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Abstract

Let H be a k-partite k-graph with n vertices in each partition class, and let dx—1 (H)
denote the minimum co-degree of H. We characterize those H with d,_1(H) > n/2
and with no perfect matching. As a consequence we give an affirmative answer to the
following question of Rodl and Rucinski: If k is even or n # 2 (mod 4), does 0;—1(H) >
n/2 imply that H has a perfect matching? We also give an example indicating that it
is not sufficient to impose this degree bound on only two types of (k — 1)-sets.

1 Introduction

A hypergraph H consists of a vertex set V(H) and an edge set E(H) whose members are
subsets of V(H). Let H; and Hy be two hypergraphs. If V(H;) C V(Hz) and E(H;) C
E(Hs), then H; is called a subgraph of Hs, denoted Hy C Hs. Let k be a positive integer
and [k] := {1,...,k}. For a set S, let (‘2) ={T C S :|T'| =k}. A hypergraph H is
k-uniform if E(H) C (V(kH)), and a k-uniform hypergraph is also called a k-graph. Given
T CV(H), let H—T denote the subgraph of H with vertex set V(H) — T and edge set
E(H-T)={ecE(H) : eCV(H)-T}.

Let H be a k-graph and S € (V(ZH)) with [ € [k]. The neighborhood of S in H, denoted
N (S), is the set of all (k — [)-subsets U C V(H) such that SUU € E(H). The degree
of S in H, denoted dg(S), is the size of Ng(S). For [ € [k], the minimum [-degree of H,
denoted 9;(H), is the minimum degree over all I-subsets of V(H). Note that é;_1(H) is
known as the minimum co-degree of H.
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A matching in a hypergraph H is a subset of E(H) consisting of pairwise disjoint edges.
A matching M in a hypergraph H is called a perfect matching if V(M) = V(H). Radl,
Rucinski, and Szemerédi [9] determined the minimum co-degree threshold function that
ensures a perfect matching in a k-graph with n vertices, for n = 0 (mod k) and sufficiently
large. This threshold function is § — k 4 C, where C € {3/2,2,5/2,3}, depending on the
parity of n and k. They |9 also proved that, for n # 0 (mod k), the minimum co-degree
threshold that ensures a matching M in a k-graph H with |[V/(M)| > |V (H)| — k is between
|n/k] and n/k + O(logn), and conjectured that this threshold function is [n/k]. This
conjecture was proved recently by Han [2]. Treglown and Zhao [10,/11] determined the

minimum [-degree threshold for perfect matchings in k-graphs for k/2 <1 <k — 1.

A hypergraph H is a k-partite k-graph with partition classes Vi,... Vit Vi,... Vi isa
partition of V(H) and |eNV;| =1 for all e € E(H) and i € [k]. We say that a set S C V(H)
is legal if |S NV;| <1 for i € [k]. For [ € [k], the minimum [-degree of a k-partite k-graph
H, also denoted ;(H), is the minimum degree over all legal [-subsets of V(H). Again,
0k—1(H) is called the minimum co-degree of H.

Kiihn and Osthus [4] showed that the minimum co-degree threshold for the existence of
a perfect matching in a k-partite k-graph with n vertices in each partition class is between
n/2 and n/2 + /2nlogn. Lu, Wang, and Yu [6] and, independently, Han, Zang, and
Zhao [3] showed that n/k is the minimum co-degree threshold for a k-partite k-graph H
with n vertices in each partition class to admit a matching of size |V (H)| — k.

Aharoni, Georgakopoulos, and Spriissel [1] obtained the following stronger result: Let
k > 3 be a positive integer and H be a k-partite k-graph with partition classes Vi,..., Vi,
each of size n. If dg(S) > n/2 for every legal (k — 1)-set S contained in V — Vj, and
if dg(T) > n/2 for every legal (k — 1)-set T' contained in V' — V5, then H has a perfect
matching. Example 1 in [1] (see the graph Hp(k,n) below) shows that this bound is best
possible when k is odd and n = 2 (mod 4). Motivated by this result, Rodl and Rucinski [§]
asked the following

Question 1.1 (R6dl and Rucinski [8]) Let k,n be integers with k > 3 and n sufficiently
large, and H be a k-partite k-graph in which each partition class has size n. Assume that k
is even orn Z 2 (mod 4). Is it true that if 0x_1(H) > n/2 then H has a perfect matching?
If so, is it sufficient to impose this degree bound on only two types of legal (k — 1)-sets,
similar to the above result of Aharoni, Georgakopoulos, and Spriissel?

Note that if n is odd, it follows from the above result of Aharoni, Georgakopoulos, and
Spriissel that the answer to the first part of Question is affirmative.

We now describe an example showing the tightness of the bound in Question [L.1
Let k,n,d;, i € [k], be positive integers. Let Hy(d1,...,dg;k,n) be a k-partite k-graph
with partition classes Vi,..., Vi, and let D; C V; for ¢ € [k], such that |V;|] = n and
|D;| = d; for i € [k], and E(Ho(dy,...,dk;k,n)) consists of those legal k-sets with an
even number of vertices (including zero) in Uie[k] D;. In particular, we define Hy(k,n) :=
Ho(|n/2],...,[n/2];k,n). When k is odd and n = 2 (mod 4), Hy(k,n) is Example 1
in [1]; in which case, dx_1(Ho(k,n)) = n/2 and Hy(k,n) admits no perfect matching (as
> icpi) [Dil = kn/2 is odd and every edge of Hy(k,n) has an even number of vertices in

i€k D).



Remark. We point out that the answer to the second part of Question [I.1]is neg-
ative. Let k,n be positive integers such that k£ is even or n = 0 (mod 4). Let J :=
Ho(n/2,n/2,...,n/2,n/2 + 1;k,n) with partition classes V1,...,V} and let D; C V; for
i € [k] such that |D;| = n/2 for i € [k — 1], |Dix| = n/2+ 1, and each edge of J has an even
number of vertices in (J;cpy Di- Observe that all legal (k — 1)-subsets of V/(J) intersecting
Vi have degree at least n/2, and those legal (k — 1) sets contained in V' (J) — V}, and inter-
secting UjexD; an even number of times have degree n/2 — 1. Moreover, J has no perfect
matching since ;e [Dil = kn/2 —1=1 (mod 2) (as k is even or n =0 (mod 4)).

Our main result is the following, which implies an affirmative answer to the first part
of Question [L.1

Theorem 1.2 Let k,n be integers with k > 3 and n sufficiently large, and let H be a k-
partite k-graph with n vertices in each partition class. Suppose 6x—1(H) > |n/2|. Then H
has no perfect matching if, and only if,

(1) k is odd, n =2 (mod 4), and H = Hy(k,n), or

(73) n is odd and there exist d; € {(n +1)/2,(n — 1)/2} for i € [k] such that Zle d; is
odd and H C Hy(dy,da,...,dg;k,n).

Our proof of Theorem consists of two parts by considering whether or not H is
“close” to Hy(k,n), which is similar to arguments in [5,[9]. Given two hypergraphs Hi, Hy
with V(Hy) = V(H2), let ¢(Hy, Hz) be the minimum of |E(H;)\E(H')| taken over all
isomorphic copies H' of Hy with V(H') = V(H3). For a real number ¢ > 0, we say that
Hj is e-close to Hy if V(Hy) = V(H2) and c¢(Hj, Ha) is less than ¢ times the maximum
possible number of edges on V (Hs) (which is, for example, en if Hs is a k-partite k-graph
with n vertices in each partition class).

In Section 2, we deal with the case when H is e-close to Hy(k,n) for some sufficiently
small €. In Section 3, we deal with the case when H is not e-close to Hy(k,n), using the
absorbing method from [9] and a recent result of the authors [6] (see Lemma [3.1]).

2 Hypergraphs close to Hy(k,n)

In this section, we prove Theorem for the case when H is e-close to Hy(k,n) for some
sufficiently small . Since we will be dealing with Hy(k,n), the following notation for
“even” and “odd” degrees (with respect to a given set S) will be convenient. Let H be a
hypergraph. For j € {0,1}, v € V(H), and S C V(H), we define

d{LLS(v) =He€E(H):veeand|enS|=j (mod2)}|

Lemma 2.1 Let k > 3 be a positive integer, and let a,e > 0 be small such that « < 1/4 and
Ve < min{1/(100k2), 1/(k(10k2)*=1)}. Then for any k-partite k-graph H with n > 100k?
vertices in each partition class, the following holds: If 6p_1(H) > (1/2 — a)n, H is e-close
to Ho(k,n), and H € Hy(dy,...,dg; k,n) for any dy,...,dp € [[(1/2 — a)n], [(1/2 + a)n]]
with Zle d; odd, then H has a perfect matching.



Proof. Let H be a k-partite k-graph with n vertices in each partition class such that
dk—1(H) > (1/2 — a)n, H is e-close to Ho(k,n), and H € Ho(di,...,dg; k,n) for any
di,....dy €[[(1/2 = a)n], |(1/2 + @)n]] with 3-F | d; odd. Let

N = {v € V(H) : [Npgyom)(v) = Nis(0)] = van*1}.

So each vertex in N is contained in at least \/en*~! edges from E(Hy(k,n)) — E(H). Note
that
|N| < Vekn;

for, otherwise,

|E(Ho(k,n)) — E(H)

v

1
% Z |NH0(k,n)(’U) — Ny (v)|
vEN

1
> E’N|\/E’I’Lk_1

1
> E\@k‘n\@nk_l

= enk,

contradicting the fact that H is e-close to Ho(k,n).

The rest of our proof is organized as follows. We first find a matching M; in H that
covers all vertices in N (see Claim 2). We then find a matching My in H — V(M) satisfying
certain conditions (see Claim 3). Finally, we will show that there exists a perfect matching
in H—V(M;)—V(Ma). The last part is easy when k is even (see Claim 4), but needs more
work when £ is odd (see Claims 5-8).

To find a matching in H that covers all vertices in N, we need to fix some notation
first. For i € [k], let B; C V; such that |B;| = |[n/2] and each edge in Hy(k,n) has an even
number of vertices in B := Ujci Bj. For i € [k], let A; := V; — B;. The intuition for the
notation below is that the vertices v in A; NN (respectively, B; N\ N) with d(}{,B (v) < nk=1/8
will be switched to B, (respectively, A%). For i € [k], let

Al = (Ai —{ve AANN: d(}LB(U) < nk_1/8}> U{veB,NN: d%yB(v) < nFl/8Y,
and
B := (BZ- —{veBNN: d?{,B(“) < nk_l/S}) U{fve A;NN: d%nB(v) < nk71/8}.

Let A" := Uje[k}A;‘ and B’ := Uje[k]Bg"

Since |N| < /ekn and |B;| = [n/2], we have A, # 0 and B, # 0 for i € [k] (as
n > 100k?). In fact, for i € [k],

|Aj] > |Ai] = [N > (1/2 — Vek)n (1)
and

|Bj| > |Bi| = IN| > (1/2 — vek)n — 1. (2)



Moreover, for each v € V(H), the number of edges in H containing v and intersecting
N — {v} is at most |N|n*~2.
We now show that, for v € V(H),

d%_(N_{U}),B/(U) > (1/8 — Vek)n* 1. (3)

First, suppose v € (AN A)U (BN B’'). Then B’ — (N — {v}) = B — (N — {v}), and
d(}{,B(U) > nF=1/8 by definition of A, B'. So

d(l);l—(N—{’U}),B—(N—{’U}) (U) Z d(]);[,B(U) — ‘N’nk_Q Z nk_1/8 — \/Ek’nk_l.

Hence,

d(l){—(N—{v}),B’ (v) = d%_(zv_{v})ﬁ/_(]v_{v})(v)

= Ay (v—{op),B-(N—{op (V)
> (1/8 — \/ek)n*~ L,

Now assume v € (ANB")U(A'NB). Thenv € N and d(}LB(v) <nF1/8. So B'—(N—{v}) =
B — (N — {v}) — {v}, Since 6_1(H) > (1/2 — a)n, it follows that dg(v) > (1/2 — a)n*~1.
Thus, since n > 100k% and o < 1/4,

diy p(v) > (1/2 = a)n*~t —dfy p(v) > (1/2 = a)n™ 1 —nF71/8 > nF71 /8,

Therefore, d}{_(N_{v}) B_(N_{v})(v) > d}iB(v) — |[N|n*=2 > (1/8 — /ek)n*~1. Hence,

dir_(n—gop).5 (V) = A (v o) B— (Vo) (V)
=dy_ (N B ®)
> (1/8 — \/ek)n*~ L,

We now begin our process of finding matchings M; and M. First, we need to make
|B'| even.

Claim 1. Either |B’| is even (in which case let eg = 0); so |B’ — ey is even), or there
exists an edge eg € E(H) such that |B" — eg| is even.

We may assume that |B’| is odd and |B’ — e is odd for every e € E(H); as, otherwise,
Claim 1 holds. Then |B'Ne| is even for all e € E(H). Hence H C Hy(dy, ..., dg; k,n), where
d; = |Bj| for i € [k], Zie[k] d; = |B'| is odd, and BY,..., B}, play the roles of Dy,..., Dy,
respectively, in the definition of Hy(k,n).

Let v; € A} and u; € B] for i € [k], and let S := {vy,...,v;}. Then for i € [k], since
|B'Ne| is even for all e € E(H), we have

n—d; = |Aj] > du(S — {vi}) > o1 (H) > (1/2 — a)n;

so d; < |(1/2 + a)n]. Moreover, for i € [k], let j € [k] — {i}. Again, since |B' Ne| is even
for all e € E(H), we have

di = |Bj| > dg((SU{u;}) — {vi,vj}) > 0p1(H) > (1/2 — a)n;



so d; > [(1/2 — a)n]. This contradicts the assumption that H  Hy(dy,...,dx; k,n) for
any di, ..., dy € [[(1/2 — a)n], [(1/2 + a)n]] with 3% | d; odd. O

Note that for each v € N — eg, the number of edges in H containing v and a vertex of
eo is at most kn*~2. Thus by , we have

AUt o) (N—o}).Br—eo (V) > (1/8 = 2V/ER)* ™! — kn*=2 > n* =1 /10, (4)

where the last inequality holds since /z < 1/(100k?) and n > 100k2.

Claim 2. There exists a matching M; in H — e such that
(1) |Mi] < Vekn,
(15) N —ep C V (M), and
(73i) |len(B"—eg)] =0 (mod 2) for all e € M.

Let My := 0 if N —eg = (). Now assume N — eg # (), and we construct M; by matching
vertices in N greedily. Let v; € N — {egp}. Since d?H—eo)—(N—{Ul}) Br—ep (V1) > n*=1/10 (by
(4)) and n > 100k?, there exists an edge e1 in H—eq, such that v; € e; and |e;N(B'—eg)| = 0
(mod 2).

Now suppose we have found a matching {e;,...,e;} in H — eg for some ¢ > 1, such
that, for i € [t], e; N (N —eg) # 0 and |e; N (B’ —eg)| = 0 (mod 2). If N — ey C Uiepgei,
then M; :={e1,...,e;} is the desired matching (as t < |N| < /ekn). So let vi11 € N — ¢

and viy1 € Ujegei- Note that ¢ < |[N| < y/ekn and that the number of edges in H — eg
containing vt41 and a vertex from U;epye; is at most

thnF—2 < \/Ek:an_l < nk_l/l()O

as v/ < 1/(100k%. Since d(()H—eo)—(N—{vt+1}),B’—€o(UtJFl) > nF~1/10 (by ), there exists

err1 in (H — eg) — Ujepes such that viq € egy1 and |egy1 N (B —ep)| =0 (mod 2).
Therefore, continuing this process (at most |V —eq| steps), we obtain the desired match-
ing for Claim 2. O

Let H = (H — 60) — V(Ml) For 7 € [k‘], let Cz = A; — (V(Ml) U 60), Dz = B,Z —
(V(M1) Ueg) and D := U Di. By Claim 2, NN V(H') = 0); so for i € [K],

D; C B,. (5)

Note that |D] is even (by Claims 1 and 2). Since |M;| < \/ekn, it follows from (1)) and
that for i € [k],

Gl > Al = (IMa] + 1) > (1/2 = Vek)n — (Vekn +1) > (1/2 = 2Vek)n =1 (6)
and

IDi| > (Bl — (M| +1) > ((1/2 — Vek)n — 1) — (Vekn +1) > (1/2 — 2v/Ek)n — 2. (7)

Claim 3. There exists a matching My in H' such that



(i) |Ma| < 8y/ek?n,
(it) |D; —V(My)| = |D1 — V(My)] for i € [k], and
(tit) |D — V(Ma)| is even.

Without loss of generality, we may assume that |Di| > [Dg| > --- > |Dgl|. If |D1| = | D]
then My = () gives the desired matching for Claim 3. So assume |D;| — |Dg| > 0. We
construct an auxiliary graph and use a perfect matching in this graph to find Ms.

Let r € {0,1} such that |D1| + 7 is even. Let G be the complete k-partite 2-graph and
let W1, ..., W be the partition classes of G, such that |W;| = (|D;|—|Dg|) + (| D1|+7) — | Dk
for i € [k]. Then |W| > |Wa| > ... > |W| and

V(@) =D Wil = [ Y IDil | +k(1Dy| +7) — 2k| Dy
i€[k] 1€[k]

Since ;i [Dil and |D1] 4 r are even, [V(G)] is also even.

We now use Tutte’s 1-factor theorem to show that G has a perfect matching. For
S C V(G), let o(G—S) denote the number of connected components of G—S5 of odd order. If
S = (), then o(G—S) = 0 < |S|. Now assume S # (). Since G is a complete k-partite 2-graph
and [Wh| > [Wa| > ... > [Wyl, if 1 < [S] < 3 icp—q1y Wil then o(G — §) <1 <[], and if
11> Yocpgny Wil = (k= 1)(ID1|— | Dyl 1) then o G—S) < [Wa| < 2|Dy|~2Dyl-+r < IS
(as k > 3). Thus, by Tutte’s 1-factor theorem, G has a perfect matching, say T

Since |Cj| > (1/2 — 2/ek)n — 1 (by (6), |D:i| <n —|Ci| < (1/2+ 2/ek)n + 1. So by
(@, |D1| — |Dy| < 4y/Ekn + 3. Hence,

IT| = [V(@)/2= | D Wil | /2 < (k/2)(2D1] = 2|Dg| + 1) < 8Vekn.
1€[k]

Let T' = {f1, f2, ..., fir|}- Corresponding to each f; we find an edge g; of H' such that
{91, -, 97|} gives the desired matching Mz for Claim 3.

Let go = 0 and we find gy, ... ;97| in order. Suppose we have found g; for some ¢, with
0 <t <|T|—1. We describe how to find g;+1 using fi+1. Let fip1 € W), U W, where
p,q € [k]. By (6) and (7), min{|C;l,|D;|} > (1/2 — 2\/ek)n — 2 for j € [k]. Then, since
IT| < 8y/k?n, n > 100k?, and /z < 1/(k(10k%)*~1), we have, for j € [k],

|Cj — Uieggil > n/10 and |D; — Uicing:] > n/10.

So let v, € Dp—Ujepygi- There exist vy € Dy—U;eygi and v; € Cj—Ujepyg: for j € [k]—{p, ¢}
such that gi41 := {v1,...,v} € E(H'); for, otherwise,

[Nttgem) (V) = Niz(vp)| > (/1071 > Ven* ™,

as /g < 1/(k(10k?)k~1, contradicting the fact that v, ¢ N. Clearly, |g:+1 N D| = 2.
Therefore, My := {g1,...,g|7|} is a matching in H’ such that, for i € [k],

|D; =V (Ma)| = |D;| — |W;| = 2|Dg| — |D1] — 7 >0,



where the inequality holds because of , |D1| — |Dy| < 4y/ekn + 3, /& < 1/(100k?), and
n > 100k?. Moreover, |g; N D| = 2 for j € [|T|]. Hence, since |D| is even (by Claims 1 and
2), |D — V(Ma)]| is even. O

Let H" := H' — V(M>) and, for i € [k], let D, := D; — V(Ms) and C} := C; — V(Ma).
Let D' := Ujcy D; and C' := U C;. Note that |D’| is even, as [D — V(Mz)] is even (by
Claim 3). Since |Ma| < 8,/ek?n (by Claim 3), it follows from @ and (7)) that, for i € [k],

min{|C], |Dj[} = min{|Cil, | D[} — [Mz| > (1/2 = 2Vek)n — 2 — 8v/ek*n. (8)

Claim 4. We may assume that k is odd.

For, suppose k is even. We show that both H” —C” and H” — D’ have perfect matchings;
hence the assertion of the lemma holds. Below, we only show that H” — C’ has a perfect
matching, since the argument for H” — D' is the same (by substituting (6]) for (7)) and by
exchanging the roles of C/ and Dj).

Let M be a maximum matching in H” —C’. Then (H" —C") =V (M) = H[D' -V (M)]
has no edge. We claim that |M| > n/4. For, otherwise, D} — V(M) # 0 by (as
VE < 1/(100k?) and n > 100k?). Let v € Dy — V(M). Since k is even and D} C B; for
i € [k] (by (F]), and because H[D' — V(M)] has no edge, we have

[Nty (v) = Nu(v)] = |Dy = V(M)||Dg = V(M)|---| Dy, = V(M)

> ((1/2—2vek)n — 2 — 8ek?n —n/4)F 1 (by (§))
> (n/10)¥71  (since \/z < 1/(100k?) and n > 100k?)
> en® 1l (since /& < 1/(k(10k2)F1),

contradicting the fact that v ¢ V.

Now, suppose for a contradiction, that M is not a perfect matching in H” — C’. Then
there exists u; € D} — V(M) for i € [k]. Note that |[M| > n/4 >k —1 (as n > 100k?).

Let {e1,...,ex—1} be an arbitrary (k — 1)-subset of M, and write e; := {v;1,...,v %}
with v;; € D} for i € [k — 1] and j € [k]. For j € [k], let f; := {uj,v141,v25+2,-- -,
Uk—1,j+k—1}, with the addition in the subscripts modulo &k (except we write &k for 0). Note
that fi,..., fr are pairwise disjoint. Since D) C B; for i € [k] (by (5)), and k is assumed
to be even, it follows that f; € E(Ho(k,n)) for j € [k].

If f; € E(H") for all i € [k] then M’ := (MU{f1,..., fr})—{e1,...,ex—1} is a matching
in H and |[M'| = |M|+ 1 > |M], contradicting the maximality of |M]|.

Hence, f; ¢ E(H) for some j € [k]. Note that there are (,L]\_/[D choices of {e1,...,ex_1} C
M. Hence,

{e € E(Ho(k,n)) — B(H) : len {u; : i € [K]}| = 1}]

> [M[(IM]=1)--- (M| = (k= 1)+ 1)/(k = 1)!
> (n/d—k+2)"1/(k-1)

> (n/10k)*™1  (since n > 100k?)

> kyen® b (since e < 1/(k(10k%)k-1).

This implies that there exists i € [k] such that | Ny, () (wi) — Na(u;)|] > /en*~1, contra-
dicting the fact that u; ¢ N. O



Next claim guarantees a divisibility condition for |D’|, which will be used in the proof
of Claim 7.

Claim 5. There exists a matching M3 in H” such that
(i) |Ms| < k%/2, and
(i) |D} —V(M3)| = |D} — V(M3)| =0 (mod k — 1) for i € [k].

Let 0 < s < k — 2 be such that |[D}]| = s (mod k — 1). We may assume that s # 0; for,
otherwise, M3 = () gives the desired matching for Claim 5. Moreover, since k is odd (by
Claim 4) and |D'| = k| D] is even, it follows that s is even.

We now construct Mjs, starting with the empty matching Ty = (). Suppose for some
j € [s/2], we have constructed a matching 7;_; in H” with |Tj_;| = k(j — 1). Since
VE < 1/(100%%) and n > 100k2, it follows from (8] that, for i € [k],

min{|C} — V(Tj_1)|, | D} — V(Tj_1)|} > (1/2 — 2v/k)n — 2 — 8yek?n — k(j — 1) > 0.

For i € [k], let v;; € D — V(T;_1). We claim that there exist vj;11 € D, ; — V(Tj_1)
and Ujl € Cl, — V(ijl) for [ € [k?] — {’i,i + 1}, such that €ji = {Uj7i,vj7i+17uj’l NS
[k] = {i,i+1}} € E(H") (with addition in the subscripts modulo k except we use k for 0)
and {e;; : ¢ € [k]} is a matching in H”. For, otherwise, since D, C B; by ((5])), we have

INtgem) (Vi) = Nu(vja)l > Dy = V(Tjo1) = Uiegesal [ 1€ = V(T3-0)]
le[k]—{i,i+1}
> ((1/2 = 2vVek)n — 2 — 8/ek?n — k2 /2)F !
> (n/10)F71 (since /2 < 1/(100k?) and n > 100k?)
> /enF 1 (since /€ < 1/(k(10k%)F-1),
contradicting the fact that v;; ¢ N.

Let Tj = Tj—1 U{ej; : i € [k]}. Then Tj is a matching in H” for j € [s/2]. Let
Ms := Tyjp = {eji : j € [s/2] and xsi € [k]}. Then [Ms| < k*/2. Note that, for i € [k],
the edges in T; — Tj_1 uses exactly two vertices of D}. Thus, for i € [k], |D; — V(M3)| =
|D} —V(M3)|=|D}| —s=0 (mod k —1). O

Let H* := H" — V(Ms) and, for i € [k], let D} := D} — V(M) and CF := C! — V(Mj).
Let D* := UjeDf and C* := U Cy. Since |Ms| < k?/2 (by Claim 5), it follows from
that

min{|C}|, |D|} > min{|C!|, |Di|} — |M3| > (1/2 — 2v/ek)n — 2 — 8/ek*n — k?/2.  (9)

By Claim 5, |D}| = |Df| =0 (mod k — 1) for i € [k].

We will show that H* has a perfect matching using edges of special types. For any
e € E(H"), if e C C* then we say that e is of 0-type, and if [eN C*| = [eN C| =1 for some
J € [k] then we say that e is of j-type. For convenience, let

T:=1/(9k).

Claim 6. H* has pairwise disjoint matchings M°, M1, ... MP¥, such that for i € [k]U{0},



(i) |[M?| = |rn], and
(ii) each edge in M' is of i-type.

We construct MO, MY, ..., M* in the order listed. Let 7° be a matching in H* such
that V(T°) C C* and, subject to this, || is maximum. Then C* — V(T") has no edge.
We claim that |T°| > |7n]; for, otherwise, |CF — V(T°)| > |C| — mn for i € [k] and, hence,
for any v € Cf — V(TY),

|C5 = V(IG5 = V(TO)] -+ |G = V(1)

[Ny (kn)(v) = Nu(v)| >
> ((1/2 = 2vek)n — 2 — 8/ek?n — k*/2 — )"~ (by (9))
>
>

(n/10)*~1 (since v/ < 1/(100k?) and n > 100k?)
VenF~1 (since /& < 1/(k(10k2)F1),

contradicting the fact that v € N. Let M? be a set of any |7n] edges in TY.

Now suppose for some j € [k], we have found matchings M°, M, ..., M3~ in H* such
that M* (for i = 0,...,7 — 1) consists of [7n| edges of i-type. Let 77 be a matching in
H* —Ug;éV(Mi) such that each edge in T} is of j-type and, subject to this, | 77| is maximum.

We claim that |T7| > |7n]. For, suppose |T7| < |7n]. Then, since cin V(M) = for
i € [j— 1] and |V(MP)| = |rn], it follows from @ that

\Cj—V(MOUMIU...UMj*l)—V(Tj)! > (1/2—2/ek)n — 2 —8ek*n —k?/2 — krn > 0,

where the second inequality holds because 7 = 1/(9k), v/ < 1/(100k?), and n > 100k2. .
So let v be a vertex in C} — V(IMPUM'U.. .UM~ —V(T7). We claim that there exists
an edge f of j-type in H* — V(MU M'uU...uMI~Y) — V(1Y) with v € f; as, otherwise,
since D} C B; for i € [k] (by (5)) and k is odd,

INioey@) = Nu(@)| =[] |DF—v(MPuM'u... UM™Y — V(1Y)
le[k]—{5}
> ((1/2 = 2y/ek)n — 2 — 8/ek*n — k?/2 — krn)* ! (by (9))
> (n/10)F71 (since /£ < 1/(100k?), 7 = 1/(9k) and n > 100k?)
> /enFL (since & < 1/(k(10k%)F1),

contradicting the fact that v & V.
Let M7 C T9 with |[M7| = |7n]. Thus, this process works for all j € [k], and we see
that M9 M, ... MP¥ give the desired matchings for Claim 6. O

By Claim 6, there exist pairwise disjoint matchings M° M, ..., M* in H* such that
e M is of i-type for i € [k] U {0}, and
o |MY =|M > |rn] for i€ [k].

We choose such M°, M1, ... MP¥ that

o |M'|=|M? =...=|MF"| is maximum and, subject to this,
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e |M?| is maximum.
Let M = Uie[k}u{o} M?. By Claim 6, we have, for i € [k],

ID:NV(M)| =0 (mod k— 1) and | M| < |D|/(k —1).

Claim 7. |M°| > n.
For, otherwise, suppose |M°| < 7n. Note that for i € [k],

| — V(MU MU U ME)

|G| = [M°] = | M|

|Cf| —mn — |Df|/(k —1) (since |M°| < 7n and |M?| < |D}|/(k — 1))

G| —mn—(n—[C7])/(k—1)

kICE]/(k=1) = —n/(k—1)

> ((1/2 —2vek)n — 2 — 8yek*n — k*/2)k/(k — 1) —mn —n/(k—1)  (by (9))
> n/10 (since \/z < 1/(100k?), 7 = 1/(9k) and n > 100k?).

v Vv

Thus there exists v € C7 — V(MU M' U --- U M*). Since |M?| is maximized, C* —
V(M° UM U---U MPF) has no edge. Therefore,

INtoey(0) = Nu@)| = [ 1€ -V uM'U---uM")
ie[k]—{1}
> (n/10)k 1
> enF ! (since /& < 1/(k(10k2)F1),

contradicting the fact that v ¢ N. O

Claim 8. D* C V(M).

For, otherwise, suppose that D* — V(M) # (. Recall that for each j-type edge f,
lfNC* = |fnCj = 1. Since |Df| =0 (mod k — 1) (by Claim 5) and |Df NV (M)| =
0 (mod k — 1), it follows that |Df — V(M)| > k —1 for ¢ € [k]. So, for i € [k], let
Si1ySi2y---5Sik—1 € D;k — V(M) be distinct.

When Cf — V(M) # 0 for i € [k], let w; € CF — V(M) for i € [k]; otherwise let
{wi,...,wp} € M? with w; € C} for i € [k] (by Claim 7). Let Sj := {wj,s;; :4 € [k]—{j}}
for j € [k — 1], and let Sk := {wy, s;; : i € [k — 1]}.

Suppose for each j € [k]| there exist distinct e{, e 62;—1 € M7 such that H* [e{ U---u
e£71 U S;] contains a perfect matching {f{, .. .,f]g}. Then, N7 := (M7 — {e{, e ,eiil}) U
{ff,,f]g} is a matching in H* for each j € [k], and |[N’| = |[N!| > |rn]| for j € [k].
Let N = M° — {{wy,...,w;}}. Then N°, N' ... N* are pairwise disjoint. However,
|N7| = |M7| + 1 for j € [k], contradicting the choice of M°, M1 ... MF.

Thus we may assume without loss of generality that for any k& — 1 distinct edges

e, .. ek € MF, H*lef U---Uef | USy] has no perfect matching. For i € [k — 1],
let ei-“ = {vi1,0i2,...,v,} with v, € C} and v;; € D;-‘ for 5 € [k — 1]. For con-
venience, let vgy = wy and vg; = s;; for j € [k — 1. For i € [k], define fF :=
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{v1i41,V2,i42, - - -, Vk—1,i+k—1, Uk k+i }» Where the addition in the subscripts is modulo k (ex-
cept that we write k for 0). Then f¥ ¢ E(H*) for some i € [k], as otherwise, {fF,..., f¥}
would be a perfect matching in H*[ef U---Uef_; USy]. Since ef,... ek | € M* are chosen

arbitrarily and k& is odd (by Claim 5), we have

{e € E(Ho(k,n)) — E(H) : len{uvg, : i € [k]}| = 1}

WL
- (1)
= MHIME = 1] M = (k= 1)+ 1]/ — 1))
> ((lrn) = k)/(k = 1)
> (n/(10k?)*=1 (since 7 = 1/(9k) and n > 100k?)
> ky/enfT1 (since v < 1/(k(10k%)%1).

So there exists ¢ € [k] such that [Nk n)(Vki) — Na(vki)| > enF~!, contradicting the
fact that v, ; ¢ N. O

If C* C V(M) then, by Claim 8, M is a perfect matching in H*; so {ep} U M; U My U
Ms U M is a perfect matching in H.

Therefore, we may assume that C* ¢ V(M), and let w; € Cf — V(M) for i € [k].
Note that |[M% > 7n > k — 1 (by Claim 7). Let ey, ...,e;_1 € M be distinct and chosen
arbitrarily. Let e; := {v;1,v2,...,v,} for i € [k — 1], where v;; € C; for j € [k]. For
i € [k], define f; := {w;, v1i41,v2,i42, -, Vk—1,i+k—1}, With the addition in the subscripts
taken modulo k (except we use k for 0).

If f; € E(H*) for alli € [k], then N° := (M°U{f,..., fr})—{e1,...,ex_1} is a matching
in H* with [N°| = |M°| +1; so N°, M',...  M* contradict the choice of M° M ... M¥.

Hence, f; ¢ E(H*) for some i € [k]. Since ey, ...,e,_1 € M are chosen arbitrarily and
k is odd, we have

{e € E(Ho(k,n)) — E(H) : l[en{w; :i € [k]}| =1}

MO
= (1)
= |MO|MO 1] |M°—(k—1)+1]/(k—1)!
> ((lrn] = k)/k)*
> (n/(10k?))k~1 (since 7 = 1/(9k) and n > 100k?)
> ky/enP! (since /£ < 1/(k(10k%)F1).

So there exists i € [k] such that [Ny, n)(wi) — Ng(w;)| > v/en*~!, contradicting the fact
that (1 g N. |

Corollary 2.2 Letk > 3 be a positive integer, and let ¢ > 0 be such that /e < min{1/(100k?),
1/(k(10k%)k=1)}. Let H be a k-partite k-graph with n > 100k? wvertices in each partition
class, such that d,_1(H) > |n/2| and H is e-close to Hy(k,n). Then H has no perfect
matching if, and only if,

(1) k is odd, n =2 (mod 4), and H = Hy(k,n), or
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(i7) m is odd and there exist d; € {(n+1)/2,(n — 1)/2} for i € [k] such that Zle d; is
odd and H C Hy(dy,...,dg; k,n).

Proof. Let H be a k-partite k-graph with n vertices in each partition class, such that
dk—1(H) > |n/2] and H is e-close to Ho(k,n).

Suppose (i) or (i7) holds. Then there exist integers dy, .. ., d; such that Zle d; is odd,
H C Hy(dy,...,dg;k,n),dy = ... =dr =n/2when (i) holds, and d; € {(n+1)/2,(n—1)/2}
when (i7) holds. By the definition of Hy(dy,...,dk; k,n), there exists D C V(H) such that
ID| = S°F_ d; is odd and |e N D] is even for all e € E(H). Hence, H contains no perfect
matching.

Next, suppose H has no perfect matching. Applying Lemma with a = 1/8, we may
assume that there exist d; € [[3n/8], |5n/8]] for i € [k] such that Z;c:l d; is odd and H C
Ho(di,...,dg;k,n). Let Vi,...,V}; be the partition classes of H and Hy(dy,...,dg; k,n).
For i € [k], let D; C V; be such that |D;| = d; and |e N (UjcpDj)| is even for all e € E(H).

We claim that 6x_1(H) < min{d;,n — d;} for all ¢ € [k]. By symmetry, we only show
0k—1(H) < min{d;,n — dy1}. Let S := {va,..., v} be a legal set such that ve € Do
and v; € V; — D; for i € [k] — {1,2}; then, since e N D1 # @ for all e € FE(H) with
S Ce, 0p—1(H) < du(S) < |Di1| = di. Let T := {ug,...,ur} be a legal set such that
u; € V; — D; for i € [k] — {1}; then, since e N Dy = () for any e € E(H) with T C e,
dk—1(H) <dy(T) < |Vi — Di| =n —d;y. Hence, d;_1(H) < min{dy,n — d; }.

If n is odd then 6;_1(H) > [n/2] = (n — 1)/2; so by the above claim, d; € {(n —
1)/2,(n+1)/2} for all i € [k], and (éi) holds. Thus, we may assume that n is even. Then
by the above claim, d; = n/2 for all i € [k]. Recall that Zle d; is odd. Thus both n/2 and
k are odd, and hence n = 2 (mod 4). Since H C Hy(dy,...,dx; k,n) = Ho(k,n), we have
H = Hy(k,n) and (i) holds. ]

3 Hypergraphs not close to Hy(k,n)

In this section, we prove Theorem for hypergraphs that are not close to Hy(k,n), see
Lemma [3.6] For this, we need a result on almost perfect matchings in k-partite k-graphs.

Kiithn and Osthus [4] showed that if H is a k-partite k-graph with each partition classes
of size n and d;_1(H) > n/k, then H has a matching of size at least n — (k — 2). Rédl and
Rucinski [8] asked the following question: Is it true that d;_1(H) > n/k implies that H has
a matching of size at least n — 1?7 The present authors [6] and, independently, Han, Zang,
and Zhao [3] answered this question affirmatively for large n.

Lemma 3.1 Let k,n be positive integers with k > 3 and n sufficiently large, and let H be
a k-partite k-graph with n vertices in each partition class. If 61 (H) > n/k, then H has a
matching of size at least n — 1.

Let £k > 2 be a positive integer and H be a k-partite k-graph with partition classes
Viyoot, Vi Given N; C V; for i € [k‘}, let

En(Ny,... ,Nk) = {6 € E(H) e C Uie[lc]Ni}7

and
€H(N1, e ,Nk) = |EH(N1, e ,Nk)‘
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For j € [k], let
Aji={{vieVizielk] ={j}} : du({vi : i € [k] = {j}}) = (1/2 +2/logn)n}.

Lemma 3.2 Let k > 2 be a positive integer. For any € > 0, there exists ng > 0 such that
the following holds. Let H be a k-partite k-graph with partition classes V1, ..., Vi such that
Vil = n > ng fori e [k] and dp—1(H) > (1/2 — 1/logn)n. Suppose H is not e-close to
Hy(k,n). Then one of the following conclusions holds:

(i) For alli € [k] and N; C V; with |N;| > (1/2—1/logn)n, eg(Ny, ..., Ni) > nF/log3n.
(i4) There exists j € [k] such that |A;| > n*~1/logn.

Proof. Let H be a k-partite k-graph with partition classes Vi,...,Vj such that |V;| = n
for ¢ € [k]. For convenience, let v :=1/logn. Then d;_1(H) > (1/2 — v)n.

Suppose H is not e-close to Hy(k,n), and assume that neither () nor (i) holds. Then
there exist Ny,..., Np with V; CV; and |N;| > (1/2 — ~)n for i € [k] such that

k

n
€H(N1,-.-,Nk)< 3 :0(nk>7 (10)

log®n
and, for all j € [k],
nk—l

A = ynP L. 11
Ayl < o = (1)

Claim 1. |N;| < (1/24 2v)n for i € [k].

For, otherwise, we may assume without loss of generality that |[Ng| > (1/242v)n. Then
|Vi — Ni| < (1/2—2v)n. For any legal (k—1)-set {v1,...,vx_1} with v; € N; for i € [k—1],
we have

INg(v1, ..o vp—1) N Nig| > 0p—1(H) — |Vie = Ng| > (1/2 —y)n — (1/2 — 2y)n = yn.

Hence, by choosing ng large enough, we have for n > ny,

nk

eH(Nl,... ,Nk) > ‘N1| e |Nk._1||NH({’L)1,... ,Uk_l}) ﬂNk‘ > ((1/2 —'y)n)k_lvn > log3n7

contradicting (10). O
For i € [k], let N} := V; — N; and A; € {N;,N/}. Since |N;| > (1/2 — vy)n, |N/| <
(1/2 + v)n. By Claim 1, |N/| > (1/2 — 2v)n. Therefore, for i € [k],

(1/2 = 29)n < A < (1/2 + 29)n. (12)

Claim 2. For i € [k], 6H(A1, . 7Ai—1,Vi;Az'+17 e ,Ak) = (n/2)k + O(Hk)
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By symmetry, we only prove Claim 2 for the case when i = k. Note that

k—1
eng(A, ..., Ag—1, Vi) > (H |Az|> (1/2—~)n  (since 0x—1(H) > (1/2 —)n)
i=1

> ((1/2=27)n)* 1 (1/2 = y)n (by ([12))
= (n/2)¥ 4 o(n").

On the other hand,

k—1
er(Ar, ..., Ar_1, Vi) < |Axln + (H |Aj|) (1/2+2v)n

=1
<nF 4 ((1/2+29)n)" 1 (1/2+2y)n  (by and (12))
= (n/2)* + o(n*). O

Claim 3. Let I(Ay,..., Ay):={i e k] : A; =N/}
(i) If [I(Aq, ..., Ag)| is odd then eg(Ay,..., Ax) = (n/2)F + o(n*), and
(id) if |I(Aq,..., Ag)| is even then eg (A1, ..., Ax) = o(n¥).

We apply induction on |I(Ay,...,Ag)|. When |I(Ay,...,Ag)| =0, we have eg (A, ...,
Ap) = ex(N1,...,N) = o(n*) by (10). When |[I(Ai,...,A)| = 1, say A; = N/ and
A; = Nj for j € [k] — {i}, then we have

er(Ar, ..., Ag)
eH(Al, .. '7Ai—17‘/i7A7:+17 e ,Ak) — €H(N1, e 7Ni—laNi7Ni+1> Ce. ,Nk)
= (n/2)¥ + o(nk)
by Claim 2 and .
Now assume Claim 3 holds for Ay, ..., Ay with A; € {N;, N/} and 0 < |[I(A4, ..., Ag)| =

I < k. Consider a choice of A; € {N;, N/} for i € [k] with [I(Ay,...,Ax)| =1+ 1. Let
Aj = Nj for some j € [k]. Observe that

GH(Al, e ,Ak) = GH(Al, e 7Aj—1anaAj+17 e ,Ak) — eH(Al, . 7Aj—1)Nj’Ai+1a . ,Ak)

Therefore, by and Claim 2, it follows from the induction hypothesis that if 41 is odd
then [ is even and eg (A1, ..., A) = ((n/2)F +o(n*)) —o(n*) = (n/2)F +o(n*), and if [ + 1
is even then [ is odd and ey (A1, ..., Ag) = ((n/2)* + o(n*)) — ((n/2)k + o(n*)) = o(n¥). O

For ¢ € [k], let B; C V; be such that |B;| = |n/2] with |B; N V;| maximal, and let
B} :=V; — B;. By (12), for i € [k], |B; — N;| < 2yn and |B; — N/| < 2yn. Hence, if
A; € {Nl’Nz/} and C; € {Bl,Bé} such that for i € [k‘], A, = N; iff C; = B;, then

|Er(Ar,...,AL) — Eg(Cy,...,Cp)| = o(n¥)
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and

|EH0(k7n)(Cl7 B 7Ck) - EH(Clu s 7C]€)‘

|EH0(k,n)(Clv - ,Ck) - EH(Al, - ,Ak)‘ + ’EH<A1, - ,Ak) — EH(CI, cey Ck)‘
= |EH0(k,n)(Clv s 7Ck) - EH(A17 s 7Ak)‘ + O(nk)

IN

For i € [k], let B; play the role of D; in the definition of Hy(k,n). Then, for any £ > 0,

|E(Ho(k,n)) — E(H)

< Z }EHo(k,n)(Cla7Ck)_EH(Clv7Ck)‘
Ci€{B;,B;}i€[k]

< Z (‘EHO(k,n)(Clw-'uCk) — Eg(Ay, ..., Ap)| +0(”k)>
Ci€{B;,B}},A;€{N;,N/}
A;=N, iff C;=B; for ic[k]

< Z Z Z | Neo(ke.m) (0)] | + o(n®)
C;e{B;,B.} for ic[k] i€[k] ve(B;—N;)U(B,—N])

< ok (l{(4'yn)nk_1 + o(nk)) (since |B; — N;| < 2yn and |B, — N/| < 2vn)

< enf  (since v = 1/logn and we may choose ng large enough).

However, this contradicts the assumption that H is not e-close to Hy(k,n). |

Next, we define two “absorbing” matchings for a legal k-set S in a k-partite k-graph.
This concept was first considered by Rodl, Rucinski, and Szemerédi [9]. Let & > 3 be a
positive integer and H be a k-partite k-graph.

Given a legal k-set S = {z1,...,z;} in a k-partite k-graph H, a k-matching {e1, ..., ex}
in H is said to be S-absorbing if there is a (k + 1)-matching {e/,... €}, f} in H with
f=Ay1,...,yx} such that

e ¢.Ne;j =10 for all i # j,
o ¢/ —¢; = {x;} and ¢; — ¢, = {y;} for i € [k].

Figure 1] illustrates an {x1, z2, x3}-absorbing 3-matching {e1, e2, es}.

Given a legal k-set S = {z1,...,2z} in a k-partite k-graph H, a (k + 1)-matching
{eo,e1,...,ex}in H is said to be S-absorbing if there is a (k+2)-matching {¢}, ..., e, f', f"}
in H, withe; N f'=f"—eo={y1}, e0o — f' = {yo}, and " :={yo,y2,...,yr}, such that

e ¢.Nej =0 foralli+#j, and
o ¢ —e;={x;} and e; — e, = {y;} for all i € [k].
Figure [2| illustrates an {x1, z2, x3}-absorbing 4-matching {eo, 1, 2, €3}.

The next result says that no matter which conclusion of Lemma holds, there are
always many S-absorbing matchings in H for any given legal k-set S.
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Figure 1: {x1, z9, z3}-absorbing matchings

Lemma 3.3 Let k > 3 be a positive integer. There exists ny > 0 such that the following
holds. Let H be a k-partite k-graph with n > ni1 vertices in each partition class and with
dk—1(H) > (1/2—1/logn)n. Let S :={z1,...,zx} C V(H) be legal.

(2) If for alli € [k] and N; C V; with |N;| > (1/2—1/logn)n, we have e (N1, ..., Ni) >
n¥/log®n, then the number of S-absorbing k-matchings in H is Q(nk2/10g3 n).

(i3) If there exists j € [k] such that |A;| > n*~1/logn, then the number of S-absorbing
(k + 1)-matchings in H is Q(n**t*/log3n).

Proof. To prove (i), we assume that, for all i € [k] and N; C V; with |N;| > (1/2 —
1/logn)n, we have eg(Ny, ..., N) > n*/log®n.

Note that, for each i € [k], x; is contained in (n — 1)*=2 legal (k — 1)-sets in H that
are disjoint from S and one given partition class of H, and each such legal (k — 1)-set is
contained in at least (1/2—1/logn)n—1 edges in H—.S (since d;_1(H) > (1/2—1/logn)n).
Thus, there exists n; such that if n > ny, there are at least n*~'/3 legal (k — 1)-sets B;
disjoint from S such that e} := {z;} UB; € E(H).

By a similar argument (and choosing n; large enough), there are at least ((n—k)* =1 /3)% >
(1/3 — o(1))*n*=Dk choices of pairwise disjoint such legal (k — 1)-sets By, ..., By.
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Figure 2: {z1,x2, z3}-absorbing (k + 1)-matching for k = 3

For each such choice of By, ..., By, let N; := Ny (B;) for i € [k]. Then |N;| > dx_1(H) >
(1/2 — 1/logn)n. By assumption, ey (Ny,...,Ny) > n¥/log®n; so there are at least
nk/log®n — k?n*~! choices of an edge f := {y1,...,yx} from H[Uje[ Ni] — Uiepe; such
that e; := B; U{y;} € E(H) for i € [k].

Hence, the number of S-absorbing k-matchings {e1, ..., e} is at least

(1/3 = o(1))*n* =Dk (nk /log® n — k2n*~1) = Q(n*’ /log® n),

as claimed in (7).

We now prove (7). So assume without loss of generality that |[A;| > n*~1/logn. As in
the previous case, since &1 (H) > (1/2—1/logn)n, there are at least (1/3—o(1))*n*~Dk =
Q(n*=Dk) choices of disjoint legal (k — 1)-sets By, ..., By, such that {z;} U B; € E(H) for
i€ [k].

For i = 2,...,k, we choose y; € Ng(B;) — {z;} and let e; := B; U {y;}. Note that we
have (1/2 —2/logn)n — 1 = Q(n) choices for each y;.

By assumption, there are at least n*~1/logn — k(k + 2)n*~2 = Q(n*~1/logn) choices
for a (k — 1)-set T € A; that is disjoint from S U By U--- U By U {y2,...,yx}. Since
Ny (T) > (1/24+2/logn)n (as T € A1) and 0,1 (H) > (1/2—1/logn)n, we have [Ny (T)N
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Ng(Bi1)| > n/logn and |[Ng(T) N Ng({ye,...,yx})| > n/logn. Consequently, there exist
distinct yp and y; with y; € (Ng(T) N Ny (B1)) — (SUB1U---UByg) and yo € (Ng(T) N
Nu({y2,...,yx})) — (SUB1U...UBy), and there are at least n/logn —k(k+ 1) —1 choices
for each of yy and y.

Let eg := {yo}t UT, e1 := {sa} U By, [ :={pn} UT and " := {yo,y2,93,- -, Yk}
Then {eo,...,e;} is an S-absorbing (k + 1)-matching (using e, = B; U {x;} for ¢ € [k]).
Moreover, the number of choice for {eo,...,ex} is the product of the numbers of choices
for Bi,..., B, y2,...,Yk, T, yo, y1, which is at least

k—1 2 K24k
k(k—1) k—1 n n_ _ _ n
Q(” )Q(n )Q<logn) (logn k(k+1) 1) @ <10g3n> .

So we have (i1). ]

We will need to use Chernoff bounds, which can be found in [7].

Lemma 3.4 Suppose X1, ..., Xy, are independent random variables taking values in {0,1}.
Let X denote their sum and p = E[X] denote the expected value of X. Then for any
0<d6<1,

2 52,

PX > (1+4+0)u] < e and PX<(1-o0)u<e 2,
and for any 6 > 1,

Sp

PX > (1+40)pu]<e 3.
We now show that for each conclusion of Lemma there exists a small matching M’

in H such that for each legal k-set S, there are at least k-pairwise disjoint S-absorbing
matchings in H.

Lemma 3.5 Let k > 3 be a positive integer. There exists ng > 0 such that the following
holds. Let H be a k-partite k-graph with partition classes Vi, ..., Vi such that |V;| = n > ng
fori e [k] and dk—1(H) > (1/2 — 1/logn)n.

(2) If for alli € [k] and N; C V; with |N;| > (1/2—1/logn)n, we have eg(Ni, ..., Ni) >
n¥/log®n, then there exists a matching M’ in H such that |M'| = O(log®n) and
for every legal k-set S C V(H), there are at least k pairwise disjoint S-absorbing
k-matchings in M’'.

(i3) If there exists j € [k] such that |Aj| > nk~1/logn, then there exists a matching M’ in
H such that |M'| = O(log®n) and for every legal k-set S C V/(H), there are at least
k pairwise disjoint S-absorbing (k + 1)-matchings in M'.

Proof. First, we prove (7). Suppose for all i € [k] and N; C V; with |V;| > (1/2—1/logn)n,
we have eg(N1,..., Ni) > n*/log3n. So we can apply (i) of Lemma

For each legal k-set S C V(H), let I'(S) be the set of (Si,...,Sk) with S; C V; and
|Si| = k for i € [k] such that H[U;c4)Si] has a perfect matching, say Mg,  g,). Then by
(1) of Lemma IT(S)| = Qn**/log®n)/kF. So there exists a := a(k) > 0 such that
()| > (™) /log? n.

19



Let F be the (random) family whose members are (S1,. .., Sk) with S; C V; and |S;| = k

for i € [k], obtained by choosing each of the (Z)k such (Si,...,Sk) independently with
probability

log® n

m"

Note that p < 1 as we can choose ng large enough. Then

k
n
B(7) =5(}) =log'n,

and for each legal k-set S C V(H),

E(JFNT(S)|) > pa (Z)k/log?’n = alog?n.
By Lemma and by choosing no large enough, we have, for n > ns,
P[|F| > 2log® n] = P[|F| > 2E(|F])] < e EIFN/3 = ¢~ (og®m)/3 1 /10,
So with probability at least 9/10
| F| < 2log® n. (13)
Again by Lemma [3.4] and by choosing ng large enough, we have, for n > na,

P[|F NT(S)| < (alog®n)/2] < P[|FNT(S)| <E(FNT(S))/2]
< ~E(FI(s))/8

< ¢~ (alog?n)/8,
So by union bound and choosing no large, we have for n > no,
P[3 legal S C V(H) : |FNT(S)| < (alog?n)/2] < nke(@los”n)/8 — gph—(alogn)/8 /70,
Thus, with probability at least 9/10, for each legal k-set S C V(H), we have
| FAT(S)| > (alog?n)/2 > k. (14)

Furthermore, the expected number of pairs of elements (Si,...,Sk), (T1,...,Tx) € F
satisfying (Uje(r)Si) N (Uiepe i) # 0 is at most

k k—1 310010
n\",9(n—1\(n 9 _ k’logn
< —<1/2.

Thus, with probability at least 1/2 (by Markov’s inequality), for all distinct (S1,...,Sk) € F
and (Tl,...,Tk) e F,

UicleSi and UjepT; are disjoint. (15)
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Hence, with positive probability, F satisfies , , and . So we may assume

that F satisfies , , and . Let M’ be the union of M(g, g,y for (S1,...,5%) € F.
Then M’ is the desired matching for (7).

Next we prove (ii). Suppose there exists j € [k] such that |[A;| > n*~1/logn; so that
we can apply (ii) of Lemma

For each legal k-set S C V(H), let I'(S) be the set of sequences (Si,...,S), with
S; € Vi and |S;| = k + 1 for i € [k], such that H[U;c)Si] has a perfect matching, say
Ms,....s,)- Then by (ii) of Lemma IT7(S)] = Q(n**t*/log® n)/(k+1)*. So there exists
o > 0 such that [I"(S)| > o/(,} )k/log?’n.

k+1
We form a random familerg consisting of sequences (Si,...,S;), with S; C V; and
|Si| = k+1 for i € [K], by selecting each of the (kil)k such (S1,. .., Sk) independently with
probability
log® n
p=——
(k1)

Note that p < 1 by choosing ny large enough. Then

k
59) =»(, ") =tog'n,

and for each legal k-set S C V(H),

E(|Gg NT'(9)]) > pa’ (k:—TIL— 1)k/log?’n =o' log? n.
By Lemma [3.4] and by choosing ny large enough, we have for n > na,
P[|G| > 2log® n] = P[|G| > 2E(|G|)] < 2e BUIN/3 = 9e—(oe’n)/3 1 /10,
So with probability at least 9/10,
G| < 2log® n. (16)
Again by Lemma and by choosing no large enough, we have for n > no,

P(IgNT'(S)] < (a/log®n)/2] < PG NT'(S)| < E(IG NT'(S)]/2)]
< e E(GNT(S)D/8

—a'log?n/8

IN

e
So by union bound and choosing n9 large,

P[3legal S C V(H) : |GNT'(S)| < log*n/2] < nke~(o"log®n)/8 _ pk—(a’logn)/8 1/10.
Hence, with probability at least 9/10, for each legal k-set S C V(H),

IGNT'(S)| > (a'log?n)/2 > k. (17)
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Furthermore, the expected number of pairs (S1, ..., Sk), (11, ..., 7)) € G with (U;jex)Si)N
(ViemTi) # 0 is

k k—1 3 10
n n—1 n (k+1)°log™n
1 o T2 T o)2.
<k+1> bk + )< k ><k+1) b= n <1/

Thus, by Markov’s inequality, with probability at least 1/2, for all distinct (S1,...,S%) € G
and (T1,...,Tk) € G,

(UieSi) N (UieTi) = 0. (18)

Hence, with positive probability, G satisfies , , and . So we may assume that
G satisfies |D , and lb Let M’ be the union of M(/SL.--,S;C) for all (Sy,...,Sk) € G.
Now M’ gives the desired matching for (i7). 1

Corollary 3.6 Let k > 3 be a positive integer. For any € > 0, there exists ng > 0 such
that the following holds. Let H be a k-partite k-graph with n > ns vertices in each partition
class. Suppose 0_1(H) > (1/2 —1/logn)n and H is not e-close to Ho(k,n). Then H has
a perfect matching.

Proof. Choose n3 large enough so that we can apply Lemmas and

By Lemmas and H contains a matching M such that |[M| < Blog®n for some
constant 8 > 0 (dependent on k only) and, for every legal k-set S C V(H), there are at
least k disjoint S-absorbing k-matchings in M, or for every legal k-set S C V(H), there are
at least k disjoint S-absorbing (k + 1)-matchings in M.

For k > 3,

Sp—1(H —V(M)) > (1/2 — 1/logn)n — Blog® n > n/k,

where the last inequality holds for n > mn3 by choosing n3 large enough. Thus by Lemma
H—V (M) contains a matching M’ of size at least n—|M|—1. Let S := H—V(MUM’).
If S = (), then M U M’ is a perfect matching in H. So assume that S # ); then S is a legal
k-set. Hence H[SUV (M)] has a perfect matching M"”. Now M’UM" is a perfect matching
in H. |

4 Conclusion

Proof of Theorem First, suppose (i) or (iz) holds. Then there exist integers
di,...,dy such that Y 7 ,d; is odd and H C Hy(dy,ds,...,dy;k,n). By definition of
Hy(dyi,da, ..., dg; k,n), there exists D C V(H) such that |D| = Zle d; is odd and |e N D]
is even for all e € E(H). Hence, H contains no perfect matchings.

Now assume that H has no perfect matching. Fix € > 0 so that

Ve < min{1/(100k%),1/(k(10k?)*1)1.

Then by Corollary H must be e-close to Ho(k,n). Hence by Corollary () or (i7)
holds. 1
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