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Abstract

Recently, Huang showed that every (277! + 1)-vertex induced subgraph of the n-dimensional
hypercube has maximum degree at least \/n in [Annals of Mathematics, 190 (2019), 949-955].
In this paper, we discuss the induced subgraphs of Cartesian product graphs and semi-strong
product graphs to generalize Huang’s result. Let I'y be a connected signed bipartite graph of
order n and I'y be a connected signed graph of order m. By defining two kinds of signed product
of I'y and I'y, denoted by I'y ﬁfg and I';<I'y, we show that if I'y and I's have exactly two distinct
adjacency eigenvalues +60; and +6, respectively, then every (%mn + 1)-vertex induced subgraph
of Iy 00Ty (resp. I'1XI'3) has maximum degree at least /02 + 63 (vesp. /(07 +1)62). Moreover,
we discuss the eigenvalues of Flﬁfg and I';<I's and obtain a sufficient and necessary condition
such that the spectrum of I'y E|F2 and I'y<I'y are symmetric, from which we obtain more general
results on maximum degree of the induced subgraphs.
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1 Introduction

Let @, be the n-dimensional hypercube, whose vertex set consists of vectors in {0,1}", and two
vectors are adjacent if they differ in exactly one coordinate. For a simple and undirected graph
G = (V,E), we use A(G) to denote the maximum degree of G. The adjacency matrix of G is
defined to be a (0,1)-matrix A(G) = (a;;), where a;; = 1 if v; and v; are adjacent, and a;; = 0
otherwise.

Recently, Huang [13] constructed a signed adjacency matrix of @, with exactly two distinct
eigenvalues ++/n. Using eigenvalue interlacing, Huang proceeded to prove that the spectral
radius (and so, the maximum degree) of any (2"~! + 1)-vertex induced subgraph of @, is at
least \/n. Combing this with the combinatorial equivalent formulation discovered by Gotsman
and Linial [I0], Huang confirmed the Sensitivity Conjecture [17] from theoretical computer
science. The main contribution of Huang is the following theorem.
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Theorem 1.1 (Huang [13]) For every integer n > 1, let H be an arbitrary (2"~ ! + 1)-vertex
induced subgraph of Qn, then A(H) > /n.

The bound /n (or more precisely, [y/n]) is sharp, as shown by Chung, Furedi, Graham, and
Seymour [5] in 1988. Tao [22] also gave a great expository of Huang’s work on his blog after
Huang announced the proof of the Sensitivity Conjecture.

Denote the Cartesian product of two graphs G and H by GOH. It is known that the
hypercube @Q,, can be constructed iteratively by Cartesian product, that is, (Q; = K5 and for
n>2 Q,= @ 00Q,_1. Motivated by this fact, in this paper, we generalize Huang’s theorem
to Cartesian product graphs and semi-strong product graphs. We introduce some necessary
notations in the following.

A signed graph T' = (G,0) is a graph G = (V, E), together with a sign function o : £ —
{+1, —1} assigning a positive or negative sign to each edge. An edge e is positive if o(e) = 1
and negative if o(e) = —1. The unsigned graph G is said to be the underlying graph of T, while
o is called the signature of G. If each edge of T" is positive (resp. negative), then I" is denoted by
I'=(G,+) (resp. I' = (G, —)). A signed graph is connected if its underlying graph is connected.

The adjacency matrix of I' = (G,0) is denoted by A(T') = (af;), where af; = o(v;v;), if
v; and v; are adjacent, and af; = 0 otherwise. As G is simple and undirected, the adjacency
matrix A(T') is a symmetric (—1,0, +1)-matrix, and A(T") = A(G) if ' = (G, +), A(T") = —A(G)
if I' = (G, —). Let \i(I') > Ao(T') > -+ > A\, (') denote the eigenvalues of A(T"), which are all
real since A(I") is real and symmetric. If I" contains at least one edge, then A;(I") > 0 > A, (I")
since the trace of A(T") is 0. In general, the largest eigenvalue A;(I') may not be equal to the
spectral radius p(I') = max{|\;(T)| : 1 < i < n} = max{\ ('), =\, (")} because the Perron-
Frobenius Theorem is valid only for nonnegative matrices. The eigenvalues of the adjacency
matrix of signed graph I' are called adjacency eigenvalues of I". The spectrum of A(T") is called
the (adjacency) spectrum of I' and A(T") is also called a signed adjacency matrix of G. The
spectrum of I' is symmetric if its adjacency eigenvalues are symmetric with respect to the origin.
In this paper, all eigenvalues considered are adjacency eigenvalues.

For basic results in the theory of signed graphs, the reader is referred to Zaslavsky [23].
Recently, the spectra of signed graphs have attracted much attention, as found in [I, 2, (4] [6,
8, 9 14, [18], 19, 2], 24], among others. In [2], the authors surveyed some general results on
the adjacency spectra of signed graphs and proposed some spectral problems which are inspired
by the spectral theory of unsigned graphs. In particular, the signed graphs with exactly two
distinct eigenvalues have been greatly investigated in recent years, see [8], [14] [16], (18, [19], 21]. In
[14], Hou et al. characterized all simple connected signed graphs with maximum degree at most
4 and with just two distinct adjacency eigenvalues. In this paper, we construct signed graphs
with exactly two distinct eigenvalues by two kinds of graph products, which generalizes Huang’s
result on the induced subgraph of the hypercube.

The Kronecker product A ® B of matrices A = (a;j)mxn and B = (bjj)pxq is the mp x ng
matrix obtained from A by replacing each element a;; with the block a;; B. Therefore the entries
of A ® B consist of all the mnpq possible products of an entry of A with an entry of B. For
matrices A, B,C and D, we have (A® B) - (C ® D) = AC ® BD whenever the products AC' and
BD exist. Note that, (A® B)T = AT @ BT.

The Cartesian product of two graphs G and Gs is a graph, denoted by G10Gs5, whose
vertex set is V(G1) x V(G2) and two vertices (uy,u2) and (v1,vs) being adjacent in G10Go
if and only if either w3 = vy and ugvy € E(G3), or ujvy € E(Gp) and uy = vy. The direct
product (or Kronecker product) of two graphs G1 and G5 is a graph, denoted by G x Ga, whose
vertex set is V(G1) x V(G2), and two vertices (u1,uz) and (vi,v2) being adjacent to each other
in G; x Gy if and only if both ujvy € E(G1) and ugve € E(Gs). The semi-strong product
(or strong tensor product [11]) of two graphs G; and Gs is a graph, denoted by G; > Ga,
whose vertex set is V(G1) x V(G3), and two vertices (u1,u2) and (v1,v2) being adjacent to



each other in G7 1 Gy if and only if either ujv; € F(Gp) and ugvy € E(G3), or up = v;
and ugve € F(G2). Then, by the definitions, the adjacency matrices of G10G2, G x G2 and
G1 1 Gy are A(G1DG2) = A(Gl) QI+ 1, ® A(Gg), A(Gl X GQ) = A(Gl) ® A(GQ) and
A(G1 < G2) = A(G1) ® A(G2) + I, ® A(Ga), respectively, where n = |V(G1)|, m = |V(G2)| and
I, is the identity matrix of order n.

Let 'y = (G1,01) be a connected signed bipartite graph of order n with bipartition (V, V3),
where [V1| = s and |Vo| = n — s, and 'y = (G9,02) be a connected signed graph of order m.
With suitable labeling of vertices, the adjacency matrix of I'y can be represented as

ar=| gi b |-

The signed Cartesian product of signed bipartite graph I'y and signed graph I's, denoted by
['100,, is the signed graph with adjacency matrix

I, O Is® A(T') P®In

A(T00,) = A(T) @ I, + [ O -1, ] ® A(Ty) = [ P oL, —In_S®A(P2)] (1.1)

The signed semi-strong product of signed bipartite graph I'y and signed graph I'y, denoted
by I'1<I's, is the signed graph with adjacency matrix

A(rlsqrg):A(rl)egA(rzH[g _g_s]®A(rg):[1§; _£_S]®A(r2). (1.2)

As a generalization of Theorem [[LT], we have the following theorem.

Theorem 1.2 Let 'y = (G1,01) be a signed bipartite graph of order n with exactly two distinct
eigenvalues +61 and T'y = (Ga,02) be a signed graph of order m with exactly two distinct
eigenvalues £0o. If H and H' are arbitrary ("* + 1)-vertex induced subgraphs of 00y and
'y respectively, then

A(H) >1\/02+02, A(H') > /(0% +1)62.

A direct proof of Theorem is presented in Section 2. In fact, from the proof we see that
I'y and I's in Theorem are regular. For more general graphs, we can obtain the following
theorem. A (signed) bipartite graph with bipartition (Vi,V2) is called balanced if |Vi| = |Va|.

Theorem 1.3 Let I'y = (G1,01) be a signed bipartite graph of order n and I's = (Ga,02) be a
signed graph of order m, and let A2 and p® be the minimum eigenvalues of A(El)z and A(T'9)?,
respectively. Let H and H' be any (|"*] + 1)-vertex induced subgraph of T100I'y and T'1><Ty,
respectively. If I'1 is a balanced bipartite graph or the spectrum of I's is symmetric, then

A(H) > /A2 +p2, AH') > /(A2 4+ 1)p2.

In Section 3, we display some preliminaries and examples. In Section 4, we give a character-
ization of the eigenvalues of Flﬁfg and I';<I'y and obtain a sufficient and necessary condition
such that the spectrum of Flﬁfg and I';<I'y are symmetric. In Section 5, we present the proof
of Theorem [[.3] and generalize the signed Cartesian product and signed semi-strong product
of two signed graphs to the products of n signed graphs. In the last section, we give some
concluding remarks.



2 A direct proof of Theorem

Using the idea that Shalev Ben-David contributed on July 3, 2019 to Scott Aaronson’s blog,
Knuth [15] gave a direct and nice proof of Huang’s theorem in one page. Here, arising from
their ideas, we give a direct proof of Theorem

Proof of Theorem For simplicity, let 47 := A(I';) and As := A(I'2). Since I'; has
exactly two distinct eigenvalues +6; (# 0) for ¢ = 1,2, we have each eigenvalue Of A2 equals to
6? and so there exist orthogonal matrices 1 and Q9 such that A3 = Q1 (6?1, ) = 621, and

= Q2(031,,)QT = 021I,,,. The diagonal entries of A? are the degrees of vertices in T, so T'; is
a 02-regular graph for i = 1,2. Moreover, |V;| = s = 2 and PPT = PTP = H%In/g.

(a) Let A := A(I';00;) and define

B [P@ (Ag + /07 + 031,,,) }
031,20 @ Iy

to be an mn x 75 matrix. Since ¢y # 0, the rank of B is 5*, and we have

A B=|Ip®dr Peln | (P& (A + /0] +63Ln)
_PT®[m - n/2®A2 H%In/2 ®Im

[ P®(A3+ 07+ 0345 +611,,) }

[ PTP @ (Ay+ /07 4 031) — 031, 2 ® Ay

N P @ (031, + /0% + 0245 + 031,,) ]

03,2 @ (A + /03 + 031,) — 071, 0 ® Ag

P® (Ay + /02 + 621,,)
2 2 2 2
=\/62 + 62 L, V| = /o2 + 038.

Let H be an arbitrary (“* + 1)-vertex induced subgraph of I, 0. Suppose B* is the

("5 — 1) x 7% submatrix of B whose rows corresponding to vertices not in H. Then there ex1sts
a unit “5* X 1 vectors x such that B*r = 0, since B*x = 0 is a homogeneous system of "5+ — 1
linear equations with “§" variables. As rank(B) = "§*, y = Bz is an mn X 1 nonzero vector such
that y, = 0 for any vertex v € H, and Ay = /07 + 03y.
Let u be a vertex such that |y, | = max{|yi|,. .., |¥ymn|}- Then |y,| >0, u € V(H) and
02 + 03lya| = | (Ay). ZAuvyv | A < 3 Munllyal < AUyl
veH veEH

Therefore, A(H) > /607 + 63.
(b) Let A := A(I'y<'9) and define

P® (\/0? +1A5 + 021,,)
B=
03021 n/2 @ Im
to be an mn x 75 matrix. Since 6y # 0 and 65 # 0, the rank of B is 75+, and we have
A Bo|mp@d  PoAy | [P@(V0]+1A;+ 020n)

PT @Ay —I,5® Ay 03021,,/5 @ I,

[ P14+ 6245 + 6765 A5) ]
|PTP @ (\/02 + 143 + 02A3) — 63621,, )5 ® As

_ P ® (V02 + 1031, + 09(6% + 1) A)
92[n/2 ® v/ 92 92 I, +602A9) — 92921n/2 ® Ao

=\/(62 + 1)62 [ 0V1921n/2®l = /(62 + 1)02B.




Let H' be an arbitrary (%% 4 1)-vertex induced subgraph of I';>I';. Suppose B* is the
(M —1) x M2 submatrix of B whose rows corresponding to vertices not in H’. Then there ex1sts
a unit 75* x 1 vector x such that B*x = 0, since B*z = 0 is a homogeneous system of 75 — 1
linear equations with 7% variables. As rank(B) = %%, y = Bz is an mn x 1 nonzero vector such

that vy, = 0 for any vertex v € H', and Ay = /(0% + 1)02y.

Let u be a vertex such that |y, | = max{|y1|,..., [Ymn|}. Then |y,| >0, u € V(H’) and
(92 + 1)92|ZJU| = [(AY)u wlv| = Z Auwo| < Z [ Aoy < A(H/)|yu|
veH’ veH’
Therefore, A(H') > /(07 + 1)62. ]

3 Preliminaries
In this section, we present some useful lemmas and examples.

Lemma 3.1 (Hammack et al. [12]) Let G1 and Gy be nontrivial graphs. Then

(i) G1OGz is connected if and only if G1 and Gy are connected, and G100Gs is bipartite if
and only if G1 and Gy are bipartite;

(i) G1 x Gy is connected if and only if G1 and Go are connected and at most one of them
is bipartite, and G X G 1is bipartite if and only if at least one of G1 and G is bipartite.

Lemma 3.2 (Garman et al. [11]) Let G1 and Ga be nontrivial graphs. Then
(i) G1 1 Gq is connected if and only if G1 and Go are connected;
(i) Gy >1 Gy is bipartite if and only if Go is bipartite;
(iii) The semi-strong product operation is neither associative nor commutative;
(iv) If Gy is bipartite, then G1 <1 Ko = G10OK>.

By Lemma (iv), the following corollary can be obtained easily.

Corollary 3.3 (Garman et al. [I1]) (i) Let G; = Ka, and for n > 2, Gy, = Gp—1 X Ka, then
Gn = Qn.

(ii) Let Gy = Ko, and forn > 2, G}, = Ko < G),_y, then G, = Kon-1 gn-1.

n—1’

Proof. By Lemma (iv), Qn-1 = Ky = @Q,-10Ks = @,. By induction, G,, = Q,. Let
V(K3) = {u,v} and (V1,V2) be the bipartition of Kon-29n-2. Then there is an edge con-
necting any two vertices between {u,v} x Vi and {u,v} x Vo in K3 4 Kyn-2 9n-2. Hence,
Ko >4 Kgyn-2 gn-2 = Kgn-1 9n—1. By induction, G, = Kon—1 gn-1. |

By the definitions of Cartesian product, direct product and semi-strong product of graphs,
we can define the product of signed graphs I'y and I's by their adjacency matrices. That is,
AT 0OT) = A(T) @ Iy + I, ® A(T'2), where n = |V(I'1)| and m = |V(T'2)|, A(T'1 x I'y) =
A(T1) ® A(T'2), and A(T'; < T'e) = (A(Ty) + I,) ® A(T'2). If X and Y are eigenvectors of
A; = A(T';) and Ay = A(T'9) corresponding to eigenvalues A and p, respectively, then direct
computation yields the following.

ADION)(X @Y ) = (A1 @ 1n + [, A)(X ®Y) =N+ )X ®Y,
A=) (X @Y) =[(A1 + 1) @ (X ®Y) = (A1 + 1) X @ AY =(A+1)uX ®Y.

Thus, we can obtain the following theorem.



Theorem 3.4 If A1 > Ao > --- > X, and puy > po > -+ >y are the adjacency eigenvalues of
the signed graphs I'y and Iy, respectively, then, fori=1,2,... ,nand j =1,2,...,m,

(i) (Germina et al. [9]) N\i + p; are the adjacency eigenvalues of 1O ;

(it) (Germina et al. [9]) \ip; are the adjacency eigenvalues of I'y x T'y;

(i) (Ni + 1)p; are the adjacency eigenvalues of I'y < I'y.

By Lemma B.1] (ii) and Theorem [3.4] (ii), we have the following result immediately.

Corollary 3.5 For i = 1,2, let I'; = (G;,0;) be a connected signed graph with exactly two
distinct eigenvalues +0;, respectively. If at least one of G1 and G4 is non-bipartite, then I'y x I'y
is a connected signed graph with exactly two distinct eigenvalues £61605.

In the following, we introduce some known results and examples which can be used to
construct signed graphs with exactly two distinct eigenvalues. First we give some definitions. A
weighing matriz of order n and weight k is an n x n matrix W = W (n, k) with entries 0, +1 and
—1 such that WW7T = WTW = kI,,. A weighing matrix W (n,n) is a Hadamard matrix H,, of
order n. A conference matriz C of order n is an n X n matrix with 0’s on the diagonal, +1 or
—1 in all other positions and with the property CC”T = (n — 1)I,,. Thus, a conference matrix of
order n is a weighing matrix of order n and weight n — 1, and a permutation matrix of order n
is a weighing matrix of order n and weight 1.

Lemma 3.6 Forn > 1, let

1 1
1 -1

01

H2 - |: :| & H2n.
Then A, is a signed adjacency matriz of Kon on and its eigenvalues are £v/2", each with mul-
tiplicity 2".

Proof. Since Hon is a symmetric matrix with entries +1, A, is a signed adjacency matrix
of Kon gn. Note that Hon is a Hadamard matrix of order 2" with eigenvalues ++v/2". By the
property of Kronecker product, the eigenvalues of A,, are ++/2", each with multiplicity 2. =

Lemma 3.7 (McKee and Smyth [16]) Let P be a permutation matriz of order n such that
P + PT is the adjacency matriz of the cycle C,, and

pPp+pf p-_pT

An=| pr_p —(P+ P7)

Then A, is the adjacency matriz of the 2n-vertex toroidal tessellation Ty, (see Figure[l), whose
eigenvalues are £2, each with multiplicity n.

Lemma 3.8 (McKee and Smyth [16]) Let W(7,4) = (w;;) be the weighing matriz of order 7
and weight 4, where w;; = wy ¢ for £ = j —i+1(mod 7) and (w11, w12, w13, W14, W15, Wi, Wi7) =
(~1,1,1,0,1,0,0). Let

01

W(14,4) = [1 0

} ®@ W(7,4).
Then W (14,4) is the adjacency matriz of the 14-vertex signed graph Si4 (see Figure[d) and its
etgenvalues are £2 with the same multiplicity 7.

Example 3.9 (Stinson [20]) For each n € {2,6,10,14,18,26,30}, there exists a symmetric
conference matrices W(n,n —1). Then, W(n,n — 1) is a signed adjacency matrix of K, and its
eigenvalues are +v/n — 1, each with multiplicity n/2.



T2n

Figure 1: The graphs Ty, in Lemma [3.7 and S14 in Lemma [3.8

By the property of Kronecker product of matrices, we have the following examples.

Example 3.10 Let W (k,k — 1) be a symmetric conference matrix of order k£ and H, be a
symmetric Hadamard matrix of order n. Then W (k,k — 1) ® H,, is a signed adjacency matrix
of the complete k-partite graph K, , ., and its eigenvalues are +/(k — 1)n with the same
multiplicity. In particular, W(6,5) ® Hs is a signed adjacency matrix of the complete 6-partite
graph Ko 22292 9.

Example 3.11 Let I' be a signed graph of order m and H,, be a symmetric Hadamard matrix
of order n. Then H, ® A(I') is an adjacency matrix of the signed graph T'™ of order mn
obtained from I'. If I" has exactly two distinct eigenvalues £6, then I'™ has exactly two distinct
eigenvalues +6+/n.

4 Eigenvalues of signed Cartesian product and signed semi-
strong product graphs

In this section, we discuss the adjacency eigenvalues of I;l E|F2 and I'y<i['y and obtain a sufficient
and necessary condition such that the spectrums of I';[I'y and I'y<iI'y are symmetric.

Theorem 4.1 Let I'y = (G1,01) be a signed bipartite graph of order n with bipartition (Vi, V)
and Iy = (Ga,09) be a signed graph of order m. If \? is an eigenvalue of A(T'1)? with multiplicity
p and p? is an eigenvalue of A(T's)? with multiplicity q, then each of the following holds.

(i) N2+ p2 (resp. (A2 + 1)p2) is an eigenvalue of A(T1000)2 (resp. A(I1XI)%) with
multiplicity pq.

(ii) If A =0 and p # 0, then £u are eigenvalues of 00, (also T'1<'y ) with multiplicities
%pq + %(n —2|V1|)(q — 2t) respectively, where t is the multiplicity of eigenvalue p of A(T'2).

(111) If X # 0, then £/ A2 + p? are eigenvalues of [0Ts, each with multiplicity pq/2.

(iv) If M # 0, then £+/(A2 + 1)u2 are eigenvalues of T'1<'a, each with multiplicity pq/2.

Corollary 4.2 Fori = 1,2, let I'; be a signed graph with exactly two distinct eigenvalues £0;,
where T'1 is bipartite. Then T'\(ly and T'1<I'y have exactly two distinct eigenvalues :l:\/H% + 0%
and £/ (0% + 1)03, respectively.

_The following theorem gives a sufficient and necessary condition such that the spectrums of
'O and T'yi<I'y are symmetric.

Theorem 4.3 Let I'y be a signed bipartite graph and Iy be a signed graph. The spectrum
of ThOTy (resp. T'1<'y) is symmetric if and only if T’y is balanced or the spectrum of Ty is
symmetric.



In the following proofs of Theorem (.1l and Theorem 3] we always assume that A; :=

ATy) = [g{? OnP—s:| and Ay := A(T'2), where |Vi| = s and P is an s X (n — s) matrix.

Proof of Theorem [4.1] (i). By (LI]), we have

~ I, O ?
A(T00,)? = <A1 ® Iy, + [OS 7 } ®A2>

I, O 9
()Jn_J@A2

e olem) o i )=)
o 2Jeu) ([ o)

-p P
=A2 R I, + I, ® A2 + L?T O}®A2+ {_S)ﬂ O} ® Ay

=A2Q1I, +1I,® A (4.1)

Foreachi=1,...,pand j =1,...,q, let X; and Y; be eigenvectors of A? and A% with respect
to eigenvalues A2 and p2, respectively. Thus, by (@], we have

ADON)* (X5 ®Y)) = (A} ® Ly + I, @ A3)(X; @Y)) = (\ 4 4°)(X; @ Y).

Therefore, A2 + ;2 is an eigenvalue of A(F16F2)2 with multiplicity pgq.
By (L2), we have

2
~ I P
A(F1[><]F2)2 = <|:PT _J :| by A2>

2
OS P Is O
(7 o) lo —i]) o
O, —-P+P
P —pT O, _,
=(A2+1,) ® Al (4.2)

:(A§+In)®A§+[ }@A%

For eachi=1,...,pand j =1,...,q, let X; and Y; be eigenvectors of A? and A% with respect
to eigenvalues A\? and 2, respectively. Thus, by ([@2]), we have

A(TX02)* (X5 @ YG) = [(AT + 1) © A3](X; @ Y)) = (W + 1) (X; @ V).
Therefore, (A? 4 1)u? is an eigenvalue of A(I';x'9)? with multiplicity pq. [

Lemma 4.4 Let T be a signed bipartite graph of order n with bipartition (V1,Va), where |Vi| = s,
and A = []?% OP } be the adjacency matriz of T'. Let {w1,..., W} be a basis of null space
n—s

of PT and {z,...,z,} be a basis of null space of P. The following a + b vectors of length n

o] Lol ey

s a basis of null space of A.



Proof. Since rank(A) = rank(P) + rank(PT), by Rank-Nullity Theorem
n —rank(A) = (n — s — rank(P)) + (s — rank(PT)) = a + b.
The result follows. u

Proof of Theorem [4.] (ii). Since the multiplicity of eigenvalue u of As is ¢, the multiplicity
of eigenvalue —p of Ay is ¢ —t. Assume that AoY; = pY; for each 1 < j <t and AyY/ = —pY]
for each 1 < k < ¢ —t. In particular, if ¢ = 0, then 1 < k < ¢ and there exists no such Y}; if
t =g, then 1 < j < ¢ and there exists no such Y}.

By the assumption, A = 0 is an eigenvalue of A? (and so A;) with multiplicity p. Hence, the
rank of Aj is rank(A;) = n — p and rank(P) = rank(PT) = (n —p)/2. Thus, the nullity of PT is

r:=s —rank(PT) = p/2 — (n — 2s)/2

and the nullity of P is p —r = p/2 + (n — 2s)/2. Suppose that {X11,...,X,1} is a basis of null
space of PT and {Xis,... ; X(p—r)2} is a basis of null space of P. Let

| Xa ;10
o) -]

be column vectors of length n for each 1 <¢ <r and 1 < ¢ < p—r. In particular, if r = 0, then
1 <?¢<p=mn-—2s and there is no such Z;; if r = p, then 1 < i < p = 25 — n and there is no
such Z;. By Lemmald4, {Z:,...,Z,} U{Z],...,Z,_,} is a basis of null space of A;. Therefore,
A1Z;=A1Z;=0and forevery 1 <i<r,1<j<tand 1<k <qg—t,

AO)(Z: @ Y)) = u(Z: @ Y;) = AT1sTs)(Z: @ Y)),

AN O (Z @ YY) = —u(Z; @ V) = A(T1X0s)(Z; ® V).
Forevery 1 </<p—-r,1<j<tand 1<k <q—t,

ATOD)(Zy @ ) = pl(Z; @ YY) = AT=0:)(Z © Y),

AN OR)(Z®Y)) = —p(Zy ®Y)) = AD1R02)(Z; © Y)).

Note that all of Z;, Zé, Y; and Yk’ are nonzero vectors for each 1 < i < r, 1 < /¢ < p-—r,
1<j<tand1<k<q—t. Hence, the Kronecker products of them are also nonzero vectors.
By (Z; ® Y;)T(Z,®Y}) =0, we have Z; ® Y; and Z, ® Y} are

rt+(p—r)(q—1t) = pg/2 + (n —2s)(q — 2t)/2

eigenvectors of A(I'\0y) (resp. A(I'<I'y)) with respect to eigenvalue p. By (Z; ® Y)T(Z) ®
Y;) =0, we know that Z; ® Y/ and Z, ® Y; are

r(q—1t)+ (p—r)t =pg/2 — (n —2s)(q — 2t)/2

eigenvectors of A~(F1ﬁfg) (resp. A(I'1<I'2)) with respect to eigenvalue —pu. Thus, +u are
eigenvalues of I'\('y (resp. I'1<I'2) with multiplicities %pq + %(n — 25)(q — 2t), respectively. m

Proof of Theorem [4.7] (iii). Suppose that A # 0. Since I'; is bipartite, A and —\ are
eigenvalues of I'1, each with multiplicity p/2. Without loss of generality, assume that u > 0,
AsY; = pYj for each j =1,...,t and AoY] = —pY) for each k = 1,...,¢ —t. In particular, if
t =0, then 1 < k < ¢ and there exists no such Yj; if t = ¢, then 1 < j < ¢ and there exists no

such Y/. Note that if g = 0, then t = ¢. Now, for i = 1,...,p/2, suppose that X; = [?’1} is the
7.
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unit vector such that A; X; = AX;, where X;; and X5 are column vectors of length s and n — s
. ] X,
respectively. Then PX;5 = AX;; and PTX;; = AXjo. For each i = 1,...,p/2, let X! = [ );, },
— X2
then A1 X! = —AX/. Since A # 0, we have X X! = 0 and so X} X;; = X5 X0 = %, which implies
that X;; and X;o are nonzero vectors. Based on eigenvalues +\, - and the corresponding
eigenvectors, we construct pq / 2 vectors as follows

VAZ 2 + u)X-l} , [ AXi } ,
ZioY; = | i QY Wi® Y= ® Y/,
/ [ AXi2 ! k (VA2 + p? + )Xo b
foreachi=1,...,p/2,7=1,...,tand k=1,...,q — t, and construct pq/2 vectors as follows
X (VA2 + 4 + u)X-1]
7Y = Y, W oY = i oy,
t @5 [(\/ A2+ p? + M)Xz'2] @ X Wi @ [ —A X2 @0

fori=1,...,p/2,7=1,...,t and k =1,...,q — t. Then, we have
~ ' N[ Is® Ag P® I, (VN H+ 2 +p)Xn®Y;
AMOr) - (2 27;) = [PT®Im _In—s®A2:| [ AXi2 ® Y]

(VA2 4 12 + ) Xin @ pY; + XX @Y
(\/)\2 +p? + WAXi2 ® Y; — AX ® uY;

—/N 12 [(\/)‘2 + 12 + )X ®Yj]

AXp ®Y;

TR (ZeY)), (49

_ AX; © Y/
A(FIDQ).(WZ-@yl;):[Is@A? P& I, }[ 1@ Yy

PT®IL, —I,-s®As| [(V/ N2+ 12+ )X Yk’]

“AXi1 @ pY, + (VA2 4+ 2+ p)AXn @Y,
N Xip @ V) + (VA2 + 12 + 1) Xip @ py]

—./)\2 2 A i1 & k/
_— A H *
(\/)\2 +,u2 —l—,u)X,-2®Yk’

=V +p2- (W, @Y)), (4.4)
- I, ® A P®I —AXi1 @Y
AED) - (ZL oY) = | = KRE .
([0l - (Z; ® Y) [PT®Im —In_s®Az] [(\/A2+M2+M)Xi2®yj]

—AXi1 @ pY; + (VA2 + 2 4+ p)AXn Y;
A2 Xi0 @Y, — (VA2 + p? 4 ) Xio @ pY;

_ /7)\24_”2'[ -2 X ®Y; ]
(VA2 +p? + 1) Xip @Y
- VR (ZeY), (45)
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~ b oon [ Is® Ag P®I, (VA2 + 2+ )X @Y,
Ay o = |5 PO | [V 0k
—(VA2+ 1?2 4 p) Xt @ pY] — N X ® Y]

(VA2 + 12 4+ p)AXi2 @ Y] — AXjo @ pY)

i [(\/eru)Xu ®Y,g]

-AXp®Y/
=— /X242 (W oY) (4.6)

Since A # 0, and X;; and X;9 are nonzero, we know that all of Z;, W;, Z/, W/, Y}, Y, are nonzero
vectors for each i € {1,...,p/2}, j € {1,...,t} and k € {1,...,q — t}, and the Kronecker
products of them are also nonzero vectors. As (Z; ® Y;)T(W; ® Y/) = 0, by (&3) and @4,

we have Z; @ Y; and W; ®@ Y/ are pq/2 eigenvectors of A(Flﬁfg) with respect to eigenvalue
VAZ+ 2 As (Zl o Y)T(W] @ Y]) =0, by @5) and (@8), we have Z! ® Y; and W/ ® Y} are
pq/2 eigenvectors of A(Flﬁfg) ‘with respect to eigenvalue —+/ A2 4+ p2. Therefore, /A2 + p?
are adjacency eigenvalues of I'1[0T'y, each with multiplicity pq/2. [

Proof of Theorem [4.1] (iv). Suppose that Ay # 0. Since I'; is bipartite, A and —\ are
eigenvalues of I'1, each with multiplicity p/2. Without loss of generality, assume that AoY; = pY;
for each j = 1,...,¢t and AgY] = —pY) for each k = 1,...,¢ — t. In particular, if ¢ = 0,
then 1 < k£ < ¢ and there exists no such Yj; if ¢ = ¢, then 1 < j < ¢ and there exists no
Xi1
X
A1 X; = AX;, where X;1 and X;» are column vectors of length s and n — s respectively. Then

PXjy = AXy1 and PTX;1 = AXj. Let X| = [ Xin ] then A1 X! = —AX! and so X7 X/ = 0.

such Y. Now, for each i = 1,...,p/2, suppose that X; = [ ] is the unit vector such that

—Xi2
Thus (X;1)7 X5 = (Xi2)T Xpo = %, and so X;1 and X9 are nonzero vectors. Based on eigenvalues
+\, £ and the corresponding eigenvectors, we construct pg/2 vectors as follows

Zi¥; = [ AXio 9, Zi@ ¥y = (VA2 +1+1)Xp @Y

foreachi=1,...,p/2,7=1,...,tand k=1,...,q — t, and construct pq/2 vectors as follows

—AXi1 (VA2 +1+1)Xan
/ C— . . I _ i /
Zl®Y; [( T+1+1)X,-2] ®Y;, Z;®Y] [ X Yy,

foreachi=1,...,p/2,j=1,...,tand k=1,...,q —t. Since
I P 7 [ I, P (VN2 +1+1)X;,
PT —IL,_ |7 |PT —I,_ AXio

WX+ 1+ D)X + N X,
L(VA2+ 14 1)AX;0 — A Xj2

=21 17,

L, P11, [I, P ~AXi
PT I | YT PT L) (VAT T4 )Xo
. [—AX;1 + (\/ A2 +1+ 1)/\Xi1
| A2 Xio — (VA2 + 14 1) X5

= -\ 117,
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we can obtain the following equations

ATXT2) - (Z; @ Y;) = VA2 +1Z; ® AY; = pV A2 + 1+ (Z; ® Yj), (4.7)
ATy - (ZI@Y]) = —V A2+ 12/ @ AY] = pV/ A2+ 1-(ZL oY), (4.8)
A EDy) - (ZL@Y;) = —VA2 + 1ZL @ AyY; = — /A2 +1-(Z] ®Y)), (4.9)
AT X)) - (Z; ®Y)) = VA2 +1Z; @ AY) = —u /A2 +1-(Z; @ Y)). (4.10)

Since Ap # 0, X;1 and X5 are nonzero, we know that all of Z;, Z/,Y;, Y] are nonzero vectors for
eachie {l,...,p/2}, 7€{l,...,t} and k € {1,...,q —t}, and the Kronecker products of them
are also nonzero. As (Z;®@Y;)T(Z!®@Y]) =0, by (@1) and (L8], we have Z; ®Y; and Z! @Y, are
pq/2 eigenvectors of A(I'yXI'y) with respect to eigenvalue uv/A2 +1. As (Z/@Y;)T (Z;@Y]) =0,
by (£9) and (@I0), we have Z! ®Y; and Z; ® Y] are pq/2 eigenvectors of A(I';>ly) with respect
to eigenvalue —uv/ A2 + 1. Therefore, uyv/ A2 + 1 are adjacency eigenvalues of I'1<l'y, each with
multiplicity pg/2. [

Proof of Theorem 4.3l Let A\? be any eigenvalue of A(T'1)? with multiplicity p and u? be any
eigenvalue of A(I'2)? with multiplicity ¢, where u is the eigenvalue of 'y with multiplicity ¢.

(a) Consider I')(0l'y. By Theorem Bl (i), A2 + 42 is an eigenvalue of A(I'y00Iy)% with
multiplicity pq.

Assume that I'; is balanced or the spectrum of I's is symmetric. Then the bipartition (1, Va)
of T'y satisfies [Vi| = § or the multiplicity of eigenvalue p(# 0) of I'y is equal to t = 2, and so
(n —2|V1])(¢ — 2t) = 0. It suffices to prove that the multiplicities of eigenvalues :t\/)\2 + p? of
I, 00T, are equal to 3 1pq when A2+ 2 # 0. If X # 0, then by Theorem E1] (iii), the multiplicities
of eigenvalues £4/\% + 2 of I,0r, are equal to 2pq. If A\ =0 and g # 0, then by Theorem
1] (ii), the multiplicities of eigenvalues 4y of Flﬁfg are equal to %pq. Thus, the spectrum of
Flﬁfg is symmetric.

Conversely, assume that the spectrum of I'y 0T, is symmetric. If all the eigenvalues of I'; are
nonzero, then the rank of A(I'1) is n and so rank(P) = rank(PT) = Z. This implies |V4| = |V5]
and so I'y is balanced. If A = 0 and p # 0, then the multiplicities of eigenvalues +pu of r,0r,
must be equal. By Theorem 1] (ii), we have

pq + (n —2[Vi])(q — 2t) = pqg — (n — 2|V1|)(q — 21),

that is (n — 2|Vi|)(¢ — 2t) = 0 and so I'y is balanced or the spectrum of I'y is symmetric.

(b) Consider I'y&<I's. By Theorem Al (i), (A2 + 1)u? is an eigenvalue of A(I'1<I'y)? with
multiplicity pq.

Assume that I'y is balanced or the spectrum of I'y is symmetric. Then the bipartition (V1, Vo)
of 'y satisfies V1| = § or the multiplicity of eigenvalue p(# 0) of Ty is equal to t = £, and so
(n —2|V4])(¢ — 2t) = 0. It suffices to prove that the multiplicities of eigenvalues £+/( )\2 + 1)pu?
of T'1<I'y are equal to %pq when p? # 0. If X # 0 and u # 0, then by Theorem 1] (iv), the
multiplicities of eigenvalues ++/(A\2 + 1)u? of I'y<I'y are equal to %pq. If A=0and p # 0, then
by Theorem [A.T] (ii), the multiplicities of eigenvalues +u of I'\<i’y are equal to %pq. Thus, the
spectrum of I'1<I"y is symmetric.

Conversely, assume that the spectrum of I'y>il's is symmetric. If all the eigenvalues of I'y are
nonzero, then the rank of A(I'1) is n and so rank(P) = rank(PT) = Z. This implies |V;| = |V5]
and so I'y is balanced. If A = 0 and p # 0, then the multiplicities of eigenvalues +pu of T'1>ls
must be equal. By Theorem 1] (ii), we have

pq + (n —2[Vi])(q — 2t) = pqg — (n — 2|V4|)(q — 21),

that is (n — 2|V1|)(¢ — 2t) = 0 and so I'; is balanced or the spectrum of I'y is symmetric. ]

12



5 Induced subgraphs of the signed product graphs

In this section, we mainly give the proof of Theorem [[3] and generalize it to signed product of
n (n > 3) graphs. To establish Theorem [[.3] we need the following lemmas.

Lemma 5.1 (Cauchy’s Interlacing Theorem [3]) Let A be an n X n symmetric matriz, and B be
an mxm principle submatriz of A, where m < n. If the eigenvalues of A are \y > Ao > -+ > Ay,
and the eigenvalues of B are 1 > po > -+ > iy, then for all 1 <i < m,

)\i > i = )\n—m—i-i-

CT
matriz of . Let A = (a;;) be an n x n symmetric matriz with |a;;| < |af;| for any 1 <1i,j <n.
Then

Lemma 5.2 Suppose I' = (G,0) is a signed graph of order n, and A = (a%;) is the adjacency

A(D) > A (A).
In particular, A(T) > \(T) when A = A.

Proof. It suffices to consider that A is not an all zero matrix. Thus, )\1(11) > 0. Suppose
X = (z1,22,...,2,)7 is an eigenvector corresponding to Aj(A). Then A;(A)X = AX. Assume

that |z,| = max{|x1|, |z2|,...,|zn|}. Then |z,| > 0 and
A (A)ay| = Zau]x] = aurs| < aullza] <D Jag;] |zl < ATz
ju ju ju
Hence, A(T) > A\ (A). |

Lemma 5.3 Let I' be a connected signed graph of order n with k nonnegative adjacency eigen-
values \y(T') > -+ > M\e(T') > 0. If H is an (n — k + 1)-vertex induced subgraph of T, then

A(H) = [Ae(I)]-

Proof. Note that A(H) is an (n — k + 1) X (n — k + 1) submatrix of A(T"). By Lemma G.1],
)\1(H) > /\k(l“) By Lemmam A(H) > )\1(H) > /\k(l“) Hence, A(H) > D\k(l“ﬂ |

Example 5.4 The Petersen graph (PG, +) has spectrum 30 16) 2@ If H is a 5-vertex
induced subgraph of (PG, +), then by Lemma [5.3] A(H) > 1 and there exists a subgraph such
that the bound is tight.

The signed Petersen graph (PG, —) has spectrum 2 —10) 3 If H is a 7-vertex induced
subgraph of (PG, —), then by Lemma[B.3l A(H) > 2 and there exists a subgraph such that the
bound is tight.

Proof of Theorem [I.3l Denote N = mn. Let I' = I‘lﬁf2 and IV = I';<s. Then H (resp.
H')is a (| 4] + 1)-vertex induced subgraph of I' (resp. I'). By Lemma [5.3]

By Theorem E1] (i), A2 + p? is the minimum eigenvalue of A(I")? and (A% +1)? is the minimum

eigenvalue of A(I'')2. Thus, by Theorem E3] the adjacency spectrums of I' and I are symmetric
and so

Combining these (in)equalities, the results follow. [

Now, we generalize the signed Cartesian product and signed semi-strong product of two
signed graphs to the product of n signed graphs.
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Definition 5.5 For i = 1,2,...,n—1, let I'; be a signed bipartite graph and T',, be a signed
graph. Let Flli,R = P;E,R =11 and Plﬁ,L = F;E,L =T,. For 2 <k <n, we define

(i) r’%’ = r’g};mrk and T, ,, = r’;quﬁqu,-
(ii) T% | = TnoprPE ! and TE | =T TE .
To illustrate Definition [5.5] one can consider n = 3, that is

g .= ((r10r,)0rs) and I, , = ((01<02)<Ts),

ry, = ([10(Io0r's)) and T, | = (T153(I9Cs)).
By Lemma B.1l and Lemma B.2] the Cartesian product and semi-strong product of two bipartite
graphs are still bipartite. Therefore, Definition (i) is well-defined. Since the Kronecker
product of matrices is an associative operation, the underling graphs of I‘% R and I‘% , are
isomorphic. However, by Lemma (iii) and Corollary 3.3} the underling graphs of I' , and
I'Z , are not isomorphic.

By Definition 5] Theorem ] (i) can be easily generalized to the following theorem.

Theorem 5.6 For i = 1,2,...,n, let I'; = (Gy,0;) be a signed graph and 922 be an eigen-
value of A(T;)? with multiplicity p;, where T'y,...,T'y_1 are bipartite. Then Y & 02, S 62

02117 (67 + 1) and S7_, T1,. 07 are eigenvalues of F%L, F%’R, It and TE p with multi-
plicity pips - - - pn, TEspectively.

By Theorem 5.6 we have the following corollary immediately.

Corollary 5.7 Fori=1,2,...,n, letI'; be a signed graph with exactly two distinct eigenvalues

+0;, where I'1,...,I'y,_1 are bipartite. Then F% L F% R L and T'E , have ezactly two distinct

eigenvalues i\/zyzl 62, i\/zyzl 62, i\/@% [T (62 + 1) and £+/ 37—, T, 62, respectively.

Example 5.8 Let I'; = (Ko, +) for each i = 1,2,...,n. Then

(i) each of F% . F% . and I'Z ,, is a signed graph of @,, whose eigenvalues are +./n;

(ii) T ; is a signed graph of Kyn-1 01 and its eigenvalues are +v/27~1.

|
7\

W

g

Figure 2: The signed graph I“é , of Q4 in Example 5.8



Example 5.9 For each i = 1,2,...,n, let I'; = (K32,0) be the signed graph of K, with
exactly one negative edge. Then
(i) F’l and I‘Q are signed graphs of (02, whose eigenvalues are ++/2n;

(ii) the elgenvalues of I'z, | are £V2- 3n—1
(iii) the eigenvalues of I'Z, ,, are £/ g 2’C = +/27Fl — 2,

By Definition [5.5] Theorem 3] can be generalized to Theorem .10

Theorem 5.10 Forn >2 andi=1,2,...,n—1, let I'; be a signed bipartite graph and I",, be
a signed graph.

(i) The spectrum of F%R is symmetric if and only if I',_1 is balanced or the spectrum of T'y,
18 symmetric.

(ii) The spectrum of every graph in {T'% I'L |} is symmetric if and only if there exists

0,R’ D L
an integer i € {1,...,n — 1} such that T'; is balanced or the spectrum of Iy, is symmetric.
Proof. We only need to consider n > 3.

(i) By Theorem [A.3] the spectrum of T' SR = IOy 1><F is symmetric if and only if I'2 é is
balanced or the spectrum of I'), is symmetrlc Slnce the semi-strong product of a graph G and
a bipartite graph H is balanced if and only if H is balanced, we have I'l é =T }%an_l is

balanced if and only if T',,_; is balanced. Thus, (i) is proved.

(ii) By Theorem [£.3] the spectrum of Fg R F%_};ﬁfn is symmetric if and only if F%_Rl is
balanced or the spectrum of I'j, is symmetric. Since Fg_Rl is balanced if and only if there exists

an integer 7 € {1,...,n — 1} such that I'; is balanced. So the conclusion for I'?  is proved.

OR
By Theorem 3] the conclusion holds for F2 =TI,_,00, (resp. F~ = I',_1<I[,). By

induction on n, assume that the spectrum of F" 1 (resp Iy 1) is symmetrlc if and only if there

exists an integer i € {2,...,n — 1} such that F is balanced or the Spectrum of I}, is symmetric.
By Theorem 3] the spectrum of FE,L = Flﬂfg; (resp. FN’L = FlNF&L) is symmetric if and

only if T'; is balanced or the spectrum of F%’_Ll (resp. F%_Ll) is symmetric. By induction, the
conclusion for F’é , (resp. T'g ;) is proved. |
Now, Theorem [[3] is generalized to the following theorem.

Theorem 5.11 Fori=1,2,...,n, letT; = (G;,0;) be a signed graph of order N; and 62 be the

minimum eigenvalue of A(T;)?, where G1,...,Gn_1 are bipartite. Let Hp, Hyy 1, and Hyr be
any (L% [Ti2, Ni] + 1)-vertex induced subgraph of FD L L, and I' SR respectively.
(i) If there exists an integer i € {1 ,n—1} such, that I'; is balanced or the spectrum of

Iy, is symmetric, then A(Hp) > (/>4 93 and A(Hy 1) > \/92 92 +1);
(ii) If T'y,—1 is balanced or the spectrum of T'y, is symmetric, then A(HNR) > > T, 62

Proof. For simplicity, let N = [[}"_; N;. Since Hp, Hy 1, and Hyq g are (L%j +1)-vertex induced
subgraphs of F~ , mL and FN Ry Tespectively. By Lemma [5.3]

By Theorem [5.6] the minimum eigenvalues of A(F% L) , A(TZ )? and A(T'Z .)? are obtained.
Thus, by Theorem [5.10], the spectrums of I‘D L

= /> 62, )\[ (T \/92 (62 +1) and )\( N T R) =/ 2k [T 6?. Combin-

ing these (m)equahtles the results follow |

3 Sl and I‘Qﬂ are symmetric and so )\(%m (F%L)
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Corollary 5.12 Fori=1,2,...,n, let I'; = (Gj,0;) be a signed graph of order N; with exactly
two distinct eigenvalues £60;, where G1,...,Gn,—1 are bipartite. Let Hn, Hyj and Hyyr be
any (L% [T, Ni] + 1)-vertex induced subgraph of F’l TR and I re respectively. Then

A(Hn) > (/20021 07, A(Hiqr) > \/92 L2+ 1) and A(Hp,r) = /2 k=1 [Tii 0

When T'; = (K3, +) for each i = 1,2,...,n in Corollary B.12] F%L is the signed graph of
hypercube @Q,,. Therefore, Corollary implies Huang’s theorem.

Example 5.13 For i = 1,2,...,n, let I'; = (K 9:,0) be the signed graph Ky o with exactly
two distinct eigenvalues ++/2t. For any integer n > 1 and t > 0, let Hn, Hyr and Hur
be any (2"(t+1) + 1)-vertex induced subgraph of FD L 3 S and I'Z . respectively. Then

A(Hp) > V2t -n, A(Hyr) > /2828 + 1)"~1 and A(Hqr) > m

6 Concluding remarks

I. Corollary [3.5] Corollary and Corollary [5.7] provide product methods to construct signed
graphs with exactly two distinct eigenvalues of opposite signatures from factor graph I'y and
I';. There are many options for the factor graph, such as the signed graphs of @), and Kan on
in Example 5.8 15, in Lemma B.7, S14 in Lemma [B.8] the signed graph of K,, in Example [3.9]
signed graphs in Examples [3.10], B.11], and so on.

II. If the following conjecture is true, it would provide a way to construct an infinite family
of d-regular Ramanujan graphs by 2-lift of graphs.

Conjecture 6.1 (Bilu-Linial [j]) Every connected d-reqular graph G has a signature o such

that p(G,0) < 2/d—1.
Gregory considered the following Conjecture without the regularity assumption on G.

Conjecture 6.2 (Gregory [7]) If G is a nontrivial graph with mazimum degree A > 1, then
there exists a signed graph T' = (G, o) such that p(T') < 2¢/A —1.

By Theorem [4] (i), we have the following theorem.

Theorem 6.3 For i = 1,2, let G; be a graph with mazximum degree A; and T'; = (G;,0;) be a
signed graph such that p(T;) < 2¢/A; — 1. If Gy is bipartite, then

p(T100,) < 2¢/A1 + Ay —2

Since p( F1|:|P2 \/p I'1)2 + p(T'2)? and A(T100,) = A(T'y) + A(T'2), Theorem [6.3] shows
that if Conjecture6.2lholds for I'y and I's, then Conjecture[6.2] also holds for the signed Cartesian
product of them.

ITI. The method which is utilized to construct a larger weighing matrix can construct a
larger signed graph with exactly two distinct eigenvalues +6 from small graphs. Conversely, the
ideas of signed Cartesian product and semi-strong product in our paper can also be applied to
construct a weighing matrix. If for ¢ = 1,2, W; is a weighing matrix of order n; and weight k;,
then we can construct weighing matrices as follows

W I, n
W(4n1n2,k‘1+k2):[01}1 1:|®I2n2+|: L Ol :|®|:

On, Wy
Wl Onl OTL1 _ITLl 7

W3 On,
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W (4ning, (k1 + 1)ks) = [ In, W ] ® [ On, Ws ]7

wT —I, Wi O,

1 Wi
W (2nina, (k1 + 1)k :[ " ]@W.
(2ning, (k1 + 1)k2) Wl _I, 2

Furthermore, if W5 is symmetric, then we can construct weighing matrix

W(2n1n2,kl + k2) _ |: Inl ® Wy Wi ® Inz :| '

WEel,, —I,®W,
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