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ON THE EXACT DECOMPOSITION THRESHOLD FOR EVEN CYCLES

AMELIA TAYLOR

ABSTRACT. A graph G has a Cj-decomposition if its edge set can be partitioned into cycles of
length k. We show that if 6(G) > 2|G|/3 — 1, then G has a Cy-decomposition, and if 6(G) > |G|/2,
then G has a Cai-decomposition, where k € N and k& > 4 (we assume G is large and satisfies
necessary divisibility conditions). These minimum degree bounds are best possible and provide
exact versions of asymptotic results obtained by Barber, Kiihn, Lo and Osthus. In the process,
we obtain asymptotic versions of these results when G is bipartite or satisfies certain expansion
properties.

1. INTRODUCTION

Let F' and G be graphs. We say that G has an F'-decomposition (or is F'-decomposable) if its edge
set can be partitioned into copies of F'. One of the first results in the study of graph decompositions
was due to Kirkman [I0] who gave conditions for a clique to have a K3-decomposition. His result was
generalised by Wilson [I5] who determined when large cliques have F-decompositions for arbitrary
F. When G is not a clique, the problem becomes more challenging and the corresponding decision
problem is NP-complete [5].

Clearly, every graph which has an F-decomposition must satisfy certain vertex degree and edge
divisibility conditions. There have been many recent developments bounding the F-decomposition
threshold, that is, the minimum degree which ensures an F-decomposition in any large graph
satisfying the necessary divisibility conditions. General results on the F-decomposition threshold
establishing a close connection to its fractional counterpart are obtained in [2] and [§]. Moreover,
[2] determines the asymptotic decomposition threshold for even cycles and [§] generalises this to
arbitrary bipartite graphs. The results in [2] and [8] can be combined with bounds for the fractional
version of this problem in [I] and [6] to obtain good explicit bounds on the F-decomposition
threshold. Corresponding results for the multipartite setting (with applications to the completion
of partially filled Latin squares) were considered in [3], [7] and [13]. The only known exact minimum
degree bound (prior to Theorem was obtained by Yuster [16] who studied the case when F' is
a tree.

From here on, we restrict our attention to the case when F' is a cycle. We say that G is Cj-
divisible if e(G) is divisible by k and every vertex of G has even degree. Note that any graph which
has a Cj-decomposition is necessarily Cj-divisible. For each k € N with k > 2, let us define

{2/3 if k=2,

" 12 itk >3

Barber, Kiithn, Lo and Osthus [2] proved asymptotically best possible minimum degree bounds for
a graph to have a Cyp-decomposition.

Theorem 1.1 ([2]). Let k € N with k > 2. For each ¢ > 0, there is an ng such that every
Cyg-divisible graph G on n > ng vertices with §(G) > (3 + €)n has a Ca-decomposition.
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In this paper we remove the linear error term from Theorem to obtain best possible minimum
degree bounds for cycles of all even lengths except length six. We structure the proof into extremal
cases where we construct the decompositions directly and non-extremal cases where the iterative
absorption approach of [2] and [§] remains effective. In Proposition[I.4] we give constructions which
show that our bounds are best possible.

Theorem 1.2. Let k € N with k =2 or k > 4. There is an ng such that every Coi-divisible graph

G on n > ng vertices with
2 -1 ifk=2
5(G) > | 3L TR =2,
n/2 if k>4
has a Cop-decomposition.

It is an open problem to determine the exact minimum degree guaranteeing a Cg-decomposition,
this is discussed in more detail in Section ]l

Along the way to proving Theorem we also obtain a bipartite version of Theorem which
is stated as Theorem below. If G is a bipartite graph with vertex classes A and B, we introduce
the following variant on the minimum degree. Given 0 < 0 < 1, we will write 0pip(G) > 0 if,
for each v € A, dg(v) > 6|B| and for each v € B, dg(v) > 6|A|. This definition is convenient
when the bipartite graph is not balanced. Cavenagh [4] already studied Cj-decompositions and
proved a bound of dpip(G) > 95/96 ensures a Cy-decomposition. Theorem is asymptotically
best possible, see Proposition |1.5

Theorem 1.3. Let k € N with k > 2. For each € > 0, there is an ng such that every Co-
dwisible bipartite graph G = (A, B) with ng < |A| < |B| < 2|A| and 6vip(G) > O + € has a
Cy.-decomposition.

1.1. Extremal graphs. In this section we provide extremal constructions which show that The-
orem [I.2] is best possible and Theorem [I.3]is asymptotically so.

Proposition 1.4. (i) There are infinitely many Cy-divisible graphs G with §(G) > 2|G|/3 — 2
and no Cy-decomposition.

(ii) Let k € N, k > 2. There are infinitely many Co-divisible graphs G with §(G) > |G|/2 — 1
and no Cay-decomposition.

A B C

FIGURE 1. The extremal graph for Cy, Proposition [1.4{[i). All possible edges are
present in the shaded regions.

Proof. We begin with . Let m € N and let A, B,C be disjoint sets of vertices of sizes
4m+2,4m+ 3,4m — 2 respectively. Form a graph G which has vertex set AU B UC. The edge set
of GG is such that A and C form cliques and G contains all possible edges between AUC and B. For
each v € V(G), d(v) € {8m+4,8m}, so every vertex has even degree and 0(G) = 8m = 2|G|/3 — 2.
We also have

(@) = <4m2+ 2) + 8m(4m + 3) + (4’”2_ 2) = 4(12m? + 5m + 1).
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So G is Cy-divisible. Any copy of Cy in G must use an even number of edges from G[A]. But
e(A) :‘4’”;“2) = (2m+1)(4m + 1) is odd. Hence, G does not have a C4-decomposition.

For (i), let n be such that n = 2k + 1 mod 4k and let G be the union of two vertex-disjoint
copies of K,. Every vertex in G has degree n — 1 = |G|/2 — 1 which is even and 2k divides
e(G) = n(n —1). So G is Cy,-divisible. But G does not have a Cyi-decomposition since 2k does
not divide (5). 0

Proposition 1.5. (i) There are infinitely many Cy-divisible bipartite graphs G = (A, B) with
|A| = |B|, 0(G) > 2|A|/3 — 2 and no Cy-decomposition.

(ii) Let k € N, k > 2. There are infinitely many Cay-divisible bipartite graphs G = (A, B) with
|A| = |B|, 0(G) > |A|/2 — 1 and no Cay-decomposition.

Proof. First, we prove . Let m € N. Start with independent sets V1, ..., Vi each of size 2m + 1
and add all edges between V; and V11 for each 1 < i < 6 (consider indices modulo 6). Remove
one copy of Cg between V5 and Vg and let G denote the resulting graph. Then G is bipartite with
vertex classes A := V1 UV3U V5 and B := Vo U V4 U Vi of size 6m + 3. The degree of each vertex
in G is either 4m + 2 or 4m, both of which are even, and §(G) = 4m = 2|A|/3 — 2. The number
of edges in G is 6(2m + 1) — 6 = 24m(m + 1). So G is Cy-divisible. But G does not have a
C4-decomposition. To see this, note that any copy of C4 in G must use an even number of edges
between Vi and Vs but eq(Vi, Vo) = (2m + 1)? is odd.

Now we consider . For each n € N, let K, denote the graph formed by removing a perfect
matching from K, ,. Suppose first that £ is even. Choose m € N such that m =k +1 mod 2k.
Let G be the vertex-disjoint union of two copies of K, ,,. Then G is a balanced bipartite graph
with vertex classes of size 2m. Each vertex in G has degree m — 1 =k mod 2k which is even and

e(G)=2(m—-1m=2k(k+1)=0 mod 2k.
So G is Cy-divisible. But GG does not have a Cy-decomposition because
e(K =(m—-1m=k(k+1)=k mod 2k.

m,m)

Now we consider k odd. Choose m € N such that 4m = k—1 mod 2k (i.e., choose m = (k—1)/4
mod 2k if k=1 mod 4 and m = (3k—1)/4 mod 2k if k =3 mod 4). Let G be the vertex-disjoint
union of K, 12m41 and Ko, 2m, so that G is a balanced bipartite graph with vertex classes of

size 4m + 1. Note that each vertex in GG has degree 2m which is even and, since
e(G) =2m(dm+1) =2mk =0 mod 2k,

G is (Cy-divisible. However, 2k does not divide

e( 2m+1,2m+1) — e(Kom,2m) = 2m,

80 Ko i1 9m+1 and Kom om (and hence also ) are not Cyi-decomposable. 0

1.2. Outline of the proof. Our argument is based on an iterative absorption approach. This
method was introduced in [II] and further developed in the context of F-decompositions in [2] and
[8]. In our setting, the idea of iterative absorption is as follows. Let U be a subset of V(G) of
constant size and let Uy D Uy D --- D Uy be a decreasing sequence of sets of vertices with U, := U.
We use an iterative argument to cover almost all edges of G by copies of Cy;. Here, it is to our
advantage that Cy is bipartite since we can always greedily find an approximate decomposition of
G using the Erdés-Stone theorem (this is not true for F-decompositions in general). At the end
of the i*" iteration, we are left with a diminishing subgraph H; C G[U;] until, eventually, all that
remains is a small leftover H C G[U]. But we have prepared for H by removing an “absorber” at
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the start of the process, a subgraph A of G with the property that AU H has a Cop-decomposition.
This absorber must be able to deal with all possible leftover graphs in G[U], but this is feasible since
U only has constant size. Thus we obtain a Coi-decomposition of G. So the proof of Theorem
using iterative absorption relies on two parts:

(1) G contains an absorber and
(2) we can cover all edges in G — G[U].

When we relax the minimum degree condition on G to prove Theorem one or both of these
properties can become considerably more challenging to attain.

When the cycle has length at least eight, we need to show that a minimum degree of |G|/2
suffices to find a Cy,-decomposition. If GG satisfies a certain expansion property this guarantees
many disjoint paths between any pair of vertices, which enables us to show that and still
hold. If G is not an expander, then G has one of two well-defined extremal structures. Either G
resembles a complete bipartite graph or the disjoint union of two cliques. In either case, we can
construct Cyr-decompositions directly. We first deal with any edges or vertices which are unusual
in some way to leave behind disjoint graphs or bipartite graphs which have high minimum degree.
These can be decomposed using the existing Theorem or the bipartite version, Theorem
(which is proved in Section [6]).

Cycles of length four are treated separately since in this case we require a higher minimum
degree, namely 6(G) > 2|G|/3 — 1. In fact, this minimum degree is sufficient (with room to spare)
for and it is only finding an absorber which causes any difficulty. We are able to show that
any graph which does not contain an absorber will, as in the previous case, have a well-defined
structure and we find a C4-decomposition directly.

This paper is organised as follows. In Section [2] we introduce the notation which will be used
throughout. We construct absorbers in Section [3| We prove Theorem for k = 2 in Section
and for k& > 4 in Section [5| (see Table [1| for a guide). As mentioned above, these proofs rely on
decomposition results when the host graph G is bipartite (see Theorem and when G is an
expander (see Theorem [5.2)). These results are proved in Sections |§| and |7| respectively.

G| Cor
non-extremal Lemma (4.1 Theorem \2‘

extremal Lemma Lemmas and

TABLE 1. Components in the proof of Theorem 1.2

2. NOTATION AND TOOLS

Let G be a graph and let P = {Uy,...,Ux} be a partition of V(G). We write G[U;] for the
subgraph of G induced by U; and G[Uy, Us] for the bipartite subgraph of G induced by the vertex
classes Uy and Us. We write G[P] := G[Uy, ..., U] for the k-partite subgraph of G induced by the
partition P. We say the partition P is equitable if its parts differ in size by at most one.

Let U,V C V(G). We write Eq(U) := E(G[U]) and eq(U) := e(G[U]). If U and V are disjoint,
we let Eq(U,V) := E(G[U,V]) and eq(U,V) = e(G[U,V]). For any v € V(G), Ng(v,U) :=
Ng(v) NU and dg(v,U) := |Ng(v,U)|. Let H be a graph. We write G — H for the graph with
vertex set V(G) and edge set E(G) \ E(H). We write G \ H for the subgraph of G induced by the
vertex set V(G) \ V(H). (Note that, in general, G — H # G\ H.)
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Let F and G be graphs and let n > 0. We say that a collection F of edge-disjoint copies of F' in
G is an n-approzimate F-decomposition of G if e(G —|JF) < n|G|?. In this paper, the graph F will
always be bipartite, so we can greedily apply the Erd6s-Stone theorem to find an n-approximate
F-decomposition of any large graph G. We say that G is 2-divisible if every vertex in G has even
degree.

We use hierarchies, for example 1/n < a < b < 1, where constants are chosen from right to left.
The notation a < b means that there exists an increasing function f for which the result holds
whenever a < f(b). In order to simplify the presentation, we will not determine these functions
explicitly.

Let m,n, N € N with m,n < N. The hypergeometric distribution with parameters N, n and
m is the distribution of the random variable X defined as follows. Let S be a random subset of
{1,2,...,N} of size n and let X :=|SN{1,2,...,m}|. We will frequently use the following simple
form of Hoeffding’s inequality.

Lemma 2.1 (see [9, Remark 2.5 and Theorem 2.10]). Let X ~ B(n,p) or let X have a hypergeo-
metric distribution with parameters N,n,m. Then P(|X —E(X)| > t) < 2¢~2°/n,

3. ABSORBERS

As described earlier, the main idea in the proof of the non-extremal cases of Theorem is to
cover as many edges of G as possible with copies of Cy; using an iterative approach. Then, as
long as only a small number of edges remain, we can “absorb” these using a special graph which
was reserved at the start of the process. Let H and H' be vertex-disjoint graphs. The graph A
is an F-absorber for H if both A and AU H have F-decompositions. An (H, H') p-transformer is
a graph T which is edge-disjoint from H and H’ and is such that both TU H and T U H' have
F-decompositions. Note that if H' has an F-decomposition, then T'U H' is an F-absorber for H.
So we can use transformers to build an absorber.

The following fact follows directly from H being Fulerian.

Fact 3.1. Let H be any connected 2-divisible graph and let C be a cycle of length e(H). There is
a graph homomorphism ¢ from C to H that is edge-bijective.

We will make use of the following graphs. For any i,k € N, define L(i,k) to be the graph
consisting of ¢ copies of Uy, with exactly one common vertex. For any graph H, we say that H"
is a Cqy-connector for H if:

e H U H®™ is connected and
e H® ™ has a Cy,-decomposition.

The following simple procedure finds a Cyi-connector for H. Suppose H is not connected and
choose vertices u and v which lie in separate components of H. Form a copy of Cy; containing
these vertices by adding two edge-disjoint paths of length k between v and v. If the resulting graph
H; is not connected, repeat this process on H;. Eventually, a connected graph H' is obtained with
|H'| < (2k — 1)|H|. The graph H®" := H' — H is a Cyi-connector for H.

3.1. Absorbers for long cycles. The following simple transformer construction suits our purpose.
Let H be a connected 2-divisible graph and let C' = ujus ... up be a cycle of length h := e(H) which
is vertex-disjoint from H. Let ¢ be a graph homomorphism from C to H that is edge-bijective. For
each 1 < i < h, let P, be a path of length k from u; to ¢(u;) and let Q; be a path of length £—1 from
uit+1 to ¢(u;) (we consider indices modulo h). Suppose that the paths P;, Q; are internally disjoint
and that they are edge-disjoint from H and C'. Note that for each 1 <1 < h, u;u;41 U P; U Q; and
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d(usuir1) U Py U Q; form copies of Cop. So T := U?:l(Pi U Qi) is a (C, H)c,,-transformer and
|T| = 2ke(H).

Lemma 3.2. Let k € N, k >4 and 1/n < 1/m’ < 1/m < 1/k. Let G be a graph on n vertices
and let U C V(G) with [U| = m. Suppose that between any pair of vertices x,y € V(G) there are
at least m' internally disjoint paths of length k — 1. Then G contains a Coy-divisible subgraph A*
such that |A*] < 2"° and if H is any Cop-divisible graph on U that is edge-disjoint from A* then
A*U H has a Cyp-decomposition.

Proof. Let Hy,...,H, be an enumeration of all possible Cy-divisible graphs on U (note that
p < 2(7;)) We will find an absorber for each H;. For each 1 < ¢ < p, find an edge-disjoint
Cyp-connector Hf" C G — G[U] using the procedure outlined above. Each H] := H; U H{" is
Cyy-divisible and |H]| < (2k — 1)m.

For each 1 < i < p, let h; := e(H}), let C* be a cycle of length h; and let J; be a copy of the
graph L(h;/2k, k), defined at the beginning of this section. Find copies of C* and .J; in G which
are vertex-disjoint from each other and from the graphs H/. Find a (H/, C*)c,,-transformer T; and
a (C*, J;)c,,-transformer T] in G (such that T; and T/ are edge-disjoint and avoid all edges fixed so
far). It is easy to find these transformers using the construction described above since G' contains
many internally disjoint paths of length k£ —1 (and hence k also) between any pair of vertices. Then
T, UCtUT! U J; is an absorber for H]. Hence A; :== H{®UT; UC*UT/ U J; is an absorber for H;.
Letting A* := (J!_; A; and noting |A*| < 4kh;p < om? completes the proof. O

3.2. Cy-absorbers. For cycles of length four, we will require the following alternative construction
of a transformer. This is exactly the construction given in [2] and it is illustrated in Figure

FIGURE 2. The transformer construction for cycles of length four (left) and a
(Cs, L(2,2))c,-transformer (right). The square/round vertices give a bipartition
of the transformer which is used by Lemma [3.3

Let H be a connected, Cy-divisible graph and let C' be a cycle of length e(H). Suppose H and
C' are vertex-disjoint. Let ¢ be an edge-bijective graph homomorphism from C to H. For each
xy € E(C), choose a set of vertices Z%Y := {z™Y, z¥*} and, for each x € V(C), choose a vertex
w®. Choose the vertices so that V (H), V(C), Z¢, Z¢, {w®} and {w® } are disjoint for all distinct
e,¢ € E(C) and all distinct z, 2’ € V(C). Let

o Fy:={zz"Y yz¥" 2y € E(C)};
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o Fy:={2%Y2%" . xy € E(C)};

o B3:={o(x)z"Y, ¢(y)2"" : xy € E(CO)};

o Ey:={w"2"Y:xy € E(C)}.
The transformer T has V(T') := V(H) UV(C) UU.ep(c) Z° YU Uev (o) {w”} and E(T) := U?Zl E;.
Note that |T| < 5|C| = 5e(H). To see that T is a (C, H)¢,-transformer, it remains to verify that
both C'UT and H UT have Cy-decompositions (the details are given in Section 8 of [2]).

3.3. Finding absorbers in a bipartite setting. We must also be able to find absorbers when
the host graph G is bipartite.

Lemma 3.3. Letk € N, k> 2 and1/n < 1/m' < 1/m < 1/k. Let G = (A, B) be a bipartite graph
with |A|,|B| > n and let U C V(Q) with |U| = m. Suppose that for each v € A, d(v) > 6;x|B| +m’
and, for each v € B, d(v) > 0k|A| +m'. Then G contains a Co-divisible subgraph A* such that
|A*| < 2m° and if H is any Coy-divisible graph on U that is edge-disjoint from A* then A*U H has
a Cy.-decomposition.

The proof is very similar to that of Lemma [3.2| so we omit the details and restrict ourselves to
the following outline. For k > 3 we find transformers using the construction given in Section [3.1
and for C; we use the construction described in Section The following observations allow us
to find absorbers:

e Given a connected, 2-divisible graph H and a vertex-disjoint cycle C' of length e(H) on
(A, B), there is a bipartition of the (C, H)¢,,-transformer which respects the bipartitions
of V(H) and V(C) (with a suitable choice of the graph homomorphism ¢). An example for
cycles of length four is given in Figure

e For k > 3, (C, H)c,,-transformers are constructed from a collection of internally-disjoint
paths of length k or k — 1 between vertices in C and H. Since 6(G) > n/2 +m/, any two
vertices in A have at least 2m’ common neighbours in B and vice versa, so we can find the
transformers greedily.

e List the vertices of the (C, H)¢,-transformer described in Section [3.2[so that they appear in
the following order: V(C' U H), U,cpc) 2% Uzev(c){w”}. Each vertex in the transformer
has at most three of its neighbours appearing before itself in this list. Since 6(G) > 2n/3 +
m’, any three vertices in A have at least 3m’ common neighbours in B and vice versa. So
we can greedily embed the vertices of the transformer in this order.

4. CYCLES OF LENGTH FOUR

4.1. Case distinction. For cycles of length four, the en term in Theorem is required only to
find the absorber in the proof. We show that a minimum degree of 2n/3 — 1 suffices by observing
that any such graph either contains an absorber or has one of two extremal structures pictured in
Figure |3| (both of which have Cy-decompositions).
We say that a graph G on n vertices is m-extremal if there exist disjoint sets S, T C V(G) such

that |S|, |T| > n/3 —m which satisfy one of the following:

o ¢(S,T)=0; (Type 1)

o ¢(S)=¢€(T)=0. (Type 2)
If G is not close to being m-extremal, Lemma [4.1] finds a Cy-decomposition.
Lemma 4.1. Let n,mi,mg € N with 1/n < 1/mp < 1/mg < 1. Let G be a Cy-divisible graph

on n vertices with 6(G) > 2n/3 — 1. Suppose that for every spanning subgraph G' of G such that
(G > 2n/3 —my, G’ is not my-extremal. Then G has a Cy-decomposition.
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e e e

Ficure 3. If G is extremal and 6(G) > 2n/3 — 1, then G resembles the graph on
the left (type 1) or the right (type 2). Here |A|, |B|, |C| ~ n/3 and shaded areas are
dense.

If Lemma does not apply, then G has a subgraph G’ which is mj-extremal and has 6(G’) >
2n/3 —mg > 2n/3 —m;. In this case, we use the following result.

Lemma 4.2. Let n,m € N with 1/n < 1/m < 1. Let G be a Cy-divisible graph on n vertices with
§(G) > 2n/3—1. Suppose that there exists a spanning subgraph G' of G such that 6(G') > 2n/3—m
and G' is m-extremal of (i) type 1 or (ii) type 2. Then G has a Cy-decomposition.

So, together, Lemmas [4.1] and [£.2] imply Theorem [I.2) when k = 2.

4.2. G is not extremal. In this section we prove Lemma [£.1] which finds a C4-decomposition of
G whenever G is not extremal. Let G be a graph on n vertices. A (J, u, m)-vortexr in G (as defined
in [§]) is a sequence Uy D Uy D - -+ D Uy such that:

L] Ug = V(G),

o |Ui| = |p|Ui—1]], for all 1 < i < ¢, and |Up| = m;

o dg(x,U;) > d|U;|, for all 1 <i </ and all z € U;_;.
We use Lemma 4.3 from [§] to find a vortex in G.

Lemma 4.3 ([8]). Let 0 < < 1. For all 0 < pu < 1, there exists an mo = mo(u) such that for all
m’ > my the following holds. Whenever G is a graph on n > m' vertices with §(G) > dn, then G
has a (6 — p, p, m)-vortex for some |um'| < m <m’.

The following result (taken from the more general statement for F-decompositions, Lemma 5.1
in [§]) finds an approximate Cy-decomposition of G leaving only a very small (and very restricted)
leftover H.

Lemma 4.4 ([§]). Let 1/m < p. Let G be a Cy-divisible graph with §(G) > (1/2 + 3u)|G| and
let Uy DU D --- D Up be a (1/2+ 4p, pu,m)-vortex in G. Then there exists H C G[Uy] such that
G — H is Cy-decomposable.

We must prove the following lemma which reserves an absorber that can be used to deal with
this leftover graph H.

Lemma 4.5. Let n,mi,mg,m3 € N with 1/n < 1/m; < 1/my < 1/m3 < 1. Let G be a

graph on n wvertices with §(G) > 2n/3 — ma. Suppose that G is not mi-extremal. Let U C V(G)

with |U| = ms. Then G contains a Cy-divisible subgraph A* with |A*| < 2™3 such that for any

Cy-divisible graph H on U that is edge-disjoint from A*, the graph A* UH has a Cy-decomposition.
Lemma [4.1] follows directly from these results.

Proof of Lemma (Assuming Lemma [4.5]) Let mg € N and p be such that

1/n <K 1/m1 <K 1/m2 < 1/ﬂ’L3 <L p 1.
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Apply Lemma to G to find a (2/3 — 2u, u, ms)-vortex Uy 2 Uy 2 -+ 2 Uy in G. Define
lo = [log,,(m2/n)] + 1. We have

pwrmy —2 < ;/On -2< ]U£0| < ;/On < pme.

Let G' := G — G[Uy,]. We have §(G') > 2n/3 —1—|Uy,| > 2n/3 —ma, so G’ is not mj-extremal.
Apply Lemma to the graph G’ with Uy playing the role of U to find A* C G’ as in the lemma.
We have A(A*) < |A*] < 275 < |Uy,|/10, s0 Uy D Uy D --- D Upis a (1/2 + 4y, j1, ms)-vortex
in G* := G — A*. Then apply Lemma to G* to find H C G*[Uy] such that G* — H has a
Cy-decomposition. Observing that A* U H has a Cy-decomposition (by Lemma completes the
proof. O

To prove Lemma [4.5] we will find a Cy-absorber for each possible Cy-divisible graph on U. We
will use the transformer construction which was given in Section and embed the vertices of the
transformer in the order: V(H U C),U.cp(c) 2% Usev(cy{w”}. The difficulty arises when we try
to embed the vertices in J, B(c) £°¢ since, unlike in [2], we can no longer guarantee that any set of
three vertices will have a common neighbour.

We will say that the edge v,v, transforms zy to ¢(z)o(y) if v, € N(z) N N(¢(x)) and v, €
N(y) N N(¢(y)). Suppose we are transforming the edge xy to ¢(x)¢(y). We are able to do this
if there is an edge between N(z) N N(¢(z)) and N(y) N N(¢p(y)). These “transforming” edges are
related to the vertices in | c gy Z2¢. That is, for each zy € E(C), the edge 2"¥z%" transforms zy
to ¢(x)¢(y). This suggests that we will be able to find an absorber as long as there do not exist
X,Y CV(G) with | X|,|Y| ~n/3 and e(X,Y) = 0 (note that X and Y are not necessarily disjoint,
unlike in the definition of m-extremal).

Proof of Lemma Let Hy, ..., H, be an enumeration of all possible Cy-divisible graphs on U
and note that p < 2 733). For each 1 <i < p, find an edge-disjoint Cy-connector H** C G — G[U]
(using the procedure given in Section [3). Each H] := H; U H{" is Cy-divisible and |H]| < 3ms.
Let h; := e(H]), let C? be a cycle of length h; and let J; be a copy of L(h;/4,2). Our strategy is
as follows. Suppose that G\ [J!_, H] contains vertex-disjoint copies of C'" and J; such that we are
able to find edge-disjoint (C?, H!)¢,- and (C*, J;)¢,-transformers T; and 7. Then we can combine
these to obtain a Cy-absorber A; for H; as in the proof of Lemma (more precisely, letting
A; = H"UT,UC'UT! U J;). We use the following claim.

Claim: There exist vertex-disjoint copies of C1,...,CP Ji, ..., Jp in G\ Ule H! such that the
following holds. Let W C V(G) with |W| < ma. For any 1 < i < p, any vy € E(C?) and any
o(z)o(y) € E(G) there is an edge vyv, € E(G\ W) which transforms xy to ¢(x)é(y).

We consider two cases.

Case 1: For all sets X, Y C V(G) with |X|,|Y| > n/3 — 3ma, eq(X,Y) > 0.

Find vertex-disjoint copies of C,...,CP, Ji,...,J, (anywhere) in G \ |J'_; H]. Consider any
W C V(G) with [W| < mq, any zy, ¢(x)¢p(y) € E(G). Let X := (Ng(z) N Ng(o(x))) \ W and
Y := (Ng(y) N Na(o(y))) \ W. Note that

| X|,|Y] > 26(G) —n— |W|>n/3—3ma,
so eq(X,Y) > 0. Any edge v,vy € Eg(X,Y) transforms zy to ¢(xy).
Case 2: There exist X, Y C V(G) with | X|,|Y| > n/3 — 3ma such that eq(X,Y) = 0.
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Since G is not mi-extremal, X NY # (). Let v € X NY and note that Ng(v) C V(G)\ (X UY).

So | X UY|<n/3+ms and
I X NY|>2(n/3—3mg) — (n/34+m2) =n/3 —Tma.

Let X' C X NY of size [n/3] — Tmg. Note that eq(X’) = 0.

Let m :=m4/10. For each i € {m,n/3 —/m}, let U;:={v:v e V(G)\ X', dg(v,X’) <i}. We
have

1 X'|(2n/3 —ma) < eq(X',V(G)\ X') < |Uili + (n — |X'| = |U:])| X']
which yields
[ X'(n/3 — | X'+ ma) _ |X'|(8m2 + 1)
(X =i X =i

Thus, we have |Uy,| < 9m2 and |U, j3_ /m| < n/100. Set X" := X" U Uy, Y’ := V(G) \ X" and
Y":=Y"\U,/3_ /m- Note that:

(i) for every v € X", dg(v,Y') > 2n/3 — 2m;
(ii) for every v € Y’ dg(v, X") > m and dg(v,Y’) > 2n/3 —mg — | X"|;
(iii) for every v € Y dg(v, X") >n/3 —\/m;
(iv) n/3 —8ma < |X"| <n/3 4+ 2mg and 2n/3 — 2my < |Y'| < 2n/3 + 8ma.
Find vertex-disjoint copies of C1,...,CP, Jy,...,J, in G \ U'_; H] such that each cycle C* C
G[X",Y"]. Consider any W C V(G) with [W| < mg, any 1 < i < p, any xy € E(C?) and any
o(z)p(y) € E(G). We will assume, without loss of generality, that z € X” and y € Y.

Suppose first that ¢(z), ¢(y) € X”. Note that ({]) and imply

INa(y,Y') N Na(é(y),Y')| = (2n/3 —mg — |X"|) + (2n/3 — 2m) — Y]
=n/3 —2m —my >n/3 — 3m.

\Ui| <

Choose vy to be any vertex in (Ng(y,Y’') N Na(é(y),Y')) \ W. By and (iv), v, has at least
2n/3 —mg — | X”| > n/4 neighbours in Y’. Since
=

No(e, Y') 1 Ne(6(a), V)| 2 2(2n/3 — 2m) = V] 'S [¥'] - 5m,

vy has many neighbours in (Ng(z,Y") N Ng(¢(x),Y")) \ W, choose any one of these for v,.
Now suppose that ¢(z), ¢(y) € Y. It follows from (ii)—(iv) that

[Na(y, X") N Ne(6(y), X")| = (n/3 = vm) + m — (n/3 + 2ma) = m — v/m — 2my > m/2.

Choose any vertex from (Ng(y, X”) N Na(¢(y), X”)) \ W for v,. This vertex is adjacent to all but
at most 3m vertices in Y, by (i) and (iv). Use (i) and (i) to see that [Ng(z,Y’) N Ng(é(z),Y")| >
n/3 — 3m. Thus v, must have many neighbours in (Ng(z,Y’) N Ng(¢(z),Y’)) \ W. Choose any
suitable vertex for v,.

A similar argument deals with the case when ¢(z) € X” and ¢(y) € Y’'. We use that

|Ne(y, X7) N Ne(é(y), X7)| = m/2 and [Ng(2,Y') N Ne(é(x),Y')] > [Y'] - 5m

to find suitable vertices vy, € (Ng(y, X")NNa(9(y), X”))\W and v, € (Ng(z,Y')NNg(o(z),Y"))\
w.
Finally, suppose that ¢(x) € Y and ¢(y) € X”. We again use () and to see that

[Na(2,Y") N Na(é(x),Y')], INa(y, Y') N Na(o(y), Y')| = n/3 — 3m.
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Let
Y, := (Ng(z,Y") N Ng(é(x),Y")) \ W and
Yy = (Na(y, Y') N Na(é(y), Y) \ W,

so |Yz|, Yyl > n/3 —4m. If eq(Yy,Yy) > 0 choose any v,vy € Eg(Yz,Yy). Suppose then that
eq(Yz,Yy) = 0. Note that Y, NY, # 0, else G is mi-extremal of type 1. So, as previously, we can
let v € Y, NY, and note that Ng(v) C V(G) \ (Y>UYy). So [Y, UY,| <n/3 +msy and

Y, NYy| >2(n/3 —4m) — (n/3 +ma) > n/3 —9Im.

But then G is mj-extremal of type 2 (take S := X’ and T := Y; NY,) which is a contradiction.
This completes the proof of the claim.

We now explain how to use the claim to find, for each 1 < i < p, a (C% H})c,-transformer
(and (C%, J;)c,-transformers are found in exactly the same way). We will use the construction
described in Section Let ¢ be an edge-bijective graph homomorphism from C? to H;. For
each edge zy € E(C?), use the claim (with W set to be all vertices which have been used at any
point previously in the construction) to find an edge which transforms zy € E(C?) to ¢(zy) and
thus obtain suitable embeddings for the vertices in | J, B(CY) Z°¢. It is then an easy task to greedily

embed remaining vertices of the transformer (the vertices of the form w® for some z € V(C?)),
since each vertex of this type has at most two neighbours previously embedded. Continuing in this
way, we find edge-disjoint absorbers A4; for each H; such that |A;| < m3. Let A* := J}_, 4; and
note that |A*| < pm3 < oM. O

4.3. Type 1 extremal. In this section, we will prove Lemma for graphs which are type 1
extremal. The next result takes any graph G which is type 1 extremal and partitions its vertices
into sets A, B and C so that each vertex has many neighbours in two of the parts.

Proposition 4.6. Let n,m € N such that 1/n < 1/m < 1. Let G be a graph on n vertices with
(G) > 2n/3 —m. Suppose G is m-extremal of type 1. Then there ezists a partition A, B,C of
V(QG) satisfying:

(P1) for allv e A, dg(v, A),dg(v, B) > 5n/18;

)
3) for all but at most 3m wvertices v € A, dg(v, A),dg(v,B) > n/3 — 6m;
4) for all but at most 3m wvertices v € C, dg(v, B),dg(v,C) > n/3 — 6m;
5) for allv € B, dg(v, A),dg(v,C) > n/50;

6) for all but at most 50m vertices v € B, dg(v, A),dg(v,C) > 5n/18;
(P7) n/3 —5m < |A|,|B|,|C| <n/3+ 3m.

Proof.  Since G is m-extremal of type 1, there exist disjoint sets A;,C; C V(G) such that
|A1],|C1| = [n/3] — m and eg(A1,C1) = 0. Let By :=V(G) \ (A1 UCy). Since 6(G) > 2n/3 — m,
for all v € Ay, dg(v, A1) > n/3 —3m and dg(v, B1) > n/3. Likewise, for all v € Cy, dg(v,C1) >
n/3 —3m and dg(v, By) > n/3.

Let B¢ consist of all vertices v in By such that dg(v, A1) < n/50. By considering eq (A1, B1),
we obtain the following bound.

[A1ln/3 < |Beln/50 + (n/3 + 2m — | Bel)|Ad|

which gives
2m]A1\ < Qm‘Aﬂ < 3m.
|A1] —n/50 — 9|A4]/10 —

|Bc| <
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Similarly, defining B4 to consist of all vertices v in B; such that dg(v,C1) < n/50, we get |Ba| <
3m. Note that B4 N Bo = 0. In exactly the same way, we can show that for all but at most

2m|A1|
2. —————— <50
1Ay — 5n/18 = 0
vertices v € B, dg(v, A),dg(v,C) > 5n/18. Set A:= A UB4, C:=C1UB¢c and B := By \ (Ba U
Bc). Properties (HL)—(P[7) are satisfied. O

The next result refines this partition and covers all atypical edges by copies of C4 to leave a
dense graph with a well-defined structure.

Proposition 4.7. Let n,m € N such that 1/n < 1/m < 1. Let G be a Cy-divisible graph on n
vertices with 6(G) > 2n/3 — 1. Suppose that there exists a spanning subgraph G' of G such that
5(G') > 2n/3 — m and G’ is m-extremal of type 1. Then there exists G" C G and a partition
A, B,C of V(G") satisfying:

(Q1) egn(A) and eqrn(C) are even;

(Q2) G" C G[AJUGICIUG[B,AUC] and G — G" has a Cy-decomposition;

(Q3) forallve A, dgv(v,A),dgr (v, B) > n/4;

(Q4) for allv e B, dgn(v, A),dgr(v,C) > n/4;

(Q5) for allv € C, dG//(U,B),dgu(U,C) > n/4;

(

Note that we do not require G” to be spanning.

Proof. First apply Propositionto G’ to find a partition A, B, C of V(G) satisfying (P{1))—(P[7)).
Suppose that eq(A, C) +eq(B) = 0. It is clear that taking G” as G with the partition A, B, C will
satisfy (Q2)—(Q6). We must check (QfI]). Since Ng(z) € AU B for all z € A and so on,

(4.1) Al +[B] = 1, |A[+[C], [B| + |C] = 1 = 6(G)

which implies that 2n = 2(|A| 4+ |B| + |C|) > 36(G) + 2 and 0(G) < (2n —2)/3. Note that n # 0
mod 3, otherwise §(G) > 2n/3 since 2n/3 — 1 is odd and G is 2-divisible. We can show that n # 2
mod 3 either, else §(G) > [2n/3] —1 = (2n —1)/3. Thus n = 3N + 1 for some N € N and
d(G) = 2N. The inequalities in (4.1)) must be satisfied with equality, else |A| + |B| 4+ |C| > n.
Hence |A| = |C| = N and |B| = N +1; the graphs G[A], G[B, AUC] and G[C] are complete and G
is 2N-regular. If eg(A) = eq(C) = (];[) is odd, it is easy to check that N = 2,3 mod 4. But then
e(G) = N(3N + 1) is not divisible by four which contradicts G being Cy-divisible. Hence (Q[1)) is
also satisfied.

Let us assume then that eg(A,C) + eq(B) > 0. Our first step will be to cover all edges inside
B and between A and C using copies of Cy. We begin by reducing the maximum degree in
G[A,C] U G[B]. Choose any edge zy € Eg(A,C) U Eg(B), we will protect this edge for the time
being since we might need it later on. Let Gy := (G[A,C] U G[B]) — {xy}. Let n be chosen such
that 1/m < n < 1. The Erdés-Stone theorem allows us to greedily remove copies of Cy from Gy
until at most nn? edges remain. Let Fy denote this collection of edge-disjoint copies of C4 and let
Gy = Gy — | Fo with e(G1) < nn?.

We say that a vertex v is bad if dg, (v) > n/?>n. Note that G contains at most 2nn?/(n'/?n) =
2n'/?n bad vertices. Let B’ C B consist of all the vertices v € B such that dg(v, A) < 5n/18 or
di(v,C) < 5n/18. Then |B'| < 50m by (Pff). For each bad vertex v, let S, C Ng, (v) be a set of
vertices of maximal size such that |S,| is even, no vertex in S, is bad and S, N B’ = (). Note that
each vertex appears in at most 2n'/2n sets S,. Pair up the vertices in each S, arbitrarily. Our aim
is to find a path of length two between each pair in G := G — (G[A, C]UG[B]U{zy}). In total we
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have to find at most nn?/2 paths. Note that each pair in S, has at least n/9 common neighbours
in G (for S, where v € B, it is important that S, C B\ B’). This allows us to greedily embed the
paths so that each vertex is used at most n'/3n /3 times. Write F for the edge-disjoint collection
of copies of Cy4 formed by taking | GlvU S,] together with these paths. Let Gg := G — | J(Fo U F1).
We have:

(a) for all v € V(G3), dgs(v) > dg,(v) — n'/3n;
(b) A(Gs[B]), A(Gs[A,C]) < n'/Pn;
(0) 1= [ay}] < ecu(A,C) + ecy(B) < o +1.

We make the following observation
(4.2) ecs(A,C) + eqy(B) = eqy(A) + eq, (C)  mod 2.

To see , note that G3 is Cy-divisible since it was obtained by removing edge-disjoint copies of
Cy from G. In particular, this means that Gg is 2-divisible and so eg,(A U C, B) is even. Since
e(Gs) is also even, the result follows.

We use to cover all remaining edges in Fg,(A,C)U Eg,(B), at the same time ensuring we
leave an even number of edges behind in each of A and C. If eq,(C) is odd, then assign one edge
from Eg,(A,C) U Eg,(B) to C (we use to ensure that this edge exists) and the remainder to
A. Otherwise, assign all edges from Eg,(A,C) U Eq,(B) to A. Find a copy of C4 covering each
e € Eg,(A,C) U Eg,(B) of the following form (here we say that a cycle has the form X; X2 X3X4
to indicate that the cycle visits vertices in X1, X2, X3 and X4 in this order):

e BBXX,if e € Eg(B) and e is assigned to X € {4, C};
e CAAB, if e € Eg(A,C) and e is assigned to A;
o ACCB, ife € Eg(A,C) and e is assigned to C.

We first check that it is possible to find cycles of these forms without using any vertex too often.
The ordering of each cycle above is suggestive of the order in which its vertices should be embedded
(for cycles of the form BBX X, choose the first vertex in X to satisfy (Pj3]) or ( in G, i.e., not
one of the exceptional 3m vertices). Properties (7( together With ensure that there are
at least n/100 suitable candidates in Gg for each vertex which is not an endpoint of the fixed edge
e. In total we must find at most nn? + 1 cycles and each vertex appears in the fixed edge e for at
most 1'/3n of these cycles, by (]ED and . So it is possible to embed cycles of the required forms so
that each vertex is used at most 21'/3n times. Let F, denote the collection of cycles thus obtained
and let G4 := G3 — |J F2. For each v € V(G4), we have

(4.3) da,(v) > da, (v) — 59'/?n.

We now check that removing these cycles has the desired effect. Observe that any edge which is
assigned to A forms a C4 which uses one edge from Eg,(A) and no edges from Eg,(C). The same
statement holds with A and C swapped. If eq,(C) is odd, deleting the cycles in F3 will remove one
edge from Eg,(C) leaving eg,(C) even. If eq,(C) is even, no edges were assigned to C so eq, (C)
remains even. To see that eg, (A) will also be even, we note that implies that the number of
edges assigned to A was congruent to eg,(A) mod 2.

Lastly, we cover all edges incident to vertices in B’ (so that we can ignore B’). Take each vertex
v € B’ and pair its neighbours up arbitrarily. Find a path of length two between each pair in
G4[A U C, B] (each such path will form a copy of Cy which covers two edges incident at v). By
(, ( and , any pair of vertices in AU C has at least n/10 common neighbours in B and,
in total, we are required to find at most |B’|n/2 < 25mn paths. So we can find a collection F3 of
edge-disjoint copies of C4 which covers all edges incident at B’ and uses each vertex in V(G) \ B



14 AMELIA TAYLOR

at most nn times. Let B” := B\ B’ and let G” := (G4 — |JF3) \ B’. It is easy to check that G”
with the partition A, B”,C' satisfies (QI])-(QJ6). O

Proposition [£.7] takes us most of the way towards proving Lemma [£.2] for graphs of type 1. All
that remains is to show that the graphs G"[A], G"[C], G"[A, B] and G"[B, C] can be made to be
Cy-divisible and then to decompose these using Theorems [I.1] and [I.3]

Proof of Lemma [4.2f). Apply Proposition to G to find G” C G and a partition A, B,C
of V(G") satisfying properties (QI))-(Q6). We begin by making the graphs G”[A] and G"[C] Cy-
divisible. Towards this aim, let A’ C A consist of all vertices v € A such that dg» (v, A) is odd.
Clearly, |A’| is even. Pair up the vertices in A" arbitrarily. For each pair a1, az, find a copy of Cy
of the form ajAasB in G”. Note that on removing a copy of Cy of this form, a; and as will both
have even degree in A and the degree of the third vertex in A is reduced by two so its parity will
not be changed. Do the same for the vertices in C' (finding cycles of the form ¢;CecyB). Note that
in total we must find at most n/2 copies of Cy. Properties (Qf3)), (Qf) and (QG) imply that each
pair has at least n/10 common neighbours in the required vertex classes, so we can avoid using any
vertex more than 20 times. Write F; for this collection of copies of Cy and let Gy := G” — | F7.
Now every vertex in G1[A] and G1[C] has even degree.

We also require the number of edges in G1[A] and in G1[C] to be divisible by four. We know
already that the number of edges will be even (from ( and the fact that F; uses an even
number of edges from both G”[A] and G"[C]). Say that eg,(A) = 2 mod 4. We can fix this by
removing a graph F' consisting of three edge-disjoint copies of C4 which take the following form:
a1AasB,asAasB, a1 AasB where aj,as,a3 € A. Note that F[A] is a copy of Cg, so removing F'
does not cause the degree of any vertex in G1[A] to become odd. We can remove a similar graph
if ez, (C) not divisible by four. We obtain a graph G2 such that G2[A] and G3[C] are Cy-divisible.

It follows from (Qf3), (QF)) and (Qf6]) that
§(G2[A]), 6(G2[C)) > n/4 —50 > (2/3 + 1/100)|Al, (2/3 + 1/100)|C].

So we can apply Theorem to find Cy-decompositions Fu and Fo of Go[A] and G2[C], respec-
tively. Let G3 := G2 — | J(Fa U Fo).

We will now make the bipartite graphs Gs[A, B] and G3[B, C] Cy-divisible. Note that for any
v € AUC, dg, (v, B) is necessarily even. Let B’ C B consist of all vertices v € B such that dg, (v, A)
(and hence dg,(v,C)) is odd. Since eg, (A, B) is even, |B’| must also be even. Pair up the vertices
in B’ arbitrarily. For each pair by, bs, find a copy of Cy of the form Ab;Cby. On removing these
copies from G3, we see that b; and be now have even degree in A and in C. Properties (Q4))
and ( ensure that there are at least n/10 suitable candidates at each step of the embedding.
Since there are fewer than n/2 pairs, we can choose these copies of C4 so that no vertex is used
more than 10 times. If, after removing these copies, the number of edges between A and B is not
divisible by four then it must be congruent to 2 mod 4. We can correct this by removing three
further edge-disjoint copies of Cy of the form: b1 AbsC', by Ab3C', by AbsC where by, by, by are distinct
vertices in B. Note that removing these copies of C4 removes 6 = 2 mod 4 edges between A and
B but will not change the parity of d(b;, A) for any i € {1,2,3}. Write F» for the copies of Cy
removed in this step and let G4 := G3 —|J F2. We now have Cy-divisible bipartite graphs G4[A, B]
and G4[B,C] and dg, (v, B) > n/4 — 100 for all v € AU C. Recall (Q]), which implies

Snip(GalA, B]), 6uip (G4l B, C]) > 2/3 + 1/100.

So we can use Theorem to find a Cj-decomposition of G4. Thus we have found a Cjy-
decomposition of G. O
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4.4. Type 2 extremal. In this section, we prove Lemma[4.2|for graphs which are type 2 extremal.
We begin by showing that graphs of this type closely resemble a balanced tripartite graph with
high minimum degree.

Proposition 4.8. Let n,m € N such that 1/n < 1/m < 1. Let G be a Cy-divisible graph on n
vertices. Suppose that there exists a spanning subgraph G' of G such that 6(G') > 2n/3 —m and
G’ is m-extremal of type 2. Then there exists G’ C G and a partition A, B,C of V(G") satisfying:
(R1) |A|, |B| and |C| are even;

(R2) n/3 —50m < |A|,|B|,|C| < n/3+2m;

(R3) G — G" has a Cy-decomposition;

(R4) for each X € {A,B,C} and each v € V(G")\ X, we have dgr(v,X) > n/4.

Again, G” is not necessarily spanning.

Proof.  Since G’ is m-extremal of type 2, there exist disjoint sets A;, B; C V(G) such that
‘A1’7 ’Bl‘ = (n/iﬂ —m and €G1(A1) = eG/(Bl) = 0. Let Cl = V(G) \ (A1 U Bl). For all v € Al,
da(v,B1) > n/3 —3m and dg(v,C1) > n/3 — 1 since 6(G’) > 2n/3 — m. Likewise, for all v € By,
dg(v, A1) > n/3 —3m and dg(v,C1) > n/3 — 1.

Let C 4 consist of all vertices v € C; such that dg(v, A1) < 5n/18. By considering eq/ (A1, C1),
we obtain the following bound.

|A1]|(n/3 —1) < |Cy,4l5n/18 + (n/3 + 2m — |C1,4])| A1

which gives
2 A 2 1A
O < CnE DAL G DA,
|A1| — 5n/18 |A1|/12

Similarly, defining Cy p to consist of all vertices v in C; such that dg(v, By) < 5n/18, we get
|C1 B < 25m. Choose at most one further vertex from each of Ay, By and Cy \ (C1,4 U Cy ) so
that |A;|, |Bi| and |C1 \ (C1,4 U Cy )| are made even by their removal. Let U be the set which is
formed by adding these vertices to Cy 4 U Cq g. Then |U| < 50m + 3.

Since any pair of vertices in G has at least n/4 common neighbours, we can easily find a collection
of edge-disjoint copies of Cy which covers all edges incident at U and uses each vertex in V(G) \ U
at most m? times. Write JF for this collection of copies of Cy. Let G” := (G — |JF) \ U. Together
with the partition A := A;\U, B := By \U and C := C; \ U, this graph satisfies (R[1)—(RM4]). O

We now complete the proof of Lemma [£.2] The idea is to cover all atypical edges to leave
behind a tripartite graph with vertex classes A, B, C' and high minimum degree. A little more work
produces a graph such that each pair of vertex classes induces a Cy-divisible bipartite graph which
we can decompose using Theorem

Proof of Lemma Apply Proposition to find G; C G and a partition A, B,C of
V(Gy) satisfying ( % The next step is to cover the edges in G} := G1[A] U G1[B] U G1[C]
using copies of Cjy. Let ¢ be such that 1/m < ¢ < 1. Using the Erdés-Stone theorem, we may
assume that e(G}) < en? (by greedily removing copies of Cj if necessary). Let U C V(G) consist
of all vertices v such that dg; (v) > e/?n. Tt is clear that |U| < 2¢'/?n. For each v € U, let
Sy € Ngr(v) \ U be as large as possible such that |.S,| is even. For each v € U, arbitrarily pair up
the vertices in S, and find edge-disjoint paths of length two in G; — G which join the pairs (to
form copies of Cy together with v). Properties ( and ( allow us to do this in such a way
that each vertex is used at most 3'/2n times. Denote the set of edge-disjoint copies of Cy found
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in this step by Fi. Let G2 := G1 — |J F1. For each X € {A, B,C} and each v ¢ X,
(4.4) dg, (v, X) > n/4—6c/?n  and
(4.5) A(G3[A]), A(G2[B]), A(G5[C)) < max{e"/?n,|U| + 1} < 3¢'/n.

Now cover each remaining edge in G, := G2[A] U G2[B] U G2[C] by a copy of C4 using a path
of length three in Gy — G, between its endvertices. We require at most en? such paths and each
vertex is an endvertex of at most 3¢'/2n paths, by . There are at least n/10 possibilities to
embed each vertex by and (, so we are able to find these paths so that each vertex is used
at most !/3n /3 times. Remove these copies of Cy and write G5 for the resulting graph. Note that
A, B, C are independent sets in G and, for each X € {A, B,C} and each v ¢ X,

(4.6) da,(v, X) > n/4—e/n.

In this final step, we ensure that each pair of vertex classes induces a Cy-divisible graph. Since
G is 2-divisible, e, (A, B) must be even. So there is an even number of vertices v € A such that
dg4(v, B) is odd (note that such v will necessarily also have dg, (v, C) odd since G3 is 2-divisible).
Pair these odd vertices up arbitrarily and, for each pair a1, as, remove one copy of Cy of the form
a1 BapC (this changes the parities of dg,(a1, B) and dg, (a2, B)). Each pair has many common
neighbours in B and C by , so we can do this in such a way that each vertex is used at most
ten times. Do the same for the vertices in B and C' to obtain a graph G4 such that each bipartite
graph induced by a pair from {A, B, C'} is Cy-divisible (that the number of edges in these graphs is
divisible by four follows from 2-divisibility and (R[1])). Each of these bipartite graphs has minimum
degree at least n/4 — 2e*/3n and ( implies

Obip(GalA, B)), dbip(GalA, C]), 6bip(Ga[B,C]) > 2/3 + €.

So we may apply Theorem [I.3]to find Cy-decompositions of G4[A4, B], G4[A, C] and G4[B, C]. This
completes our Cy-decomposition of G. O

5. EVEN CYCLES OF LENGTH AT LEAST EIGHT

The aim of this section is to prove Theorem for even cycles of length at least eight. We
will again split our argument into extremal and non-extremal cases. When G is not extremal, it
will satisfy an expansion property which we now describe. Let G be a graph on n vertices. We
define the robust neighbourhood of a set S C V(G) to be the set of vertices R, ¢(5) := {v € V(G) :
dg(v,S) > vn}. We say that a set S C V(G) is v-expanding in G if |R, ¢(S)| > n/2 +vn. We say
that G is a v-expander if for every x € V(G), Ng(x) is v-expanding. Note that every v-expander
G satisfies 6(G) > vn.

Any graph which is not a v-expander falls into one of two classes of extremal graph. We say that
a graph G on n vertices is e-close to K, UK, 5 if there exists S C V(G) such that |S| = |n/2] and
e(S,S) < en?. We say that G is e-close to bipartite if there exists S C V(G) such that |S| = |n/2]
and e(S) < en?. The following is a weak form of Lemma 26 in [12].

Proposition 5.1 ([12]). Let 1/n < v < e < 1. Let G be a graph on n vertices with §(G) > n/2.
Then one of the following holds:

(i) G is a v-expander;

(ii) G is e-close to Ky, jo U Ky, j9;

(iii) G is e-close to bipartite.
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The following result, which will be proved in Section [7 is a version of Theorem which relies
on v-expansion (instead of solely the minimum degree). This result finds a Cyi-decomposition of
G when G is a v-expander and k > 4.

Theorem 5.2. Let k € N, k > 4 and 1/n < v,1/k. Let G be a Coi-divisible v-expander on n
vertices. If k =4, assume further that 6(G) > n/2. Then G has a Ca-decomposition.

Given Theorem it remains to find decompositions of graphs which are close to K,/ U K, /5
or close to bipartite. This is achieved in the current section. Theorem for k > 4 will then follow
directly from Proposition Theorem Lemma [5.3] and Lemma

5.1. G is close to K,/ U K, /5. The next result finds a Cyg-decomposition when G is close to
K, 2 UK, /3. The idea of the proof is to exploit the fact that G resembles two disjoint cliques: first
dealing with any unusual edges or exceptional vertices and then using Theorem to decompose
the (almost) cliques.

Lemma 5.3. Let k € N, k > 4 and 1/n < ¢ < 1. Suppose that G is a Cop-divisible graph on
n-vertices and 0(G) > n/2. Suppose further that G is e-close to K, 5 U K, 5. Then G has a
Coi.-decomposition.

We will prove Lemma [5.3] in stages.

Proposition 5.4. Let 1/n < ¢ < 1. Suppose that G is a graph on n vertices with 6(G) > n/2
which is e-close to Ky U Ky, 5. Then there exists a partition A, B of V(G) such that:

(S1) 6(G[A]),6(G[B]) = n/5;

(S2) for all but at most 2/en vertices v € A, dg(v, A) > n/2 — 2./en;

(S3) for all but at most 2,/en vertices v € B, dg(v, B) > n/2 — 2/en;

(S4) n/2 —4en < |A| < |B| < n/2+ 4en.

Proof. Let S C V(G) such that |S| = |n/2] and e(S,S) < en?. Let T := S. For each
p € {11n/50,n/2 — \/en}, let S, := {v € S : dg(v,S) < p} and define T, similarly. We have
En2
‘Sp’, ‘Tp‘ S m, so that
1S11n/50(s [ Tiinsz0l < 25en/7 and S, jo_ /znls 1T 0 yznl < Ven.

Let S" := (S\ S11n/50) UT11n/50- Setting A to be the smallest of S” and S’ and setting B := A gives
the desired partition. O

Before we begin decomposing G, we must reserve some edges between A and B using the following
simple proposition. These edges will be used at a later stage to ensure that the graphs on A and
B are (Cy-divisible.

Proposition 5.5. Let k € N and 1/n < € < 1/k. Suppose that G is a graph on n vertices with
0(G) > n/2 and A, B is a partition of V(G) satisfying (S1)—(S4). Then there exist 4k distinct
edges e1, ... ek, f1,... for € Eg(A, B) such that, for each 1 <1i < 2k, e; and f; are vertez-disjoint
and dg(a;, A) > n/2 — 2\/en where a; := V(e;) N A.

Proof. If |A| < n/2, each vertex in A has at least two neighbours in B so the result is clear. So we
assume that |A| = |B| = n/2, in which case §(G[A, B]) > 1. Suppose that the proposition is false
and let ¢ < 2k be maximal such that G contains edges ey, ...ey, fi1,... fi € Eq(A, B) such that, for
each 1 <i </, e; and f; are vertex-disjoint and dg(a;, A) > n/2 — 2y/en where a; := V(e;) N A.
Let U := Ule V(e;U fi), A’ := A\ U and B’ := B\ U. Choose any vertex a € A’ such that
dg(a, A) > n/2 —2./en and let b € Ng(a,B). Let o’ € A’\ {a} and ¥’ € B"\ {b}. If d'b" € E(G)
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for some b” # b, we can take ey, q := ab and fyy1 = a'b”, contradicting the maximality of £. Since
dg(a’, B) > 1, we must have a’b € E(G). Similarly, al’ € E(G). But then taking esy;1 := ab’ and
fer1 = a’'b gives a contradiction. (I

The next result covers the remaining edges between A and B.

Proposition 5.6. Let k € N, k> 4 and 1/n < n < ¢ < 1/k. Suppose that G is a graph on n
vertices and A, B is a partition of V(G) satisfying (§1)-(4). Suppose that e:(A, B) is even. Then
there exists a Co-decomposable graph H C G such that G[A, B] C H and A(H[A]), A(H[B]) < nn.

Proof. Let G’ := G[A, B]. Use the Erdés-Stone theorem to greedily find an n*-approximate Cyj-
decomposition F of G’ and let Hy := JF. Let X4 := {v € A :dg_p,(v) > n?n} and note that
| X 4| < n*n?/(n*n) = n?n. For each vertex x € X4, pair up the vertices in Ng/_ gy, (z) arbitrarily,
leaving at most one vertex unpaired. Find edge-disjoint paths of length 2k — 2 in G[B] between
each of the pairs (to obtain copies of Cy; which cover all but at most one of the edges incident at z
in G’ — Hy). Properties (, ( and ( allow us to find these paths so that each vertex appears
as an interior vertex on at most 7°n of the paths. Let H4 denote the Cy,-decomposable graph
thus obtained and repeat the process for the set of vertices Xp := {v € B : dg'_p,—m,(v) > n*n},
obtaining a Cy;-decomposable graph Hp which covers all but at most one edge incident at each
r € Xp. Now H' := HyU Hx U Hp is Cyi-decomposable, A(G[A, B] — H') < n?n and

A(H'[A]), A(H'[B]) < 20°n + n*n < 2n°n.

Since eg(A, B) and egs (A, B) are even, so is eq_pg/(A, B). Pair up the edges in Eg_p/ (A, B)
arbitrarily and complete each to a copy of Cy as follows. If the two edges share an endvertex, in
A say, find a path of length 2k — 2 between their endpoints in B as above. If the edges are disjoint,
find paths of length £ — 1 > 3 between their endpoints in A and in B. Again, properties (S1)—(S4))
allow us to find these paths so that they are edge-disjoint and each vertex appears as an interior
vertex on at most 73n of the paths. Let H” denote the Cyi-decomposable graph obtained in this
way. We have ensured that

A(H"[A]), A(H"[B]) < A(G[A, B] — H') + 2i°n < 2n*n.
Finally, let H := H' U H”. This graph is Co-decomposable,
A(H[A)), A(H[B]) < 4n*n < an
and G[A,B] C H. O

We combine the previous results to find a Coi-decomposition when G is e-close to K, ;o U K, /5.

Proof of Lemma Choose a constant 1 such that 1/n < n < . Apply Proposition to
obtain a partition A, B of G satisfying (7( Then apply Propositionto reserve edges £ :=
{e1,... e, f1,--., for}. Let G’ := G —J& and note that G’ with the partition A, B still satisfies
(91)—(4) of Proposition[5.4} Since G is 2-divisible, e (A, B) is even, so eq/ (A, B) = eq(A, B) — 4k
is also even. So we can apply Proposition to find H C G’ which has a Ca,-decomposition F
such that G'[A, B] C H and A(H[A]), A(H[B]) < nn.

We have covered all edges in G[A, B] apart from those in £, which we will use to ensure that
(G — H)[A] and (G — H)[B] are Cy-divisible. To this end, let 0 < r < 2k — 1 be chosen such that
eg—g(A) =r mod 2k. We will find 2k copies of Cyy, each containing a pair e;, f;, as follows. For
each 1 <1i <2k —r, find a path of length 2 between the endpoints of e; and f; in (G — H)[A] and a
path of length 2k — 4 between the endpoints of e; and f; in (G — H)[B]. For each 2k —r < i < 2k,
find a path of length 3 between the endpoints of e; and f; in (G — H)[A] and a path of length
2k — 5 between the endpoints of e; and f; in (G — H)[B]. (The property dg(a;, A) > n/2 — 2./en
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where a; := e; N A is needed for finding the paths of length 2.) We can choose these paths to be
edge-disjoint. Let F denote the copies of Co, thus obtained and let G” := G — H — | J F2. We make
the following important observation: G”[A] and G”[B] are Cyi-divisible. That these graphs are
2-divisible is clear (they were obtained by removing edge-disjoint copies of Cyy from a 2-divisible
graph G). To see that egr(A) is divisible by 2k, note that

eqr(A) =eq_u(A) =22k —r)—3r=r—4k+2r —3r =0 mod 2k

(and e (B) is also divisible by 2k).
Finally, note that
A((G = G")[A]), A((G = G")[B]) < 2nn
and recall (JI)—~(f4). Let X := {z : dgv(z) < n/2 — 3\/en}. Then |X| < 4,/en and we can easily
cover all edges incident at vertices in X using a collection F3 of edge-disjoint copies of Cy such
that no vertex in V(G”)\ X is used more than £/%n times. Let G := (G” — |J F3) \ X. Now

5(G") > n/2 — 330 > (2/3 +¢) - max{|A\ X|,|B\ X|}.

We then find Cyi-decompositions F4 and F5 of G”'[A] and G"'[B] respectively, using Theorem
Then U?Zl Fi gives a Cyg-decomposition of G. U

5.2. G is close to bipartite. We now consider the case when G is close to bipartite. We will
process the graph, covering any unusual edges or exceptional vertices with copies of Cy; until we
really are left with a dense bipartite graph. This we can decompose using Theorem

Lemma 5.7. Let k € N, k > 4 and 1/n < ¢ < 1. Suppose that G is a Cop-divisible graph
on n-vertices and §(G) > n/2. Suppose further that G is e-close to bipartite. Then G has a
Cog-decomposition.

The following proposition partitions the vertices of GG into an “almost bipartite” graph with high
minimum degree.

Proposition 5.8. Let k € N, k > 4 and 1/n < € < 1. Suppose that G is a Coi-divisible graph
on n-vertices and 6(G) > n/2. Suppose further that G is e-close to bipartite. Then there exists
G' C G and a partition A, B of V(G') such that the following hold:

(T1) 5(G/[A, B)) > n/3;

(T2) G — G’ has a Coi-decomposition;

(T3) AL, |B| = n/2 = 6,/en;

(T4) e(G'[A]) + e(G'[B]) < en?.

Note that G’ is not necessarily spanning.

Proof. Let S C V(G) be such that |S| = [n/2] and eg(S) < en?. Let T := S and consider the
bipartite graph Gy := G[S,T]. We want to transform Gy into a bipartite graph whose minimum
degree is as high as possible. We first modify the bipartition S, T to obtain a new bipartition S’, T".
Let

X :={x:dg,(z) <n/2—/en}.
It is easy to see that |X| < 5y/en. Let
Xg:={r € X :dg(z,S) < 5n/12} and let X1 := X \ Xg.
Let 8 := (S\ X)UXg and let 7" := S’ = (T'\ X) U X7. It is useful to note that:
(i) for any x € §', dg(z,T") > n/13 and, if z € 8"\ X, dg(z,T") > n/2 — 6,/en;
(ii) for any x € 7', dg(x,S") > 5n/13 and, if z € T\ X, dg(x,S") > n/2 — 64/en.
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Let Xo :={z € X : dg(z,S) and dg(z,T) < 5n/12}. Since Xy C Xg, the vertices in X, have all
been assigned to S’ but they do not naturally belong to either side of the partition so we will cover
all edges incident at these vertices in the next step.

Choose any vertex x € Xg. Suppose that dg(z,S’) is odd. Note that eq(S’,T") is even (since G
is 2-divisible). This means that eg(S’) 4+ eq(T”) is also even (recall that the number of edges in G
is divisible by 2k). In particular, there must be an edge uv € E(S") U E(T") which is not incident
at x. Let y € Ng(z,S") \ (X U{u,v}). We now find a copy of Cs which uses both xy and uv. If
u,v € 8, note that |[Ng(y) N Ng(u)| > n/15 by , so we can find a path of length two from wu to
y. We also find a path of length 2k —4 > 4 between x and v. At each stage, we can choose from at
least n/20 vertices. This gives a copy of Co,. We proceed in a similar way when u,v € T'. We may
now assume that dg(z,S’) is even. Pair up the neighbours of z arbitrarily and find edge-disjoint
paths of length 2k —2 between each pair in G[S’, T'] (to obtain edge-disjoint copies of Cs;). Remove
all copies of Cy;, obtained in this way from G. Repeat this process for the remaining vertices in Xy
and write JF7 for the collection of copies of Cy thus obtained. Let G1 := G — |JF1. At the end
of this process, we may assume that each vertex in V(G) \ Xy has been used in at most £'/3n/2
copies of Co.

Let A:= 5"\ Xy, B:=T". Observe that |A|,|B| =n/2 £+ 6+/en and

6(G1]A, B]) > 5n/13 —&'/3n > n/3.

Using the Erd&s-Stone theorem, we find an e-approximate Cai-decomposition Fa of G1[A]UG1[B].
Letting G’ := G — |J(F1 U F2) completes the proof. O

We use this proposition to prove Lemma

Proof of Lemma Apply Proposition to find G’, A, B satisfying (7( Let F1 be a
Cy-decomposition of G — G'. Let A" := {ax € A:dg/(z,A) > /en} and define B’ similarly. Note
that |A' U B'| < 2y/en by (TH). Take each vertex z € A’ in turn and split Ng/(z, A) into pairs
(leaving at most one vertex). Use (T[I)) and (TI[3) to find a path of length 2k — 2 between each pair
in G'[A, B] to obtain a copy of Co, together with z. Carry out this process for the remaining edges
at each remaining vertex in A’. Do the same for the vertices in B’. We may carry out this process
so that each vertex appears in at most e'/3n of the paths. Write F for the collection of copies of

Cyy, obtained in this way and let G := G’ — | J Fo. We have A(G1[A]), A(G1[B]) < €'/3n and
(5.1) §(G1]A, B)) > n/3 — 2e'/3n.

We now cover the remaining edges in Eg, (A)UEg, (B). There are an even number of these so we
can pair them up arbitrarily. We use to find paths of even length at least two between any two
vertices in the same class and paths of odd length at least three between any two vertices in different
classes. At each step we have a choice of at least n/10 vertices so we are able to find edge-disjoint
copies of Cy (by finding paths of suitable length between the endpoints of each pair of edges) so
that each pair of edges is covered and no vertex appears in more than 2e/3n of the cycles. Write Fs3
for the collection of copies of Cyj, obtained in this step. The graph G := G — | F3 is Cop-divisible
and bipartite with vertex classes A and B of size n/2 £ 61/en. Furthermore, 6(G2) >n/3—6c/3n
80 Opip(G2) > 1/2 + . Thus G has a Cyi-decomposition Fy by Theorem |1.3] Together, UZ 1 .7:
gives a Cy-decomposition of G.
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6. DECOMPOSITIONS OF BIPARTITE GRAPHS

In this section we prove Theorem the bipartite version of Theorem [I.1] Theorem finds
a Cy-decomposition of G when G is bipartite and has high minimum degree. We used this result
to prove Theorem earlier on. The proof closely follows the iterative absorption argument of [§],
thus we omit some of the details.

We require the following definition, a bipartite version of the vortices considered in Section
Let G = (A, B) be a bipartite graph. A (6, u, m)-vortex respecting (A, B) in G is a sequence
Uy DU; D --- D Uy such that

[} U() = V(G),

o [U;NX|=|plUi—1NX]|| forall 1 <i</{andeach X € {A, B}, and |Uy| = m;

o da(x,UiNX) >6|U;Nn X, for all 1 <i < /¢, each X € {A,B} and all z € U;_ \ X.
The following observation guarantees a vortex in G. It is proved by repeatedly applying the Chernoff
bound given by Lemma (for more details, see the proof of Lemma 4.3 in []]).

Lemma 6.1. Let 0 <6 <1 and 1/m’ < pu < 1. Suppose that G = (A, B) is a bipartite graph with
m' < |A| <|B| < 2|A| and 0y, > 6. Then G has a (0 — p, p, m)-vortex respecting (A, B) for some
2lum’ ] <m <m/'.

The idea is to use the following result to cover almost all of the edges in G leaving only a small
(very restricted) remainder which can be dealt with using the absorbers given by Lemma

Lemma 6.2. Let k € N, k> 2 and let 1/m < p < 1/k. Let G = (A, B) be a bipartite 2-divisible
graph with n < |Al,|B| < 2n and 0pip > 1/2 +3p. Let Uy 2 Uy 2 --- D Up be a (1/2 4 4p, p1, m)-
vortex respecting (A, B) in G. Then there exists Hy C G[Uy] such that G — Hy is Cax-decomposable.

We will prove Lemma [6.2] in Section Theorem [I.3] then follows directly from these results.
Proof of Theorem (1.3} (Assuming Lemma ) Let m,no € N and p be such that
I/np<1l/m< pu<e, 1/k.

Apply Lemma to find Uy D Uy D -+- D Uy, a (0 + £/2, u, m)-vortex respecting (A4, B) in G.
Let Gy := G — G[U1]. We have 6,i,(G1) > 6, +¢/2. Apply Lemma to G1 with U, playing
the role of U to find an absorber A* C G as in the lemma. We have A(A*) < |A*| < 2m* 50 Up D
Ui D D Upisa (0 +4p, p, m)-vortex respecting (A4, B) in G* := G— A* and 0pip(G*) > 1/24 3.
Then apply Lemma to G* to find H; C G*[Uy] such that G* — Hy has a Cy,-decomposition.
Observing that A* U Hy has a Cop-decomposition (by Lemma completes the proof. O

6.1. Proving Lemma First, we state some useful results. We require the following simple
proposition on decompositions of cliques. It is a special case of Wilson’s Theorem and is proved
very easily (see [§], for example).

Proposition 6.3. Let p be prime. Then for every k € N, K1 has a Kp-decomposition.

We use the next result to find an approximate Cy,-decomposition of G and maintain some control
over the number of edges incident at any vertex in a given set X.

Lemma 6.4. Let k € N, k > 2 and 1/n < n < ¢,1/k. Suppose that G = (A, B) is a bipartite
graph with n < |A|,|B| < 4n and 6ip(G) > 1/2+¢. Let X C V(G) of size at most n*/?n. Then
there exists H C G such that G — H is Coi-decomposable, Y := {x € V(QG) : dg(x) > nn} has size
at most qm and X NY = 0.
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Proof. The first step is to cover the edges in G[X] by edge-disjoint copies of Coi. That is, for
each edge zy € Eg(X), find a path of length 2k — 1 between the x and y in G — G[X] (z and y lie
in different vertex classes so any path between them is necessarily odd). In total we must find at
most nn? paths. Since dpip (G — G[X]) > 1/2+ 3¢/4, we may choose these paths to be edge-disjoint
and use each vertex at most 1'/?n times. These paths, together with E¢(X) give an edge-disjoint
collection Fx of copies of Co, with A(|J Fx) < 2771/3n.

Consider the graph G’ := G \ |JFx. Our next step is to cover all but at most one of the
remaining edges incident at each vertex in X. For each x € X, pair up the vertices in Ng/(z),
leaving at most one vertex. Note that both vertices in any pair lie in the same vertex class. Since
Sbip(G'\ X)) > 1/2+4¢/2, we can find edge-disjoint paths of (even) length 2k — 2 between each pair
in G'\ X. Each path combines with two edges incident at X to form a copy of Coi. Thus we obtain
a collection F’ of edge-disjoint copies of Cy, which, together with Fx, cover all but at most one
edge incident at each z € X.

Let H' := G — J(Fx U F%) and note that dps(z) < 1 for all x € X. Use the Erdds-Stone
theorem to greedily find an 73-approximate Cyj-decomposition of H’ which we will denote by F.
Let H := H' — |JF and note that G — H has a Cy,-decomposition given by Fy U Fy U F. If
Y :={x € V(G):dy(x) > nn}, then |Y| < 2e(H)/(nn) <npn and X NY = (. O

We use Lemma to prove the following result which finds a Csi-decomposition of G so that
every vertex has low degree in the remainder.

Lemma 6.5. Let k € N, k > 2 and 1/n < e,1/k. Let G = (A, B) be a bipartite graph with
n < |Al,|B| < 3n and 6pip(G) > 1/2+ €. Then G has an approzimate Cop-decomposition F such
that A(G —|JF) < en.
Proof. Choose s,t € N and 1 > 0 such that
I/ngngl/s<1/t<e 1/k
and K, has a K;-decomposition (s and ¢ exist by Proposition . Let P = {V1,...,V,} be a
partition of V(G) satisfying the following for all 1 < i < s and each X € {A, B}:
() Vi1 X| = [|X|/s] or [|X]/s];
(i) dg(z, VN X) > (1/2+2¢/3)|[V;N X| for all z € V(G) \ X.
To see P exists, consider random equitable partitions VlA, e VSA of A and VlB, e VSB of B and
let V; := V;A U ViB . Lemma implies that this partition satisfies with probability at least 3/4.
Since |V;| < en/2 for all 1 < ¢ < s, it suffices to show that G[P] has an approximate Co-
decomposition F such that A(G[P] — JF) < en/2 . Let {T1,...,T;} be a K;-decomposition of
K, where V(K) = {1,...,s}. For each 1 < i </, define G; := Ujpep(r,) GIVj, Vi, so the G;
decompose G[P]. For each 1 <1i </, each X € {A, B} and all z € V(G;) \ X, we have

da; () = (t = 1)(1/2 + 2¢/3)[|X|/s] > (1/2 + &/2)t[|X]|/s] = (1/2+¢/2)|V(Gi) N X],

by () and (). So dpip(Gi) > 1/2 + /2. We also note that
n ==tln/s| <|V(G;)NA||V(G;)NB| <t[3n/s] < 4n'.

Let X1 := (). For each 1 < </ in turn, apply Lemma (with Gy, /2 and X; NV (G;) playing
the roles of G, € and X) to find H; C G; such that G; — H; is Coi-decomposable, dg, (z) < nn’ for
all x € X; and |Y;| < nn/, where Y; := {z € V(G)) : dg,(x) > nn'}. Let X1 := X; UY;. Note
that, for all 1 <14 < £, |X;| < s2nn/ < 771/211’ so we can indeed use Lemma Let H := Ule H;
and consider any = € V(G). We know that

dy(z) < fyn’ +4n' < (s*n+Din/s < en/2,
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since dg,(x) < nn’ for all but at most one 1 < i < £. O

The following proposition takes a subset R of V(G) and covers all the edges in a sparse subgraph

H of G[R] using copies of Cy; without using any vertex too many times. It is an analogue of
Proposition 5.10 in [§] and the proof is identical, so we omit the details.

Proposition 6.6. Let k € N, k > 2 and 1/n < v < u,1/k. Let G = (A, B) be a bipartite graph
withn < |A|,|B| < b5n. Let V(G) = LUR such that |RNX| > pn and dg(z, RNX) > (1/24u)|RNX|
for each X € {A,B} and all x € V(G) \ X. Let H be any subgraph of G[L] such that A(H) < yn.
Then there exists J C G such that J[L] is empty, JU H is Cop-decomposable and A(J) < u?n.

We now use each of the results obtained so far to prove Lemma[6.7] This lemma forms the basis
of the induction proof of Lemma [6.2

Lemma 6.7. Let k € N, k > 2 and 1/n < p < 1/k. Let G = (A, B) be a bipartite graph
with n < |A|,|B| < 3n. Let U C V(G) with U N A| = |u|A|] and [U N B| = |u|Bl|]. Suppose
Obip(G) > 1/242p and dg(z,UNX) > (1/24+p)|UNX]| for each X € {A, B} and allx € V(G)\ X.
Then, if 2 | dg(x) for all x € V(G) \ U, there exists a collection F of edge-disjoint copies of Coy,
such that every edge in G — G[U] is covered and A(JF[U]) < p3|U|.

Proof.  Choose constants 7,¢ such that 1/n < v < £ < p < 1/k. Let W := V(G) \ U,
m = [¢71] and M := (m;l) Let Vi,..., Vi be a partition of U such that for all 1 <14 < M, each
X e{A,B}andallz € V(G)\ X:

(1) dea(x, Vin X) = (1/2 4 p/2)|Vi 0 X;

(2) Vin X[ = [[UNX]|/M] or [|[UNX]|/M].
To see that such a partition exists, consider random equipartitions V{4, .. .,V]\ﬁ} of UN A and
VB, ..., VE of UNB. Let V; :== VAN VB, Lemma [2.1] implies that this partition satisfies (I)) with
probability at least 3/4.

Let W1,...,W,, be a partition of W such that W1 N A,..., W,,NnAand W1NDB,....W,,NB

are equipartitions of W N A and W N B respectively. Let G ,...,G% be an enumeration of the
M graphs of the form G[W;] or G[W;, W;]. Note G[W] = Uf\il G, and, for all 1 <i < M,

(6.1) V(G NA||V(GY) N Bl < 2(3n/m+ 1) < Tén

For each 1 < i < M, let R; := G[V;,V(G},)]. Let R := Uf\il R;. For each v € V; we see that
dr(v) < 7én by and for each v € W, we have dr(v) < m((3nu/M) + 1) < 7én. Thus
A(R) < 7én.

Let G' := G — (G[U]U R). Since (U N A| = |p|Al], |U N B| = |u|B|] and A(R) < 7én, we note
that dbip(G') > 1/2+ /2. So, by Lemma [6.5] (with ~ playing the role of €), G’ has an approximate
Cyp-decomposition Fy such that H := G' — |J J; satisfies A(H) < yn.

We now use R and Proposition to cover the edges in H[W]. For each 1 < i < M, let
H;, := HW]NGi, (so HW] = UH;) and G; := G[V;]U R; U H;. Observe that G; is a bipartite
graph and V(G;) = V; UV(GY;,). Let us check that G; satisfies the conditions of Proposition
(with G;, /7, € and V; playing the roles of G, 7, p and R). Let n; := min{|V(G;)NA|, |V (G;)NB]},
then

ni < |V(Gi) NA[L|V(G) N Bl < 4n,.

Note that

:
n; < |[V(Gi) A = |VinA|+|V(Gw) NAl < 3un/M +7én < 8n
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which gives n > n;/8¢. We use this to see that
V; N A |V; N B| > un/2M > p&®n/2 > n;.

Also A(H;) < yn < \/yn; and implies that dg,(z,V; N X) > (1/2 4+ £€2)|V; N X| for each
X € {A,B} and all x € V(G;) \ X. So we may apply Proposition to find J; C G; such that
Ji[V(G;) \ Vi is empty, J; U H; is Cop-decomposable and A(J;) < &*n;. Let J := Ui\il J;. Then
J U H[W] has a Cyg-decomposition Fa and A(J) < &n.
We must now cover the remaining edges in H[U, W| U R. Let G” := G — |J(F1 U F2). Note that
G"[W] is empty and
A(G") < A(H) + A(R) < yn + Tén < 8¢n.

Since A(J) < &n, duip(G"[U]) > 1/2 + p/2. For each w € W, dgrv(w) is even, so we can pair up
the vertices in Ng»(w) arbitrarily and let P denote the list of pairs of all neighbours of W. Each
vertex in U appears in at most A(G”) < /€|U| of the pairs in P and |P| < A(G")3n < VE|U|?.
The vertices in each pair lie in the same vertex class so we can find paths of (even) length 2k — 2
between each pair so that these paths are edge-disjoint and no vertex is used more than p3|U|/4
times. We obtain a collection F3 of edge-disjoint copies of Cy which cover the edges of G” — G"[W]
such that A(J F3) < p3|U|/2. Let F := F3 U Fo U F3. Then

A(JFIo)) <A +A(F) < iU
and F covers every edge of G — G[U]. O

Finally, we use Lemma [6.7] and induction to prove Lemma [6.2

Proof of Lemma If ¢ =0, we can set Hy := G, so we assume ¢ > 1. We begin by observing
that for any 0 <4 < ¢, we have 2u‘n/3 < pin — 1/(1 — u) < |U; N A, |U; N B| < 2pin. The lemma
will follow from the following statement which we will prove by induction on /.

Let G = (A, B) be a 2-divisible bipartite graph with opi, > 1/243p and |A| < |B| <

3|A|. Let Uy C V(G) with [Uy N A| = |ulAl] and |Uy N B| = |u|B||. Suppose that

da(z,UiNX) > (1/2+7u/2)|Us N X| for each X € {A,B} and allz € V(G) \ X.

Let Uy D --- DUy be a (1/2 4 4p, p, m)-vortex respecting (Uy N A, Uy N B) in G[U1]

such that \U; N B| < 3|U; N A|, for each 1 < i < £. Then there exists Hy C G[Uy]

such that G — Hy is Cop-decomposable.

If £ = 1, the statement follows directly from Lemma applied to G and U;. Assume then that
¢ > 2 and the statement holds for £ — 1. Let G’ := G — G[Us] and note that dpip,(G') > 1/2 4+ 2p
and dg/ (2, U1 N X) > (1/2+ p)|Up N X| for each X € {A, B} and all z € V(G) \ X. Furthermore,
for all x € V(G') \ Uy, dgr(x) = dg(x) so 2 | dgr(z). Apply Lemma to find an edge-disjoint
collection F of copies of Cyy, covering all edges in G' — G[U;] such that

A(UFIn) < ion] < 5p%|U2 0 A

Let G" := G[U1] — |JF. Then G” is a 2-divisible bipartite graph with opi,(G”) > 1/2 4+ 3u. For
each X € {A, B}, [U2N X| = |p|U; N X|| and, for any z € V(G") \ X,

den(z, Uy N X) > (1/2+4p) U2 N X| = A(|J F[O1]) = (1/2+ 7u/2)|U2 0 X]|.

Since G"[Us] = G[Us], Uy 2 -+ 2D Uy is a (1/2 + 4pu, p, m)-vortex respecting (Us N A, Us N B)
in G"[U;]. Hence, by induction, there exists a subgraph Hy of G[U] such that G” — Hy has a
Cyp-decomposition F'. Together F U F' is a Coi-decomposition of G' — H,. O



ON THE EXACT DECOMPOSITION THRESHOLD FOR EVEN CYCLES 25

7. DECOMPOSITIONS OF EXPANDERS

The purpose of this section is to prove Theorem This result finds a Cyi-decomposition of
any Cy-divisible v-expander G when k > 4. The significance of G being a v-expander (defined in
Section [5)) is that there are many internally disjoint paths between any pair of vertices in G. We
can use these paths to construct copies of Cy; and to find absorbers and this allows us to use the
arguments of [§] with only slight modification. We will make use of the fact that v-expansion is a
robust property in the sense that it is not destroyed when we remove a sparse subgraph.

7.1. Finding paths. The next result can be used to find many internally disjoint paths with
predetermined endpoints without using any vertex too often.

Proposition 7.1. Let k € N, k > 4 and 1/n < v < v,1/k. Let G be a v-expander on n vertices
and let P = {(z1,y1), .-+, (Tm,Ym)} be a collection of m < yn? pairs of distinct vertices of G.
Suppose that each vertex appears in at most yn pairs in P. Then G contains a collection of edge-
disjoint paths P = {P' ..., P™} such that, for each 1 <i < m, P" is a path of length k from x; to
yi. Furthermore, A(JP) < ~'/3n.

Proof. Let 1 < j < m and suppose we have already found paths P!,..., P7~! such that each
vertex in V() appears as an internal vertex in at most 2,/9n of the paths. Let B be the set of all
vertices which appear as an internal vertex in at least ,/yn paths in Pl ..., P/~ Note that

|B| <m(k —1)/(y/yn) < v*n.

Let G; == G — Ui;ll P'. Note that A(Uf;ll P < 4,/4n + yn so Gj is a v/2-expander (which
implies 0(G;) > vn/2). We find a path P’ between z; and y; in G; whose interior vertices avoid
B as follows. Since vn/2 > |B| + k, we can embed a path of length k — 4 starting at x; greedily.
Let :c; denote its endpoint. In order to find a path of length four between arg and y; it suffices to
note that
‘RV/Z,GJ' (NGj (x;)) N RI//Q,G]‘ (NGj (y]))‘ >vn 2> ’B‘ + k.

Continuing in this way, we obtain edge-disjoint paths P',..., P™ of length k such that no vertex
is used as an internal vertex more than 2,/yn times. Thus A(UP) < 4,/4n +yn < 4Y/3n. O

7.2. Expander vortices. We now introduce a further variant of the vortex, this time for ex-
panders, where we replace the minimum degree condition with an expansion property instead. Let
G be a graph on n vertices. A (v, u, m)-expander vortex in G is a sequence Up 2 Uy D --- D Uy
such that

[ U() = V(G),

o |Uj| = |pu|Ui—1]], for all 1 <@ < ¥, and |Ug| = m;

e Ng(z,U;) is v-expanding in G[U;], for all 1 < < ¢ and all x € U;_;.

Proposition 7.2. Let 0 < v < 1 and 1/n < p < 1. Suppose that G is a v-expander on n
vertices. Then there exists U C V(G) of size |un]| such that, for every v € V(G), Ng(z,U) is
(v —n~'/3)-expanding in G[U].

Proof. Let U be a random subset of V(G) of size |un]. Fix z € V(G). Lemma [2.1] gives
P(|R,c(Na(z) NU| < (1/2 + v —nY3)|U]) < 220 2P0/ < ge=wn'/* < 1 /3.
Consider any y € R, g(Ng(x)). Again by Lemma
P(da(y, No(z,U)) < (v —n~V3)|U)) < 2720 PP/ < ge=in™ < q 3,
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By summing over all choices of x and y, we see that with probability at least 1 — 2/n the set U
chosen in this way satisfies:

(1) |Ryg(Ng(z))NU| > (1/24 v —n~3)|U], for all z € V(G) and
(2) da(y, No(x,U)) > (v —n~/3)|U], for all x € V(G) and all y € R, g(Ng(z)).
For any z € V(G), we have

_
R, _p1/3. 6oy (Ne (2, U))| 2 |Ry,a(Na(2)) NU| = (1/2+v —n7 ' 3)|U|

so U is the required set. O

We use the following result to find an expander vortex in G.

Lemma 7.3. Let 0 < v < 1 and 1/m’ < p < 1. Suppose that G is a v-expander on n > m/
vertices. Then G has a (v — p, p, m)-expander vortex for some [pm'] < m < m/.

This result follows from repeated applications of Proposition (see the proof of Lemma 4.3 in [§]
for more details).

7.3. Covering most of the edges. In this section we decompose almost all of the graph G into
cycles except for a very restricted remainder using the following result. This is exactly the technique
we used in Section [6] so again we omit some details.

Lemma 7.4. Let k € N, k > 3 and 1/m < v,1/k. Let G be a 2-divisible 4v-expander and let
Uy 22U 2--- DUy be a (5v,v,m)-expander vortex in G. Then there exists Hy C G[Uy| such that
G — Hy is Cop-decomposable.

We require some preliminary results. The first finds an approximate Cyi-decomposition of G
whilst maintaining control over the number of edges incident at all vertices in a given set X.

Lemma 7.5. Let k € N, k > 3 and 1/n < n < v,1/k. Suppose that G is a v-expander on n
vertices and that X C V(G) of size at most n'/>n. Then there exists H C G such that G — H is
Cop-decomposable, Y := {x € V(G) : dg(x) > nn} has size at most nn and X NY = (.

Proof. We begin by finding edge-disjoint copies of Cy;, which cover all the edges in G[X]. To this
end, let Py := {(x,y) : zy € Eg(X)}. Since | X| < n'/?n, G —G[X] is a 3v/4-expander and we may
apply Proposition (with Px, n'/?, G — G[X], 2k — 1 and 3v/4 playing the roles of P, v, G, k
and v) to find a collection Px of edge-disjoint paths of length 2k — 1 between the endpoints of each
edge in Eg(X) such that A(JPx) < n*/%n. Thus we obtain a collection Fy of edge-disjoint copies
of Coy, which cover all of the edges in G[X] such that A(J Fx) < 2n'/5n. Let G’ := G\ U Fx.

Our next step is to cover all but at most one of the remaining edges incident at each vertex in
X. For each x € X, pair up the vertices in N¢v(x), leaving at most one vertex. Let P} denote
the list of pairs for all z € X. Note that G’ \ X is a v/2-expander. Then, as previously, apply
Proposition (with Py, n'/2, G’ \ X, 2k — 2 and v/2 playing the roles of P, v, G, k and v) to
find a collection P of edge-disjoint paths of length 2k — 2 in G’ \ X between each pair in P%.
These paths combine with edges incident at X to form a collection F% of edge-disjoint copies of
Cs;, which, together with Fx, cover all but at most one edge incident at each x € X.

Finally, let H' := G — |J(Fx U F%). Use the Erd6s-Stone theorem to greedily find an n3-
approximate Cyi-decomposition of H' which we will denote by F. Let H := H' — |JF and note
that G — H has a Cyi-decomposition given by Fx UFyx UF. If Y := {z € V(G) : du(x) > nn},
then Y| < 2e(H)/(nn) < nn. Since dy(z) < 1lforallz € X, X NY = 0. O
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We use Lemma to prove the following result which finds a Cy-decomposition of G so that
every vertex has low degree in the remainder.

Lemma 7.6. Let k € N, k>3 and 1/n < v,1/k. Let G be a v-expander on n vertices. Then G
has an approzimate Coy-decomposition F such that A(G — |JF) < vn.

Proof. Choose s,t € N and 7 > 0 such that
I/n<sngl/s<1/t<r1/k

and K has a K;-decomposition (s and t exist by Proposition . Let P = {V4,...,V5} be an
equipartition of V(G) satisfying the following for all 1 < < s:

(i) da(y, Ng(z,Vi)) > (v —n)|Vi| for all z € V(G) and all y € R, ¢(Ng(z));

(i) [Buc(No(2)) Vil > (1/2+ v — Vil for all = € V(G).
To see that such a partition exists, consider a random equipartition of V(G) into s parts and apply
Lemma to see that this partition satisfies f with probability at least 3/4. It will suffice to
show that G[P] has an approximate Cyi-decomposition F such that A(G[P] —JF) < vn/2 (since
Vil <wvn/2 forall 1 <i<s).

Consider {T1,...,T;}, a K;-decomposition of Ky, where V(K,) = {1,...,s}. Foreach 1 <i </,
define G; := UjkeE(Ti) G|V}, Vi], so the G; decompose G[P]. Consider any z € V(G;) and any
y € Ryg(Ng(z)) NV(G;). We have
(71) dGi(y’ NGz(ZE)) = Z dG(y7NG(:E7‘/})) >

V;CV(Gy)

z,y&Vj
> (v/2)t[n/s] = (v/2)|Gil.

(t=2)(v—n)[n/s]

So
R, /2,6, (Ne; (:E))IIRV,G(NG(ZB)) NV(G)| t(1/2 +v—n)n/s]
> (1/24v/2)t[n/s] > (1/2 +v/2)|G,].

Thus G; is a v/2-expander for each 1 <37 < /.

Let X; := (). For each 1 < < ¢ in turn, apply Lemma|7.5 (with G;, /2 and X; NV (G;) playing
the roles of G, v and X) to find H; C G, such that G; — H; is Co-decomposable, dp, (x) < n|G;|
for all x € X; and |Y;| < n|G;|, where Y; := {z € V(G;) : du,(x) > n|Gi|}. Let X;11 = X; UY;.
Note that, for all 1 < i < ¢, |X;| < s*nt[n/s] < n'/?t|n/s], so we can indeed use Lemma Let
H = Ule H; and consider any x € V(G). We know that

du(z) <Intin/s| +t[n/s] < 2sntn+ 2tn/s < vn/2,
since dp,(x) < nt[n/s] for all but at most one 1 < ¢ < /. O

The following proposition, an analogue of Proposition takes a subset R of G and covers all
the edges in a sparse subgraph H which have no endpoint in this set R. It is proved by mimicking
the proof of Proposition 5.10 in [§] (see [14] for more details).

Proposition 7.7. Let k € N, k > 3 and 1/n < v < pu,1/k. Let G be a graph on n vertices and
let V(G) = LY R such that |R| > un and Ng(z, R) is p-expanding in G[R] for all x € V(G). Let
H be any subgraph of G[L] such that A(H) < yn. Then there exists a subgraph A of G such that
A[L) is empty, AU H is Coj-decomposable and A(A) < ~'/3|R].
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Lemma [7.4] will follow from the following result by induction. The proof of Lemma [7.§| very

closely resembles that of Lemma (and uses Lemma Proposition and Proposition in
this order). We omit the details and refer the reader instead to [14].

Lemma 7.8. Let k € N, k > 3 and 1/n < v,1/k. Let G be a 3v-expander on n vertices and
U C V(G) with |U| = |vn|. Suppose that Ng(z,U) is v-expanding in G[U]| for all x € V(G).
Then, if 2 | dg(x) for all x € V(G) \ U, there exists a collection F of edge-disjoint copies of Coy,
such that every edge in G — G[U] is covered and A(J F[U]) < v?|U|/4.

Finally, we use Lemma [7.§] and induction to prove Lemma [7.4]

Proof of Lemma If £ =0, we can set Hy := G, so we assume £ > 1. We will prove the
following statement (which implies Lemma by induction on £.

Let G be a 2-divisible 4v-expander and let Uy C V(G) of size |v|G|| such that
Ng(x) is v/2-expanding in G[U;] for all x € V(G). Let Uy D --- D Uy be a
(5v, v, m)-expander vortex in G[U1). Then there exists Hy C G[Uy| such that G — Hy
18 Cop-decomposable.

If £ = 1, the statement follows directly from Lemma applied to G and U;. Assume then
that ¢ > 2 and the claim holds for ¢ — 1. Let G’ := G — G[Us] and note that G’ is a 3v-expander
and Ng(x) is v-expanding in G'[U;] for all z € V(G). Furthermore, for all z € V(G') \ Ui,
der(x) = dg(x) so 2 | dgr(x). Apply Lemma to find a collection F of edge-disjoint copies of
Cop covering all edges in G’ — G[U;] such that A(J F[Ui]) < v2|U;|/4. Let G" := G[U;] — U F.
Then G” is 2-divisible and G” is a 4v-expander and Uy C V(G”) with |Us| = |v|G"|]. Moreover,
for any € V(G”), Ngr(x) is 9v/2-expanding in G[Us]. Since G”'[Us] = G[Us], Uy 2 --- D Uy
is a (5v, v, m)-expander vortex in G[Usz]. Hence, by induction, there exists H; C G[U| such that
G" — Hy has a Cyp-decomposition F’. Together F U F' is a Cyp-decomposition of G — Hy. O

Finally, we prove the main result in this section, Theorem [5.2]
Proof of Theorem Let m,m’ € N and u be such that
I/n<l/m <1/m<p<v1/k.

Let v/ := v/7. Apply Lemmal(7.3to G to find a (61,1, m)-expander vortex Uy D Uy 2 -+ D Uy in
G. Let Gy := G — G[Uy]. Since |Uy| < v'n, Gy is a v/2-expander (and if k =4, §(G1) > n/2—v'n)
which implies that between any two vertices in G, there are at least m/ internally disjoint paths of
length k—1. Apply Lemma [3.2to the graph G with Uy playing the role of U to find A* C G; as in
the lemma. Let G* := G — A* and note that G* is Cyy-divisible. We have A(A*) < |A*| < 2m* o
G* is a 4/-expander and Uy D Uy 2 -+~ D Ugis a (5¢/, 1/, m)-vortex in G*. Then apply Lemma(7.4]
to G* to find Hy C G*[Uy] such that G* — Hy has a Cy,-decomposition. Observing that A* U Hy
has a Cy-decomposition (by Lemma completes the proof. [l

8. CONCLUDING REMARKS

In Theorem|[T.2] we have found exact minimum degree bounds for a graph to have a decomposition
into cycles of all even lengths apart from six. For cycles of length six, the best bound is given by
Theorem and remains at (1/2 4 ¢)|G| which is asymptotically best possible. We conjecture
that the bound should also be |G|/2 in this case but were unable to prove this using the methods
of Section The primary reason for this was that we were unable to construct a Cg-absorber
which could be found in a v-expander. The transformer construction given in Section [3.1] works
well for longer cycles since these transformers can be constructed using paths of length at least
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three between the fixed vertices. But, when the cycle is shorter, we do not have enough flexibility
when choosing the intermediate vertices. This means that we were only able to prove the expander
decomposition result, Theorem for cycles of length at least eight. There are also places in the
proofs of Lemmas and where we require the cycle to have length at least eight, though it is
likely that these arguments could be adapted for Cg-decompositions if required.
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