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A CLASS OF SYMMETRIC GRAPHS WITH
2-ARC-TRANSITIVE QUOTIENTS

BIN JIA, ZAI PING LU, AND GAI XTA WANG

ABSTRACT. Let I' be a finite X-symmetric graph with a nontrivial X-
invariant partition B on V(I') such that I's is a connected (X, 2)-arc-
transitive graph and T' is not a multicover of I'z. A characterization
of (I, X, B) was given in [20] for the case where |I'(C) N B| = 2 for
B € B and C € I'g(B). This motivates us to investigate the case
where |I'(C) N B| = 3, that is, I'[B, C] is isomorphic to one of 3Kj,
K33 — 3K, and K3 3. This investigation requires a study on (X, 2)-
arc-transitive graphs of valency 4 or 7. Based on the results in [14], we
give a characterization of tetravalent (X,2)-arc-transitive graphs; and
as a byproduct, we prove that every tetravalent (X, 2)-transitive graph
is either the complete graph on 5 vertices or a near n-gonal graph for
some n > 4. We show that a heptavalent (X, 2)-arc-transitive graph -
can occur as I's if and only if X>(™) = PSL(3,2) for r € V().

KEYWORDS. Symmetric graph, quotient graph, three-arc graph, double
star graph, near n-gonal graph.

1. INTRODUCTION

In this paper, all graphs are assumed to be finite, nonempty, simple and
undirected. This paper involves graphs, permutation groups and designs,
the reader is referred to [3], [4] and [2] respectively for the notation and
terminology not mentioned here.

Let 3 be a regular graph with vertex set V(X) and edge set F(X). By
val(X) we denote the valency of ¥. For an integer s > 1 and an (s + 1)-

sequence & = (ag,aq,...,as) of V(2), set o := (ag, s 1,...,q0), @ is
called an s-arc of ¥ if {ay, i1} € E(X) fori =0,1,...,s — 1, and a;—1 #
ajtq for i = 1,2,...,8s — 1. An s-arc @ = (o, a1,...,a5) is called an s-

dipath if o; # o for 4,5 € {0,1,...,s} with i # j. Evidently, o is an
s-arc (s-dipath, respectively) of ¥ if and only if @~ ! is an s-arc (s-dipath,
respectively) of ¥. For any s-dipath o = (ag, aq,...,as) of 3, identifying
o and o~ ! gives rise to an s-path [ag, a1, . .., as] of . Denote by Arcs(X)
(Pathg(X), respectively) the set of s-arcs (s-paths) of X. In the case where
s =1, we use arc and Arc(X) in place of 1-arc and Arc;(X), respectively.
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Let X be a group acting on V(X). The induced action of X on V(X) x
V(X) is defined by (7,0)* = (7%,0%) for (1,0) € V() x V(X) and z € X.
We say that X preserves the adjacency of ¥ if Arc(X)* = Are(X), for all
x € X. The graph X is said to be X -vertex-transitive if X preserves the
adjacency of ¥ and acts transitively on V(X); and ¥ is said to be (X, s)-arc-
transitive ((X, s)-arc-regular, respectively) if in addition the induced action
of X on Arcyg(X) is transitive (regular, respectively). Further, ¥ is said
to be (X, s)-transitive if ¥ is (X, s)-arc-transitive but is not (X, s + 1)-arc-
transitive. An (X, 1)-arc-transitive graph is usually called an X -symmetric
graph. For 7 € V(X), we denote by X7 the point-stabilizer of 7 in X.
It is well-known that, for s € {1,2}, an X-vertex-transitive graph X is
(X, s)-arc-transitive if and only if X, is s-transitive on the neighborhood
5(1) :=={0 € V(X) | (r,0) € Arc(2)} of 7 in B. The reader is referred to
[1] for basic results about symmetric graphs.

Let " be a finite X-symmetric graph admits a nontrivial X-invariant
partition B on V(T'), that is, 1 < |[B| < V(T') and B* := {v” |v € B} € B
for B € B and z € X. (Such a graph is said to be an imprimitive X-
symmetric graph.) The quotient graph I'g of I' with respect to B is defined
to be the graph with vertex set B such that, for B,C € B, B is adjacent to
C in I'g if and only if there exists some v € B adjacent to some u € C' in T.
It is easy to see that X acts transitively on the vertex set and on the arc set
of I'g, that is, I'g is X-symmetric. We always assume that 'z has at least
one edge, which implies that each B € B is an independent set of V(T").

It has been observed in the literature that the quotient graphs of an
(X, 2)-arc-transitive graph are usually not (X, 2)-arc-transitive, and that an
X-symmetric graph with an (X, 2)-arc-transitive quotient itself is not neces-
sarily (X, 2)-arc-transitive. (For example, several examples are given in [3] [6]
for the first situation; and for the second situation, it is shown in [14] that
every connected (X, 3)-arc-transitive graph is a quotient graph of at least
one X-symmetric graph which is not (X, 2)-arc-transitive.) This observation
gave rise to a series of intensively studies of the following two questions (Q1)
and (Q2) [20,10] by investigating ‘local’ structures of imprimitive symmetric
graphs and their quotient graphs.

(Q1) When can I'g be (X, 2)-arc-transitive?
(Q2) What information of the structure of I" can we obtain from an (X, 2)-
arc-transitive quotient I'g of I'?

For B € B and v € V(I'), we set I'(B) := UyepT'(u), I'n(B) := {C €
B | (B,C) € Arc(T'g)} and I'g(v) := {C € B | v € T'(C)}. Let D(B) :=
(B,T'5(B),|) denote the incidence structure such that v|C for v € B, C €
I'p(B) if and only if C € I'g(v). For any B € B, C € I'g(B) and v € B, as I'
is X-symmetric, v := |B|, k := |[I'(C)NB|, r :== |[I'p(v)| and b := val(I'p) are
independent of the choice of B and v, and D(B) is an X p-flag-transitive 1-
(v, k,r) design with b blocks [I4, Lemma 2.1]. T is said to be a multicover of
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I'pif k =v. For (B,C) € Arc(I'), denote by I'[ B, C] the bipartite subgraph
of I induced by (I'(C') N B) U (I'(B) N C). Then I'|B, C] is independent of
the choice of (B,C) € Arc(I'g) up to isomorphism, and Xp N X acts
transitively on the edges of I'[ B, C].

Without doubt, the triple (I's, I'[B, C], D(B)) mirrors ‘global” and ‘local’
information of the structure of I', which allows us to reconstruct I' in some
sense. This approach to imprimitive symmetric graphs have received atten-
tion in the literature. Gardiner and Praeger [7] suggested to analyse these
three configurations, (I',T'[B,C],D(B)), and they discussed the case when
I is X-locally primitive, that is, the stabilizer of a vertex v € V(I') in X
acts primitively on the neighbourhood I'(v) of the vertex in I'. In [8] [9]
they considered the case when the quotient I'g is a complete graph and the
setwise stabiliser Xp (the subgroup of X fixing B setwise) is 2-transitive on
B. Li, Praeger and Zhou [12] proved that, if £k = v — 1 > 2, then D(B)
contains no repeated blocks (that is, the subsets of B incident with distinct
blocks of D(B) are distinct) if and only if I'g is (X, 2)-arc-transitive, and
further they found an elegant construction (called the 3-arc graph construc-
tion) for constructing all such graphs from I'z. Iranmanesh, Praeger and
Zhou [10], Lu and Zhou [14] studied the case where the quotient ' is (X, 2)-
arc-transitive and obtained a series of interesting results. In particular, Lu
and Zhou [I4] found the second type 3-arc graph construction, which led to
a classification [21] of a family of symmetric graphs. The reader is referred
to [16], 17, 18, 19l 20] for further more developments in this topic.

In answering the above two questions, a relatively explicit classification of
(T, X, B) has been given in [20], when I'g is a connected (X, 2)-arc-transitive
graph such that 2 = k < v—1. This motivated us in this paper to investigate
the case where k = 3, and then we give a characterization for this case.

For a group X acting on a set V and a subset B of V', denote by X(p, (XB,
respectively) the point-wise (set-wise, respectively) stabilizer of B in X, and
by Xg the permutation group induced by Xpg on B. Then Xg = Xp/X(B)-

The following is a summary of the main results of this paper, which is a
sketch of our answer to (Q1) and (Q2) in the case where k = 3. More details
will be given in Theorem E.T]

Theorem 1.1. Let I' be an X -symmetric graph with an X -invariant parti-
tion B on V(T') such that k = 3 and val(T'p) > 2. Let B € B. If X is faithful
on V(T') and T is not a multicover of T'p, then I'p is (X, 2)-arc-transitive if
and only if one of the following cases occurs.

) (v,b,7) = (4,4,3) and X5 = Ay or Sy;

) (v,b,7) = (6,4,2) and X5 = Ay or Sy;

) (v,b,7) = (7,7,3) and X5 = PSL(3,2);

) v=3b>6, r=1 and Xp acts 2-transitively on the blocks of D(B).
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2. GRAPHS CONSTRUCTED FROM GIVEN GRAPHS

In this section, we aim to restate several graphs constructed from given
graphs, as well as some of their properties, which turn out to be useful in
a further characterization of (T', X, B) stated in Theorem [Tl Hereafter, we
denote by G the set of triples (I', X, B) such that I" is a finite X-symmetric
graph with a nontrivial X-invariant partition B on V(I'), val(I'g) > 2 and I’
is not a multicover of I'g, and by G the subset of G such that I'g is connected
and X acts faithfully on V/(I'), that is, Nyey ()Xo = 1.

The following two propositions are quoted from [I14].

Proposition 2.1. Let ¥ be a finite (X, 2)-arc-transitive graph with val(X) >
2. Let A be a self-paired subset of Arcs(X), that is, ! € A whenever o €
A. DefineJ:=13(X,A) to be the graph with vertex set Patha(X) and edge set
{{loo, a1, @], [, a2, 3]} | (@0, a1, 00,03) € A}, Set Pr := {[r1,7, 7] €
Pathy(S) | 71,72 € S(1)} for 1 € V(E), and P :={P, | c € V(X)}. If A
is a self-paired X -orbit on Arcs(X), then (3, X,P) € G and ¥ = Jp.

The following lemma improves [14, Theorem 4.10].
Lemma 2.2. Let (I' X,B) € G with b > 3 and r = 2. Set

(o,u) € Are(T)
A:= ¢ (C,B(v),B(u),D)| ve B(v) e B,uc B(u) € B
Ce FB(U)vD € FB(u)vc # B(u)vD # B(U)

Suppose that |T'(D) N By NT(C)| # 0 for any 2-path [D, By, C| of T'g with
a given middle vertex By € B. Then I'g is (X,2)-arc-transitive and \ :=
|IT(D)NByNI(C)| is independent of the choices of [D, By, C] and By; further,
A is a self-paired X -orbit on Arcs(I'p), and either

(a) A=1and T = I(T'p,A); or
(b) A >2 and T' admits a second nontrivial X -invariant partition

Q:={I(D)NBNI(C) | [D,B,C] € Pathy(I'p)}
on V(TI'), which is a proper refinement of B such that T'g = I(I'p, A).

Proof. Note that b > 3. Take three distinct blocks C,D,E € T'g(By).
Since |I'(D) N By NT(C)| # 0 and [I'(E) N By NT(C)| # 0, there exist
v,u € T'(C)N By with b € T'(D) and u € T'(E). Let v',u’ € C be such
that (v,0”), (u,u’) € Are(T). Then (v,0")* = (u,u') for some x € X as T is
X-symmetric. So v* = u and v’* = v/, it implies B = By and C* = C,
hence x € Xp, N X¢. Further C, D*, E € I'g(u), it follows that D* = E as
r:= [I'g(u)| = 2. Thus Xp, N X¢ is transitive on I'p(By) \ {C}, it follows
that Xp, is 2-transitive on I's(By). Therefore, I'g is (X, 2)-arc-transitive.
Then, by [14], A > 1 is a constant number; and if A = 1, A is a self-paired
X-orbit on Arcs(I'g) and I' =2 J(I'g, A). In the following we assume A > 2.
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We first show Q is an X-invariant partition of V(I'). Take two arbitrary
2-paths [Dq, B1,C4] and [Dy, By, Cs] of T'g. Suppose that there exists some
v € V(T') such that v € (I'(D1) N By NT'(Cy)) N (T'(D2) N By N T(Cy)).
Then By = By and C;,D; € I'p(v) for i« = 1,2. Since r = 2, we have
that {Cl,Dl} = {CQ,DQ}, thus [Dl,Bl,Cl] = [DQ,BQ,CQ]. It follows that
Q is a partition of V(I'). For any [D, B,C| € Patho(I'g) and x € X, we
have [D, B,C|* = [D*, B*,C*] € Pathy(I'g) and so (I'(D) N BNT(C))* =
N(D*)NB*NI(C*) € Q. Thus Q is X-invariant. Noting that I' is not a
multicover of I'z, we know |B| > [I'(D)NBNI(C) := X > 2,50 Qis a
proper refinement of B. In particular, the pair (B, Q) gives an X-invariant
partition B of V(T'g).

Consider the quotient graph (I'g)g of I'g with respect to B. For any
2-path [D, B,C] of (T'g)z and any b € V(I'g), we have |(I'g)g(b)| = 2 and
ITo(D)NBNTg(C)| = 1. Tt follows from (a) that 'g = 3((T'g)g, A), where
A = {(C,B(v),B(u),D) | (C,B(v),B(u),D) € A}. Moreover, it is easily
shown that B — B, B + B is an isomorphism from (I'g)g to I's. Therefore,
T'o %j((FQ)B,A) %j(FB,A). |

For a finite X-symmetric graph > with valency no less than three, let
J(X) be the set of pairs ([11, T, 72|, [01, 0, 02]) of 2-paths of ¥ such that o €
S()\{r1, 2}, 7 € X(0)\{o1,02}. A subset A of J(X) is said to be self-paired
if ([11, 7, 7], [01,0,02]) € A always implies that ([o1, 0, 09], 11,7, T2]) € A.

Proposition 2.3. Let X be a finite (X, 2)-arc-transitive graph with val(X) >
3 and let A be a self-paired X -orbit on J(X). Define a graph ¥ := ¥(3, A)
with vertex set Paths(X) such that two 2-paths v,0 are adjacent if and only
if (v,o) € A. Then V¥ is X-symmetric and P is a nontrivial X -invariant
partition of V (V) with ¥ = Wp, where P is defined as in Proposition [2]].

We now quote a result about 3-arc graphs [12].

Proposition 2.4. Let ¥ be a finite (X, 2)-arc-transitive graph with val(%) >
3 and let A be a self-paired X-orbit on Arcs(X). The 3-arc graph ZE :=
(X, A) with respect to A is defined to be the graph with vertex set Arc(X)
such that two arcs (1,71) and (0,01) of ¥ are adjacent in = if and only if
(r1,7,0,01) € A. Then (£, X, A) € G and ¥ = = 4, where A := {A; ‘ TE
V(2)} and Ay = {(1,0)|o € 3(1)} for T € V().

Lemma 2.5. Let ¥, X, A and = be as in Proposition [2.4 Then ry :=
IZ4((7, 7)) = val(X) — 1 and val(Z) = r4l, where (1,71), (1,0) € V(E) =
Arc(X) and ¢ is the valency of E[A;, A,].

Proof. For any arc (r,0) of X, there is a 3-arc (m,7,0,01) € A as X
acts transitively on arcs of . Then A, and A, are adjacent in =4. It
implies that val(Z) = r4f. So it suffices to show r4 = val(X) — 1. Let
(o’,01) € Arc(X). Note that A is self-paired. Then {(7,71), (¢/,0)} € E(E)
if and only if (71,7,0’,0]) € A. In particular, if A,» € E4((7,71)) then
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71 # ¢’ and (7,0") € Arc(X). Then o', and hence A,, has at most val(X)—1
choices. So r4 < wval(X) — 1. On the other hand, since ¥ is (X, 2)-arc-
transitive, for any ¢’ € X(7) with ¢’ # 71, there is some x € X such that
(r1,7,0,01)" = (11, 7,0",07) € A. Tt follows that {(7,71), (0/,07)} € E(E),
and so A, € Z4((7,71)). Then r4 > val(¥) — 1. Thus rq4 = val(¥) — 1. 1

3. DOUBLE STAR GRAPHS

If (T, X,B) € G such that I'p is (X, 2)-arc-transitive then, by [14], T or
a quotient of T' is isomorphic to one of |E(I'g)|K2, I(I'p,A), ¥(I'p, A) and
=g, A) forr =1, 2, b—2 and b—1, respectively, where A is a self-paired X-
orbit on Arcg(I'p) and A is a self-paired X-orbit on J(I's). This motivates
us in this section to consider the general case where 1 < r < b — 1, and
introduce the stars and the double stars for a given graph. We shall show
that there is a close connection between I' and the graph constructed from
a certain set of double stars of ¥ :=I'p.

3.1. Stars of symmetric graphs. Let ¥ be an X-symmetric graph with
valency no less that 2. For 7 € V(X) and an k-subset S of X(7), we call
s(7,9) == {(r,0) € Arc(X) | 0 € S} a k-star of & with respect to 7 and S.
Set St%(%) 1= {s(7,5) | S C B(7),|S| = k} and St*(%) := UTev(E)StﬂT‘(E).
A star s := s(7,5) is said to be Xg-symmetric if X, N Xg acts transitively
on S. A nonempty subset S of St¥(X) is said to be X-symmetric if S is
X-transitive and s is Xs-symmetric for some s € S.

Let S be an X-symmetric subset of StX(X). For 7 € V(%) set S, =
{s €S ‘ s = 5(7,5),S C X(7),|S| = k}. Define an incidence structure
D(r) := (¥(7),S-,]|) in which o|s(7,S5), for o € X(7), s(7,5) € S;, if
and only if o € S. A pair (0,5) with ol|s is said to be a flag of D(7).
Let v := [{s(7,5) € S; | 0 € S}|,b := |S;| and v := val(X). Then it is
easy to see that D(7) is an X -flag-transitive 1-(v, k, r) design with b blocks.
Moreover, D(7) is independent of the choice of 7 € V(X) up to isomorphism.

The following Lemma [B] says that, for 7 € V(X), an arbitrary X, -
flag-transitive 1-(v, k,r) design can be constructed as above in some sense.
Let ©(7) = (X(7),8B,I) be an X, -flag-transitive 1-(v,k,r) design. It
may happen that distinct blocks b; and by of ©(7) have the same trace
{o | o1b1} = {o | oIbs}. Since D(7) is flag-transitive, the number of blocks
with the same trace is a constant, say m(D (7)), called the multiplicity of
D(7). Let ©'(7) be the design with vertex set ¥(7) and blocks being the
traces of blocks of ©(7). Then @'(7) is an X,-flag-transitive 1-(v, k,1’)

: !/ T
design, where r’ = IR

Lemma 3.1. Let ¥ be an X -symmetric graph with valency v > 2 and (1)
be an X, -flag-transitive 1-(v, k,r) design with b blocks, where 1 <k < wv—1
and 7 € V(X). Set § := {s(r*,5%) |z € X,5 € D'(1)}. Then S is
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X -symmetric, and D'(t) = D(1) is an X,-flag-transitive 1-(v,k, m)
design with % blocks.

3.2. Double stars. Let L and R be k-subsets of 3(7) and (o) respectively,
set [ = (7, L) and v = s(o, R), the pair ([,t) is called a k-double star of ¥
if o € L and 7 € R. Denote by DSt%(X) the set of k-double stars of X.
A nonempty subset © of DStX(X) is said to be X-symmetric if St(0) :=
{L,v | (I,r) € ©} is X-symmetric; and is self-paired if (I,r) € © always
implies that (t,[) € ©.

Here we give a straightforward lemma by ignoring the proof.

Lemma 3.2. Let X be an X -symmetric graph with valency v > 2 and k an
integer with 1 <k < wv.

(a) If S is an X-symmetric orbit on St¥(X), then for | = s(r,L),v =
s(0,R) € S witho € L and 7 € R, © := {(I",¢") | € X} is an
X -symmetric orbit on DSt*(X) and St(©) = S.

(b) Let © be an X-symmetric orbit on DSt¥(X) and let 7,0 € V().
Then (1,0) € Arc(X) if and only if there exist | := s(7,L),v :=
s(o, R) € St(©) such that (I,t) € O.

The following example shows that an X-symmetric orbit © of k-double
stars of an X-symmetric graph is not necessarily self-paired.

Example 3.3. Let ¥ be a cubic (X, 2)-arc-regular graph with a 3-arc
(11, 7,0,01) such that there is no x € X maps this 3-arc into (01,0, 7,71).
(See [1l 18c], for example.) Set L = {m,0}, R = {o1,7}, [ := s(7, L) and
t =5(0,R). Let © = {(I",¢") | # € X}. Then © is an X-symmetric orbit
on DSt?(X). However, it is easily shown that © is not self-paired.

Construction 3.4. Let ¥ be an X-symmetric graph with valency v > 2
and © be a self-paired X -symmetric orbit on DSt*(X) with 1 <k < v — 1.
Define a graph II(X, ©), called the double star graph of X with respect to ©,
with vertex set St(©) such that two k-stars [ and ¢ in St(O) are adjacent if
and only if (I,x) € ©.

Theorem 3.5. Let X2, © and I' :=II(X, ©) be as in Construction 3.4l Set
S=38t0) and B={S; | T € V(2)}, where S; = {s € S | s =5(1,5),5 C
X(7),|S| =k}. Then (I, X,B) € G such that T'p = X, and for B=S; € B,
D(B) = D*(1), where D*(7) is the dual design of D(7).

Proof. 1t is easy to see that B is an X-invariant partition of V(I') = S.
For any s := s(1,5) € B:=S, € B,as1 <k =S| <v-—1, take 0 € S
and 0 € ¥(7)\ S. Since ¥ is X-symmetric, there exists g € X, such that
d =09, Let [ =s9. Then s # [ € S;, thus v = |S;| > 2, and hence B
is a nontrivial X-invariant partition of V(I'). By Lemma B2 there exists
t € Sy such that (I,t) € O, hence C := S5 € T'g(B). If there exists v/ € S
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such that (s,t') € O, then § € S, a contradiction. Thus s ¢ BNT'(C) and
k= |BNT(C)| <wv—1. Hence I is not a multicover of I'g. It is easily shown
by using Lemma B.2] that I" is X-symmetric, and V(X) — V(I'g), 7 — S: is
an isomorphism from ¥ to I'p.

For 7 € V(¥) and B = S;, define a map = : BUI'g(B) — S U
X(7); s(1,8) — s(7,S5), C — o for s(r,5) € B=S; and C =S, € I'p(B).
Assume C' = S, € I'g(B). Then by the definition of I's and the construction
of T' there exist [ = s(7,L) € B and ¢t = s(0, R) € C such that (I,x) € ©.
In particular, 0 € L C ¥(7). Thus 7 is well-defined. Moreover 7 is a bijec-
tion. By the definition of D(B), for s = §(7,5) € B and C = S, € I's(B),
we know that s|C if and only if there is some t = §(0,7) € C such that
(s,t) € O, that is, 7 € T and o € S; it follows that o||s. Now assume that
o' € ¥(r) and ' = (7, S") with ¢’||s'. Then ¢’ € S’. Take some t' = s(7/,7")
such that (s',t') € ©. Then 7/ € S’. Since §' is Xy-symmetric, there is some
x € X; N Xg with 7 = ¢/. Thus §* = ¢, t* = s5(¢/,T"") € S, and
(s',¢%) = (¢/,t)* € ©. Hence §'|S,. The above argument says that 7 is an
isomorphism from D(B) to D*(7). So D(B) = D*(7). 1

Here we give the following sufficient condition which is useful in deter-
mining whether or not a double star graph exists.

Theorem 3.6. Let X be an X-symmetric graph with valency v > 2 and
let T € V(X). If there exists some X -flag-transitive 1-(v, k,r) design D(T)
on (1) for 1 < k < v —1 such that m is odd, then there exists a

self-paired X -symmetric orbit © on DStX(X).

Proof. By Lemma Bl setting & = {s(7%,59%) |z € X,5 € D'(1)}, we
know that @'(7) = D(7) is an X,-flag-transitive 1-(v,k, m) design
with % blocks, and § is X-symmetric. Let (7,0) € Arc(X). Then,
since X is X-symmetric, (7,0)Y = (o,7) for some y € X. Set S;,) =
{s(,5) € S; | 0 € S}. Then # S(7,0)| is odd, S(TU) = S(,7) and

2

(
S(yT o) = S(ro)- Let O be a (y 2)-orbit on S(r0) With odd length I. Then
(

for [ € O, the stabilizer of [ in (32) is (y*). Let z = ¢ and v = [*. Then
(Le)* = (t ), and hence © := {(I”,t") | € X} is a self-paired X-symmetric
orbit on DSt¥(X) with St(0) = S. 1

The following Theorem B.7] says that, for any X-symmetric graph I with
an nontrivial X-invariant partition, I' or a quotient of I' can be constructed
as in Construction B.41

Let (I', X,B) € G. For B € Band v € B, define B, = BN (Ngerygw)'(C)).
Then |Byl|, denoted by m*(T', B) is independent of the choices of B and v.
Noting that I' is not a multicover of I'g, we have m*(I', B) < k := |BNT'(C)|
for C € T'g(B). In fact, m*(I',B) is the multiplicity of the dual design
D*(B) of D(B). Set B={By | B € B,vo € B}. Then B is an X-invariant
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partition of V(I'). For B € B, we set B = {B, | v € B}. Then I'g is an
X-symmetric graph with an X-invariant partition B := {B | B € B} such

that (I'g)z = I's. Moreover, m*(I'g, B) = 1.

Theorem 3.7. Let (I X,B) € G. Set S = {s(B,I'p(v)) | B € B,v €
B}. Then S is an X-symmetric orbit on St"(I'g), where r = |I'g(v)] is a
constant. Let © = {(L,x) | [ = s(B,T'5(v)),t = 5(C,I'p(u)),v € B € B,u €
C € B,(v,u) € Arc(I')}. Then © is a self-paired X-symmetric orbit on
DSt"(I'g) with St(©) =S and I'g = I(I'p,0), and X acts faithfully on B
if and only X acts faithfully on B.

Proof. 1t is easily shown that © is a self-paired X-symmetric orbit on
DSt (I'g) with St(©) = S. Assume m*(I', B) = 1. Then, for two distinct
vertices v € B € Bandu € C € Bof I', B, = {v} and C, = {u}, it
implies I'g(v) # I'p(u), and hence s(B,T'g(v)) # s(C,I'g(u)). Thus V(') —
V(II(T'g)), v — s(B,T'g(v)) is a bijection. Further, it is easy to see this
bijection is in fact an isomorphism between I'" and II(I'5, ©).

Now assume m*(I', B) > 1. Recall that m*(T", B) < k := |BNI'(C)| for C' €
I's(B). Then B is a proper refinement of B. Consider I'g with X-invariant
partition B. Then m*(I'g, B) = 1. Then a similar argument as above leads
to I'p = II(%,0), where ¥ = (I'g)z and © = {([,T) | [ = 5(B,(By)),T =
s(C,%(Cy)),By € B € B,Cy € C € B,(By,Cy) € Arc(Tp)}. Noting that
By, = By for any v’ € By, it follows that s(B,X(B,)) — s(B,T5(v)) gives a
bijection between V(II(X, ©)) and V(II(I's, ©)), which is in fact an isomor-
phism between I1(3, ©) and II(T', ©). Hence I'g 2 I(T'5, 0).

Let K and H be the kernels of X acting on B and on B respectively.
Noting that B is a refinement of B, we have H < K. Let x € K and B, €
B € B. Since m*(T'g, B) = 1, we have {B,} = BN (mée(rg)g(Bn)Fﬁ(é)) =
BN(Ncerg(v'8(C)), yielding By = By. The above argument implies 2 € H.
Hence K < H, and so H = K. Therefore, X acts faithfully on B (that is,
K =1) if and only X acts faithfully on B (that is, H = 1). 1

Finally, we list a simple fact which will be used in the following sections.

Theorem 3.8. Let (I X,B) € G and B € B. If m*(I',B) = 1 and
m(D(B)) =1, then XB =~ X155,

Proof. If x € X fixes B set-wise, then it also fixes the neighborhood I'z(B)
of B in I's. Now consider the action of Xp on I'g(B), and let K be the
kernel of this action. For any v € B, since m*(I', B) = 1, we have {v} =
BN (Neergw)l'(C)). It follows that K fixes v. Thus K < X (p). On the other
hand, z fixes B N I'(C) point-wise for any = € X () and any C € I'5(B),
in particular, B N I'(C*) = (BN T(C))* = BNI(C). It follows from
m(D(B)) = 1 that C = C*. Therefore, x € K. Thus X(py < K, and so

Xp) = K. Then X8 = Xp/X(p) = Xp/K = X ,*7) "
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4. THE MAIN RESULT

We state the main result of this paper in this section and prove it in the
next four sections.

To state the result we need the following concept. A near n-gonal graph [15]
is a connected graph X of girth at least 4 together with a set £ of n-cycles
of 3 such that each 2-arc of ¥ is contained in a unique member of £.

Let (I', X, B) € G. For a subgraph A of I, denote by X|a] the subgroup

of X which preserves the adjacency of A, and set X[[ﬁ}] = Xa)/Xwv(a)-

Recall that, for v € B € B and C € I'g(B), the parameters v := |B|,
k= |T(C) N B|, r := [I'g(v)| and b := wval(I'p) are independent of the
choices of B and v, and D(B) is an X p-flag-transitive 1-(v, k,r) design with
b blocks. Now we are ready to state the main result of this paper.

Theorem 4.1. Let (T, X,B8) € G and B € B. Lete = |E(T's)|, n = |V(I's)|.
Suppose that k = 3. Then T'p is (X, 2)-arc-transitive if and only if one of
the following four cases occurs.

(a) (v,b,r) =(4,4,3), X5 = Ay or Sy;
(b) (v,b,7) = (6,4,2), X5 = Ay or Sy;
(c) (v,b,r) =(7,7,3), XE = PSL(3,2);
(d) v=3b>6, r=1 and Xp acts 2-transitively on the blocks of D(B).

Furthermore, if case (a) occurs, then T’ = =Z(T'g, A) for some self-paired X -
orbit A on Arcs(T'g), X acts faithfully on B, and any connected tetravalent
(X, 2)-arc-transitive graph can occur as I'g; moreover, one of the following
three statements holds.

(a.1) T'[B,C] = 3Ky, val(T') = 3, there exists an X-orbit £ of n-cycles
of T'p with |E] = m such that A = UgegAres(C), X[[a] >~ Do, for
each C € &, where m > 6 and n > girth(I'p) with mn = 3e = 6u.
Moreover, either 'y = K5 or I'p is a near n-gonal graph with respect
to &; either Xp = Ay, T is (X, 1)-arc-reqular and T'p is (X, 2)-arc-
regular; or Xp =S4 and I" is (X, 2)-arc-regular.

(a.2) T'[B,C] = K33 — 3Ky, val(I') = 6, Xp = Sy, and I is connected
and (X, 1)-arc-reqular. Further, A" := Arc3(T'g) \ A is a self-paired
X-orbit on Arcs(T'p), and there exists an X-orbit £ of n-cycles of
Y with |E] = m, such that A" = UgegAres(C), X[[g}] >~ Doy, for
each C € &, where m > 6 and n > girth(X) with mn = 3e = 6.
Moreover, either I'g =2 K5 or I'g is a near n-gonal graph.

(a.3) T'[B,C] = K33, val(I') = 9, T is connected and (X,1)-transitive,
and T'p is (X, 3)-arc transitive.

If case (b) holds, then T = J(T'p, A) = ¥ (T'g, A) for some self-paired X -orbit
A on Arcs(T') and some self-paired X -orbit A on J(I'p), X acts faithfully
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on B, and any connected tetravalent (X, 2)-arc-transitive graph can occur as
I's; moreover, one of the following three cases occurs.

(b.1) T'[B,C] =2 3Ky, I' 2 mC,,, and there exists an X -orbit £ of n-cycles
of T'p with |E| = m, such that A = UcegAres(C), X[[g]} = Do, for
each C € &, where m > 6 and n > girth(I'g) with mn = 3e = 6.
Moreover, either I'g = K5 or I'p is a near n-gonal graph with respect
to &; either Xp = A4, I' is (X, 1)-arc-regular and I'p is (X, 2)-arc-
regular, or Xp = Sy and T" is not (X, 1)-arc-regular.

(b.2) T'[B,C] = K33 — 3Ks, val(I') = 4, Xp = Sy, T' is connected and
(X, 1)-arc-regular. Further, A" := Arc3(T'g) \ A is a self-paired X -
orbit on Arc3(I'g), and there ezists an X-orbit € of n-cycles of ¥
with || = m, such that A" = UcegAres(C), X[[g]} > Do, for each
C € &, where m > 6 and n > girth(X) with mn = 3e = 6p.
Moreover, either I'g =2 K5 or I'g is a near n-gonal graph.

(b.3) T'[B,C] = Ks3, val(I') = 6, I' is connected and (X,1)-transitive,
and I'g is (X, 3)-arc transitive.

If case (c) holds, then T' = II(I'z, ©) for some self-paired X -symmetric or-
bit © on DSt3(I's), X acts faithfully on B, one connected heptavalent X -
symmetric graph 3 can occur as U'p, if and only if XTZ(T) = PSL(3,2) for
T € V(X); further, one of the following three cases occurs.

(c.1) T'[B,C] = 3Ky, val(T") = 3, T is (X, 2)-arc-transitive but not (X, 2)-
arc-reqular.

(c.2) I'[B,C] = K33 — 3Ky, val(I') = 6, I' is connected and is (X,1)-
transitive.

(c.3) T'[B,C) = K33, val(I') =9, T" is connected and is (X, 1)-transitive.

If case (d) occurs, then one of the following three cases occurs.

(d.l) F[B,C] = 3K2, I'= 3€K2.
(d.2) F[B, C] = K373 — 3K2, I'= e(K373 - 3K2).
(d3) F[B,C] = K373, I'= €K373.

5. SELF-PAIRED ORBITS OF 3-ARCS

We begin this section by showing that there always exists a self-paired
X-orbit of 3-arcs for any symmetric graph of even valency.

Theorem 5.1. Any X-symmetric graph ¥ of even valency v > 2 contains
a self-paired X -orbit A on Arcs(X).

Proof. For any (1,0) € Arc(X), as ¥ is X-symmetric, there exists y € X
such that (7,0)¥ = (0,7), and so (£(7)\{o'})¥ = £(0)\{7}, (£(r)\{o})¥" =
Y(1) \ {¢}. Since |E(7)\ {o}| = v — 1 is odd, there must be some (y?)-
orbit O on X(7) \ {o} with odd length I. For 71 € O, the stabilizer of
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i in () is (y?). Let z = ¢!, 0y = 7f and & = (71,7,0,01). Since [ is
odd, (1,0)* = (1,0)Y = (0,7). Then @ € Arc3(S) and o = o~!. Thus
A ={(r{, 7" 0% 0f) | ¥ € X} is a self-paired X-orbit on Arcz(). 1

Let ¥ be an X-symmetric graph with valency v > 2 and A be an X-orbit
on Arez(X). For any o := (71,7,0,01) € A, consider the action of X, ;)
on X(o)\{7}, and denote by Oy, Oy, . .., O; the orbits of this action. Without
loss of generality, assume o1 € O; and |Oz| < |O3] < ... < |Oy|. Since A is
an X-orbit of 3-arcs, all ¢;(A) := |O;| > 1 are independent of the choice of
o€ A. Set I(A) = (41(A), ..., 4(A)).

Theorem 5.2. Let X be a connected (X, 2)-arc-transitive graph with valency
v > 3 and A be a self-paired X -orbit on Arcz(X) such that ¢1(A) = 1. If
X s faithful on V(X), then X, is faithful on X(1) for 7 € V(X). Set
w=1V(X)| and e = |E(X)|. Then I(3,A) = mC,, such that

(1) m>v(v—1)/2, n > girth(X) > 3 and mn = pv(v—1)/2 = e(v—1);

(2) there exists an X-orbit £ of n-cycles of ¥ with A = UcegArcs(C)
and |E] = m;

(3) X[[g]} = Do, for C € &, where Doy, is the dihedral group of order 2n;

(4) every 2-path of ¥ is contained in a unique member of £, and either
Y = Ky (the complete graph on v+1 vertices), orn > girth(X) >
4 and X is a near n-gonal graph with respect to £.

Proof. Since ¥ is (X, 2)-arc-transitive, every 2-arc of ¥ lies in a member of
A. Let (7,0) be an arbitrary arc of 3. Since ¢1(A) = 1 and A is a self-
paired X-orbit, we conclude that, for any 71 € 3(7) \ {o} there is a unique
o1 € X(0) \ {7} such that (11,7,0,01) € A, X, 70) = X(7,0,01), and that
(T{,T, o, 0'1) € A implies T{ = 7. Then (XT)(E(T)) = mnGE(T)\{o}X(n,T,U) =
Nores(oNr} X (roo1) = (Xo)(x(e))- It follows from the connectedness of %
that (X)) fixes every vertex of ¥. Thus, if X is faithful on V(X), then
(X:)(z(r)) = 1 and X, is faithful on ¥(7).

Let 3 = J(X,A). By Proposition 2], J is X-symmetric and admits an
X-invariant partition P := {P, | ¢ € V(X)} such that ¥ = Ip, where P,
is the set of 2-paths of ¥ with middle vertex o. It follows from [I4] that
r:= |Ip(v)] = 2 and X\ := |Ps N I(P;) NI(P,)| = 1 for any vertex v (a
2-path of ¥) in V(J) and Py with v € Ps and Jp(v) = {P;, P,}. Since
1(A) = 1 and A is self-paired, for any 2-path [, 7,0] of 3, there exist
exactly two 2-paths [7,0,01] and [rg, 71, 7] such that (71,7,0,01) € A and
(19, 71,7,0) € A. Tt follows that J is of valency two, and that J is a disjoint
union of cycles. Assume J = mC,,. Then mn is the number of 2-paths of X,
and hence mn = pv(v — 1)/2 = e(v — 1). Noting that ] is of valency 2 and
every P, is an independent set of V' (J), it follows that different vertices in
P, appear in different n-cycles of J. Thus m > |FP,| = v(v — 1)/2.
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Let € = [v1,b2,...,b,,01] be an arbitrary n-cycle of J, where v; =
[1i,04,0;] are n distinct 2-paths of I with middle vertices o;, respectively.
Without loss of generality, we assume §; = g;41 = 749 for 1 < ¢ < n,
where subscripts are reduced modulo n. Since v; is a 2-path, o; # ¢;, hence
0; # 0i+1. Then (04,0;41) € Arc(X). Since {v;,v;11} is an edge of 1, we
have (Ui_l,O'i,O'Z‘_H,UH_Q) = (Ti,Ji,5i,5i+1) c A.

Now we shall show C = [01,09,...,04,,01] is an n-cycle of ¥. In par-

ticular, n > girth(¥) > 3. Note that € is a component of J. Then €
(€]
(€]
2n. Thus there exist x,y € X[g such that v = v;41 and n?j = Op_itl,
hence of = 0,41 and aiy = op—it1 for 1 < i < n with subscripts mod-
ulo n. Assume that o; = o; for some ¢ and j. Then 0,41 = 0] = 0} =

is X|g-symmetric; in particular, X3 = Dgy, the dihedral group of order

7
J

oj+1 and 040 = 07 = U;E+1 = 0j42. Thus P, = PUJ., Py = P(,j+1
and Pp,,, = Py, It yields (v;,0:11), (vj,0541) € Arc(d[Py,, Py,,,]) and

(Ui+1,ni+2), (Uj+1,t)j+2) € ATC(:I[PWH,PWH]). It follows that v,1, Vi1 €
Py NI(Py,) NI(Ps,,,). Since 1 = X = |y, NI(Py,) NI(Pys,,,)|, we have
0,41 = v;11. Thus ¢ = j. Then all o; are distinct, C' is an n-cycle and C' is
(x,y)-symmetric. It implies X [[g]} = Ds,. Hence X [[ggg]} = Dy, for any g € X.
Set £ = {C” | z € X}. Then € is an X-orbit of n-cycles of X. Since
C is X|g-symmetric, C' is (X|¢), 3)-arc-transitive. Recall that the 3-arc
(0i-1,04,0i+1,0i+2) of C'is contained in A. It follows that A = Ugeg Ares(C).

It is easily shown that X[¢ is a subgroup of X, and so || = |X :
Xl <X : X|g| = m. Suppose that X¢ is a proper subgroup of X|¢;.
Then there is some z € X|¢) with C* = C but € # €. Noting that € and
¢? are distinct connected component of J, we have V(€) NV (€%) = (). Since
C? = C, there exist 4, j and [ with 01 = 07, 02 = o7 and o3 = of. Then
07 = [17,01,0;] € Py, 05 = [17,09,05] € Py, and v] = [17,03,07] € Poy.
Since (01, 02,03) is a 2-arc of C, we know (0,05, 07) is also a 2-arc of C. It
follows that i —j = j — 1 = £1( mod n). Then [v;,v;,v;] is a 2-path of €,
and so [b7, 0%, vf] is a 2-path of €*. Thus vy, 05 € Py, NI(Fy, ) NI(Fyy). Since
V(€) NV (€%) =, we have vy # v%, which contradicts A = 1. Xjg = X[¢
and so |(€| = |X : X[CH = |X . X[¢]| =m.

Since ¥ is (X, 2)-arc-transitive, every 2-path is contained in some n-cycle
in €. Then mn = |Pathy(X) = |Ucee Patha(C)| < Y- e |[Pathe(C)| = mn.
It follows that every 2-path of X is contained in a unique member of £. Thus
either girth(X) = 3 and ¥ = K41, or n > girth(¥) > 4 and ¥ is a near
n-gonal graph with respect to £. |

The following result follows from Theorem 5.1l and

Corollary 5.3. Any connected (X,2)-arc-reqular graph with even valency
and girth no less than 4 is a near n-gonal graph for some integer n > 4.
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6. ON TETRAVALENT SYMMETRIC GRAPHS

Let ¥ be a regular graph with valency four. Recall that J(X) is the set
of pairs ([, 7,7"],[0’,0,0"]) of 2-paths of ¥ such that o € (1) \ {7/, 7"},
7 € (o) \{o’,0"}. For an arbitrary 3-arc « := (71, 7,0,01) of (X), let J,, be
the pair (12,7, 73], [02,0,03]) of 2-paths of X, where X(7) = {0, 71, 72,73}
and (o) = {7,01,09,03}. Then J, € J(X). For any subset A of Arcs(X),
we set J(A) := {Jy | @ € A}. Tt is easily shown that A is a self-paired
X-orbit on Arcs(X) if and only if J(A) is a self-paired X-orbit on J(X).

Theorem 6.1. Let ¥ be a connected (X, 2)-arc-transitive graph of valency
4. If A is a self-paired X -orbit on Arcs(X), then I(X,A) 2 U(3, J(A)).

Proof. Define ¢ : Paths(X) — Pathy(X); [11,7,72] +— [73,7,74], where
{73, 74} = X(7)\ {71, 72}. It is easy to check that v is an isomorphism from
(X, A) to U(X, J(A)). ]

The main aim of this section is to give a characterization of tetravalent
(X, 2)-arc-transitive graphs. The following simple lemma is useful.

Lemma 6.2. Let I’ be an X -symmetric graph with an X -invariant partition
B such that T'g is connected and (X, 2)-arc-transitive. Let B € B and C, D €
I'p(B) with C # D. IfT'[B,C] is connected and I'(C)NBNI'(D) # 0, then
I' must be connected.

Proof. It suffices to show that there is a path in I" between any two different
vertices v and u of I'. Since I'g is (X, 2)-arc-transitive, I'[ B, C] is independent
of the choices of B and C' € I'g(B) up to isomorphism; and [['(C)NBNIT'(D)|
is independent of the choices of B and C, D € I'g(B) (with C' # D).

Assume first v, u € B. Without loss of generality, we assume v € I'(C') N
BNTI(D). If u € I'(C) N B, then there a path in I' between v and u as
I'[B, C] is connected. So we assume u ¢ I'(C') N B. Take E € I'g(u). Then
EcTg(B),uc BNI'(E) and T(C)NBNI(E)| = |I'(C)NnBNT(D)| > 0.
Let w € I'(C) N BNT(E). Then either v = w or there is a path between v
and tv, and there is a path between to and u. Thus there is a path between
v and u.

Now let v € B and u € B’ with B # B’. Since I'g is connected, there
is a path [B = By,...,B; = B']. Let uj € B; and w1 € Bj_; such that
{uj_1,u}} € E(T'). Thus there is a path between u;_; and u. Then induction
on [ implies that there is a path between v and u. |

Now we are ready to state and prove the main result of this section.
Theorem 6.3. Let X be a connected (X, 2)-arc-transitive graph with valency
v = 4, where X acts faithfully on V(X). Then X has a self-paired X -orbit
A on Arcz(X). Set1:=1(X,A), E:=Z2(3,A), e :=|EX)|, u:= V(D).
Let (1,0) € Arc(X). Then one of the following cases occurs.
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(a) I[P-, P,] = E[A+, Ay] = 3Ky, I(X,A) =2 mC,,, val(E) = 3, and
there exists an X-orbit £ of n-cycles of ¥ with |E| = m, such that

A = UcegAres(C), X[[g}] = Dayy, for each C € £, where m > 6 and
n > girth(X) with mn = 3e = 6. Moreover, either ¥ = Ky or 3 is
a near n-gonal graph with respect to &£; and, either

(a.l) Xp. = X4, = X; = Ay, both I and E are (X, 1)-arc-regular
and ¥ is (X, 2)-arc-regular; or

(a.2) X; = Xp, = Xa. =5y, I is not (X,1)-arc-regular, = is (X, 2)-
arc-reqular.

(b) I[Pr, P,] 2 E[A;, As| = K33 — 3K, val(J) =4, val(E) =6, Xp, =
X4, =X, =8y, both 3 and = are connected and (X, 1)-arc-reqular.
Further, A’ := Arc3(X) \ A is a self-paired X -orbit on Arc3(X), and
there exists an X-orbit £ of n-cycles of ¥ with |E| = m, such that
A" = UgegAres (), X[[C}] = Doy, for each C € &, where m > 6 and
n > girth(X) > 3 with mn = 3e = 6. Moreover, either ¥ = K5 or
Y is a near n-gonal graph with respect to €.

(c) A[Pr,P,] = E[A;, Ay] = K33, val(J) = 6, val(Z) =9, both I and =
are connected and (X, 1)-transitive, and 3 is (X, 3)-arc-transitive.

Proof. By Theorem 51l ¥ has a self-paired X-orbit A on Arcs(X). Then,
by Proposition 21}, J:= J(X, A) is X-symmetric and admits an X-invariant
partltlon P = {P, ‘ o € V(X)} with ¥ = Jp, and by Proposition 2.4]
= = Z(X,A) is X-symmetric and admits an X-invariant partition A :=
{As | 0 € V(E)} with £ =2 Z4. Let £ := {;(A), i = 1,2,...,t, be defined
as in Section 5. Then ¢ < 3 as val(X) = 4.

Let (1,0) € Arce(X). Then there is a 3-arc (11,7,0,01) € A as ¥ is
X-symmetric. It follows that {[r,T,0],[r,0,01]} is an edge of I[Py, P,],
and that {(7,71),(0,01)} is an edge of Z[A,, A,]. It is easily shown that
X(ro) = X; N Xy = Xp, N Xp, acts transitively on the edges of I[P, P,]. Tt
implies that the stabilizer (X(; 0))(r ro] = X(r,r0) acts transitively on the
neighborhood of [r1, 7, 0] in J[P;, P,]. Then the valency of 1[P:, P,] equals
to ‘X(Tlmg) : (X(Tl,'r,a))['r,a,al]’ = ’X(ﬁ,r,a) : X(T17T,U,U1)’ = {,. Further, since
¥ is (X, 2)-arc-transitive, X(; ) is transitive on X(7) \ {0} = {71, 72,73}
and on X(0) \ {r} = {o1,02,03}. Thus V[P, P,]) = {[r,7,0] |i =
1,2,3}U{[r,0,0:] | i = 1,2,3}. A similar argument leads to V(E[4,, 4,]) =
{(r,m) | i=1,2,3}U{(0,0) | i =1,2,3}. Itis easy to check that [r;, 7, 0] —
(1,72), [1,0,0i] — (0,0;) gives an isomorphism from 1[P;, P,] to Z[A,, A,].
Further, I[P, P,] = 3Ky, K3 — 3Ky or K33 according to ¢; = 1, 2 or
3, respectively. By [14, Theorem 4.3], 2 = rp := |Ip([r1,7,0])| for any
[11,7,0] € V(J). Then val(1) = rply = 2¢;. By Lemma 23] val(Z) =
ral; = 3¢1. Since ¥ is (X,2)-arc-transitive, XTZ(T) = Ay or Sy It is
easy to see X; = Xp = X4, (Xr)(z(r)) = X(p,) = X(a,) and hence

XT2 M~ x 5: =X 1’2:. We treat the following three separate cases.
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Case 1. /1 = 1. Thenval(J) = 2, val(E) = 3 and 1(A) = (1,1,1) or (1,2)
in this case. By Theorem [5.2] the part of (a) prior to (a.1) holds. Again by
Theorem 5.2, X, acts faithfully on ¥(7), and hence X, M~ x..

Assume first 1(A) = (1,1,1). Then X(;, ;) < X(r 44, for any 2-arc
(r1,7,0) of ¥ and 7 # o1 € (o). Since ¥ is (X, 2)-arc-transitive, the
stabilizers of any two 2-arcs of X are conjugate in X, in particular, they has
the same order. Thus X, ;) = X(7.5.5,). Since ¥ is connected, X(7, ;) =
X1 v oy for an arbitrary 2-arc (r1,7’,0') of X. Hence X(, ;o) = 1 as X
is faithful on V(3). Then ¥ is (X, 2)-arc-regular. It implies Xp = X4, =
X, = A4. Then (a.1) follows from calculating the numbers of arcs or 2-arcs
of J, Z and X.

Now let 1(A) = (1,2). Then X, ;) acts transitively on ¥(o) \ {7,001}
for (11,7,0,01) € A. Thus X(;, ;) # 1, and ¥ is not (X, 2)-arc-regular.
Recall that X, acts faithfully on (7). It implies Xp = X4 = X; = S4.
Since ¢1 = 1, we have X(;, ;5.,) = X{ y # 1. Tt implies that J is not
(X, 1)-arc regular.

Let (1,0) € V(E) = Are(X). Set Z((1,0)) = {(01,61), (02, 062), (03,93)},
the neighborhood of (7, 0) in Z. Then 3(7) = {0, 01,02,03} and (0, 7,0;,0;) €
A, i =1,2,3. It follows from ¢; = 1 that o = o; implies §; = J; for
v € X(;0) and 1 < i, j < 3. Then X, fixes Z((7,0)) setwise. Since
X; & Sy, we conclude that the permutation group induced by X, on
¥(7)\{c} is isomorphic to S3, which is 2-transitive on %(7)\{o}. Thus X,
acts 2-transitively on Z((7,0)). It follows that Z is (X, 2)-arc-transitive.
Further, checking the number of the 2-arcs of = implies that = is (X, 2)-arc-
regular. This complete the proof of (a).

Case 2. {; = 2. In this case, val(J) = 2¢; = 4, val(E) = 3¢; = 6 and
P, P,] = E[A;,A;] = K33 — 3Ky, By Lemma [62] both J and Z are
connected.

Now we shall show that X acts faithfully on the neighborhood ¥(7) of
7 in X, by a similar argument as in the first paragraph of the proof of The-
orem Since ¥ is (X, 2)-arc transitive, every 2-arc of ¥ lies in a member
of A. Let (7,0) be an arbitrary arc of ¥. Since ¢1(A) = 2 and A is a self-
paired X-orbit, we conclude that, for any 71 € X(7) \ {o} there is a unique
o1 € X(0) \ {7} such that (11,7,0,01) € A, X1, 70) = X(7,0,01), and that
(11, 7,0,01) ¢ A implies 71 = 71. Then (X;)x()) = Nrexr)\ (o} X(r,r0) =
Nores(@\frt X(roo) = (Xo)(x(e))- It follows from the connectedness of %
that (X;)x(r) fixes every vertex of ¥. Thus (X;)(r)) = 1 and X; is
faithful on X(7).

For a 2-arc (11, 7,0) of X, since ¢1(A) = 2, there is 09,03 € X(0) such
that (71,7,0,02) € A and (71,7,0,03) € A. Since A is an X-orbit, X(;, ;)
acts transitively on {0g,03}. In particular, X ;. # 1. Thus we have

T1,T,0
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Xp, = X4, = X, = S;. Further, | X| = |[V(2)||X,| = 24p = |Are()| =
|Arc(Z)[, so both J and = are (X, 1)-arc-regular.

Set A" = Arcg(X) \ A. Then A’ is self-paired and X-invariant. For any
two 3-arcs (71,7,0,01) and (71,7',0,0]) of ¥ in A, since ¥ is (X, 2)-arc-
transitive, there exists some x € X such that (r{,7',0")* = (71, 7,0). Then
(11, 7,0,0%) = (r1,7',0',01)* € A’. By the argument in the second para-
graph of this case, o = o1, that is, (7{,7',0’,01)* = (11,7, 0,01). It follows
that A’ is X-transitive and ¢1(A’) = 1. Thus (b) holds by Theorem

Case 3. (;(A) = 3. Then val(J) = 2¢; = 6, val(E) = 3¢; = 9 and
[P, P,] = E[A-,As] = Ks3. It follows from [I2] Theorem 2| that ¥ is
(X, 3)-arc transitive. By Lemma [6.2] both J and = are connected. Note
that 3 = Jp is of valency four. Let o, 7 and § be three distinct vertices of
such that P,, Ps € Jp(P;). Then there exist v € P, uj,us € P, and to € Pj
such that (uj,v,u2) and (to,v,uy) are 2-arcs of J. Since P is X-invariant,
there is no z € X with (uy,0,u2)* = (w,v,u7). Thus J is not (X, 2)-arc-
transitive, and so it is (X, 1)-transitive. A similar argument implies that =
is (X, 1)-transitive. Hence (c) holds. 1

Corollary 6.4. Let ¥ be a connected tetravalent (X,2)-transitive graph.
Then either ¥ = Kx, or X is a near n-gonal graph for some integer n > 4.

At the end of this section we give several examples, which indicate that
there exist certain graphs satisfying each case listed in Theorem

Example 6.5. Let X = PSL(2,p), where p is a prime such that 5 # p =
+3 (mod8). Then by [I1], there exist H < X and an involution z € X
such that H = Ay, P = HNH? =: (h) = Z3, z € Nx(P) and h* =
h~t. Moreover, ¥ := Cos(X,H,HzH) % Kj is a tetravalent (X,2)-arc-
regular graph and Aut(X) = X. Set H = PU PgU Pgo U Pgs. Let A =
{(Hzgz,Hz, Hzx, Hzgzz) | v € X}. Then A is a self-paired X-orbit on
Arcg(X) with 1(A) = (1,1,1).

Example 6.6. Let X = PSL(2,p) for a prime p > 11 with p = £1 (mod 8).
Let Sy 2 H < X. Then by [13, Lemma 4.1], there exists an involution
z € X\H such that Nx(P) = Px(z), where P = HNH? = S3. Further, ¥ =
Cos(X,H,HzH) is a tetravalent (X, 2)-transitive graph with Aut(¥) = X.
Set H = PUPgUPgyUPgs. Then A = {(Hzgx, Hx, Hzx, Hzgzx) ‘ x € X}
is a self-paired X-orbit on Arcs(X) with 1(A) = (1, 2).

Example 6.7. Let ¥ = K55 — 5K, with vertex set {i,7/ | 1 <i < 5}. For
g € S5, define g : i — g(i), i +— g(i). Let 2z :i <> 4. Set X = (g,z | g€
S5). Then ¥ is (X, 2)-transitive. Then both A; := {(1,2,3,1')* | z € X}
and Ay == {(1,2/,3,4)" | # € X} are self-paired with 1(A;) = (1,2) and
1(Ag2) = (2,1).
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X(7T) ~
7. HEPTAVALENT GRAPHS WITH X2 2 PSL(3,2)

Theorem 7.1. Let ¥ be an (X, 2)-arc-transitive graph of valency 7 with

X2 PSL(3,2) for 7 € V(X). Then there exists a self-paired X -
symmetric orbit © on DSt} (X). Let Il = II(X,0) and S = St(O). Then,

for o € ¥(1), one of the following cases occurs.

(1) II[S;, Sp] = 3K3, and 11 is a trivalent (X, 2)-arc-transitive graph;

(2) II[S;, Sy) = K33 — 3K, val(Il) = 6, II is connected and (X, 1)-
transitive;

(3) II[S;, Sp) = K33, val(Il) = 9 and I1 is connected and (X, 1)-transitive.

Proof. Let 7 € V(X). Since X2 PSL(3,2), we may identify X(7) with
the point set of seven-point plane PG(2,2), which is an X -flag-transitive 1-
(7,3,3) design with multiplicity 1. By Theorem[3.6] there exists a self-paired
X-symmetric orbit © on DSt3(X). Set S = St(0©) and IT = II(%, ©). Then,
by Theorem 37 1T is X-symmetric and IIg = %, where B = {S; | 7 € V(£)}
and S; = {s € S ‘ s = s(7,5),S C X(7),|S| = 3}. Further, for S; € B,
we have X, = Xg_ and D(S;) & D*(r) =& PG(2,2). (See Section 3 for
the definition of D(7).) In particular, for o € X(7), |S; N II(S,)| = 3;
thus the bipartite graph II[S;, S,| is isomorphic to one of 3K5, K33 — 3K>
and K33 as X; N X, acts transitively on the edges of II[S;,S,]. Moreover,
noting that, any pair of distinct lines of PG(2,2) intersect a unique point
and any pair of distinct points determine a unique line, it follows that A :=
III(Sy) NS NII(Ss)| = 1 for 0,6 € X(7) with o # §. Then by Lemma [6.2]
IT is connected if II[S;, S,] = K33 — 3K3 or K33. Note that each point of
D(S-) belongs to three blocks. It follows that II is of valency 3¢, where ¢ is
the valency of II[S;, Sy].

Assume first that II[S;,S,| = 3Ks. Then val(Il) = 3. Let s € S;, and
II(s) = {s1,52,83} with 5; € S;, for i = 1,2,3. Then 7, 70 and 73 are
distinct vertices of ¥. Recall D(S;) = D*(7) = PG(2,2). Then we may
identify s with a line L of PG(2,2), and S;, with the points in this line.
Then (XTE(T))5 & Sy acts 2-transitively on {S;, | i =1,2,3}. It implies that
(X:)s = X, acts 2-transitively (and unfaithfully) on {s1,s2,53}. Thus II is
(X, 2)-arc-transitive, and (1) holds.

Now let II[S;,S,] = K33 — 3Ky or K33. Then II has two 2-arcs, say
(b,u,1) and (v, v/, w’), such that v,v",w € S, ' € S, and W’ € S5 for
distinct 7, 0 and 6. Noting B is X-invariant, there is no x € X maps (b, u, 1)
to (v/,u/,1’). Thus II is not (X, 2)-arc-transitive. Then (2) and (3) hold. I

The following examples indicate that there exist certain graphs satisfying
each case listed in Theorem [T.1]

Example 7.2. Let ¥ be the complete graph on vectors of F3, where F =
{0,1} is a binary field. Then the 3-dimensional affine group X := AGL(3,2)
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is a subgroup of the automorphism group Aut(X) = Sg of X. Set vg =
(07070)7 Vi = (17070)7 V2 = (07170)7 V3 = (17170)7 V4 = (0707 1)7 V5 =
(1,0,1), v¢ = (0,1,1) and vy = (1,1,1). Then Xy, = GL(3,2) = PSL(3,2)
is 2-transitive on {v; ! i=1,2,...,7}. Hence X is (X, 2)-arc-transitive. We
define t1 : (a1, a9,a3) — (a1,a2,a3+1) and ty : (a1,a2,a3) — (az,a1,a3+1)
for (a1, as,a3) € F3, respectively. Then t1, to € X with t? = t3 = 1. Let
L ={vy,v4,ve} and set | = s(vg, L). Note that {vg, vo, vy, vg} is a subspace
of F3. Then X is the stabilizer of this subspace in GL(3,2). Thus

a,b,c,d,e, f €F
ad —bc=1 ’

Let tv; = s(vy,LY%) for i = 1 and 2. Then L" = {vg,vo,vg}, L2 =
{vo,v1,vs}, % = v; and v} = [. Thus ©; := {(I*,¢¥) ‘ x € X} is a self-
paired X-orbits on DSt3(X). Let II! = TI(X,0;) and A; = II'[Sy,, Sv,]
for 7+ = 1 and 2. Note that XSVO N X5v4 = Xy, N Xy, acts transitively on
the edges of A;. It follows that (X, N Xy,)r = (X|)v, is transitive on the
neighborhood of [ in A;. Thus val(A;) = [{tf |z € (X)v,}. Ifi =1,
then tf = §(vy, L"%) = s(vy, L") = v for x € (X|)y,, so val(A;) = 1 and
Theorem [T] (1) occurs. (In fact, II} = 14K4. We omit the detail.) If
i =2, then L2 = L2 or {v¢,vs,v7} for & € (X)y,, thus val(Ay) = 2 and
Theorem [Z.T] (2) occurs.

Example 7.3. Let F = {0,1} be a a binary field. Denote by i the non-zero
vector of F3 with coordinate (a1, as,as) such that i = 4a; + 2as +az. Let ¥
be the complete bipartite graph with vertex set {li | 1 <i < 7}U{ri|1<
i <T7}. Then X := PSL(3,2)1Z3 is a subgroup of Aut(X), and ¥ is (X, 3)-
transitive. Let L = {rl,r2,73} and R = {I1,12,i3}. Set [ = s(I1,L),
t = s(rl,R) and ©3 := {([,v)* | x € X}. Then O3 is a self-paired X-
symmetric orbit on DSt3(X), and II := I1(3, ©) satisfies Theorem ] (3).

8. PROOF oF THEOREM [4.1]

Now we are ready to give the proof of of Theorem .11

Since I' is X-symmetric and I'g contains at least one edge, I'p is X-
symmetric, that is, Xp is transitive on I'g(B) for B € B; further, B is an
independent subset of V(T).

We first show that each of Theorem [A1|(a)-(d) implies the (X,2)-arc-
transitivity of I's. It suffices to show that Xp acts 2-transitively on I'g(B)
for B € B. It is trivial for the case (d) as I's(B) is the block set of D(B).
In the following we assume one of (a), (b) and (c) occurs.
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Suppose that m := m(D(B)) # 1. Then I'g(B) admits an X p-invariant
partition M = {M¢ ‘ C € I'p(B)}, where M¢ is a set of blocks of D(B)
with the same trace BNT'(C) of C. Thus m = | M| is a divisor of b. For
v € B, it is easily to see that C' € I'p(v) yields D € I'p(v) for any D € Mc.
This observation says that m = M| is a divisor of r := |I'g(v)|. It follows
that (v,b,7) = (6,4,2), m = 2 = r and M| = 2. Set M = {M¢c, Mp}.
Then 7 := {BNI(C),BNI(D)} is an Xp-invariant partition of B. Let
K be the kernel of Xp acting on 7. Then |Xp : K| = 2 and X(p) < K.
It follows that X7 = Sy and K/X(p) = As. Note that K is in fact the
set-wise stabilizer of B NI'(C), and also of BNI'(D), in Xg. Then K is
transitive on BNI'(C) and on BNT'(D). Let H and H; be the kernels of K
acting on BNI'(C) and on BNI'(D), respectively. Then K/H and K/H;
are permutation groups of degree 3. Noting that X(p) < H and X () < Hy,
it follows that H/X gy and Hy/X p) are normal subgroups of K/X p) with
index 3 in K/X(py. Hence H1/X gy = H/X(p) as A4 has only one normal
subgroup of order 4. Thus Hy = H fixes B point-wise, and so H < X (py,
which contradicts [H/X(p)| = 4.

Suppose that m*(T', B) # 1. Recall that m*(T', B) := [BN(Ncer,w)L'(O))],
the multiplicity of the dual design D*(B) of D(B), is independent of the
choices of B and v € B. Assume that D*(B) is a 1-(v*,b*,r*) design.
Then (v*,b*,r*) = (b,v, k) is one of (4,4,3), (4,6,3) and (7,7,3). A similar
argument as in the above paragraph implies that m*(I", B) is a divisor of v
and of k. Then (b,v,k) = (4,6,3) and m*(I', B) = 3 = k. It follows that
m(D(B)) > [I'g(v)| = 2, again a contradiction.

The above argument gives m(D(B)) = 1 and m*(I',B) = 1. Then
XEB(B) >~ X5 by Theorem B8 Thus X]I;B(B) is 2-transitive on I'g(B) if
one of cases (a), (b) and (c¢) occurs. Therefore, if one of Theorem [.T](a)-(d)

occurs, then Xp acts 2-transitively on the blocks of D(B) = I'p(B), and
hence I'g is (X, 2)-arc-transitive.

Now assume that I'g is (X, 2)-arc-transitive. Recall that m(D(B)) is the
multiplicity of D(B), the number C € I'g(B) with the same trace, which is
independent of the choice of B. Then m(D(B)) = 1 by [14, Lemma 2.4].
Since I'g is (X, 2)-arc-transitive, A := |[I'(C') N BN T(D)| is independent of
the choice of [C, B, D] € Pathy(I's). By [14] Corollary 3.3], vr = 3b and
A(b—1) =3(r —1), thus (9 — Av)r = 3(3 — \). Since I is not a multicover
of 'y, we have A < k—1=2and v > k. If A\ =0, then r =1 and v = 3b.
Let A > 1. Then, by [14] Theorem 3.2], the dual design D*(B) of D(B) is a
2-(b,r, ) design with v blocks. The well-known Fisher’s Inequality applied
to D*(B) gives b<wv,and sor < k=3. If A\ =2, then A(b—1) =3(r — 1),
(9 — 2v)r =3 and v > k imply (v,b,r) = (4,4,3). If A = 1, then r < k,
vr = 3b and (9 — v)r =6 yield (v,b,7) = (6,4,2) or (7,7,3).
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Note that 1 < m*(I',B) < X if A # 0. Suppose that m*(I', B) # 1 for
some A # 0. Then A = 2 = m*(T", B). It follows from r = 3 = k that there
are C, D € T'g(v) such that C'# D and BNT'(C) = BNT'(D). Thus C and
D has the same trace, and hence m(D(B)) > 2, a contradiction. Therefore,
if A\ # 0 then m*(I', B) = 1 and, by Theorem [B.7] and 3.8] XEB(B) ~ X5
and the induced action of X on B is faithful.

We treat four separate cases in the following.

Case 1. (v,b,7,)\) = (4,4,3,2). Then val(T'p) = 4, and X5 = Ay or Sy
as Xp acts 2-transitively on I'g(B). Thus (a) holds.

By [12, Theorem 2], T' & Z(I'g, A) for some self-paired X-orbit A on
Arcg(T'g). For any connected tetravalent (X, 2)-arc-transitive graph 3, by
Theorem [5.1], there exists some self-paired X-orbit on Arcs(3), and by [12,
Theorem 10], the corresponding 3-arc graph admits an X-invariant partition
with quotient graph isomorphic to 3 and parameters (v, b, k,r) = (4,4, 3, 3).
Thus, by Theorem [6.3] one of (a.1), (a.2) and (a.3) of Theorem [A.T] holds.

Case 2. (v,b,7,\) = (6,4,2,1). Then val(I'g) = 4, X5 = A, or Sy, and
so (b) occurs.

Since (r,A\) = (2,1), by Lemma 22 T" = J(I'g, A) for some self-paired
X-orbit A on Arcg(I'g). By Theorem 6.1 J(A) is a self-paired X-orbit on
J(I'p), and I(T'p, A) = U(I', J(A)). For any connected tetravalent (X, 2)-
arc-transitive graph 3, by Theorem 5.1l there exists some self-paired X-orbit
on Arcs(X), and by Proposition 2] and Theorem [6.3] the corresponding
graph constructed as in Proposition 2.1 admits an X-invariant partition
with quotient graph isomorphic to 3 and parameters (v, b,r, A) = (6,4,2,1).
Then (b.1), (b.2) or (b.3) follows from Theorem [6.3]

Case 3. (v,b,r,\) = (7,7,3,1). In this case, D(B) = PG(2,2) is Xp-
flag-transitive. Then X]I;B B) i isomorphic to a subgroup of PSL(3,2), the
automorphism group of PG(2,2). Since I'p is (X, 2)-arc-transitive, XEB(B)
is 2-transitive on I'g(B), and hence |X£B(B)| > 42. It follows that XgB(B) =
PSL(3,2). Thus X5 = XJI;B(B) ~ PSL(3,2) by Theorem B8 Hence (c)
holds. Since m*(I", B) = 1, by Theorem B.7 T" = II(I', ©) for some self-
paired X-symmetric orbit © on DSt3(I'g). Further, by Theorem [7.1] and
the above argument, one connected heptavalent (X, 2)-arc-transitive graph
Y occurs as I'g if and only if X2 ~ PSL(3,2). Again by Theorem [T1]
one of (c.1), (c.2) and (c.3) holds.

Case 4. A =0, r =1 and v = 3b. Since I'p is (X, 2)-arc-transitive,
Xp acts 2-transitively on the blocks of D(B). It follows from r = 1 and
A = 0 that I' = el'[B,C] for {B,C} € E(I'z). Since k = 3, we know
I'[B,C] = 3Ky, K33 — 3K, or K33, so one of (d.1), (d.2) and (d.3) occurs.
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