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Abstract

Gutman and Wagner proposed the concept of matching energy
(ME) and pointed out that the chemical applications of ME go back
to the 1970s. Let G be a simple graph of order n and puq, o, ..., tn
be the roots of its matching polynomial. The matching energy of G is
defined to be the sum of the absolute values of p; (i =1,2,...,n). In
this paper, we characterize the graphs with minimal matching energy
among all unicyclic and bicyclic graphs with a given diameter d.
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1 Introduction

In this paper, all graphs under our consideration are finite, connected, undi-
rected and simple. For more notations and terminology that will be used in
the sequel, we refer to [2]. Let G be a simple undirected graph with order n
and A(G) be the adjacency matrix of G. The characteristic polynomial of
G, denoted by ¢(G), is defined as

$(G) = det(z] — A(G)) = Y ai(@)a" ",
1=0

where I is the identity matrix of order n. The roots of the equation ¢(G) =
0, denoted by A1, Ag,...,\,, are the eigenvalues of A(G). The energy of
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G, denoted by E(G), is defined as the sum of the absolute values of the
eigenvalues of A(G), that is,

E(G)=> |\l
i=1

The concept of the energy of simple undirected graphs was introduced by
Gutman in [I5] and now is well-studied. For more results about graph
energy, we refer the readers to recent papers [8, [9] [12] 32] 34], two surveys
[16, 17] and the book [3I]. There are various generalizations of graph energy,
such as Randié¢ energy [3| [10], Laplacian energy [7], distance energy [36],
incidence energy [4], 5], energy of matrices [I4] and energy of a polynomial
B3], etc.

Let G be a simple graph with n vertices and m edges. Denote by my(G)
the number of k-matchings(= the number of selections of k independent
edges = the number of k-element independent edge sets) of G. Specifically,
m1(G) =m and my(G) =0 for k>[5 or k <0. It is both consistent and
convenient to define my(G) = 1. The matching polynomial of the graph G
is defined as

o(G) = a(Gop) = S (= 1)k (G)un =2, (1)
k>0

Recently, Gutman and Wagner [23] defined the matching energy of a
graph G based on the zeros of its matching polynomial [I3] 21].

Definition 1.1 Let G be a simple graph with order n, and uy, o, . .., iin be
the zeros of its matching polynomial. Then,

ME(G) =3 |l (2)
=1

Moreover, Gutman and Wagner [23] pointed out that the matching energy
is a quantity of relevance for chemical applications. They arrived at the
simple relation:

TRE(G) = E(G) — ME(G),

where TRE(G) is the so-called “topological resonance energy” of G. About
the chemical applications of matching energy, for more details see [I8] 1, 20].

For the coefficients a;(G) of ¢(G), let b;(G) = |ai(G)|,i = 0,1,...,n.
Note that bo(G) = 1, b1(G) = 0, and by(G) is the number of edges of G. For
convenience, let b;(G) = 0if ¢ < 0. In [19] 24], we have

N 12 12
E(G) = %/ d—f In [( b2j(G)x2j>2 + (jzz(:)bmﬂ(G)ijH)Q}- (3)

T
— 00 =0

w3

Thus E(G) is a monotonically increasing function of b,(G),i =0,1,...,n.



Being similar to Eq.(3]), the matching energy also has a beautiful formula
as follows[23]. Eq.[) could be considered as the definition of matching
energy, in which case Eq.(2) would become a theorem.

Theorem 1.1 Let G be a simple graph of order n, and my(G) be the number
of its k-matchings, k = 0,1,2,...,|5]|. The matching energy of G is given
by
2 [ 1
ME = ME(G) = —/ —In [ka(a)xzk]dx_ (4)
TJo T k>0

By Eq.() and the monotony of the function logarithm, we can define a
quasi-order “>” as follows: If two graphs GG and G2 have the same order
and size, then

G1 > GQ <~ mk(Gl) > mk(Gg) for all k.

If G1 = G5 and there exists some k such that my(G1) > my(G2), then we
write G1 = Go. Clearly, G1 = Go = ME(G1) > ME(G2).

Notice that when M E(G1) > M E(G2), we may not deduce that G >
G9. However, if G is any simple connected graph with n vertices other than
Sp, where S, is a star of order n, then not only ME(G) > ME(S,) [23]
but also G > S,. Based on the quasi-order, there are some more extremal
results on matching energy of graphs [6l 26] 27 [30].

In this paper, we characterize the graphs with minimal matching energy
among all unicyclic and bicyclic graphs with a given diameter d.

2 Preliminaries

The following result gives two fundamental identities for the number of k-
matchings of a graph (see [13] 21]).

Lemma 2.1 Let G be a simple graph, e = uv be an edge of G, and N (u) =
{vi(=wv),va,...,v5} be the set of all neighbors of u in G. Then we have

mi(G) = mp(G —uv) + my_1 (G —u —v), (5)
my(Q) :mk(G—u)—i—ka,l(G—u—vi). (6)
i=1

From Lemma 2] we know that my(P; UG) = my(G). And we can also
obtain that

Lemma 2.2 Let G be a simple graph and H be a subgraph(resp. proper
subgraph) of G. Then G = H (resp. = H ).



A connected graph with n vertices and n edges is called a unicyclic graph.
Obviously, a unicyclic graph has exactly one cycle. A connected graph with
n vertices and n+ 1 edges is called a bicyclic graph. Let U(n) be the class of
connected unicyclic graphs with n vertices, U(n,d) be the class of unicyclic
graphs with n vertices and diameter d, where 1 < d < n—2. Let B(n) be the
class of bicyclic graphs with n vertices and B(n,d) be the class of bicyclic
graphs in B(n) with diameter d, where 2 < d < n — 2. Let P, be the path
with n vertices and K, be the complete graph with n vertices.

When d = 1, n = 3, K3 is the unique graph in #4(3,1). When d = 1,
n > 4, U(n,1) contains no graphs. When d = 2, n = 4, U(4,2) has two
graphs G}, and G}, (see Figure[). Clearly, ME(G],) > ME(G},), ie.,
G‘IL2 is the unique graph with minimal matching energy in ¢/(4,2). When
d = 2,n > 5, the graph obtained by attaching n — 3 pendant vertices to a
vertex of a triangle is the unique graph in U(n,2). Thus, we just consider
the case in which 3 < d < n — 2. In section 3 of our paper, we will prove
that for 3 < d < n — 2, the graph U, 4 is the unique graph in U(n,d) with
minimal matching energy, where the graph U, 4 is shown in Figure

A L

1 2
G4,2 G4,2

Figure 1: The two graphs in U(4,2).
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Figure 2: The graphs U, 4 and B, 4.



When d = 2, n > 6, B(n, 2) has two graphs G, , and G2 ,(see Figure ).
By Lemma 1] and simple calculation, we can get G}%Q - wa, hence G?LQ
is the unique graph in B(n,2) with minimal matching energy. Therefore, we
only consider the case in which 3 < d < n—2. In section 4, we will show that
By, 4 is the unique graph with minimal matching energy for 3 < d < n — 3,
where the graph B, 4 is shown in Figure 2l Furthermore, we also pay our
attention to the case d =n — 2.

n—>
1 2
Gn,? Gn,?

Figure 3: The two graphs in B(n, 2).

Let T (n,d) be the class of trees with n > 2 vertices and diameter d,
where 1 <d<n-1. IfT € T(n,1),then T = P,. For 1 <d <n—1, let
T, 4 denote the graph obtained by attaching n — d pendent vertices to an
end vertex of Py. Specially, T}, 1 = T}, 2 = S,,. Obviously, T}, 2 is the unique
tree in 7 (n,2) and T}, ,—1 = P, is the unique tree in 7 (n,n — 1).

Let G1,Go be two graphs with n vertices. Now we introduce a quasi-
order =1 defined in [31]: If b;(G1) > b;(G2) for all i > 0, then we write
G1 =1 Go. If G1 =1 G9 and there exists an ig such that b;,(G1) > b;,(G2),
then we write G1 =1 G3. The following lemmas are relevant results on this
quasi-order.

Lemma 2.3 ([22, 40]) For2<i<|[%5]| andn >4,
P, =1 PBUP,_; =1 PPUP,_;.
Lemma 2.4 ([19]) For3<d<n—2, P, =1 T4 =1 Sh.
Lemma 2.5 ([37]) Let T € T(n,d) and T # T,, 4. Then T =1 T,, 4.
Lemma 2.6 ([29]) If d > dy > 3, then T}, 4 =1 Ty, d,-

Lemma 2.7 ([39]) For2 < d; <ni—2, we have Ty, q,UT =1 Ty, 1no—1,dy+dss
where T' =T, 4, if 2 <dy <y —2, and P, if no =2 and dy = 1.

If G is an acyclic graph, then [22] bor(G) = mi(G) and bog+1(G) = 0
for all k. Thus, the quasi-order =1 (resp. =1) in Lemmas can be
replaced by > (resp. =), and the results also work.



By Lemma 2] and the definition of the quasi-order =, it is easy to see
that the following lemma holds.

Lemma 2.8 Let G, G' € U(n) and uv(resp. u'v’) be a pendant edge with
the pendant vertez u(resp. u') of the graph G(resp. G'). If G —u = G' —’
and G—u—v =G —u' -V, orG—u =G —u and G—u—v = G'—u' -0/,
then G = G'.

The following lemmas will be needed in our paper, which are obtained
based on the previous results.

Lemma 2.9 For3<d<n-—2,B,q>Upq>Ty4-

Proof. Since U, 4 is a proper subgraph of B,, 4, then by Lemma 2.2] we can
get By, 4 = Uy 4. Similarly, we also have Uy, 4 = T, 4. |

Lemma 2.10 For 3<dyp<d<n—2, Uy q > Uyq,-
Proof. By Lemmas 2], and [226]

my(Un,q) my(Up—1,d-1) + mp—1(Tr—2,4-2)

my(Up—1,4-1) + mr—1(Tq—1,4-3)
= mp(Un,da-1)-

AV

Furthermore, mo(Uy,q) > ma(Up,a—1). It follows that U, 4 > Uy, 4—1. There-
fore, Un,d - Un,d—l IR Un,do- |
Similarly, we have

Lemma 2.11 For 3<dy<d<n-—2, B, 4> By 4,-

3 Unicyclic graphs with a given diameter

Now we consider the minimal matching energy of graphs in U(n,d) with
3 <d<n-—2. We first discuss the case d = n — 2.

Lemma 3.1 Let G € U(n,n — 2) with n > 8 and G # U, p—2. Then
G - Un,n—Q-

Proof. We will prove the lemma by induction on n.
If n = 8, then G is isomorphic to one of the following graphs (see Figure

().
It is easy to get
a(Udg) = 1® —8u0 +19u* — 130> +1; a(UZg) = u® —8uS + 18" — 1102 +1;

a(Udg) = 1® —8u0 + 18" — 1202 +1; (U g) = u® —8uS + 19" — 1402 +2;
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Figure 4: The graphs in (8, 6) except for Usgg.

a(Ugg) = p®—8ub + 18" =127 +2;  a(Usg) = p® — 8" + 18" — 11417,

And then it is obvious that U§76 = Ugg fori =1,2,3,4,5, i.e., Ugg is the
unique graph in (8, 6) with minimal matching energy.
If n =9, then G is isomorphic to one of the following graphs (see Figure

5.
A—O—O—O—O—O—O O—A—O—O—O—O—O
Us.z Usz
O—O—A—O—O—O—O O—O—O—A—O—O—O
Uss Usz
A)—O—O—O—O—O O—O—A)—O—O—O
Usz Uz

Figure 5: The graphs in U(9, 7) except for Uy 7.

We can obtain that
a(Ugq) = 1 =9 +261° =264° +6p1; (U3 7) = p® =9 +250° 231 +5p;
a(Ug7) = p® =" +250° =241 +6p1; Uy ) = p —9p" +25p° — 244 + 515
a(Ug7) = p® =™ +260° =271 +8p; a(US ) = p —9p" +251° — 244 +6p1;



along with
a(Ugr) = p® —9u” +25u° — 23p® + 4p1.

It now immediately follows that Ué,7 = Ugy for i = 1,2,3,4,5,6, ie.,
Uyg 7 is the unique graph in ¢/(9,7) with minimal matching energy.

Now suppose that the result holds for graphs in U(n — 1,n — 3) and
U(n—2,n—4). Let G € U(n,n — 2) and G # Uy, p—2, where n > 10.

Let u(resp. u’) be a pendant vertex, adjacent to v(resp. v'), which has
the largest distance to a vertex on the unique cycle of G(resp. U, ,—2). Then
the degree of v is 2. So is v/. Hence G —u € U(n—1,n—3), G—u—v €
Un—2,n—4) and Up 2 — v =Up—14-3, Upno — ' — 0 =Up_2,_4.

Since G # Up p—2, we have either G —u # Uy—1p-3 or G —u — v #
Un—2.n—4. By the induction hypothesis, we have G — u > U,_1,—3 and
G-—u—v>=Uj2pa,or G=u=U,—1p—3and G—u—v > U,_2,-4. By
Lemma 28 G > U, n—2. [ |

Theorem 3.2 Let G € U(n,d) withn > 8,3 <d<n—2 and G # U,4.
Then ME(G) > ME(U,.4).

Proof. We prove the result by induction on n — d.

When n —d = 2, by Lemma B.Il we have G > U, 4. Let t > 3 and
suppose that the result holds for n — d < t. Now suppose that n — d = ¢.
Let v be the vertex of degree 3 in U, 4 and v’ be a vertex on the quadrangle
that is adjacent to u/. By Lemma 2.1],

m(Una) = mg(Upg—u'v") +mp_1(Uyg—u —0)
= mp(Tha) + mr—1(Pa—3U Sn—gs1).

For C,,, mi(Cpn) = my(Py) + mp—1(Pn—2). By Lemma 24, P, > T, 4.
And by Lemmas and24l P9 = Py 3sUP,_ 4411 > P3_3US,_g+1. Thus
Cy, = Uy 4. Therefore, we may suppose that the unique cycle of G is C,. with
r < n. Let P(G) = vgvy ...vq be a diametrical path of G. Then one of vy
and vg must be a pendant vertex.

Case 1 All pendant vertices are on P(G).

Since t =n —d > 3, then |[V(P(G))| =d+ 1 <n —2. Thus there are at
least two adjacency vertices, say u and v, on C, which lie outside P(G) such
that G —uv € T(n,dy), and G —u—wv € T(n —2,dy), where dy,dy > d. By
Lemmas and 26 G —w =Ty g = Tha, G—u—v =Ty 04, = Th24.
We also have T}, 24 = Pg-3UT,—ay1,3 = Py—3USy_q41 by Lemmas 2.2l and
24l Hence, G —u—v > Py 3US,_g41-

Note that my(G) = my(G—uv)+mp_1(G—u—v), so my(G) > my(Up q)
for all k. Moreover, since T;,_9 g = Pj_3U.S,, 441, there exists some kg such
that mko—l(G —u—v)> mko—l(Pd—3 USh—d+1), i-e., Mk, (G) > ka(Umd).
Thus G > U, 4.

Case 2 There is at least one pendant vertex outside P(G).



Let u/ be a pendant vertex of U, 4 adjacent to the vertex v’ of degree
n—d+1. Then U, 4—v =U,_1 4, and U, g—v' —v' = (n—d—2)PiUTy g_o.

Subcase 2.1 There is a pendant vertex u outside P(G) such that its
neighbor v lies on C.

Since u outside P(G), then G —u € U(n — 1,d). Consequently, by the
induction hypothesis, G —u = U,,—_1 4.

If v lies outside P(G), then G —u—v D Pyiq. Thus G—u—wv > Pyiq >
Taq—2-

Suppose that v lies on P(G), then P(G) and C, have common vertices,
SaY Vi, ..., Vi With 7 > 0.

If j =0, i.e., v = v; is the unique common vertex of P(G) and C,., then
G—u—v2D P UP;_;UP,. Since

my(P; U Py_; U Py) > my(Py) > my(Tga—2)

and mz(PiUPd,iUPQ) > mQ(Td,d,Q), then P,UP;_;UPs = T 4. Therefore,
G—u—vr-rPUP;_,UP, >'Td,d—2-

If j > 0. For v # v;,vi4j, G—u—v 2 Pgy1. SoG—u—v = Pyiq = Tgqo.
Otherwise, for v = v; or v;4, say v = v;. Then G —u —v 2 P; U T, where
Ty € T(d—i+1,d—1i—1) is obtained by attaching a pendant vertex to
vertex v;4; of the path P = v;;1---v4. For k >0,

m(P; UTy) > mp(PUTy—i1,d—i—1) > mig(Tga—2)-

If (i,7) # (1,2), then mo(P; UTy) > mo(Tqq—2), hence G —u —v = P U
Ty = Tyqq4—2. Otherwise, P; UTy is a proper subgraph of G — u — v, then
G—-u—v>=FPUT = Tiq-9. Thus we always have G —u —v = Ty 4.
Therefore, G —u—v = Upqg— v — 0.

We have proved that G —u = U,_1 4. Then by Lemma 28 we obtain
G~ Un,d-

Subcase 2.2 The neighbor of any pendant vertex outside P(G) also lies
outside C,.

If there is a pendant vertex u such that its neighbor v lies outside P(G),
then G —u—v 2 C,UPj; 2 C,UP;UP;_jor G—u—v 2 G, where
G eU(s,d) withd+2<s<n-—2.

If every pendant vertex outside P(G) is adjacent to a vertex on P(G),
then we choose a pendant vertex u, adjacent to v = v; such that G—u—v 2
C,UPjUP;_j or G—u—v 2D P;UG", where G" € U(s',d") with d' > d—j—1,
s>d +2and s’ +j5<n-—2.

Hence there are three possibilities: G—u—v 2 C,UP;UP;_;, G—u—v 2
G o G—u—v2PUG".

First, suppose that G —u —v 2 C, U P; U P;_;, then

my(Cr U P; U Pd—j) > my(Ps U P; U Pd—j) > mk(Td’d_Q).



In particular, m;(C, U Pj U Py—;) > mq(Tqq—2). Thus, G —u —v = C, U
PiUP;_; =Tqqo.

Next, suppose that G —u —v 2 G', then G —u —v = Us g = Ugyo4 >+
Tit2,d-

Finally, suppose that G — v —v 2 P; UG". For G" € U(s',d’) with
s—d<n—-2-j5—(d—j—1)=n—d—1. By the induction hypothesis,
G" = Uy g = Ug—ji1,d—j—1. Thus

G—-—u—v>=PFPU G ~ PUUy g = P;UUg_j11,4—j-1
For k > 0,

mp(Pj UUg—jy1,da—j—1) = mip(P; UTq_j1,a—j—1) = mp(Tga—2).

Furthermore, mi (PjUU4—j41,da—j—1) > mi1(Ty42,4)- It follows that G—u—v =
Py UUq—jt1,d—j-1 = Taa—2-

According to the arguments above, we have proved that G —u — v >
Up,a — v —v'. On the other hand, G — u > U,_; 4. Thus by Lemma 28
G~ Un,d-

Combining Cases 1 and 2, we conclude that G = U, 4 also holds for
G €U(n,d) with 3 <d <n —3 and G # U, 4, which yields the result. 1

4 Bicyclic graphs with a given diameter

In what follows we state some new definitions and notations. For a graph
G € B(n), it has either two or three distinct cycles. If G has exactly two
cycles, suppose that the lengths of them are a and b respectively. If G has
three cycles, then any two cycles must have at least one edge in common,
and we may choose two cycles of lengths of a and b with ¢ common edges
such that a — ¢t > ¢t and b — ¢t > t. Then, in any case, we choose two
cycles Cy, and Cy in G. For convenience, let C, = vgv1 -+ - v4_1v9 and Cp =
uouy - - up_1ug. If C, and Cp have no common edges, then C, and Cj
are connected by a unique path P, say from vy to ug. Let I[(G) be the
length of P. If C, and C}, have exactly ¢(> 1) common edges, and thus

have exactly t + 1 common vertices, say, vg = ug, V1 = Ul,...,V = Uy,
then C. = ugup_1 -+ - U1 UV 1 V42« - - Va1 18 the third cycle of G, where
c=b+a—2t. If we write wg = ug, w1 = Up_1,...,We_1 = Vgq_1, then

C. = wowy - - - we—qjwp. Denote by d(G) the diameter of G.
Now we turn our attention to the minimal matching energy of graphs in
B(n,d) with 3 < d <n —2. We first deal with the case d =n — 3.

Lemma 4.1 Let G € B(n,n — 3) with n > 7, and G # By 3. Then
G - an_g.

10



Proof. By induction on n to prove this fact.

For n = 7 and n = 8, there are only finitely many graphs we need to
consider. Then by Lemma 2.1l and direct check, we can get G > By, ,,—3.

Suppose that the result holds for all graphs in B(n —1,n—4) and B(n —
2,n —5), where n > 9. Let G € B(n,n —3) and G # By, 3.

Case 1 There is a pendent vertex u in G such that the degree of its
neighbor v is 2.

In this case, G —u € B(n — 1,n —4) and G —u—v € B(n — 2,n — 5).
Since G # By -3, then G —u # By_1p—4 or G —u —v # Bp_2,-5. By
the induction hypothesis, G —u >~ B,_1p—4 and G —u — v = B,_2 5, or
G—-u>=DBy,_1p—gand G—u—v > B, 2, 5 Hence, G > B, ,_3.

Case 2 The neighbor of any pendent vertex has degree at least 3 or
there is no pendent vertex.

Then G is isomorphic to some Hj, j = 1,2(see Figure ), or G' contains
one triangle or one quadrangle which has at most one common vertex with
the other cycle that is a triangle or a quadrangle.

AL L /J\I

(% Uy U2

H,y Hy

Figure 6: The graphs H; for i = 1,2.

If G is isomorphic to Hy, then by Lemmas 2.1, 2.5] and Theorem B.2]

mg(G) mi(G — urve) + mg_1(G — ug — v9)
(Un,n 3) + My 1(Tn—2,d—1)

k(Un,n 3) + my_ 1(Pn76 U 54)

(

k Bn,n 3)

Moreover, ma(G) > ma(By, 5,—3), thus G = B, 3.
If G is isomorphic to Ho, then by Lemmas 2.T] and Theorem [3.2]

mg

AVARAYS

I
3

|
3

my(G) k(G —uwiug) +my—1(G — w1 — up)

me(Unn—3) + mp_1(Po U Ty 4n-6)

M (Unn—3) +mp_1(PaU Py_5) +mp_o(Py U P, _7)
g
(

)
My (Upn—3) + mp—1(P3 U Py_6) + my_2(Pr—s)
Bn,n—3)-

(AVAR VALV,

Il
3

k

Similarly, mg(G) > ma(Byn—3), thus G > By, 5—3.
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G1 G2

VAN A AN AN
G3 G4
G5 G6

Figure 7: The graphs G; for : =1,2,3,4,5,6.

Otherwise, G' contains one triangle or one quadrangle which has at most
one common vertex with the other cycle that is a triangle or a quadrangle.
Choose C, and C} as above. Let b > a.

If a = 3, then G is isomorphic to G1, G2 or GGz in Figure [[ where the
black vertices may not occur. Similarly, we can obtain that G > B, ,,_3.

If a = 4, then G is isomorphic to G4, G5 or G in Figure[d We can show
that G = B,, ,—3 in the same way.

Hence the conclusion follows. |

Lemma 4.2 Let G € B(n,d) withn > 8 and 3 < d <n—4. If G contains
no pendent vertices, then G = By, 441.

Proof. We choose Cy, C in G and if there exists the third cycle, then we
choose C, and t as above. Let b > a. Since d < n — 4, we have b > 5.
Case 1 C, and C} have no common edges.
Then d = [ 2] + [2] + U(G), d(G —ujup) = [£] +U(G) +b—2>d +1,
d(G —uy —u2) = |5] +1(G) +b—3 > d. According to Lemmas 2.1 2.2]

12



2. 10l and Theorem [B.2],

me(G) = mp(G — ugug) + mp_1(G — uy — ug)
> mp(Un,ds1) + mp—1(Up—2,4)
> mg(Un,d+1) + mi—1(Pa—2 U Sp_q)
= my(Bna+1)-

Further, we have ma(G) > ma(By, d+1), thus G > By, g41.

Case 2 C, and C} have at least one common edge.

Notice that a — ¢ > t,b —t > ¢, where t > 1. It follows that ¢ > b+ 1,
d=5) = [“) ¢ d(G—wp—wi))=c—3>dandd>3.

If b>5o0rb=>5and ais even, then d(G—wow;) = |§] +b—t—1>d+1,
by Lemmas 211 2.2] 2.9] and Theorem [3.2],

mi(G) = mp(G —wowr) + my_1(G — wy — wr)
> mp(Un,ay1) + mr—1(Un—2,a)
> mp(Un,ay1) + mrp—1(Th—2,a)
> mp(Unar1) +mpe—1(Pa—2 U Sy—a)
= mg(Bpa+1)

together with mo(G) > ma(By 441), hence G = B, g41.
If b="5 and a is odd, then G is isomorphic to the two graphs in Figure
B it is easy to verify that G >~ B,, 441 and the proof is complete. |

Figure 8: The graphs isomorphic to G when b =5 and a is odd.

Lemma 4.3 Let G € B(n,d) withn > 8 and 3 <d <n —4. If G contains
exactly one pendent vertexr u on all diametrical paths of G such that G — u
contains no pendent vertices, then G = By, g41.

Proof. We choose Cy, (% in G and if there exists the third cycle, then we
choose C, and t as above. Let b > a. Since d < n — 4, we have b > 5. Let v
be the neighbor of wu.

Case 1 C, and C} have no common edges.

13



Thend= %]+ [3] +1(G) + 1.

If b>7, then d(G —ujug) > [§] +U(G) +b—-2>d+ 1.

If v lies on C and b = 5 or 6, then d(G—ujuz) = |§]+1(G)+b—1 = d+1.

If v lies on Cy, a = 5 and b = 6, then d(G —vivy) = L%J +I(G)+a—1=
d+1.

In these cases, the proof is the same as Case 1 of Lemma [£2]

Otherwise, v lies on Cp, a = 3 or 4 and b =5 or 6.

If I(G) = 0, then G is isomorphic to finitely many graphs. Apply Lemma
2.1l and direct calculation, we can get G' > By, 441.

So suppose that [(G) > 1. If a = 3 and b = 5, then G—vov; € U(n,d+1).
G — vy —v1 = P UGy, where Gy € U(n — 3,d — 2). Since d(Gy) = d — 2,
n(Gp) = n — 3, then n —3 = d — 2 + 3, that is, n — d = 4, meanwhile,
I(G)—1=d-2-3=4d-5, ie, I(G) = d—4. Thus Gy — upu; 2
Py 5US3, Gy —ug — uy = Py_5U Py. Therefore, by Lemmas 2.1, 2.2]
and Theorem [3.2],

|
3

mi(G) K (

mg
mg
m

G —vov1) + mp_1(G — vy — v1)

(Un,d+1) + mp—1(Go — uour) + mp—o(Go — up — u1)
(Un,d+1) + mp—1(Pg—2 U S3) + mp_2(Py—2)

(Un,d+1) + mp—1(Pg—2 U Sp—q)

my(Bp,ds1)-

AVARAVARY

k

In particular, mo(G) > ma(By dt+1), thus G = By, 441.
If @ = 3 and b = 6, by similar arguments, we can obtain that G > B, 441.
Ifa=4andb=5thenn=d+14+3=d+4,ie, n—d—1=3,
G —vov; € U(n,d+1) and G —vy—v; = P,UGy, where Gy € U(n—4,d—3).
Similarly,

mi(Q) G —vov1) + mg_1(G — vg — v1)

my(Un,a+1) + mi—1(Pe U Go — ugur) + mp—2(Po UGy — ug — uy)

My (Unas1) +mip—1 (P2 U Py_o) +mp_2(PU Py_¢ U Py)

M (Unay1) +mp—1(P3U Py_3) + mp_2(Py2)
( ).

m(Bn,d+1

my(

AYARAVANY

Moreover, ma(G) > ma(By, 411), hence G = B,, 441.
If a =4 and b = 6, we can verify that G = B,, 441 in the same way.
Case 2 C, and C} have at least one common edge.
Then d = 5] +1 = L@J —t+ 1. Since b > 5, wp, w; # v and
d(G —wowy) = [§] +b—t—1. When b > 6, d(G — wowy) > d + 1,

14



d(G —wowy) > d—1. And then

mi(G — wowy) + mi_1(G — wy — wy)
(Un,d+1) +mp—1(Th—2.4-1)
(Un,d+1) + mp—1(Pg—2 U Sp—q)
= mp(Bn,d+1)

AVARAYS

mg
mg

along with ma(G) > ma(B,, 441), hence G > B,, 441. Now, we are left with
the cases:

(i) b=5,t=2,a=4,uv € Cy;

(ii) b=5,t =2,a = 4,uv € Cy;

(ifi) b=5,¢t = 2,a = 5.

It can be checked directly that G > B,, 411 in these cases.

Combining Cases 1 and 2, we arrive at the result. |

Theorem 4.4 Let G € B(n,d) withn > 8 and 3 < d <n — 3. If there are
two vertex-disjoint cycles in G, then G = By, 4.

Proof. The proof proceeds by induction on n — d. By Lemma [£1], the result
holds for n—d = 3. Let h > 4 and assume that the result holds for n—d < h.
Suppose that G € B(n,d) with n —d = h.

Case 1 There is no pendent vertex in G.

Then by Lemmas 21T and @2] G > By, 411 > By 4.

Case 2 There is a pendent vertex outside some diametrical path P(G) =
roxq -y

Let u, adjacent to v, be a pendent vertex outside P(G) in G. Then
G —u € B(n—1,d). Since (n — 1) —d < h, by the induction hypothesis,
G—us> Bn—l,d-

By Lemma [2.T]

My (Bn,a) = mi(Bn-1,4) + me—1(Tay1,d-2) (%)
Meanwhile, let H = G — u — v, then
mi(G) = mp(G—u)+mp_1(G—u—v)
= mi(G —u) +my_1(H)
> mp(Bp_1,4) +mp_1(H).

Hence, to complete the proof we shall show that my(H) > my(Tqq1,4-2)-
Select C, and C} as above.

Subcase 2.1 v lies on some cycle, say C,. Then H O C},.

First, suppose that P(G) and Cj, have no common vertices. Then H 2O
P;UP;_;UC, when v lies on P(G), say v = v;. Otherwise, H O Py 1 UC, 2
P, UP;_; UCY,. Thus

mk(H) > mk(PZ UP;_; U Cb) > mk(Pd_l U Sb) > mk(Pd_l U P3)

> mp(Pir1) > mi(Tay1,d-2)-

15



Next, suppose that P(G) and C, have common vertices zi,...,Z4q,
where g > 0.

If v lies outside P(G), then H D Gy, where G; € U(s1,d) with s1 > d+2.
Hence,

my(H) > my(G1) = my(Us, a) > me(Tsy.a) > mg(Pay1) > me(Tar1,d-2)-

So suppose that v lies on P(G). Then P(G) and C, have common
vertices, say x;, ..., Z;4p, where p > 0.

When p = 0, then ¢ > 1, thus H O P, U P, U G, where Gy € U(sa,ds),
dy>d—1—1>1and s9 >do+2. Ifdy =1,9=d— 2, then Gy = Cjs.
Therefore,

my(H) > my(PUP;_2UC3) > my(Py—1 UP3) > my(Pag1) = my(Ty,a-2)-
If do = 2, then so > 4,7 > d — 3. Consequently,

mk(H) mk(PQ UPU GQ) > mk(PQ UPU 532) > mk(PQ UPU T4,2)

>
> mp(Tivair2) = me(Tarr,a-1) = mi(Tap1,a—2)-
If dy > 3, then sy > 5. Thus

mk(H) mk(Pg UFPU Gg) > mk(Pg JPu U527d2) > mk(PQ UPU ng,dg)

>
> mp(Toytidoti) = Mk(Tayrit2,doti) = Mip(Tay1,d—1) = mp(Tay1,d—2)-

When p = 1. If v = v;, then ¢ > 1 and H O P, U G3, where G3 €
U(ss,d3),ds > d—1i>3,s3 > ds+ 2. Accordingly,

my,(H) my(P; UG3) > my (P UUsy a5) > mp(PUTey q5) > mp(Toyqio1,dsti—1)

>
> mp(Taytiv2,doti) = Mk(Tar1,d—1) = mi(Tys1,a-2)-

If v = viy1, then H O P9 UGy, where Gy € U(s4,dy),dy > d—(i+1)—1=
d—i1—22>1,84 > dg+ 2.
If dy =1, then i = d — 3, G4 = C3, we have

my(H) > my(Py—1 UC3) > my(Pi—1 U P3) > mp(Pyg1) > mp(Tas1,a—2)-
If dgy = 2, then s4 > 4,7 > d — 4. Consequently,

my(H) my(Piyo UGy) > my(Piga U Ss,) > my(Pig2 UTy2)

my(Tiys,ir3) = mp(Tip1,a-1) = me(Tir1,a-2)-

AVANAYS

If dy > 3. Then

m(Piya UGs) > mp(Pipa UUsy a,) = mg(Piy2 U T, )

Mg (Tsytit1,datit1) = Mk(Tar1,a-1) = mp(Tap1,d-2)-
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Now suppose that p > 2. If v # x;, x;4p, then H O G5, where G5 €
U(ss5,ds5),ds > d,s5 > ds + 2. Hence

my(H) > mp(Gs) > mp(Usy,ds) = mp(Tsy a5) > mi(Tay1,a-2)-

If v = x;, then H O P; U Gg, where Gg € U(sg,dg),dg > d—i—12> 3,36
dg + 3. Therefore,

Y

my(H) my(P; UGg) > mp(P; U Usg.dg) = mi(Py U Tsg.d5)

>
> mp(Tsgri-t1,ds+i—1) = Mk(Tar1,d—2)-

If v = 24y, then H O T1 UGy or Piypi1 UGy, where Gy € U(sy,dy),d7 >

d—i—p—1>1,87 >d7+2, Ty € T(i+p+1,dp),dpr, >i+p—1. lfd; =1,
then i +p=d — 2,G7 = Cs, thus

my(H) > mp(Tg—1,4-3 U C3) > my(Ty—1,4-3 U P3) > my(Ty11,4-2)
or

my(H) My (Piypr1 U Gr) = mg(Piipi1 UCs) = mg(Piypi1 U Ps)

Mk (Pitprs) = mg(Pat1) > my(Tat1,d-2)-

AV

If d7 = 2, then i 4+ p > d — 3, s7 > 4, accordingly,

my(H ) Mk (Tigpt1,i4p—1 U Ssp) = My (Tigpi1,ivp—1 U Ta2)

M (Tigpraivpr1) = me(Tag1,a-2)

AVARAYS

or
my(H) > mp(Piyps1USs;) = mp(Piypr1UTy2) > mp(Tigprasivpr2) = mu(Tas1,d—2)-
If d7 > 3, then

my(H ) M (Tip1,itp—1 Y Usp ar) = mp(Tigprt,ivp—1 U Ty dr)

AVANAY]

M (Titptsritprdr—1) = Mk(Tar1,d-2)
or
my(H) > mg(Pippt1UUs; a7) = My (Prip1UT s d7) > Mk (Tigpysrivprdr) = mk(Tag1,a-2)-

Subcase 2.2 v lies outside any cycle. Then H D C, U Cj,.
First, suppose that v lies on P(G) and take v = x;. If P(G) has no
common vertices with any cycle, then H O C, UC, U P, U P;_;. Thus

mi(H) > my(CaUCYUPUPy ;) > mp(PsUPy—1) > mg(Pay1) = mi(Tgr1,q-2)-
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If P(G) has no common vertices with exactly one cycle, say C,. Then
H D C,U P, UGy, where Gy € U(s1,d1),dy > d—1— 1,81 > dy +2. If
di =1, then i = d — 2,G1 = (3, hence

mi(H) > my(CoUPUC3) > myp(PUPRUPs) > my(Piys) = mg(Par1) > mi(Tyi1,a-2)-
If d; = 2, then ¢ > d — 3, s; > 4. Consequently,
my(H) > my(C,UPUGY) > my(PoUPUT, 2) > my(Tiys, iv2) = mi(Tat1,d—2)-
If dq > 3, then
mip(H) > mp(CoUPUGT) > my(PaUP;UUs, q,) > m(PaUPUTy, 4))
> my(Pig1 UTs, a,) = mi(Ts,+idy+i) = mue(Tag1,d—2)-

If P(G) has common vertices with both cycles, then H O P;UGs or G UGy,
where Gy € U(Sg,dg), Gs € U(Sg,dg), Gy € U(84,d4). Meanwhile, dy >
d—1—-12>3,n—-2—42>s8 >dy+3,d3 >2i—12>1, s3 >d3+2,
dy>d—1—12>1, 84 > dg+ 2.

Suppose that H O P;UG5. Since so—ds < n—2—i—(d—i—1) =n—d—1 < h,
thus by the induction hypothesis, G2 >~ Bs, 4, Then

mip(H) > mp(P;UG2) > my(P;U By, 4,) > my(P; U T, q,)
> mp(Togpi-1,doti—1) = Mk(Tar1,4-2)-

Suppose that H D G3UGy. If d3 =dy =1,thenn =8, d =4, G3 = G4 =
Cs. In this case, it is easy to obtain that G > Bg 4.
If d3 =2, dy =1, then d =5, s3 > 4, G4 = C3. We can have

my(H) > mp(G3UGY) > my(Ss,UC3) > my(Ty2UPs) > my(Te4) > me(Tar1,a-2)-
If ds > 3, dy = 1, then d3 > d — 3. Accordingly,

mi(H) > mg(GsUGy) > my(Usyay UC3) > my(Teg a3 U P3)
> mp(Ts;12,d542) = Mp(Tip1,a-2)

If d3 =2, dy = 2, then d =6, s3 > 4, s4 > 4. Hence
my(H) > mp(G3UG4) > my(Ss;USs,) > my(Ty2UTy2) > my(T7 4) = mg(Tas1,a-2)-
If d3 > 3, dy = 2, then d3 > d — 4, s4 > 4. Thus

mi(H) > mg(Gs UGs) > mg(Usyas U Ssy) > mp(Tg a3 UTsy2)
> mp(Toytsa—1.ds+2) = Mi(Tai1,d-2)-
If d3 > 3, dy > 3, then d3 + dgy > d — 2. Therefore,

my(H) mi(G3 UGy) > mk(Usa,d:a U U847d4) > mk(Tsa,d:a U T84,d4)

>
> Mg (Toytsa—t1.dstds) = Mik(Tar1,a—2)-
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Next, suppose that v lies outside P(G). Then H O C, U C, U P(G),
C, UG5 or Gg, where G5 € U(ss,d) with s5 > d + 2 and Gg € B(sg,d) with
d+3 < s <n—2. It is easy to show as above that my(H) > my(Tgr1,4—2)-

Case 3 Any diametrical path of G contains all pendent vertices.

Let P(G) = wzox1---xq be any diametrical path of G. Suppose that

Yoy1 -+ - Yp is a path whose internal vertices y1,y2,...,yp—1 all have degree
two and y, is a pendent vertex. Then we call it a pendent path, denoted by
(40, Yp)-

Subcase 3.1 There are exactly two pendent vertices in G, namely, xg
and x4.

Suppose that degg(x;), dega(z;) > 3 such that (z;,x¢) and (27, z4) are
distinct pendent paths. Let s =1 —i.
If s =0, i.e., z; =x;. Then ¢ > 3,] < d — 3. Since

mp(G) = mp(G — 237 2) + mp_1(G — 23 — 2 2)
= mp(G —xi—3xi—2 — Tp1242) + Mp—1(G — Ti_3%i—2 — Tj41 — Ti42)
+ mp—1(G — -3 — T2 — 2427143) + Mp—2(G — Ti—3 — Ti2 — Typ2 — Ty43)
= mp(GLUP,_2UPy_j_1)+mp_1(Gz3UP,_2UP;_; o)
+ mp_1(G2U P, 3UPg_i_9) +myp_o(G4UP;,_3UPg_;_3)

and

mi(Bna) = mip(Bp_ay33U Pa3) +m_1(Sn_ar2U Py_4)
= mp(Bp_gy33UPioUPi_i_1) +mi_1(Bp_aqi33 U Pi_gU Py_i_2)
+ Mmp—1(Sn—d42 U Pi—o U Py_j_2) + mp_2(Sp—ar2 U Pi_3 U Py_;_3),

it suffices to prove that Gi,G2 = B, _4433 and G3,G4 > Sy_4+2, where
G1 =G — (zi-3,20) — (T142,7a) € B(n —d +3,d1), G2 = G — (Ti—2,m0) —
(T143,24) € B(n —d + 3,d2), G3 = G — (zi-3,20) — (T111,24), G4 = G —
(zi—2,20) — (T142,2q), d1 >4, de > 4. Sincen—d+3—d; <n—d—1<h,
n—d+3—ds, <n—d—1< h. Then by the induction hypothesis, G| >
Byn—d+3,dy = Bn-d+33, G2 = Bn_d+3.dy, > Bn—d+33. In addition, both Gj3
and G4 are bicyclic graphs with n — d + 2 vertices, consequently, we have
Gg, Gy Sn,dJrg.

If s =1 or s = 2, then by similar arguments as above, we have the desired
result.

If s > 3, it is easy to obtain that ¢ > 2 and [ < d — 2. Then

mi(G) = mp(G —zi—oxi—1) + mp—1(G — xi—g — x—1)
= mp(G — w21 — Tp1T42) + M1 (G — 2Ty — Tpp1 — Tig2)
+ mp—1(G — T2 — 21 — T 242) +Mp—2(G — Ti2 — Ti 1 — Typ1 — Tyq2)
= mp(GsUP_1UPg 1) +mp1(GrUP_1UPg 1 2)
+ mp_1(Ge U P2 U Pg_j—1) + mp_o(Gs U P2 U Py 3),
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mg(Bpna) = mg(Bn—dti+1,41 Y Pa—i—1) + mg_1(Bp—at1; U Pi—1—2)
= mp(Bp—dts+2s+2U P UPy_ 1) +mp_1(Bp—gssti1,s41 U Pica U Py 1)
+ mp—1(Bp—dtst1,541 Y Pic1 U Py_j_2) +mp_2(Bp_gyss UPi—oUPy_j_2).

Hence it suffices to show that G5 = B, _gqsy2.s+2, G6, G7 = Bp_dist1,54+1,
GS - andJrs,s-

Let dj = d(G}), and n; = |V(Gj)|, where j = 5,6,7,8. Then d; > 4. If
nj —d; < h holds for all j € {5,6,7,8}, then by the induction hypothesis
and previous Lemmas, we have the desired results. Otherwise, there exists
at least a j € {5,6,7,8} such that n; —d; = h. When j = 5, G5 €
B(n —d+ s+ 2,5+ 2). If there exists some diametrical path P(G5) such
that x;_1 or x;41 lies outside P(G5), the proof is similar with Case 2, thus
G5 > By—d+s+2,s+2. Otherwise, Gs —z;,_1 € B(n—d+s+1,s+1), then by
Lemma .3l G5 = By—gts+1,5+2- We also have G5 — ;1 — 23 = Up—_g4s.5 =
Ty—dts,s = Tst3s. Therefore, Gs = By _g4s42,542-

When j =7, G € B(n—d+s+1,s+1). If ;1 lies on all diametrical
paths of G'7, then by Lemma 3 G7 > By, —gys+1,s4+2 > Bn—dts+1,s+1- Oth-
erwise, in the same way as in Case 2, we can also obtain G7 = Bj,_ g4 s41,5+1-

Similarly, when j = 6, we can have Gg > By —gys+1,5+1-

When j =8, Gg € B(n—d+s,s). Since G contains no pendent vertices,
then by Lemmas 21Tl and A2l G's > Bp—_d4s,s+1 = Bn—dts,s-

Subcase 3.2 There is only one pendent vertex in G, say xq.

Since there are two vertex-disjoint cycles in G, degg(z4) = 2. Suppose
that x; is the vertex such that degg(z;) > 3 and degg(z;) = 2 for I +1 <
i < d. It is easy to check that | < d—2. Then G — x4 124 € U(n,dy), where
dg > d,and G —x4_1 —xqg € U(n — 2,dy0), where d1g > d — 1. Hence,

mp(G) = mp(G —x4-12q) + mi—1(G — x4-1 — xq)
> mi(Undy) + mk—1(Un—2,d,0)
> mp(Upa) +mp—1(Up—2.4-1)
> mp(Una) + mi—1(Th—2.4-1)
> mp(Upnd) + mp—1(Pg—3 U Sn—d41)
= mi(Bn,a)
In particular, mo(G) > ma(By q). Thus, G >~ B, 4.

Therefore, we complete the proof. |

Theorem 4.5 Let G € B(n,d) withn > 8,3 <d<n-—3 and G # B, 4. If
there is no vertex-disjoint cycles in G, then G = By, 4.

Proof. We will prove this theorem by induction on n — d.

By Lemmal4T] the result holds for n—d = 3. Let h > 4 and suppose that
the result holds for n —d < h. Now assume that n —d = h, let G € B(n,d)
and G # By, 4.
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Case 1 If GG contains no pendent vertices.

Then by Lemmas 2Tl and @2] G > By, 11 > By 4.

Case 2 If there exists a pendent vertex outside some diametrical path
P(G) = xoxy...24.

Let u be a pendent vertex outside P(G) and v be its unique neighbor.
Then G —u € B(n —1,d). If G —u = B,,_1 4, then it can be checked that
G —u—v > Ty414-2. And thus from (x), we can obtain that G > B, 4.
Otherwise, by the induction hypothesis, we have G —u >~ B,_14. Let
H = G — u — v, in order to prove the result, we only need to show that
my(H) > my(Tyt1,4—2). We choose Cy, Cy as above in G, and if there exists
the third cycle, denote it by C..

Subcase 2.1 When v lies on some cycle, say C,,.

First, suppose that v = ug or us, then H contains no cycles. If v lies
outside P(G), then H O P(G). Thus my(H) > mp(P(G)) = mp(Pagy1) >
my(Tgp1,4—2). If v lies on P(G), say v = ;.

(1) If C, and C} have exactly one common vertex, then H 2 P, U P U
PiUP; ;, LPUPUP; i1, PUP 1 UP; i, Py1 UPy 11, U P UTy,
PoUP; ;UTy, Py UTy, Py 1 UTs or ThUTS, where 17 € T(d—2—|—1, d—’i—l)
and Th € T (i + 1,0 —1).

If H D BLUP,UP,UP,_;, PoUPUP,; i1, PRUP,1UP;_;or Piy1UP; 41,
then my(H) > myp(Pay1) > mp(Tir1,d—2);

If H O P, U P, UTj, then mk(H) > mk;(PiJrl @] Tl) > mk(PiJrl @]
Ty iv1,d—i-1) = mg(Tay1,a-1) = me(Tyr1,a-2); Similarly, if H 2 PU Py ;U
Ty, we also have my(H) > my(Ty41,4-2);

If H O Ty UT5, then mk(H) > mk(Tl UTy) > mk(Td,iJrl,d,i,l @]
Tit1,i-1) = mp(Tas1,a-2):

If HDO Py UTy or H O Py_jy1 UTs, then mk(H) > mk(Tl U Tz) >
My (Tar1,d-2)-

(2) If C, and C}, have at least two common vertices, then H O P3 U P; U
Py i, PLUP; ;19, P(G), PUTs or P,UTy, where T5 € T(d—i+2,d—i—1)
and Ty € T(d —i+2,d —1).

IftHDODPsUP,UP; ;, BbUP; ;10 0Or P(G), then mk(H) > mk(Pd+1) >
mu(Tat1,d-2);

If HDO P;UTs, then my(H) > my(P; UT3) > my(P UTy_iv24—i—1) >
mi(Tat1,d-2);

If H D P;UTy, then my(H) > myp(P; UTy) > mp(P; UTh—iy04—i) >
mi(Tar1,d-1) = mp(Tay1,d-2)-

Next, suppose that v # ug and v # ;. If v lies outside P(G), then
H O P(G), similarly, we have my(H) > my(Tq41,4-2). So suppose that v
lies on P(G). Then P(G) and C, have common vertices, say i, ..., Zitp,
where p > 0.

(1) If p=20, theni > 1 and H O P;U Py_; UCy, where s =bor c. It
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follows that

mi(H) > mp(PU Py UCs) > my(PU Py USs) > my (P U Py_; U Ps)
> mp(Pyr1) > mp(Tay1,a-2)-
(2) If p > 1. When v # z; and v # x;4p, then H D Gy, where G| €
U(Sl,dl), di > d and s; > dy + 2. Thus
my(H) > mi(G1) > mg(Usy a,) > mu(Tsy ay) = mu(Tsy a) > mu(Tag1,a-2)-

When v = x; or x4y, say v = (i > 1), then H DO P; U G, where Gy €
U(s2,d),da >d—i—1>2(d—i—1>1,ford—i—1=1, clearly my(H) >
my(Tiy3;)) and s > d — i+ 2; or H O Py U G3, where Gg € U(ss,d3),
d3 >d—1>2and s3 > ds+2; or HD P;UG’, where G’ is the graph
obtained by attaching a path P;_; o to a vertex of Cj = Cj.

Suppose that H O P;UGs. If do = 2, then i = d — 3 and so > 5. Hence,

my(H) > mp(PUG2) > my(PUSs,) > mi(PUTs2) > my(Tigair1) = mi(Tit1,d-2)-
If dy > 3, then

my(H) my(P; UG2) > my(P;UUsg, d,) > mp(PUTy, 4,)

>
> mp(Tipso—1,itda—1) = Mik(Tar1,d-1) > me(Tay1,d—2)-

Suppose that H O P, UGs. If d3 = 2, then i = d — 2 and s3 > 4. Thus

mi(H) > mi(P;UGs) > my(P;USsy) > my(P; UTy2)

my(Tar1,d—1) > mie(Tay1,a-2)-

v

If d3 > 3, then

my(H) my (P U Gg) > my(P; UUsg, 4,) > mi (P U Ty, q,)

>
> mp(Tigss—1,i+d3—1) = Mk(Tar1,a-1) = me(Tay1,a-2)-

Suppose that H O P,UG’. If d—i—2 = 0, then i = d—2 and H O P;,UC5.
Therefore,

my(H) > my(PUG") > my(PUTy2) > mi(Tigsiv1) = ma(Tarr,d—1) > mp(Tip1,d—2)-

If d—1—2>1, choose an edge ugu; of G’ in C3 such that both ug and uq
have degree 2. Then

k PUG —uoul)—i—mk 1(P UG’ —uo—ul)

m (B
(
= mp(P;UTq—it1,d—i—1) +mp—1(P U Py_j_1)
(
(

Il
3

> myp(Tqa—2) +mr—1(Ps-3)

= mp(Tgs1,d-2)-
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Subcase 2.2 When v lies outside any cycle.

In this case, H contains two cycles C, and C} with at least one common
vertex. Let C, - Cp denote the subgraph of G induced by V(C,) U V(Cy).

First, suppose that v lies on P(G), say v = x;.

If vertices on P(G) lie outside any cycle, then H D C, - C, U P; U Py_;.
Thus,

my(H) > my(Coq-CoUPUP;_;) > my(P3UP,UP;_;) > my(Pyy1) > mi(Tap1,d—2)-

Otherwise, H D P; U Gy, where Gy € B(s1,d1), di > max{d —i — 1,2} and
di+2<s1<n-—2-—i.

Suppose that s1 > d; +3. If dy = 2, then i > d— 3 and s; > 5. Thus we
have

my(H) > my(PUG) > mi(PUSs,) > mi(PUT52) > my(Tigaiv1) > mp(Tip1,a—2)-

If dy > 3, then d —i — 1 < dy, which deduces that s; —dy <n—2—1i—(d—
i—1) =n—d—1 < h. By the induction hypothesis, G > Bs, 4,, therefore,

my(H) > my (P UGy) > my(P; U Bsy a,) 2 mg(FUTs; a,) > my(Tar1,a-2)-

Now suppose that s; = dy + 2. In this case, G is obtained by attaching
respectively paths Pj(0 <1 < d; —2) and Py, _;_9 to the two non-adjacent
vertices in Ky —e. If dy = 2, then i > d — 3. It can be easily checked that
my(Ka—e) = my(T52). Thus my(H) = my(PU(Ks—e)) = my(PUT5) >
My (Tgr1,a—2). If di > 3, choose an edge ugu; of Gy such that ug and u; are
both of degree 3 in Ky — e. Then we get

Vv

m(P; UGy)
k(P UG —ugur) + myp_1 (P, UG — ug — up)
k(P UUs; a,) +mp—1(P; U P U Py 1)
k(P U Ty ay) +me—1(P U Py 1)
(P UTqip1,a—i-1) +mp—1(P; U Py_i_2)

(

(

I
3

m
m
m
m

AVAR AVAR VARV

(Tad—2) + mi—1(Pa—3)
mi(Tip1,d-2)-

Next, suppose that v lies outside P(G).

In this case, H O Gy or H D C, - C, U P(G), where G2 € B(s,d) with
d+2<s<n-—2 Itis easy to verify that my(H) > my(Tyt1,d—2)-

Case 3 If any diametrical path of G contains all pendent vertices in G.

We can obtain that G = B,, 4 by similar arguments as those in Case 3
of Theorem 2.

Consequently, the proof is complete. |

Combining Theorems 4] and 5] we obtain the following main result of
this section.
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Theorem 4.6 Let G € B(n,d) withn > 8,3 <d<n-—3 and G # B, 4.
Then ME(G) > ME(B, ).

Proof. According to Theorems 4] and [4.3] we have known that G >~ B, 4.
And then using the increasing property (namely, G; = Go = M E(G;) >
ME(G2)), we get the result we want. |

We will conclude this section by discussing the case d = n — 2. Since
any graph G in B(n,n — 2) is of the form B (as shown in Figure @), where
0 <s < |n/2] — 2. Through simple analysis, we get the following result.

Ug U U us—lr/i\ﬂ Usy Ug—1 Uqg
0—O0—0- - 0—0 0...0—0—0

S J
Us

s n—s—4

Figure 9: Graph B with 0 < s < |[n/2| —2.

Theorem 4.7 Let G € B(n,n—2) withn > 6 and G # B}, then ME(G) >
ME(B}).

Proof. Since G € B(n,n — 2) and G # B}, then G is B, where s =
0,2,...,|n/2] —2.

Case 1 G = BY.

Then G —ug = BY —ug = B} —ug and G—ug_1 —ug = BS—uqg_1 —ugq =
B} —up —uy. Thus we have G = BY = B} by Lemma 28

Case 2 G=DBj(s=2,...,|n/2] —2).

Then

mi(G = B;) = my(B;, — us—ous_1) +mp_1(B), — Us—2 — Us_1)
= mp(Peo1 UBy_oyq) + mp—1(Pea UB)_),

together with

mi(By) = mi(Bh — Ug—si1Ud—s+2) + Mp—1(Bph — Ug—si1 — Ug—s12)
= mp(Pso1 UBL_ ) +mi_1(Ps—a UB}_,).

n—s’
mkfl(Ps_Q U B%fs) and mQ(PS_Q U Bgfs) > mQ(PS_Q U B%fs)' Thus G
B: = B}
Therefore, we always have G = B}. And then ME(G) > ME(BL). &

By Case 1, we have got that BY__ = Bl . then my_1(Ps_oUBY_,) >
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5 Summary

In [25], B5], the authors introduced the concept of “set-complexity”, based
on a context-dependent measure of information, and used this concept to
describe the complexity of gene interaction networks. The binary graphs
and edge-colored graphs are studied and the relation between complexity
and structure of these graphs is examined in detail. In contrast, we put
the emphasis on analyzing properties of spectra-based entropies and study
interrelations thereof.

In this paper, we characterize the graphs with minimal matching energy
among all unicyclic and bicyclic graphs with a given diameter d. With re-
spect to matching energy of graphs, U, 4 and B, 4 are two extremal graphs
in U(n,d) and B(n,d) respectively. Moreover, both of them are interesting
and have the similar extremum property in other aspects. For example,
among all unicyclic graphs of a given diameter, U, 4 is the extremal graph
on graph energy [29]. Besides, it is also the underling graph of the extremal
graph on skew energy [3§]. In addition, B,, 4 has the minimal energy in
one class of bicyclic graphs with a given diameter [39]. From this point, we
guess that this two graphs may also be the extremal graphs on some other
parameters of graphs. Studying the properties of this two graphs will be
one of the future work of us. An important question is how general the
bounds are. Obviously, the proof techniques use structural properties of the
graphs under consideration and it may be intricate to extend the techniques
when using more general graphs. On the other hand, the roots of graph
polynomials could be used to characterize graphs structurally. This will be
one of the future work. For more results, we refer to [11], 2§].
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