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Abstract

In this work, a relay channel is studied in which a source dac@ommunicates with a destination
decoder through a number of out-of-band relays that are emiad to the decoder through capacity-
constrained digital backhaul links. This model is motihby the uplink of cloud radio access networks.
In this scenario, a novel transmission and relaying stiasegre proposed in which multi-layer transmis-
sion is used, on the one hand, to adaptively leverage therdiff decoding capabilities of the relays and,
on the other hand, to enable hybrid decode-and-forward éDE)compress-and-forward (CF) relaying.
The hybrid relaying strategy allows each relay to forwand pathe decoded messages and a compressed
version of the received signal to the decoder. The probleoptimizing the power allocation across the
layers and the compression test channels is formulate@itAlbn-convex, the derived problem is found
to belong to the class of so called complementary geometoigrams (CGPs). Using this observation,
an iterative algorithm based on the homotopy method is megohat achieves a stationary point of the
original problem by solving a sequence of geometric prognamg (GP), and thus convex, problems.
Numerical results are provided that show the effectiverédbe proposed multi-layer hybrid scheme

in achieving performance close to a theoretical (cutsepeufpound.
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I. INTRODUCTION

The multiple relay network, in which a source encoder widbesommunicate with a destina-
tion through a number of relays, as seen in Elg. 1, has beerlycstudied due to its wide range
of applications. Most of the activity, starting froml [1],deses on Gaussian networks in which
the first hop amounts to a Gaussian broadcast channel fromcestn relays and the second
hop to a multiple access channel between relays and reseilie literature on this subject is
vast and includes the proposal of various transmissionesjiess, includingdecode-and-forward
(DF) [1]-[3], compress-and-forwar(CF) [1]-[9], amplify-and-forwardAF) [2][3][8] and hybrid
AF-DF [2][8].

In this paper, we are concerned with a variation of the moassital multi-relay channel
discussed above in which the relays are connected to thiealkesh through digital backhaul links
of finite-capacity. The motivation for this model comes froine application to so called cloud
radio cellular networks, in which the base stations (BS$)aacrelays connected to the central
decoder via finite-capacity backhaul links [10][11]. Thisdel was studied ir [4]-[7][9][12] (see
also review in[[13]). References|[4][6][7][9] focus on CKaegies, while[[5] considers hybrid

DF-CF strategies and [12] studies schemes basecborpute-and-forward

A. Contributions

In this paper, we propose a novel transmission and relayiragegy in which multi-layer
transmission is used, on the one hand, in order to propevigrdge the different decoding
capabilities of the relays similar to/[2], and, on the othanth, to enable hybrid DF and CF
relaying. In the proposed hybrid relaying strategy, eadhyrdéorwards part of the decoded
messages and a compressed version of the received sigeamdlki-layer strategy is designed
S0 as to facilitate decoding at the destination based omfioenhation received from the relays.
To this end, the proposed design is different from the atasdiroadcast coding approach of

[14] in which each layer encodes an independent messageathsin the proposed scheme,
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Figure 1. lllustration of the considered channel with nplttirelays connected to the decoder via out-of-band digaakhaul

links with given capacities.

each layer encodes an appropriately selected set of indepemessages. It is emphasized that
the hybrid DF-CF approach studied in [5] is based on singyed transmission.

The problem of optimizing the power allocation across thesitla and the compression test
channels is formulated. Albeit non-convex, the derivedpam is found to belong to the class of
so called complementary geometric programs (CGPs) (s¢eSE®G 3.2] for more detail). Using
this observation, an iterative algorithm based on the hopyiethod is proposed that achieves
a stationary point of the original problem by solving a sewgeof geometric programming (GP)
[16], and thus convex, problems. Numerical results are igeml/that show the effectiveness of
the proposed multi-layer hybrid scheme in achieving penéoice close to a theoretical cutset
upper bound([17, Theorem 1].

Notation We usep(y|r) to denote conditional probability density function (pdfj @n-
dom variableX given Y. All logarithms are in base two unless specified. Given a segel
Xi,..., X, we define a seKs = {X;|j € S} for a subsetS C {1,...,m}; we setX, as the
empty set.

II. SYSTEM MODEL

We consider a relay channel in which a source encoder wishesommunicate with a
destination decoder through a numbérof relays as illustrated in Fig] 1. We denote the set of

relays byM = {1,..., M}. The relays operate out of band in the sense that éhctelay is
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connected to the receiver via an orthogonal finite-capdicikyof capacityC; in bits per channel
use (c.u.). The encoder transmits a sighalvhich is subject to power constraifif| X |?] < P.

Each relay: receives a signal; which is given as
Yi=hX+ 2 1)

with a complex channel coefficient = ,/g;e’ and independent additive white Gaussian noise
(AWGN) Z; ~ CN(0,1) for i =1,..., M. We assume that the channel coefficiehts. . ., hy,
are constant over a transmission block and are perfectlyvkro all nodes. Without loss of

generality, the channel powes, . .., g); are assumed to be sorted such that
g <...<gum. (2)

[1I. M ULTI-LAYER TRANSMISSION WITHHYBRID RELAYING

In this section, we propose a transmission strategy thasedon multi-layer transmission and
hybrid relaying. Hybrid relaying is performed by having kbaelay forward part of the decoded
messages, which amounts to partial decode-and-forward, @éng with a compressed version
of the received signal, thus adhering also to the compneddaward (CF) paradigm. The multi-
layer strategy used at the source is designed so as todseitiecoding at the destination based

on the information received from the relays, as detailedwel

A. Multi-Layer Transmission

The amount of information decodable at the relays dependb@generally different fading
powersgi,...,gy. TO leverage the different channel qualities, we enableilflexdecoding
at the relays by adopting a multi-layer transmission siratat the encoder. This approach
was also considered in![2] for the case of two relays that camoate to the decoder via
multiple access Gaussian channels. We assume that thenttenssplits its message intt/ + 1
independent submessages, Bay . . ., W1, with corresponding rateB, . . ., Ry, in bit/c.u.,
respectively. The idea is that messaldg will be decoded by all relays, messagg, only
by relays2,..., M, and so on. This way, relays with better channel conditioesode more
information. Messagél’,,,; is instead decoded only at the destination.

To encode these messages, the encoded signal is given by
M+1

X =) VBX 3
k=1
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where the signalsY,, ..., X,;,, are independent and distributed @&/(0, 1), and the power
coefficients P, ..., Py, are subject to the power constrai ,i‘f{l P, < P. The signalX;
encodes messad#, signal X, encodes both messad¥, and 1/, and so on, so that signal
X}, encodes messageé®;,..., W, for £ = 1,..., M. Note that, unlike classical multi-layer
transmission[[14][18], here signd, does not only encode messaé. The reason for this
choice will be clarified below. Finally, signat',,;,; encodes messag&,,. .

Relay 1 decodes messayg from X;; relay 2 first decodes messagg from X; and then
messagél/, from X, using its knowledge of1/;; and so on, so that relaly decodes messages
Wi,...,W,fork =1,..., M. From standard information-theoretic considerations ftlowing

conditions are sufficient to guarantee that ralsare decodable by the relays [14]
Ry < T (Xg; Y| Xy, o0, Xpo1), (4)

for k =1,..., M. This is because, by|(3), condition] (4) with= 1, namelyR; < I(X;;Y7)
ensures that not only relay 1 but all relays can decode meddag and, generalizing, the
inequality [4) for a givenk guarantees that not only reldy can decode messadé, after
having decodedi, ..., W;_q, but also all relays + 1, ..., M can. The signaK,,,, and thus
messagéV,, . is decoded by the destination only as it will be describecherext subsection.

B. Hybrid Relaying

As discussed, relay decodes messagég, ..., W;. Then, eachth relay transmitgartial
information about the decoded messages to the destinatothe backhaul links. The rate at
which this partial information is transmitted to the deation is selected so as to enable the
latter to decode messagHs, .. ., W), jointly based on all the signals received from the relays.
This step will be detailed below. We denote @8" < C; the portion of the backhaul capacity
devoted to the transmission of the messages decoded byirelay

Beside the rate allocated to the transmission of (part of) decoded messages, relay
utilizes the residual backhaul link to send a compressedioerY; of the received signal
Y;. The compression strategy at relays characterized by the test chanpél);|y;) according
to conventional rate-distortion theory arguments (seg, ¢19]). Moreover, since the received
signals at different relays are correlated with each otihas, beneficial to adopt a distributed

source coding strategy. Here, similar o [7][9][20], we wse&cessive decoding via Wyner-Ziv
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compression with a given ordéﬁr(l) — .= Y/,T(M), wherer (i) is a given permutation of the
relays’ indicesM. Thus, the decoder can successfully retrieve the descmﬂafi’l, .. .,?M if

the conditions([21]
I (Yﬂ(i);}}w(i)D}{ﬂ(l) ..... 7r(i—1)}> < CS£> (5)

are satisfied for all = 1,..., M, where we defined’’" < C; as the capacity allocated by relay
i to communicate the compressed received sighab the decoder. It is recalled thai (5) is the
rate needed to compre3s; as Yw(i) given that the destination has side information given by
the previously decompressed signls,), . . ., Yzi_1)-
Without claim of optimality, we assume Gaussian test chbpfig|y;), so that the compressed
signalY; can be expressed as
Y, =Y+ Qi (6)

where the compression noigg ~ CN(0,c?) is independent of the received sigridl to be
compressed. We observe that assumption of the Gaussiathtestels[(6) does not involve any
loss of optimality if the relays are allowed to perform onhetCF strategy! [6][22][23]. We

remark that the compression strategy (6) at relégy characterized by a single parametér

C. Decoding

The destination decoder is assumed to first recover theigtisnsYs, . . ., Ya; from the signals
received by the relays. This step is successful as long aditemrs (3) are satisfied. Having
obtainedY,, = {Yi,..., Yy}, the destination decodes jointly the messalgs. .., W, based
on the partial information about these messages receioeed tine relays and on the compressed
received signald’y,. Finally, messagéV,,.; is decoded. The following lemma describes the

set of tuples(Ry, ..., Ry11) that is achievable via this strategy.

Lemma 1. A rate tuple(R;,..., Ry41) is achievable by the proposed multi-layer strategy

with hybrid relaying if the following conditions are satidi for some values af’P* € [0, C;],

February 16, 2018 DRAFT



1=1,..., M:
R < IT(XiYilX1,o Xo1), i=1,..., M, @)
CPB + I (Yagy: Ve[ Vint), i) )<cﬂ(l —=1,..., M, 8)
ZR <ZCDF+I<X{k _____ s Vol X ga i 1}) k=1,...,M, 9)
i=k i=k
and Ryper < I (XMH;?M\XM). (10)

Proof: The constraint[{7) corresponds {d (4) and guarantees ¢atesoding at the relays.
Constraint[(8) follows from[(5) and the backhaul constralitite inequalities in(9) ensure that the
messagedl;, ..., W), are correctly decoded by the destination based on the parftiamation
received from the relays and the compressed sigrials This is a consequence of well-known
results on the capacity of multiple access channels withstratters encoding given subsets of
messages [24] (see also [25]), as recalled in Appehndix A. Wéeve here that the sufficiency
of (9) for correct decoding hinges on the fact that sighialencodes messagé¥,, ..., W, for
k=1,...,M, and not merely}¥;, as in the more conventional multi-layer approachl [18][14].
Finally, constraint[(1I0) ensures the correct decoding o§sagdl,, ., based on all the decoded

signals X, and the compressed received sigrils.

IV. OPTIMIZATION

In this section, we are interested in optimizing the powévcaltion P, ..., Py/.1, the com-
pression test channels characterized by the compressise mariancess?, ..., o3, and the
backhaul capacity allocation between DF and CF relayingh whe aim of maximizing the

sum-rateR,m = M“ R;.. Based on Lemma] 1, this problem is formulated as

M+1
maximize Z Ry, (12)
. {Pe, R > 03311, #=1

{c? CP¥ > 0},
s.t. (@) — (),

M+1

Z P, <P
k=1
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In (11), the optimization space includes the orderingsed for decompression at the decoder,
along with the mentioned power and backhaul allocationsthedcompression noises. Due to
the inclusion of the ordering, the problem is combinatorial. Therefore, in this sectiome,
focus on the optimization of the other variables for fixedewndg 7. Optimization of = will
then have to be generally performed using an exhaustivetsgaocedure or using a suitable
heuristic method.

Under the assumption of the multi-layer transmissidn (3¢, Gaussian test channdls (6) and

given orderingr, the problem[(1l1) can be written as
M
maximize Z Ry, + log (1 + PM+1BM) (12a)
{R;,CP¥ >0, B; € [0,1]}}M,, k=1

{P, >0} 11!

st. R <log (ﬂ) =1, M, (12b)
1+ giPin
1 —|— Plgwfl(i) .
CP¥ +1lo ( — —log(1—=p;) <C;, i=1,..., M,
S\1+ PrBr-1iy1 B )
(12c)
M M = 5
1+ P
SR < CPF 4 log <+_ﬁfv) k=1,...M,
— — L+ Py1Bu
J= J=
(12d)
where we have defined variablgs = 1/(1 + 0?) € [0,1] for i = 1,..., M, the cumulative

powersP, = S0 Py for k= 1,..., M +1, the cumulative variableg; = 3%, gx(j)Bx(; for
i=1,...,M and the functiont=!(j) returns the position of the indexec {1,..., M} in the
orderingw. The problem[(12) is not easy to solve due to the non-conyefithe constraints
(@2B)-(12d). In Sed_IV-A, we propose an iterative algaritho find a stationary point of the

problem [(12).

A. Proposed Algorithm

Here we propose an iterative algorithm for finding a statigneint of problem[(1PR). We first

simplify the problem by proving the following lemma.
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Lemma 2. Imposing equalities on the constraints (12b) ahd {12c) aeduno loss of optimality.

Proof: Suppose that the constrainfs_(lL12b) lor (12c) are not satigfitd equality. Then,
we can decrease the transmission powers. ., P,.; or increase the backhaul usage until the
constraints are tight without decreasing the achievalike ra

|
With Lemmal[2 and some algebraic manipulations, the problE#h ¢an be written as
M —
1 1+ g b
minimize _ *9 o (13a)
(P20} M {Bii>0pt, L+ Py fu iy 1+ gl
.t 1+ Pyri1Bu - (14 9:P) (1+ PiBr133)) <1 k-1 Y
231K Ci (1+ PuBur) i | i (14 giP1) 1+ PiBr1y—1) | — Y
(13b)
1+ P B
. 1B 10 <1,i=1,...,M, (13c)
26 (1 + Plﬁw*l(i)—l) Vi
Py
— <1 13d
7 =L (13d)
P, i
_+1§1,6_1g1,7;:1,...,M, (13e)
P; Bi
3; i + Br1(i .
bi oy Wt B0 oy (13)
Gr(i) + Bic1 9i%i + Br-1()-1

where we characterized the problem over the cumulativeablas { 5} and {3;}},, and
introduced auxiliary variables; = 1 — (B,-15) — Br-1(5-1)/g; for i = 1,..., M.

Problem [(1B) is not a standard GP [16] since the denominaidiee left-hand side of (13b),
(@13d) and[(13f) are not monomials. However, the problem ikaascof CGP problems [15, Sec.
3.2], and thus a stationary point &f {13) can be found by dpglyhe homotopy method [15,
Sec. 3.2], which solves a sequence of &Bistained by locally approximating the posynomial
denominators as monomial expressions (see, €.¢., [15, laeBah)). The resulting algorithm is

summarized in Table Algorithm 1.

V. SPECIAL CASES

Here we discuss some relevant special cases of the proposemhas.

1A GP can be converted into an equivalent convex problem [B&eSec. 4.5.3] for more detail).
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Algorithm 1 Homotopy method for problend (1L3)
1. Initialize the variables{Pi( > 0} M {5(1 > 0}M, to an arbitrary feasible point and set

n=1.

2. Update the variable§P"™ > 0}M+ {3 > 0} as a solution of the following GP

problem:
M (n+1)
1 14 g;P;
- mmlmlzel) (1) 1) pln) () H (n+1) +1 (n) (14)
{PFVZ0IMTT (B >0 f <PM+1 M M—HBM) i=1 f <gZ 9iF, )
) (1+087) (14 #0325

s.t.

n+1) n n+1) 5(n+1 a(n
=k | if <ng+1+ ,gszH) f <P( YA T(}) Py 5737)1@)_1)

1+ P(n+1) a(n+1)
M n]-\i-/ll-i)_l (n-i]\-/jl) H(n) a(n) <l k=1..M
22 =k Ci f ( P By )

1+P(n+1 Bn+1)
™) <1l,i=1,...,M,

(n+1 n+1 ~(n) 5(n -
20 f (PIDBIE) L PUB )
P1(n+1)

p=h

(n+1) A(n+1)
PZ-‘rl < 1 /6
P(n+1) - /8( +1)

7 [

<1,i=1,..., M,

B(n-ﬁ-l)

L <1,i=1,... M,

Iy f <ﬁ_ /Gni) 7@_1/%(2‘))
gm+ﬁ§"f(ll

gif (ﬁﬁl /9B 1/gz>

where the functionf(s, §) is a monomial function ot defined as([15, Lemma 3.1]

<1,i=1,...

f(s,8) = c(5)s*® (15)

with a(8) = 3(1 + 5)~! and¢(8) = §7%(1 + 5).

3. Stop if some convergence criterion is satisfied. Othexwsetn < n + 1 and go to Step 2.
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A. Compress-and-Forward

If we impose that the encoder uses only the highest laygr,,, i.e., X = v PXy41 in
lieu of the more general3), the proposed hybrid schemecesdto a pure CF scheme with
successive decoding as studied in[[7][9]. Optimizationhef test channels;, ..., 8, under this

assumption and given orderingcan be simplified to

M
imize 1 1+ P o 16
E H ( ZW) 6)
1+ PB; ,
st. log [ ——L) Zlog (1= Bai) < Cogry, i = 1,..., M,
g<1+Pﬁi_1> g (1= ) < Cry
whose solutiong}{™, ..., 8" are directly given, using Lemnid 2, as
2% — 1) (1 + Pp;_

ﬁ‘m—( ) ( Pir) i=1,...,M. (17)

0 " 90 (1+ PBiy) + Pgniy’

B. Decode-and-Forward

The DF strategy is a special case of the proposed hybridingilascheme obtained by fixing
f1=...= 0y =0andPy.,, = 0. A similar approach was studied inl[2, Sec. V-B] fbf = 2
assuming Gaussian channels for relay-to-destinatios liAkstationary point of the problem can
be obtained by adopting the homotopy method in Algorithm thwhinor modifications. As
an interesting special case, we consider DF with singlefléiansmission in which multi-layer
transmission is not leveraged.

Using single-layer transmission, the following rate isiaehble by optimizing the selection

of the transmitted layer:

ieEM

M
max min {log (1+¢g;P) ,Z Cj} . (18)
j=i

We remark that in[(118) we have used the fact, as in the morergleresult of Lemmall, that all
relaysi, ..., M are able to decode messagé and thus the message can be distributed across

the backhaul links in order to be delivered to the destimatio

VI. NUMERICAL RESULTS

In this section, we present numerical results to investight advantage of the proposed

multi-layer transmission scheme with hybrid relaying stddin Sec[IIIETM as compared to the
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-—_— - - - — = — -4

achievable rate [bit/c.u.]

—+—CF

—*— DF
0.5 —=&— Hybrid ]
— — — cutset upperbound
05 1 15 2 25 3 35 4
C1:C2 [bit/c.u.]

Figure 2. Achievable rates versus the backhaul capatity= C> in a symmetric network witthW/ = 2, P = 0dB and
g1 = g2 = 10dB.

more conventional schemes reviewed in $ec. V. For referameealso compare the achievable
rates with the cutset upper bound|[17, Theorem 1]

Reitset = Sg?ll}HM} {JEZS Cj + log (1 + P Z gj> } . (29)

jES*”
For ease of interpretation, we focus on the case with twgselee., M = 2. We mark single-
layer schemes with the label 'SL’ and multi-layer schemethwL'. For CF related schemes,
the optimal orderingr®®® in problem [11) was found via exhaustive search and was wbde¢o
ber = (1,2) for all the simulated cases.

In Fig. [2, we examine the performance in a symmetric settipglotting the rate versus
the backhaul capacitie§’; = C, when P = 0dB andg; = ¢g» = 10dB. It is seen that
in this symmetric set-up, the optimized hybrid scheme engsraducing to either the DF
or the CF strategy at small and large backhaul capacityeotsely. Note that we have not
distinguished between the single-layer and multi-layeatsgies in the figure since they showed
the same performance when the relays experience the samng faalwer, i.e.,g; = g». This
is expected since multi-layer strategies are relevant eviign the two relays have different

decoding capabilities.
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N
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DF

achievable rate [bit/c.u.]
=
4 N

—6—CF
—%— DF-SL i
—*— DF-ML

—B— - Hybrid-SL
—8— Hybrid-ML

— — — cutset upperbound

-
T

05}/

1 2 3 4 5 6 7
C1:C2 [bit/c.u.]

Figure 3. Achievable rates versus the backhaul capdtity= C> per relay withAf =2, P = 0dB and|g1, g2] = [0, 10] dB.

In Fig.[3, we observe the performance versus the backhaakigg, = C, with P = 0dB
and asymmetric channel powelig, go] = [0,10] dB. Unlike the symmetric setting in Figl 2,
the multi-layer strategy is beneficial compared to the sifgyer (SL) transmission for both
DF and Hybrid schemés Moreover, unlike the setting of Figl 2, the hybrid relayismategy
shows a performance advantage with respect to all othemseheThis is specifically the case
for intermediate values of the backhaul capacitigs= C5. It should also be mentioned that,
as (C; = (5 increases, the performance of DF schemes is limited by thacty of the better
decoder, namelyog,(1 + 10) = 3.46 bit/c.u., while CF, and thus also the hybrid strategy, are
able, forC; = (5, large enough, to achieve the cutset bound.

Finally, in Fig.[4, we plot the achievable rates versus thendel power, of the better relay
when P = 0dB, ¢ = 0dB and C; = Cy, = 2 bit/c.u.. As expected, the performance gain of
multi-layer transmission over the single-layer schemesase pronounced ap increases, since
a better channel to relay 2 allows to support larger ratestah rates of both DF layers. In
fact, single-layer transmission uses only the DF layer dedcexclusively by relay 2 according

to (18). For the same reason, the rate of single-layer DFm#tdd by the backhaul capacity

2Not being based on relay decoding, CF operates only with ayer.
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Figure 4. Achievable rates versus the channel payewith M =2, P =0dB, g1 = 0dB andC; = C2 = 2 hit/c.u..

C, of relay 2. Moreover, hybrid relaying is advantageous ouercanventional schemes for

intermediate values aofs.

VIlI. CONCLUSIONS

We have studied transmission and relaying techniques ®ralay channels with multiple
out-of-band relays, which are connected to the destinaimorthogonal finite-capacity backhaul
links. We proposed a novel transmission and relaying gflegevhereby multi-layer transmission
is used at the encoder and hybrid DF-CF relaying is adopteitheatrelays. The multi-layer
transmission is designed so as to adaptively leverage ffexatdit decoding capabilities of the
relays and to enable the hybrid relaying strategy. As a tethd proposed multi-layer strategy
is different from the classical broadcast coding approaicfild], which aims at coping with
uncertain fading conditions at the transmitter (see &al§ddBan application to a multi-relay
setting).

We aimed at maximizing the achievable rate, which is fortealaas a non-convex problem.
However, based on the observation that the problem fallsarclass of so called Complementary
Geometric Programs (CGPs), we have proposed an iteratiegilm based on the homotopy

method which attains a stationary point of the problem. Frammerical results, it was shown
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that the proposed multi-layer transmission with the hybathying strategy outperforms more
conventional decode-and-forward, compress-and-forvead single-layer strategies, especially

in the regime of moderate backhaul capacities and asynoatannel gains from the source to

the relays.
APPENDIX A
PROOF OFLEMMA [1]
Here, we show that conditionis| (9) are sulfficient for correatatling of messagés, ..., Wy,
at the decoder. To see this, we observe that the destinatieem decoding messag#s, . .., Wy,

can be regarded as the decoder of a multiple access charthéliveources. Specifically, sourée
has messagdé$,,...,W, for k = 1,..., M and has two inputs to the channel to the destination,
namely the signal; and the information sent at rateP on the noiseless backhaul link. We
denote the latter &8, whereT}, € {1,..., QCEF} so that the overall channel input of the source
k is given be’k = (X, T}). The destination observé%M andTi,...,Ty. We emphasize that
both X, andT}, in Xk depend on all messagég,, ..., W,.

As a result, we have an equivalent multiple access chanmehich each source has a specific
subset of all the messages and a hierarchy exists among tineescso that sourck has all

the messages also available to sources., k — 1. Therefore, using the results in [24]]25], the

following conditions guarantee correct decoding of messau;, ..., Wy,
M ~ ~
ZR]' <I (X{k: ..... wmy Y T,y | X k—l}) , (20)
j=k

for k = 1,..., M. The achievability of rated (20) is ensured for any jointtritisition of the
inputs{X'k}]k”:l [24][25]. To proceed, we tak&’, to be independent according to the discussion
around [(B), and also tak&, to be independent df}, for all £k = 1,..., M. It is not hard to see
that this choice maximizes the mutual informations[in] (20)der these assumptions, we can
write the right-hand side of (20) as

I<X{k ..... sty Toeoonry; Yoo, T ooy | X 1oy, T k—l}) (21)

i=k
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by the chain rule for mutual informations |17, Theorem 2.5This proves that inequalities (20)

reduce to[(P) with the given choices.
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