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Abstract

For any graph H, let Forb®(H) be the class of graphs with no induced
subdivision of H. It was conjectured in [A.D. Scott, Induced trees in
graphs of large chromatic number, Journal of Graph Theory, 24:297—
311, 1997] that, for every graph H, there is a function fg : N — R
such that for every graph G € Forb*(H), x(G) < fu(w(G)). We prove
this conjecture for several graphs H, namely the paw (a triangle with
a pendant edge), the bull (a triangle with two vertex-disjoint pendant
edges), and what we call a “necklace,” that is, a graph obtained from
a path by choosing a matching such that no edge of the matching
is incident with an endpoint of the path, and for each edge of the
matching, adding a vertex adjacent to the ends of this edge.

1 Introduction

All graphs in this paper are finite and simple. A clique (respectively: stable
set) in a graph G is a set of pairwise adjacent (respectively: non-adjacent)
vertices in G. Given a graph G, we denote by w(G) the clique number of
G (i-e. the maximum number of vertices in a clique in G), and we denote
by x(G) the chromatic number of G. A class G of graphs is said to be
hereditary if it is closed under isomorphism and taking induced subgraphs.
A hereditary class G is said to be y-bounded if there is a non-decreasing
function f : N — R such that x(G) < f(w(Q)) for all graphs G € G; under
such circumstances, we say that the class G is x-bounded by f, and that f
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is a x-bounding function for G. Given a graph H, we say that a graph G is
an H* provided that G is a subdivision of the graph H (in particular, the
graph H itself is an H*). Given a graph H, we say that a graph G is H -free
if it does not contain H as an induced subgraph, and we say that G is
H*-free if it does not contain any subdivision of H as an induced subgraph.
We denote by Forb(H) the class of all H-free graphs, and we denote by
Forb*(H) the class of all H*-free graphs. Clearly, Forb(H) and Forb*(H)
are hereditary classes for every graph H.

Gyérfas [4] and Sumner [16] independently conjectured that for any
tree T', the class Forb(T") is x-bounded. The conjecture has been proven for
trees of radius 2 and a few trees of larger radius (see [5], [6], [7], [8], [14]).
Scott [14] proved a weakened (“topological”) version of the conjecture: for
any tree T', the class Forb*(T') is x-bounded. (Since every forest is an in-
duced subgraph of some tree, this result immediately implies that Forb*(F)
is x-bounded for every forest F.) Scott further conjectured that for any
graph H, the class Forb*(H) is x-bounded; this generalized a still-open
conjecture of Gyarfas [5], that the class Forb*(C),) is x-bounded for every
n, where C), is the chordless cycle of length n (see also [I5]). The aim of
this paper is to investigate Scott’s conjecture for several particular graphs H.

The paw is the graph with vertex-set {z1,z2,23,y} and edge-set
{x129, 2923, 2321, T1y}. In section 2] we give a structural description
of the class Forb*(paw), which we then use to compute the best possible
Xx-bounding function for the class (see 2.2)). Together with previously
known results, this theorem implies that the class Forb*(H) is x-bounded
for all graphs H on at most four vertices. Indeed, if H is a forest, then
the result follows from the result of Scott [I4] mentioned above. If H is
the triangle (i.e. the complete graph on three vertices), then Forb*(H) is
the class of all forests. If H is the graph with vertex-set {z,y,z,w} and
edge-set {zy,yz, zz}, then any graph G in Forb*(H) can be partitioned into
a forest and a graph whose clique number is smaller than w(G) (indeed,
take any vertex v of GG, and note that the subgraph of G induced v and its
non-neighbors is a forest, while the subgraph of G induced by the neighbors
of v has clique number smaller than w(G)), and consequently, Forb*(H) is
Xx-bounded by the function f(n) = 2n. If H is the diamond (i.e. the graph
obtained by deleting an edge from the complete graph on four vertices),
then the result follows from a theorem of Trotignon and Vuskovi¢, see
[I7]. If H is the complete graph on four vertices, Scott’s conjecture follows
from the work of several authors, see [10]. Finally, if H is the square (i.e.
the chordless cycle on four vertices), then Forb*(H) is the famous class of
chordal graphs, see [13].

The bull is the graph with vertex-set {x1,x9,x3,y1,y2} and edge-set



{x129, 2023, X321, T1Y1, T2y2}. In section Bl we prove a decomposition
theorem for bull*-free graphs, see Bl In section 4l we use this theorem to
prove that the class Forb*(bull) is y-bounded by the function f(n) = n?,
see L4l We note that this is the best possible polynomial x-bounding
function for Forb*(bull) in the following sense: there do not exist positive
constants ¢, € R, with r < 2, such that Forb*(bull) is xy-bounded by the
function f(n) = en”. As Forb*(bull) contains all graphs with no stable set
of size three, this follows immediately from a res;ﬂt of Kim [9] that the
t

Ramsey number R(t,3) has order of magnitude ozt (in fact, it is enough

that R(t,3) = t>~°(1) which also follows from an earlier result of Erdés [3]).

Finally, in section Bl we consider graphs that we call “necklaces.” A
necklace is a graph obtained from a path by choosing a matching such that
no edge of the matching is incident with an endpoint of the path, and for
each edge of the matching, adding a vertex adjacent to the ends of this edge
(see section [ for a more formal definition). We prove that for any given
necklace N, the class Forb*(V) is y-bounded by an exponential function
(see £.2). We observe that the bull is a special case of a necklace, and so
the results of section [ imply that Forb*(bull) is x-bounded; however, the
x-bounding function for Forb*(bull) from [£4] is polynomial, whereas the
one from is exponential. Further, we note that for all positive integers
m, the m-edge path, denoted by P11, is a necklace; furthermore, since
any subdivision of an m-edge path contains an m-edge path as an induced
subgraph, we know that Forb(P,,;+1) = Forb*(P,,+1). Thus, implies a
result of Gyérfds (see [5]) that the class Forb(F,,+1) is x-bounded by an
exponential function (we note, however, that our y-bounding function is
faster growing than that of Gyarfas).

We end this section with some terminology and notation that will be
used throughout the paper. The vertex-set of a graph G is denoted by Vg.
Given a vertex v € Vi, I'g(v) is the set of all neighbors of v in G. The
complement of G is denoted by G. Given a set S C Vg, the subgraph of G
induced by S is denoted by G[S]; if S = {vi,...,v,}, we sometimes write
G[vy, ..., v,] instead of G[S]. Given a set S C Vi, we denote by G ~\ S
the graph obtained by deleting from G all the vertices in S; if S = {v},
we often write G~ v instead of G . S. Given a vertex v € Vg and a set
A C Vi ~ {v}, we say that v is complete (respectively: anti-complete) to
A provided that v is adjacent (respectively: non-adjacent) to every vertex
in A; we say that v is mized on A provided that v is neither complete
nor anti-complete to A. Given disjoint sets A, B C Vg, we say that A is
complete (respectively: anti-complete) to B provided that every vertex in A
is complete (respectively: anti-complete) to B.



2 Subdivisions of the Paw

In this section, we give a structure theorem for paw*-free graphs (2.1]), and
then use it to derive the fact that Forb*(paw) is x-bounded by a linear
function ([2Z2)). We first need a definition: a graph is said to be complete
multipartite if its vertex-set can be partitioned into stable sets, pairwise
complete to each other.

2.1. A graph G is paw*-free if and only if each of its components is either
a tree, a chordless cycle, or a complete multipartite graph.

Proof. The ‘if’ part is established by routine checking. For the ‘only
if’ part, suppose that G is a connected paw*-free graph. Our goal is
to show that if G is both triangle-free and square-free, then G is either
a tree or a chordless cycle, and otherwise G is a complete multipartite graph.

Suppose first that G is both triangle-free and square-free. If G con-
tains no cycles, then it is a tree, and we are done. So assume that G does
contain a cycle, and let vg — v — ... — vp_1 — vg (with the indices in Zy)
be a cycle in G of length as small as possible; note that the minimality
of k implies that this cycle is induced, and the fact that G is triangle-free
and square-free implies that £ > 5. If Vg = {vg,v1,...,0x-1}, then G is
a chordless cycle, and we are done. So assume that {vg,...,vx_1} ;Cé Vo.
Since G is connected, there exists a vertex v € Vig \ {vg, ..., vx_1} that has
a neighbor in {vy,...,vx_1}. Note that v must have at least two neighbors
in {vg,v1,...,v5_1}, for otherwise, Glv,vg,v1, ..., vx_1] would be a paw*. By
symmetry, we may assume that for some i € Z; ~\ {0}, v is complete to
{vo,v;} and anti-complete to {vy,...,v;—1} in G. By the minimality of k, the
cycle v —vg —v1 — ... — v; — v is of length at least k, and so it follows that
either i =k —2 or i =k — 1. But then v — v; — v;41 — ... —v9 — v is a (not
necessarily induced) cycle of length at most four in G, which contradicts
the fact that G is triangle-free and square-free.

It remains to consider the case when G contains a triangle or a square. Let
H be an inclusion-wise maximal complete multipartite induced subgraph of
G such that H contains a cycle. (The existence of such a graph H follows
from the fact that a triangle or a square is itself a complete multipartite
graph that contains a cycle.) If G = H, then G is complete multipartite,
and we are done. So assume that this is not the case. Since GG is connected,
there exists a vertex v € Vg \ Vi with a neighbor in V.

Let Hq, Ho,..., H; be a partition of Vi into stable sets, pairwise complete
to each other. First, we claim that v is not mixed on any set among
Hy,...,H;. Suppose otherwise. By symmetry, we may assume that v is
adjacent to some hy € H; and non-adjacent to some h} € Hy. Then v is



anti-complete to Ho U ... U Hy, for if v had a neighbor h € Hy U ... U Hy,
then G[v,h,hy,h}] would be a paw. Now, since H contains a cycle, we
know that |Hy U ... U Hg| > 2; fix distinct vertices h,h' € Ho U ... U H. But
if hh' is an edge then G[h,h', hi,v] is a paw, and if hh' is a non-edge then
Glh, k', hi, b, v] is a paw*. This proves our claim. Now v is anti-complete
to at least two sets among Hi,...,Hy (say H; and Hj), for otherwise,
G[Vy U{v}] would contradict the maximality of H. Let h € H3 U ... U Hy,
be some neighbor of v, and fix hy € Hy and he € Hs. Then Glhy, ho, h,v] is
a paw, which is a contradiction. This completes the argument. O

We note that our structure theorem for paw*-free graphs (2Z.I)) is similar
to the structure theorem for paw-free graphs (due to Olariu [12]), which
states that a graph G is paw-free if and only if every component of G is
either triangle-free or complete multipartite. In fact, our proof of 2.1 could
be slightly shortened by using [I2], but in order to keep the section self-
contained, we include an independent proof. We now turn to proving that
the class Forb*(paw) is x-bounded by a linear function.

2.2. Forb*(paw) is x-bounded by the function f: N — R defined by f(2) = 3
and for alln # 2, f(n) =n.

Proof. Let G € Forb*(paw). We may assume that G is connected (otherwise,
we consider the components of G separately). By 2]then, G is either a tree,
or a chordless cycle, or a complete multipartite graph, and in each of these
cases, we have that x(G) = 3 or x(G) = w(G). O

It is easy to see that the y-bounding function given in[2.2]is the best possible
for the class Forb*(paw). Indeed, on the one hand, we have that w(G) <
X(@G) for every graph GG, and on the other hand, there exist paw*-free graphs
with clique number 2 and chromatic number 3 (any chordless cycle of odd
length greater than three is such a graph.)

3 Decomposing Bull*-Free Graphs

In this section, we prove a decomposition theorem for bull*-free graphs. We
begin with some definitions. Let G be a graph. A hole in G is an induced
cycle in G of length at least four. An anti-hole in G is an induced subgraph
of G whose complement is a hole in G. We often denote a hole (respectively:
anti-hole) H in G by hg — hy — ... — hx — hg, where Vi = {ho, h1,..., hx}
and hg — hy — ... — hy — ho is an induced cycle in G (respectively: in 6).
The length of a hole or anti-hole is the number of vertices that it contains.
An odd hole (respectively: odd anti-hole) is a hole (respectively: anti-hole)
of odd length. Given a vertex v € Vi and a set S C Viz \ {v}, we say that
v is a center (respectively: anti-center) for S or for G[S] provided that v
is complete (respectively: anti-complete) to S. We say that G is basic if it



contains neither an odd hole with an anti-center nor an odd anti-hole with
an anti-center. A non-empty set S ;Cé Vi is said to be a homogeneous set in
G provided that no vertex in Vg \. S is mixed on S; a homogeneous set S in
G is said to be proper if | S| > 2. We say that a vertex v € Vi is a cut-vertex
of G provided that G ~ v has more components than G. Our goal in this
section is to prove the following decomposition theorem:.

3.1. Let G € Forb*(bull). Then either G is basic, or it contains a proper
homogeneous set or a cut-vertexz.

We will need the following result, which is an immediate consequence of 1.4
from [2].

3.2 (Chudnovsky and Safra [2]). Let G € Forb*(bull). If G contains an odd
hole with a center and an anti-center, or an odd anti-hole with a center and
an anti-center, then G has a proper homogeneous set.

The proof of Bl proceeds as follows. We assume that a graph G €
Forb*(bull) is not basic, and then we consider two cases: when G contains
an odd anti-hole of length at least seven with an anti-center; and when G
contains an odd hole with an anti-center. In the former case, we show that
G contains a proper homogeneous set (see 3.3] below). The latter case is
more difficult, and our approach is to prove a series of lemmas that describe
how vertices that lie outside of our odd hole “attach” to this odd hole and to
each other, and then to use these results to prove that G contains a proper
homogeneous set or a cut-vertex (see B.8)). Since an anti-hole of length five
is also a hole of length five, these two results ([B.3] and B.8]) imply Bl

3.3. Let G € Forb*(bull), let hg — hy — ... — hg—1 — hy (with k > 7 and
the indices in Zyi) be an odd anti-hole in G, and set H = {hg,hy,...,hx_1}.
Assume that G contains an anti-center for H. Then G contains a proper
homogeneous set.

Proof. We may assume that G is connected, for otherwise, G contains
a proper homogeneous set and we are done. Since G is connected and
contains an anti-center for H, there exist adjacent a,a’ € Vi ~ H such that
a is anti-center for H and a’ has a neighbor in H. Our goal is to show that
a’ is a center for H, for then we are done by

First, we claim that there is no index ¢ € Z; such that o' is anti-
complete to {h;, h;11}. Suppose otherwise. Since a' has a neighbor in H,
we may assume by symmetry that a’ is adjacent to hg and anti-complete to
{h1,h2}. But then if a'hy is an edge, then G|hg, h1, h4,a,d’] is a bull; and
if a’hy is a non-edge, then Glho, h1, ha, ha,a’] is a bull. This proves our claim.

Next, since H has an odd number of vertices, there exists some i € Zj



such that a is either complete or anti-complete to {h;, h;11}; by what we
just showed, the latter is impossible, and so the former must hold. Now,
if ' is not a center for H, then we may assume by symmetry that a’ is
non-adjacent to hy and complete to {hi,ho}; but then a’hi_; is an edge
(because @’ is not anti-complete to {hg_1,ho}), and so G[hg, ha, hx_1,a,d’]
is a bull. Thus, @’ is a center for H, which completes the argument. ]

For the remainder of this section, we focus on graphs in Forb*(bull) that
contain an odd-hole with an anti-center. We begin with some definitions.
Let G be a graph, let hg — hy — ... — hx_1 — hy (with £ > 5 and the indices
in Zi) be a hole in G, let H = {hg,h1,...,hx_1}, and let v € Vi ~~ H. Then
for all i € Zy:

e v is a leaf for H at h; if v is adjacent to h; and anti-complete to
H ~ {h;};

e v is a star for H at h; if v is complete to H ~\ {h;} and non-adjacent
to hy;

e v is an adjacent clone for H at h; if v is complete to {h;_1, ki, hit1}
and anti-complete to H ~ {h;—1,h;, hit1};

e v is a non-adjacent clone for H at h; if v is complete to {h;—1,hi+1}
and anti-complete to H ~ {h;—1,h;y1};

e v is a clone for H at h; if v is an adjacent clone or a non-adjacent
clone for H at h;.

We say that v is a leaf (respectively: star, adjacent clone, non-adjacent clone,
clone) for H if there exists some i € Zj such that v is a leaf (respectively:
star, adjacent clone, non-adjacent clone, clone) for H at h;. If |H| = k is
odd, then we say that a vertex v € Vig ~\ H is appropriate for H or for G[H|
provided that one of the following holds:

e v is a center for H;

e v is an anti-center for H;

e v is a leaf for H;

e v is an adjacent clone for H;

e v is a non-adjacent clone for H and |H| = 5;
e v is a star for H and |H| = 5.

3.4. Let G € Forb*(bull), let hg — hy — ... — hx—1 — hg (with k > 5 and the
indices in Zi) be an odd hole in G, and set H = {hg,h1,...,hg—1}. Then
every verter in Vg ~ H s appropriate for H.



Proof. Fix v € Vg ~~ H. We may assume that v has at least two neighbors
and at least one non-neighbor in H, for otherwise, v is a center, an
anti-center, or a leaf for H, and we are done.

Suppose first that v has two adjacent neighbors in H. Fix a
path h; — hiy1 — ... — h; of maximum length in G[H N I'g(v)]; set
P = {hj,hit1,....,h;}. Note first that |P| > 3, for otherwise, we would
have that j = i + 1, and then Glv, h;_1,hi, hit1, hit2] would be a bull.
Now, we claim that v is anti-complete to H ~ P. Suppose otherwise.
Fix hy € H ~ P such that vh; is an edge; by the maximality of P,
we know that [ ¢ {i — 1,7 + 1}. Since neither Glv, hi_1, hi, hit1, k] nor
Glv, hj—1,hj, hjt1, by) is bull, we get that [ = i—2 = j+2, and consequently,
that |H| = |P| + 3. Since |H| is odd and |P| > 3, this means that |P| > 4,
and so G[v, h;—1, hi, hit1, hi+3] is a bull, which is a contradiction. It follows
that v is anti-complete to H ~. P. Now, if |P| = 3, then v is an adjacent
clone for H at h;y1, and we are done. So assume that |P| > 4. Since
Glv, hi—1,hi,hit1,hiy3] is not a bull, h;13 is adjacent to h;—1, and so
|H| =5 and v is a star for H at h;_;.

Suppose now that H N I'g(v) is a stable set. Fix distinct i,j € Zj
such that v is complete to {h;, h;} and the path h; — hj11 — ... — h;j is as
short as possible (in particular, v is non-adjacent to the interior vertices of
the path). Since the neighbors of v in H are pairwise non-adjacent, and v
is complete to {h;,h;}, we know that v is anti-complete to {h;—1,hji1}.
Since Glv, hi—1, hi, hit1, ..., hj, hjt1] is not a bull*, this implies that either
hi—1 = hjq1, or hi_1hji1 is an edge, and in either case, v is anti-complete
to H ~{h;, h;}. We now know that the path hj —hj;1 —... — h; has at most
three edges and that v is adjacent to the ends of this path and non-adjacent
to its interior vertices. The minimality of the path h; — hj;1 — ... — h; then
implies that |H| < 6. Since |H| is odd and |H| > 5, it follows that |H| = 5.
The minimality of the path h; — h;y1 — ... — h; now implies that v is a
non-adjacent clone for H at h;11. This completes the argument. O

Given a graph G with a hole hg — hy — ... — hj_1 — hg (with k& > 5 and the
indices in Z), and setting H = {hg, h1, ..., hx—1}, we let Ay denote the set
of all anti-centers for H in G, and for all i € Zy:

o we let L’H denote the set of all leaves for H at h;;
e we let N}'{ denote the set of all non-adjacent clones for H at h;;
e we let C% denote the set of all adjacent clones for H at h;;

e we let S}{ denote the set of all stars for H at h;.



3.5. Let G € Forb*(bull), let hg — hy — ... — hx—1 — ho (with k > 5 and the
indices in Zy) be an odd hole in G, and set H = {hg, hq,...,hx_1}. Assume
that G contains an anti-center for H, and that G does not contain a proper
homogeneous set. Then there exists an index i € Zj, such that all of the

following hold:
(i) Ly #0, and for all j € Zy ~ {i}, LJI; =0;
(i) Ap is not anti-complete to L;;
(iii) Ap is anti-complete to Vg ~ (Apy U LY;).

Proof. First, since G does not contain a proper homogeneous set and
|V| > 3, we know that G is connected. Further, since G does not contain a
proper homogeneous set and contains an anti-center for H, implies that
G does not contain a center for H.

Now, we claim that every vertex in Vi ~\ (H U Ap) that has a neighbor in
Ap is a leaf for H. Suppose otherwise; fix adjacent v € Vg ~\ (H U Ap)
and a € Ap such that v is not a leaf for H. Since v is appropriate for
H (by B4), and since v is not a leaf, or a center, or an anti-center for H,
we know that v is either a star, or an adjacent clone, or a non-adjacent
clone for H. Suppose first that v is a star or an adjacent clone for H.
Then there exists an index i € Zj such that v is complete to {h;, h;+1} and
non-adjacent to h;io; but now Gla,v, h;, hiy1, hit2] is a bull. Suppose now
that v is a non-adjacent clone for H. Then there exists an index ¢ € Z
such that v is complete to {h;_1,h;+1} and anti-complete to {h;, hi;2}; but
now Gla,v, hi—1,hi, hiy1, hiye] is a bull*. This proves our claim.

Since G is connected and Ay is non-empty, what we just showed im-
plies that there exists an index i € Zj such that L%, is non-empty and is
not anti-complete to Agy. The only thing left to show is that Lg = () for all
J € Zi ~ {i}. Suppose otherwise. Fix some j € Z; ~ {i} such that Lg # ().
First, note that L% is complete to L’H, for if some [; € Liq and [; € L]I;,
were non-adjacent, G[H U {l;,1;}] would be a bull*. By symmetry and the
fact that |H| is odd, we may assume that the path h; — hjp1 — ... — hj is
shorter than the path h; — hjy1 — ... — h;; since |H| > 5, this means that
i—1¢ {j,7+1}. Note furthermore that j # ¢ + 1, for otherwise, we fix
some l; € LZ'H and l;41 € Lgl and note that G[l“ liv1, hie1, iy hiyt, hH_Q] is
a bull*. Next, fix an anti-center a for H such that a is adjacent to some
l; € L. Fix l; € L]I;,. But then if al; is an edge, Gla,l;,1;, hs, hj] is a bull;
and if al; is a non-edge, then Gla,l;,lj, hi—1, hi, hiy1, ..., hj—1, hj] is a bull*.
This completes the argument. O

3.6. Let G € Forb*(bull), let hg — hy — ... — hg—1 — hy (with k > 5 and
the indices in Zi) be an odd hole in G, and set H = {hg,h1,...,hx_1}.



Assume that G contains an anti-center for H, and that G does not contain
a proper homogeneous set. Then there exists an index i € Zj such that
Vo =HUAy ULy USy Uz, (Nf; UCY), where Ly is non-empty, Ly

is anti-complete to S%., and if k > 7, then S}{ and Uj N}i are empty.

SV

Proof. If k > 7, then the result is immediate from B2, B4l and
So assume that & = 5. By B2 B4 and B3 we know that
Vo = HU Ap U Ly U Uz, (S} U Nf; U CY), with Ly # 0, for some
i € Zs. We need to show that S}‘{ = () for all j € Zs \ {i}, and that L%, is
anti-complete to S}{.

We first show that S}{ = () for all j € Zs ~ {i}. By symmetry, it
suffices to show that S}:{l and S}}Q are empty. Fix some [; € L’H.
Suppose first that Sgl # (0, and fix s;11 € S}}H. But then if s;41l; is an
edge, then GJl;, Sit+1,hi—2, hi, hit1] is a bull; and if s;41l; is a non-edge,
then Gll;, Sit+1,hi—1,hi, hit2] is a bull. Thus, Sgl = (). Suppose now
that 5?2 # ), and fix s;19 € Sﬁj?. But then if s;y9l; is an edge, then
G[si+2,liy hi—2, hi—1,hit2] is a bull; and if s;yol; is a non-edge, then
Glsit2,li, hiy hiy1, hiya) is a bull. Thus, Si2 = 0.

It remains to show that L’H is anti-complete to S}{. Suppose other-
wise. By BB, Ap is not anti-complete to L%, and Ay is anti-complete
to H U S};. We first note that every vertex in Lf; is anti-complete to at
least one of Ay and S, for otherwise, we fix some [; € L, s; € S%, and
a € Ap such that [; is adjacent to both s; and a, and we observe that
G[li,si?a, hi—1,hi, hit2] is a bull*. Now, fix some adjacent l; € L% and
s; € Sy. By what we just showed, [; is anti-complete to Ap. Since Ap is
not anti-complete to L, there exist adjacent a € Ay and I} € Ly ~ {l;}.
Since I} € L% has a neighbor in Ay, we know that I/ is anti-complete
to Si, and in particular, that l's; is a non-edge. But now if [;l is
an edge, then Gl[l;,l},a,s;,h;] is a bull; and if ;I is a non-edge, then
Gll;, 1}, si, hi—1, hi, hizo] is a bull*. This completes the argument. O

3.7. Let G € Forb*(bull), let hg — hy — ... — hg—1 — hy (with k > 5 and
the indices in Zi) be an odd hole in G, and set H = {hg,h1,...,hx_1}.
Assume that G contains an anti-center for H, and that G does not contain
a proper homogeneous set. Then there exists an index i € Zj such that
Ve =HUAzU Liq U Si,, where LZ'H s non-empty, Liq s anti-complete to
S%{, and if k > 7, then S}{ s empty.

Proof. By B.6 we just need to show that Ni, U C}{ = for all j € Zy. It
suffices to show that for all j € Zj, {h;}UN7{, UCY, is a homogeneous set in

G, for then the fact that G contains no proper homogeneous set will imply
that {h;} U N{;, UCY, is a singleton, and therefore, that N7, U CY, = 0.
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Fix j € Zi, and suppose that {h;} U NJ U C’}{ is not a homogeneous
set in G. Fix some v € Vg ~ ({h;} UNZ, U O] ) such that v is mixed on
{h; }UN] U CJ Clearly, v ¢ H. Fix some c;,c; € {h;} U NJ U C’}{ such
that v is adjacent to ¢; and non—adjacent to c}. Set H=(H~ {h;}) U{c;}
and H' = (H ~ {h;}) U {c;}. Then G[H 7] and G[H'] are both odd holes of
length k. Next, by B.B, Ap is anti-complete to {c;, c;-}, and so since Ay is
non-empty, G contains an anti-center for both H and H’; thus, B.6] applies
to both H and H'. This, together with the fact that v has exactly one more
neighbor in H than in H', implies that either:

(a) v is a leaf for H and an anti-center for H'; or
(b) k =5 and one of the following holds:

(b1) v is a non-adjacent clone for H and a leaf for H';
(b2) v is an adjacent clone for H and a non-adjacent clone for H' ;

(b3) v is a star for H and an adjacent clone for H'.

Suppose that ( ) holds. Since v is adjacent to ¢j, v is a leaf for H at cj.
But now if ¢;c} is an edge, then Glv,c;, ¢}, hji1, hjto] is a bull; and if ¢;c}
is a non-edge, then Glv, ¢j, c;, hj—1,hjt1, hjqo] is a bull*. From now on, we

assume that (b) holds, and so k = 5.

Suppose first that (bl) holds. Since v is a non-adjacent clone for H
and is adjacent to c;, we know that v is a non-adjacent clone for H at either
hj_1 or at hjt1; by symmetry, we may assume that v is a non-adjacent
clone for H at hjy1. But now if ¢;c} is an edge, then G[v, ¢;, ¢}, hj—2,hj—1]
is a bull; and if ¢;¢] is a non-edge, then G[v, ¢, ¢}, hj—2,hj_1, hji1] is a bull™.

Suppose next that (b2) holds. Since v is a clone for both H and H’, and
since v is adjacent to ¢; and non-adjacent to c;, it is easy to see that v is an

adjacent clone for H at c; and a non—adJacent clone for H' at c]. But now
v is a clone for H at hj, contrary to the fact that v € Vg~ ({hj}UN}‘{UC'}'{).

Suppose finally that (b3) holds. Since v is adjacent to c¢; and non-
adjacent to c’ it is easy to see that v is a star for H at either h;_; or hji1;

by symmetry, we may assume that v is a star for H at hjy1. Since [3.6
applies to H, it follows that G contains a leaf ljy1 for H at hj+1, and that
l;41 is non-adjacent to v. Since /11 is appropriate for H’, it is non- adjacent
to ¢;. But now if ¢;c; is an edge, then G[v,¢j, ¢}, lj11, hj41] is a bull; and if
cjc; is a non-edge, then G|v, cj,cg, hj—1,hj42] is a bull. This completes the
argument. ]
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3.8. Let G € Forb*(bull), let hg — hy — ... — hg—1 — hy (with k > 5 and
the indices in Zi) be an odd hole in G, and set H = {hg,h1,...,hx_1}.
Assume that G contains an anti-center for H. Then G contains a proper
homogeneous set or a cut-vertexz.

Proof. We assume that G does not contain a proper homogeneous set and
show that it contains a cut-vertex. By B.7 there exists an index ¢ € Zj, such
that Vg = HUA HUL%US}{ and Liq is non-empty and anti—complete to S}{.
Now, by B.5] AH is anti-complete to S%;. 'Thus{ Ap U LY is anti-complete to
(H ~{h;})USy. Since Vg = HU A UL U S}, and since h; has neighbors
both in L% and in H \ {h;}, it follows that h; is a cut-vertex of G. O

We now restate and prove [3.1] the main result of this section.

B.dl Let G € Forb*(bull). Then either G is basic, or it contains a proper
homogeneous set or a cut-vertexz.

Proof. Since an anti-hole of length five is also a hole of length five, the result
is immediate from B.3] and [3.8] O

4 A x-Bounding Function for Forb*(bull)

In this section, we use Bl to prove that the class Forb*(bull) is x-bounded
by the function f(n) = n%2. We begin with some definitions. Given graphs
G and Go with Vi, N Vg, = {u}, we say that a graph G is obtained by
gluing G1 and Gy along u provided that the following hold:

o Vo =Vg UVgy;
o for all i € {1,2}, G[Vg,] = Gi;
o Vi, ~{u} is anti-complete to Vg, ~ {u} in G.

We observe that if a graph G has a cut-vertex, then G is obtained by gluing
smaller graphs (i.e. graphs that have strictly fewer vertices than G) along a
vertex.

Given graphs G; and Gy with disjoint vertex-sets, a vertex v € Vg,
and a graph G, we say that G is obtained by substituting Go for v in G
provided that the following hold:

o Vo= (VG1 ~N {u}) U VGQ;
o GVo, N {u}] =G~ w;
g G[VGQ] = Go;
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e for all v € Vg, \ {u}, if v is adjacent (respectively: non-adjacent) to
w in Gy, then v is complete (respectively: anti-complete) to Vi, in G.

Under these circumstances, we also say that G is obtained by substitution
from G and G5. We note that if a graph G has a proper homogeneous set,
then it is obtained by substitution from smaller graphs.

We say that a graph G is perfect if for every induced subgraph H of
G, x(H) = w(H). We now state two results about perfect graphs that we
will need in this section.

4.1 (Chudnovsky, Robertson, Seymour, and Thomas [1]). A graph G is
perfect if and only if it contains no odd holes and no odd anti-holes.

4.2 (Lovész [I1]). Let G and Go be perfect graphs with disjoint vertex-sets,
and let u € Vg,. Let G be the graph obtained by substituting Ga for u in Gy.
Then G is perfect.

We note that 1] is called the strong perfect graph theorem, and is
called the replication lemma.

In this paper, a weighted graph is a graph G such that each vertex
v € Vg is assigned a positive integer called its weight and denoted by w,.
The weight of a non-empty set S C Vi is the sum of weights of the vertices
in S. We denote by W the weight of a clique of maximum weight in G.
Given an induced subgraph H of G, and a vertex v € Vg, we say that H
covers v provided that v € Viz. We now prove a technical lemma, which we
then use to prove the main result of this section.

4.3. Let G € Forb*(bull) be a weighted graph. Then there exists a family
Pa of at most Wg perfect induced subgraphs of G such that for every vertex
v € Vg, at least w, members of Pg cover v.

Proof. We assume inductively that the claim holds for graphs with fewer
than |Vg| vertices. By B we know that either G is basic, or G contains a
proper homogeneous set, or G contains a cut-vertex.

Suppose first that Vg is basic. Fix u € Vg such that w, is maximal.
Let A be the set of all neighbors of u in G, and let B be the set of all
non-neighbors of v in G. Since G is basic, and u is an anti-center for B,
we know that G[B] contains no odd holes and no odd anti-holes. Since
u is anti-complete to B, it follows that G[B U {u}| contains no odd holes
and no odd anti-holes, and so by the strong perfect graph theorem (4.1]),
G[B U {u}] is perfect. Let Pp be the family consisting of w, copies of the
perfect graph G[B U {u}]. Note that by the maximality of w,, every vertex
v € BU {u} is covered by at least w, graphs in Pg. If A = 0 (so that
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Vo = B U {u}), then we set Pgc = Pp, and we are done. So assume that
A # (. Now by the induction hypothesis, there exists a family P4 of at
most W) perfect induced subgraphs of G [A] such that each vertex v € A
is covered by at least w, graphs in P4. Since u is complete to A, we have
that wy, + Wgpa) < We. Since the family Pp contains exactly wy, graphs, it
follows that the family Pg = P4 U Pp contains at most W graphs, and by
construction, every vertex v € Vi is covered by at least w, graphs in Pg.

Suppose now that G contains a proper homogeneous set; let S be a
proper homogeneous set in G, let A be the set of all vertices in Vi that
are complete to S, and let B be the set of all vertices in Vi that are
anti-complete to S. Let H be the graph whose vertex-set is {s} U AU B,
with H[AU B] = G[A U BJ, and s complete to A and anti-complete to B in
H. We turn H into a weighted graph by letting the vertices in A U B have
the same weights in H as they do in G, and setting ws = Wgg). Clearly,
Wi = Weg. Using the induction hypothesis, we let Py be a family of at
most Wy = Wg perfect induced subgraphs of H such that every vertex
v € Vg is covered by at least w, graphs in Py, and we let Pg(g) be the family
of at most W) = ws perfect inducted subgraphs of G[S] such that every
vertex v € S is covered by at least w, graphs in Pg(g). We may assume that
the vertex s is covered by exactly ws graphs in Pg; let Py, ..., P, be the
graphs in Py covering s, and let Py, = Py ~{ P, ..., Py, }. We may assume
that Pgs) contains exactly Wg(s) = ws graphs; say Pgs) = {Q1, -+ Qu, }-
Now, for each i € {1,...,ws}, let P/ be the graph obtained by substituting
the graph Q; for s in P;; by the replication lemma (£2]), the graph P/ is
perfect for all i € {1,...,ws}. We then set Pg = {P],...,P,, } UPy. By
construction, Pg is a family of at most W perfect induced subgraphs of G
such that for every vertex v € Vi, at least w, members of Pg cover v.

Suppose finally that G contains a cut-vertex. Then there exist u € Vi and
C1,Cy C Vi ~ {u} such that Vi = {u} U Cy U Cy, where C; and Cy are
non-empty, disjoint, and anti-complete to each other. For i € {1,2}, let
G; = G[C; U {u}]. (Note that G is obtained by gluing G; and Go along
u.) Using the induction hypothesis, for each ¢ € {1,2}, we get a family
Pg, of at most W¢, perfect induced subgraphs of G; such that each vertex
v € Vg, is covered by at least w, graphs in Pg,. We may assume that for
all i € {1,2}, Pg, contains exactly W, graphs, and that wu; is covered by
exactly w,, graphs in Pg,. By symmetry, we may assume that Wg, < Wg,.
For each i € {1,2}, let Pli,...,PZ)u be the graphs in Pg, covering u, let
PZJU—H’ “"PéVGI be W¢g, — w,, graphs in Pg, that do not cover u, and let
PI%VG1+1’ “"PI%VGQ be the remaining Wg, — Wg, graphs in Pg,. Now, for
all j € {1,...,w,}, let P; be the graph obtained by gluing P]-1 and Pj2 along

w; for all j € {w, +1,....,Wg, }, let P; be the disjoint union of le and
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Pj2; and for all j € {Wg, +1,...,Wg, }, let P; = sz. It is easy to see that
Pj is perfect for all j € {1,..., We, }. Now set Pg = {P1,..., Pwg, }. Since
We = max{Wq,,Wg,} = Wq,, Pc is a family of at most W perfect
induced subgraphs of G such that for every vertex v € Vg, at least w,
members of Pg cover v. O

4.4. The class Forb*(bull) is x-bounded by the function f(n) = n?.

Proof. Let G € Forb*(bull). Using 4.3, we obtain a family P of at most
w(G) perfect induced subgraphs of G such that each vertex in Vi is covered
by at least one graph in P. Clearly, we may assume that each vertex in Vg
is covered by exactly one graph in P. Since the graphs in P are perfect,
each graph P € P can be colored with w(P) < w(G) colors; we may assume
that the sets of colors used on the graphs in P are pairwise disjoint. Now
we take the union of the colorings of the graphs in P to obtain a coloring of
G that uses at most w(G)? colors. O

5 Necklaces

We begin with some definitions. Let n be a non-negative integer, and
let my, ..., m,, be positive integers. Let H be a graph whose vertex-set is
Ui od@i0s Tits oo Tim, } U{w1, ..., yn }, with adjacency as follows:

® 200~ ...~ T0mg —L1,0— -~ Tlmy — - — Tp,0 — --- — Tp,m,, 1S & chordless
path;

e {y1,...,yn} is a stable set;

e for all i € {1,...,n}, the vertex y; has exactly two neighbors in the set

n o : v 2 d
Ui:O{xl,Oa Li1y ey :C%mi}, namely r;—1m,_, and ;.

Under these circumstances, we say that H is an (my, ..., my,,)-necklace with
base xo o and hook Ty, , or simply that H is an (mo, ..., my)-necklace. If G
is a subdivision of H, then we say that G is an (my, ..., my)-necklace® with
base xoo and hook %y m,,, or simply that G is an (my,...,my)-necklace*.
To simplify notation, given a non-negative integer n and a positive integer
m, we often write “(m),-necklace” instead of “(m,...,m)-necklace,” and
—_——
n+1
“(m)p-necklace®” instead of “(m,...,m)-necklace*.” (We remark that a

—_——
n+1

(1)1-necklace is the bull, and that for all positive integers m, an (m)o-
necklace with base x¢ and hook =z, is a chordless m-edge path between x
and x,.)

Our goal in this section is to prove that for all non-negative integers
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n and positive integers my, ..., m,,, the class Forb*((my, ..., m,) — necklace)
is x-bounded by an exponential function (see below).  We ob-
serve that in order to prove (2] it suffices to consider only the
(m)p-necklaces.  Indeed, if m = max{myg,...,my,}, then an (m),-
necklace is a subdivision of an (my, ..., my)-necklace, and consequently,
Forb*((my, ..., my ) — necklace) C Forb*((m),, — necklace). Thus, it suffices
to show that Forb*((m), — necklace) is x-bounded by an exponential
function.

We now need some more definitions. First, in this paper, the local
chromatic number of a graph G, denoted by x;(G), is the number
maxyev, X(G[I'¢(v)]). Next, let n be a non-negative and m a positive inte-
ger. Let G be a graph whose vertex-set is the disjoint union of non-empty
sets N and X, let ¢ and = be distinct vertices in N, and assume that the
adjacency in G is as follows:

e GG[N] is an (m),-necklace* with base z( and hook z;
e G[X] is connected,;

e N ~ {z} is anti-complete to X;

e r has a neighbor in X.

Under these circumstances, we say that (G, zg, x) is an (m),,-alloy or simply
an alloy. The graph G is referred to as the base graph of the alloy (G, zo, z),
and the ordered pair (N,X) is the partition of the alloy (G,xo,z). The
potential of the alloy (G, xg,x) is the chromatic number of the graph G[X].

We now state the main technical lemma of this section.

5.1. Let G be a connected graph, and let xg € Vg. Let n and 8 be non-
negative integers, and let m and « be positive integers. Assume that x;(G) <
a and x(G) > 2" ((m+3)a+B). Then there exists an induced subgraph H
of G and a vertex x € Vi such that (H,xzo,x) is an (m),-alloy of potential
greater than (3.

Since the base graph of an (m),-alloy contains an (m),-necklace* as an
induced subgraph, [5.1] easily implies the main result of this section (5.2]), as
we now show. (We note that our proof of relies only on the special case

of Bl when 8 = 0.)

5.2. Let n be a non-negative integer, let my, ..., m, be positive integers, and
let m = max{my,...,mp}. Then the class Forb*((my, ..., my) — necklace) is
x-bounded by the exponential function f(k) = (2" (m + 3))F 1.
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Proof. Since an (m),-necklace is a subdivision of an (my, ..., m,)-necklace,
we know that Forb*((my,...,my) — necklace) C Forb*((m), — necklace),
and so it suffices to show that Forb*((m),, — necklace) is x-bounded by the
function f. Suppose that this is not the case, and let & € N be minimal
with the property that there exists a graph G € Forb*((m),, — necklace)
such that w(G) = k and x(G) > f(k). Clearly, k > 2. Furthermore, we
may assume that G is connected, for otherwise, instead of G, we consider
a component of G with maximum chromatic number. Note that for all
v € Vg, we have that w(G[I'¢(v)]) < k — 1, and so by the minimality of k,
X(Gl'g()]) < f(k—1); thus x;(G) < f(k—1). Now, set a = f(k—1); then
xi1(G) < a and x(G) > 2" (m + 3)a. Fix x¢ € V. Then Bl implies that
there exists an induced subgraph H of G and a vertex & € Vg such that
(H,zg,z) is an (m),-alloy. But then H contains an (m),-necklace* as an
induced subgraph, contrary to the fact that G € Forb*((m),, —necklace). O

The rest of the section is devoted to proving 5.1l The idea of the proof
is to show that, given a connected graph G whose chromatic number is
sufficiently large relative to its local chromatic number, it is possible to
recursively “chisel” an (m),-alloy out of the graph G. At each recursive
step, the “length” of the alloy (i.e. the number n) increases, and the potential
of the alloy decreases (but in a controlled fashion, so as to allow the next
recursive step). We begin with a technical lemma, which we will use many
times in this section.

5.3. Let G be a graph, let xg € Vi, and let S C Vg~ {zo} be such that G|S]
is connected and xo has a neighbor in S. Let k be a non-negative integer, let
a be a positive integer, and assume that x;(G) < a, and that x(G[S]) > ka.
Then there exist vertices x1,...,xx € S and a set X C S such that:

a. Ty — L1 — ... — T 98 an induced path in G;
b. G[X] is connected;

Co X1y & X;

d. xj has a meighbor in X;

e. vertices xg, ..., Tr_1 are anti-complete to X ;
£ X(G[X]) = x(G[S]) — kav.

Proof. Let i € {0, ..., k} be maximal such that there exist vertices x1,...,x; €
S and a set X C S such that:

e xo—x1 — ... —x; is an induced path in Gj

e G[X] is connected,;
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o xy,..,1; & X;

x; has a neighbor in X;
e vertices xg,...,x;_1 are anti-complete to X;
o X(G[X]) > x(G[S]) —ia.

(The existence of such an index ¢ follows from the fact that zo is an
induced path in G, G[S] is connected, zy has a neighbor in S, and
X(GIS]) = x(G[S]) = 0- )

We need to show that ¢ = k. Suppose otherwise, that is, suppose
that ¢ < k. Then:

X(GIX]) = x(G[S]) —ia
> ko — i«
= (k—i)
2 «,

and so x(G[X]) > a. Since x(G[l'g(z;)]) < a (because x;(G) < «),
it follows that z; is not complete to X; let X’ be the vertex-set of a
component of G[X \ T'g(z;)] with maximum chromatic number. Then
X(GIX]) < x(G[Ca(z:)]) + x(G[X]), and so:

X(GIXT]) X(G[X]) = x(G[Cg(xi)])
(X(G[S]) —ia) —a
X(G[S)) = (i + D

v v

Fix a vertex z;11 € X N g (x;) such that x;41 has a neighbor in X’. But
now the sequence x1, ..., z;, x;+1 and the set X’ contradict the maximality
of 7. It follows that ¢ = k, which completes the argument. O

The following is an easy consequence of [5.3], and it will serve as the base for
our recursive construction of an (m),-alloy.

5.4. Let G be a connected graph, let xg € Vg, let B be a non-negative integer,
and let m and « be positive integers. Assume that x;(G) < «, and that
X(G) > (m+ 1)a+ B. Then there exists a vertex x € Vg ~ {xo} and an
induced subgraph H of G such that (H,zg,z) is an (m)o-alloy of potential
greater than 3.

Proof. Let S be the vertex-set of a component of G \ zy of maximum
chromatic number. Clearly then, x(G) < x(GI[S]) + 1, and consequently,
X(G[S]) > ma + . Since G is connected, xp has a neighbor in S. By (3
then, there exist vertices x1, ...,z € S and a set X C S such that:

® Xy — T — ... — Xy is an induced path in G;

e (G[X] is connected;
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© Ty, ., Ty & X;

ZTm has a neighbor in X;
e vertices xg, ..., ;1 are anti-complete to X;
e X(G[X]) = x(G[S]) — ma.

The fact that x(G[X]) > x(G[S]) — ma and x(G[S]) > ma + B implies
that x(G[X]) > 8. Now set H = G[{x0, ..., Tm, } U X] and © = z,,,. Then
(H,xp,x) is an (m)g-alloy of potential greater than f. O

Our goal now is to show that, given an (m),-alloy with large potential and
small local chromatic number of the base graph, we can “chisel” out of this
(m)p-alloy an (m),41-alloy of large potential. More formally, we wish to
prove the following lemma.

5.5. Let n and B be non-negative integers, and let m and a be positive
integers. Let (G,xq,x) be an (m),-alloy of potential greater than 2((m +
3)a+ ), and let (N, X) be the partition of the alloy (G, xg,x). Assume that
X1(G) < «a. Then there exist disjoint sets N', X' C Vi such that N C N’
and X' C X, and a vertex ' € X such that (G[N' U X'|,x0,2') is an
(m)ny1-alloy of potential greater than B and with partition (N', X").

We now need some definitions. Let n be a non-negative and m a pos-
itive integer, and let (G,zg,x) be an (m),-alloy with partition (N, X).
Assume that the potential of (G,zg,z) is greater than 28 (where [ is
some non-negative integer). For each i € NU {0}, let S/ be the set of all
vertices in {z} U X that are at distance i from z in G[{z} U X]; thus,
Sy = {z}. Let t € N be such that x(G[S}]) is as large as possible. As the
sets S1,953, 55, ... are pairwise anti-complete to each other, as are the sets
Sa, 84, S6, ..., it is easy to see that x(G[X]) < 2x(G[S}]), and consequently,
X(G[S]]) > B. Now, let S; be the vertex-set of a component of G[S]]
with maximum chromatic number (thus, x(G[S¢]) > B), and for each
i € {0,1,....,t — 1}, let S; be an inclusion-wise minimal subset of S} such
that every vertex in S;1; has a neighbor in S;; clearly, Sy = {z}. Let
H = GIN UU._, Si]. We then say that (H,zg,z) is a reduction of the
(m)p-alloy (G,zg,z), and that {S;}'_, is the stratification of (H,zq,x).
Clearly, (H,x,) is itself an (m),-alloy, and (N,|Ji_; Si) is the associated
partition. Further, as x(G[S;]) > 5 and H is an induced subgraph of G, we
know that x(H[S;]) > 5. Next, given vertices a € S, and b € S, for some
p,q € {0,....,t}, a path P in H between a and b is said to be monotonic
provided that it has |p — g| edges. This means that if p = ¢ then a = b, and

if p # ¢ then all the internal vertices of the path P lie in U?jﬁi ’{‘ﬁ;}l +19r
with each set S, (with min{p,¢} +1 < r < max{p,q} — 1) containing

exactly one vertex of the path. Clearly, every monotonic path is induced.
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We observe that for all p € {0,...,t} and a € S, there exists a monotonic
path between x and a.

The idea of the proof of is as follows. First, we let (H,zp,z) be
a reduction of the (m),-alloy (G,xg,z), and we let {S;};_, be the associ-
ated stratification. From now on, we work only with the graph H (and not
G). We find the needed vertex 2’ in the set S;, and the set X' is chosen to
be a suitable subset of the set S;. Our proof splits into two cases. The first
(and easier) case is when at least one of the sets S1, ..., S;—2 is not stable (in
this case, we necessarily have t > 3); the second (and harder) case is when
the sets Sy, ..., S;_o are all stable. We treat these two cases in two separate
lemmas (the first case is treated in [5.6] and the second case in [5.7)).

5.6. Let n and B be non-negative integers, and let m and a be positive
integers. Let (G, x,x) be an (m),-alloy of potential greater than 2(ma+ ),
and let (N, X) be the partition of the alloy (G, xo,x). Assume that x;(G) <
a. Let (H,zg,z) be a reduction of the (m)y,-alloy (G, o, x), and let {S;}:_,
be the associated stratification. Assume thatt > 3 and that at least one of the
sets S, ..., Si_9 is not stable. Then there exist disjoint sets N', X' C Vy such
that N C N" and X' C S, and a vertex 2’ € Sy such that (H[N'UX'], g, 2")
is an (m)p41-alloy of potential greater than B and with partition (N', X').

Proof. First, as pointed out above, we know that x(H[S]) > ma+ . Now,
let » € {1,...,t — 2} be minimal with the property that S, is not stable;
fix adjacent a,b € S,. Let p € {0,...,7 — 1} be maximal with the property
that there exists some z € S, such that for each d € {a,b}, there exists
a monotonic path P; between z and d (such an index p and a vertex z
exist because xy € Sy and there exist monotonic paths between xy and
a and between zy and b). Since Sy, ..., Sy—1 are all stable, this means that
H[Vp,UVp,] is a chordless cycle, and by construction, (Vp, UVp,)NS, = {z}
and (Vp, UVp,) NS, = {a,b}. Next, let Q be a monotonic path between
z and z. By the minimality of S, there exists some s,11 € S,p41 that is
adjacent to a and non-adjacent to b. Now, fix some s;_1 € S;_1 such that
there exists a monotonic path R between s,;1 and s;_; (the existence of s;_1
follows from the fact that for all ¢ € {0,...,t—1} and v € S;, v has a neighbor
in S;11). Since s;—1 has a neighbor in S, and since x(H[St]) > ma, we can
apply B3l to the vertex s;_1 and the set Sy to obtain vertices uq, ..., Uy, € St
and a set X' C Sy~ {uq, ..., uy, } such that the following hold:

® S 1 — U] — ... — Uy is an induced path in G;
e u,, has a neighbor in X’;
e vertices s;_1,u1, ..., Uym—1 are anti-complete to X';

e H[X'] is connected;
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o X(H[X']) = x(H[S]) — ma.

Set N = NUVoUVp, UVp UVrU{ui,...,upn}t and 2’ = u,,. Clearly
then, (H[N' U X'],z0,2’) is an (m),+1-alloy with partition (N’, X’). Since
X(H[X']) > x(H[S]) —ma and x(H[S]) > ma+ (, we get that x(H[X']) >
5. This completes the argument. U

5.7. Let n and B be non-negative integers, and let m and o be positive
integers. Let (G, xo,z) be an (m),-alloy of potential greater than 2((m +
3)a+ /), and let (N, X) be the partition of the alloy (G, zg,x). Assume that
Xi(G) < a. Let (H,xg,z) be a reduction of the (m),-alloy (G,xg,x), and
let {Si}gzo be the associated stratification. Assume that the sets Si,...,Si_2
are all stable. Then there ewist disjoint sets N', X' C Vg such that N C N’
and X' C S;, and a vertex ¥’ € Sy such that (H[N' U X'],z0,2") is an
(m)n+1-alloy of potential greater than B and with partition (N', X').

Proof. First, since the potential of the alloy (G, xq, x) is greater than 2((m -+
3)a+ ), we know that x(H[S;]) > (m+3)a+ (. Next, fix a € S;_1, and set
A= 5,NTy(a). Note that x(H[S;]) > 2c, and so we can apply (.3 to the
vertex a and the set S; in H to obtain vertices u), u) € S; and a non-empty
set C' C Sy~ {ug, v} } such that a — uj — v} is an induced path in H, a and
uy, are anti-complete to C' (note that this implies that C N A = ), u} has a
neighbor in C, H[C] is connected, and

X(H[C])

N VIV

3

+
&

o

4
E

|

DO

o

Now, fix some b € S;_; adjacent to uf; since a is not adjacent to v}, this
means that a # b. Set B = S; N Ty (b); clearly, v} € B. Since x(H[C]) > «
and x(H[B]) < a, we know that C ¢ B; let U be the vertex-set of a
component of H[C' \ B] with maximum chromatic number. Then

X(H[C]) X(H[B]) + x(H[U])

<
< a+x(H[U),

and so x(H[U]) > ma + . Note that by construction, neither A nor B
intersects U.

Let us define a path of type one in H to be an induced path ug — ... —u,
(with p > 1) in H[S; \ U] such that uyp € AU B, exactly one vertex
among u1, ..., up is in AU B, u, has a neighbor in U, and uy, ..., up—; are all
anti-complete to U. We define a path of type two in H to be an induced
path uy — ... — up (with p > 1) in H[S; \ U] such that up = u(, no vertex
among ui,...,u, lies in AU B (in particular, v} ¢ {u1,...,up}), up has a
neighbor in U, vertices ug, ...,up—1 are all anti-complete to U, and u} is
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complete to {ug, u;} and anti-complete to {usg,...,u,} UU.

Our goal now is to show that H contains a path of type one or two.
Suppose that there is no path of type one in H. Since H[S;] is connected,
and vy is anti-complete to U, there exists an induced path ug — ... —u, (with
p > 1) in H[S; \ U] such that uy = u(, u, has a neighbor in U, and vertices
ug, ..., Up—1 are anti-complete to U. Note that ug € A (because up = uf, and
ug € A). Clearly then, uy, ..., u, ¢ AU B, for otherwise, at least two vertices
among ug, U, ..., up would lie in AU B, and then u, —uy 41 — ... — u, would
be a path of type one in H for p’ € {0,...,p — 1} chosen maximal with
the property that at least two vertices among uy, upy 11, ..., up lie in AU B.
Since up = ugy and uq, ..., u, ¢ AU B, we know that v} ¢ {uo,...,up}. Next,
note that u} is anti-complete to U, for otherwise, uy — u}j would be a path
of type one in H. Further, u} is anti-complete to {ug, ..., u,}, for otherwise,
we let p’ € {2,...,p} be maximal with the property that u} is adjacent to

u,, and we observe that uf — u} — uy — upy 41 — ... — up is a path of type
one in H. Finally, ) is adjacent to u;, for otherwise, u} —ug —u1 — ... —u,
would be a path of type one in H. Thus, ug — ... — u, is a path of type two

in H. This proves that H contains a path of type one or two.

Let ug — ... — up (with p > 1) be a path of type one or two in H.
Recall that x(H[U]) > ma + . We now apply B3 to the vertex wu,
and the set U in H to obtain vertices upi1,...,Uptm € U and a set
X' CU N~ A{tpt1,--.s Uptm } such that the following hold:

® U, — Uyt — ... — Upym 1S an induced path in H;

Up+m has a neighbor in X';

vertices Up, ..., Uptm—1 are anti-complete to X';
e H[X'] is connected;
o X(H[X']) > x(H[U]) — ma;

note that the last condition, together with the fact that x(H[U]) > ma+ 3,
implies that x(H[X']) > 8. Set 2/ = upyp,. Our goal is to construct a set
N’ with N C N’ such that (H[N' U X'],z¢,2) is an (m),41-alloy with
partition (N’, X'). Since x(H[X']) > f, the potential of any such alloy is
greater than 3, as desired.

First, if ug — ... — up is a path of type two in H, then we let P be a
monotonic path between a and z, we set N' = NUVpU{uo, ..., Uptm JU{t] },
and we are done. From now on, we assume that ug — ... — u, is a path

of type one in H. Fix I € {1,...,p} such that v; € A U B; then by
the definition of a path of type one in H, we get that ug,u; € AU B,
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and no other vertex on the path ug — ... — u, lies in AU B. If some
vertex d € {a,b} is complete to {ug,u;}, then we let P be a monotonic
path between z and d, we set N' = N U Vp U {ug, ..., uptm}, and we
are done. From now on, we assume that neither a nor b is complete to
{up,w;}. Then one of a and b is adjacent to uy and non-adjacent to u,
and the other is adjacent to u; and non-adjacent to ug. Now, fix maximal
q € {0,...,t — 2} such that there exists a vertex z € S, with the property
that for each d € {a,b}, there exists a monotonic path P; between z and
d. Since Sg, ..., S;—_o are all stable, we get that if ¢ and b are adjacent then
H[Vp, U Vp,] is a chordless cycle, and if a and b are non-adjacent then
H[Vp, U Vp,] is an induced path between a and b; in either case, we have
that (Vp, UVp,) N Si—1 = {a,b} and (Vp, UVp,) NS, = {z}. Let Q be
a monotonic path between z and xz. Now, if ¢ and b are adjacent, then
we set N' = N U Vo U Vp, UVp, U{uy,uis1, ..., Uptm }; and if a and b are
non-adjacent, then we set N' = Vo U Vp, U Vp, U {ug, ..., uptm}. This
completes the argument. O

We can now prove (.5 restated below.

Let n and B be non-negative integers, and let m and o be positive
integers. Let (G,xo,z) be an (m),-alloy of potential greater than 2((m +
3)a+ /), and let (N, X) be the partition of the alloy (G, zg,x). Assume that
X1(G) < «. Then there exist disjoint sets N', X' C Vg such that N C N’
and X' C X, and a vertex ' € X such that (GIN' U X'],x0,2') is an
(m)ni1-alloy of potential greater than B and with partition (N', X").

Proof. Let (H,xzo,z) be a reduction of the (m)y-alloy (G,xo,z), and let
{Si}t_, be the associated stratification. If ¢ > 3 and at least one of the sets
S1, ..., 9t_o is not stable, then the result follows from Otherwise, the
result follows from 5.7 O

Finally, we use [(.4] and to prove 5.l restated below.

Bl Let G be a connected graph, and let xg € Vg. Let n and 8 be non-
negative integers, and let m and « be positive integers. Assume that x;(G) <
a and x(G) > 2" ((m+3)a+B). Then there evists an induced subgraph H
of G and a vertex x € Vg such that (H,xzo,x) is an (m),-alloy of potential
greater than (3.

Proof. For all j € {0,...,n}, set B; = B+ (X721 ((m + 3)a + B). Our
goal is to prove inductively that for all j € {0,...,n}, there exist disjoint
sets N;, X; C Vi and a vertex 27 € Vi such that (G[N; U X;], xo,27) is an
(m);-alloy of potential greater than f;. Since 3, = 3, the result will follow.
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For the base case (when j = 0), we observe that

X(G) > 2"t ((m+3)a + B)
> (Zp2)((m + B)a + B)
= (m+3)a+B+EL2)((m+3)a+pb)
= (m+3)a+po
> (m+1)a+ B,

and so [1.4] implies that there exist sets No, Xo C Vg and a vertex z° € Vg
such that (G[N; U Xj], zg,27) is an (m);-alloy of potential greater than .

For the induction case, suppose that j € {0,...,n — 1} and that there exist
disjoint sets Nj, X; C Vg and a vertex 2/ € Vi such that (G[N;UX;], o, %)
is an (m);-alloy of potential greater than ;. Since
B = B+ (S{2)((m+3)a+ )
(S5 JT)((m +3)a+ ﬁ)
2((m -+ 3)a+ 5+ (S0 2) (m + 3)a + 6)
((m + 3)04 + /8]—1—1)

v

implies that there exist sets Nj;1,X;11 C Vi and a vertex 231 such
that (G[Nj+1 U Xj11], 20,27 T1) is an (m);41-alloy of potential greater than
Bj+1. This completes the induction. U
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