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Majority dynamics on sparse random graphs

Debsoumya Chakraborti*  Jeong Han Kim"  Joonkyung Lee! ~ Tuan Tran®

Abstract

Majority dynamics on a graph G is a deterministic process such that every vertex updates
its +1-assignment according to the majority assignment on its neighbor simultaneously at each
step. Benjamini, Chan, O’Donnell, Tamuz and Tan conjectured that, in the Erd6és—Rényi ran-
dom graph G(n,p), the random initial +1-assignment converges to a 99%-agreement with high
probability whenever p = w(1/n).

This conjecture was first confirmed for p > An~'/2 for a large constant A by Fountoulakis,
Kang and Makai. Although this result has been reproved recently by Tran and Vu and by
Berkowitz and Devlin, it was unknown whether the conjecture holds for p < An~/2. We
break this Q(n~'/2)-barrier by proving the conjecture for sparser random graphs G(n, p), where
Nn=3/%logn < p < An~'/? with a large constant A > 0.

1 Introduction

Magjority dynamics on a graph G is a fundamental example of opinion exchange dynamics that
models human interactions in a society. Formally, every vertex v € V(G) has its opinion s;(v) on
Day t, where each s;(v) updates simultaneously by the majority opinion on the neighbors at each
day. That is, for t > 1,

s¢(v) = {Sgn Do St=1(u) 3 DDy 51 (u) #0,

st—1(v) otherwise

and the initial opinions so(v) are given. This model has been studied in various areas, including
combinatorics [1, 2, 7, 10, 16], psychology [3] and biophysics [13], since 1940s. For more discussions
on relevant models, we refer the reader to the survey [14].

In the study of majority dynamics, perhaps one of the most natural questions is what happens
after sufficiently many days. For every finite graphs G, Goles and Olivos [10] showed that each
s¢(v) always converges to a periodic behavior of length at most two, no matter what the initial
opinion sg is. In other words, the dynamics eventually either alternates between two distinct
states or converges to a single state. Particularly interesting examples of the single state may be an
(1—e)-proportion agreement or unanimity, i.e., | > s (v)| > (1—2¢)n or | Y s¢(v)| = n, respectively.
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The next natural question is then under what circumstances majority dynamics converges to
a single state. In particular, when does unanimity (or 99% agreement) appear? In the view
of probabilistic combinatorics, the most popular host graph G may be the Erdés—Rényi random
graph G(n,p), where each edge on the vertex set [n] := {1,2,--- ,n} exists with probability p
independently at random. The first in-depth study in this direction was done by Benjamini, Chan,
O’Donnell, Tamuz and Tan [1], where they proposed the following intriguing conjecture.

Conjecture 1.1 ([1, Conjecture 1.5]). Let so(v) be sampled uniformly at random for each v € [n]
and let € € (0,1] be given. Then with probability 1 — e, the vertices in G(n,p) have an (1 — ¢)-
proportion agreement | Y, so(v)| > (1 — 2e)n after sufficiently many days whenever p = w(1/n).

In [1], the authors also conjectured that the converse of the statement above is true. That is,
given any fixed C' > 0, G(n,C/n) eventually oscillates between two states with probability 1 —o(1).
They actually gave positive evidences for both conjectures. First, it is proved in [1, Theorem 3] that
a random 4-regular graph never converges to the single state with probability 1 —o(1). Second, as a
partial progress towards Conjecture 1.1, [1, Theorem 2] shows that, under the stronger assumption
p > An~1/2 for a large constant ), the probability that unanimity appears is at least 0.4. Indeed, the
probability bound here is weaker than the conjectured value 1 — ¢, whereas unanimity is a slightly
stronger condition than the (1 — ¢)-proportion agreement. This was strengthened by Fountoulakis,
Kang and Makai [7, Theorem 1.1], who pushed the probability bound 0.4 in [1, Theorem 2] to
1 — ¢ and confirmed Conjecture 1.1 under the condition p > An~/2 instead of p = w(1/n), where
A depends on €.

There are other models with various alternative settings for the initial opinion sy or the host
graphs G, e.g., on pseudorandom graphs [17], with linear bias on sg [9], or on grids (or tori) G [8].
One of the most notable variants may be the one suggested by Tran and Vu [16], where sq is
randomly chosen while the discrepancy between the number of vertices with distinct sg-values is
fixed, i.e., there are [n/2] + C vertices v with so(v) = +1 for a fixed number C' > 0. Note that,
in contrast, the independent random initial assignment gives 2(y/n) bias in either direction with
probability 1 — €, as will be proved in Lemma 3.1. Tran and Vu proved that C' = 6 is enough to
force unanimity on the random graph G(n,1/2) with probability strictly larger than .51 and, in
the same paper, reproved the Fountoulakis—Kang—Makai theorem.

Very recently, Berkowitz and Devlin [2] studied the Tran—Vu model further. They again reproved
the Fountoulakis—Kang-Makai theorem by using their “Central Limit Theorem” and also lowered
the constant discrepancy bound C' = 6 by Tran and Vu to C' = 2.

Despite these two alternative proofs of the Fountoulakis—-Kang—Makai theorem and deeper stud-
ies on somewhat “sharper” models, nobody ever managed to settle Conjecture 1.1 beyond the
barrier p > An~1/2. To quote very recent work [4] in the area, “the study of majority dynamics
for p = o(n_l/ 2) imposes immense complications.” Our main result is to confirm Conjecture 1.1 for
sparser random graphs G(n,p) with \’ n=3/5 logn <p < An~1/2, thereby breaking the barrier for
the first time.

Theorem 1.2. Let so(v) be sampled uniformly at random for each v € [n] and let € € (0,1] and
X > 0 be given. Then there exist ng and N such that, with probability at least 1 — e, the vertices in
G(n,p) reach the unanimous state sgny_, so(v) after siz days whenever Nn=3/51logn < p < An~1/2
and n > ng.

Together with the Fountoulakis—Kang—Makai theorem, this extends the range where Conjec-
ture 1.1 is settled further to p > XNn~3/°logn. However, the full Conjecture 1.1 still remains



open and there seem to be a substantial amount of technical obstacles to overcome, which will be
discussed in due course.

Somewhat analogously to [2, 16], our strategy is to analyze the dynamics under the “sharpest”
initial setting carefully. Let rop be a f1-assignment on [n] obtained by choosing [%] vertices v
uniformly at random to assign +1 while giving —1 to the remaining |5 | vertices and let 4, t > 0,
be the Day t opinion resulting from majority dynamics with the initial opinion 5. Then the
uniform random choice of sy resembles an alteration of 7y obtained by turning Q(y/n) —1’s to +1’s,
which produces more +1’s on Day 1 and hence proves a nontrivial shift on ), ss(v). To chase this
effect of the alteration, we call a vertex v y-almost-positive if ) N@) T1 (w) > —yp3/?n, which are
“potentially positive” vertices in a rough sense. Arguably the following is our key lemma, which
shows that slightly more than a half of the vertices are vy-almost-positive with probability 1 — o(1).

Lemma 1.3. For A\ > 0, there exists N > 0 such that the following holds: For every ~y > 0, there
is a > 0 such that the number of vy-almost-positive vertices in G = G(n,p) with Nn=3/5 logn <p<
An~Y2 is at least 5+ apn®/? with probability 1 — o(1).

This paper is organized as follows. In Section 2, we give some basic definitions and tools,
which may be skipped by experienced readers. The proof of Theorem 1.2 will be given throughout
Sections 3 and 4. In particular, Section 3 contains the main new ideas to analyze the first two days,
including the proof of Lemma 1.3 at the end of the section. In Section 4, the shift of so obtained
by using Lemma 1.3 will show that unanimity must appear by Day 6.

2 Preliminaries

An event A, that depends on the parameter n occurs with high probability (or briefly, w.h.p.) if
P[A,,] tends to 1 as n tends to infinity. The notation x = a+b means the inequality a—b < z < a+0.
We use the standard asymptotic notation such as O,0,€),w and © to avoid carrying numerous
constants when estimating nonnegative functions. For instance, y,, = z,, £ O(n) means that |y, —
Zn| = O(n). In addition, f(n) > g(n) for nonnegative f and ¢g means lim,_,~, g(n)/f(n) = 0. The
parameter n that represents the number of vertices in G(n,p) will be assumed to be large enough
whenever necessary. Logarithms will always be understood to be base e. We denote by Bin(n, p)
the binomial distribution with n independent trials of one-probability p.

One of the most frequently used probabilistic tools in what follows is the Chernoff bound, due
to Chernoff [5] and to Okamoto [15]. We use the version stated by Janson [11, Theorem 1].
Lemma 2.1 (The Chernoff bound). Let X = Y7 | X;, where X; are independent Bernoulli variable
with P[X; = 1] = p;. Let p =E[X]| =" p;. Then fort >0,

+2

(i) PIX > p+t] <e 2423 qnd

+2

(i) PIX <pu—t]<e 2.
An easy consequence of the Chernoff bound is the following concentration result.

Lemma 2.2. Let X ~ Bin(n,p) and let A > 0. Then there exists a constant C > 0 such that, for
n large enough,

i) If p > A/n, then P| X =np+C,/nplogn| >1-1 nb and
(i) If p ; p+ C\/nplog



(i) If p < \/n, then P[X < Clogn] >1—1/n3.

Proof. (i) Let t = C\/nplogn in Lemma 2.1. Then for large enough constant C,

2 2 2 2
Pl|X —np| >t =exp | — ¢ ?plog n <exp | — ¢ \/X2log n < 1/nS.
2np + gC\/nplogn 2\/X—|—§Clogn

(ii) Again, for large C,

(C —N)?log?®n 5
P[X > C1 <P[X > C -\l < - <1/n®. O
[X = Clogn] <P[X =np+ ( )(%n]_em>< A+ 2(C — N logn <1/n

We use the following version of the Berry—Esseen inequality to estimate possibly non-binomial
distributions.

Theorem 2.3 (see, e.g., [6]). There is a universal constant Cy such that the following holds: Let

X1,Xo,..., X, be independent random variables with zero mean, variances E(Xf) = 02-2 > 0, and
the absolute third moments E(|X;|?) = p; < co. Then
Z?—l X; ] -3 ¥
sup |P | ==— < z| — ®(x)| < Cyo i
aple [E% <] <000 <y

1=1

where 0% is the variance of X = >0 | X;, i.e., 0% = > »_, 07, and ®(x) is the cumulative distribu-

tion function of the standard normal variable. In particular, if | X;| < M for an absolute constant
M > 0 almost surely, then the RHS is O(cy").
When using the Berry—Esseen bound, we need some simple facts about the function ®.

Lemma 2.4. Let V(z) :=1— ®(x) be the probability that a standard normal variable takes value
higher than x, i.e., ¥(z) = \/Lz? [r e~t*/2dt. Then

(i) U is a contraction, i.e., |¥(x) — U (y)| < |z —y|;

(i1) for x,y with x +y < 0 and |x| + |y| < ¢ for a constant ¢, there exists C' > 0 only depending
on ¢ such that ¥(z) + ¥(y) > 1—C(z+y).

Proof. (i) [W(x) ~ W(y)| = | = [ e/ dt] < — .
(i) Let C = (2m)~Y/2e~*/2, Then

~y ~y
\I/(a:)+\I/(y):1+\/L2_7T/x e_t2/2dt21+/x Cdt=1—-C(z+y). O

The rest of this section includes various lemmas that approximate binomial variables to one
another. We omit the proof of the first lemma below, which can be found, e.g., in [2, Lemma 9].

Lemma 2.5. Let X ~ Bin(n,p) and Y ~ Bin(m, p) be independent. There is a universal constant
C (independent of m,n, and p) such that for all t we have

C
m+n)p(l —p)

\MX—th+H—MX—Y:M§(



Lemma 2.6. Let X ~ Bin(n,p) and Y ~ Bin(m, p) be independent. Suppose that % <p < =

logn
and that |n —m| < /nlogn. Then P[X =Y] = @(\/Lnfp) and P[X > Y] =14+ O(%).

Proof. Since X — Y has mean (n — m)p and standard deviation o = \/(n + m)p(1 — p), it follows
from Chebyshev’s inequality that

PIX =Y — (n—m)p| <20] > 3/4. (1)

Now let 7 := max; P[X — Y = j]. Then (1) implies r = Q(2) = Q(ﬁ) The probability mass
function of X — Y is unimodal and attains the maximum at one of the two closest integers to the
mean (n —m)p. Thus, by Lemma 2.5, PIX =Y] >r—-C- % > r/2. Here C' > 0 is the
constant given by Lemma 2.5. The same lower bound r/2 in fact holds for any P[X =Y + j| with

j=(n—-m)p+%. Hence,r =0(%) = O(ﬁ). Therefore, P[X = Y] =0O(r) = @(an).
Without loss of generality we may assume that n > m. We write
PX>Y]=PX-Y>n—-m)p+P0<X-Y < (n—m)p|.

As max; P X —Y =j] = O0(—=), we get 0 < X —Y < (n—m)p = O(n=mpy, Moreover,
j /b

VP
Theorem 2.3 gives P[X —Y > (n—m)p] = ®(0) £ O() =3 £ O(\/Ln—p). Thus, it follows that
P{xzy]:1i0<w>,
2 /NP
as desired. n

Lemma 2.7. Let Z1, Zo, W1, Wy be mutually independent random variables with nonnegative inte-
ger values. For Z == Z1+ Zs and W := W1 + Wy,

—E[Wg]ml?x]P’[Zl—Wl =k <P[Z-W>0-P[Z — W >{] §E[Zg]ml?x]P’[Zl—W:k] .
Proof. Note first that
PZ-W>U—-PZ1 —W>U=P[Z1+Zy—W >/ and Z; — W < /]
:i]P’[Zl—Wzﬁ—kanngzk]
k=1

=N"P[Z - W = —K|P[Zy > K], (2)
k=

—_

where the last equality uses independence. An analogous argument also gives
]P’[Zl—Wl2@]—P[21—WZ€]:P[21—W12€ and Zl—Wl—W2<€]

=Y P[Zy Wi =(+k—1 and Wy > k|
k=1

= P[Zl—lef—l-k‘—l]P[WQZk].
k=1

ot



Substituting this into (2) yields

P(Z-W > —P[Z —W; > (]
= 3 (]P)[Zl—WZE—k?]P[Zng‘]—P[Zl—Wl :E—I—k,’—l]P[WQZk’])
k=1

The desired inequalities follow from the fact ) 2, P[U > k] = E[U] for any non negative integer
valued random variable U. O

Corollary 2.8. Let X')Y', X, and Y be mutually independent random variables with Bin(n;,p)
distributions, 1 = 1,2, 3,4, respectively. Then

p[xf—y'ze]zmx—xfzﬂw(\fpi),
70

where ng = minn; and A := max{|n; — ns|,|ne — n4l|}.

Proof. As done in (1), it is easy to prove the fact that the maximum probability mass of U; — Us

is O(1/y/min{my, ms}p), where U; ~ Bin(m;,p), i = 1,2, are independent.

Observe that P[X'—Y’ > /] is non-decreasing in n; and non-increasing in ns. So we can assume
w.lo.g. that ny > ng and ny < ny. We apply Lemma 2.7 twice: First, (Z;,W;) = (X', Y”) and
(Z,W) = (X",Y) and then (Z1,W;) = (X,Y) with the same (Z,W). As both P[X' — Y’ > /] and

PX-Y >/lare PIX' =Y >{+0 ( P2 ) the desired estimate holds by triangle inequality. [

vpno )’

3 Morning and evening on Day 0 and the next two days

In what follows, sy always denotes the uniform random +1-assignment. That is, we sample each
so(v) uniformly at random from +1 and so(v), v € [n], are mutually independent. Our starting
point is to observe that the random initial opinion sy makes a shift of magnitude y/n with high
probability. This is in fact a standard anti-concentration result also given in [7, Lemma 3.1], but
we give a proof for completeness.

Lemma 3.1. For e > 0, there is ¢ > 0 such that P[| Y, so(v)| > 2¢y/n] > 1 —e.
Proof. The Berry-Esseen bound, Theorem 2.3, gives P[>, so(v) < zy/n/2] = ®(z) £ O (1/y/n).
Choosing = < 0 such that ®(z) = 1/2 — ¢/3 gives, with ¢ := —z/4,

]P’[Zso(v) < —2c\/ﬁ] > d(x)+ 0 (1/v/n) =1/2—¢/3— 0 (1/vn).

By symmetry, P[| >, so(v)] > 2¢y/n] = 2P[ 3", so(v) < —2¢y/n] > 1 —2¢/3 -0 (1/y/n). O

Let U be the event that unanimity is achieved after a finite number of days. Since the edges of
G = G(n,p) are sampled independently from the initial opinion sg, U only depends on the value
So =Y, 50(v) (and G = G(n,p)) rather than what precisely s¢ is. In fact, it only depends on |Sy|
by symmetry. Moreover, by monotonicity, if |Sp| increases, then U is more likely to occur. Thus,
by Lemma 3.1, for £ > 0 there exists ¢ > 0 such that

PU] > P[U||So| = 2¢v/n] - P[|So| = 2¢v/n] = P[U||So| = 2¢v/n] — ¢, (3)



where the constant ¢ is chosen to guarantee that c¢y/n is an integer. Hence, this “constant” ¢ may
slightly vary depending on n, although within the range of £1. For brevity, we assume that c is a
constant and ¢y/n is an integer throughout this section.

The conditional probability space given |Sy| = 2¢y/n can be interpreted by “splitting” the initial
assignment into two steps, namely morning and evening on Day 0. In the morning, we choose [% |
vertices v to assign +1 and put —1 to the remaining |5 ]| vertices. That is, ro defined in the
introduction. We then turn signs of randomly chosen c¢y/n vertices v with r9(v) = —1, which we
call swing vertices, from —1 to 1 to obtain a new 41-assignment §y. To distinguish ry and §y from
the initial opinion sg, we call rg and Sy the morning opinion and the evening opinion, respectively.
We also denote by §;, t > 0, the Day ¢ opinion resulting from majority dynamics starting with 3p.
Then, by (3),

P[U|[So| = 2¢v/n] = P[U|so = 5o

for each fixed instance of 5y3. Therefore, the following main result implies Theorem 1.2. Note that Sg
depends on the constant ¢ > 0.

Theorem 3.2. For e >0 and X > 0 there exist c,\' > 0 such that P [U!so = 50] > 1 — e whenever
Nn=3/5logn < p < An~1/2.

To summarize, there are three types of random instances:
(1) The edges of G = G(n,p);
(2) The morning opinion 7y chosen uniformly at random among those with exactly [n/2] 1’s;
(3) The cy/n swing vertices chosen uniformly at random from |n/2] vertices v with ro(v) = —1.

The edges of G = G(n,p) appear independently from (2) and (3). Note that (3) is not independent
from (2), as we turn the signs of those vertices v with ro(v) = —1. The distribution §y depends
on both (2) and (3). We may also say that 5 is obtained by “changing” rq according to (3). The
independence allows us to analyze probability while swapping the order of the random instances.
For example, exposing the events in the order (1), (2) and (3) is the same as exposing some edges
in (1) first, (2) and (3) second and then exposing the rest of the edges.

Our plan is to compare the two parallel consequences of majority dynamics with the morning
opinion 79 and the evening opinion §y, respectively. As sketched roughly in the introduction, if
> weN(w) "1 (w) is “almost-positive”, then the vertex v is highly likely to satisfy $»(v) = +1. That
is, such a vertex v has “many” neighbors that change their signs on Day 1 by the effect of swing
neighbors and hence, $3(v) = +1.

As the number of such almost-positive vertices v is slightly larger than n/2 by Lemma 1.3,
>, 52(v) evaluates to a non-negligible positive value. This is formalized by Lemma 3.3 below. In
what follows in this section, € € (0,1) and A > 0 are fixed constants and we assume G = G(n,p)
with Xn™3/51logn < p < An~Y2, where X will be suitably chosen in the proofs.

Lemma 3.3. For each c > 0, there exists o > 0 such that Zvev(G) 59(v) > apn®/? w.h.p.

Proof. By exposing all the morning opinions ry(v), we may assume that r( is fixed. We say that a
vertex w is unstable if ) N(w) ro(u) = 0. That is, a single swing neighbor is enough to “change”
the value of r(w). Given v € V(G), let N_(v) and Ny (v) be the set of neighbors u of v with



—1 and ro(u) = +1, respectively. Let B, be the event that the number of unstable vertices
3/2

ro(u)

in N_(v) with a swing neighbor is at most dp°/“n, i.e.,

#{w € N_ (v)‘w is unstable and has a swing neighbor} < 5p3/2n,

where 6 > 0 will be chosen later. We claim that P[B,] < 1/n?. First, we expose the edges incident
to v. Once all the neighbours of v are revealed, we also expose the edges in N(v). Then by the
Chernoff bound (or Lemma 2.2), there exists a constant C' > 0 such that with probability at least
1 —O(n=3) we have

(i) both [N_(v)| and [Ny (v)| are between pn/2 + n'/3.
(ii) each w € N(v) has at most C'logn neighbors in N (v).

We condition on the above events. For w € N (v), suppose that we expose all the edges incident to w.
Let a(w) := >, e N(w)nn(w) T0(w). Then w is unstable with probability P[Y; — Y2 +a(w) +7o(v) = 0],
where Y; ~ Bin(n;, p) and n; and ny are vertices out of {v}UN (v) with rg = +1 and —1, respectively.
As |n1 —ng| < y/nlogn, Lemmas 2.5 and 2.6 give that w is unstable with probability @(ﬁ). Now

sample the swing vertices. Then

P[w has a swing neighbor|w is unstable] = 1 — (W 2 C_\/‘g‘ (w)’> / <£:\§2;—1J >

S 1 e 2e/3pyn
> min {(¢/3)pv/n,1/4} > 'pv/n,

where the first inequality follows from the fact that |[N_(w)| > pn/3 and (})/(}) < (xz/y)* for
k < x <y and the last uses the assumption p < % to obtain a constant ¢ > 0. Let X,, be the
indicator variable of the event that w is unstable and has a swing neighbor. Then

1
> . — | =
E[X,] > dpyn-© <\/]%> EVp
for some £ > 0. Moreover, X,,, w € N(v), are mutually independent given the edges in vU N (v) are
fixed. Indeed, suppose we expose all the swing vertices first and then expose the edges incident to
each w € N(v) that are not contained in N(v). Since each edge appears independently at random
and is also independent from the choice of rg and the swing vertices, X,,’s are independent too. Let
X ~ B(pn/3,6y/p). Then }_, cn () Xw stochastically dominates X, i.e., P[EweN,(v) X, <] <
PLX < 2] for each z € R, since 3, cn (,) Xw is the sum of at least pn/3 independent Bernoulli
variables with one-probability at least £,/p. Then, by choosing 0 = £/2, we conclude that

PB,) <P | Y Xy <p*?n| <O(n™?) +P[X < 6p*n]
weN (v)

<O(n™3) + e~ tr* /4 < 1/n?.

Indeed, the second inequality follows from conditioning on each edge instance on v U N(v) that
satisfies (i) and (ii). Then the Chernoff bound proves the next inequality.



By the claim, with probability at least 1 — O(1/n), no B, occurs. That is, for ¢ = £/2,

#<we N_(v) Z ro(u) = 0, w has a swing neighbor » > ¢p*/?n (4)
ueN (w)

holds for every v € V(G). Lemma 1.3 with the choice v = ¢//2 then implies that w.h.p. there are
at least % + apn®/? vertices v that satisfies both (4) and

Z ri(w) > —C—/p3/2n. (5)

2
weN (v)

For these vertices v, S2(v) = 41, as all w € N_(v) that is unstable and has a swing neighbor must
turn to 51(w) = +1. Thus, 3, 32(v) > apn®/? w.h.p. O

Remark. The heuristic introduced in [1] to support Conjecture 1.1 roughly predicts that the bias
| >, st(v)| expands by a factor of \/np at each step. As | so(v)| = Q(y/n) with probability
1 — ¢ as shown in Lemma 3.1, | 3", s2(v)| should be Q(pn®?) according to the prediction. This is
precisely what Lemma 3.3 obtains and hence, we have just verified that the heuristic works up to
Day 2 if Nn=3/5logn < p < An~1/2.

Proof of Lemma 1.3. For a vertex v, let A, denote the event that v is y-almost-positive. The plan
is to use the second moment method by giving an upper bound for P[4, N A,] and an lower bound
for P[A,] and P[A,] for each pair of vertices u and v. The two vertices u and v will be fixed until
these computations are carried out.

We condition on the following high probability events. In fact, the events hold with probability
1 — O(n~2). The constant C' > 0 below is taken large enough to apply Lemma 2.2 repeatedly.

(i) First expose all the edges incident to v and v. Then both deg(u) and deg(v) are in the interval
[np — Cy/nplogn,np + C/nplog n|.

(ii) The number of vertices in N(u) N N(v) is at most C'logn.

(i) Expose ro in I' := (N(u) U N(v)) \ {u,v}. The difference between the number of +1’s in
U := N(u)\ (Nw)U{v}) and in V := N(v) \ (N(u) U{u}) in the morning is at most
C/nplogn.

(iv) Let U; and U_ be the set of vertices in U with the morning opinion +1 and —1, respectively,
and let my := |U4| and mg := |U_|. Then both m; and mg are pn/2 + C,/nplogn.

(v) Expose the edges inside I'. The number of edges in each of N(u) and N (v) is at most 2n2p3.

vi) For w € T', let a(w) be the sum ro(x). Then |a(w)| < Clogn and moreover,
zeN (w)NI’
| > wer a(w)| < Cnp*?logn.

Indeed, (i)-(v) are standard applications of the Chernoff bound and Lemma 2.2. It hence remains
to check (vi). Let I'y and I'_ be the vertices in I" with rg = 4+1 and —1, respectively. Indeed,
IT'4+| and |T'_| are (1 4 o(1))np. Given all the conditions (i)—(v), each a(w), w € I'y is identically
distributed with X,, — Y, where X,, ~ Bin(|I'| — 1,p) and Y,, ~ Bin(|JI'_|,p) are independent.
If p?n > 1, then by Lemma 2.2(i), X, = p|T'+| £ O(y/p|T+|log|T'+|) = p?>n &+ O(py/nlogn) with
probability 1 —1/n? and use the fact py/n < X. Otherwise, we use Lemma 2.2(ii). The same bound



also holds for Y, which proves the estimate for |a(w)|. The proof for the case w € I'_ is almost
identical.

By double counting, -, cra(w) = 3 ,epcr) (ro(w) + ro(w')) = 2(e(G[T4]) — e(GI_])).
This is identically distributed with X — Y, where X ~ Bin (IF+ | ,p) and Y ~ Bln((‘F*‘) p) are
independent. Again by Lemma 2.2, we have the estimate 2n p® £ O(np3/?logn) for both X and
Y, which completes the proof of (vi).

Let Gy, be the subgraph of G(n,p) induced on I' U {u,v}. What we have exposed so far in
G(n,p) precisely determines what G, is. Denote by &,, the high probability event that all the
conditions (i)—(vi) hold. In other words, &,, is the collection of the pairs (Gyy,7o|r) of graph
instances Gy, and values of rg in ' that satisfy (i)—(vi).

Now expose 79 for the remaining vertices in V(G) \ I'. We first analyze the case r(u) = ro(v) =
+1. Let ny and ny denote the numbers of +1’s outside {u,v} UT. That is, ny = [n/2] — [T'4| — 2
and ng = [n/2| —|I'_|. By (i), (iii) and (iv), both n; and ny lies between § —np — C/nplogn and
5 —np+ Cy/mplogn. In particular, [n; — na| < 2C/nplogn.

For simplicity, in the proofs of Claims 3.4 and 3.5, we omit the notation that indicates condi-
tioning on fixed (Gyy,ro) such that (Gyy,70|r) € Euw and ro(u) = ro(v) = +1. In particular, the
mean and the variance throughout Claims 3.4 and 3.5 are functions of G, and rg.

Claim 3.4. |[E[Y .y m1(w)]| =0

Proof of the claim. There is subtle asymmetry between Uy and U_: the vertices w € Uy turns to
+1 after Day 1if }° ¢ v, 70(z) = 0, whereas w € U— turns to +1 after Day 1if 37y, 7o(2) = 1.
The random variable éweU r1(w) is identically distributed with the random variable i‘wEU+ Xu,
where X,,’s are independently distributed as follows: X, takes +1 with probability P[Y; + 1 +
a(w) > Y] and —1 otherwise, where Y; ~ Bin(n;,p) are independent binomial random variables.
Analogously, for w € U_, X,, takes +1 with probability P[Y; + a(w) > Y5] and —1 otherwise.

We estimate P[Y] + a > Y3] for integers a such that |a| = O(logn). Observe first that

a
PYi+a>Yy =PY1 > Yo+ ) PVi+j=Y; ifa>0and

j=1
—a—1
PYi+a>Y)] =P >Yp]— > PYi—j=Yy ifa<0.

j=0
Lemma 2.5 then allows us to approximate ]P’[Yl > Y] by P[Y1 > Ys] + aP[Y; = Y3]. Namely, if
0 <j < Clogn, then [P[Y1 +j = Ys] — P[Y; = = (1 ) and hence, for |a| = O(logn),

logn
PIYi +02 Y5 = PV 2 Y] 0 (B = V2] =0 (=) ). (6)
Almost the same argument also proves
logn

For brevity, let ¢ = P[Y; = Y3] and pr, = P[Y; + k > Y5]. By Lemma 2.6, ¢ = @(\/%) Let puq
be the expectation of the random variable ri(w) conditioned on (i)—(vi) and ro(u) = ro(v) = +1.
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Then by using (7) and (6) for w € U; and w € U_, respectively,

logn
np

>> forwe U_.

Let g,y := ), cp tw to indicate that it is conditioned on ro(v) = ro(u) = +1. Then

,uw:2pa(w)+1—1:2p1—1—|—2a(w)(q:l:0< > for w e Uy and

1
P = 2Pa(w) — 1 = 2po — 1+ 2a(w) (in ( (fpn

poe =ma(2p1 = 1) +ma(2p0 — 1) +2 ) a(w) (q = O<1(7)’Lgpn>>

wel
1 1 logn
—upn 41— 1)+ (1= 3 ) @ =)+ (o= 3 ) Coa =) +2 3 afw) (42022 )
wel np

=np(po+p1 — 1) £ O (log*n). (8)
Indeed, my and mg are np/2 + O( /nplogn) by (iv) and both py and p; are % + O(%). As
|n1—ng| = O(y/nplogn), pg and p; are %:EO(\/%) by Lemma 2.6. Thus, both (p; —1/2)(2m; —np)
and (po—1/2)(2mg—np) are O(log n). We also use (vi) and the fact ¢ = @(\/Ln_p) to obtain the bound
q ‘ZweU a(w)| = O(py/nlogn). Moreover, |a(w)| < logn by (vi), so l(;gp" Y ower la(w)| = O(log? n).
Overall, |u, .| = O(\/np). O

Claim 3.5. Var(>_, .y r1(w)) = np+ /nplogn.
Proof of the claim. For w € Uy,

Var(r (w)) =1 — ,u%v =1- (2p1 — 1+ 2a(w)(1+ 0(1))q)2

=1-(2p1 — 1)? +4a(w)(2p1 — 1)(1 + o(1))g + 4a(w)*(1 + o(1))¢’

2
=1-(2p1 —1)2+0 <1in">

where the last equality follows from (vi), py = 1/2 + O(\/Lnfp) and ¢ = @(\/Lnfp). For w € U_, an

analogous bound holds with py instead of p;. Let 2, be the variance of > wer T1(w), conditioned
on the fixed G, and ro. By

Ly

mi(1— (2p1 —1)%) = 5 (1= (p— 1)%) + /nplogn

and a similar bound for ma(1 — (2pg — 1)?), we obtain

o2, =mi(l— (2p1 — 1)%) + ma(1 — (2po — 1)%) = O(log? n)

n
- 710 (2= (2p1 — 1) = (2po — 1)*) £ O (/nplogn)
=np+ O(y/nplogn),
as log?n < \/aplogn as p > log?n/n. Thus, o,, = Vb + O(logn). 0

We now turn to analyze the other cases with different signs of rg on v and v. Recall that
the high probability event &,, consists of pairs (G, ro|r) of the graph Gy, on I' U {u,v} and r
restricted on I' that satisfy (i)—(vi). For simplicity, we write G, for the pair (G, ro|r)-

11



For fixed Gy, and rg such that G}, € &,, and ro(u) = ro(v) = +1, suppose that only ro(v)
changes from +1 to —1 while everything else remains the same. Then, in the proofs of Claims 3.4
and 3.5, ny and ny are very slightly changed: n; increases by 1 and ny decreases by 1. However, the
arguments throughout the proofs remain exactly the same. The conditional mean, denoted by pu. _,
in this case can differ from pu,, only very slightly. The only difference is the values of ny and ns,
which makes pg, p1 and ¢ differ by O(p) by Corollary 2.8. Including this error term in (8) gives
oy = pio- £ O(p?n +log?n). As p*n < log?n, we have ., = p._ & O(log®n).

If ro(u) = —1 and r9(v) = +1 in the same setting, the conditional expectation and the con-
ditional variance, denoted by u_, and o_,, respectively, are estimated by the same method with
slightly different parameters. More precisely, nj = [n/2] — |I'"| —1 and n), = [n/2] — T 7| — 1. Let
py =P[Y] —1>Y]] and pj = P[Y{ — 2 > Y/], where Y/ ~ Bin(n;,p), i = 1,2. Similarly to (8), one
then obtains the bound

pw = np(py+py — 1) £ O (log’ n).

In particular, u_, = O(y/np) and o_, = /np = O(logn). Indeed, these bounds remain the same if
ro(u) = ro(v) = —1 and the only difference from the case ro(u) = —1 and ro(v) = +1 is the values
of ny and ng, so p_, = p__ + O(log?n). Let p_ = %(,u,+ + p__). Then we also have that p_, and
p__ are p_ £0(log?n). Overall, the bound np+O(/nplogn) is universal for the variance obtained
in all the four cases. To summarize, we so far have

e — | = Olog?n), i — | = O(log?n) and o = y/iip = O(logn), (9)
where ¢ can be 0,,,0,_,0_, or o__. Despite the estimates above, we only obtained the bound

O(y/np) for |us+ + p—| by Claim 3.4. This is not enough for our purpose, which motivates the
following claim.

Claim 3.6. For every Gy, and ro with G, € Eyy, |,u+ + ,u_‘ = O(log2 n).

Proof of the claim. Let Z and Z’ be i.i.d. variables with the distribution Bin([n/2 — np], p). Note
first that ny and ng in each of the four cases depending on the signs of r9(u) and r(v) vary from
[n/2 — np| by at most O(,/nplogn) by (iii). Let (po,p1) and (pp, p}) be as defined in the cases
ro(u) = ro(v) = +1 and ro(u) = —1,79(v) = +1 above. Corollary 2.8 then yields

po=P[Z > Z') % O(plogn), pr =P|Z+1> 7]+ O(plogn),

po=P[Z' —1>Z] £ O(plogn), and py =P[Z' —2 > Z]+ O(plogn).

In particular, po+pj = 1£O(plogn) and p; +p) = 1£O(plogn). Therefore, as np?logn < log?n,
s + pe| = |np(po + p1 + 1o + Py — 2) £ O (log*n)| = O(log?n) .

An analogous coupling argument works for p,  and u__. Hence,

1
g+ i < 5 (s + posl + [+ p]) = O(log? n). O

Let R/}, R),, R, and R,, be the events that ro(u) and ro(v) take the corresponding signs,

uv? uv?

respectively. Then the probability of each of the four events is easily computed as 1/4 4+ O(p) given
Gy, € Ew, e.g.,

n—||—2
PIRyICE,] = (Z/?_;ET_; ). B m e =) tsop). (o)
n/2|—miy

We are now ready to estimate the variance of 3°, v/ 14,-

12



. n3/2 (0} 2 n
Claim 3.7. Var (Zuev(a) 1 Au) = Y wwevic PlAuN A — P[4,] - P[4,] = O (%)

Proof of the claim. Let AT be the events that Y wey T1(w) > —~p3/?n + C'log n, respectively with
the corresponding signs. In particular, for Gy, € &, A implies A, and A, implies A, by (ii).

The mutual independence of all ri(w), w € U, given fixed Gy, and rg, allows us to apply the
Berry-Esseen bound. For each fixed G, and r¢ such that ro(u) = r9(v) = +1 and G}, € Euw,

P[Au|Guvy TO] > P[A;HGMM TO]

_p D wer T1(W) — pyy S —p*?n + Clogn — ., G, 7’0]
Oyt Ot
_ —p32n 4+ Clogn — ., j:0< 1 >
Ot V1P
—Am3/2 i 2,
_ yp?'en 4+ C'log”n — uy —O< 1 > (1)
Ot V1P

where ¥(z) := 1 — ®(z) as in Lemma 2.4 and C’ > 0 is from the estimate |u; — .| = O(log®n)
by (9), which absorbs C'logn. By using A, one also obtains the upper bound

Dwer T1(W) = pay - —p*?n — Clogn — pu,.

Oy Oy

o 3/20 g2
\If( P = Cllog™n “+>+0<—1 ) (12)

P[Au|Guvyr0] S P [ Guvﬂ“o

IN

Oyt V1P

Both bounds (11) and (12) can be written as U(z4) + O(l(ﬁ%), where z, = (—yp*?n — puy)//mp.

Indeed, by using Lemma 2.4(i), i.e., |¥(z) — U (y)| < |z — y,

— /2 / _
P n+ Cllogn — puy g < 1 L ) 3/2 L
v —VU(zy)| <C'log"n | — + — n+ — - —
( p— ) (z4) e\ ot T ('Yp fhr ‘ o T
l 2
< 3C"log” n L O(yTp) - \0++ ND \ _0 <log n>7
/P O/ /P

where we use the estimates o, = /np + O(logn) by Claim 3.5 and 4 = O(y/np) by Claim 3.4.

—~p3/ ’ — .
The same bound also holds for ¥ ( =22*% ijog iots > Now replace o, by o, by changing 7o (v)

from +1 to —1, while leaving all other values of rq and Gy, the same. Then we again have the

same bound P[A,|Gyy, 0] = ¥(z4+) £ O (1(35_”> Analogously, for rg with ro(u) = —1, we obtain

P[Ay|Guy, 0] = ¥(z_) £ O (lf}g_") where z_ = (—yp®/?n — p_)//np, by using o_,,o__ and p_.

Given fixed ro and Gy, A, and A are independent as ri(w), w € U UV, are mutually

independent. Hence, for each fixed Gy, and rg such that ro(u) = ro(v) = +1 and G, € Ey,s

P[A, N Ay|Gup, o] < P[A, N AL |Guw, 0]

_ _ log?n
=P[A |Gy -P[A; |G, <Y 2 )
A7 G, 70] - PLAT (G 70] < W () +0< np)
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Indeed, one may easily obtain corresponding upper bounds for other values of r¢(u) and r¢(v), e.g.,

P[A, N Ay|Guw, 0] = V(zp)¥(z_) + O (1(35—"> if ro(u) = +1 and ro(v) = —1. Combining these

bounds with the weight 1/4 + O(p) in (10) gives
P[A, N A|G},] = E[P[Ay, N Ay|Guw, 70| Gry ]

<

[0 + 200 + 07|63 + 0 (B2

E[(W(rs) + ¥ ) ‘G} 0<1%>,

where the O(p) error term in the weight 1/4 4+ O(p) is absorbed by O(kﬁ%). Summing this bound

over all G}, € &,, with the corresponding probability weight that G, appears yields

N N

P[A, N A, NE] < %E |:(\IJ(JE+) - \If(:E_))zlgM] +0 (1(352_;) .

Analogously, (11) and its variants give the lower bound

PlAL N €] - PLA, N E] > SE[(W(ap) + 9()) 16, ] — O (ljn_;) |

Summing the above over distinct u,v € V(G) gives

3/2
3" PlAL N Ay N ] — P[Ay N Eu] - PIA, N Eu] = O nilogTn )
uFv \/]_)

Therefore, we estimate the variance of ZUEV (@) 14, as

> PlAuNA] - PIA] - PlA] <n+ > PlA, N A —P4,] P4,
u,veV(G) uFv
<n+ Y (PlAuN Ay N Ew] + PEw]) — PlAy N Euy] - P[Ay N Eu]
uF v

3/27,
)+ > P4, N A, N ) — PlA, N Ew] - P[4, N Ew) = O (”7\/?”> . (13)
UFEV

where the last inequality uses the bound P[€,,] = O(n~2). This concludes the proof of the claimed
variance estimate. 0

It remains to bound ), P[A4,] from below to use Chebyshev’s inequality. Note first that ro(u)
takes each sign with probability 1/24+0(p) given G, , which can easily be computed by an analogous
estimate to (10). Recall that, depending on the sign of ro(u), P[Ay|Guw, 0] can be estimated as

either ¥(z4) £ 0 <1°g ") or ¥(z_)+ O (log ”> Hence, for each G, € Eyy,

V1P /1P
PIAL i) = E[PIALI G0l G] > LE[W(a) + w(ao)|c,] - 0<1jn_;’) (14)
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For each fixed Gy, and 7o with G¥, € E,, both 2 and z_ are O(1), as |ps| + p*/?n = O(/np)
by Claim 3.4. Moreover,

P
R <’Yp3/2n + iy + u-) < —ypv/n <0,
N

as |y + p_| = O(log® n) < p*/n by Claim 3.6. Lemma 2.4(ii) then gives a constant C” > 0 such
that

U(rg) +W(r-) > 1—C"(wy +2-) > 1+ C"ypy/n.
Substituting this into (14) and summing over all G}, € &, gives

Vv/nlog? n>

n
> -+ 3K pn3/2
VP !

> BN 2 T (W) + 0) - 0 >

uweV(G)\{v}

for a constant K > 0, as pn®/2 > log? ny/n/p. Thus,

SRSz Y PlAnEw] = 5+ 2K
wev (@) weV(G)\{v}

Finally, together with (13), the Chebyshev inequality yields

PN 14, > 2t Kypn®?| <P || S 14, ~E[ 3 14, || = Kypn®?
u )

2 wev (@) wev (G
2
< Var(zulAz) :O< lo;g n2> ’
(Kypn®/?) b

where the last estimate follows from Claim 3.7. Finally, we have O (}%) =0 ( 1;gn> =o(1),
as p > Nn=3/51ogn. d

4 After Day 2

To finish the proof of Theorem 3.2, we use some well-known “pseudorandom” properties of random
graphs G(n,p). By Lemma 2.2, w.h.p. the minimum degree of G(n,p) is at least 0.9np whenever

p > @. We say a graph G is (p, B)-jumbled if, for any vertex subsets U,V C V(G),

e(U, V) = plU||V]| < BVIUIIVI.
The following is a standard fact in the theory of pseudorandomness.
Lemma 4.1 ([12, Corollary 2.3]). For p < 0.99, G(n,p) is w.h.p. (p,5)-jumbled with 5 = O(,/np).

Let P, :={v € [n] : s;(v) = +1} and Ny := {v € [n] : s4(v) = —1}. We use [17, Lemma 7 and §]
by Zehmakan. Here we give a short proof, as we need a slightly more general version.

Lemma 4.2. Let § € (0,1) and let G be a (p, B)-jumbled graph on n vertices with minimum degree
at least dnp. Then
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(i) i 0, s0(0) > 25 then 3, s5011(v) > (1 - 6/2)n;

(it) if >, s¢t(v) > (1 — a)n for some o < 6/2, then >, siy1(v) > <1 —a- 671@335) n.

nep

Proof. (i) Since each vertex v € Ny has at least as many neighbours in Ny as in P;, we have
e(Niy1, Ni) > e(Ngy1, P;). Then by (p, §)-jumbledness,

pIN1|| P = BV N1 || Py < e(Niw1, Pr) < e(Nyw1, Ni) < p|Newa || Ne| + BV | Newr || Ve
Dividing both ends of the inequality above by +/|N;y1| gives
[Nectl (P = INel) < 28 (VN + VIP) < 48V,

Thus,

N < A8V _ Vo
’Nt-i-l’ < pz ( ) 2

Hence, |Nyy1| < 6n/4, which means Y si41(v) = n — 2|Nyyqy| > (1 —5/2)n.

(ii) Each vertex v € Niy1 has at least deg(v)/2 neighbours in N;. As the minimum degree of G is
at least dnp, this means e(Ny, Nyj1) > MTp]NtH]. Combining this with (p, 3)-jumbledness yields

on
p|Nt+1| < e(Ng, Nip1) < pINel[Newa| + By [Nel[ Nigal-

As > si(v) > (1 — a)n, it follows that |N;| < an/2. Thus,

VIl (252 - 9l ) < VI < Bv/anf?.

On the other hand, by o < ¢/2 and |N¢| < an/2,

5np
4 )

onp
— —p|N,
B p|Ne| >

which means “2\/|Ny 1] < By/an/2. Hence, Y, si41(v) =n — 2|Nypq| > (1 —a- %) n. O

Proof of Theorem 3.2. Choose X such that p > Mn~3/%logn according to Lemma 3.3 so that
>y 52(v) > apn®/? with probability at least 1 — e. On the other hand, by Lemma 4.1, G(n,p) is
w.h.p. a (p, B)-jumbled graph with minimum degree at least dnp, where g = O(,/np) and § = 0.9.

As p>n=2/3,
85 n
s9(v) > apn3/2 > =0 <\/j>
zv: ) Vo p

and therefore, Lemma 4.2 (i) proves that ), s3(v) > (1 —0/2)n. Then iterating Lemma 4.2 (ii) for

k times gives
5 (1682 \"
2 skrslv) 2 (1 -3 (m) n.

k
If k£ = 3, then <321%§%5> < 1/n and thus, G(n,p) reaches unanimity on Day 6 with probability at
least 1 — €. O
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5 Concluding remarks

Why p > n~=3/%logn? The logarithm appears in the bound because of the Chernoff bound,
which might be a purely technical reason. In fact, the statement of Theorem 1.2 can be easily
strengthened without too much effort. First, p > Nn=3/5 10g4/ °n suffices to guarantee probability
1 — ¢ for unanimity to occur. Second, in Section 3, one may take ¢ that tends to 0 slowly, e.g.,
¢ = 1/loglogn, to turn the main theorem into a w.h.p. statement too, while losing (log n)o(l)—factor
in the lower bound for p. We however did not bother leaving the logarithmic factors as simple as
it is, since the exponent —3/5 + 0(1) does not seem to be tight even without the o(1)-factor.

The key technical bottleneck in improving the exponent —3/5 + o(1) is the use of Chebyshev’s
inequality to conclude the proof of Lemma 1.3. We believe that our moments estimation is as
accurate as possible except polylogarithmic factors. Thus, as long as one follows our proof outline
and uses the Chebyshev inequality together with the Berry—Esseen bound, it may be difficult to
improve the main term —3/5 in the exponent.

Even if one overcomes such technical obstacles and goes beyond —3/5, the next by far more
challenging problem may be to reach beyond the exponent —2/3. Indeed, there are several points
in our argument that uses p > n~2/3, but most importantly, the shift of magnitude pn3/? given
in Lemma 1.3 (and the same number in Lemma 3.3 too) becomes void if p < n=2/3. Overall, we
suspect that improving the exponents —3/5 or —2/3 will require a substantially new approach.

The optimal initial bias. In [16], Tran and Vu showed that ) so(v) = Q(1/p) is enough
to guarantee unanimity to appear with probability 1 — € in majority dynamics on G(n,p), for any
p > (2+0(1))(log n) /n, which generalizes the Fountoulakis—Kang-Makai theorem. Our result proves
that, for p = Q(n=3/5t°(1)), the initial bias Q(y/n) that can be smaller than 1/p = O(n?/5-°(1)
also suffices to guarantee the same conclusion. Furthermore, it also generalises to

Theorem 5.1. If |} so(v)] = Q(n_1/4p_5/4 logn) and @ < p < A2, then majority
dynamics on G(n,p) admits unanimity with probability 1 — €.

This improves the Tran—Vu theorem in the suggested range of p and can be seen as a positive
evidence for the conjecture by Berkowitz and Devlin [2, Conjecture 8], which states that the initial
bias can be as small as one whenever p > (1 + o(1))(logn)/n.

Acknowledgements. Part of this work was carried out while the second and the third authors
visited the other authors at IBS Daejeon.
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