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Abstract

Given a graph G = (V, E) and a colouring f : E — N, the induced
colour of a vertex v is the sum of the colours at the edges incident with
v. If all the induced colours of vertices of G are distinct, the colouring
is called antimagic. If G has a bijective antimagic colouring f : E +—
{1,...,|E|}, the graph G is called antimagic. A conjecture of Hartsfield
and Ringel states that all connected graphs other than K> are antimagic.
Alon, Kaplan, Lev, Roddity and Yuster proved this conjecture for graphs
with minimum degree at least clog |V| for some constant ¢; we improve
on this result, proving the conjecture for graphs with average degree at
least some constant dg.

1 Introduction

All graphs in this paper are simple and undirected, except where we explicitly
state otherwise. By a colouring of a set S, we mean a function f : S — N.
For s € S, f(s) is called the colour of s. We call f a labelling if it is injective,
and in this case f(s) is called the label of s. For a graph G and a colouring
f: E(G) — N, the induced colour of a vertex v is the sum of the colours of the
edges incident with v. The colouring f is called antimagic if the induced colours
at different vertices are distinct. If a graph G admits a bijective antimagic
labelling f : E(G) — {1,...,|E(G)|}, then we call G antimagic.

Hartsfield and Ringel [5] conjectured that all connected graphs on at least
3 vertices are antimagic. This problem remains open, but there are numerous
partial results. Hefetz [6] proved that a graph on 3% vertices which admits a
Cs-factor is antimagic. This was generalised by Hefetz, Saluz and Tran [7],
who proved that a graph on pF vertices admitting a Cp-factor is antimagic.
Cranston [3] proved that any regular bipartite graph is antimagic. Perhaps
the most significant result on antimagic graphs is that of Alon, Kaplan, Lev,
Roddity and Yuster [I], who proved that there is an absolute constant ¢y such
that if G is a graph on n vertices with minimum degree at least cglogn then G
is antimagic. For more information on this and related labelling problems, see
the survey paper [4].
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Our main theorem is an improvement on the result of [I]. Note that if a
graph G has two isolated vertices, or any isolated edge, it cannot be antimagic.
However, we shall show that if a graph G has large average degree while avoiding
these trivial obstacles, G is antimagic.

Theorem 1. There exists an absolute constant dy so that if G is a graph with
average degree at least dy, and G contains no isolated edge and at most one
isolated vertex, G is antimagic.

The rest of the paper will be organised as follows. In Section 2] we prove
some preliminary lemmas which will be needed during the proof of Theorem [l
Sections 3], @ and [l give the proof of Theorem [Il In Section Bl we shall reduce
the problem of finding an antimagic labelling for a graph with large average
degree to a similar problem for a graph with minimum degree at least some
constant. In Section [ we shall put a graph with large minimum degree in a
special form, and in Section [5] we shall label a graph in this form. In Section
we shall discuss possible directions for further work.

2 Preliminary Lemmas

In this section we shall prove or recall various results which will be needed in the
proof of Theorem [Il The reader who is not overly concerned with the technical
details of the proof may wish only to skim this section, referring back to it as
necessary during the proof.

In Subsection 2.J] we shall prove some simple results about graphs. In Sub-
section 2.2l we recall the definition of a total dominating set, and quote a theorem
about the size of the total k-domination number of a graph with large minimum
degree. These two subsections contain lemmas which will be used in Section @]
in which we take a graph with large minimum degree and partition the edges
and vertices in a certain way. In Subsection [2.3] we prove four technical lemmas
about edge colourings of a graph modulo k£ for some integer k; these lemmas
will be needed in Section Bl when we shall label the edges of a graph in the form
guaranteed by Section [4]

2.1 Graph Lemmas

In this subsection, we prove two basic results on graphs. Lemma [2] is a re-
sult about colouring a graph so that every colour appears at every vertex, and
Lemma [B] concerns finding a bipartition of a graph with many edges, so that
each part has many edges. Corallary Ml is simply a special case of Lemma [3] —
this is the form we shall find useful later.

We start with a well known lemma about equitable bipartitions of graphs.
An edge-colouring of a graph G is called equitable if for every vertex v, the
numbers of edges indicident at v which receive each colour differ by at most 1.



Lemma 2. Let G = (V,E) be a graph with minimum degree at least 2k + 1.
Then G has an edge-colouring f : E — {1,2} such that every vertez is contained
in at least k edges of each colour.

Proof. We may assume G is connected; if not, we just consider each component
separately. We pair up the vertices of G of odd degree, and join each pair with
an extra edge to form a multigraph G’. Since all the degrees of vertices in G’
even, G’ has an Eulerian circuit C' — that is, a walk which begins and ends at
the same vertex, and contains each edge exactly once. If any extra edge was
added to G to form G’, we choose C' so to start with with such an edge. Now,
we colour the edges of C' alternately 1 and 2; each vertex is then contained in
an equal number of edges of each colour, except the starting vertex of the walk,
which may have 2 more edges coloured 1 than 2. When restricted to G, this
colouring is equitable unless every degree is even, in which case there may be
exactly one vertex with exactly 2 more edges of one colour than the other. Since
G has all degrees at least 2k + 1, in this colouring every vertex has at least k
incident edges of each colour. O

Next we shall prove a result about partitioning the vertices of a graph with
many edges into two vertex classes, each having many edges — this will be used
in Section @ We define m(n,r1,r2) to be the least r such that every graph G
on n vertices with r edges has a vertex partition V(G) = V4 U V2 with at least
r1 edges contained in V7, and at least r2 edges contained in V5. If even r = (g)
does not suffice, for convenience we set m(n,r1,7r2) to be (g) + 1. We bound
m(n,r1,re) simply by considering the number of edges in each half of a random

partition of V.

Lemma 3. Let n, ry and ro be positive integers, and for i = 1, 2 let p; =

%. Suppose that r is an integer such that

rp? — \/Tpf +2rnp3 —r(2n+1)pf >r;

holds for i =1, 2. Then m(n,ri,r3) < 7.

Proof. Let G = (V,E) be a graph with n vertices and r edges — our task
is to find a partition of V' with at least r1 edges in one part, and at least 7o
in the other. We take a random partition V;, V5 of V, with vertices placed
independently with probability p; of being in V;. Let X7, X5 be the random
variables corresponding to the numbers of edges contained in Vi, V5 respectively.
For i =1, 2 let u;, 0; and m; be the mean, standard deviation and median of
X, respectively. It is enough to show that for ¢ = 1, 2 we have m; > r;; then
with positive probability we have X; > r; for ¢ = 1, 2. Now, the mean of X; is



wi = rp2, and the variance is given by

o= > P(erand ey € Eg(V;)) — P(er € Ea(Vi))P(ez € Ea(Vi))
e1,e2€E(G)
=r(p} —p}) + Y _ da(v)(da(v) — 1)} —p})
veV

2r
<r(p} —p}) + —n(n - (p} - py)

<r(p —pi) +2rn(p; - p;)
=rp? + 2rnps —r(2n + 1)p?.

Now, the mean and the median of a random variable differ by at most the
standard deviation, and so

mi 2 i — 0y

> 7"pl2 - \/rpf +2rnp? —r(2n + I)p;l

> .
This proves the claim. O
We shall apply this in a specific case. If r = an, and r; = a;n for i =1, 2,
then p; = %, and to satisfy the condition of Lemma [3] we need

a;n < anp? — \/anpf + 2an?p? — an(2n + 1)p}.

Since n > a, it is enough that for i =1, 2,

ai < ap? = \[p? + 2ap} — 2apt. (1)

This holds for large enough a, proving the following corollary — this is the form
of the result which we shall need in our proof of Theorem [Il

Corollary 4. Define a function m’ : RT x Rt — R* by letting m'(a1, az) be the
least real a such that with p; = %@ the equation (@) holds for i € {1,2}.

Then for all positive integers n,

m(n,ain,asn) < m'(ai,az)n.

2.2 Dominating sets

Next, we quote a bound on the total k-domination number of a graph with
minimum degree at least . For a graph G = (V, E), the total k-domination
number of G, v£(G), is the cardinality of the smallest vertex set D C V such
that |[Ng(v) N D| > k for each vertex v € V. The following theorem was proved
by Henning and Kazemi [g]:



Theorem 5. Suppose G is a graph with minimum degree 6 > k, and 0 < p < 1.

Then
k—1
W(G) < n (p +> (k=) (f)pi(l - p)‘”) .
i=0

To sketch the proof of this theorem, for each vertex v we first fix a set .S, of
0 neighbours of v. Then, we select a random subset R of the vertices of G by
taking each with probability p. For each vertex v which has i < k members of
S, in R, we add k — ¢ of its neighbours to R. The result is a k-dominating set,
whose expected size is at most the bound in Theorem

For positive integers k and §, let z(k, ) be the least real number s so that if
a graph G = (V, E) has minimum degree at least § we have 7} (G) < s|V|. For
fixed k and § large, the best bound on ~{(G) is given when p = 29(1 + o(1)),
which gives a bound on v£(G) < ™22(140(1)) — and so z(k,§) < B2(1+0(1)).

2.3 Colouring graphs modulo &

In this subsection we prove four technical lemmas on colouring graphs modulo
k for some integer k. These lemmas will be important in our proof of Theorem
[ where we shall often ensure that the induced sums at various vertices of a
graph differ modulo k. Before we embark on the proofs of these lemmas, we
introduce some terminology for colourings of graphs.

Given a graph G = (V, E), an edge subset E; C E with a colouring f : Ey —
N, and a vertex colouring g : V — N, we define the partial sum of a vertex v to

be
st =g+ > fle).

vEecFy

Now, for a vertex set S C V and integers k and ¢, we define

n(G,f,g,S,k)(i) = |{v €S: S(G)ﬁg)(v) =1 (mod k)}|

In both these definitions, if the graph G is clear from context it will be omitted.
The next lemma is a simple result which will allow us to colour a graph G
consisting of isolated edges so that the vertex sums s(q,y,q)(v) are not 0 or 1
modulo k, and don’t take any other value modulo k too often. This result will
be used to prove Lemma [7] which is an equivalent lemma for a general graph.

Lemma 6. Let k be an odd integer with k > 5. Suppose that G = (V, E) is a
graph consisting only of isolated edges. Then for any colouring g : V — N, there
exists a colouring f : B+ {0,...,k — 1} such that

1. G, 1,9,v,k)(0) = 1(G 1,9,v,0) (1) =0,

2. for each 2 <i<k—1, n,pqve() < |V|/(k=3)+k+1.

Proof. Let the edges of G be {ej,...,e,}, and write e; as v;1v;2, such that
g(vi1)—g(vi2) = a (mod k) for some 0 < a < (k—1)/2. Thenfora € {0,...,(k—



1)/2}, let G, = (V,, E,) be the graph consisting of those edges of G for which
g(vi1) — g(vi2) = a (mod k). We shall label each E, separately.

Let H, be the graph on vertex set {0,...,k—1} given by joining two integers
if they differ by a modulo k. In the case a = 0, we allow H, to have loops.
Then we choose a colouring f, : E, — {0,...,k — 1} by choosing a function
fi + Eq — E(H,). If e; € E, and fl(e;) = {u,u + a}, we set fq(e;) so
that sq, f..9)(vi1) = w4 a (mod k), and s(q, f,.q)(vie) = u (mod k). Then
NG, fa,g,V,k) (1) 15 the number of edges of E, such that f;(FE,) contains i.

Let H! be the graph H, \ {0,1}. Since k is odd, the components of H,
are odd cycles (including 1-cycles if a = 0), and so the components of H), are
odd length cycles, paths with an even number of vertices, and at most one path
with an odd number of vertices. We pick some (not necessarily distinct) edges
of H! in each component as follows. For an odd length cycle, we pick every edge
once. For a path vy ...v9; on an even number of vertices, we pick each of the
edges v9;_1v9; twice for 1 < ¢ < k. For a path vy ...vo;41 on an odd number
of vertices, we again pick each of the edges vo;_1v2; twice for 1 < i < k. Then
we have picked at least k — 3 edges of H!, such that each vertex appears in
at most 2 of them. Let these edges be e],...,e;. Then we define the function
fi + Eq — H, to have its image in the set {e],...,e}}, taking each element in
this set at most |E,|/t + 1 times. With f, defined from f/ as above, we have

L (G farg.Va k) (0) = NG a9,V k) (1) = 0,
9. foreach 2 < i < k-1, nig, 1. gvim (i) < 2(|Eal/t+1) < Val/(k—3) +2.

Our colouring f of E(G) is defined by f(e) = fa(e) for e € E,. Then for all
0 <i <k —1 the colouring f satisfies
(h—1)/2
NG, f,g.v k) (1) = Z NG farg:Vark) (1)
a=0

For ¢ = 0 or 1, this sum is zero, and for 2 < ¢ < k — 1 the sum is at most

(k—1)/2
S WVal/(k=3)+2=V|/(k=3)+k+1,
a=0

as required. O
Our next lemma concerns colouring the edges of a graph with no isolated
vertices to achieve certain values for the n(g, ¢4, 5,x)(7) on some set S — this will

be used to prove Lemma[8 The worst case is the one we have already addressed
in Lemma [ when G consists only of isolated edges and S = V.

Lemma 7. Let k be an odd integer with k > 5. Suppose that G = (V, E) is a
graph with no isolated vertices, with S C V. Then for any colouring g : V +— N,
there exists a colouring f : B+~ {0,...,k — 1} such that

1. n(5,9.5k)(0) =nfg.5m (1) =0,



2. for each 2 <i <k —1, ngsgsr)() <|S]/(k—=3)+k+2.

Proof. Let G1, ..., Gy, be the components of G, ordered such that for some r
we have Gy, ..., G, € S, and G,41,..., Gy £ S. For each 1 < i < r, ¢; be
any edge in E(G;). Let V' = S\ |J;_, ;. Then we claim that for any function
t: V' — N there is a colouring f’': E'\ {e1,...,e,} — {0,...,k — 1} such that
for each v € V' we have s g)(v) = t(v) (mod k).

Indeed, to construct such a colouring f’, it is enough to construct it for each
component G;. If i > r, let T be any spanning tree of G;, and colour E(G;)\ T
arbitrarily. Now, fix a vertex vy € G;\ S, and colour the edges of T' by removing
a leaf v # vy from T and colouring the corresponding edge of T', such that if
v € S then the total sum s,/ gy(v) is equal to t(v) modulo k. If i < r, we
proceed similarly, but this time we must ensure e; € E(T). We now colour
E(T)\ {e;} by removing leaves v which are not in e; from 7', and colouring the
corresponding edge of 1" such that s s/ 4)(v) = t(v) modulo k.

Using this, we choose f': E\ {e1,...,e;} — {0,...,k— 1} so that the sums
5(G.f,q)(v) for v € V' are not congruent to 0 or 1 modulo &, and are distributed
as evenly as possible among the congruency classes in the set {2,...,k — 1}
modulo k. In particular, for any 2 < i < k we have ng, /g v/ 5y < [V'[/(k —
2)+ 1.

We shall set f to be equal to f’ on E'\ {eq,...,e,}; it remains to colour the
e; for 1 < i <r. We do this using Lemmal[fl Let G’ be the graph consisting only
of the isolated edges e;, and for v € V(G') let ¢’ be the function s(g, ¢ 4)(v). We
apply Lemma [ to the graph G’, with the vertex colouring ¢g’. This guarantees
us a colouring f” : E(G") — {0,...,k — 1} of the edges e; such that

1. n(G’,f”,g’,V(G’),k)(O) == n(G’,f”,g’,V(G’),k)(l) = O,
2. for each 2 S 7 S k — 17 n(G’,f”,g’,V(G’),k) (Z) S |V(GI)|/(k - 3) + k + 1.

We set f to be equal to " on E(G’), and f’ otherwise. For a vertex v € V(G’)
we have s(q,1,)(V) = s, 17,9) (V) + 57, p7,0) (V) = 561, ¢y (v) by the definition
of g'. For a vertex v ¢ V(G'), we have s(q. 1,4)(v) = 5(a,f.4)(v), since f” labels
no edge which includes v. Hence for 0 < i < k — 1 we have

NG, f,9,5.k) (1) = G, 1,9,V (@), k) (1) + (G, f,9,v7 1) (1)
= n(Glﬁf//yg/_rv(G/%k) (Z) =+ n(G_’f/ygyvlﬁk) (l)

From our conditions of f” and f’, if i = 0 or 1 we have n(qg f4.5) (i) = 0, and
otherwise we have

@G t.9,50) (1) < V(G)/(k=3) +k+1+|V'|/(k=2)+1 <|S|/(k=3)+k+2,
as required. O

This allows us to prove a lemma about labelling the edges of a graph G with
a vertex partition V3 U Vo, so that for ¢ = 1, 2 the sums at vertices in V; are
not equal to 0 or 1 modulo %;, and there are not too many of these sums in any



congruency class modulo k;. This lemma will be needed in Section Bl To prove
the lemma, we shall consider a spanning subgraph H of G. Starting with a
near-arbitrary labelling of E(G), we shall first switch the labels on the edges in
E(H) with some labels on edges in V4, to fix sums of vertices in V3 modulo k.
We shall then switch the labels on the edges in E(H) with some labels on edges
in V7, to fix sums of vertices in Vo modulo k2, while not affecting our labelling
modulo k1. For each of these steps, we shall invoke Lemma [7l

Given subsets A and B C V(G), we denote by Eqg(A) the set of edges of G
contained in A, and Fg(A, B) the set of edges of G which can be written ab
with a € A and b € B.

Lemma 8. Let k1 and ko be coprime odd integers, both at least 5, let G =
(V, E) be a graph with no isolated vertices, and let L be a set of integers of size
|E|. Suppose that there exists a partition of V into vertex classes Vi and Vs
such that |[Eq(V1)| > (kiks + 1)|V|, and |Eq(V2)| > (k1 + 1)|V|, and that L
contains at least |V| — 1 labels in each congruency class modulo kiks, and at
least (k2 + 1)(|V| — 1) labels in each class modulo k1. Then for any function
gV — N there exists a bijective labelling f : E — L such that

L 1@, 1,9.v1, k) (0) = G, 19,1 81) (1) = 0,
2. fO’f’ each 2 S ) S kl - 1, n(G7f)g)V17k1)(i) S |‘/1|/(k1 - 3) + kl + 2,

3. 1(5,9.V2,k2)(0) = (G 1,9,V k2) (1) = 0,
4. fO’f’ each 2 S ) S k2 - 1, n(G7f)g)V27k2)(i) S |‘/2|/(k2 - 3) + kg + 2.

Proof. First, let H be a minimal spanning subgraph of G with no isolated
vertices — so we have |E(H)| < |V| — 1. Now, let A; be a subset of Eg(V1) \
E(H), and Aj a subset of Eq(V2)\ E(H), containing k1ks| E(H)| and ki |E(H)|
edges respectively; these exist because |Eq(Vi)\E(H)| > kik2|V| > kiko|E(H)|,
and similarly for V5. We label A; and As injectively from L such that for each
i € {0,...,k1ky — 1} there are |E(H)| edges in A; with labels congruent to i
modulo k1k2, and for each i € {0,...,k1 — 1} there are |E(H)| edges in A
with labels congruent to ¢ modulo k;. There are enough labels of L in each
congruency class to do this by our restrictions on L. Next, we assign the other
labels in L injectively but otherwise arbitrarily to E \ (A; U A2) — let the
resulting bijective labelling from E to L be fs.

Now, we define g» : V' = N by g2(v) = 5(G,£,,9)(v) = Xpecenm) f2(€) —
that is, s(g, f,,9)(v), but ignoring the labels of edges in H. Applying Lemma
[ to the graph H, with S = V4, k = k1, and g = g gives us a colouring
/' E(H)— {0,...,k1 — 1} such that

Lonqr, 7,92, v 00) (0) = n(ap7,g2,v1 k) (1) = 0,
2. for each 2 S 7 S kl — 1, n(H)f/’gz’thl)(i) S |‘/1|/(k1 - 3) + kl + 2.

We use this colouring f’ to define a new bijective labelling f1 : E — L as follows.
For every edge e € E(H), we choose an edge a(e) € Az such that fa(a(e)) =



f'(e) (mod k1). We choose the a(e) to be distinct — this is possible, since for
eachi € {0,...,k1—1} there are |E(H)| edges ¢’ € As with fa(e’) =i (mod kq).
Now, for each e € E(H), we set fi(e) = fa(a(e)), and fi(a(e)) = f2(e), and for
edges not in E(H) or the image of a we set fo = f.

To construct this colouring from fs, we have taken some pairs of edges, with
no edge appearing in two pairs, and swapped the labels on each pair. Hence
the labels used by f; are exactly the same as those used by f2, and so f; is a
bijective labelling from E + L. By our choice of g2, 5(G.,f,,9)(V) = S(#1,§7,92) (V)
(mod k) for each v € V4, and so f; satisfies Conditions [[] and ] of the lemma.

We proceed similarly to change the sums at vertices of Vo modulo ks —
but this time we shall also ensure we do not change the labelling modulo k;.
We define g1 : V = N by g1(v) = s5(G,1,,9)(v) — ZUEeeE(H) fi(e). Applying
Lemma[7 to the graph H, with S = V5, k = ko, and g = g1 gives us a colouring
1" E(H)w— {0,...,k2 — 1} such that

L. n(H,f”,gl,VQ,kz)(O) = n(va”,gth,kz)(l) =0,

2. for each 1 S 7 S kQ — 1, n(H,f”,g1,V2,/€2)(i) S |‘/2|/(k2 — 1) + kQ + 2.

We use this colouring f” to define a new bijective labelling f : E — L as
follows. For every edge e € E(H), we choose an edge a(e) € A; such that
fi(a(e)) = f"(e) (mod k2), but now we also insist that fi(a(e)) = fi(e) (mod
k1). We choose the a(e) to be distinct — this is possible, since for each i €
{0,...,k1ke — 1} there are |H| edges ¢’ € A; with f1(e/) =i (mod k1k2). Now,
for each e € E(H), we set f(e) = fi(a(e)), and f(a(e)) = fi(e), and for edges
not in E(H) or the image of a we set f = fi.

As before, to construct f from f;, we have taken some pairs of edges and
swapped the labels on each pair, and again no edge appears in two pairs. Hence
the labels used by f are exactly the same as those used by f1, and so f is also a
bijective labelling from E — L. By our choice of g1, 5(c,1,9)(v) = 5(a,f7,4,) (V)
(mod k2) for each v € V3, and so f satisfies Conditions Bl and @l of the lemma.
Since the labellings fi; and f are identical viewed modulo k;, f also satisfies
Conditions [[l and O

The final lemma of the section is another simple technical lemma, which
concerns labelling a graph with a vertex partition; this lemma will be used in
Section Bl The proof is similar in style to that of Lemma [7}

Lemma 9. Let k; and ko be integers with ki > 5. Let G = (V, E) be a graph
with a vertex partition into vertex sets A and B, and let B’ be a set of vertices
contained in B. Suppose that every vertex in A has at least two edges to vertices
in B, and that every vertex in B’ has at least one edge to a vertex in A. Suppose
further that L is a set of at least |E| + k1k2(2|A| + |B’|) integers, containing
at least 2|A| + |B’| representatives of each congruency class modulo kiko. Then
for any functions g : V. — N and t : A — N, there is an injective labelling
f: Ew— L such that

1. for each v € A, 54,4 (v) =t(v) (mod k1k2),



2 1(5,9,8 k1) (0) = n(s.g,87 1) (1) = 0,
8. for each 2 <i < ki —1, ngs g p k(@) < |B'[/(k1 —4) + 2k — 3.

Proof. Let E' C E be a set of edges which contains at least 2 edges to B from
every vertex of A, and at least 1 edge to A from every vertex of B’, and has
at most 2|A| + |B’| edges. Let G’ be the graph (V, E’). Also, let L' C L be a
set of k1ka(2|A| 4 |B’|) labels, with 2|A| + |B’| labels in each congruency class
modulo kike. Let f/: E\ E' — L\ L’ be an arbitrary injective mapping; such
a mapping exists, as |L| > |E| + [L'[. For v € V, let ¢'(v) = s(c f,)(v).

Now, L’ contains 2|A| + |B’| labels in each congruency class modulo kiks,
whereas E’ contains at most 2|A| 4 |B’| edges, so we can label E’ however we
wish modulo k; ke while labelling injectively from L’. Hence to label E’ we first
define a colouring f : E' — {0,...,k1ks — 1}, and then assign labels of L’
injectively to agree with f; modulo k1ks. Let the components of G’ be G, ...,
G, ordered such that for some r we have G, ..., G, C AUB’, and G, 4,.. .,
G, Z AUB'. For each 1 < i <r, select a vertex a; € AN G, and two vertices
bi1 and bjz € B’ N G} which are neighbours of A in G’. Let

V' =(AuB)\ U {ai, bi1, b2}

1<i<r

Then we can colour E'\ | J; o, <, {@ibi1, a;bi2} such that the vertices in V' receive
any specified sums modulo k1kz. We do this similarly to in the proof of Lemma
[t we take a spanning tree T; for each component G of G’, and when i < r
ensure that the path b;1a;b;2 is contained in 7;. We colour the edges not in
some T; arbitrarily, and then remove leaves which are not in {a;, b;1, b2} from
T;, colouring the corresponding edges so that every vertex v € V' receives the
desired sum modulo k.

Using this, we choose a colouring f;, : E'\|UJ;<;<,{aibi1, aibia} — {0, ... k1ka—
1} such that vertices v € V' N A receive sum congruent to ¢(v) modulo k;ks,
and vertices v € V' N B’ receive sums which are not congruent to 0 or 1 modulo
k1, and are split as evenly as possible between the congruency classes in the set
{2,...,k1 — 1} modulo k;. For our final colouring fx, we shall take f; = f; on
the domain of fj.

At this stage, the uncoloured edges consist of r independent copies of Ps,
bi1a;b;o, with a; € A and b;1, bjs € B'. However we colour the edges b;;a; and
bioa;, we shall have

S(frrg') (0i1) 8 (py,00) (0i2) =285, ) (i) = (g7 .91y (bin) +5(s7 ) (biz) =25(f7 gy (ai),

and so the constraint that sy, o(a;) is congruent to ¢(a;) modulo kko leads
to a constraint of the form sy, ) (bi1) + 55, ¢ (biz) = m; (mod kikz) for some
m; € {0,...,kika — 1}. For each j € {0,..., k1 — 1}, let I; C{L,...,7} be the
set of those i with m; = j (mod k1), A} be {a; : i € I;}, Bj be U, ¢ {bi1, bz},
and E; be Uielj {a;bi1, a;bi2}. We shall colour the edge sets E; independently
of each other.
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Writing I; = {i1,...,4s}, we wish to pick the colours of the edges a;,b;,1
and a;,b;,2. Let £ = ¢ (mod ky —4), where ¢ € {1,...,k1 —4}. Then we colour
ailbill and ailbieg so that S(fk,g’)(aie) = t(aie) (HlOd kle), and S(fk,g’)(bill) =d
(mod k), where d is the ¢! element of the set {0,...,k —1}\{0,1,5,7 — 1}.

With this colouring, we have s, o (bi,2) = j—d (mod k), and in particular
5(f4,9") (big2) is not congruent to 0 or 1 modulo k;. Also, for k& — 4 consecutive
members of I;, we have k — 4 pairs (b;,1,b;,2). Of these, exactly one of the
bi,1 has s(y, )(bi,1) congruent to each element of {0,...,k—1}\{0,1,5,5—1}
modulo &, and the same holds for the b;,2. Hence the n(fk,g’,B]/.,kl)(i) satisfy

1. n(fk)g/)35_7k1)(i) =0forallie {0, 1,j — 1,j},
2. n(fg, Bk (1) S |Bjl/ (k1 —4) + 2 forall 1 <i < ky, i ¢{0,1,5— 1,5}

Then for any 2 < a < k1 — 1, s, o,/ ky)(a) is at most

V'OB|/(k—2)+1+ > (IBj|/(ky —4) +2) < |B'|/ (ks — 4) + 2k1 — 3.
0<j<ki—1,
j¢{a,a+1}

Taking any injective labelling f : E — L which is equal to f’ on E \ E’ and
agrees with fr modulo kiks on E’, f satisfies the conditions of the lemma;
indeed for all v in AU B’ we have s(g 1,4)(v) = 5(a,f,,¢) (mod kikz), so the
properties we require for f follow from those we have proved for f. O

3 Reduction to a minimum degree problem

In this section, our aim is to reduce the problem of producing an antimagic
labelling for a graph with large average degree to a similar problem for a graph
with large minimum degree. To do this, we must first recall the notion of the
r-core of a graph. The r-core of a graph G = (V, E), which we denote V., is
the largest set of vertices such that every vertex v € V. has |Eq({v}, V.,)| > r.
The r-core of G can be obtained by successively removing vertices of G with
degree at most r — 1; this shows that the subgraph of G induced by r-core of G
contains all but at most (r — 1)|V '\ V.| of the edges of G.

To label a graph G = (V, E) with large average degree, we shall pick appro-
priate integers § and k. Defining V; to be the §-core of G, and Vo = V' \ V1, we
shall first label Eg(Vp, V), so that the sums at vertices of Vj are all divisible by
k, and none are equal. We shall then label E¢ (V1) so that the sums at vertices
of V1 are not divisible by k, and none are equal — this gives us our antimagic
colouring. For the first stage, we need the following lemma:

Lemma 10. Let k be an odd positive integer, let G = (V, E) be a graph, and
let Vo and Vi be vertex sets partitioning V. Then there is a colouring f :
Ec(Vo,V) = {0,...,k — 1} so that s(s0)(v) is divisible by k for every vertex
v € Vo, and each colour is used at most |Eq(Vy, V)|/k + |Vo| times.
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Proof. 1t is enough to prove the lemma for a connected graph; indeed, for a
general graph we can simply apply the lemma to each connected component.
We split the proof into three cases. Firstly, if V; is non-empty, let F' be a
forest with edges in Eg(Vp, V) which spans Vj, and has exactly one vertex of
V1 in each component. We colour E¢(Vo, V) \ E(F') as evenly as possible with
{0,...,k—1}, and otherwise arbitrarily. Then there is some colouring of F such
that the overall sum at every vertex in Vj is divisible by k; we can obtain such a
colouring by succesively removing leaves v of F' which are in Vj, and colouring
the corresponding edge to ensure the sum at v is divisible by k.

Secondly, if V; is empty and G is not bipartite, let G’ be any connected
subgraph of G which spans V and has exactly one cycle C, which is of odd
length — so G’ has |V| edges. We colour E \ E(G’) as evenly as possible with
{0,...,k — 1}, and otherwise arbitrarily. Then we claim that there is some
colouring of E(G’) so that the overall sum at every vertex in V is divisible by
k. We obtain this colouring by succesively removing degree 1 vertices v from
G’, colouring the corresponding edges to ensure the overall sum at v is divisible
by k. We do this until we are left with only the odd cycle C'; we now need to
colour the edges of C' so that every vertex on it has sum divisible by k. If the
cycle is of length r, this is equivalent to solving a system of equations

a1 + as = bl (HlOd k)
az + az = b2 (HlOd k)

ar+a; =b, (mod k).

Here, the a; correspond to the colours being given to the edges of the cycle C,
and the b; to the remaining sum needed at the vertices of C' to bring the sum to
0 modulo k. Since r and k are both odd, this system of equations does indeed
have a solution.

Finally, suppose V is empty and G is bipartite, with vertex classes A and
B. Let T be a spanning tree of G, and vy any vertex of G — say vy € A.
We colour E \ E(T) as evenly as possible with {0,...,k — 1}, and otherwise
arbitrarily. Then there is some colouring of T such that every vertex in V' other
than vy has induced sum divisible by k; as ever, we obtain such a colouring
by succesively removing leaves of T" and colouring the corresponding edge. Let
f be the colouring f : E + {0,...,k — 1} this gives. Since ) . 5(s0)(v) =
Y wen 51,0 (V) = > .cp f(e), the induced sum at vy is also divisible by k.

In each case, we have coloured all but at most |Vy| of the edges of Eg(Vp, V)

as evenly as possible with {0,...,k — 1}, and then coloured the remainder in
some specified way. Hence each of the colours {0,...,k — 1} is used on at most
|Ec(Vo, V)I/k +[Vol edges. O

Now we are in a position to prove a lemma which allows us to label Eg(Vp, V)
so that the sums at vertices in Vj are distinct, and all are divisible by some
integer k.

12



Lemma 11. Let § and k be odd positive integers, and let G = (V,E) be a
graph with no isolated edges and at most one isolated vertex, with d-core Vi and
Vo =V \Vi. Let L be an interval of N of length at least (§ — 1+ 3k)|Vo|. Then
there is an injective labelling f : E(Vo,V) w L such that the sum s(y)y(v) is
divisible by k for each v € Vo, and s(4,0y(v1) # 8(f,0)(v2) for distinct vertices vy
and vo in V.

Proof. By Lemma[I0lwe can choose a colouring fi : Eq(Vp, V) — {0,...,k—1}
such that every vertex v € Vj has sy, o)(v) divisible by &, and each colour is
used at most |Eq(Vo, V)|/k + |Vo| times. Now, we label E¢(Vo, V) with labels
from L, stepping through the edges in any order. Let Fg(Vo, V) = {e1,..., e}
For 0 < i < r we define a labelling f*: {e1,...,e;} — L, by setting f* = f=! on
{e1,...,e;_1}, and setting fi(e;) = [ for some label [ that obeys the following
conditions:

1. lisin L, and | = fi(e;) (mod k),
2. 1 is not in the image of fi~1,

3. ifv e Vyand v € e, s(pi-1,0)(v) +1 # 5(5i-1,0y(v") for any v € Vy with
v ¢ e;.

We claim that there is always a label which obeys these restrictions. Indeed,
for 0 <7 < k—1let L; be the set of labels in L which are congruent to 4
modulo k. We wish to label e; with a label in Ly, (e Since fi uses each
colour at most |Eq(Vp,V)|/k + |Vo| times, the second condition rules out at
most |Eq(Vo, V)|/k+|Vo| —1labels in Ly, (,). The third condition applies to at
most 2 distinct vertices v, and for each rules out at most |Vy| — 2 labels. Hence
the total number of labels in Ly, (.,) which violate one of these two conditions
is at most

|Ea(Vo, V)I/k+ Vol = 1+ 2(IVo| = 2) < [Ec(Vo, V)I/k+3[Vo| — 1.

On the other hand, since V; is the complement of the §-core of G, |Eq(Vp, V)| <
(6= DIVol. Hence |L| > |Ec(Vo, V)| + 3|V, and so |Ly, )| > |Ee(Vo, V)| /k +
3|Vo| — 1. So there is some label [ which we can use at e.

Let the labelling this process gives be f = f". Since f agrees with f; modulo
k, every sum sy )(v) is divisible by & for v € Vy. For v # vy vertices of Vg, let
e; be the last edge incident with exactly one of v; and vy to be labelled; such
an edge exists since G has at most one isolated vertex and no isolated edges.
When e; is labelled, Condition Blon f7(e;) guarantees s( i 0)(v1) # $(57,0)(v2),
and hence s(5,0)(v1) 7# 5(¢,0)(v2). O

This enables us to give a lemma which is sufficient for graphs with large
average degree to be antimagic; Sections @ and [l will be devoted to the proof
of this lemma. Given a graph G = (V, E) and a function g : V — N, we call a
colouring f : E — N g-antimagic if sy g (v1) # 8(s,4)(v2) for distinct vertices
vy and vg in V.
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Lemma 12. Let ki and ko be sufficiently large odd coprime integers. Then there
are constants ¢ = c(ky, ko) and § = 6(k1,ke) such that if G = (V, E) is a graph
with minimum degree at least 6, L is a set of integers of size |E| containing
{1,...,c|V]}, and g is a function g : V — N, then there exists a g-antimagic
bijective labelling f : £+ L such that no vertex in V has induced sum sy, 4)(v)
divisible by kiks.

In fact, the truth of this lemma for a single pair of integers ki and ko is
sufficent to prove Theorem [l For integers a and b, we define [a, b] to be the set
{neN:a<n<b}.

3.1 Proof of Theorem [Il from Lemma

Suppose that Lemma [I2 holds for some k; and ko, with constants ¢ = ¢(k1, k2)
and & = 6(k1, k2). Then we claim that Theorem [I holds for

do = 2H1&X(C, 0—1 + 3k1k2) (2)

Indeed, given a graph G with average degree at least dy, let V7 be the §-core of
G and Vy = V' \ V4. Now, apply Lemma [ITl to the graph G, with k = k1ks and
the label set L' = [|E| — (6 — 1 + 3k1k1)|Vo| + 1, |E|]. This gives us an injective
labelling f1 : E(Vo,V) = L', so that s f0)(v) = 0 (mod kikg) for each
v e Vo, and s 1,,0)(v1) # 5@, f,0)(v2) for vy and ve distinct vertices in V. We
define L = [1, |E|]\ f1(E(Vy, V)); so certainly [1,ndy/2— (6 —1+43k1k2)|Vo|] C L.
Also, note that

ndy/2 > nmax(d — 1 + 3k1ka, ¢)
> (5 -1+ 3k1]€2)|VO| + C|V1|.

Hence L contains [1,¢|V;|], and we can apply Lemma [[2] to the integers ki and
k2, the graph G’ = (Vi, E¢(V1)) and the label set L. The function g we use is
9(v) = s, f,,0)(v) for v € V1. So from the conclusion of Lemma [I2} there exists
a g-antimagic bijective labelling fo : Eg(V1) — L, so that no vertex in V; has
5(G, f2,9) (V) divisible by kiks. We define the labelling f : E — [1,|E[] to be
equal to f1 on Eg(Vh, V) and equal to fo on Eg(V1). Note that f is a bijective
labelling from E to [1, |E|]; indeed, f; is bijective from E(V, V) — f1(E(Vo, V),
and fy is bijective from Eg(Vi) — L = [1,|E|]\ fi(E(V,V)).
Now, for v € V; we have

5(G,1,0) (V) = 8(G1,£,,0) (V) + 86, 11,0 (V) = S(G7, £2,9) (V),

so the sums s, 1,0y(v) for v € V; are distinct and not divisible by k;ko. Also,
v € Vo we have 5(g,1,0)(v) = 5(c,f,,0)(v), as fo labels no edge incident with v,
so the sums s 10)(v) for v € Vy are distinct and divisible by ki1kz. Hence
s(G.5,0)(v1) # 5G,1,0)(v2) for vy and vy distinct vertices in V, and so G is
antimagic.
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4 A partition of a graph with large minimum
degree

Now we shall begin the proof of Lemma Given a graph G = (V, E) with
large minimum degree, Lemma [[3] shows that we can pick some vertex disjoint
stars in G with a large edge set, such that removing these stars leaves many
edges in G. We use this to prove Lemma [T4] which guarantees we can partition
V and F into a certain form. In Section [} we shall show that a graph in this
form satisfies the conclusions of Lemma

We define a star to be a graph S = (V, E) on at least 2 vertices with a
distinguished vertex ¢ such that £ = {cv : v € V' \ {c}}. The vertex c¢ is called
the centre of S. A star forest is just a collection of vertex-disjoint stars. Also,
recall that in Subsection 22 z(k, ) was defined as the smallest real number s
such that any graph with minimum degree § and n vertices has a set of at most
sn vertices with at least k edges to every vertex of G.

Lemma 13. Let §, n and r be positive integers with r < nd/2 and 6 > 5. Let
G = (V, E) be a graph with minimum degree at least 6 and |V| = n. Then there
exists a star forest Fg C G such that the following hold:

1 |[Ec(V\V(Fs))| >,
2. |E(Fs)| > n(1/2 — 2(5,6) — 2/5) — 1 — /5,

3. There is a set Vi consisting of some of the centres of the stars in Fg, such
that:

o FEuvery vertex in Vi has at least 5 edges to V' \ V(Fg).
o FEvery vertex in G has at least 5 edges to (V \ V(Fg)) U VW.

Proof. Note that if the lemma holds for a graph G, and G is a subgraph of
a graph G’ on the same vertex set, the lemma also holds for G’; indeed, any
choice of Fg and V; which verifies the lemma for G also do so for G’. So it
is sufficient to prove the lemma for graphs G with minimum degree § and no
edges vivy for which v; and ve have degree greater than ¢, since every graph
with minimum degree at least § has a subgraph satisfying this condition; indeed,
such a subgraph can be obtained by successively removing edges between two
vertices of degree greater than §.

Given a graph G = (V, E) of this form, let V; be the set of vertices of degree
4, and let V,, = V' \ V5. Note that Eg(V,) = . Now, let D be a smallest set of
vertices in G with |Ng(V) N D] > 5 for each v € V; since § > 5, D certainly
exists. By the definition of z(k,1), |D| < z(5,0)n. Let Dy = D NV,. We now
give an algorithm for choosing our star forest Fs, as follows:

1. V(0) =V \ D,.
2. Given V(t), let G(t) be the graph (V(t), Eq(V (t))), the graph induced by
G on vertex set V(t). Let Vi(t) = V(¢t) N Vg, and V,(t) = V() N V5.

15



I |Eq(V(t))| < r+n+d, we terminate the algorithm, setting Fs to be
the stars {S1,...,S:} picked so far.

. Otherwise, we pick a star S;11 C G(¢) with centre ¢ty to add to our
star forest. To pick the centre c;41 of the star, if there is an edge vive €
Eq(V(t)) with v1 € V5(t) and vy € Vj(t), we choose any such edge and let
¢t+1 = va. Otherwise, since Eg(V,) = 0, F(G(t)) must contain an edge
v1v2 with both v1 and v in Vi(t); then we choose any such edge and let
Ct+1 = V1.

. To pick the vertex set Ayyq for Siy1, let N = Ngp(cer1) be the neigh-
bourhood of ¢;11 in G(t), and write N = {nq,...,n;}. Letting I’ be
maximal such that |[Eq(V(¢) \ {ct41,n1,...,n0})| > r, we set Aypq =
{et+1} U{ny,...,np}.

. Weset V(t+1) =V (¢)\ As41, and go to Step

Vi

S; in case 1

Figure 1: Picking the star S;

This algorithm is illustrated by Figure [l Now, let Fg be the star forest

defined by this algorithm, and let V7 = V(Fs) N V;,. We claim that Fg and V;
satisfy the conclusions of the lemma. First, in Step [Al of the algorithm note that
since Eg(Vy) = 0 we have N C V;. So the only vertices of Fis which can lie in
V4 are the centres of stars, and so we do indeed have V; being a subset of the
centres of stars in Fg.

Also, since in Step [B] of the algorithm we have N C Vj, all the vertices of N

have degree at most ¢ in G(t). Thus for 1 <i <[ we have

|[Ec(V() \{¢e,n1,...,n:})| > |Ec(V(1))] — n — id,
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and in particular |Eg(V(t)) \ {¢,n1}| > r, sol > 1 and Si41 has at least two
vertices and is indeed a star. Also, if V(Si41) # {ct41} U N, let V(Siy1) =
{¢t+1,v1,...,vr}. Then the degree of vy 41 in G(t) is at most §, and removing
it from G(t + 1) reduces the number of edges in G(¢t + 1) to less than 7, so we
have |[Eq(V(t+1))] <7+ < r+ d + n. Hence we terminate the algorithm on
the next run through, and Sy is the last star chosen.

Now we check the first two conditions of the lemma. In choosing the star
Si+1 from G(t), we ensure that G(t + 1) has at least r edges, so Condition [l is
satisfied. To show Condition [2]is satisfied, let the set of stars produced by the
algorithm be {1, ...,Sy}. Since all the vertices of Ng(;—1)(c;) have degree at
most § in G and hence in G(t — 1), for 1 <¢ < k we have

|[Ec(V(t— 1) = [Ec(V()| < [Ng@—1)(ed)| + (0 = D[V (Se)] = 1)
< n+0|E(SY)].

If t # k, we also have V(S;) = {¢;} U Ng(—1)(ct), and so instead we get
[Ec(V(t—1))| = |Ec(V()] < 6|E(S)].
Hence we have

r+n+6>|Eq(V(k))|

k
= Ec(V(0)| = > (1Ea(V(t = 1) = [Ec(V(#)])
=1
k
> [E| = 8|Ds| = > 0lB(Si)| = n

>nd/2 —onz(5,0) — 0 |E(Fs)| — n.
Rearranging this, we obtain
|[E(Fs)| > n(1/2 — 2(5,6) — 2/6) — 1 —r/4.

This is the statement of the Condition [2] of the lemma. For the final condition,
since D C D, UV, C (V\V(Fs)) UV, every vertex of G has at least 5 edges to
(V\V(Fs)) UV, as required. In the case of a vertex in Vi, these must all be
to V' \ V(Fs) — indeed, V; C V4, and so V; has no internal edges. O

In the next lemma, we use the structure given by Lemma [I3]to find a more
precise structure in a graph G of high minimal degree. Recall that in Subsection
2Im(n,r,72) was defined as the least integer r such that if a graph G = (V, E)
on n vertices has at least r edges, V can be partitioned into subsets V; and V5
such that |Eq(V1)| > r1 and |Eg(V2)| > r2. Note that if n’ < n we have
m(n’,r1,r2) < m(n,ry,re); indeed, if there exists a graph on n’ vertices with r
edges which shows that m(n’,r1,r2) > r, the same graph together with n — n’
isolated vertices shows that m(n,r,re) > r.
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Lemma 14. Let 6, n, r, r1 and ro be positive integers such that m(n,r1,re) +
n<r <én/2, and § > 5. Let G = (V,E) be a graph on n vertices with
minimum degree at least §. Then there exists a star forest Fg, a vertex set Vi
consisting of some of the centres of stars in Fg, and a forest F' such that:

1. Fs CF CG, and F is a spanning forest for G.

NEc(VAV(Fs))| =,

. |E(Fs)| >n(1/2 — 2(5,6) = 2/6) — 1 —r/d,

. every component of F' which is not contained in V(Fs) has size at least 3,

. for all vertices v € V(Fs)\ V1, Eps({v}) = Er({v}),

D N L

. for all vertices v € V\ V1, there are at least 2 edges from v to (V\V(Fs))U
Vi which are not in F,

7. for all vertices v € Vi, there are at least 2 edges from v to V\V (Fg) which
are not in F,

8. VAV (Fs) has a partition into sets Uy and Us such the Eq(U)\E(F) > rq,
and Eq(Usz) \ E(F) > r.

Proof. First, applying Lemma [[3]to the graph G gives us a star forest Fg and a
set V1 consisting of some of the centres of Fig such that the conclusion of Lemma
applies. Next, we shall select the forest F'. We define vertex sets Vj and V3
by Vo =V \ V(Fs) and Vo = V(Fs) \ Vi; so (Vo, V1, V2) is a partition of V.

Let G1 be the graph on vertex set Vo UV7, and edge set Eq (Vo) UEq(Vo, V).
Note that by Condition [ of Lemma 3] G; has minimum degree at least
5. So applying Lemma [ to the graph G; gives us a colouring f : Eg(Vp) U
Ec(Vo, V1) — {1,2} with each colour appearing twice at every vertex. Now, let
G2 be the graph on vertex set Vo UV; with edge set {e € Eq(Vp)U Eq(Vo, V1) :
f(e) = 2}. We define F’ to be any spanning forest for the graph Ga such that
the components of F’ are the same as the components of G5, and F to be the
forest with vertex set V' and edge set E(F’) U E(Fys).

We claim that all the conditions of the lemma except the last now hold. For
Condition [T, we need to check that F' is a spanning forest of G. F' is the union
of a spanning forest for Vy U V;, together with a set of stars which span V5 and
each have at most one vertex in V4. Hence F is a spanning forest for V.

Conditions 2] and Bl follow immediately from the corresponding conditions
in Lemma For Condition [ all vertices in V have at least two edges e in
Ec(Vo) U Eg(Vo, V1) with f(e) = 2, and so are in components of G2, and hence
of F, of size at least 3. Condition [l follows since E(F) = E(F') U E(Fs), and
F’ does not have any edges incident with V5.

For vertices in V5, Condition[flis then immediate from ConditionBlin Lemma
I3 in fact, all vertices v € V5 have at least five edges to Vo U V4, and at most
one of these edges is in F'. Condition [0] also holds for vertices in Vj, since every
vertex v € Vj has 2 edges e to Vo U V4 with f(e) = 1, and these edges cannot
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be in F. Similarly, Condition [7 holds because every vertex v € V5 has 2 edges
e to Vo with f(e) = 1.

It remains only to choose the partition (Uy,Usz) of Vj so as to satisfy Con-
dition B Let G’ be the graph on vertex set Vo, with edge set Eq(Vp) \ F.
Now, Eg(Vp) contains at least » > m(n,ry,r2) + n edges, and F has fewer
than n edges overall, so |E(G')| = |Eq(Vo) \ F| > m(n,r1,r2). Since G’ has
at most n vertices, this guarantees a partion of V(G’) into sets Uy and Us so
that |Eq/(U1)| > r1 and Eg/(Uz) > ro. This partition of V satisfies the final
condition of the lemma, completing the proof. o

Figure 2: The structure of the forest F

5 Edge colouring a graph with large minimum
degree

The aim of this section is to demonstrate an algorithm which, given a graph G

with large minimum degree, uses the partition guaranteed by Lemma [I4] to label

G as Lemma [[2] demands. In fact, we shall prove that Lemma [12] holds for k;

and ko coprime odd integers, both at least 9, with the constant ¢ = 2k1 ks + ks.
For the rest of this section, we fix:

e coprime odd integers k1 and ko, both at least 9,
e an integer ¢,

e a graph G = (V, E) on n vertices with minimum degree at least 9,
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o 71 = (k1ka+1)n, 72 = (k1 +1)n, and r = max(2(k1k2+k1)n, m(n,r1, 1)+
n),

e a choice of Fy, F, V1, Uy and U, to satisfy the conclusions of Lemma [I4]
for §, n, r, r1, 7o and G.

e a label set L of size |E|, containing [1, (2k1k2 + k2)n],
e and a function g : V — N.

To prove Lemma, for k1 and ko with the constant ¢ = 2k1ks + ko, our task
is to show that G has a bijective g-antimagic colouring f : E +— L with no sum
5(4,9)(v) divisible by kiks, provided ¢ is larger than some constant. Before we
begin to label E, as before we define Vy = V' \ V(Fs), and Vo = V(Fs) \ V1.
Also, we define Us to be {v € V : Eq({v},Vo)} C F'}, and we write the stars
of Fg as S1,...,Sk, with centres c1,...,c,. Further, we define a new partition
on the edge set of G as follows:

Ey = Eg(Va, V) \ F,

By = Ea(Vi,VoUVI)\ F,
B3 = Eg(Vo) \ F,
Ey=F\ E(Fs),

Es = E(Fs).

Note that the E; are disjoint, and their union is £. Now we define a partition
of the labels of L as follows:

Ly = [1, kkon] \ {kksi : 1< i < |F|},

Ly = [max(Lq) + 1, max(Lq) + k1k2(2|V1| + |Us|)],

Ls = [max(L2) + 1,max(L2) + (|Vo \ Us| — 1)(k1k2 + k2)],
Ly = {kikoi:1<i<|F|},

Ly =1L\ (LyULy ULy U Ly).

Note that the L; are all disjoint. Also, note that at most half of the vertices in
V1 U V4, are centres of stars in Fjg, since every star has at least one vertex which

is not the centre. Since V; is a subset of the centres of stars in Fg, we have
[Vi| < [V2], and so

max(Ly U Ly U L3 U Ly) = kikon + 2k1ka| V1| + k1k2|Us|+
+ (k1ka + ko) (|Vo \ Us| = 1)
< krkan + k1kao|Va U V| + (kK2 + k2)| Vol
< (2kiks + ko).
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Since [1,en] C L, we have L1 U Ly U L3 U Ly C L. Also, by Condition [ of
Lemma [[4 we have |E3| > (2k1ks 4+ k2)n — |F| > |L1 U Ly U L3|. Hence we have

|Ly|=|L| —|L1 U La U L3| — |Ly4|
= |E| = [L1U Lo U Ls| — |E4| — |E5|
=|F1UEyUE;|—|L ULyU Lg|
> |E1 U Es.
The L; for 1 < ¢ < 4 are chosen carefully, and when we need some control
over the label we use for an edge it will be these sets that are useful. The set

L1 we have no control over whatsoever; we shall use labels from Ly when it is
unimportant what label an edge receives.

Edge

Lemma ; Label set Aim
- Some of I, Centres of stars in V5 have sum equal
E, b to 1 (mod kiken), other vertices
some of L in V5 have sum m (mod kikon)
Vertices in V] have sum equal to
1 (mod kl kQ .
[106] FEs Some of Lo, Ve(rtices in U)g have sum not equal
some of Ly to 0 or 1 (mod k1), and not too
many in any class modulo k;.
Vertices in U \ Us have sum not
i B All of Lg, equal to 0 or 1 (mod k1), and not
3 rest of Ly, Ly, Ly | too many in any class modulo kq,
and similarly for Us \ Us and k.
I8 By Some of Ly Antimagic on Vj
20] Es Rest of Ly Antimagic on centres of stars

Table 1: Strategy for labelling G

Now we are ready to begin labelling . We shall do this by labelling the
edge sets E; in turn. We do this in a series of lemmas; each lemma takes the
labelling guaranteed by the last, and extends it to label another set of edges.
Table [Tl summarises the edges labelled in each lemma, the labels used, and the
aim for the partials sums of the labelling.

To give an overview of the labelling, we shall first go up the graph (as
depicted in Figure ), labelling all edges not in the spanning forest F. Here,
we shall control the partial sums at vertices modulo k1 and ks; as we go up
the graph, we shall be able to achieve less and less precise control over these
sums. Then, we shall come back down the graph labelling F', essentially labelling
greedily to avoid sums being equal. As we get nearer the end, we have fewer
labels to choose from, but our more precise control over the partial sums so far
and the special structure of Fs compensates for this lack of choice.

First we shall label the set Fq, with labels from Ly and L. Our aim here is
that the vertices of V5 receive specified partial sums modulo k1kon; the sums at
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centres of stars will be congruent to 1, while the sums at other vertices will be
congruent to 0 modulo k1 and 1 modulo k3. We can achieve this without much
difficulty, using two edges from a vertex v € V5 to Vp U V; to fix the sum at v.

We define the integer m to be the unique element of {0, ..., k1ko — 1} with
m =0 (mod k1) and m =1 (mod ks).

Lemma 15. There is an injective labelling f1 : F4 — Ly U L such that

1. if v is a vertex of Vo which is the centre ¢; of one of the stars S;, then
5(f1,9)(v) =1 (mod kikan),

2. if v is a vertex of Vo which is not the centre of one of the stars S;, then
S(f1,9)(v) =m (mod kyikon).

Proof. By Condition [(] of Lemma [[4] we can choose a set E; C E; consisting
of two edges from each v € V5 to V5 U Vy. We label all edges in E; \ E{ with
distinct and otherwise arbitrary labels from L. There are enough labels in Ly
to do this, since |Ly| > |E1|. Let f{' : E1 \ Ef — Ly be the labelling this gives
us. Now we step through the vertices of V, in any order, labelling the edges
of B adjacent to each vertex as we come to it. When we come to a vertex v,
suppose the edges at v in F/ are e; and e;. We label e; and es with labels [y
and [, obeying the following conditions:

1. 13 and Iz are not the same as any label already used in the labelling of EY,

2. 11 and Iy are labels of L1,

1 (mod ki1kan) : if v is ¢; for some 1 <1i <k

3. s(pn +h+1l=
S(#1.9) (v) + 1l + 12 {m (mod k1kon) : otherwise.

We claim this is always possible. Indeed, when we reach a vertex v € V3, at
most 2|Va| — 2 labels from L; have been used, so at least

ki1kon — |F| — 2|Vé| +2> (klkg — 3)7’L > klkg’n/2

labels remain, each of which is in a different congruency class modulo kikan.
Hence there are two unused labels [; and [» in Lq satisfying the conditions. Let
f1: E{ = Ly be the labelling this process gives. We define f; to be f{ on Ef,
and f{’ on E;1 \ Ef. Then f; is a labelling of E; satisfying the conditions of the
lemma. O

Next we take the labelling given by Lemmal[I5] and extend it to also label Es.
FE5 will be labelled using labels from Lo and Lp. Our aim here is that vertices
in V; recieve partial sums congruent to 1 modulo kik2, while the partial sums
at vertices of Uz are not congruent to 0 or 1 modulo k1, and there are not too
many in any other congruency class modulo k;. This is achieved using Lemma
[O which precisely guarantees us a labelling of this form.

Lemma 16. There is an injective labelling fo : 1 U Eo — Ly U Lo U L such
that
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1. if v is a vertex of Vo which is the centre ¢; of one of the stars S;, then
5(f2,9)(v) =1 (mod kikan),

2. if v is a vertex of Vo which is not the centre of one of the stars S;, then
8(f2,9)(v) =m (mod kikan),

3. if v is a vertex of Vi, then s(y, o(v) =1 (mod kikz),

4. the induced colouring of the vertices of Us satisfies the following conditions:

a‘) n(fz,g,Ug,kn)(O) = n(fz,g,Ug,kn)(]‘) = 07
b) for each 2 <i < ki —1, ngs, g0,k (@) < |Us|/(ky —4) + 2k — 3.

Proof. First, applying Lemma gives us an injective labelling f1 : Fp —
L1 U Ly satisfying the conclusions of that lemma. Let L. be the set of labels
in Ly which are not in the image of f;. Now, for a vertex v € V, let ¢'(v) =
5(f1,9)(v). Define a graph G’ with vertex set Vo U V) and edge set Ey. Now,
we apply Lemma In the statement of that lemma, we have a graph G,
vertex sets A, B and B’, integers k; and ks, and a label set L; here we use
the graph G’, the sets V4, Vy and Us, the integers k; and ks, and the label
set L' = Lo U Ll.. To check the conditions of Lemma [0 hold, by Condition [7
of Lemma [I4] every vertex in V; has at least 2 edges to V. Since vertices in
U3z have no edges to Vy, by Condition [6] of Lemma [I4] every vertex in Uz has
at least one edge to V4. Since |L| > |Ly| — |E1| > |Ea|, L’ contains at least
|Lo|+|L%| > |E(G')|+4k1k2| A|+ k1| B'| labels. Finally, Lo contains the required
number of labels in each congruency class modulo k; and k1ko, and so Lemma
does indeed apply. We set the function g : V(G’) — N in that lemma to be
g’, and we set the function ¢t : V(G’) — N to be constantly 1. Then by Lemma
there is an injective labelling f} : E5 — L’ such that

1. for each v in V1, s(s;,9)(v) =1 (mod k1k2),

2. n(fg’;g';Us,kl)(O) = n(fé,g/,Ug,kll)(l) =0,
3. foreach 2 <i <k — 1, n(f217g/)U37k1)(i) < |U3|/(I€1 — 4) + 2k, — 3.

Now, we define the labelling fo : E3 U Fy — L1 U Ly U Ly by setting fo = f1
on E; and fo = f) on F5. Since fi does not label any edge incident with Ej,
the properties first two conditions of the lemma follow from the corresponding
conditions for fi. Also, since for all vertices v we have sz, )(v) = 55,4 (v),
the other conditions in the lemma follow from the above conditions on f3.

In the next lemma, we take the labelling given by Lemma [T and extend it
to also label E3. This will be done with the remainder of the sets L1, Lo and
Ly, and the whole of the label set Ls. We define U; = Uy \ Uz and U} = Us \ Us.
The aim is that the partial sums at vertices in U] are not congruent to 0 or 1
modulo k1, and there are not too many in any other congruency class modulo
k1, and similarly for U} and ks. To achieve this we shall use Lemma [, which
guarantees us a labelling to achieve precisely these conditions.
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Lemma 17. There is a bijective labelling f3: EFyUFE;UFE3 — Ly ULy UL3ULp
such that

1. if v is a vertex of Vo which is the centre of a star in Fs, then s(4, y(v) =1
(mod klkgn),

2. if v is a vertex of Vo which is the centre of a star in Fs, then s(4, ¢y(v) =m
(HlOd klkgn),

3. if v is a vertex of Vi, then s(y, o)(v) =1 (mod kikz),

4. the induced colouring of the vertices of Us satisfies the following conditions:

a‘) n(f3,g,U3,k71)(0) = n(f3,g,U3,k71)(]‘) = 07
b) for each 2 <i < ky—1, n(py 90sk) (%) < |Us|/(k1 —4) + 2k1 — 3,

5. for i =1 and 2, the induced colouring of the vertices of U! satisfies the
following conditions:

@) N(f0,9,0180) (0) = gy 9,07, (1) = 0,
b) for each 2 < j <ki—1, ngs, v k) 0) < Ui/ (ki —3) + ki +2.

Proof. First, applying Lemma [I6 gives us an injective labelling fs : By U Ey —
L, U Ly U Lt satisfying the conclusions of that lemma. Let L’ be those labels in
L1ULyUL3U Ly which are not in the image of f2. Note that since |Ey|+|Fs| =
|L4|, we have |L'| = |E3|, and also note Ly C L’. Let ¢’ : V — N be given by
g'(v) = 5(f,,9)(v). We define a graph G, having vertex set Uj U Uy, and edge
set F3. We wish to label F3 with L’ using Lemma[§ In the statement of that
lemma, we have a graph G, odd integers ki and k2, a label set L, and vertex
sets V1 and Va; here we use the graph G, the integers k1 and ko, the label set
L’ and the vertex sets U; and Uj. To show that Lemma [8] does indeed apply,
note that since U] and U} are disjoint from Us, there are no isolated vertices in
G’. Also, Condition B of Lemma [[4] guarantees that Eqg/ (U7) > (kike + 1)n >
(kika +1)|V(G")], and |Eq/ (Us)| > (k1 + 1)n > (k1 +1)|V(G’)|. L' contains at
least as many labels in each congruency class modulo kiks and k; as Lemma [8
requires, since L3 does and L3 C L’. So Lemma [§ applies. We set the function
g : V — Nin that lemma to be g’. Then by Lemma [ there is a bijective
labelling f5 : F3 — L' such that for i = 1 and 2 we have:

Lo ngy,0,07,00)(0) = gy 90,07, (1) = 0,
2. for each 2 S] S kl — 1, n(.fg’,,g'7U,fJ€i)(j) S |UZ/|/(I€Z - 3) + kz + 2.

Now, we define the labelling f3 : £y U Fs U Es — L1 U Ly U L3 U Ly to be
equal to fy on Ey U FEs, and equal to f§ on Es. Since f4 labels no edge incident
with Vi, V5 or Us, the properties we need for f3 on those sets are inherited
from the corresponding properties of fo. Also, for each v € Uj U Uj we have
5(f1,9) (V) = 8(5,9)(v). Hence the conditions we need on the sums in U] and Us
follow from the above conditions on f3. O
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At this stage, only the forest F' remains unlabelled, and the labels E, =
{kika,...,k1k2|F|} remain to label F. In the next lemma, we extend the la-
belling from Lemma [T to label E; as well. This shall be done using some of
the labels from L,. The aim is that the vertices of Vj receive distinct overall
sums; to achieve this we shall use a greedy algorithm. This works because we
have ensured that there are not too many vertices of V{; with partial sums in
any congruency class modulo kiko, and all the labels in Fy are divisible by k1 ks,
so each vertex in V; has a potential conflict with only fairly few other vertices
in Vy. It is at this stage that we shall need § to be large, to guarantee Fj is
large and so that there are always enough labels remaining in L4 to pick an
appropriate one to label an edge.

Lemma 18. Suppose the following equation holds for o:

0 (1/2 —2(5:9) — T —24 oz — 3)) = ®)

> max(2k1ka + ko, m' (kiks + 1,ka + 1) + 1) + 6k1 + 2k + 2.

Then there is an injective labelling fy : E4 U Eo U Es U Eq — L such that:
1. the image of f4 includes Ly U Lo U L3 U L,

2. if v is a vertex of Vo which is the centre c¢; of one of the stars S;, then
S5(fs,9) = 1 (mod kikon),

8. if v is a vertex of Vo which is not the centre of one of the stars S;, then
5(f4,9) = m (mod kikan),

4. if v is a vertex of Vi, then sy, 4)(v) =1 (mod kikz),

5. if v is a vertex of Vo, S(f,.9)(v) is not congruent to 0, 1, or m modulo
kika,

6. for distinct vertices vi and vy € Vo, 5(5,,4)(V1) 7# 5(f,,9)(V2)-

Proof. First, applying Lemmal[l7 gives us a bijective labelling f3 : E1UE;UE3
L1 U Ly U Lg U Ly satisfying the conclusions of that lemma. Now we label Ejy,
using some of the labels from Ly. We do this by stepping through the edges
of E4 in any order, labelling each as we reach it. Let Ey = {e1,...,e.}. We
define labellings f* for 0 < i < r, with f? being a labelling f*: F; U E, U E3 U
{e1,...,e;} — L. For i = 0, we define f to be equal to f3. For i > 1, define f?
by setting f* = f=' on By UFEyUFE3U{ey,...,e;_1}, and letting fi(e;) = [ for
any label [ satisfying the following conditions:

1. [ is in Ly, and not in the image of fi=1,

2. ifv, v € Vp withv € eand v' € e, 5(5i-1 4)(v) + 1 # s(pi-1,g) (V).
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We claim that such a label always exists. When we reach the edge e = vjv2,
there are at least |E5| + 1 edges unlabelled, and correspondingly there are at
least |E5| + 1 labels which obey the first condition. Of these, Condition [ rules
out at most one label for each v, v € Vy with v € e, v' & e and s(yi-1 4 (v) —
s(si-1,9)(v") € Ly. Anupper bound for the number of such vertices is the number
of vertices v in V \ e with sz, 4)(v") equal to s(y, 4)(v1) or s, )(v2) modulo
k1ks, since all labels in L4 are divisible by k1ks. From the conclusion of Lemma
7 the number of such vertices v’ is at most

/! !/
2(kLUjL+2k1—3+%+k1+2+%+k2+2) ~2.
Indeed, the first term in the bracket represents the largest possible number of
vertices v € Uz with s(4, ¢)(v) = 8(f,,9)(v1) (mod k1), the second the largest
possible number of vertices v € Uy with s(g, ¢)(v) = 5(4,,4)(v1) (mod k1), and
the third the largest possible number of vertices v € Uj with sy, 5 (v) =
5(f5,9)(v1) (mod k2). We may subtract 2 because we need not consider the
vertices v1 and ve. So there is a label that obeys the conditions so long as

vsl , Uil , U
ki—4 ki1 —3 ko—3
Assume for now that this equation holds. We define the labelling on f; : Fy U
EyU E3UE, — L to be equal to f7. We claim that f, satisfies the conditions
of the lemma.

The first condition is satisfied, since the image of f4 includes the image of f3,
which is LiULsUL3sUL7. The second and third conditions are guaranteed by the
equivalent conditons for fs3, since F4 has no edge incident with V;. The fourth
and fifth conditions hold for f3, and so also for f4, as Fy is entirely labelled with
labels divisible by k;ks. For the final condition, we claim the restrictions on the
labelling of Es5 guarantee that s(s, ¢)(vi) # S(f,,g)(v2) for distinct vertices vy
and vy in Vp. Indeed, let e; be the last edge incident with precisely one of v,
and vs to be labelled; such an edge exists, by Condition [ of Lemma [[4 The
conditions on the label given to e; guarantee that s s g)(v1) # 8(fi,4)(v2), and
hence s¢, gy (V1) # 8(5,.)(v2)-

To prove the lemma, it remains to check ). From Condition [ of Lemma [T4]
we have

|E5|+122( )+6k1+2k2. (4)

|Bs| = > n(1/2 — 2(5,6) — 2/8) — 1 — /6. (5)

k

U E(s)
i=1
So to check @) holds, it suffices to show that

ol , il 1o
kit —4 ki1—3 ke—3

Now, |Us| + |U{| + |U5| = |Vo] < n, and so to establish (@) it suffices to show
that

n(1/2—z(5,6)—2/6)—r/622< >+6k1+2/€2. (6)

2
min(kl — 4, kg —

n(1/2—z(5,5)— 3 —2/6) —71/6 > 6k +2ky.  (7)
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Rearranging this equation, and multiplying by §/n, (@) is equivalent to

20
min(k1 - 4, k2 - 3)

0/2—162(5,0) — >r/n+ (6k + 2k2)0/n+2.  (8)

However, G is a graph on n vertices with minimum degree at least §, so d/n < 1,

and so for (8] to hold it is enough that

2
min(kl — 4, kz — 3)

5(1/2—2(5,5)— > > r/n+ 6ky + 2ke + 2. (9)

Now, r = max((2k1ks + k2)n, m(n,r1,72) + n); but from Corollary Ml we have
m(n,r1,r2) = m(n, (k1ke + D)n, (k1 + 1)n) < m/(kiks + 1,k + 1)n. So for (@)
to hold it is enough that

2
0(1/2—-2(5,6) — >
</ 2(5,9) min(k1—4,k2—3)) =
ZmaX(2k1k2+k2,m/(k1k2+1,]€2—|—1)+1)—|—6k1—|—2k2+2

This is precisely the assumption of the lemma, and the proof is complete. O

Lemma [I8 leaves only Es5 unlabelled, and the unused labels are a subset of
L4. We wish label E5 so that the sums at the centres of the stars in Fg are all
distinct. To achieve this, we use the following simple lemma:

Lemma 19. Let Sy,..., Sk be vertex disjoint stars with centres cy, ..., cx, let L
be a set of integers of size ‘Ule E(Si)’, and let g be a function g : Ule V(S;) —

N. Then there exists a bijective edge labelling f : Ule E(S;) — L such that the
sums s(¢,q)(c;) are distinct.

Proof. We prove this by induction on k; for k = 1 the result is trivial. For & > 2,
let L={l,..., I} withly <--- <1l,. For 1 <i <kletn; = g(c;) + S\ EEN ;.
Without loss of generality, ny is the smallest of the n;. We label E(Sy) with
{l1,.. ., {|g(s,)|} in any order. By the induction hypothesis, there is a labelling
of Uf;ll E(S;) with the rest of L so that the sums at cy,..., cx—1 are distinct.
Also, for this labelling we have s 4)(ci) > ni > ng = 5(4,9)(cx) for i # k, and
so in fact the sums at the centres of all the stars are distinct. O

Using the labelling guaranteed by Lemma [I§ and applying Lemma [I9 to
label E5, the edge set of the stars in Fg, we show that we can find an antimagic
colouring of G:

Lemma 20. Suppose & satisfies @B). Then there is a bijective labelling f5 :
E — L so that f5 is g-antimagic, and for all v € V we have s, 5 (v) # 0
(HlOd klkg).
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Proof. First we apply Lemma [I8 to G — let f4 : £1 U Es U B3 U E4 — L be
a labelling satisfying the conclusions of that lemma, and let L’ be the labels
not in the image of fy; so L’ C Ly. We have |L'| = |Es|. For a vertex v € V,
let g'(v) = s(4,,9)(v). Now, we apply Lemma [I9 to the stars Sy,...,S; which

make up Fg, and the label set L', with the function ¢’ : Ule V(S;) —» N
for the function g. This gives us a bijective labelling ff : E5 — L’ so that
s(f,90(Ci) # 8(p2,9n(cj) for 1 <i < j < k. Now, let f5 be the labelling given by
faon EyUE,UE3UE, and ff on E5. We claim that f5 is a g-antimagic labelling,
with no sum sy, g (v) divisible by k1ko. Since f5 labels no edge incident with
Vo, and all the labels used by ff are divisible by k1ks, the following conditions
hold from the properties of fy:

1. if v is a vertex of V5 which is the centre ¢; of one of the stars S;, then
5(fs,9) = 1 (mod kqks),

2. if v is a vertex of V5 which is not the centre of one of the stars S;, then
8(f5.9) = m (mod kik2),

3. if v is a vertex of Vi, then sy, oy =1 (mod k1 ks),
4. if v is a vertex of Vp, s(y, 4) is not congruent to 0, 1 or m modulo k1 k,
5. for distinct vertices vy and vo € Vo, 54, ¢)(V1) 7# 5(f5,9) (V2)-

Since by Condition [Il of Lemma [I4] all the vertices of V; are the centres of stars,
all centres ¢ of stars in Fg have sy, 4y(c) = 1 (mod k1ky), and all the other
vertices v in V5 have s(44)(v) = m (mod k1k2), whereas all vertices v in Vp
have s(,4)(v) ¢ {0,1,m} (mod kikz). So it suffices to check that none of these
three sets contain two vertices with equal sums. For two vertices in Vj, this
is the last condition above. For two vertices ¢; and ¢; which are the centres
of stars S; and S;, from our application of Lemma 9 we have sz, 4)(ci) =
(1,90 (Ci) # 8(51.97(¢i) = S(55.9)(cj). For two vertices v1 and v in Vo which
are not the centres of stars, each has exactly one edge in a star, and so we
have sz, 0)(V1) = S(f,.9)(v1) + 11, and s, ) (v2) = S(f,.q)(v2) + [2, for some
Iy # Iy in Ly, and hence in [1, k1kon]. However, from Lemma we also have
5(£4,9) (V1) = 8(f,,9)(v2) =m (mod k1kon). Hence s(4, o)(v1) 7# 5(f5,9)(v2). O

From the bound on z(k,l) given by Theorem [ it is easy to see that (3)

holds for sufficiently large § so long as m < 1/2. This establishes
min(Ki yR2

Lemma for ki, k2 > 9, in which case we can take ¢ to be 2ki1ks + ko and §
to be the minimal integer satisfying ([B]). In fact, it can be calculated that the
best bound on d is achieved when (k1, k2) = (13,11), for which Lemma [I2 holds
with constants ¢ = 2k1ks + ko = 297 and § = 1663. Then from our proof of
Theorem [I] from Lemma [[2] Theorem [1 holds with dy = 4182.
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6 Further Work

In this section, we discuss possible directions for work on antimagic graphs.
The main open question remains the conjecture of Hartsfield and Ringel, that
all connected graphs other than Ky are antimagic. However, Theorem [ does
not require G to be connected, leading us to pose the following question:

Question 1. What is the least real number dy such that any graph with aver-
age degree at least dy with no isolated edges and at most one isolated vertez is
antimagic?

Our proof gives an upper bound on dy of 4182. While there may be room
for decreasing this bound by proceeding more carefully, it seems unlikely that
an approach similar to the one employed here will bring the bound below, say,
1000. For a lower bound, it is easy to see that if G has no isolated vertices and

[EI(E[+1) < [VI(IV]+1)/2, (10)

then G is not antimagic — indeed, the total of the induced sums at all the
vertices is not large enough for the vertex sums to be distinct positive integers.
This gives dy > v/2. We conjecture that in fact any graph with no isolated edges
and at most one isolated vertex not satisfying (I0) is antimagic, and hence that
do = /2.

Another direction arises from the observation that our proof of Theorem [I]
allows us to construct antimagic labellings of graphs G with large average degree
with many more label sets than just [1,|E(G)|]. In fact, we approximately
need one label in each congruency class modulo k1kon, and a further n in each
congruency class modulo k;ks. This leads us to ask whether we could use any
label set. Explicitly, we call a graph G = (V, E) label-antimagic if for any set
L of positive integers with |L| = |E| there is a bijective antimagic labelling
f:E~— L.

Question 2. Is there some constant d; such that all graphs with average degree
at least d; with no isolated edges and at most one isolated vertex are label-
antimagic?
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