant, the proof is complete. [l

5 Convergence of the lace expansion

In this section we prove the convergence of the lace expansion, using the strategy of [45, Section 5.2]
which itself is based on the strategy used in [7]. Like most lace expansion convergence proofs, we use a
bootstrap argument. The bootstrap argument is presented in Section 5.2. The fact that we are working
on the hypercube makes for considerable simplification and this convergence proof is simpler than that
in [7,45] (for a different kind of simplification see [48] for weakly self-avoiding walk on Z¢ for d > 4).

5.1 Preparation
We recall from (3.34) the definition

fe(x) = (1= (=1)*) f (). (5.1)
In particular, fo(z) =0 for all f. The Fourier transform of f is
@) = Y (1= (=D)")f@) (=) = f() = fk+0) (kL eQY). (5.2)

zeQN

In particular, f;(0) = f(0) — f(k), and we will use bounds on f;(¢) to control differences of this type (see
(5.32)(5.33) and (5.38)(5.39)).

For z € QY let w,(z) denote the number of n-step walks (not necessarily self-avoiding) from 0 to z.
Then wy,(z) = N"D**(x) and 1, (k) = [ND(k)]". For p € [0,1/N) we define the generating function

= an(x)p". (5.3)
n=0

The Fourier transform of C), is (recall (3.4))

) 1 1
Cy(k) = = .
v(h) 1—pND(k) 1—pN +2plkl

(5.4)

If we evaluate the above right-hand side at p = 1/N then it becomes N/(2|k|), and the zero mode (namely
the case k = 0) is divergent. This is a symptom of the recurrence of simple random walk on the hypercube.
The zero mode was excluded in (4.2) where the denominator is zero for k = 0 if ¢ = 1. The zero mode
will play an important role in the bootstrap argument and also subsequently in Section 6.
For later use, we observe that for p € [0,1/N) it follows from (5.2) with f = C), and from (5.4) that
Cpi(€) = pN[D(€) — D(k + £)]Cp(0)Cp(k + €)

[ D(R)]Cp(6)Cp(k +0)

Cp(k, 0), (5.5)

where the last equality defines C)(k, ).
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xn (1)

b 1z

Figure 3: The definition of p,, illustrated for z > 1/N.

5.2 The bootstrap argument

The following lemma is the basis for the bootstrap argument.

Lemma 5.1. Let a < b, let f be a continuous function on the interval [z1, 22|, and assume that f(z1) < a.
Suppose for each z € (z1, z2] that if f(z) < b then in fact f(z) < a. Then f(z) < a for all z € |21, z2].

Proof. By hypothesis, f(z) cannot lie in the interval (a,b] for any z € (21, 22]. Since f(z1) < a, it follows
by continuity that f(z) < a for all z € [z1, 29]. O

For z € [0,00), we define p, € [0,1/N) as in Figure 3 by
N 1 a

G.(0) = xn(z) = TN Cyp.(0). (5.6)
Equivalently, from (3.10) we see that
1 N
N =1— =1— Fy(z) =zN +11,(0). 5.7
p TR (0 (5.7

Our choice of f in Lemma 5.1 is motivated by the intuition that G (k) and C,_ (k) are comparable in size,
not just for k& = 0 where they are equal by definition but also for all k& € QY. We also anticipate that
Gz,k(ﬁ) and éphk(ﬁ) should be comparable, but it is convenient and also sufficient to compare instead
sz(f) and the upper bound C,_(k, ¢) for CA’p@k(f) from (5.5).

We will apply Lemma 5.1 with z; =0, 20 = 2y, a =2, b =4, and

f(2) = max{fi(2), fa(2), f3(2)}, (5.8)
where 6. (h) Gl0)
G,k
fi(z) =2zN,  fa(z) = o G, (k) fs(z) = Y romyaw) (,ﬁ 0 (5.9)
0

The omission of k = 0 in the definition of f3 avoids the ratio j. By definition pg = 0, and since
Go(k) = Co(k) = 1, it follows that f1(0) = 0, f2(0) = 1, f3(0) = 0 and hence f(0) = 1 < 2. The
continuity of f on [0, zx] also follows easily from the continuity of z — p, and the continuity (for fixed k)
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of G (k) and C,(k) in z and p. We will verify that the remaining and substantial bootstrap hypotheses
of Lemma 5.1 holds when zy = zx(A) is defined with a A that is sufficiently small. From this, we can
conclude that f(z) < a = 2 uniformly in z € [0, zy].

Once we conclude that f(z) < 2 we of course also know that f(z) < 4 and hence all the conclusions
of Lemmas 5.2, 5.4, 5.5 and Remark 5.3, which are initially conditional on f(z) < 4, in fact hold uncon-
ditionally. One of those conclusions, in the proof of Lemma 5.5, is that the ratio G.(k)/C,. (k) is close
to 1 without the absolute value taken in the definition of f;. In particular éz(k‘) > 0; absolute values
are included in f; since this is not obvious a priori. The upper bound éz(k‘) < 2épz (k) is an example of
what is known as an infrared bound, so named to place emphasis on its significance for k near zero (low
frequency).

We define

1 xn(2)?
ﬁz - N + V .

If we assume that z < zy with zy = zy(\) defined by some A > 0 in (1.2), then for all z € [0, zx] we
have 3, < N~=! + A2, Thus we can use 3, as a small parameter, assuming (as we will) that N~! + A2 is
indeed small by demanding that A € (0, \g] for sufficiently small Ag.

For p € [1,00), we use the norms Hf||p =[v-! > keQN |£(k)[P]*/P for the Fourier transform as well as

(5.10)

I fllp = [ZxEQN | f(2)|P]}/P for untransformed functions, so it is necessary to notice hats with norms to
distinguish between the presence or not of the volume factor. We also use || f||occ = max,cqn |f(7)[. The

bound || f||eo < ||fHl follows from (3.2). The Parseval relation asserts that || f||e = ||f||2 The convolution
(f * @) = Xyeqn [z —y)g(y) obeys |[f *gllo < [Ifll2llgll2 by the Cauchy-Schwarz inequality, and
frg=13.

Lemma 5.2. Fiz z € (0, zy] and assume that f of (5.8) obeys f(z) < K. Then there is a constant ck,
independent of z, such that

1. plloo < ex(L+ AL = D(®)],  Ha|3 < exBsy 1H:llo < exBe. (5.11)

Proof. Special attention is required for the zero mode, which is the origin of the term V~!xx(2)? in 3..
Since f3(z) < K, it follows from the definition of C(k, ¢) in (5.5) and the Cauchy—Schwarz inequality

that
1Hz klloo = 1G klloo < 1Goplli < KICp, (K, )i < K[ = D(R)]|ICy. |13 (5.12)

Now we apply the definition of p,, Lemma 4.1, and the fact that z < zx (so xn(z) < )\V1/2) to see that

A2 l Z: A 2 _ l A 2 l 1
_ () +0(1) < 2+0(1) (5.13)
= V -~ . N

This proves the first bound of (5.11).
To estimate || H,||3, we first use submultiplicativity in the form of the inequality ¢, (x) < (e1xcp_1)(z) =
N(D *c¢p—1)(z), along with f1(z) < K, to obtain

H,(x) <zN(D*G,)(x) < K(Dx*G,)(x). (5.14)
With the Parseval relation and f(z) < K, this implies that

113 < K| D+ G5 = K*| DG} < K*| DG, 3. (5.15)
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Then we estimate the right-hand side by extracting the zero mode and using Lemma 4.1 for the nonzero
k, as we did above. This gives

A 1 - 1 ﬁ(k‘)2 xn(2)? -1
IDCy. |15 = Cp.(0)* + 2 = +ONT) <O(82), (5.16)
2TV v ,;0 (1-p.ND(k)?  V
which proves the second bound of (5.11), for a suitable constant cg.
Iteration of (5.14) using G, (x) = 0o, + H,(x) gives H,(z) < KD(z)+ K*(D % D *G,)(x). Therefore,
1H:lloo < K[| Do + K*|D*C.l; < KN~' + KP(|DCy. |5, (5.17)

where we used D(z) < N~! and our assumption fa(z) < K to bound \|l§2éz\|l The norm on the
right-hand side is equal to

(@), 15 D xnG? | ov-1) < 0(4), (5.18)

4 Vk;,,gol_pleA)(k:)_ 4

where we used the inequality (4.2) of Lemma 4.1 (with ¢ = 2 and j = 1) to bound the sum in the last
line. This proves the third bound of (5.11). O

Remark 5.3. As mentioned below (5.9), once the bootstrap proof is complete, statements that follow
from the assumption f(z) < K with K = 4 in fact will then be known to hold unconditionally with
K = 2. In particular, we can conclude from (5.11) (together with the fact that H,(0) = 0 by definition)
that for any z € [0, zy| the bubble diagram

IG5 =1+ [1H3 (5.19)

is bounded above by 1+ O(8,). When z = 2y, this is a statement of a bubble condition analogous to the
triangle condition for percolation on a finite graph studied in [6].

Lemma 5.4. Fix z € (0, zy], and suppose that f of (5.8) obeys f(z) < K. Then there is a constant Cx
(independent of z) such that if X € (0, X\o] with Ao sufficiently small (independent of z) then

A

HHzHl < EKﬁza HHz,kHl < EKBz[l - D(k)] (5'20)

Proof. From Proposition 3.6 we have that Hglll(x) =0 and

IV [ < 2N Hloo (5.21)

and, for M > 2, also that
Ty < (| He[|oo | H + G2 | X7, (5.22)
IS 10 < LM /2 | He oo G| (5.23)

Since H, * G, = H, + (H, * H,) by definition, the Cauchy—Schwarz inequality and Lemma 5.2 give
[ H % Gzlloo < [Hzlloo + |1Hz * Hzlloo < [[H:|loo + HHz”% < 2ckBs. (5.24)

Since zN < K by assumption,

ITLfh < Y I < exeB.. (5.25)
M=1
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For the second bound of (5.20), we similarly use

o
Ll < D [M/2)[1He oo | He % Gl
M=2

<Y IM/2Jek (14 M)[1 = D(F)](2cx B.)M " < @xB:[1 — D(k)). (5.26)

M=2
Here we have taken )\ sufficiently small to control the geometric sum over M (and we always consider
large N). O

The next lemma completes the bootstrap argument by establishing the substantial hypothesis of
Lemma 5.1 for small Ag.

Lemma 5.5. Fiz z € (0,zy] and suppose that f(z) < 4. For A\ € (0, \o] with Ao sufficiently small
(independent of z), it is in fact the case that f(z) < 1+ B, for some ¢ > 0 independent of z.

Proof. We consider fi, f2, f3 in that order.

Bound on f1(z). For f1(z), we simply note that xn(z) > 0 and hence also

xn(z)"t=1— 2N —T1I.(0) > 0. (5.27)
Therefore, by Lemma 5.4 and the fact that any function h obeys |h(k)| < ||k for all k (including the
present case of k = 0), R
fi(z) = 2N <1 —TL(0) < 1+ &b, (5.28)
assuming Ag is sufficiently small.
Bound on fy(z). For fy, we first recall (3.9) and write

Fu(k) = GL(]C) — 1 - 2ND(k) — T (k) (5.29)

(this gives an alternate notation F(0) for the reciprocal Fy(z) of the susceptibility), so that
32 1—p.ND A A 1—p.ND(k) - F,
Gok) _1=pNDE) oy fg) = LRV D) = Fo(k),
Cp. (k) F (k) F (k)

We will show that E.(k) = O(B.), which implies that fo(z) =1+ 0(B:). By (5.7), p.N =1— E.(0) =
zN +11.(0), and thus by (3.9) the numerator of E. (k) is

(5.30)

1= pND(R) — Fo(k) = ~TL(0)D(E) + FL(k) = TL(O)[1 ~ D)) — L 4(0). (531)
We can now use our bound on I, (0) = IT,(0) — ﬂz(kz) Indeed, by (5.20) (again with |A(k)| < [|A]1)
R 1-D(k)
L, P . 5.32
() < 2002 (5:32)

For z < &, we can use the crude bound ¢ < N™ to see that G (k)| < xn(2) < C.(0) < 2 and hence
that |E, (k)| < 8248.. For 53 <z < 2n, we use

IFZ( )| = [E:(0) + [ (k) — £2(0)]

= |F,(0) + N1 — D(k)] + T1, 4(0)]
> F.(0) + 51— D)~ esfell — D(E)
ziu—bw» (5.33)
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Therefore | E. (k)| < 16245, (for small \o), and we have proved that fa(z) = 1 + O(8.).

Bound on f3(z). Although we only need a bound for k # 0, the following applies in fact for all k& € Q.
We write

§:(k) = zND(k) + I1,(k), (5.34)
so that A )
G.(k) = = 5.00)" (5.35)
By (5.2), for all k,¢ € QV,
<|GONG.(k+ 0] Y 1= (=1)"]|g: ()], (5.36)
zeQN
where
g:(xr) = zND(z) + I1,(x) (5.37)

is the inverse Fourier transform of g, (k) (recall (3.2)). Since f2(2) < 1+ O(B.), we can bound each factor
of |G| by [1+0(5,)|Cp,. With fi(z) = 2N <14+ 0(fB;), and with the definition of the Fourier transform
in (3.1), we obtain

Y- EDMga@) < Y0 - ()N D(2) + [ILa(x)]]

zeQN zeQN

<A+O0B)NL-DHR)]+ Y [ (-1)*IL(2)]. (5.38)

zeQN

In the last term the absolute values inside the sum prevent a direct application of (5.20), but the proof
of (5.20) bounds the sum over M absolutely, so (5.20) also holds for the above sum and we see that

> = (=1)"|ga(2)] < [1+ OB — D(K)). (5.39)

zeQN

Together, for all k,¢ € QY these bounds give
Gk < [L+O0(B)]1L = DR)C,. (OCy. (k +6) = [1+ O(B:)]|Cp. (k. 0) (5.40)

which implies that f3(z) < 1+ O(5,).
This completes the proof that f(z) < 1+ O(5.). O

6 Consequences of lace expansion convergence

In this section, we first prove Theorems 1.4 and 1.5, which follow from a well-known differential inequality
together with the bubble condition discussed in Remark 5.3. We also complete the proofs of Theorems 1.1
and 1.2 by proving Propositions 2.1, 2.4 and 2.5 which we have seen in Section 2 imply Theorems 1.1
and 1.2. The proofs of Propositions 2.4 and 2.5 make use of fractional derivatives. Once this has been
accomplished only Theorem 1.3 remains; its proof is given in Section 7.

Note that Fy(z) which was natural notation in Section 2 is identical to F,(0) which is natural in
the context of the lace expansion where we also used the Fourier transform F (k) (recall (5.29)). In this
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section, we favour the notation Fix(z) since the Fourier transform reappears only within the proof of
Lemma 6.5.

Our concern is with small positive values of the parameter A used to define zy = 25 () by xn(zn) =
AV1/2. By definition of £, in (5.10), we see that for z € [0, zy] we have

B. < N7L4 a2 (6.1)

We take A € (0, \g] where A\g will be chosen to be sufficiently small.

6.1 Proof of Theorems 1.4 and 1.5

To prove Theorems 1.4 and 1.5, we recall a differential inequality from [10] which we state here as
in [45, Theorem 2.3] (or [37, Lemma 1.5.2]), namely

S X9 < 2 ()] € ()

(6.2)

where
B(z) = |G- |3 (6.3)

is the bubble diagram introduced in Remark 5.3. The upper bound is a very elementary consequence of
submultiplicativity, as we discuss below (6.11). Both inequalities in (6.2) hold on any finite or infinite
transitive graph, but for the lower bound to be useful it is necessary to have control of the bubble diagram.

Proof of Theorem 1.5. Let z € [0,zn]. By (6.2), the definition (1.15) of the expected length, and the
monotonicity of the bubble diagram,

———xn(z) SEML < xn(2). (6.4)

This gives the upper bound claimed in (1.16), and the lower bound follows from the fact that ||G., |3 =
1+ ||H:yll3 =14 O(B.y) (see Remark 5.3). O

Proof of Theorem 1.4. The inequality (6.2) can equivalently be written in terms of the reciprocal Fi of
XN as

1
B Fn(z) < —20,Fn(z) <1— Fn(2). (6.5)
Integration of the upper bound over the interval [z, w] with w > z > 0 leads to
1— Fy(w) w
1 ) <1 — 6.6
Og(l—FN(z)>_Og<z)’ (6:6)

which rearranges to the general lower bound

1
xn(2) 2 xN(w)lz/w+1—z/w (6.7)

The choice w = zp, together with replacement of z/w by 1 for the first ratio in the denominator to give
a further lower bound, proves the lower bound of (1.13).
For the lower bound of (6.5), for z € [2/, 2] we observe that

- ZNazFN(Z) 2 - FN(Z/) (68)

B(zn)

28



and integrate to obtain

1
N > (- / _ ). ‘
an(Ex() = Fx(aw)) 2 (g — (&) G = 2) (6.9)
After replacement of 2z’ by z, this rearranges to
(2zy — 2)Fn(2) > znFn(2n) + (zn — 2) (6.10)
B(ZN)
which is equivalent to the upper bound on yy of (1.13) since B(zy) =1+ O(B,, )- O

6.2 First derivative of II

Next, we prove a bound on the z-derivative azf[z(k:) For the proof of Proposition 2.5 we will also consider
fractional derivatives in Section 6.5.
We begin with the observation that for any z > 0 and j € N,

A H () <Y HY +G,)(x). (6.11)

A proof can be found in [37, Lemma 6.2.8] and we illustrate the idea for j = 1 as follows (we will only
use j = 1,2). For j =1,

20,H,(x) = chgN) (x)2" = Z chN) ()" < Z Z(CEN) * cfﬁ)i)(x)ziz”_i, (6.12)
n=1 n=1i=1 n=1i=1

since C%N) (x) < (cl(.N) * cgi)l)(a:) follows by relaxing the self-avoidance constraint between the first ¢ and

last n — i steps. After interchange of sums, the right-hand side rearranges to (H, * G,)(x). This is in fact
the essential step in the proof of the upper bound of (6.2).

Lemma 6.1. There is a A\g > 0 such that for any X € (0, X\o], and for all z € C with |z| < zy and for all
keQV,

011, (k)| < NBj - (6.13)

Proof. As in (3.32), it suffices to prove that there is a constant ¢ such that, for all real z € [0, zy],
(o @]
> o.My < eNB.. (6.14)
M=1

Since 8! = 20,, it follows from Proposition 3.6 with € = 1 that for 2 > 0 and M =1,
1011 |1 < NJ|0-(2H.) || oo (6.15)
and for z > 0 and M > 2,

HazHgM)Hl < (2M = 1)]|0- H oo || H * GZH£_1
< (2M —1)||0, H., |00 (2¢23.) ML (6.16)

where we used the bound | H, * G;||c < 2¢23, from (5.24) (with K = 2) for the last inequality.
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By (6.11) and Lemma 5.2,
0,(zH,(x)) = Hy(z) + 20,H,(x) < Hy(z) + (H, * G,)(z) < B, (6.17)

and with (6.16) this gives an O(N ;) bound for the M =1 term in (6.14).

For M > 2, a slight manoeuvre is needed to deal with small z due to the fact that we desire a bound
on 0. H. whereas (6.11) provides a bound on 28, H.. Suppose that z € [0, 7]. In this case, as in (5.14) we
use H,(z) < zN(D *C,)(x). This inequality in fact holds term-by-term as power series, so it is preserved
upon differentiation and

0.H,(x) < N(D =« C,)(x) + 2N0,(D * C,)(z). (6.18)

Since O, () = 6y + 2N(D x C.)(x), and since C, (k) < C,(0) < 2 for z < %> the first term on the above
right-hand side obeys

N(D % C,)(z) < N(D(x) 4 ZN(D* D * oz)(x))
<1+ %N\|l§(k)2éz(k)||i <1+ N||D(k)?||; < NB-, (6.19)

since the norm on the right-hand side is of order N~! by Lemma 4.1. Similarly, with (5.4) we see that

. ND(k)*(=1)k= N N
ZNO,(D  C,)(z) = NV%ZQ:N[ . NDW)P <3 TN NTI NG, (6.20)

where we separated the k = 0 term and used Lemma 4.1 to bound the sum over nonzero k. On the other
hand, for z € 5%, zn] it follows from (6.17) that

0.H,(x) <2Nz0,H,(x) < Nf,. (6.21)

Thus, using the above bound NS, for the M = 1 term, together with the above considerations to bound
|0.H|loo by NS, when M > 2, altogether we find from (6.16) that

Z 0TI ||y < NB. + N3, Z M (2¢,8.)M 71 < NB., (6.22)

M=2

where we used small \g to bound the last sum. O

We can now easily prove (1.6), as follows. As a first and elementary observation, since the generating
function for self-avoiding walks is smaller than the generating function for all walks, we have xn(z) <
C.(0) = (1—2zN)~!for z < %, and hence 2y is larger than the value p,,, = N~!(1— A1V =1/2) for which
(1 = poy N)~' = AV/2 (recall Figure 3). This shows that zy > %N‘l (we take V' large depending on \)

and therefore 3
ZN_l <zy <2N7! (6.23)

since we have seen in Lemma 5.5 that 2y N < 2.
Since Fn(zn(\)) = A"V 12 the chain rule and the formula for Fy(z) in (3.10) give

1 1 1 1
SN = — Y2 - v 6.24
i W3V M G s T IO (024
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The first fraction on the right-hand side is at most 2N~ (for small \g) by Lemma 6.1, so for X < \; <
A2 < AO)

A2 V—1/2 A2 1 V—1/2 Ao — N\
/
— = — = 2
and hence, as claimed in (1.6),
~1/2
ZN()\Q) 1 V / )\2 — Al AQ — )\1 V_l/z. (626)

—1< <
ZN()\l) NZN()\l) )\1)\2 )\1)\2

In the last step, we used the lower bound of (6.23). As usual, the constant in (6.26) deteriorates as A1, Ao

decrease, so depends on \.

6.3 Proofs of Propositions 2.1 and 2.4

We are now in a position to prove Propositions 2.1 and 2.4. The following proposition concerns the
susceptibility in the complex plane.

Proposition 6.2. There is a A\g > 0 such that for any A € (0, \o], and for any wy € C with lwy| < zn
and limpy_ o0 Vl/z\l —wn/zn| = oo,

1

XN (wn)| = T —wn/on] (6.27)
In addition, for z € C with |z| < zn, if N is large then
2
Ixn (2)] < Tl (6.28)
Proof. Let |z| < zn. By the Fundamental Theorem of Calculus and (3.10),
Fn(2) = Fn(an) + 2vN(1 — 2/2x) + /ZN A1, (0) dw, (6.29)

with the integral along the line segment joining z to zy. By Lemma 6.1, the integral on the right-hand
side is O[N B,y |2n — 2]] = O[(N~! + A?)|1 — z/zy]], since zy < 2N L. This gives

Fn(z) = X"WY2 4 2y N(1 — 2/2n) + O[(NT + X2)|1 — z/2n]. (6.30)

Since zyN > %, the last term is comparable to the middle term but with much smaller prefactor. When

we set z = wy with the assumption that limy_ o Vl/z\l — wn/zn| = 00, the term A"V =1/2 becomes
negligible and (6.27) follows.
Also, it follows from (6.30) that, with € = (zy NAV/2)~1,
|Fn(2)| > ZNN|6 +1-— z/zN| - O[(N_1 + /\2)|1 —z/zN]]
> 2NNl —z/zn| — O[(NT' 4+ A1 — z/2n]], (6.31)

with the first inequality a consequence of the triangle inequality and the second due to the geometric fact
that any point z/zx in the unit disk is closer to 1 than it is to 1 + €. Since zyN > %, this gives (6.28)
and completes the proof. [l

The proofs of Propositions 2.1 and 2.4 now follow easily.
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Proof of Proposition 2.1. This is an immediate consequence of (6.23) (for the bound Nzy < 2), of (6.28)
(for the lower bound on |Fy(z)| in the disk |2] < zy), and of the fact that Fj(z) = —N — 9.11.,(0)
together with Lemma 6.1 which implies that |9,11.(0)| < NB., < 1+ NA? uniformly in |z| < zy (for the
bound |F}(z)| < 2N). O

Proof of Proposition 2.4. Let p € (0, %) and recall that ¢, = zy(1 — V~P). Proposition 2.4 asserts that
G=NT+ONT],  Fn(G) =V Fy(G)=—-N+0(). (6.32)

For the second of these three statements, we first observe that by definition V/ 21-¢/an) = |
oo. It then follows from (6.27) that

xn (Gp) < VP, (6.33)

which is equivalent to the desired relation Fy((,) < V~P. By the definition of 5, in (5.10), this also
implies that

Be, <V* 14+ NT<NL (6.34)
By (3.10) )
Xn ()™ =1 = N¢, — T, (0), (6.35)
so by Lemma 5.4, (6.33) and (6.34),
G = N1 =TI, (0) = xn(¢) ™' = N7'[L+ O(N 7)), (6.36)
which proves the first statement of (6.32). Finally, since
Fy(Gp) = =N = 0:1L(0)| _ , (6.37)
the third statement of (6.32) follows from Lemma 6.1 and (6.34). O

6.4 Fractional derivatives

The proof of Proposition 2.5 uses the fractional derivative methods introduced in [26] (see also [37,
Section 6.3]), and we begin with a summary of what is needed from that theory.

The fractional derivative 6¢f(z) = > 2| na, 2" defined in (3.35) converges absolutely at least strictly
within the circle of convergence of f(z). For p > 0 and for j = 1,2 we define

AP (p) = Y nlanlp™ (6.38)
n=j

The following lemma provides an error estimate analogous to the error estimate in Taylor’s theorem. It is
a restatement of [37, Lemma 6.3.2], apart from the replacement of Age) (p) in [37, Lemma 6.3.2] by Age) (p)
in (6.40). The replacement is justified since the terms ag + a1z in f(z) cancel on the left-hand side of
(6.40) and hence we can assume ag = a1 = 0 there.

Lemma 6.3. Let ¢ € (0,1), f(2) = >.p panz", and p > 0. If Age)(p) < 0o (so in particular f(z)
converges for |z| < p), then for any z € C with |z| < p,

1£(2) = F(p)| < 2= A (o)1 = 2/p]" (6.39)

If AéHe) (p) < 0o (so in particular f'(z) =Y o0 na,z""t converges for |z| < p), then for any z € C with
2l < p

1—e
1) = (o) = £ ()= = )l < T2 A5 (oI = 2/l (6.40)
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For € € (0,1), the following elementary lemma provides an integral formula for §$f in terms of f.
The statement and proof of the lemma involve the Gamma function I'(z) = [;° t*= et dt.

Lemma 6.4. Let f(z) = > o2 a,2z" have radius of convergence at least p. Let ¢ € (0,1) and v, =
1/T(1 —¢€). For any z € [0,p) (and also for z = p if an, > 0 for all n),

0 f(2) = ez /000 fl(ze ™ He e dt. (6.41)

Proof. 1t is proved in [37, Lemma 6.3.1] that
5 f(z) = C. 2 /0 " e N9 A 079 gy (6.42)
with C. = [(1 — €)I'(1 — €)]~*. We make the change of variables ¢t = \'/(1=9) to obtain (6.41). O

6.5 Fractional derivatives of II: proof of Proposition 2.5

We now prove Proposition 2.5. The proof is based on an estimate for the (1 + a)™ derivative of IL. at
%z = (p. This in turn requires a fractional-derivative bound on H, and we begin with the crucial lemma
that provides this bound. The proof of Lemma 6.5 requires delicate attention to the zero mode. Constants
in estimates are permitted to depend on p and a as well as on A.

Lemma 6.5. There is a Ao > 0 such that for any X € (0, \o], and for any p € (0, %) and a € (0,1),

N[[62 o=, (2H.)|loo < N7 4 VTP (6.43)
[63F =g, Helloo < N1 4 VEFalP=L, (6.44)

Proof. The values of p € (0, %) and a € (0,1) are fixed throughout the proof. To simplify the notation,
we will write simply H, in place of H,(z); all upper bounds are uniform in = € Q¥. Also, all derivatives
0, and d, are with respect to z. Since we need to evaluate these derivatives at both ¢, and at (e, to
lighten the notation we write d, and d¢, for derivatives evaluated at ¢, and we introduce 7; = ¢pe~ ! and
similarly write 0, and 6y, .

For (6.43) we use the general fact that 6114 f(z) = 69[20. f(2)] and then (6.41) to see that

52.:'“(sz) = 6¢,[20-(zH)] = %Cp/o O [20;(2H)]e "t dt. (6.45)
The derivative on the right-hand side satisfies
0.[20.(zH,)| = H, + 320.H, + z28§HZ

= cgN) (x)z + 3C§N) (x)z + 22 Z(l +3n +n(n— 1)) (x)272, (6.46)

n=2
and hence since cgN) (z) < 1, and since n; < (, ~ N~1 by (6.32),
On[20.(2H.)] < N~' + N 7207 H... (6.47)

Therefore, by (6.45) and again using ¢, < N ~1, we have the preliminary estimate

o0
NoLF(zH,) < N7 4 N2 / 02 H. 't dt. (6.48)
0
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For (6.44), and for z < (, < N71, as above and with (6.21) we have
0.(20,H,) = O, H, + 20°H, < 1+ 20°H, < 1+ N '9?H._, (6.49)
so again (with ¢, < N~!) we find that
S| g, = 0 (20.H.) = 7y /0 0, (0. H.)e o dt
<N+ N2 /0 h 02 H, e~ dt. (6.50)
To complete the proof of (6.43)—(6.44), it therefore suffices to prove that
/0 - 02 Hoe™'t™"dt < N + N2>V rar-1, (6.51)

We consider small ¢ and large ¢ separately. The delicate part is small ¢.

For z < ﬁ, we first observe that since the number of n-step self-avoiding walks is bounded above
by the number of n-step simple random walks, we have 92H,(x) < 92C,(x). We rewrite C,(x) using the
inverse Fourier transform (3.2) in conjunction with the formula for C, (k) in (5.4), and thereby obtain

O*H. () < °C.(x) = 02— >y GV
regy L —#ND(k)
2 D(k*(=1)** _ 2N? D(k)*
= keZQ;N (1 —zND(k))3 SV kEZQ;N 1—1p <N, (6.52)

where we used zN|D(k)| < zN < 3 in the penultimate step and used (4.1) (with « = 0) in the last step.
Thus in (6.51) the integral over ¢ such that n < ﬁ is bounded by N as required. Such ¢ include those
for which e7t < % since N(, < 2. It therefore suffices to prove that

log 4
/ OLH.t™*dt < N + N2y ror-1, (6.53)
0

where we have neglected a now unimportant exponential factor in the integrand using e~ < 1.
The derivative in the integrand of (6.53) can be bounded using (6.11), with the result that

log 4 log 4
/0 thHz(a:) t~%dt < /0 (Cpe_t)_2(Hm « Hy, + Gp,)(z)t™*dt

log 4
< N? / (H,, * Hy, % Gy,) ()t~ dt. (6.54)
0
Now we use || flc < Hle to see that
1 . .
(Hy, * Hy, % Gy, )(7) < v Z H,, (K)Gy (k). (6.55)
keQ¥N

Recall from (5.29) that we write F, (k) = 1/G. (k). As in (5.34), we define g.(k) by

& A 1 zNﬁ(k)"i'ﬁz(k) _ gz(k) A A
HL(R) = Galh) = 1 = =22 = 0 = (0GB (6.56)
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For z < (p, since zN < 1 and |IL, (k)| < Be, < N7t (recall (6.34)),

9.(k)? < D(k)* + 11, (k)? < D(k)* + N2, (6.57)
We know from the bootstrap proof in Section 5.2 that fo(z) < 2 for all z < zy, so
. . 2
G.(k) <2C), (k) = —————. 6.58
() 2050 = ;=5 (6:53)
The sum over nonzero k in (6.55) is therefore at most
1 D(k)? 1 N2
—ng <VZ1 ND(k 3+VZ1 ND(k))3
k0 k0 [1— Py, (k)] k0 [ — P, (k)]
<N '4NZ<N (6.59)

where we used Lemma 4.1 for the second line. When we insert this into the right-hand side of (6.54) the
result is N*1 which is consistent with (6.53).
It remains to consider the zero mode. The k = 0 term in the sum in (6.55) is

1

i O ()® < 55 (1 N72) xv ), (6.60)

Vv

so it now suffices to prove that
log 4
/ Xn ()t dt < vEeter, (6.61)
0
By (6.28) and the fact that 17, = zy(1 — V™P)e~t by definition, for ¢t < log 4 we have

() < 2 2 y 1
e 1—m/zn T Vpet +1—et VP4t

(6.62)

It follows that (with the change of variables ¢t = sV P)

log 4 3 d log 4 1 d 1 0o 1 d (2+a)p
=@ —adqt - —a ap, .
/0 XN (1) t =< /0 T T t)gt < e /0 I |4 (6.63)

This completes the proof. [l

Corollary 6.6. There is a N\g > 0 such that for any A € (0, \o], and for any p € (0, %) and a € (0,1),
Z logrem™ |y < N~ 4 v Erar-L, (6.64)

Proof. 1t was shown in Proposition 3.6 that for z > 0 and € > 1 we have

165D [l < N6 (2Hz) oo (6.65)

and for M > 2,
16T ||y < (2M = 1) (|65 H. oo || H # G2 (6.66)

Also, by (5.24),
”HZ * GzHoo < 2¢k .. (667)
Then the desired result follows by using Lemma 6.5 to estimate the fractional derivatives of H,, with
small \g used to control the sum over M. [l
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We are now ready to prove Proposition 2.5 which we restate here for convenience as Proposition 6.7.
Recall that by definition
Fy(z) = ®n(2) + Ry (2) (6.68)

where ®x(z) is the linear function

O (z) = Fn(Gp) + Fn(Gp)(z = ). (6.69)

Proposition 6.7. There is a A\g > 0 such that for any X € (0, \o], and for any p € (0, %), any a € (0,1),
and any z € C with |z| < ¢,

|Rn(2)] < (N1 4 vEFaP=1y _ 2/ |tHa) (6.70)
IR (2)] < (1 4+ NVEar=lyg _5/c |a. (6.71)

Proof. For (6.70) we apply the fractional Taylor error estimate (6.40) to

A

f(z) =Fn(2) =1—2zN —11,(0) (6.72)

with € = a and p = (. The linear part 1 — zN on the right-hand side does not contribute to AgHa)(Cp)
defined by (6.38), which therefore only involves ﬂCp (0) and according to Corollary 6.6 is bounded by
N~ 4+ VZ+ap=1 Thys the claimed bound on Ry (z) follows from (6.40).

For (6.71), we first use the definition of Ry (z) to see that

Rly(2) = F(2) — Fy(Gp) = 0, 11.(0) — 0.11.(0). (6.73)
Since -
QAL (0) =D (m+1) Y mmpa(z)2™, (6.74)
m=1 zeQN

by (6.39) it suffices to have the upper bound

o0 [e.e]
S mtm Dt G < N 3 4 DM 1 < 1 NVEERL (675)
m=1 m=1
which follows from Corollary 6.6. This completes the proof. O

7 1/N expansion: proof of Theorem 1.3

In this section we prove Theorem 1.3, which in particular states that for m > 1 and ¢ > 0 (independent
of N but possibly depending on m), and for any z such that xn(z) € [cN™, AoV /?], there are integers
an, which are universal constants that are independent of the particular choice of z, such that

z= Z anN~" + O(N—™ 1) as N — oo. (7.1)

n=1

As usual, \g is assumed to be sufficiently small. The constant in the error term depends on m, Ag, ¢, but
does not depend otherwise on z. Theorem 1.3 also includes a similar statement concerning an asymptotic
expansion for the amplitude Ay, and identifies the first five coefficients in each expansion.

36



7.1 Independence of z
We first establish the independence of z for the coefficients a,, assuming they exist.

Proposition 7.1. Let ¢ > 0, and let \g > 0 be sufficiently small. Let m > 1. If z obeys (7.1) for some z
such that xy(z) € [eN™, \gV/?], then (7.1) is valid for every such z.

Proof. Let 2’ and zy be the solutions to xn(z') = ¢N™ and xn(zny) = AoV2. For large N, 2/ < zy. It
suffices to prove that

2y — 2 <O(NT™h). (7.2)
By (6.28),
) 2 2
_ < - = _ - .
1-2"/2y < Yn(z)  eN™ (7.3)

and therefore, since zy < 2N~! by (6.23),

2 4
/
ZN — 2 SZNCN’” < NI (7.4)
This completes the proof. O
7.2 Lace expansion estimates
To simplify the notation, for £ > 2 and M > 1 we define
M M
ﬂ]g ) = Z 771,(C )(a:) (7.5)

zeQN

Thus F](CM) counts the number of k-step M-loop lace graphs depicted in Figure 2, with no restriction to
end at a specific vertex x and with the mutual avoidance of subwalks dictated by the compatible edges
in (3.19).

The following proposition prepares two estimates for the proof of Theorem 1.3. Its first inequality
will be used to see that we can neglect large M in the computation of the asymptotic expansions of
Theorem 1.3 to a certain order, and the second says that for small M we can neglect large k.

Proposition 7.2. Let Ao > 0 be sufficiently small and let p € (0,1) and ¢, = zx(Xo)(1 =V P). For each
Jj =1 there is a constant Cj, independent of N, such that

STN ket < oyN (7.6)
k=2 M=j

For each j > 2 and M > 1, there is a constant Cyy,;, independent of N, such that

Z kﬂ'](gM)C;]; < CM,]'N_UQ]- (7.7)
k=

Proof. The inequality (7.6) follows from the proof of Lemma 6.1, together with the facts that here we

have an extra factor {, < N~! compared to 8ZH,(ZM) and that 8, < N ~1 by (6.34). Indeed, the inequality

(6.22) is a term-by-term bound which gives

0TI | < NB. M (2¢283.)M ", (7.8)
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and hence (with j-dependent constants)
0o o0 " 00 ._ »
ST kR = Glon < G < N (7.9)
k=2 M=j M=j

It remains to prove (7.7). Constants are permitted to depend on M and j in the rest of the proof.
For (7.7), we first obtain preliminary estimates using Lemma 4.1. The bound on the random walk
transition probability from (4.1) asserts that for any integer ¢ > 0 we have

| D*||oo < ;NTT/21, (7.10)

To avoic} a notatior}al clash, we temporarily write the value p, defined by (5.7) as ¢,. Then, by using the
bound G¢, (k) < 2Cy (k) obtained from the bootstrap estimate f>(z) <2 (recall (5.9)), we see that

1D'Ge, 12 < 4I1D°Cy |12 (7.11)

By extracting the zero mode, we can conclude from the fact that CQ<p (0) = xn(¢p), together with (6.33)
and the second bound of Lemma 4.1 that, for any integer 7 > 0,

B 21
X (6)? + 2 Z D(k) D (7.12)

DG, |2 <

<|w

Consider first the case M =1 of (7.7). Recall that Hgl)(:n) is nonzero only for x = 0, in which case it
is the generating function for self-avoiding returns to the origin. We are interested in returns that take
k > j steps, and the factor k£ in (7.7) counts the number of ways to label the distinct k vertices of the
walk forming the return. By relaxing the avoidance constraint for the first j steps, and also the avoidance
between the remaining two parts of the walk separated by the labelled vertex (in the worst case that it
is not among the first j steps) then we see that

S krMck < (G ND)Y  Ge, * G, )(0). (7.13)

One contribution to the right-hand side arises from the zero-step walks in each factor of G¢,, and in other
contributions there is at least one step from those factors, so (as in (5.14))

o0

Z < (GND)Y(0) + (GND)UHY x G, + G, )(0). (7.14)
k=

By (7.10) and the fact that (,N < 1, the first term is of order N~[9/2. Via the inverse Fourier transform
and the Cauchy—Schwarz inequality, by (7.12) the second term is at most

(GN)Y YD 5 G % Ge, lloo < |1DTTGe |15]|Ge, [l < N~UHD/2 < N=T3/21, (7.15)

and this proves (7.7) for the case M = 1.
For M > 2, by (6.16) and (6.11) we have

ST krMk = (120,000 |y < (2M — 1)) 20, H || oo Hs * G|

< (2M — )| H., * G.[|5. (7.16)
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The effect of the restriction k£ > j on this bound is to require that the factors | H, * G|« become modified
to ensure that at least j steps are taken in total, so there is a restriction that the i*" factor must take at
least j; steps with ji +---jas > j. As in the case M = 1, with this restriction the i*" factor of I|H, * G|
can be replaced via an upper bound by [|[D*i x G, * G.||s. Then, as in (7.14)—(7.15), we find that the
unrestricted upper bound is replaced by

S kaMck < Oy N < 0y NI/ (7.17)
k=j

This completes the proof. [l

7.3 Asymptotic expansion to all orders

We now prove the part of Theorem 1.3 concerning existence of the asymptotic expansions for uy and Ay
to all orders with integer coefficients. The numerical computation of coefficients is deferred to Section 7.4.

Theorem 7.3. Let \g > 0 be sufficiently small. Let m € N, fix ¢ > 0 (independent of N but possibly
depending on m), and suppose that z obeys xn(z) € [cN™, )\OVI/Q]. Then there are integers a, forn € N,
which are universal constants that do not depend on the particular choice of z, such that

z= i an N+ O(N"™1). (7.18)

n=1

The constant in the error term depends on m, \g, ¢, but does not depend otherwise on z. The same is true
for the amplitude Ay .

Proof. We first consider the expansion for z. Fix p € (0, %) By Proposition 7.1, since xn((p) =< V?

by Proposition 2.4, it suffices to prove that (, has an asymptotic expansion to all orders with integer
coefficients. By (3.10) we have
NG =1-1I,(0) + O(V7P). (7.19)

The last term on the right-hand side is negligible compared to any fixed inverse power of N so it plays
no role.

We follow the basic approach of [27] but incorporate the significant simplifications used in [12]. To
lighten the notation we write s = N~!. We will prove by induction on m > 1 that there are integers a,
such that

G = Z ans™ + O(s™). (7.20)
n=1

The integers a,, will be shown to be universal constants. The starting point is

(=35l —1I,(0)] + O(sVP) = s [1 = =My ng)g;} +0(sV7P). (7.21)
M=1 =2

Since ﬂCp (0) = O(s) (e.g., by (7.6) with j = 1), (7.21) gives the base case m = 1 for the induction, with
a; — 1.

To advance the induction, we assume now that (7.20) holds for some m > 1 and we will prove that it
holds for m + 1. It follows from Proposition 7.2 that for j > 1,

SN Ak < oy, (7.22)

k=2 M=j
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and that for j > 2 and M > 1,
ZWISM)QI; < CMJ’SU/ﬂ- (7.23)
k=j

(We do not yet need the factor k included in the sums of Proposition 7.2 to advance this induction,
that factor is needed only later for Ayx. Of course the bounds remain valid without that factor since the
left-hand sides are smaller without it.) With (7.22)—(7.23), we see from (7.21) that

m 2m 2m
(p=s [1 =) (=M Zw,gM)gg} +0(s™?) =5 [1 = bN,kC:,’f} + O(s™2), (7.24)
M=1 k=2 k=2
with .
bvp= Y (~D)MaiM. (7.25)
M=1

(M)

We classify contributions to m, "’ according to the total number  of dimensions explored by a k-step

(M) (M)

walk w. Let m, 5 denote the contribution to 7, "’ due to walks starting at 0 which explore exactly
dimensions, with the first step taken with the first coordinate, the first subsequent step involving a new
coordinate taken with the second coordinate, the first subsequent step with a new coordinate taken with
the third coordinate, and so on. Then, because the number of dimensions cannot exceed k — 1 (because
the last step must close a loop), it follows by symmetry that

k—1 6—1
M M .
o =" mM TV - 9). (7.26)
o=1 §=0

(M)

By definition, o 1s a nonnegative integer which is independent of N, a universal number which counts
certain lace diagrams. With (7.25), we find that

k-1

byg =Y BykN° (7.27)

q=1

with integer coefficients 3,3 which are independent of N.
By the induction hypothesis (7.20),

_ [né ans™ + O(sm“)} ' = s [gfm,ks" + O(Sm)] (7.28)

with N-independent integer coefficients ~, ;. With (7.24) and (7.27), this gives

2m k—1
CP—3<1_ZZ@L s~ 9gk [Z’ynks +O(s )}) +O(s™2). (7.29)

k=2 q=1

The only term in the above product which can give rise to an non-integer power or coefficient is the O(s™)
term. However this term is multiplied by s'~97% < s2, and hence gives rise to a contribution which is

O(s™*2). Therefore
m+1

&= dns" +0(s™"?), (7.30)

n=1
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with integer coefficients d,,, which must agree with a,, for n < m. This gives (7.20) with m replaced by
m + 1, so the induction is advanced and the proof of (7.18) is complete.
Recall that the amplitude
1 1

T FN(G) — GFR(G)  Fn(G) + GoN + Go-T1c (0)

AN (7.31)

was defined in the proof of Corollary 2.6. The existence of the expansion for Ay then follows similarly
from (7.6)—(7.7) (now we do need their factor k), by substitution of the expansion for ¢, into

2m m
1 M —m—
=GN Y Y ()M ErM k4 o(N— Y, (7.32)
N k=2 M=1
Again the coefficients in the expansion are universal integers. O

7.4 Coefficient computation

The expansion coefficients for z in (7.18) (equivalently, for ¢,) can be computed from (7.24) and (7.26)
once suitably many of the lace graph counts 771(;,\:5[) are known. To compute to within an error of order
s% only M < 4 and k < 8 are needed, by the first equality of (7.24). Also, we can restrict to k — § < 4
because in a term 711%1)(5 the largest possible contribution is of order N°s* = s¥=9 and if k — & > 5 then
this contributes to ¢, only at order 55, due to the prefactor s in (7.24).

To discuss the enumeration of lace graphs, we elaborate on the definition of an M-loop diagram as
follows. Recall the definition of compatible edges from Definition 3.3. If the 2M — 1 subwalks in the
M-loop diagram of Figure 2 are labelled in the order they occur in a walk as 1,2,...,2M — 1, then
the subwalks are mutually avoiding (apart from the required intersections) due to the compatible edges,
with the following patterns: [123] for M = 2; [1234],[345] for M = 3; [1234],[3456], [567] for M = 4.
This means, e.g., for M = 4, that subwalks 1,2,3,4 are mutually avoiding apart from the enforced
intersections explicitly depicted in Figure 2, as are subwalks 3,4,5,6 and subwalks 5,6,7. However,
subwalks not grouped together are permitted to intersect, e.g., for M = 4, subwalks 1,2 are permitted to
intersect subwalks 5, 6,7, and subwalks 3 and 4 can intersect subwalk 7.

Extensive computer assisted enumerations of lace graphs for Z¢ are given in [13]. Lace graphs on the
hypercube are a subset of those on Z¢. The relevant nonzero counts are found to be:

=1, =1 mh=4 x{|=27 (7.33)
=1, 195=3 aa=15 a9 =1  $)=5  w=L (7.34)

These numbers arise by inspection from Tables 18, 20, 22, 24 of [13] by discounting configurations which
are possible on Z¢ but not on QV, as well as from the trivial counts W,(CJHI) = 0p,m+1- E.g., wég =3
on Z% but it is zero on QN where the 2-dimensional subspace contains only 4 vertices. With computer
assistance, it would be possible to enumerate more lace graphs on QV and thereby compute more terms
in the asymptotic expansion for zy.

To compute the expansion coefficients for zy = zy(\g) (recall Proposition 7.1), as in (7.24) we use

2m

av=s 1= > (MY Mk o(sm?) (7.35)
M=1 k=2
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iteratively with

k—1 u 6—1
= mes [TV -1) (7.36)
5=1 §=0

as follows. We insert zy = s + O(s?) into (7.35) with m = 1 and obtain
ZN =S [1 - (—1)17Té )zN] + O(s?)
=s[1+N-1-5°]+0(s*) = s+ s> + O(s?). (7.37)
Another iteration gives
IN =S8 [1 — (=)= (1)ZN +7 (1) ) — (= 1)2715),2)2]\,} + 0(sh

=s[1+(N-1-(s+s*)*+NN-1)-1-s")=N-1-5°] + O(s")
=5+ 524255 4 O(s"). (7.38)

Continuing in this way, we find that
zn = s+ 5%+ 25 + 7st + 395" + O(s9). (7.39)

Now we can simply substitute the expansion for zy into (7.32) to get the expansion for A;,l (and
hence for Ay) up to and including terms of order s*. The result is

An =14 s+ 4s5% + 265 + 2315 + O(s%). (7.40)
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