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Summary

For high-dimensional regression, the number of predictors may greatly exceed the sample size but
only a small fraction of them are related to the response. Therefore, variable selection is inevitable,
where consistent model selection is the primary concern. However, conventional consistent model
selection criteria like BIC may be inadequate due to their nonadaptivity to the model space and
infeasibility of exhaustive search. To address these two issues, we establish a probability lower
bound of selecting the smallest true model by an information criterion, based on which we propose
a model selection criterion, what we call RIC., which adapts to the model space. Furthermore, we
develop a computationally feasible method combining the computational power of least angle
regression (LAR) with of RIC,. Both theoretical and simulation studies show that this method
identifies the smallest true model with probability converging to one if the smallest true model is
selected by LAR. The proposed method is applied to real data from the power market and
outperforms the backward variable selection in terms of price forecasting accuracy.

Keywords
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1 Introduction

With the advent of computers, data are exploding in size and complexity. How to extract
information from mountains of data imposes many new challenges to statisticians. In the
power market, for example, identifying relevant nodes is important from hundreds of
candidates for the sake of price forecasting and risk hedging, where the sample size is
smaller than the number of candidate nodes. In such a situation, is to identify the smallest
true model Mg from py, predictors xg, ..., X, based on a sample of size n. The large model
space resulted from high dimension brings two challenges to most existing model selection
criteria, namely, inadequate penalization coefficient and huge computing workload. The
goal of this article is to develop a model selection criterion or procedure to deal with these
two issues.

In the literature many of model selection criteria have been proposed, most of which are
information criteria in the form of

l[Zn — YnlB+AIM|0? )

where Yy, is a vector of n observations on the response Y , 7z, is the least square estimate of
tn = E(Yn), IM| is the number of predictors in model M, Il ll; is the Euclidean norm and 4 > 0
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is the penalization coefficient. In (1), |[z, — Y.l @nd [M|o® measure the goodness-of-fit and a
model's complexity, respectively. The penalization coefficient 4 controls the balance
between goodness-of-fit and a model's complexity.

The information criterion includes Akaike's information criterion (AIC, Akaike, 1973) with
A =2, the Bayesian information criterion (BIC, Schwarz, 1978) with 1 = log n, ¢ criterion
(Hannan and Quinn, 1979) with A = ¢ log log(n) where ¢ > 2, the risk inflation criterion
(RIC, Foster and George, 1994) with 1 = 2 log pp, the modified risk inflation criterion

M|

(MRIC, George and Foster, 2000) with 4= (lez‘ll()g (pn/j)), and covariance inflation
M|

criterion (CIC, Tibshirani and Knight, 1999) with 4=z (lez‘llog (Pn/j)). The asymptotic
properties of information criteria have been studied extensively and the readers may refer to
Shao (1997) and references therein for more details. Consistency and asymptotic loss
efficiency are two major aspects assessing asymptotic properties of a model selection
criterion. Consistent model selection that is the probability of selecting the smallest true
model converging to 1, is our major objective in this article when the true model is one of
the candidate models. A well-known fact is that BIC is consistent in the parametric case
(Stone, 1979). However, there are two issues in applying BIC to high-dimensional data.

1. The penalization coefficient of BIC, log n is nonadaptive to the model space (Chen
and Chen, 2008);

2. Exhaustive search is infeasible.

Some progress has been made with regard to the aforementioned two issues. Chen and Chen
(2008) suggested a criterion based on BIC in which an p,-dependent term is added to log n.
For computation, the stepwise search method such as LASSO (Tibshirani, 1996) offers a
feasible approach of performing model selection for high-dimensional data. The entire
solution path of LASSO, generated by the Least Angle Regression (LAR) algorithm (Efron
et al., 2004), is a sequence of models, which may include the smallest true model (Zhao and
Yu, 2006). Zhao and Yu (2006) proved that if the irrepresentable condition is satisfied and a
suitable penalization coefficient is selected LASSO will be consistent for model selection.

Concerning the difficulty of selecting a suitable penalization coefficient in LASSO, Zou et
al. (2007) suggested a criterion based on BIC in which the least square estimate of f is
replaced by the LASSO estimate.

In this article we propose a novel approach to overcome the two hindrances. The
relationship between the size of model space, the penalization coefficient and the probability
of selecting the smallest true model by (1) is derived. Next, a model selection procedure for
high-dimensional data is constructed and studied from theoretical and empirical
perspectives.

The rest of this article is organized as follows. Section 2 establishes a probability lower
bound of selecting the smallest true model by (1), based on which a consistent information
criterion is proposed as well as a procedure combining LAR with the proposed information
criterion. Section 3 presents simulations and a real data example in which our approach
compares favorably with other competing methods. Section 4 concludes this article and all
technical proofs are deferred to Section 5.

2 Consistent model selection by RIC,

Let Yy, = un + &, Where &, is a vector of n iid errors, & ~ N(0, 62); i =1, ..., n. Linear
regression is considered, so all subsets of predictors constitute the model space AM”" and each

Stat Anal Data Min. Author manuscript; available in PMC 2011 October 1.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Zhang and Shen

Page 3

element in M" defines a model M. Let Xy, be a submatrix composed of columns of X
corresponding to predictors in M. The least square estimator of xn, for a given model is

’ ‘I ’
Tin (M) =P (M) Y, Where P(M) is the projection matrix and P (M) =X¢,(XMXM) X, . Let
Q(M) = I,,xn — P(M) denote the corresponding orthogonal projection matrix, where I,xp, is
an n-dimension identity matrix and Tr(P(M)) < |M].

The true model satisfies u, = P(M)un. Let M denote the set of all true models, and M}

denote the set of all wrong models. The size of AM” in a typical multiple linear regression
setting. The smallest true model is supposed to be unique, fixed, full-rank and in the model
space. Assume that p, — 00 as n — o0 and [Mg| < n.

The definition of consistency and asymptotic loss efficiency is as follows:

DEFINITION 1 A model selection criterion is consistent if P(M = Mg) — 1 as n — oo,
where M is a model selected by this model selection criterion over AM”.

DEFINITION 2 A model selection criterion is asymptotically loss efficient if

% — 1in probability as n — oo, where M is a model selected by this model

Inf g e pn

selection criterion over M"and 7, (pg) =E0-sn 2 is the loss of model M.

Note that consistency and asymptotic loss efficiency imply each other in the parametric case
(Zhang, 2009).

2.1 Motivation

It has been observed that BIC is inconsistent when n is small compared to the size of

M=2P-=IMoD (Chen and Chen, 2008). To investigate the relationship between model
selection consistency of (1) and 4, the probability lower bound of selecting the smallest true
model by (1) is established in Theorem 1.

THEOREM 1 Suppose that the smallest true model Mg is unique, fixed, full-rank and in the
model space. Let M; denote model selected by (1). Then

—~ — a-1 l Pn—IMo|
P(M}ZM()'MA € M;I) >2 - (1+exp (— 5 ),{5) o
2

In Theorem 1, any relationship between p, and n is not assumed, so p, may be greater or
1 Pr—IMo|

less than n. Obviously, the lower bound 2 — (1+€Xp (—452) A is a function of 1 and
pn — [Mgl|. The performance of an information criterion depends on p, and 4, so we may
construct consistent model selection criteria by choosing a suitable A as a function of py, such

| \Pa— 1Mol
that (1+eXP (—@)13)
established.

— las p, — o0. The following three corollaries are

COROLLARY 2.1 LetA=2(1+y) log py in (1), where y is a given positive real number.
Then P (Ma=MolMy € M}) > 1as p, — oo,

COROLLARY 2.2 Let 1 = 2 log py+2 log log py in (1). Then P (Ma=MolM, € M;) - 1 as

pn—>00_
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COROLLARY 2.3 LetA=2log pn + (1 +y) log log py in (1), where y is a given positive
real number. Then P (My=MolM, € M) - 1as p, — o,

The probability lower bound (2) reveals why a p,-dependent penalization coefficient
outperforms an n—dependent penalization coefficient with respect to consistent model
selection, which will be examined in simulations in Section 3.1.

Based on Corollary 2.2, we propose the following criterion for model selection by
minimizing

1Q (M) Y| 3+2 [log (p,) +log log (p,)] IM|o. 3)

This criterion is the information criterion (1) with A = 2 log p,, + 2 log log pp, and can be
viewed as RIC plus a correctional term 2 log log pp|M|o? (RIC.). The RIC, criterion is
consistent as shown in Corollary 2.2. The influence of the correctional term, 2 log log pp|M|
o2 will be examined by comparing RIC; with RIC through simulations in Section 3.1.

However, exhaustive search required by RIC. becomes infeasible as p,, is moderately large,
say 50, so a stepwise method is considered. Next we will propose a procedure through
combining LAR with RIC,.

The LASSO estimate, 4 (1) is defined as the minimizer of

IYs — XBl5+A118ll; )

where £ is a pp-dimension vector of regression coefficients fj; j = 1, ..., p, and

Pn
|LB”1=Z‘,:1|B./| is the L1 norm. Let k, a positive integer, denote the k-th step in the LAR
algorithm and 4, denote the model selected at the k-th step. Let Ef,{k denote the LASSO

estimates corresponding to model ,, where /ﬁ\fnk is obtained at step k + 1 (Efron et al.,
2004).

A feasible model selection strategy is to select a model minimizing

I¥n —XuB, I+ (210g (pn) +2 log log (p)) |Aklo™, ©

where possible candidate models are the sequence of models generated by LAR. However,

2
the bias of the LASSO estimate needs be treated. IfI¥a — XuB,, Il is used as a measure of
the goodness-of-fit and | #,| as a measure of a model's complexity, it results in
overpenalization on sparse models making them unlikely to be selected. Therefore, we need
to construct a new complexity measure to reduce the effect of the bias of LASSO estimates.

Since the bias of LASSO estimate increases in 4, we suggest i—’;ll’B\f,(A Il for a model's
complexity, where /K is calculated through
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, ¥

(Xi"k) (Y“ - Xﬁ“kﬁﬂk) =I? sign (E"A) ’ (6)

which is derived by setting the derivative of (4) over  to be 0.

Replacing | #,| by Ilﬁ I in (5), we obtain the LAR-RIC; criterion,

2 4no? (log p,+log log p,)
2 Ak

C (k) =IXB,, Yl + B, |

1 (7

Therefore, model selection by LAR-RIC, proceeds in two steps: (1) Generate a sequence of
models by LAR, (2) Select the best model by minimizing (7). The LAR-RIC, criterion can
achieve consistent model selection if LAR selects the smallest true model at its certain step;
see Theorem 2.

Some additional assumptions are assumed about the design matrix X in addition to those
introduced in Section 1. We assume that the design matrix has been normalized such that X;

=0and IIXJ-II2 = n for each column vector of X, Xj; j=1, ..., pp. Assume also that X T
as n — oo for two column vector X;j and X;, and obV|0u5Iy cj<landcjj=1ifi —j Assume

that X no 20 _, . asn — oo and the smallest and largest eigenvalue of Cqq are ¢1(Cqq) and
C respectlvely with 0 < ¢1(Cqq) < ¢q(Cqq) < 0. Let uy and ug4+1 be unit equiangular
g\~qa/s aq ag\~qq

vectors as defined in Efron et al. (2004), where ukuk+] is the inner product of uy and uy41 and
less than 1.

In addition to assumptions about the design matrix, we assume that:
1.

Lglpn) — 9 @s N — 0O;
Va

2. Lo
lim inf,_,e "1 0 in probability for all finite-dimensional wrong models;

3. the smallest true model A, is selected at step ko of LAR and Ay, ¢ Ay, 1;

Tim sup,,_,., (i, 1ky+1) < 6<1in probability as n — oo;

2|IB., Ii
T+l
Ao+l

6. the irrepresentable condition (Zhao and Yu, 2006) is met.

28,
- # is bounded below by a positive number in probability as n — oo;

The utility of these assumptions will be explained in the proof of consistency of LAR-RIC,,
which is summarized in the following theorem.

THEOREM 2 If assumptions 1-6 hold, then LAR-RIC is consistent.

Next we perform simulations to examine the performance of RIC and LAR-RIC..

Stat Anal Data Min. Author manuscript; available in PMC 2011 October 1.
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3 Data examples
3.1 Simulations: RIC

Simulations are performed to compare AIC, BIC, RIC, MRIC, CIC with RIC, with n = 50,
5000 and py, = 30, based on 200 replications. The design matrix X is nxpp and each row of X
is generated by MVN(O, 2, %) independently, where the ijth element of the covariance
matrix 2 % is 1if i = j, and pli Il if i # j. Three values of p, -0.5, 0, 0.5, are examined.

The smallest true models is generated by un, = Xy, where # is a 30-dimension vector of
regression coefficients. Only |Mg| entries of # are assigned value 5 and the rest are 0. Let &,
= (€&, .., &) be generated from the standard normal distribution and Y, = un + &,. The
proportion of selecting Mg is shown in the following tables.

As indicated in Tables 1-2, the performance of AIC and BIC worsens as | M| increases,
which demonstrates their non-adaptivity to the model space. Though BIC selects the
smallest true model with proportion close to 1 when n = 5000, its poor performance in the
low sample size case (n = 50) makes it inadequate for high-dimensional data. In contrast to
BIC, the performance RIC; is stable across different settings. Through a comparison of RIC
with RIC., we note that the correctional term plays a key role. The performance of CIC and
MRIC is the worst when |[Mg| is moderately large.

Overall, RIC outperforms its competitors in terms of accuracy of identifying the smallest
true model, especially when the sample size is small compared with the model space size.
Therefore, RIC, is expected to be a competitor in model selection for high-dimensional data.
The performance of RIC, testifies Corollary 2.2, too.

In the above simulations, the error variance, o2 is assumed known; see Shen and Ye (2002)
and references therein for some estimating methods.

3.2 Simulations: LAR-RIC,

The simulations are to test the performance of the LAR-RIC, criterion with n =50, and
pn=25, 50, 75, 100, 250, 500, 750, 1000, 1500, 2000, 2500 based on 200 replications. The
design matrix and the smallest true model are generated by the same method as in Section
3.1. The simulating output is shown in the following three tables.

The above simulations show that the smallest true model is not necessarily selected by LAR
(Zhao and Yu, 2006), but LAR-RIC. is able to identify the smallest true model whenever
LAR is able to do that. This confirms Theorem 2.

We note that the proportion of selecting over-fitting true models is greater than that of
selecting the smallest true model and the median model size selected by LAR-RIC, is much
less than p,,. Therefore, a reasonable strategy in empirical data analysis and modeling is to
remove most redundant variables by LAR-RIC, then perform an exhaustive search through
RIC.. Osborne et al (1998) suggested a similar strategy. These simulations also show that
the OLS estimate performs better than the LASSO estimate with respect to estimation
accuracy due to the potential bias of the LASSO estimate. Thus we suggest a three-step
procedure:

1. Remove redundant variables by LAR-RIC,,
2. Select the best model by exhaustive subset selection using RIC,,

3. Estimate parameters by the ordinary least square method based on the model
selected in step (2).

Stat Anal Data Min. Author manuscript; available in PMC 2011 October 1.
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We will use this procedure to analyze real data from the regional wholesale power market of
the state of New York.

3.3 A real data example

Since 1998, the wholesale electricity market in USA has gone through a transition from
vertically regulated markets to free and competitive markets. Some regional wholesale
markets have taken into shape including New York (NY). Electricity is the most volatile
commaodity that brings much risk to the market participants. The high volatility of the
electricity price makes price forecast challenging and crucial for market participants. The
electricity price in these regional wholesale markets is determined by the the cost of
supplying the next megawatt of electricity demand at a specific location, which is called a
node in the power market. For example, there are more than four hundred pricing nodes in
the regional power market of New York, and the nodal price differs with each other due to
different local supply and demand conditions. If two nodes are geographically close to each
other and connected by a transmission line that makes transmission and congestion loss low,
they tend to have similar prices. We could predict the price of a node through other nodes
whose prices are easier to predict. The data set represents 422 price observations on each of
the 423 nodes, one of which works as the response. For our data p, = 422 is greater than n =
281, but only a small fraction of nodes are expected useful in forecasting the price.
Therefore it is highly desirable to construct a sparse model to achieve prediction accuracy.

The cross-validation method is used to compare two groups of model selection procedures.
The first group of three procedures does exhaustive search by AIC, BIC and RIC,
(respectively) preceded by LAR-RIC, (denoted by LAR.AIC, LAR.BIC and LAR.RIC,).
The second group of three procedures does backward stepwise variable selection (Cook and
Weisberg, 1999) by AIC, BIC and RIC,, respectively (denoted by STEP.AIC, STEP.BIC
and STEP.RIC). The 422 observations are divided into a training set including the first 281

observations and a validation set including the remaining 141 observations. Let Y; and 'f/? i
=1, ..., 141 denote the observed and predicted prices, respectively. The prediction error (PE)

is defined as|y; - Y7 i=1, ..., 141.

The cross-validation result based on Y; versus f/? i=1,..., 141 of all six procedures is
displayed in Figure 1, where the straight line passes (0,0) with slope 1.

As indicated in Table 10, the sparsest model yields the best prediction accuracy in both
groups of procedures. The out-performance of RIC over AIC and BIC can be attributed to
the aggressiveness of RIC. in removing redundant variables. We note that though the model
selected by STEP.RIC; is sparser than that selected by LAR.AIC or LAR.BIC, the former is
worse than the latter with respect to prediction accuracy. A reasonable explanation is that
STEP.AIC and STEP.BIC may miss some most relevant nodes.

Overall, Table 10 and Figure 1 show that the three-step procedure outperforms the backward
stepwise method in terms of prediction accuracy. Another advantage of the three-step
procedure is the computational efficiency.

4 Summary

This article contributes to model selection for high-dimensional data in two aspects. First,
this article establishes a probability lower bound of selecting the smallest true model, which
lays foundations for constructing model selection criteria as p,, — ©0. Secondly, a model
selection criterion RIC, and a procedure LAR-RIC, are proposed and their properties are
studied. Simulating and real data examples show that LAR-RIC, is a potent tool in doing

Stat Anal Data Min. Author manuscript; available in PMC 2011 October 1.
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model selection for high-dimensional data. Admittedly, the consistency of LAR-RIC; is
subject to the design matrix satisfying irrepresentable conditions, which is worth further
study.
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5 Technical proofs
5.1 Appendix A
Proof of Theorem 1: Suppose M is an over-fitting true model. Since XyBm = XmpBmg = £n,

where all components of Sy and S are nonzero, Mﬂ_" follows a chisquare
distribution with degree-of-freedom Tr(P(M)) — |[Mg| < |[M| — |[Mg|. To prove

) ‘ 5 . _ ) 5 a-1 L Pn—IMo|
P(Mmmew (HQ(M) Yul?+AM|o )<||Q(M0) YulP+AMolo ) < (1+exp (——2—)4~) -1, o
consider
P(IIP (M) &l = 1P (Mo) &l*) = A (M| - [Mo)) o) ©)
< P(IP(M) &l — 1P (M) &nll”) = A(Tr (P (M) - [Mo)) o) (10)
S k/2 K2

< exp (—5/2)(1%) ~(Aexp(1 - ) -

where 6 = (A — 1)k and k = Tr(P(M)) — |Mg|. Since Tr(P(M)) < |M|,
P(IIP (M) &l* ~ 1P (Mo) &l?) = 2(M] ~ Mol o) < (A exp (1 — )10 12

Let m = |M| — [Mg|, then [M| = [Mg| + m. Then by Markov's inequality,
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P( inf_(I1Q (M) YalP+AIM|o?) <I|Q (Mo) Yn||2+/1|M0|0'2)
M#Mo:MeM

8 = P(”P (M) &l? = 1P (Mo) &%) 2 A(1M| - |Mo)) 0?)
M#Mo;:MeM

= IMI:T}:l(,|+| ( Il]i/;l_—llnjgjool[ )dw exp (_Wﬂ)

= P:ZZJO( Pn —mIMol )eXp (~tst) 2

< (P Y (58— s (-2l

This completes the proof.

Proof of Corollary 1: The result follows from

1— Pn—IMo] W Pn—IMol
(1+exp(—¥),ﬁ) :(1+ ( +7)(08Pn)e] 1

I+y
n

(13)

as pp, — ©0. This completes the proof.

Proof of Corollary 2: The result follows from

-1

Pn 10g (pn)

e

—|Mo —IMo|
(1+exr> (_(,17;1))/1%)% " 12[1 , V2 Tlog (p,) +log (log (p,)] e]p ’
(19

as pp — 0. This completes the proof.

Proof of Corollary 3: The result follows from

0 —|Mol
/l -1 Pn—IMp] 21 o+ 1+ l 1 e P
(1+exp(_(2—))/l%) =1+ \/{ og p ( )’) og ng,}e 51

l+y
pnlog™™ (py) (15)

as pp — ©0. This completes the proof.

In the last step of the proofs, we make use of the following fact: if a positive and increasing
sequence y, — ©0 and a positive and decreasing sequence x, — 0, respectively as n — oo,

then (1+—)V — 1as n — oo, The proof is omitted.

5.2 Appendix B: Proof of Theorem 2

Set 02 = 1. We need the following seven lemmas to prove Theorem 2.

LEMMA 1 (Efron et al., 2004)

ctgillP (A1) Yo = P (AQ Yalo=lIP (A Yo X, B, |, 16
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’
U]

’ -1 clo, = —EL
where P (A :Xf*"L (X-'ﬂl\ Xf“k) Xﬂk and o “(”L"m)l'

LEMMA 2 If A, c Ay then
22 2 2 2 2
Iy - X_qkﬂ,B,‘ ||7—|IY - X;,(Lﬂ‘,,(kllz <[P (A — P (Axy)] &nllz+(ctgio) NN [P (Akys1) — P (Aky)] enllz

ko

Proof: Note that

-~ 2 ~ 2
¥ =X, B, 112 —I¥a =X, B8, |

A2

2 2
1P (Pho) Yot Q (Aug) Yo = Xy, By I = 1P () Yot Q (F) Yo = X, 5,

A2

I[P (A — P(Ar,)] &ll3+(ctgr,)* Il [ P (Arys1) = P (Ary)] &ll3 = (ctg)* N[ P (Frs1) — P (AD)] &l

I[P (AR) — P (Ar)] @nllz+(ctgr,)* Il [ P (Arg+1) — P (A, )] €nll3

This completes the proof.

on )
LEMMA 3 ﬁfnkn - ng” in probability as n — co. Both Efﬂk() and Enko are g-dimensional
vectors.

Proof: By Lemma 1, we have

2 2
P (AUuy) Yo = Xy B, 1| =ct2, IP (Fy11) Yo = P(Ak) Yl

(17
By Assumptions 3 and 4,
2
IP (Ay) Yo — X, B |
0 )
2 5,0
n (18)
in probability, which implies
a ? 4 3 2
2 50
n (19)

”

0
in probability as n — oo. If " a5, ). did not converge to 0 in probability, then

2
, — ,7 2
e)lxﬂko (ﬂ% _ﬁgm ) would be negligible compared with ”X:fu(, (ﬁﬂko _ﬂquo ) ”2 and (18)
would not hold. Contradiction. This implies the desired result.

LEMMA 4 4, ~ Opn (1+ergy).

Proof: It follows from Efron et al. (2004) that
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2 /1;7(, y
1P (A1) Yo - X, B, ||7=( - }

: 2a (20
, 1 -172
a=\s, (X,, X, ) Sa, s i i
where T\ o =g o and °=, is a | Ay, | dimension vector of 1 and -1.
1 -0.5
al \/E:(sﬂko (X‘,,(A0 X».,!k0 / n) Sﬂ,\()) @1)

We have known that X:nko X% /n = Cyqand $1(Cqq) and ¢4(Cqq) are the smallest and largest
eigenvalues of Cqq, respectively. Hence,

Py (zqu < li}l]ll i{r}fnsi}(ko (X‘_,(AO Xf‘ko )_1 Sy, < lilsl_ilclpns;qku (X:,lk0 X% )_1 Sm, < o (Léqq) o
So
i (qu) < lim infer/ Vn < lim supa/ \Vn < % (qu),
i e ne q (23)
implying

Py

/lf"l\ - 5 ,
[2_(:] = (I+Ctg7cn) | (P (Aky+1) — P (Ax,)) &l ”

This completes the proof.

LEMMA 5 For k > kg, & _, o in probability.

n

Proof: By Lemma 4 and Assumption 4, we know that o _, ¢ in probability. And since X <
X0 (Efron et al., 2004), # _, ¢ in probability. This completes the proof.

7 , ,
LEMMA 6118, Il is an increasing function of k.

Proof: Suppose ko > k1, then k2 < JK1 (Efron et al., 2004)

2 _ 2,k
1Yo = X"”‘kz’gﬂkguz-u HB% “1 < I¥n X:,(k],B% ”2-'-/l ”Eﬂkl ”1 (25)

2 2
_ 2 kAl _ T2,k
¥ X”‘MEZ‘"M “z+'l |wﬂkl ”1 < ¥ X"”*:'B:"k; ”2+/l ]ﬁﬂﬁzlll (26)
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C(K)).
S 20l I 2
1Y =X, B, 142 {1og (pn) +log (log (pn)} —= > 1Y = X, B, I+2 {log (p,) +log (1og (1)
< I[P (A = P (FAry)] enll3+(ctgr) I [P (Akg1) = P (FAgy)] all; = 2 {log (pa) +log (log (pa)}
2 2 20, 1 2By |
< (1+(ctgr,)*) I[P (Ak) = P (Aky)] nll3 2 2 {log (p,) +log (log (pn)} { —r—t — —z
(1+(etss) Jor-) , ,
< T 2 Tl [P (Ax) — P (Ar,)] &ll; > 2 {log (p,) +log (log (pn))} (Al — )
(|
We can prove Z.%:;nkp(c(k‘)) 2 infyC (®) = 0 using the method in the proof of
Theorem 1. This completes the proof.
References

Page 12
ks k ol
Therefore, (1 ~ 4 l)(]ﬁnkz - "'Z;I'.m] ”l) = 0 This completes the proof.
Ay l-q

LEMMA 7 If Ay, C Ay, then 218y, 1, /#2461 /40 is bounded above by a positive real

number in probability as n — oo,

Proof: By assumption 5

Akl — g < !
il k _ 3l ke ~ |ipl ko+1 _ 7Rl ko
2nl|By 11 /4 anlﬁﬂko III/ﬂ : 2|L35,,k0+I II]//l or 2|L13~,z‘kO II]/N -

This completes the proof.

Proof of Theorem 2:

We consider two cases: A BA, and A > Ay,
1.

We have known for a wrong model #;, jim infn_m”"”‘ﬂk'i 0 in probability by

Assumption 2, whereas for the true model Ay, C(ko)/n — 0 in probability as n —
00 by Assumptions 1 and 4.

2. For the second case (A, C A), we want to bound the probability P(C(kp) = infy

21l I

28, |
ko
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Figure 1.
Predicted hourly price by six procedures vs the corresponding observed hourly price.

Stat Anal Data Min. Author manuscript; available in PMC 2011 October 1.

Page 14



Page 15

Zhang and Shen

T T T T T T oC 0¢g
s86'0 | 0g0°0 0 6z6'0 | 0890 | 0gz'0 6C 12 .
096'0 | 0620 | 0200 | 9680 | S0s0 | SOTO 81¢ z1 50
S96'0 | 5680 | 0zz0 | Sz8'0 | soeo | ST00 128 €

T T T T T T oC 0¢g
$86'0 | S20°0 0 0z6'0 | 099°0 | S92°0 6C 12
596'0 | sez0 | S000 | 0680 | 040 | 09070 g1¢ z1 °
se6'0 | 0es0 | sT20 | 5280 | Seeo | 0100 128 €

T T T T T T 1C 0¢g
5160 | ¥00 0 S06'0 | 9590 | 0z'0 6C 128
S56'0 | G220 | sT00 | 5280 | S8v'0 | §50°0 81¢ A 50
Sv6'0 | G280 | svzo | 0620 | ove0 | 0100 128 €

> 12N

OId | 010 | O1dW | O1d | 218 | QIv u ol | ¢

T=z2puUeQE = Ud ‘oG = u yum suonedljdas uone|nWIs 0OZ U0 paseq *J1y pue J1D ‘DIHN ‘OIY ‘019 DIV
Aq 1apow anuy 1s3fjews ayy Buraalas Jo uonsodoad syl Moys suwnjod yie-Yiy auL "Ajaanoadsas ‘141 pue [0y ‘@ Jo anjea ay 1S1| SUWINJOD 334y} 1S41) 8YL

T alqel

NIH-PA Author Manuscript

NIH-PA Author Manuscript

NIH-PA Author Manuscript

Stat Anal Data Min. Author manuscript; available in PMC 2011 October 1.



Page 16

Zhang and Shen

T T T T T T oC 0¢g
s.6'0 | 0200 0 0160 | 006'0 | S€2°0 6C 12 .
5s6'0 | sve0 | s000 | ov8'0 | 0820 | 0500 81¢ z1 50
0e6'0 | 080 | 06T0 | 5920 | $69°0 | 5000 128 €

T T T T T T oC 0¢g
066'0 | Sv0°0 0 0160 | 086°0 | 0020 6C 12
sy6'0 | ogz0 | 0100 | 0280 | Ov60 | S¥00 g1¢ z1 °
056'0 | 5280 | 010 | S820 | se60 | 0100 128 €

T T T T T T oC 0¢g
086'0 | 0g0°0 0 0560 | 086'0 | 08T0 6C 128
5.6'0 | 0610 | ST00 | 5280 | ove0 | 0v00 81¢ A 50
056'0 | 0180 | 9910 | 0220 | 0zZ60 | STOO 128 €

> 12N

OId | 010 | O1dW | O1d | 218 | QIv u ol | ¢

T=z2puUe Qg = Ud ‘000G = U ynm suonealjdal uoneINWIS O0Z UO paseq D1y pue D10 ‘DIFIN ‘01 019 DIV
Aq 1apow anuy 1s3fjews ayy Buraalas Jo uonsodoad syl Moys suwnjod yie-Yiy auL "Ajaanoadsas ‘141 pue [0y ‘@ Jo anjea ay 1S1| SUWINJOD 334y} 1S41) 8YL

¢?olqel

NIH-PA Author Manuscript

NIH-PA Author Manuscript

NIH-PA Author Manuscript

Stat Anal Data Min. Author manuscript; available in PMC 2011 October 1.



Page 17

Zhang and Shen

cL'8 8¢¢e 00°'s §6'0 00T 66'0 | 00S¢

87’8 ve'e 00'S 66'0 00T 00T | 000c

€e'8 §e¢C 00°'s 660 00T 00'T | 00ST

c0'8 €e'e 00'S 860 00T 66'0 | 000T

0L €e¢C 00°'s 660 00T 00T 0SL

60°L 8€'C 00'S 860 00T 66'0 005

659 §e¢C 00°'s 00T 00T 00T 0S¢

8y'S 6¢'¢ 00'S 00T 00T 00T 00T

8¢S €e¢C 00°'s 00T 00T 00T <73

187 ve'e 00'S 00T 00T 00T 0§

6EY 1e¢ 00°'s 00T 00T 00T S¢

Caswid | Teswa | ueipsw | €doud | ¢doad | Tdoud ud

'G=|OW|pueog=u'go-=9"'T=

29 Unm suoneal|dal 00z Uo paseq °Q1y-Hv 1 Aq paloa)es [apow ayp Jo arewnss 0SSV 8y Aq paindwiod JSIA 1001 :Caswul 2O 1Y-Hv 1 Ag palos)es [spow
ay1 Jo arewnsa atenbs 1ses] ay) Aq paindwiod JSIA 1004 :Taswl PO 1Y-Hv 1 AQ pa199)as 9zZIS [apow Ueipaw :UeIpaW 2D -4 Ag [apow anJ) 1sa]jews ay)
Bunosjses Jo uoniodoud :€doad LCO1Y-H1 Ag sjapow anJay Bunasjas Jo uoniodold :¢doad (v Aq [spow anJy 1sajjews syl Buipnjoui jo uoniodoud :Tdoud

€9lgel

NIH-PA Author Manuscript NIH-PA Author Manuscript NIH-PA Author Manuscript

Stat Anal Data Min. Author manuscript; available in PMC 2011 October 1.




Page 18

Zhang and Shen

9291 S6'7 0S°€T €00 060 €10 | 00S¢

¢L'ST 1404 00TT 500 ¥6'0 T¢'0 | 000¢C

85'GT 1A 4 00°0T 600 §6'0 G¢'0 | 00sT

68'v1T 89°¢ 00'8 91’0 86'0 ¢g'0 | 000T

6EVT 85'¢ 008 810 860 ¥€0 0SL

66€T 0g'e 00°L 8¢0 00T Sv'0 005

¥6'¢l 18'C 009 050 00T 890 0S¢

8G°0T LS¢ 00'S 7A 00T ¥8°0 00T

¢0°0T 8¢ 00°'s IZA0) 00T 180 72

(244 ev'e 00'S ¥8°0 00T 06'0 0§

vL'L ve'e 00°'s 160 00T S6'0 S¢

Caswid | Teswa | ueipsw | €doud | ¢doad | Tdoud ud

'G=|ON|puepg=u'0=9"'T=

29 Unm suoneal|dal 00z Uo paseq °Q1y-Hv 1 Aq paloa)es [apow ayp Jo arewnss 0SSV 8y Aq paindwiod JSIA 1001 :Caswul 2O 1Y-Hv 1 Ag palos)es [spow
ay1 Jo arewnsa atenbs 1ses] ay) Aq paindwiod JSIA 1004 :Taswl PO 1Y-Hv 1 AQ pa199)as 9zZIS [apow Ueipaw :UeIpaW 2D -4 Ag [apow anJ) 1sa]jews ay)
Bunosjses Jo uoniodoud :€doad LCO1Y-H1 Ag sjapow anJay Bunasjas Jo uoniodold :¢doad (v Aq [spow anJy 1sajjews syl Buipnjoui jo uoniodoud :Tdoud

v alqel

NIH-PA Author Manuscript NIH-PA Author Manuscript NIH-PA Author Manuscript

Stat Anal Data Min. Author manuscript; available in PMC 2011 October 1.




Page 19

Zhang and Shen

1441 618 ooee 000 000 000 | oose

8G°9T 0€'8 oo'ee 000 000 000 | 000c

9291 GeE'8 ooee 000 100 000 | oosT

90°LT 19'8 00'TE 000 ¥0'0 000 | oo0T

LT ¥8'8 00°1€ 000 600 000 0SL

0L°LT €9'8 00'8¢ 000 (240 000 005

1911 189 00¢ce 000 §9°0 000 0S¢

€6'GT S0y 00TT 100 160 ¢00 00T

¢S'GT 95°¢ 00°0T ¢0'0 660 500 <73

0L'vT LT'E 00'8 800 86'0 01’0 0§

0S¢t 9l'¢c 009 120 00T G0 S¢

Caswid | Teswa | ueipsw | €doud | ¢doad | Tdoud ud

'G=|ON|pueog=u'g0=7"'T=

29 Unm suoneal|dal 00z Uo paseq °Q1y-Hv 1 Aq paloa)es [apow ayp Jo arewnss 0SSV 8y Aq paindwiod JSIA 1001 :Caswul 2O 1Y-Hv 1 Ag palos)es [spow
ay1 Jo arewnsa atenbs 1ses] ay) Aq paindwiod JSIA 1004 :Taswl PO 1Y-Hv 1 AQ pa199)as 9zZIS [apow Ueipaw :UeIpaW 2D -4 Ag [apow anJ) 1sa]jews ay)
Bunosjses Jo uoniodoud :€doad LCO1Y-H1 Ag sjapow anJay Bunasjas Jo uoniodold :¢doad (v Aq [spow anJy 1sajjews syl Buipnjoui jo uoniodoud :Tdoud

G 9lgel

NIH-PA Author Manuscript NIH-PA Author Manuscript NIH-PA Author Manuscript

Stat Anal Data Min. Author manuscript; available in PMC 2011 October 1.




Page 20

Zhang and Shen

NIH-PA Author Manuscript

g 6 10T v L 6 Il
0622 LTT'8E 0Ly'6y 8ze'T 12971 908'T 3dN
2014'daLs | 019°daLs | oIv'daLs | oo1dav | D19 uv | o1vav | eanpasouad

(IINII) sepou pa1os|es 4o Jaquunu ayr pue (IdIA) 4048 uonoIpaid uelpsiy

99|qel

NIH-PA Author Manuscript

NIH-PA Author Manuscript

Stat Anal Data Min. Author manuscript; available in PMC 2011 October 1.



